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Abstract. The goal of this paper is to establish singular Adams type in-
equality for biharmonic operator on Heisenberg group. As an application,
we establish the existence of a solution to
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where 0 € Q C H* is a bounded domain, 0 < a < Q, (Q = 10). The special
feature of this problem is that it contains an exponential nonlinearity and
singular potential.
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1. Introduction

In this article, we are interested to establish Adams type inequality for bihar-
monic operator on Heisenberg group. We also establish Adams type inequality
with singular potential. As an application of Adams type inequality, we prove
the existence of a solution to the following biharmonic equation with Dirichlet’s
boundary condition on Heisenberg group:

M= L0 wo,
o (1.1)
ulgn =0= W o’
O

where 0 € Q C H* is a bounded domain, 0 < a < Q, @ = 10 is the homo-
geneous dimension of H* and f : © x R — R satisfies either subcritical or
critical exponential growth condition. It is interesting to observe that in case
of Q C H", n > 5, by the Sobolev embedding theorem, the nonlinearity cannot
exceed the degree 5—(_’94, while the Adams’ inequality allows the nonlinearities to
have exponential growth when n = 4. Therefore Adams’ inequality motivates
us to discuss the above problem with exponential growth in  C H*.

Problem (1.1), in bounded domains of R* has been discussed by Macedo
[40]. Macedo established the existence of a solution to the following problem
with the aid of singular version of Adams’ inequality and by variational argu-
ments:

A%y = f(@,u) in Q

)

x a
el (1.2)
U|6Q =0= 67 3
Viea
where 0 €  C R* is a bounded domain, 0 < a < 4. de Souza [19] established
1
the existence of solution for the critical problem with singular potential W
x

in the case of n-Laplace operator in whole R™, using variational techniques.
do O et. al. [20] established the existence of a critical point to the following

functional
J(u) = 1/ (V™ + [u]™)da —/ Flu) (1.3)
n Jge re |z]®

where n > 2, F : R® — R is of class C! and 0 < a < n. For the related works,
see the references cited in [19,20,40].

For the Trudinger-Moser type inequality in unbounded domains of R2,
and further generalizations in unbounded domains in R™, we refer to [39,48].
For more details about Moser—Trudinger inequality, we refer to a survey by
Chang and Wang [12]. Several existence results have been proved for problems
involving Laplace and n-Laplace operator with exponential nonlinearities, see
for instance [3,4,7,16-18,21,22,47] and references cited therein.

Let us recall the developments on Trudinger—-Moser inequality. Let €2 C
R™ n > 2 be a bounded domain. The Sobolev embedding theorem says that
for p < n, Wol’p(Q) — L), 1< qg< n"—_’;. For the limiting case p = n, we
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have
W™ L(Q), 1 <q< oo
but it is well known (see, Example 4.43 [2]) that
W Q) o L),

Then there is a natural question that what is the smallest possible space
in which, we have embedding of VVO1 "(2)? This question was answered by
Trudinger [49]. Trudinger proved that W, ™ () is embedded into Orlicz space
L 4(R2), where

A(t) = exp (tp%l> -1

is an N function. Inequality by Trudinger [49], which was later sharpened by
Moser [43] is as follows:

Theorem 1.1. Let Q@ C R” be a bounded domain, u € Wy (), n > 2 and

/ |[Vu(z)|"de <1,
Q

then there exists a constant C, which depends on n only such that

/ exp(ou?)dx < Cm(Q),
Q

where

n 1
p=——, a<a,=nw; ", m) :/dx
n—1 0

and wy,—1 is the (n — 1)-dimensional surface area of the unit sphere.
The integral on the left actually is finite for any positive o, but if o > au,
it can be made arbitrarily large by an appropriate choice of u.

In order to deal with problems involving higher order elliptic operators
with exponential type nonlinearities, Adams [1] extended the sharp inequality
by J. Moser to higher order Sobolev spaces. Adams proved the following;:

Theorem 1.2. Let Q) be a bounded and open subset of R™. If m is a positive
integer less than n, then there exists a constant Cy = C'(m,n) such that for all
u € C™(R") with support contained in Q and ||V™ul|, <1, p= -, we have

1
o | explBluta)
for all B < B(n,m) where

m )dr < Cy

n {w"/%’"r(’%l
r(o=g+t)

n V"”z’"r(%)
r(e5")

)1P
} , when m is odd,

P
] , when m is even,
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p = I%. Furthermore, for any 8 > ((n,m), the integral can be made as large

as desired, where

m
Uy — { VANCRTR for m even,

VA" u, for m odd.

For applications of Adams’ inequality to polyharmonic equations involv-
ing exponential type nonlinearities, we refer to [23,31,33,42]. A version of
Moser—Trudinger inequality with singular potential was established by
Adimurthi and Sandeep [5]. They proved the following:

Theorem 1.3. Let © be an open and bounded subset of R". Let n > 2 and
u € Wy ™ (Q). Then for every a >0 and 3 € [0,n) ,

/ exp (afu|™T)
Q |33|5

Moreover,

exp (alu|7T
sup / p(|7ﬁ)dx < 00
lwi<tJo 2]

3=

b < 1, where ||lul| = ([, |Au[")™ .

if and only z'fai + i

Motivated by this singular version of Moser—Trudinger inequality several
authors studied the following problem

—Apu+ ufu|"2 = vf‘(;{;:) + kh(z,u) in Q C R",

14
u=0 on 0, (14)

in bounded as well as unbounded domains. See for instance, [5,6,19,34] and
references cited therein. Lam and Lu [32] established a version of singular
Adams’ inequality on bounded domains. More precisely, they proved that:

Theorem 1.4. Let 0 < o < n and 2 be a bounded domain in R™. Then for all
0 S ﬁ S /Ba,n,m - (1 - %) 5(n,m), we have

Blulmm
s /Q sz < 0. (1.5)
weW, '™ (Q), [Vmul » <1

When 3 > Ba.n,m, the supremum is infinite. Moreover, when m is an even
number, the Sobolev space VVS"’E (Q) in the above supremum can be replaced

by a larger Sobolev space W;Vni ().

In case of Heisenberg group H", Cohn and Lu [15] established a Moser—
Trudinger type inequality on bounded domains of H™. They proved the fol-
lowing result:
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Theorem 1.5. Let H" be a n-dimensional Heisenberg group, Q@ = 2n+2, Q' =
%, and g = (2W”F(%)F(%)F(%)_1F(n)_l)Q/_l. Then there exists a con-
stant Cy depending only on Q such that for all @ CH", |Q] < oo,

1 /
sup @/ exp (aQ|u(§)|Q ) d¢ < Cp < o0. (1.6)
ueWC}YQ(Q)’”VMnuHLQ(Q)<1 Q

If ag is replaced by any larger number, the integral in (1.6) is still finite for
any u € WHQ(H™), but the supremum is infinite.

Lam et. al. [35] established the Moser—Trudinger type inequality with a
singular potential. Their result reads as follows:

Theorem 1.6. Let H" be a n-dimensional Heisenberg group, Q@ C H", |Q] <
1
0, Q = 2n+ 2, Q = %,0 < B < Q and ag = Qof ",

ogQ = fp(z,t):l |2|Qdp. Then there exists a constant Cy depending only on Q
and (B such that
1 8 o
sup — [ exp | ag(l— a)|u(§)| d¢ < Cp < 0.
Q

WEWER(Q), | Van ull o oy <1 Q'@
(1.7)
If ag (1 — %) is replaced by any larger number, then the supremum is infinite.

Motivated by the above research works, in order to obtain the existence
of a solution to (1.1) on Heisenberg group which involves exponential and
singular nonlinearity, it is natural to establish singular Adams type inequality
on Heisenberg group. In fact, in this article, we first establish Adams type
inequality for biharmonic operator on Heisenberg group and also establish the
singular Adams type inequality. We, then prove existence of a solution to (1.1)
as an application to Adams type inequality, where f : Q@ x R — R is a function
satisfying either subcritical or critical exponential growth condition.

We point out that very little research works are available for the exis-
tence of solution to singular elliptic equations on Heisenberg group even for the
Laplacian, see for instance [13,41,50]. For existence results related to Laplace
equation without singularity, we refer to [8-11,14,27-30,36-38,45,51,52]. For
existence result concerning biharmonic operator on Heisenberg group, we re-
fer to [53] and for qualitative questions related to biharmonic operator on
Heisenberg group, we refer to [24].

Next, we define subcritical and critical growth for f(&, u).

We say that a function f : Q x R — R has subcritical growth on Q C H*

lim M = 0, uniformly on Q, Va > 0. (1.8)
lu|—oo exp(au?)

if

We say that f has critical exponential growth if there exists ay > such that

£ (€, )

i W =0, uniformly on Q, Va > «aq (1.9)
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and
i m = 400, uniformly on Q, Va < ay. (1.10)
We define
A= ”Mfz >0, (1.11)
0£ueWS(@) [, %

where & = (2,1) and p(¢) = (|2]* +12)3, 0 < a < Q = 10.
We assume the following conditions on the nonlinearity f :

(H1) f:Q xR — R is continuous, f(£,u) > 0 on Q x [0,00), f(&u) <0
when u < 0.
(H2) There exists Ry > 0, M > 0 such that, Vu > Ry, V€ € Q

0<F(§7U) SMf(fau)a

where F(&,u) = [ f(£,s)ds.
(H3) There exist Ro > 0, 8 > 2 such that V |u| > Ry, V& € Q,

OF(&,u) < uf(& u).
< A, where A is defined by (1.11).

(@-a)dg
anRQfaM ’

(H4) limsup (& u)

u—ot |uf?

(H5) lim wuf(&, u) exp(—a0|u|p/) > (1 >
and Ag are defined in Sect. 2.

where p’ = oM

We remark that Problem (1.1) has the following special features, which
makes it challenging to study:

(i) It contains the nonlinearity f, which is of exponential growth and potential

1
W7 0 < a < @, which has singularity at £ = 0. This problem is handled
p

by the use of singular version of Adams type inequality.

(ii) The case a = @, is critical in the potential. Since we do not have the
singular Adams type inequality in case of a = @, therefore, we use the
approximation method. More precisely, we approximate the Problem (1.1)
with a sequence of problems which are subcritical in potential, i.e. a < @
and then, we pass the limit to conclude that Problem (1.1) has a nontrivial
solution in case a = Q.

Next, we state our main results, which we will prove in next sections.

Theorem 1.7. Let Q be a bounded domain in H",n = 4, p = %, p = %
where @ = 2n + 2 is homogeneous dimension of H™. Then there exists a con-
stant C () such that for all u € C§°(Q) and HAHnqu <1,

bl

/Qexp (AQ|u(§)|P’) < Oy < o0, (1.12)

where
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= [ dnz={gcHle=1) (1.13)
>
and
+4 -t
= (n(n—l—l)/ |z|2(|z|4+t2+1)-"2d5) . (1.14)
]HITL

Furthermore, if we choose any number greater than Ag then inequality fails to
hold.

Theorem 1.8. Let ) be a bounded domain in H",n =4 and 0 < a < Q, where
Q = 2n + 2 is homogeneous dimension of H"™. Then there exists a constant
Co(R2) such that for all uw € CG°() and [|Amnullg/, <1,

exp (4 (1- &) lu(e)@/@2)
/Q p(&)”

where p(§) = (|z|4—i-t2)i7 Ag =

SOO<007

— and v, and cy are as defined by
CoVn
(1.13) and (1.14), respectively. Furthermore, if we choose any number greater

than Ag(1 — %) then inequality fails to hold.

Theorem 1.9. Assume that f satisfies the subcritical growth condition (1.8)
and (H1)—-(H5) hold, then Problem (1.1) has a weak solution for 0 < a < Q.

Theorem 1.10. Assume that f satisfies the critical growth condition (1.9),
(1.10) and (H1)-(H5) hold, then Problem (1.1) has a weak solution for 0 <

a< Q.

We say (1.1) has a critical potential case when a = @. In this case there
is no singular adams type inequality. In critical potential case, we establish the
following:

Theorem 1.11. Assume that f satisfies the subcritical growth condition (1.8)
and (H1)—(H5) hold, then Problem (1.1) has a weak solution for a = Q.

Theorem 1.12. Assume that f satisfies the critical growth condition (1.9),(1.10)
and (H1)-(H5) hold, then Problem (1.1) has a weak solution for a = Q.

The plan of the article is as follows. In Sect. 2, we give important pre-
liminaries on Heisenberg group and auxiliary results, which are used to prove
the main theorems. In Sect. 3, we prove Theorem 1.7 and 1.8. In Sect. 4, we
prove Theorems 1.9-1.12.

2. Preliminaries and auxiliary results

First, let us recall the briefs on the Heisenberg group H™. The Heisenberg
group H" = (R?"*1 .) is the space R?>"*! with the non-commutative law of
product

(r,y,t) - (2, )= (@w+2, y+y t +t +2({y,2") — (z, y'))),
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where z, y, 2/, y’ € R", t, ¢ € R and (-, -) denotes the standard inner product
in R™. This operation endows H" with the structure of a Lie group. The Lie
algebra of H" is generated by the left-invariant vector fields
0 0 0 0 0
T=—, X;= i—, Vi=— —2x;—, 1=1,2,.3, ...,
ot T o, o T oy Mo ! "
These generators satisfy the non-commutative formula

(X0, ¥y = ~48,,T, [Xo, X,] = [Va,¥j] = [Xo,T] = [¥i, T) = 0.
Let z = (z, y) € R?", £ = (z, t) € H". The parabolic dilation

6xé = (A, My, A%t)

satisfies

7 (£0-€) = 0x€-01&0
and
€] = (=" + £9)7 = ((&° +9°) + )4
is a norm with respect to the parabolic dilation which is known as Koranyi
gauge norm N (z, t). In other words, p(¢) = (|z|* 4 t2)7 denotes the Heisen-

berg distance between £ and the origin. Similarly, one can define the distance
between (z, t) and (2/, ') on H" as follows:

p(z, ;2 ,t) = p((2/, t') 71 . (2, 1)).
It is clear that the vector fields X;, Y;, ¢ = 1, 2, ..., n are homogeneous of
degree 1 under the norm |- | and T is homogeneous of degree 2. The Lie
algebra of Heisenberg group has the stratification H" = Vi & V5, where the
2n-dimensional horizontal space V; is spanned by {X;, Y;}, i = 1,2, ..., n,
while V5 is spanned by T. The Korédnyi ball of center £y and radius r is defined
by
Bun (€0, ) = {& 1 [€7 60| <7}

and it satisfies

| Barn (0, 7)| = | Bun (0, 7)| = 7| By (0, 1)),

where |.| is the (2n + 1)-dimensional Lebesgue measure on H" and d = 2n + 2
is the so called the homogeneous dimension of Heisenberg group H"™. The
Heisenberg gradient and Heisenberg Laplacian or the Laplacian—Kohn operator
on H" are given by

VH":(X17X2a "'7X7L3Y1a}/23 "'aYn)
and

Apn = En: X} +Y?
=1

VAR o2 o2 o2
dy; — 4z, Ax2 + ) =— ).
; (a 2t g T Wigna ~ Miggar AT T >
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Folland [25] proved the existence of fundamental solution for the sublapla-
cian —Agn» on the Heisenberg group H". Using Corollary 1 [25], we have the
following representation formula for each u € C§°(Q),

u(€) = =y [ Amnu(n)|€- 0t Py, (2.1)
H'ﬂ
where (Q = 2n + 2 is the homogeneous dimension of the Heisenberg group H"
and

~1
= (n(n—|— 1)/ 22(24 + 2 + 1)—"34615) e=(nh).  (22)
Next, we define convolution on H", see [26] for details.

Definition 2.1. (Convolution) If f and g are measurable functions on H", then
their convolution f * ¢ is defined as

(F=9)©) = | f(n)g(n’l-ﬁ)dn=/H F(&-n~"g(n)dn,
provided the integrals converge.

Definition 2.2. (D'?(Q) and Dy”(Q) Space) Let @ C H" be open and
1 < p < o0. Then we define

DYP(Q) = {u: Q — R such that u,|Vgnu

e I7(Q)}.
DYP(Q) is equipped with the norm

1
lullpraay = (Il oy + I Vntll oy )

1

D{P(Q) is the closure of C§°(Q) with respect to the norm

el oy = ( / VHnupdzdt) .

Definition 2.3. (D2?(Q) and D}?(Q) Space) Let @ C H" be open and
1 < p < oo. Then we define

D?P(Q) = {u: Q — R such that u,|Vg~ul,|Ag-u| € LF(Q)}.
D?P(Q) is equipped with the norm

1
il oy = (Il oy + Vel oy + 1 Amn )

DP(Q) is the closure of C§°(Q) with respect to the norm

1

fullogoay = ([ 18mupdsat)”.

Theorem 2.4. (Embedding Theorem) Let k € N and p € [1,00).

(i) Ifk < %7 then DEP(Q) is continuously embedded into LP" (S2),
s 1 1 k
or —=-——.
. r Q
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(i) If k = %, then Dg’p(Q) is continuously embedded into L"(SY), for r €

[1,00).
(iii) If & > %7 then DEP(Q) is continuously embedded into C° (), for all
0<~v<k-— %.

Now, we define the Adams functions. Let B := B(0,1) denote the unit
ball in H* and B, = B(0, /) denotes the ball with center 0 and radius ¢. We
have the following result.

Lemma 2.5. [31] For all £ € (0,1) there exists Uy € D := {u € DJ*(B) :
u |g,= 1}, such that
< AN

Qlog (7)
where C(K, E) denote the conductor capacity of K in E, whenever E is an
open set and K a relatively compact subset of E, which is defined as follows:

C(K,E) == inf{||Agnul? : u € C(E), u |g=1}.
Let 0 € Q and R < dist(0, 992), the Adams function is defined as follows:

[Ue|| = C(Be, B)

An(€) = 2y (%) lel<&s (2.3)

0, §l = R,

where 0 < r < R. It is easy to check that HAT

< 1 and we denote

M= lim exp (Qlog k|U,1 (€) ) de.

k=oo Ji<lel<t
We have M > 0, for the details, we refer to [31].

Next, we recall decreasing rearrangement of functions on Heisenberg
group. For the details about rearrangement on Heisenberg group, we refer
to [26]. Let © be a bounded and measurable subset of H™. Let f : Q — R be
a measurable function. For ¢ € R, the level set {f > t} is defined as

{f>t={¢€Q: f(&) >t}
Sets {f < t}, {f >t} and {f =t} can be defined in an analogous way.

Definition 2.6. (Distribution Function) Let f : Q — R be a measurable func-
tion then distribution function of f is given by

Ar(t) = {f >t}

where |A| denotes the Lebesgue measure of the set A.

It is easy to see that distribution function is a monotonically decreasing
function of ¢ and

|Q, t<essinf(f).
Thus the range of As is the interval [0, [Q]].

A(t) = {O, t > esssup(f),
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Definition 2.7. (Decreasing Rearrangement) Let Q@ C H™ be bounded and let
f: 9 — R be a measurable function. Then the decreasing rearrangement of f
is defined as

f7(0) = esssup(f),
[ (s) =inf{t: \f(t) < s}, s> 0.

Lemma 2.8. Let Q C H" be bounded and let f : @ — R be a measurable
function. Then for 0 < p < oo,

12|
[1s@rae= [ irwpa
Q 0
Proof. For a proof, we refer to Chapter 1 [26]. O

Lemma 2.9. (Hardy-Littlewood inequality) Let Q C H"™ be bounded and let
f,9:Q — R be a measurable functions. Then
2]

/Q |£(§)g(§)]d€ < i FH()g* (t)dt.
Proof. For a proof, we refer to Chapter 1 [26]. 0

The function f** on (0, 00) is defined as

o= [ e

Next, we state Vitali’s convergence theorem. We refer to [46] for the proof.

Theorem 2.10. (Vitali’s convergence theorem) Let (X, F, p) be a measure space
such that u(X) < co. Suppose

(i) {fn} is uniformly integrable,
(ii) fu(z) — f(x) a.e. as n — oo,
(iii) |f(x)] < o0, a.e. in X,
then f € LY (X, p) and

lim |fn — fldu = 0.
X

n—0o0

Theorem 2.11. (Converse of Vitali’s theorem) Let (X, F, u) be a measure space
such that u(X) < oo. Let f, € L*(X, ) and

lim fndu
n—oo E
exists for every E € F, then {f,} is uniformly integrable.
Let
J:D*(Q) — R

be a functional defined by

_} anx— F(é.)u) T
() = 2/Q|AH, 2d /Q s (2.4)
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where F'(£,u) fo (&, s)ds. Throughout this article, we denote ||- HDz 2(0) by
||I-|| and || - ||, denotes the standard LP-norm.

3. Proof of Theorem 1.7 and Theorem 1.8

In order to prove Theorems 1.7 and 1.8, we need the following results. In this
paper C' is some generic constant which may vary from line to line. Kohn and
Lu [15] proved the following theorem:

Theorem 3.1. Let 0 <a<Q, Q —ap=0,p = and let

Q
Q—«
Lo DO = [ 1607 2 (31)

Then there exists a constant C' such that for all @ CH", || < oo, and for all
f € LP(H™) with support in S,

A

where ¢ = [y, dp, ¥ = {& € H" : |£] = 1}. Furthermore, if Q/cq is replaced by
a greater number, then the statement is false.

(Lo *f)(f)

d§¢ < C,
||f||Lp(Hn

In particular, for a = 2, we get the following corollary:

— and (I )(€) = fygo |€-07 P72 f(m)dn
Then there exists a constant C' such that for all Q@ C H"™, || < oo, and for all
f e LP(H™) with support in €,

1 /

where ¢ = [y, dp, ¥ = { € H" : |¢] = 1}. Furthermore, if Q/cq is replaced by
a greater number, then the statement is false.

Corollary 3.2. Letp = %, p =

/

(12 *f)(f)

d¢ < C,
Hf”Lp(]HI"

Lemma3.3. Let0 < a < 1, 1 < p < oo and b(s,t) be a non-negative measurable
function on (—oo0,00) x [0,00). such that almost everywhere,

b(s,t) <1, when 0 < s <t,

0 o) , ﬁ
sup (/ +/ b(s,t)P ds) =b < o0.
t>0 —00 t

Then there is a constant C(p, ) such that if for ¢ >0

/00 d(s)Pds < 1,

/ " exp(—F(1)dt < C,
0

then
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where

Fult) = at — a </DO b(at)qﬁ(s)ds)p/ .

—00

Proof. In case of a = 1, this lemma was proved by Adams [1], which was later
modified for the case 0 < o < 1 by Lam and Lu [32]. We refer to [1,32] for the
details. 0

Let U = f x g denote the convolution on H". Then O’Neil [44] proved the
following lemma:

Lemma 3.4.
U*(t) < U™ (1) < ™ ()97 (1) + / £*()g" (s)ds.

Now, we are ready to prove Theorem 1.7.
Proof of Theorem 1.7 Using (2.1), we get

()] < /Q Agnu(n)[€ -0~ >~ Ydn
< An|(Iz * Agnw)(§)] (by (3.1) with a = 2)
(€] < 48T % Amnu) (€)' (3:2)
Using Corollary 3.2 and Eq. (3.2), we get
[ exp (Aqlute)) de < [ exp (4022172 MO < Co

provided Afyf:/ < Q, ie. , A < @ +. This completes the first part of the
¢

0 covh

proof.

The proof of sharpness of the constant has similar lines as pp. 393 [1], so
we omit the details.

In order to prove Theorem 1.8, first we prove auxiliary lemmas, which
are used in the proof.

Lemma 3.5. Let g(&) = p(£)?>~9, then

and

)
where p(&) = |¢] = (|2]* +12)3, p = %7 p = % and ¢y is defined in (1.13).
Proof. We have
g"(t) =1inf{s > 0: Ay(s) < t},
where

Ag(s) = {€ € 2: g(§) > s}
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Now,

{6€Q:g(&) > s} =[{ceQ:[¢>9 > s}
—{eeQ: |t <s a2 (3.3)

By using polar coordinates (Proposition 1.15 [26]), from (3.3), we obtain

/ / Qfldrdu, where ¥ is defined in (1.13)

%2, (3.4)
From (3.4), we see that, for any ¢ > 0,

Ag(s) <t= %s_% <t

= 87% < Qt
Co
Q(52 L/
Co Co \?
= ()T = (5)" (35)
From (3.5), we obtain
* Co ﬁ
> —
=) (3.6
Now, for s = (%)F ,
Ag(s) =t. (3.7
From (3.7), we obtain
* Co ﬁ
I e .
o< (o) (3.5

From (3.6) and (3.8), we conclude that
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1

(9

=pg"(1).
This completes the proof. O
Lemma 3.6. Let Q C H",n =4 be a bounded domain, p = Q ,p = %, 0<
a < Q and (Iy % f)(&) = [ [€-n7 P~ 9 f(n)dn. Then there exists a constant

C > 0 such that for all f € LP(H") with support in S,

e

(&) -

where ¢g = [wdp, ¥ = {£ € H" : [¢] = 1}. Furthermore, if % (1 - %) is
replaced by a greater number, then the statement no longer holds.

(I2xf)(
”.fHLP(]_-ﬂ’L)

Proof. Let
u(§) = (g = f)(§), where

s0=(2)" 0 =0 (3.9)

By Lemma 3.4, we get

o
u(t) <ut(t) < tfT(E g () +/t [T (s)g"(s)ds

~tanr'() [ f(s)ds + / " <Q) 57 ds (by (3.9))

_ (g)l (ptpl/ /Ot f*(s)ds+/t|m spl’f*(s)ds> . (3.10)

Now, using the change of variables,

os) = Q7 f*(|Qfe*)e 7, (3.11)

1]
/ pdaz—/ )Pdt
0

/O h ))Pds. (3.12)

we get
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Let h(¢) = ﬁ, then h*(¢) = %6, where Cg is volume of unit ball in H".

By the Hardy—Littlewood inequality (Lemma 2.9), we obtain

exp ((1-5) Eu©)l) L peres ((1-8) 2 @))
A e de < () | e '

Let us introduce the change of variable
t =|Qe”?, then dt = —|Qle™%ds

and using this change of variable, we get

o LB ECOT),

t

Qe

o ex — ) Ly (|Qle*))”
o [

(1-5) {pm|es>‘5' /OIQES F*(2)dz

’

N /IQ' f*(z)z—;'dz}p - (1 - g) s| ds (by (3.10))

Qle—s

- Catiars e [(1{2) {pei’ | etweFaus [ ¢(w)dw}p/

- (1 - g) s] ds (by using the value of f*(z) from (3.11))

= (Co)a|QI % /Oo exp [—F(lfé)(s)} ds, (3.14)

0

< <CQ>%\Q|1—%/ exp
0

where Fl_%(s) is as in Lemma 3.3 with

0 —o0 < s5<0,
b(s,t) =41 0<s<t,
per < s<oo.

Since u(§) = (I2 * f)(&), therefore in view of (3.13), it is enough to show that

/ODO #(s)Pds < 1 implies /000 exp (—F(l_%)(s)) ds < C. (3.15)

(3.15) follows by using Lemma 3.3. This completes the proof. O
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Proof of Theorem 1.8 Using the Formula (2.1), we get

(€] < T / Agnu(€)[€ -7~ *~ Uy
< al(Iz * Ageu) ()] (by (3.1) with a = 2)
()" < AE|(Iz % Agnu) (€)' (3.16)
Using Lemma 3.6 and (3.16), we get
exp (4q (1= 8) lu©r)
/Q p(&)®
< exp (Aq (1- &) WL + A ) (€)1 )
Q p(&)®

S CO)

a ’ Q
rovided Ag |1 — = |2 < —=.
P Q( Q)v’ co

For the sharpness of the constant, we refer to [1]. This completes the
proof.

4. Proof of Theorems 1.9-1.12

In order to prove Theorems 1.9-1.12, we obtain mountain pass geometry of the
associated functional. The following lemmas deal with the geometric require-
ments of mountain pass theorem. We have p = % and p’ = % throughout
the section.

Lemma 4.1. Assume that f satisfies (1.8) and suppose (H1)—(H5) hold. Then
there exists p > 0 such that

J(u) >0, if [lu] = p.
Proof. By (H4), we have that

lim sup — <A,
s—0+t |S|
which by definition is same as
. 2F(¢, s)
ér;fosup{ BE :0<s <ﬂ} <A (4.1)

Since (4.1) is strict inequality, therefore, we can choose a number 7 > 0 such
that

inf 5up{2F|i|€2’8) :0<s<ﬁ} <A-T. (4.2)

Since in (4.2) infimum is strictly less than A — 7, therefore there exists 6 > 0

such that
2F
up{ |§2’S):0<8<5}<A—7. (4.3)
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Thus for |s| < §

2F (€,
|i|£2 )<A—T,
or
F(E,5) < (A~ 7lsl? (4.4)

Since f has subcritical exponential growth therefore there exist constants C' >
0 and v > 0 such that

[£(£,1)] < Cexp(t?), VE € Q, Wt € R. (4.5)

F@@:{AU@@ﬁ
< [ olar

<C /O Cexp(rt?)dt (by (45))

< Cexp(ysp/). (4.6)

Thus we have

Now for |s| > ¢ and g > 2, there exists a constant K (J, g) such that
IF(&,5)] < Ksltexp(ys?), V]s| > 6. (4.7)
On using (4.4) and (4.6), we get

F(,5) < 5 (A= )Isf + K exp(ylsi”) sl (18)

for all £ € ), s € R and for some v, 7 > 0 and ¢ > 2.
1 1
Now consider r and 7’ such that — + — =1, then by Holder’s inequality,
roor

we have

[ e ([ 22} ([ e )
< /Qexp (W”u”p <ﬁ) ) </Q |u|¢"'df>:l.

p(§)*r

4
7

(4.9)

Now, if we choose r > 1 sufficiently close to 1, so that ar < @ and ||ul] < o
such that yro? < Ag (1 - %) . Then by Theorem 1.8 and (4.9), we get

1
7

/Qewd < C(/ w9 da:) : (4.10)
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Therefore, we get

ne

J(u) > % ul? = 2 > T /Q p'é'; dx — C (/Q |u|’“’q) " (4.11)

Now, we have

2
A= H“‘Ut'z . (4.12)
0£uEDG () [ gy
(4.12) implies that
Hu||2 2,2
A< S VO£ ue DY)
fQ p(&)"
or ?
u 1 2
< = lul?. 413
| < gl (1.13)
On using (4.13) in (4.11), we get
1 A—T
T(u) = 5 JJul* o leall® = C % - (4.14)

Since by Theorem 2.4, Dg*(Q) is continuously embedded into L*(f2), for all
1 < s < co. Therefore, in particular, for s = r'q, we get

[ullrg < Cllull- (4.15)
On using (4.15) in (4.14), we get

1 A*T 2
> (1 - 7.
a0 2 5 (1= 257 ) Il = €l
Since 7 > 0 and g > 2, choose p > 0 such that

1 A—r7
- _ _ q—1
3 (1 A )p Cp?™" >0,

then, we have

1 A—T1 —1
> - _ _ q
) 2 (5 (1= 257 Il = €™ ) >0

whenever |lu|| = p. This completes the proof. O

Lemma 4.2. There exists e € Dy (Q) with |le]| > p such that

J(e) < /|u|_p J(u).

Proof. Let 0 # u € Dg*(Q) and u > 0. By (H2) and (H3), there exist ¢ > 0
and d > 0 such that

F(&,5) > cs® —d, Y(£,5) € @ x RT, where 6 > 2. (4.16)
For t > 0, we have

t? u? 1
J — | |Agnul?dE — ct? dz +d de. 4.17
(tu) = 2 sz| " u| §—ct /sz P(f)a v Q P(f)a < ( )
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Since § > 2, (4.17) implies that J(tu) — —oo as t — oo. By setting e = tu
with ¢ large enough, we get ||e|]| > p and

J(e) < ”il‘lli J(u).

This completes the proof. O

Lemma 4.3. Assume that [ satisfies subcritical growth condition (1.8). Then
the functional J satisfies Palais—Smale condition at level ¢, for all ¢ € R.

Proof. Let {uy} € D3*(€) ba a PS sequence at level ¢, that is,

J(ug) = % ||uk||2 - /Q F;fé;ff)df — ¢, as k — 00 (4.18)

/ AHn'LLkAHn’Udg / f g’ k
Q

where ¢, — 0 as k — oo. On taking v = ug in (4.19), we get
LUk )U
|DJ (ug,)us| = ‘/ |AHnuk|2d§_/ f(€ kz k

Q o p)

On multiplying (4.18) with 6 and subtracting (4.20) from it, we get

and

|DJ (ug)v| =

< e v, (4.19)

< e flunll, (4.20)

(5 1) hal+ | s (€ wdu0F (€ w))ds < OG )+ ] - (420

2 £)
By (H6), there exist Ry > 0 and 6 > 2 such that, for ||u|| > Ry,
F(€u) < uf(& ) (422)
On using (4.22), in (4.21), we get
0 2
(5-1) huul? < 00) + el (4.29

Since 6 > 2, (4.23) shows that {u} is bounded, therefore, up to a subsequence

w, — ug in DE(Q)
up — up in LP(Q), Vp>1
ug(€) — uo(§) a.e. in Q.

Since f has subcritical growth on 2, therefore there exists a constant Cy > 0
such that

fl6s) < Cuoxp (3317 ) Vie ) €0 xR (124)
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Thus

f(gauk:) —u |f<£7uk)| Ur — U T
p@e )df‘g/g p@e |~ wld

oo (2810
< / Cr—————— L |up — uldg
Q p(&)°

rAqlusl? Juxl? .
7/

o2 EEED) (v

1 1
(where > 1 and such that ar < @ and —~ + — =1)
rooT

< Cllug —ul|,, (by Theorem 1.8 )
—0as k — oo. (4.25)

Similarly, we can show that

1(&u) —u)dé — 0 as k — oo
/Q 6 (up —u)dé — 0 as k . (4.26)

Also, we have

(DJ(u) — DJ(u),ur, —u) — 0, as k — oo.
Thus ug — w in DS’Q(Q). This completes the proof. O
4.1. Subcritical growth. Proof of Theorem 1.9

Using Lemmas 4.1, 4.2 one can show that J satisfies the geometric requirements
of mountain pass theorem. Also Lemma 4.3, shows that J satisfies Palais—
Smale conditions. Therefore, we conclude the proof of Theorem 1.9 by applying
mountain pass theorem.

4.2. The critical growth

In this case, we need the following lemma to establish the existence of solution.

Lemma 4.4. Assume that [ satisfies critical exponential growth condition (1.9)
and (1.10) and suppose (H1)—(H5) hold. Then there exists k > 0 such that

max{J(tAg) : t > 0} < <Q2Qa> 12*@,
0

where Ay, = AR/;C is defined by (2.3).

Proof. We shall prove this result by method of contradiction. Suppose that for
all k, we have

max{J(tAg) : £ > 0} > (Q2 5 ) Ag. (4.27)

Therefore for all k£ there exists a t;, > 0 at which maximum is attained and

t ||Ak|| F(&,tLAr) Q—a\ Ag
TtnA) = T Adez ( 0 )ao (4.28)
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and

teArf (€ teAr

2114k = / ——e =l = R E. 4.29
i [ Al A ran (4.29)

Since F(¢,5) > 0 and || A;||” < 1, therefore from (4.28), we get

Q - Cl) AQ

2 > ( — 4.30
k Q o ( )
Also for a given 7 > 0, there exists R, > 0 such that for all u > R,, we have
uf(€,u) > (B — 7) exp(aplul?). (4.31)

On using (4.31) in (4.29), we get
trApl”
o [ L),
Br/k

p(€)°
(8- wQ | (f) exp<a0tp (Qlogk>p’>

A
= (B _T)szj_aexp [aotp (Qlogk) O—a log(k)]

Q

Q—a , '
12 (-2 e [Oéoti (45 <Qa>log<k>21og<tk>].
(4.32)

(4.32) shows that {¢;} is a bounded sequence, otherwise up to a subsequence
right hand side of (4.32) tends to oo as k — oo. Also, we have

7 — (Qéa) % as k — oo (4.33)
0

and
Akl — 1 as k — oo.

Also observe that, by definition of Ay, as k — oo, we have,
Ap(§) — 0, ae. £€.
Let
X, ={£€Q:tAr > R, }
and
Y = Q\ Xy,

then the characteristic function of Yy, xy, — 1, a.e. £ € Q. By Lebesgue
dominated convergence theorem, we get

/Y k tkAkJC(i’(’;’“)f’“)dg 0 (4.34)

/ exp(a0|tkAk\2)dx . w3 RO~
Yk

and

) 0 _a as k — oo. (4.35)
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Since 7 > %i—?, therefore

exp (%AQ\AMZ)

/ exp(ag |t Ax|? )df
Br p(§)” Br p(§)”
/ exp (%AQ\AMQ) " / exp (%AQ\AMQ) "
= +
2| < B p(§)® R<iz|<R p(&)”
N exp%%AkaP)dﬁ/ exp (%52 Aql Af?) p
|| < B p(&)e B<iz|<R p(&)e
_wsRY o,
=0 _a + R¥7*M (4.36)
Since
teArl?) te A f (€ teAr)
t2 2 ﬁ —r / eXp(Oé0| dg df
k2 (=) lz|<R p(§)* Yi p(§)*
exp(aolty Axl?)
(B — 1) | SRRLOLEAET) ge
(/61 ),/Yk p(é-)a f
therefore
Q —a AQ Q—a
X TIe _
0 o - (b1 —T)R*"M
or
ﬁ AQ Q —a
"= ROMa, Q
which is a contradiction to (H5). This completes the proof. O

Lemma 4.5. Assume that [ satisfies critical exponential growth condition (1.9)
and (1.10). Let {u} C D3*(Q) be a Palais-Smale sequence. Then {ug} has a
subsequence, still denoted by {uy}, and u € DE*(Q) such that

(i) up — u in DF*(Q)

W e e
Proof. Let {u} be a Palais-Smale sequence, then
J(uk) = % lul” — /Q F(& ug)d — ¢, as k — oo (4.37)
and
17 (g Yo ‘/ At A vé — /f € un vdg‘ <nlvl.  (4.38)

Also by Lemma 4.4,
Q-adq
2Q (7)) ’

c <
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From (4.37) and (4.38), we get
Ot g > <9 B 1) s |2 7/9 (OF (&, uy) — f(fauk)uk)dg

(&)
> (5 1)l (4.39
which implies that
el < €,
i<

Since D2?(Q) is a reflexive Banach space, therefore by (4.40), up to a subse-
quence

uj, — u in Dy (),
up — win L1(N2), V1 < ¢ < oo,
ur(€) — u(€), ae. £ Q.

Furthermore, using the arguments similar to Lemma 2.1 [16], we get

! E;Eg:) - fp(é’;) in L1(9). (4.41)
This completes the proof. O

4.3. Proof of Theorem1.10

By Lemmas 4.1, 4.2, we can find a Palais—-Smale sequence {uy} at the level ¢

and by Lemma 4.4, 0 < ¢ < ¢ Qa 13? Thus, we have
Tw) = L2 —/QF(x,uk)dg e (4.42)
and
el = | [ dwvwndgode— [ LEBa <.y

By Lemma 4.5, there exists u € D2%(Q) such that
(i) up — u in DE*(Q).

(i) féfgfj) — fp(é’)’lfl) strongly in L(Q).

Therefore by (4.43), with the aid of Lebesgue dominated convergence theorem,
one can pass the limit and get

J'(u)v =0

for all v € C°(Q). Since C°(Q) is dense in Dg*(Q), therefore u is a weak
solution to (1.1).
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Now, we show that u is non trivial. On the contrary, let if possible u = 0,
then by (H2) and Lebesgue dominated convergence theorem,

F
/ FLE ) be L 0in £(9) as k- o (4.44)
o p&)°
From (4.42), we get
@-adg
Q ap’
Choose ¢ > 1, sufficiently close to 1 such that

|ugll* — 2¢ < (4.45)

qao‘lukHQ/(Q—Q) < Ag

Q
Q—a

for k large. Now, since f has critical exponential growth, therefore by Theorem

1.8,
|f(&, ur) Q/—-2) | uk @/(@-2)
WS TR g d
[, gae e from (st 5

[lull
<O0O(1), ask — .

Thus, by taking v = uy in (4.42), we obtain
ug]® — 0 as k — oo,
which is a contradiction. This completes the proof.

4.4. The critical potential case a = Q

In this section, we consider the borderline problem with respect to potential,
ie,a=Q

A u = f(&w) in €,
H p(£)°
(4.46)
ou
ulon =0 = I o’

where 0 € Q C H", n = 4 is a bounded domain and f satisfies the exponential
growth condition at subcritical and critical level. This case is delicate in the
sense that Theorems 1.9 and 1.10 fail when a = Q.

In order to establish the existence of solution to the problem (4.46), we
consider the approximate problem which has subcritical potential

Az, = L&) 0
p(§)“ (4.47)
oo = 0 = ou,
Unplo = U = on 697

The solutions to (4.47) are the critical points of the functional
Jn:DP*(Q) - R
defined as
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/IAH up[*dé — / 5’ ) €, (4.48)

where F (&, u,) = /0 f(&, s)ds

Lemma 4.6. Suppose (H1)—(H4) hold. Then there exists p > 0 such that
In(un) >0, if |lun|| = p.

Proof. The proof has the similar lines as the proof of Lemma 4.1, for the sake
of brevity, we omit the details. O

Lemma 4.7. There exists e, € Dg*(Q) with |le,|| > p such that
In(en) </ In ().
”un” P

Proof. The proof has similar lines as the proof of Lemma 4.2 and therefore we
omit the details for the sake of brevity. O

Lemma 4.8. The functional J,, satisfies Palais—Smale condition at level ¢, for
all c € R.

Proof. Let {u } C DF*(Q) ba a (PS) sequence at level ¢, that is,

2 F(&un")
Jn(u™y =2 ‘ ul™ H ——_2df — ¢, asm — 00 (4.49)
: p(&)@ =
and
|DJ,, (u{™) | / Agnul™ Agnvdé — / M <emlvll, (4.50)

where 0 < €, < 1 and ¢,, — 0 as m — oo. On taking v = ul™ in (4.50), we
get

(m)
(D (™) m>|—|/ A~ [ f—Q

On multiplying (4.49) with 6 and subtracting (4.51) from it, we get

0 ) 2 1
) e
<2 Qp(§)@ =
X (f(& u™yul™ — 0F (€, u™))dg < O(1)
y (HG), there exist Ry > 0 and 6 > 2 such that, for ||u,| > Ro,

OF (&, un) < unf(& un). (4.53)
On using (4.53), in (4.52), we get

(5-1) [l <o e

u;”“H L (452)

(™ H . (4.54)
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Since 6 > 2, (4.54) shows that {u%m)} is bounded for each fixed n € N, that is,

Huslm) H < K,,, for some K, > 0 and therefore, up to a subsequence, we have

ul™ — w, in DF*(Q) as m — co.
uslm) — wy, in LP(Q), as m — oo for all p > 1.
ul™ (&) — wy(€) ae. in Q, as m — oo.

Since f has subcritical growth on €, therefore there exists a constant C'x, > 0
such that

(€, 5) < Ck, exp (ﬁ;} |59/ <Q2>) , V(£5) €QXR, (4.55)
where 3, = Ag (Q —a+ %) . Thus
f(Ev uslm)) (m) _ del < |f(§a u%m))‘ (m) _ d
A e A
exp (g ui™ 1)
C ¥ ) — w, |d
< [ et

rﬁnHu;m)le |u(m}‘p' v
exp | R 5
" HSZH)H ’ v’
<C / (/ |u;m)—wn|T)
Q

N ) p() @

1
(Where r > 1 and such that (a — n) r>Q

1 1
and—i—/zl)
T

<C Huﬁ{”) — wy,

/r./
— 0 as m — oo. (4.56)

Similarly, we can show that

(m)
%ww —wy)d€ — 0 as m — oc. (4.57)
Qp n

Also, we have
(DJ(u{™) = DJ(w,),ul™ —w,) — 0, as m — co.
Thus u%m) — w, in Dg’2 (€2). This completes the proof. O

4.5. Proof of Theorem1.11

Lemmas 4.6, 4.7 show that the functional J,, satisfies the geometric conditions
required in mountain pass theorem. Lemma 4.8 shows that .J,, satisfies Palais—
Smale condition and therefore by mountain pass theorem, we conclude that
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Problem (4.47) has a weak solution u,, for each n, that is,

/ Agn iy Agnvdé = f(g’iun?vdm, for all v € DZ(Q). (4.58)
o Qp(§)9

Since 0 < €, < 1 therefore from Eq. (4.54), we have ||u,| < C, for some
constant C' independent of n. Since Dg’Q (€) is reflexive Banach space therefore,
up to a subsequence

Uy — Ug In Dg’z(Q)
up, — ug in LP(Q), Vp >1
un(§) — up(§) a.e. in Q.

From (4.54) and the arguments used in Lemma 4.5, we also have the following

F& w)um e _ -
o peat T )

and F(eou)
2% tn) e < 0, 4.60
/ﬂp(ff)@" ¢ (£60)

Observe that
f(EaU'n) _ f(gau())
p& = PO
Using (4.61) and Vitali’s convergence theorem in (4.58), we get that ug is a
weak solution of (4.46). This completes the proof in the subcritical case.
Now, we establish the existence of solution to (4.46), when f satisfies
critical exponential growth condition (1.9) and (1.10).

a.e. in €. (4.61)

4.6. Proof of Theorem1.12

Since for each n € N, Q — % < @, therefore by Theorem 1.10, (4.47) has a
weak solution u,. Moreover, since 0 < €, < 1 therefore by (4.40), there exists
C > 0 independent of n such that ||u,| < C, therefore, up to a subsequence

U, — ug in Dy ().
un, — ug in LP(Q), Vp > 1.
un (&) = up(§) a.e. in Q.

From (4.54) and the arguments used in Lemma 4.5, we also have the following

F(E wn e Lo
o p§)@ ¢= (162

and e )
28 tn) e < 0, 4.63
/Qp(é)Qn ¢ o

Observe that
f(gvun) BN f(§7u0)

pe A&
Using (4.64) and Vitali’s convergence theorem in (4.58), we get that ug is a
weak solution of (4.46). This completes the proof in the critical case.

a.e. in Q. (4.64)
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