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Large-time behaviour of solutions to a class
of non-Newtonian compressible fluids
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Abstract. In this paper, we consider the large-time dynamics of weak so-
lutions to a class of compressible fluids with nonlinear constitutive equa-
tions in a bounded domain Q C R?, the global existence of such solutions
has been showed by Feireisl et al. (Math Methods Appl Sci 38:3482-3494,
2015). We study the large time behavior of such solutions after discussing
the uniqueness of solutions to the stationary problem.
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1. Introduction

Recently, for T > 0, a bounded domain  C R?, Feireisl et al. [1] showed
the large-data existence result of weak solutions to a class of non-Newtonian
compressible fluids:

do | ..
Bt + div (pu) =0, (1.1)
% +div (ou @ u) = div T + gb, (1.2)

bdivua
(1 — be|divule)t/a
where t € (0,7) is time, x € Q is the spatial coordinate, o(t,x),u(t,z) =
(u1,ug,us) represent the density, velocity of the fluid, respectively; p : R —

(0,00) is the viscosity function, and a,b are positive model parameters.
b(t,z) = (b1,be,bs) stands for the density of external body forces. In (1.3),

with T = —p(o)I + 2u(|D??)D? + I, (1.3)
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symbol T stands for the cauchy stress tensor, and D denotes the symmetric
part of the velocity gradient Vu, we also use D? for the deviatoric (traceless)
part of I, that is D¢ =D — %(div u) I. In general case, for any tensor quantity

Q, we set Q4 =Q — (tr Q) I

In what follows, we shall assume the external force
b=b(z)=VF

where F' is a potential and is assumed to be locally Lipschitz continuous on
Q; and the scalar pressure p(o) depends on the density p, satisfying

p € C[0,00) NCH0,00), p(0)=0, p'(0) >0 for o> 0. (1.4)
We impose the homogeneous Dirichlet boundary condition on the velocity
ulpo =0, (1.5)
and the initial conditions
0(0,-) =90 and (pu)(0,:) =mg in Q, (1.6)

where g is the initial density, positive, and my is the initial momentum.
Note that, in the constitutive Eq. (1.3), the relation between T and D is
nonlinear even if 1 does not depend on D?. More precisely, we assume that

w(ID?) = po(1+ [DY?)"=2/2 with o >0 and re[11/5,00), (1.7)
according to [2,3], the monotonicity method applies if

,> 3n—i—27
T n+2

specifically, when n = 3, we have the lower bound 1?1 for r.

The system we consider in this paper has both nonlinear constitutive
equations and a nonlinear pressure law. As we know, there are few studies con-
cerning compressible fluids with nonlinear relation between the cauchy stress
and the velocity gradient, for example [1,4-6], from which, Zhikov and Pas-
tukhova [6] considered the solvability of the Navier—Stokes equations for a
compressible Non-Newtonian fluid with general nonlinear constitutive equa-
tions and a state equation p(9) = 07, (v > 1). Feireisl et al. [1] showed that
for any data fulfilling certain natural conditions concerning their integrability,
there exists a weak solution to the problem (1.1)—(1.7) that admits the strictly
positive density in (0,7") x ©Q whenever go > 0 in Q.

In the work of Feireisl and Ptzeltova [7], it is showed that, with some
basic hypotheses, any weak solution converged to a fixed stationary state as
time goes to infinity. Following the argument of Feireisl and Ptzeltova [7], with
the global existence showed by Feireisl et al. [1], we consider the large time
behavior of the non-Newtonian fluid. For more results on the problem of large
time behavior, see for instance [8-13] and the reference cited there in.

The stationary problem for u= 0

{Vp@) = oV F(o),

0>0, [yolz)=m (18)



NoDEA Large-time behaviour of solutions Page 3 of 18 23

where the parameter m > 0 represents the total mass conserved by the flow,
plays an important role in solving problems of Navier—Stokes equations. From
the results such as [14-16], we get that, the uniqueness for (1.8) is of particular
interesting, as in that case, the global trajectory of the Navier—Stokes equations
for compressible isentropic flow, will converge to the single stationary state.
Besides, there are many other contributions about the problem of existence and
the uniqueness of a solution of steady compressible flow, for example [14,17—
20], and reference therein. In fact, da Veiga [17] obtained a necessary and
sufficient conditions for the existence of the rest state, with a positive density.
Feireisl and Peteltova [14] showed the optimal condition for the uniqueness of
the nonnegative stationary solution.

Hypotheses By L?(Q) and W*?(Q), 1 < p,k < oo, we denote the Lebesgue
and Sobolev spaces, respectively, equipped with the standard norm.

We consider the stress tensor T as

T = —p(0)I + S(u) + n(divu)divul, (1.9)
where
1. the deviatoric part of the Cauchy stress tensor S is specified through
S(u) : = 24(/D% D

= 2u0(1 4 [D%(u)|?)"=2/2D%(u), po > 0 constant, r € [11/5, 00);
(1.10)
2. the bulk viscosity coefficient 7 is a continuous function of div u, n(divu) :
(—%, %) — [0, 00), such that there is a convex potential A : R — [0, o],

A(0) =0,
N (z) = zn(z),
A(z) —» oo ifz — £1, (1.11)
A(z) =00 if|z] > 3
3. the pressure p = p(p) and the Helmholtz free energy ¢ = 1)(p) satisty

p=0"¢'(0), p€C[0,00)NC"(0,00), p(0)=0, p'(0)>0forp>0.
(1.12)

Remark. In the following part, we need to introduce a function P by P(p) :=
o (o). Using (1.12), it is easy to get that P”(p) = &99), when ¢ > 0, P"(p) > 0,
which means P is strictly convex on (0, 00).

Let b = VF, where we shall always assume the potential F' satisfies
F e L>®(Q) and Lipschitz continuous on Q. (1.13)

our main result is stated in the following theorem:

Theorem 1.1. Let  C R? be a bounded domain with a compact and Lipschitz
boundary. Let the potential F satisfy (1.13). Assume, the pressure p = p(o)
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satisfy (1.12). Then for any weak solution p,u of the problem (1.1)—(1.7), there
exists a stationary state os such that

o(t) — os in LI(2), q € [1,00), esssup/ o(T)|u(r)]2dz — 0, as t — oco.
>t JQ
(1.14)
The paper is organized as follows. In Sect. 2, we state the global existence
results of the weak solutions. Section 3 includes all estimate needed for the

convergence of the weak solutions. In Sect. 4, we state some known results
about the stationary problem. Section 5 contains the proof of the main result.

2. Global-in-time weak solutions
In this part, we will state the definition of weak solutions of the problem

(1.1)=(1.7), which has been established in the work of [1].

Definition 2.1. Let Q C R3 be a bounded domain with a Lipschitz boundary.
Suppose that the pressure p = p(p) and the Helmholtz free energy © = (o)
satisfy (1.12) and that the hypotheses (1.9)—(1.13) hold, let the initial data
(00, mg) satisfy

0<o<oo(z) <o, forae z€Q, mge (L*(Q))>.

Then, for any T > 0, a pair of functions (g, u) is called a weak solution of the
problem (1.1)—(1.7) if:
(1)
0 € C([0,T]; L) N L>((0,7) x Q). 0(0) = 0o,
Vou e L=([0,T]; (L2())%),  we L7([0,T]; (Wy " (2))°),
n(div,u)|div,u* € LY((0,T) x Q);
(2) the equation of continuity (1.1) holds in the following sense:

/ / (09 + ou- V) dedt = {/ g(pdx}
0 R3 R3 0

for any 7 € [0,T], for all p € 2((0,T) x R3) provided u is prolonged by
zero outside €2. And the renormalized equation

(2.1)

9[b()] + divz [b(e)u] + (b'(0)e — b(e))diveu = 0 (22)
holds in the sense of distributions, for any

be C'(R), ['(2)2] < 2"/
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) the following weak formulation of the momentum equation holds

T

/ / (div,p) — A(div,u) dedt > {/ guzd:r] ‘T - {/ ou - (pdl':|
Q 0 Q 0

+/ / (ou- 0o+ (ou®@u) : Vo + S(u) : D4 (u — ©)) dudt

// 0)div (¢ —u da:dt+//gu » —u) dxdt,

for a.e 7 € (0,77, for all ¢ € 2((0,T) x Q).

3. Energy estimates and local convergence

Firstly, under the assumption that both u and p are smooth, we will derive
the energy estimates. Taking the scalar product of (1.2) with u, we have

1 2
oiul® + o <2|u|2> + |ul*div (ou) + pu -V (é) =udivT + oVF - u,
t

with the help of (1.1), it is easy to get
L2 uf” ul? :
§g|u| + —dlv (ou) + ou-V )= udivT + oVF - u,
¢

it follows that

1
3 [(g|u|2)t + div (g|u|2u)] +T-D=div(Tu) + ¢oVF - u,

integrating over 2, using boundary condition (1.5) and the Transport Theorem
“d [ Fdx= [, F,+div(Fu)dz”, we have

d 2
— — —oF ) d T -Ddx =0. 1
pr Q(qu 0 ) :17+/Q z =0 (3.1)

On the other hand, without the thermal effects, the dynamics of the process
are often carried on by the so-called thermodynamic identity

T-D— o =¢ (3.2)
Where; 1 = (o) is the Helmholtz potential, £ denotes the rate of dissipation,
and 1 means the material derivative of 1,

N = N
=3 T2 T
k=1
Combining (1.1) and the material derivative, we get

o) = 0/ (0)6 = —0*Y'(0)divu = —pdivu (3.3)

where p =: 0*¢'(p) := Q2 dw(g) . With easy computation, we observe

1
T-D=T D¢+ 3 (orT) divu. (3.4)
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Plugging (3.3) (3.4) into (3.2), one gets
1
£E=T%- D%+ <3 tr T +p(9)) divu.
Besides, from (1.9), we have the following relation,
1
3 tr T = —p(o) + n(divu)divu,
T* = 2u(|D"*)D*,
then,
€ = 2p0(1 + D))"= 2/2DY(0) * + n(div u)|div ul>. (3.5)

Putting (3.2) and (3.5) into (3.1), we have the energy equation,

%E(m/ﬂ (200 (14D (@))% () (v w) v ) = 0, (3.6)

where
1
50 = [ (e0N0? + o0 - o)F )
Q
Remark. If o, u are weak solutions, the “ =" in (3.6) turns to “ <”.

Proposition 3.1. Under the hypotheses of Theorem 1.1, let o,u be a weak so-
lution of the problem (1.1)—(1.7) on the time interval (0,00), and satisfying
Definition 2.1.

Then the mass m[o(t)] is time invariant, i.e

/ o(t)dx = / o(s)dx forae. 0<s<t. (3.7)
Q Q

Further more, there exist a constant Eqy such that

def

mo

ess §1>1113 (el oy + llell @) + Iveoul L2 e))

>~ AT o i a2
+/1 /Q(HD) (w)|” + |divu] ) dzdt < FEy. (3.8)

Proof. From the energy inequality (3.6), we know, plu|? € L ((0,00); L*()),
using Hélder inequality,

1
1 1 2
/Q|u|dx:/959§|u|dx§ </ Qdm) (/ Q|u|2dm) ,
Q Q Q Q

we have olu| € L ((0,00); L*(£2)). Choose function 1 € 2(0,00) and a se-

loc

quence ¢, € Z(R3) satisfying

0<¢n(r) <1,  |Vou(o) <1,
on(z) — 1, |V, (x)] — 0, as n — oo,

N

for all zz € R3.

Taking ¢, = ¥(t)¢,(x) as the test function in

/ / (0pt + ou - Vo) dadt =0,
0 Q
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we have
/O N /Q (oY (t)pn + (t)ou - Voo, (z)) dudt = 0.

Let n — oo, with the Lebesgue dominance convergence theorem, we observe

/000 /Q o' (t) dzdt = 0

for any ¢ € 2(0,00), yielding (3.7). Combining (3.7), (1.13) and the energy
inequality (3.6), we get (3.8). O

Further, we have the following Lemma.

Lemma 3.1. Under the hypotheses of Theorem 1.1, we have

Jin [ IV el g e + el oy e =0 (39

Proof. The desired conclusion follows from Definition 2.1 and the results ob-
tained in Proposition 3.1. g

Analogy of Lemma 4.1 in [7], we have

Lemma 3.2. Let ¢ € C*°(Q) such that
suppp CQ, 0< <1, |Vo| <M inQ.
Let b € CH(R) satisfy
bt/ >0,b(2) =0 forz<0, zb(z)<cz’ forz>0,
where

11 1
-0 1
O<9<mln{43 7"} (3.10)

Then, under the hypotheses of Theorem 1.1, there exists a constant Y (b) such
that

T7+1
lim sup / / ¢2 dxdt

42 (3.11)
<Y(b (hmsup/ / 0)|Vé|dxdt + ess sup VF(.Z’)|> .
T—00 T— TESUPpP ¢
Proof. At first, let us consider the operators
Ailv] = Ao, 0], i=1,2,3

where A~! stands for the inverse of the Laplace operator on R3. To be more
specific, the Fourier symbol of A; is

j=1,2,3.



23 Page 8 of 18 S. Guo and Z. Tan NoDEA

Notice that divA[v] = v and AA; = 0;, recall the Riesz operators R;; =

Oy, A;, and the Fourier symbols R;;(§) = fgfg . The classical Mikhlin multiplier

theorem yields (see [21])
HAi[U]”WI’S(Q) < O(SaQ)”U”LS(R3)7 1< s< o0,
[ Ai[v]l|La) < CllAi[v]lwrs) < C(s,q, Q) ||v|| L (rs)s % >1_1
A [v]ll o) < C(s, Q)||v]| L= r2), s>

(3.12)
Taking the test functions of the form

' (t,x) = ¥(t — 7)p(x) Aildble)], i=1,2,3
where
YveP2(-1,2), 0<¢p <1, YPlon=1 [J]<2
Since b(p) satisfies the renormalized equation,
b(o)e + div (b(e)u) + (b'(0)o — b(e))divu =0,
we observe,
#b(0)e = ¢('(0)0 — b(e))divu — div (¢b(o)u) + b(e)u - V¢,
it follows that
i = (t - T)¢>(fv

Also, we can get,

9jpi = h(t — 7) (¢0;.Ai[@b(0)] + (0;9) Ail¢b(0)]) , 47 = 1,2,3.

Especially, since

quaA [#b(e Z&

we have

3 3
Zam =t —71) ( o)+ Y (9 ) (3.13)

i=1
Next, taking ¢’ as test function for (1.2), integrating by parts, we get

/Qp(g)awi dr = /Q (— ouipy — ouiu - V' + (S(u) : DY),
+n(divu)divu d;p’ — Q@iFapi) dz. (3.14)

From (3.13), we know

Zp B’ = ple)w(t — 7)b( ¢2+Zp Ut —7)(0i9) Ai[gb(0)]. (3.15)
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We observe that (3.14) and (3.15) lead to

/ o / 0)¢? dadt
/T o / (0)¢? dadt

T+2
/ / ( — ouip; — ouiu - Vo' +S;(u) - Vo'
T— Q

- p(g)w(t — 7)(9i9)Ai[¢b(0)] + n(divu)divu d;¢" — Q@ingi) dxdt.
(3.16)
To estimate the first term on the right-hand side of (3.16), we compute

T+2 )
/ / ou;py dadt

T+2
= [ [ (ewv e = mote) Ao (317)
+ ougp(t — 7)p(x) Ai[(db(e) — ' (0)0)divu
+b(o)u- Ve — div (¢b(g)u)]) dzdt.

In the next, we will consider some estimates. From the conditions, we
find that there is a constant c satisfying

b(z) < ¢z, for z >0,

naturally,
b(g)% <co, foro>0.
By virtue of Proposition 3.1,

680} o) < C [ o= Cmo
Q

In particular, as b’ is bounded, we have

/ b(o) dr < sup b’(z)/ odx = mgsupb’(z),
Q )

z€R z€R

hence,
ess sup 195CO 13 (gsy < Y2(0); (3.18)

with the help of the classical Miklin multiplier theorem (3.12), we get
esssup [[9;Aigb(e) |1 ey < Clr)llob(o)lzr eo)

< b
< ess§1>11i> llo (Q)“LWL%(RS) (3.19)

S }/Q(Tlvb)7 T1 S (172> )



23 Page 10 of 18 S. Guo and Z. Tan NoDEA

and

/1 ”Ai[div(¢b(g)u)]||2LT2(R3)dt:/1 l¢b(Q)ulZrs (zs) dt

< [ IR, o oy
2 > 2
<esssupll b2, ) [ IVl dt
(3.20)
where ) )
— =40
T2 T
As 0 < 6 < 1, the relation (3.12), and (3.18) yield:
esssup [[Ai[pb(0) (D] || Lrs sy < C(r3)ess sup [9b(0) ()] e (m3)
< ess iglf ||¢b(Q)(t)HL1mL%(R3) (3.21)

<Yy(rs,b), foranyrs> g

Further, using the classical Sobolev embedding theorem, from (3.19) and (3.21),
we get
ess i;”f [ Ai[0b(0) (t)]|| Lo rsy < Y5(b), i=1,2,3. (3.22)

In the same way,
/1 | Ailb(o)a - V]| gy dt < Cra) / 15(0) - Vo|2,s o,

oo
2 2 2
<CODM [ @12, o Tl

< ? 2
< C(rq)M?ess sup (L] [ (R?)

/1 Va2, o dt
S wYvﬁ(rﬁh b)a
with

3
§<r4<oo as 0<6<

Similarly as before, by virtue of
b'(0)o < Co°,

using Proposition 3.1, we observe

W=
S|

[6@)ell 3 ) < Cmo,

and

/ b (0)odr < supb'(z)/ odx = mosupb'(z),
Q zER Q z€R
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analogously, we get

< Y7(b).

/
esssup lF(e)ell i ) <

Observe from (3.8), with easy computation,
[ 1Ay o(blo) =¥ (@) o e
< [ ldivas(bo) ~ ¥ (@)oo esy de
1

2 / 2 2 e 2
< essi,l;pl) <||b( )QS|| + (e )QQSHLIOLG R3)> / [divul|7z(q) dt
< Y3(r5,b),
where

< .
2 =S G0t
Combining (3.9) and (3.22) with Holder inequality, we deduce

T2
/ / lougt! (t — 7)dA:[¢b(0)]| dadt

T+2
< Messsup | Aiob(@) =) | low| deds
T7—1

gz\n;,(b)/:2 (/ gdxf (/ g|ui|2dx>% dt

T+2
gMYS(b)/ IV@uill oy dt — 0, as 7 oo

—1

Also, using Holder inequality, we get

T+2
/ / louip(t — 1) Ai[(db(0) — b (0)0)divu

+b(o)u - Vo — div (¢b(o)u)]| dudt
T+2

< Nell=omerey | Il Ailiéble) - ¥ (@)o)diva

T—1

+b(o)u- Vo —div (@b(o)u)]l| 1-1 g dt

T+2
<lelim@( [ IVl i)

N[

T+2 1
x (/ N ||Al[ ' ]” dt)zrszanng(Rs) - O, as T — 0OQ.

Similarly, we have that

T+2 )
/ / —ouu-Vo' —(S(u) : DY) +n(div u)divu@id) dxdt — 0, as T — oo.
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In the end, combining (3.7) and (3.22), we obtain

T+2 . T+2
/ 10, F o | dudt — / / 0, F ot (t — 7)) Ailgb(o)]| dud

-1 JQ

T+2
< esssup |4 0M(o) o=y | [ 10l dadt

T+2
< Y5(b)esssup |[VF| / odxdt
t>1
= mgY5(b) esssup |VF|,
t>1

in the same way, we get

T42
/ / Ip(0)Y(t — 7)(0;0).Ai[¢b(0)]| dadt

T42
< esssup |4dob(@) ey [ [ 1p(e) Vol dua
T—1

T+2
/ / 0)|Vé|dxdt.

Hence, from above, we get (3.11). O
Consider a sequence 7,, — oo and denote

d

on(t, ) =

Proposition 3.2. Under the hypotheses of Theorem 1.1, any sequence T, — 00,
contains a subsequence such that

on(t,) =o(t+7,) — 0s in LI((0,1) x Q), g€ [1,00) (3.23)

(t+7n,2), t€(0,1), ze.

where g is a solution of the stationary problem in 9'(Q), moreover,

/gsdxg/g(t)dxzmo.
Q Q

Proof. From the definition of weak solution, we know o, u satisfy
0 € O([0,T]; L1 (Q)) N L=((0,T) x Q),  0(0) = o0,
Jou € L((0,T]; (LA(@))?), we L7([0,T); (W (9)%).
Hence, choosing a subsequence if necessary, we can obtain that (see [22])
on(t,r) =05 I C((0,1); L), ¢ € [1,00),

w,(t,z) = u, weakly in L"([0,1]; (W, (2))%).

Furthermore,

/ 0sdxr < liminf/ on(t) dx = myg.
Q Tn—00 Q

Since, g, u are solutions to (1.1) in the sense of normalized solution, in partic-
ular
ot +div(gu) =0 in 2'((0,T) x Q). (3.24)
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Taking test function ¢(z,t) = n(t)¢(x) in (3.24), where
n(t) € 20,1), ¢ € 2(),
integrating by parts

1 1
/ ( / gmdaz) 0 (1) dt + / / ontty Vo drdt = 0.
0 Q 0 Q

Then, by Lemma 3.1, we get

1
lim </ gngzﬁdx) 7' (t)dr = — lim / /gnuanZmda:dt
™—00 [ Q T — 00

< C lim (/ gndx)
™m0 Jo Q
(/ Qn|un2d$> dt
Q

1
< Cmy lim / Iv/amtnll ) dt — 0,
Tn—00 Jq

/01 </Q Q‘gqﬁdx) n'(t)dt = 0.

Since the arbitrariness of 7, we have, o, must be independent of ¢.
By the definition of the pressure p = p(p) and (1.12), passing to the limit
in (1.2) and using Lemma 3.1 again, we have

Vp=VFps in 2'(Q),

where the symbol p(o) denotes a weak limit of the sequence p(gy).
On the other hand, repeat the procedure in [1], we have

/ / 0)divus — p(o)divudzdt < 0. (3.25)

Taking P(p) = ¥(0)e, from (1.12), we know that, P(p) is a strictly convex
function. Making use of the renormalized Eq. (2.2), one has the form

0[P (0s)] + div,[P(0s)us] + p(os)div,u = 0.

Noting that, we also have

875[ ( )] + lex[ ( )us] +p(g)diku =0,

considering (3.25), we conclude that

UQ(P(Q) P(os) dz] // p(o)divu — p(os)div uy) ddt

/ / ))div ug dadt.

Using the convexity of P, we have

that is

(3.26)

/(P(g) — P(ps))divudx > dlimsup/ |pn — 05> dx, for a certain d > 0,
Q Q

T, —>00
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/ol/g(P(Q)P(Qs))divudxdt
B _T"hLHOO/ / p(en) — plos))divudrdt

+Chmsup/ /|gn—gs|2d:ﬂdt

/ / ))div udzdt.

Combining (3.26) and (3.27), and by virtue of Gronwall’s inequality, we observe
that

while

(3.27)

p(o) = p(os),
where we have used the fact
[p(0) — p(0s)](0,-) = 0.
In particular,

on — 05 i L2((0,1) x Q),  p(e) = p(os);
this yields the strong convergence in (3.23). O

4. Stationary solutions

In this part, we give the well-know results on the stationary problem (1.8). In
the work of da Veiga [17], they proved the necessary and sufficient conditions
for the solutions existence of the stationary problem for an arbitrary F' €
L*>°(Q). Further, Feireisl and Petzeltovd [14] showed the optimal condition in
terms of F' for the problem to possess a unique nonnegative solution g.

Let p be a continuously differentiable real function defined on R* = {s €
R : s > 0}, such that p/(s) > 0, Vs € RT. Assume,

0 < ess inf o(x), esssup o(x) < +oo, (4.1)
€N 2€Q

and, for a fixed m >0
x)dr = (4.2)
w o

m(s) = / L it) dt VseRT, (4.3)

Define

we denote by [a,b] the range of 7w, m7(RT) = [a,b]. Since m(m) = 0, one has
—00 <a<0<b< +oo. We define ® = 71, clearly, ®([a,b]) = RT, we set
®(a) =0, ®(b) = +oo.
Definition 4.1. Let F' € L*°(Q2), a function p is called an equilibrium solution
of (1.8), if p € L*(f), and if

m(o(x)) = F(z)+ C, a.e in
and (4.1), (4.2) hold.
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We set mg = essinf F' in 0, My = esssup F' in {2, one has the following
result.

Theorem 4.1. Let F' € L be given. There exists an equilibrium solution o(x)
if and only of there exists a constant

CE [CL*TTLo,b*]\io]7 (44)
such that )
— / O(C + F(zx))de = m. (4.5)
€2 Ja
If such a constant exists then the (unique) equilibrium solution is given by
o(z) = ®(C + F(x)), Yre. (4.6)

Theorem 4.2. Under the assumption of Theorem 4.1, there exists an equilib-
rium solution o(x) if and only if

a—mgy < b— My,

and

ﬁ/ﬂ@(a—mo—&—F(x))dx<m<|ﬁl| O(b— Moy + F(x)) dx.

In this case the equilibrium solution o(x) is given by (4.6), where C is the
(unique) solution of (4.4)—(4.5).

The proof of Theorems 4.1 and 4.2 have been given by da Veiga [17].

5. The proof of Theorem 1.1

In this part, we will prove the main result.
We know that for every sequence 7,, — oo, the time shifts o, = o(t + 73,)
converges to the stationary state ps, more accurately,

on — 0s strongly in LY((0,1) x Q), q € [1,00).

Energy inequality implies converge of the energy E(t) for t — oo to some finite
number
E :=ess sup E(t).

t—o0

Further, Lemma 3.1 shows that

T+1 1
lim / —olu|? dxdt = 0.
a2

T—00
.

Thus,

Tn+1
Ey = lim / — oF) dxdt = / P(os) — Fosdx = E|ps].

Ty —00

Moreover, using the continuity Eq. (1.1) and Lemma 3.1, one has easily
observe that

o(t) — o0s weakly in LY(Q) as t — o0, ¢ € [1,00).
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Then, we have

t—o0 Q

< lim sup / (P(o(t)) — Folt)) du

t—o0

< ess lim sup /Q <;g(t)|u(t)|2 + Polt)) - Fg(t)) do

t—o0

= ess flim E(t) = Fw.

Hence,
ess sup/ o(T)|u(7)|? dz — 0,
>t JQ)
o(t) — os strongly in LI(2), ¢ € [1,00).
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