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1. Introduction

In the present paper we deal with a semilinear problem involving a singular
term of the following type:

—Au = (/\us_1 — ur_l) X{us0}, inQ
{u =0, on 0f) ()

where Q is a bounded domain in RY (N € N) with smooth boundary 99, 0 <
r <1< s <2, \is a positive parameter and x>0} the characteristic function
corresponding to the set {u > 0}.

A weak solution of (Py) is a function u € W *(2) such that

/ VuVep — / ()\us_l — u’”‘l) X{u>0y® =0
Q Q

for every p € CH(Q).

A classical solution of (Py) is a function u € C(2) N C?(2) such that
(Py) is satisfied pointwisely.

Problems of (Py) type have been studied for instance in [3-5].

In [3], Davila and Montenegro prove the existence, for every A > 0, of a
non negative, classical solution obtained as the limit of a sequence of solutions
of perturbed problems.
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The existence of a positive solution has been proved in [4] by Hernandez,
Mancebo and Vega in

Theorem A. ([4], Theorem 3.13) There exists A > 0 such that, for all X €
JA, +ool, problem (Py) has a classical solution belonging to int(C§(Q)). If
A €]0, A[ problem (Py) has no positive solution.

The existence part of the above result comes from the implicit function
theorem. More precisely, if S is the set of X’s such that (Py) has a positive so-
lution, then, via sub-supersolution techniques, it is shown that S is an interval
with inf S > 0.

The problem of finding multiple solutions for (Py) has been carried on
in [5], where Montenegro and Silva have established the following result:

Theorem B. ([5], Theorem 1.1) There exists A\g > 0 such that for each A €
[Xo, +00[, problem (Py) has two distinct nontrivial nonnegative weak solutions.

Following the approach of [3], in [5] the authors consider a sequence
of e-problems where the singularity is replaced by the “non singular” term
ul/(u+ €)1 for some 0 < ¢ < s — 1. For big values of the parameter, the
existence of two critical points, a global minimum and a mountain pass critical
point is ensured for the associated perturbed energy functional. As e — 0, by
employing careful estimates on the gradient of the solutions of the perturbed
problems, two nontrivial nonnegative solutions of (Py) are provided.

In the above result nothing is said about the positivity of the solutions,
although the authors conjecture that one of them is positive. Indeed, we can ob-
serve that this occurs if A > max{A, Ao}, where A and Ag are as in Theorems A
and B, respectively. Our aim, in this paper, is to show that the existence of a
positive solution for problem (P)) ensures the existence of a second solution,
that is to say A > A\g. Moreover, we also prove that the positive solution is
stable, i.e. it corresponds to a local minimum point of the associated energy
functional.

Our result reads as follows:

Theorem 1. There exists A > 0 such that problem (Py) has no positive solution
for X < A and two distinct nontrivial nonnegative weak solutions for X > A.
One of them belongs to int(C&(Q) 1) and corresponds to a local minimum point
of the energy functional associated to problem (Py).

We point out that the energy functional associated to (Py) is not Gateaux
differentiable in the Sobolev space W, *(2) and the classical critical point the-
ory does not apply. In our proof truncation techniques and variational argu-
ments are employed. More precisely, the first positive solution is obtained as
global minimum of a suitable truncated functional, while the existence of the
second solution relies on an appropriate application of the Mountain Pass The-
orem for a regularized functional in the same spirit as in [5]. We point out that
our approach, in the proof of the existence of the positive solution differs from
that of [5]: indeed, we introduce a suitable truncation involving the positive
solution given by Theorem A. The truncated functional is of class C! and its
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global minimum turns out to be a local minimum of the energy functional and
it belongs to int(C}(Q)4).

We believe that the idea of the proof can be also carried on in the study
of thecase 0 <r < s < 1.

2. Preliminaries

We endow the Sobolev space W, ?(Q) with the classical norm

full = |Vu|2)é.

As usual, for every u € Wy?(Q), put u, = max{0,u} and
u_ = max{0, —u}.

Recall also that

Co(@) ={ueC'(Q), u=0ond0}
is an ordered Banach space with positive cone
Ci ={ueCy(), u>0inQ}

which has a nonempty interior given by
ou

8V<Oonaﬂ},

where v(-) is the outer unit normal to 9Q. It is also well known that if u €
intCy, there exists ¢ > 0 such that u(z) > cd(z) for every x € Q, being
d(z) = d(x,090).

Define

intCy = {u €C3(Q):u>0inQ,

1 A 1
Uy (u) = 5||uH2 - g/ﬂuid:ch ;/Qu:_dx for all u € Wy %(Q).

The functional ¥y is well defined and continuous on VVO1 ’Q(Q)7 but not differ-
entiable because of the presence of the singular term. However, we can prove
the following result.

Lemma 1. For every A > 0, ¥y is Gdteaux differentiable at each point of intC
and for every u € intCy., one has

U (u)p = / VuVedr — )\/ u*Lpdr + / u" " Lodx
Q Q Q
for every ¢ € VVol’2 Q).
Proof. Tt is well known that the functionals

1
Ya(w) = gl
and

A
Po(u) = f/ﬂuidx

S
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are Gateaux differentiable in W, ?(Q) with derivative

W (u)p = /Q VuVeds,

Ph(u)p = A/Qui_lcpdx,

for every ¢ € Wy().
Define 13 : Wol’Q(Q) — R by
1
Y3(u) = f/ uy d.
rJa
Let us prove that if v € intC', then
t —
lim ’Q[J3(’LL+ 90) ’(/JS(U’) _ / ’U/T_lgOdil'
Q

t—0 t

for every ¢ € Wy?(Q). Assume first that ¢ > 0 in Q and fix a sequence
tn — 0, t, €]0,1].

Since u € intCy, there exists ¢ > 0 such that u(z) > cd(x) for every
x € Q. Moreover, the function z — d(z)"~! belongs to LP(£2) for every p <

1—r"
Choose p in such a way that 1\2,—52 <p< ﬂr. Since ¢ € VVO”(Q), then,
@ e LY (Q).
One has

dzx

Ys(u+tap) — Y3(p) _/ (uttnp)” —u”
tn B Q tn

:r/(u—i—Tmp)T_lgodx
Q

for a sequence 7, — 0T. Since
(u+ 1)t —u" a.e. in
and
(u(z) +7ap(2)) " Hp(z) < ul@) " Ho(x) < ¢ Hd(z) " p(r) € LHQ),
from Lebesgue theorem, we deduce that

i L3t taw) —ds(e) _ / wLipdz,
Q

n—oo tn
For a generic ¢ € Wol’Q(Q)7 by the equality ¢ = ¢+ — ¢_, it follows that
Py (u)p = / u" " od.
Q
It is also easily seen that ¢4 (u) is linear and continuous on Wy?(€2). The proof
is concluded. U

For the next property of ¥y, we need an auxiliary result which we state
in a general form. Denote by A the class of all Carathéodory functions f :
) x R — R such that there exist C' > 0 and ¢ > 0:

|f(z,t)] < C(1+[t|771) forallt € R,almostallz € Q
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with g € [1, 225]if N > 2, g € [1,+oo[ if N = 2. If N = 1, A is the class of

all Caratheéodory functions f : Q x R — R such that for all s €]0, +-00]
sup |f(,t)] € L'(9).

It]<s

For each f € A and p > 0, put

L p(u) = plful)? _/ (/ f(x,t)dt) dz, for all ue W,2(Q).
Q 0

Proposition 1. Let f € A and assume that there exists 6 > 0 such that
f(x, )t <0 for eacht € [0, ]and almost allx € Q.
Then, for every positive u, 0 is a local minimum for I, ;.

Proof. Let p1 > 0. Notice first that, in view of the assumption on f, I, ¢ is well
defined in VVO1 2(Q2). Assume, by contradiction, that 0 is not a local minimum
for I,, y. Then, by Theorem 1 of [2], 0 is not a local minimum for I, ; in the
C*(Q) topology. So, there exists a sequence {u,, } in C1(Q) with [unllcry — 0
such that I, r(u,) < 0 for all n € N. Nevertheless, maxg |u,| < ¢ for n big
enough. Therefore, I, ¢(u,) > 0 for n big enough, a contradiction. O

Lemma 2. There exists 5o > 0 such that infy,—s Ux(u) > 0= V,(0) =0 for
all § €]0, ).

Proof. Assume, by contradiction, that there exists a sequence {d,} in |0, +o00]
such that ¢,, — 0 and

| il‘rifé Uy(u) <0 forall neN. (1)
Fix 7 €]1, s[ and define

tf
t)=—"— forall teR.
q(t) T+ orall te

It is easy to check that g(t) < ¢, for all ¢ € R and g is of class C'. Therefore,
if we define f: Q2 xR — R by

1 !
flo,t) =M1 - ;g/(t) D m for all (x,t) € 2 x R,
+
we have f € Aand I3 ;(u) < W, (u) for all u € Wy2(2). So,
1 1
() = Iy, () = Zllull® < Wa(u) — Sull® for all we Wi2(@)

Taking into account (1), we have

inf I1 ¢(u) <O forall neN. (2)

ull=6n *

On the other hand, f satisfies the assumptions of Proposition 1. Therefore, 0
is a local minimum for I 1 This is in contradiction with (2). O
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3. Proof of Theorem 1

The proof of Theorem 1 will be divided in two steps: in the first one we will
prove that the positive solution given by Theorem A can be constructed in
such way that it turns out a local minimum point for the energy functional.
In the second step, we will use this information to find a second non negative
solution.
Step 1. Variational characterization of the solution given by Theorem A.

Let A as in Theorem A, A €]JA,+oo[ and X' €]A, \[. From Theorem A
there exists uy € intC, classical solution of (Py/).

Consider the continuous function

Aup (2)57 =y ()™t if 2€Q and t <uy(z)

fla,t) =
A5~ — =t if xe€Q and t>uy(z)
which satisfies the following estimate:
(2 )] < Mlun IS5 + A"~ + ed(z)™* (3)

for a.e. x € Q and every ¢t € R (being ¢ a positive constant). Define
N 1 u(z)
Uy(u) = 5\|u||2 _/ (/ f(a;,t)dt) dz for all uwe W 2(Q).
o \Jo

W, is coercive and sequentially weakly lower semicontinuous as it follows from
(3), so it admits a global minimum wuy. Moreover, since uy: € intCL, it is easy
to prove that W, is differentiable in WO1 2(Q) (similar arguments as in Lemma
1). Therefore, one has ¥ (uy) = 0. This means that uy is a weak solution of
the problem

—Au = f(z,u) in Q,

u=20 on 0f,
ie.
/ VuVpdr = / fz,un)pdx (4)
Q Q
for every ¢ € Wy?(€). Also, from Theorems 8.2 and 8.2’ of [1], uy € C1(Q).

Let us observe that uy > uy in Q. Indeed if it was
def

A= {zeQ:ur(z) <ux(z)} #0,
then, we should have
7A(’LL)\ — U)\/) = ()\ — )\,) Uil_l > 0 in A,

uy —uy =0 on 0A,

and, by the maximum principle, uy(z) > uy (z) in A, a contradiction. The
same argument shows that uy # uy (otherwise uy» = 0). Hence, from (4) we
infer that u, verifies

/ VuVpdr = / ()\ui_l — u;_l) wdx (5)
Q Q
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for every ¢ € I/VO1 ’Z(Q), which implies that uy is a weak solution of problem
(Py) according to the definition given in the Introduction.
We also have

—Auy —uy) =l = Nup !t —u T et > (A= M) el >0 in Q.

Therefore, by the strong maximum principle we infer that uy — uy € intC,.
Hence, uy € intCy.

uy is a local minimum in the C*(Q)-topology for ¥y. Note that intC is
open in C1(Q) and uy € uy +intC, is in particular a global minimum for Uy
in the C''(Q)-topology. Now, observe that, for each u € uy + intC, one has
Wy (u) > Uy (uy), and

1 wys ()
Uy (u) = 5||u||2 —/Q/O (A5t =) dtda
—// (M5 =71 dtda
Q Juys(x)

1 ur (x)
= = |jul? —// (M5t =7 dtda
2 QJo
u(x) wuys ()
—// f(x,t)dtd:v—f—// f(z, t)dtdx
QJo QJo

= W, (u) + const.

Then, we infer that uy is a local minimum in the C! (ﬁ)—iopology for ¥y as
well. Consequently, 0 is a local minimum point in the C'*(Q)-topology for the
functional

Dy (u) = Uy (u+ uy) — Uy(uy)
1
= —Hu||2+/ VuVudzx
2 Q

A s A s 1 r 1 r
_A (s(u+u)\)+_SU}\_T(U+UA)++TU>\> dx
1 1 1 .
(by (5)) = 5”’(},”2,/Q |:/\ <S(U+U)\) 75%\7“,\ 1U>
1 1
_ (T(u—i—u,\)z_ — ;uk —ul u)] dx. (6)

The auxiliary functional . Fix g9 €]0,1] and let G : @ x R — R defined
as follows:

G(:L’ t): 60—1—7’(50—1)

r

un(@)” = b Pun@) 2 - (20— Do)

" t—(eg—1)up(z)] forallz € Qandt < —(1 — gg)ux(z);

1

+(eg7 " 1) un(z)
G(x,t) = 1(t +ux(x))} — ;u,\(x)r —uy(z)" 't forallz € Qandt
)
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We can see that G € C°(Q x R) and G(z,:) € CY(R) for all z € Q.
Moreover, one has
(i) Gz, t) < Lt +ux(2))} — tur(z)” —ur(z)"~'t forall (z,t) e AxR
(ii) G(z,0) =0 for all z € Q.
Let us define also H : 2 x R — R by

H(z,t) = A E(t +un(z))y — %u)\(gc)s - uk(x)s—lt] '

Put also G'(x,t) = g(x,t) and H'(z,t) = h(z,t) for every (z,t) € Q x R.
Finally let

D) (u) = %HuHQ—/QH(x7u(x))dx—&—/QG(:U,u(m))dx

for all u € W, 2(9).

The functional ® is well defined because of the generalized Hardy Sobolev
inequality and is differentiable in W, (€2) with derivative at u € W, () given
by

D (u)p = /QVquadx - /Q(h(x,u) —g(z,u))pdz

for every o € W01’2(Q).

0 is a local minimum of ®y. Indeed, since (1 — gg)uy € intCy, we can
find a neighborhood V of 0 in C*(Q) such that (1 —&g)uy + V C intC, and
Py (u) > ®x(0) = 0 for all u € V. Consequently, noticing that ®y = @ in V, 0
is a local minimum in the C*(Q)-topology for ®,.

Let us prove that 0 is a local minimum for ®, in the topology of W(}’Z(Q).
The proof follows with some modification that of Theorem 1 of [2]. Indeed,
assume by contradiction that 0 is not a local minimum for ®, in the topology
of Wy (). Then, we can find a sequence {,} of positive numbers and a
sequence {u,} in W, *(Q) such that for all n €N,

(i) luall < on,

(1i) @a(un) = infyy) <5, Pr(u) < 0= 2x(0).

By the Lagrange Multipliers Theorem, for each n € N, there exists p, < 0
such that

In other words,

—(1 = pn)Au, = A [(uA + un)fl — uifl] —g(z,up) in Q,

Up = 0 on Of).

At this point, let p > N such that (1 —r)p < N. Observe that, from the
definition of GG, we can find a positive constant C; such that

IX [(ua(@) + un (@) = ua(2)* ] — gz, un(@))|
< Cu (jun@ + @+ @) 1),
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for all z € Q. By standard regularity results, one has u,, € C*(2). Moreover,
since uy € intCy and (1 —7)p < N the right hand side in the above inequality
is p-summable. So, is the left hand side. It follows, from Theorem 8.2 and
Theorem 8.2" of [1], that u,, € W?P(Q) and for some constant Cs,

1
(/ |un|pdz> +1
Q

Let o €]0,1[ such that pa < ¢,, where ¢, is the embedding constant of
W, 2(Q) — LP(Q). From the above inequality and in view of the embed-
ding W2P(Q) — C'*8(Q) for some 3 €]0,1], there exists a positive constant

Cy such that
1
||Un||c1+@( Q) ((/Q |un|apdx) +1>

< Cu [lunllgSoqy - Ulunll® + 1))

unllw2r@) < C

[unll 140 @)y < Ca

for all n € N. In view of (j) and (jj), it follows that the sequence {u,} is
bounded in C1*4(Q). Since u,, — 0 strongly in VV0 (Q)7 up to a subsequence,
by the Ascoli-Arzeld Theorem, u, — 0 in C*(€2). This is a contradiction with
(jij) and the fact that 0 is a local minimum for ®, in the C*(2) topology.
Therefore 0 is a local minimum for ®, in the VVO1 2 (©2)-topology.

At this point, observe that, by construction (see (i) and (ii)), one has
By (u) < By(u), for all u € W, *(Q), and ®,(0) = ®(0) = 0. From this, we
easily infer that u) is a local minimum point for ¥y in the WO1 ’Q(Q)—topology.
Step 2. Ezistence of a second solution.

From the previous step, there exists dg > 0, which can also be assumed
strictly less than ||uy ], such that

0=2,(0) < ‘1I”1f6<1)>\( w)

for all ¢ €]0, do[. Now, let us distinguish the following cases:
(I) ian"H:‘S <I>,\(u) =0 for all § E}O, (50[;
(IT) inf 5 Pa(u) > 0 for some 5 €10, dol-

Suppose that case (I) occurs. Let {d,,} be a sequence in ]0, dp[ such that §,, — 0
and

inf ®,(u)=0
lul/=6s A(w)

for all n € N. Since the functional

I(u) := /Q (G(z,u) — H(z,u)) dz, ueW,*Q),

is sequentially weakly continuous in VVO1 2(Q) and, in particular, weakly con-
tinuous on every bounded set of W;%(Q) (by the Eberlein-Smulian Theorem),
one has:
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0= inf ®,(u)= %5721 + HuiHn:f(s /Q(G(x,u) — H(z,u))dx

= in
llull=6n
1
= -02 + inf /Gm,u — H(z,u))dx. 7
s+ int [ (6w~ Hiw) @

Therefore, there exists u, € Wy >(Q) such that ||u,| < 6, and I(u,) =
inf), <5, I(u). If it was |lu,| < 6,, then u, should be a local minimum for /
and so I'(u,) = 0. In other words,

/Q (9(,un) — h(z,up)) vde =0 for all v e Wy2(Q). (8)

By the Hahn-Banach theorem, the functional I’(u,,) can be extended to L?(£2).
Since Wy?(Q) is dense in L2(), from (8) we have I'(u,) = 0 in L2(€2). This
implies

g(x, un(x)) — h(z,un(z)) =0, for almost every z € Q. 9)

Since the function g(x,-) — h(z,-) is strictly decreasing in R and g(z,0) —
h(z,0) =0, for all x € Q, we infer, from (9), that u,(z) = 0 a.e. in Q. Then,
from (7) we should have d,, = 0 which is an absurd. Consequently, ||u,|| = 6y,
and so ®(uy) = infj,) =5, Pr(u) = 0 = ©5(0). Since 4§, €]0, do[, this means
that wu,, is a nonzero local minimum for ®, for all n € N. Clearly, we have

—Au, = h(z,un) — g(z,u,) in Q,
Uy =0 on ON.

Using again Theorem 8.2 and Theorem 8.2” of [1], we infer that u,, — 0 in
C1(Q). Therefore, for n € N large enough, we have u,(x) > —(1 — go)uy(x)
for all x € Q. This implies that u,, is a nonzero weak solution of the problem

—Au=Au+u)T =M = (wt )T e i Q,
u=20 on 0f.

Recalling that uy is a weak solution of problem (Py), we infer that w,, +u) is a
nonzero weak solution for (Py) distinct from uy. So, in this case, the conclusion
is achieved.

Now, suppose that case (II) occurs. Let ®, be the functional defined in
(6). Recalling that

1 1
< =
G(z,t) < .

(t 4+ ux(x))} — ;u,\(a:)r —uy(z)"
for all (z,t) € @ x R, we have
By (1) = ~[ul® / H(x, u)dz +/ G, u)dz
2 Q Q

1 1 1
§||UH2 _ /S; H(J?,u)dﬂ? —1—/9 (r(u + U;A):_ - ;ug\ — ur\_lu> dx
= 5 (u)

IN
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for all u € Wol’z(Q). Consequently,

inf (U (u+uy) — Ur(uy)) = inf ®y(u)> inf y(u) >0,
Jlul| =3 | =3 llull =6
that is

inf~\I/>\(u—|—u>\) > ‘I’,\(UA) (10)
[lull=0

Moreover, since § < [luall, in view of Lemma 2, we can find §; € R with
0 < 1 < |Jux|l — 0 such that

Huil?:fél \I’)\(u) > \If)\(O) =0. (11)

Introduce now the continuous function
ta—1

f(t) =4 (t+e)

0 ift<0

if t >0,

¢

with 1 < ¢ < s. Let F.(t) = / f=(s)ds. Define also the functions ¢1, @2 : R —
0

R by

1@ = gl = [ 205~ Fown)] o
pa(e) = inf-(;HUﬂLUAHQ—/ﬂ[;\(u+u,\)i—Fg((u+ux)] dm).

llwll=o

Clearly, ¢4 is continuous in R. Let us to show that ¢y is continuous in R as
well. For all u € W, *(Q) and € € R, put

J(s,u):/QVu,\Vudx—/Q [A(u+UA)iF5(u+uA)} dz,

S

It is easy to check that J is sequentially continuous in R X WO1 2(Q) whenever
WOI’Q(Q) is equipped with the weak topology. Since the closed ball B;(0) is
weakly compact and J(e, -) is weakly continuous on B;(0) (from the Eberlein—
Smulian Theorem), one has

inf J(e,u) = inf J(e,u),
llul=o llull <o

and the continuity of the marginal function

e€R— inf J(e,u).
llull<é

From this and noticing that

1= 1 .
pa(e) = 552 + §||u>\H2 + inf J(e,u),

llwll=0

we obtain the continuity of ¢s.
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Now, observe that

1
Fy(t) = —t', for all t € R,
r
S0

1 AL
e1(0) = glunl? = [ 305 T do = s,

©2(0) = inf _ (;HUJF uy | —/Q B(u+w)i — i(u+ux)1} dm)

llwll=o

From (10) one has ¢2(0) — ¢1(0) > 0. Then, if we put m; = M,
we can find ;1 €]0,1[ such that

1 A
inf~{2|u+u)\||2—/ (S(u—ku,\)i—FE(u—ku,\)) dx}
Q

Jull=3
- BHUAR - /Q (21“ - Fg(u/\)> d:v] =@2(8) —pa(e) >m >0 (12)

for all £ € [0,e1]. Following the same argument, thanks to (11), we can also
find 2 > 0 and e2 €]0, 1] such that

inf [;||u|2 */Q <2u+ — Fs(u)> dz] >y >0, (13)

i
lleell=61

for all € € [0, e2].
Let & = min{e;,ea} < 1 and put

Wenw) = gl = [ (a5 - Fiw)) do

for all u € Wy () and ¢ € [0,&]. Notice that ¥, , is a C' functional and
its critical points are non negative functions in I/VO1 2(Q) Now, let € €]0,2][.
Inequalities (12) and (13) say that ¥, has two local minima wuj ., us. €
W, 2(2) such that ||u1.|| < &) and [Juy —ug.|| < 8. Recalling that &, < ||uy || —
5, we have that u; . # ug .. Since ¥,  satisfies the Palais—Smale condition (see
[7, Example 38.25]), using a standard Mountain Pass Theorem (see [6]) we find
a critical point v, € Wy"?(€) for ¥, 5 which, thanks to (12) and (13), satisfies:

Uea(ve) >m + Won(ux) and Yo \(ve) > 2. (14)

Fix now a sequence {e,} CJ0,&[. From above, there exists a sequence
of non negative functions {v,} C Wy*(Q) (with v, = v., ), satisfying the
following conditions:

(1) v \(vn) =0,
(W) W, a(vn) >m + Ve, a(un),
(M) e, x(vy) > 2.
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From (1), we deduce that the sequence {v,} is bounded in W,*(€). Indeed,

0= \I/;A(Un)(vn) = |lva|l* = )\/ vy dx +/ fe, (vn)vpdx
Q Q
> [lon] = AllvnllZs ) = llvall® = Acs[lvall®.

(¢s being the embedding constant of Wy*(Q) into L*(R)). Since s €]1,2[, v,
is bounded in W, (). Therefore, there exists vy € W *(Q) such that {v,}
weakly converges to vy in Wol’z(Q). Clearly, vy > 0 a.e. in €.

Let us prove that vy # uy.

From (1) and (11) we get that

2 (1 + \Ilsmk(u/\)) < Q\IIET”)\(’U”) - \Iﬂen,)\(vn)(vn)

~ ) (1 _ i) /Qv; —|—/Q[2F5"(vn) o (on)vn] da
(15)

It is easily seen that

1
/Fan(uA)da:—> f/u’;\dm.
Q mJa

Indeed from Beppo Levi Theorem, it follows that

F., (ux(z)) — luA(x)T a.e. z €
r

and also
Py ()] < 0§ € L),
which clearly implies our claim. Therefore,
U, a(un) — U(uy). (16)

Also, from the weak convergence v, — vy, it follows that v, — vy a.e.
x € Q and v, — vy strongly in L*(Q) and in L"(Q2). So, in particular,

/vidx%/vf\dx. (17)
Q Q

Moreover, there exists h € L"(2) such that
vp(x) < h(z) ae. in Qand n e N.

Therefore,

Ui

< =
0% for (vn)vnm (U + €)1 "

— vy a.e. in

and
0 S fEn(Un)vn S h‘r 6 Ll(Q)?

and from Lebesgue theorem

/Q Foo (on)omdz — /Q Vida. (18)
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In a similar way it is easy to prove that
F., (vp) — 17&
r
and
[Py (on)] < 217 € LX),

so from Lebesgue theorem

1
/an(vn)dx—> f/vf\dx. (19)
Q rJa

Bearing in mind (16)—(19) we get

20, (v,) — W (v,)(vn) — A (1 - i) /Qvf\dx + (1 - i) /Qv;dx (20)

So, taking the limit in (15) we get

2 (1 + T(uy)) < A <1 - i) /Qvf\da: - <1 - i) /Qvgdx

If vy = uy, then, from the above inequality

2 (1 + Tluy)) < A (1 - i) /Qujdx - (1 - i) /Qu;dx

= Q\I/(U)\) — \I’/(UA)(UA)
= Q\I’(U)\),

a contradiction. In a similar way, using (1) and (1l1), we get that

2y < 2\1187;7/\('071) - \I'lan,/\(vn)(vn)

2 2
0<2n2<)\<1—>/v§d:ﬂ—<1—>/v§\dm
s/ Ja T/ Ja

which implies vy # 0.
It remains to show that vy is a solution of (Py). This follows as in ([5,
Proof of Theorem 1.1]). The proof is concluded.

and by (20)

O

Remark 1. Comparing our Theorem 1 with Theorem B in the Introduction,
some natural questions arise:

(Q1) Is it true that A = \y?

(Q2) From Theorem A we know that for A < A problem (Py) has no positive
solutions. What about the existence of sign changing solutions?

(Q3) What about the positivity of the second solution vy?
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