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1. Introduction

The study of eigenvalue problems involving degenerate differential operators
goes back more than 200 years ago to the well-known Legendre’s equation

d du

- [(1 _x2)d$} =, zel[-1,1]. (1)

It can be shown that for each nonnegative integer n, A = n(n + 1) is an
eigenvalue of (1) with the corresponding eigenfunction

Paa) = = 2 — 1y,

= 9l dgn

known as Legendre’s polynomial.
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In high dimensional case, a typical example of degenerate differential
operator was introduced in 1920’s by Tricomi [29], namely
0? 0?
T:=— —
Ox2 * x3y2’

and generalized later as

where A, denotes the Laplace operator with respect to variable y (see, e.g.

[5])-
In a similar context, we consider the so-called Baouendi—Grushin opera-
tors (see, [4] and [18])

£>0, (2)
and
A¢ = A, + |z[fA,, z€R", yeR™ (n+m=N), £>0, (3)

where A, and A, stand for the standard Laplace operators on R", respectively,
R™.

Problems involving operators of type (2) and (3) have been extensively
studied over the years. We just remember the papers by Tri [28], D’Ambrosio
[9,10], D’Ambrosio and Lucente [11], Monti and Morbidelli [22], Thuy and Tri
[27].

Related to the above discussion we note that the natural geometrical
and functional setting for a wide class of linear ” Grushin”-type operators was
first settled in the works by Franchi and Lanconelli [12-14] and more recently
in Kogoj and Lanconelli [20]. Finally, we recall the survey paper by Sawyer
and Wheeden [25] related to some classes of degenerate second order elliptic
operators, containing, in particular the ones of Baouendi-Grushin-type.

Particularly, operators of type A¢ on domains from RY interesecting the
plane x = 0 are not elliptic operators but hypoelliptic operators. The lack of
ellipticity is due to the presence of the degeneracy |z|¢. However, for —A¢
we can still use the classical theory of compact and self-adjoint operators in
order to show that, subject to a homogeneous Dirichlet boundary condition, it
possesses a discrete spectrum consisting in an unbounded sequence of positive
real numbers (see, e.g. [3, page 3])

O< A< A< <A, <o —o00, asn— 0.

Operator —A¢ represents the basic source of inspiration in defining a nonho-
mogeneous Baouendi—Grushin type operator in the next section of this paper
for which we will analyze its spectrum subject to a homogeneous Dirichlet
boundary condition. Our main result will show that in this new situation the
spectrum is continuous, being exactly the open interval (0, 00). This is in sharp
contrast with the situation involving —Ag.

The paper is organized as follows: in Sect. 2 we define a nonhomogeneous
Baouendi—Grushin type operator; in Sect. 3 we collect some preliminary results
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and we introduce some notations which will be used in the following; in Sect.
4 we establish some auxiliary results that will be used later in the analysis
of the spectrum of the operator introduced in Sect. 2; in Sect. 5 we give the
statement and the proof of the main result of this paper; the equivalence of
some norms is established in the Appendix.

2. A nonhomogeneous Baouendi—-Grushin type operator

Let Q C RY be a bounded and smooth domain, N = n+m with n, m > 1 and
assume that € intersects the plane x = 0, that is the set {(0,,y); v € R™},
where 0,, is the null vector of R™. We denote by 92 the boundary of €.
If (z,y) € Q then we denote © = (21,...,2,) and y = (Y1, .-, Ym)-
Consider ¢ > 0 is a given real number and define the matrix

In O’nm
A(x) = |:Omn |$|§7Im:| S MNXN(R)7

where Oy, m, Op,n are the null matrices in M,, ., (R), respectively M, (R)
while I,,, I, stand for the unit matrices in M,,«,(R), respectively M, xm (R).
Let a : (0,00) — R be a function such that the mapping ¢ : R — R

defined by
_ fa(iyt, ift£0,
‘P(t)_{o, it =0

is an odd, increasing homeomorphism from R onto R. Define

¢@:A¢@@

for any ¢t > 0.
We assume that the following relations hold true
to(t) to(t)
1 <inf —= and su < 00 4
2 a0) () @
(0,00) 3t — ®(V/t) is a convex function. (5)

We define the degenerate operator
Ag, (1) =div(Vg,-)
where

V”‘“)LMWVWA'

Thus,
Ag, () = divk(a(|V. - )V ')+divy(\fv|5 (|21 - )Vy)

i%@m: )Za@EWWD£>

This is a Baouendi—-Grushin type operator since in the particular case when
a(t) = 1 for each ¢t > 0 we recover operator defined in (3).
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The goal of this paper is to give a complete description of the spectrum of
the operator —Ag, when @~ :=inf;yq % >2and £ € (0,2n(®~ —2)/P7),
subject with a homogeneous Dirichlet boundary condition. In other words, we

will analyze the eigenvalue problem

—Ag,u(z,y) = du(x,y), for (z,y) € Q, (©)
u(z,y) =0, for (z,y) € 0.

3. Function space setting

In this section we provide a brief review of the basic properties of Orlicz and
Orlicz—Sobolev spaces which represent the adequate function space setting
where we will analyze problem (6). For more details we refer to the books by
Adams [1], Adams and Hedberg [2], Musielak [23] and Rao and Ren [24], and
to the papers by Clément et al. [7,8], Garcfa-Huidobro et al. [16], and Gossez
[17].

Assume ¢ : R — R is an odd, increasing homeomorphism from R onto
R, and define

@(t):/o ©(s) ds and @*(t)z/o 0 1(s) ds

for any ¢ > 0. Then Young’s inequality holds true

st < ®(s) + D*(t), Vs, t>0. (7)
Letting
®" = inf —t@(t) and @71 :=sup Lp(t)
t>0 (t) t>0 (b(t)
we will assume that
to(t
t<o <0 c gt c oo wso, (8)
®(1)

Then, relation (8) and [15, Lemma 2.5, (2.7)] imply that
+ ~1 -
) oty (t) - o

1
R e |

< oo, forallt>0, 9)

_ + . -
and, actually, we have (®*)~ = 2 and (®*)” = 2.
We point out some examples of functions ¢ : R — R which are odd
increasing homeomorphisms from R onto R, and for which (8) holds. For more

details, the reader can consult [8, Examples 1-3, p. 243].

(1) o(t) = [t|P72t, with p > 1. It can be showed that p~ = & = p;
(2) ©(t) = log(1 + [t|")|t|P~2t, with p,r > 1. In this case ®~ = p, and

Ot =p+r;
p—2
(3) p(t) = IJQT\EI) it t #0, ¢(0) = 0, with p > 2. In this case it turns out

that @~ =p—1 and &T = p.



Vol. 22 (2015) On the spectrum of a Baouendi—Grushin type operator 1071

Next, we recall some well-known inequalities regarding ® and ®*, namely

O*(p(s)) < (@7 — 1) B(s), Vs>0 (10)
(see, e.g. [6, Lemma 2.1]) and
a(s)®(t) < O(st) < B(s)P(t) Vs, t >0, (11)

where

a(s):_{sw, ifse©1, . 6(5):_{5‘1", ifse 01,

s® , ifs>1, sq>+, if s>1,
(see, e.g. [15, Lemma 2.1, (2.1)]).
We define the Orlicz space
L*(Q) = {u :  — R measurable such that / O(|u(x,y)|) dedy < oo}
Q

which is a Banach space endowed with the Luxembrug norm

llull o () := inf {k > 0; / o <u(x)) dz < 1}.
Q k

We can also introduced the Orlicz-Sobolev space W1® (), the space of all
functions u such that u and its distributional derivatives up to order 1 lie in
the Orlicz space L®(£2). More exactly, we define the Orlicz-Sobolev space

wh*(Q) = {u € L*(Q); |Vu| € L‘I>(Q)}
which becomes a Banach space with respect to the following norm

ullwr.e ) = llullLe ) + 1 IVulllLe ),
where Vu = (V,u, Vyu). We denote by W, *(Q) the closure of CA(Q) in
WH®(Q). On this space we can consider the equivalent norm

lullyaes iy = I 1(Vat, V)|l 0.

Under assumption (8) it is well-known that the spaces (L* (), -1+ ).
(WH2(Q), || - lwr.eq)) and (Wol’q)(Q), Il - ”Wol’q’(ﬂ)) are separable and reflexive

Banach spaces. Moreover, the Holder’s inequality holds true (see [24, Inequality
4, page 79])

/Q w(@)o(z) i < 2jul ooy 0] 2o+

for any u € L®(R2) and v € L*" (Q).
Furthermore, if u € L?(Q), then

N .
lull o) <1 = lullZoq) < [ @(u(@)]) do < [[ullfaq),  (13)

- +
lullze) > 1= llullZe@) < | @(lu@))) do < [lullfeq),  (14)

S— 5—

ooy =1+ [ B(lu(@)]) do = 1. (15)
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Let p > 1, and define ¢(t) = [t[P=2t, t € R. As we already mentioned in
example 1 above, it can be shown that in this case we have &~ = & = p, and
the corresponding Orlicz space L? () reduces to the classical Lebesgue space
LP(Q), while the Orlicz-Sobolev space Wy () becomes the Sobolev space

Wy(Q).
On the other hand, it is obvious that if € intersects the plane z = 0,
the space (W' ®(Q), ]| - ||W01,<;>(Q)) is no longer adequate for seeking solutions of

Eq. (6). In this context, the natural functional space where we can investigate
problem (6) is defined as the closure of C3(Q) under the norm

Iell = H'qul T eIV (16)

L (Q)

We will denote this Orlicz—Sobolev-type space by Wolf(Q). Standard

arguments can be used to show that (W&’?(Q), | - H) is a reflexive Banach
space. We note that the norm || - || is equivalent with the norm || - HW&,@(Q)
provided that there exists a positive constant ¢ such that for each (z,y) €
Q we have |x| > ¢ (see Appendix). Thus, the space Wolf(Q) is a natural

generalization of the classical Orlicz-Sobolev space WO1 Q).

4. Auxiliary results

In this section we establish two important auxiliary results which will be crucial
in establishing the main result from the next section. The first result, given in
Theorem 1, represents a generalization of Poincaré’s inequality to the function
space setting used in this paper while the second result, stated in Theorem
2, assures that under suitable conditions Wolf) (Q) is compactly embedded in
L?(Q).

Theorem 1. Assume conditions (4) and (5) are fulfilled. Then, there exists a
positive constant C' such that

/Q [@(u(z, 9)]) + ®(|2]¢/2 u(z, y)])] dady
<c / @1V, ) + @12l Vyulr,p)))| dedy — (17)
Q

for all u € CJ(9).
Proof. Let u € C}(Q2) be given. Elementary computations show that

div[®([u(z, y)) (2, 0m)] = n ®(lu(z, y)]) + ¢(lu(z, y)]) = - Ve|u(z,y)]

for almost every (z,y) € €2, where 0,,, denotes the null vector in R™. Similarly,
we have



Vol. 22 (2015) On the spectrum of a Baouendi—Grushin type operator 1073

div®(|z[*2[u(@,y)) (0n, y)] = m D(j|*/*|u(z, y)|)
Hal (|22 ule, y)]) y - Vylulz,y)|

for almost every (z,y) € Q, where 0,, is the null vector in R™.
After integrating these two identities over w, an open set and sufficiently
smooth subset of Q) such that supp v C w, we obtain

/diV[CI’(IU(w,y)D(%Om)] dxdy:n/ q’(lﬂ(fmy)l)dxder/ e(lulz, y)]) =

w w

Valu(z,y)| drdy

and

/ div[®([[$/2 [u(z, y)[) (On, )] didy
—m / (|22 u(z, y)|) dudy

4 / 216/ (a2 ulz, yl) y - Vylu(z, )| dedy.

Then the flux-divergence theorem implies that

[ divtotiutz, ) e, 0n)dzdy = [ @(ute.g) )00 - 7 w,3) do(z.y)

ow
=0

and

/ div[®(|2[¢/ uz, 5)]) (O, )] dady

- /a (122 [u(z, 9)]) (Onry) - T () do(z, ) = 0,

where 7 (z,y) stands for the unit outward normal at dw.
Combining all the above pieces of information and since ¢(t) > 0 for all
t > 0, we infer that

[ neut. ) + me((ol< ue, ) ) ddy
< [ et ) lal [:lu(z. )] dady

+/ 272 (|l 2 ulz, 1) y] [Vylu(z, y)l| dedy.
w

Thus, using the fact that supp u C w C Q and taking into account the prop-
erties of ®, we obtain

/Q (n®([uz, 1)) + m@ (ol u(z, y)|)] dudy
< / oz, y))) 2] [Voulz, y)| dody

+ / 22|l 2 u(z, o) 9] |V yulz, y)| dudy.
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We point out that the Young-type inequality (7) implies that for all € € (0, 1),
we have

[ et 1l 19wl dedy < [ (el [V, ) dody
+ [ @ (eollute.))) dedy
and
| el el ute ) b 19,0t )] dody
< /Q D al¢"2ly| |V yu(z, ) dedy

+ /Q &* (e (22 u(z, y)) dudy.

Taking into account the above pieces of information and then using in-
equalities (10), (11) and (13) and the fact that |2| < |(z,y)| and |y| < |(z,v)],
we find

[n—e®) (@ —1)] /Q ®(lu(z,y)|) dedy + [m — €@ (&F — 1)]
/ B2l u(x, y)|) dedy
Q
< (e hH?” / ®(|2||Vou(z,y)|) dedy + (1) / O |yl V yu(w, y)|) dedy
Q Q

< (7)™ (1 + diam(Q))®" / [@(|Vau(z,))) + |21V yulz, y)])] dudy,

where diam(Q2) is the diameter of 2. The proof of Theorem 1 is complete.
O

Theorem 2. Assume that the hypotheses of Theorem 1 are fulfilled and the
domain Q) intersects that plane x = 0. Furthermore, assume that =~ > 2 and
0<&<2n(® —2)/®~. Then Wolf (Q) is compactly embedded in the Lebesque
space L*(Q).

Proof. Let {u,} be a bounded sequence in the Orlicz-Sobolev space Wolf Q).

Since € intersects the plane z = 0, for each € € (0,min{1, 3 diam(Q)}) we
have

D, :={(z,y) € |z| <€} CQ,
where diam(2) is the diameter of the domain €.

By Theorem 1 it follows that the sequence {u,} is bounded in the Orlicz
space L®(2). Consequently, {u,} C W1® (O\D,) is a bounded sequence. Since
WL2(Q\D.) c Wh® (Q\D,), we deduce that the sequence {u,} is bounded
in Wh® (Q\D,). The classical compact embedding theorem implies that {u,}
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possesses a convergent subsequence, still denoted by {u,}, in Lebesgue space
L?(Q\ D,). Therefore, for any p and r large enough, we get

/ lup — u,|? dedy < .
Q\De

On the other hand, using the Holder’s inequality, we have

1
/ |up — u,|* dady = /D [€2 |22y — u,* dady

€

< [llz|=*2xp

€

)|||$|§/2\up - u7'|2||L<1>*/2(Q)'

Next, using the fact that |z] < € < 1 for each (z,y) € D, and taking into
account inequalities (13)—(14), then the conclusion of Theorem 1 yields

|||~T|£/2‘up - u’f’|2HL<I>_/2(Q)

20
_ ( [ o - ur|¢‘dxdy>
Q

< ||UP - ’LLT||2L¢_ Q)

< Cillup — w7 e

i) (i)™

< Ca | [ (R092(up = ) + B(4t19, (ay ~ ) daa] "

r/qﬁ

< Oy

£ | [ (9072t = )+ Bal29, 0y~ ur))) day
< Oy < o0,

since {up} is bounded in Wol’g)(Q), where Cy, C2, C3 and Cy are positive con-
stants.
In what follows, we compute

e =¢2xp.]| o = ( / 2|7 dzdy)
L*™-2(Q) D,

We note that D, C Q1 x Q5 where Qy := {& € R™; |z| < €} and Qs := {y €
R™; |y| < M} with M := sup |y|.
(z,y)eR
We introduce the function H : Q7 X Qo — R defined by H(z,y) =

-
|z] 2@~ -2 For each x € Q;\{0} we have

_ 2T
/ H(z,y)| dy = |2 5720 < oo,

Qo
where |Qs] is the m-dimensional Lebesgue measure of Q3. On the other hand,
using the co-area formula and taking into account that €2, is the ball centered
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in origin of radius € in the n-dimensional euclidian space R", denoted by B(0),
we obtain

>

__ g € n_l__ €27 N _£27
|x| 22— -2) dp = wy, t 2= -2) dt =C e 2@ -2 ,
(oN 0

where w,, is the area of the unit sphere in R™ and C is a positive constant. As
a consequence, we deduce that

'1'74775(i
/ dx/ |H(z,y)|dy=Ce 207-2|Qs] < oco.
Q1 Qo

Thus, we can apply Tonelli’s theorem and we infer that H € L'(Q; x s).
Going further, we can apply Fubini’s theorem and we get

g e €27
|z] 2@~ -2 dedy < Ce 207-2,
Q1 xQo

where C is a positive constant.
Taking into account the above pieces of information, we infer that

-2

n(®"-2) ¢
2

_ o~ =
@ < / |z| 272 dzdy < const. € -
T -2(Q) Q1 X

llzl~*2xp,

Therefore,

n(®~—2)
/ |up_ur‘2 dzdy < Const. <e—|—e - g) .
Q

We conclude that {u,} is a Cauchy sequence in L?(£2) and the proof of Theorem
2 is complete. O

5. Spectrum of the operator —Ag,

We say that A € R is an eigenvalue of the problem (6) if there exists uy €
VV&’? (€)\{0} such that

/ (a(|un,\|)un>\ -Vav + |$|fa(|x|f/2|vyu>\|)vyu,\ . Vyv)da:dy
Q

= /\/ uxv dzdy (18)
Q

for any v € Wol’f(Q). Moreover, uy from the above definition is called an
eigenfunction associated to eigenvalue .
Remark. Note that each A € (—00, 0] can not be an eigenvalue of problem (6).
That fact follows simply from relation (18) by testing with v = uy.

The following theorem describes the entire spectrum of the operator
—Ag, .

Theorem 3. The set of the eigenvalues of the problem (6) is exactly the interval
(0,00). Moreover, for each A > 0 there exists a sequence of eigenfunctions

{ug} C W&S(Q) such that limy_, o up = 0 in WOIEI)(Q)
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5.1. Proof of Theorem 3

Let A € (0,00) be arbitrary but fixed. We consider the energy functional
corresponding to the problem (6) defined as Iy : Wolf Q) — R,

1) = [ (@5ul)+ B(Jal9, ) )y
A
75/9 lu(z,y)|? dedy (19)

for all u € Wolf(ﬂ)
Standard arguments show that the functional I, € C! (Wolf (2),R) and
its Fréchet derivative is given by

(I (w),0) = /Q (a(\quDqu Vv + |zlfa(|z]$2V yul )V yu - Vyv)dxdy

—/\/ uv drdy (20)
Q

for all u,v € W&?(Q)

In view of the above relation, we note that the weak solutions of the
problem (6) are exactly the critical points of the functional I. Thus, A is an
eigenvalue of the problem (6) if and only if the functional Iy has a nontrivial
critical point.

The idea to prove Theorem 3 is to use the above remarks and to apply
a symmetric version of the mountain pass lemma, developed by Kajikiya. In
order to give the statement of Kajikiya’s result we recall first some definitions
and we introduce some notations.

Definition 1. Let X be a real Banach space. We say that a subset A of X
is symmetric if u € A implies —u € A. For a closed symmetric set A which
does not contain the origin, we define the genus of A, denoted by v(A), as the
smallest integer k£ such that there exists an odd continuous mapping from A to
R*\ {0}. If does not exist such an integer k, we define v(A) = +oc. Moreover,
we set y(0) = 0. Finally, we denote by I’y the family of closed symmetric
subsets A of X such that 0 ¢ A and v(A) > k.

Theorem 4. [19, Theorem 1] Let X be an infinite dimensional Banach space
and A € C*(X,R) satisfies conditions (A1) and (A2) below.

(A1) A(u) is even, bounded from below, A(0) = 0 and A(u) satisfies the Palais-
Smale condition, that is any sequence {u,} in X such that {A(up)} is
bounded and A (u,) — 0 in X* as p — oo has a convergent subsequence.

(A2) For each k € N, there exists a subset Ay, € T'y, such that sup,c 4, A(u) <
0.

Under the above assumptions (A1) and (A2), either (i) or (ii) below holds true:

(i) There exists a sequence {uy} such that A'(ux) =0, Aug) < 0 and {ux}
converges to zero.
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(ii) There exist two sequences {uy} and {vi} such that A’(uy) =0, A(ux) =0,
Uk 75 0, limg oo up = 0, A/(’Uk) =0, A(Uk) <0, limg o0 A(
{vr} converges to a non-zero limit.

In order to apply Theorem 4 to the functional I, we have to show that
conditions (A1) and (A2) from this theorem are fulfilled.

Lemma 1. The functional I satisfies condition (A1) from Theorem 4.

Proof. Clearly, In(—u) = I\(u) for any u € W&f(Q), that is the functional Iy
is even, and 1,(0) = 0.

On the other hand, using the second inequality (11) and the fact that ®
is a convex function, we obtain

2
<I>(\qu| n ‘m|E/2|Vyu|> < 90" ¢(|V1u|+|x|€/ Vyu|>

2
< 2% (@(|V ) + ©(|2[¢/2|Vyul)),
Vu € Wy d (Q).

Next, since W&’?(Q) is compactly embedded in the Lebesgue space L?(£2)
(by Theorem 2), it follows that there exists a positive constant C' such that

lullz2() < Cllull for any u € Wy (Q).
The last two inequalities combined with relations (13)—(14) show that
1 A 1,9
I(u) > 2%7,104(”“”) -3 C? ull?, Vu e Wy (), (21)
where function « is defined in relation (12). Since 2 < ®~ < ®* we infer that
I, is bounded from below on Wolf(Q).

Finally, we prove that I satisfies the Palais-Smale condition. Let {u,} C
Wolf () be a sequence such that {I)(u,)} is bounded and (I} (up),v) — 0 as
p — oo for any v € WO{’?(Q).

We show that the sequence {u,} is bounded in Wolf’(Q) Assume by
contradiction the contrary. Then, passing eventually to a subsequence, still

denoted by {u,}, we may assume that ||u,| — co as p — co. Combining this
fact with relation (21) we find

lim  Iy(up) = oo,

[lup || —o0

a contradiction with the assumption that {I(u,)} is a bounded sequence. It
follows that {u,} is a bounded sequence in W&;’(Q) Therefore, since W&’g(Q)
is a reflexive Banach space, there exists u € Wolf (2) such that a subsequence
of {up}, still denoted by {u,}, converges weakly to u in WOI”;)(Q). Moreover,
by Theorem 2 we deduce that {u,} converges strongly to u in L*(12).

Next, we show that {u,} converges strongly to v in W&’?(Q). Taking into
account that the mapping Jy : Wolf(Q) — R defined by Jy(v) = (I3 (u),v)
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for any v € VVO1 f(Q), is linear and continuous, the above facts imply that
Ir(up —u) — 0 as p — oo, namely
lim (I3 (u),up, — u) = 0. (22)
p—00

On the other hand, since (I} (u,),v) — 0 as p — oo for any v € W&f(Q), we
have

lim (I} (up), up — u) = 0. (23)
p—00
Using Hoélder’s inequality and the facts that {u,} converges strongly to u in
L?(2) and {u,} is a bounded sequence in Wolf(ﬂ) and also in L?(£2), we infer
that

lim [ w(up —u) dedy =0 (24)
p—oo Jq
and
lim [ up(up, —u) dedy = 0. (25)
p—0Q0 O

Adding relations (23) and (22) and taking into consideration (24)—(25), we
obtain

p— 00

lim [/Q (a(|Vaup|) Vauy, — a(|Veu|) Vau) - Va(u, — u) dedy

+ / |x|£(a(|x|£/2|vyu1)|)vy“p - 6L(|37|E/2|vyu|)vyu) - Vy(up — u) dedy
Q

=0.
(26)
Next, using the fact that ® is a convex function, we deduce
B(|V o) < q>< W ) + al|Vauy|) Vo, - w, Vpe N
and
O(|V,ul) < @( w ) + a(|Vaou|)Vau w, Vp € N.

Upon adding the last two inequalities term by term and integrating over €2,
Vau, +Vau

we get
2/ <I>(|un|)da:dy+2/ <I>(|unp|)dxdy—4/ @( )dxdy
Q Q Q 2

< / [a(|Vmup|)Vmup - a(|Vmu|)Vmu] - (Vaup, — Vyu) dedy, Vp e N.
Q
(27)
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Since condition (5) is assumed we deduce by [21, Theorem 2.1] that

%/Q (2(1Faugl) + BV ) ) ddy

2/¢<'V““p+vﬂ”“ )dxdy+/q><‘v””“”_v””“
Q 2 Q 2

> dxdy, VpeN.

(28)
Relations (27), (28) and (11) imply
/ [a(lvl’up‘)vmup - a(‘vmuDvxu} : (vmup - vxu) dxdy
Q
24/@(‘W)dmdy (29)
Q

> 927" / &(|V,(up — u)|) dedy, Vp e N,
Q
Similar way, we can show that

1l el 191) ¥ = (o121 ) V] - (9,0, = V)

> 27 [ @(al¢19, (uy — ) dody. Vp e N,
(30)

Combining (29), (30), (26) and relations (13)—(14) we conclude that {u,} con-
verges strongly to u in (VV&?(Q), II-1]). Therefore, I satisfies the Palais—-Smale
condition.

The proof of Lemma 1 is complete. O

Lemma 2. The functional I satisfies condition (A2) from Theorem 4.

Proof. We construct a sequence of subsets Ay € I'y, such that sup,c 4, Ix(u) <
0 for each k € N.
We fix k € N arbitrary. Let (z1,y1) €  and r1 be a positive real number such
that By, (z1,y1) C Q and |B,, (z1,41)| < 3|, where By, (z1,y1) is the ball in
RY centered in (z1,y1) of radius 71. Consider v; € C}(2) be a function with
supp(v1) = By, (z1,y1). Define Qp := Q\B,., (z1,91). Let (z2,y2) € Q and 3 be
a positive real number such that B, (z2,y2) C Qi and |B,, (z2,y2)| < 5[]
Consider vy € C§(€) such that supp(ve) = B,,(z2,y2). Next, define Qy =
O\ By, (22,92) and let (z3,y3) € Q and r3 > 0 be a real number such that
By, (z3,y3) C Qo and |By,(23,y3)| < 1[€|. Consider v3 € C§(R) such that
supp(v;;) = By, (x3;y3)'

Continuing the process described above we can construct by recurrence
a sequence of functions vy, v, ..., v5 € C§(2) such that supp(v;) # supp(v;)
for ¢ # j and [supp(v;)| > 0 for any i,j € {1,...,k}.

We define the finite dimensional subspace of Wolf (Q),

V := span{vy, v, v3, ...,V }.
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Clearly, dim V = k and / [v|* dxdy > 0 for every v € V\{0}. We denote by
S! the unit sphere in Wol,’gg(ﬂ), namely
St i={v e Wy (); vl =1},
For any real number ¢t € (0,1), we define the set
Apt) ==t (S'NV) = {tv; veS' NV}

By [26, Proposition 5.2 ] we have that for any bounded symmetric neighbor-
hood B of the origin in R* there holds v(0B) = k. Thus, we deduce that
Y(Ax(t)) = k for any t € (0,1).

It remains to show that for each integer k € N there exists ¢, € (0,1)
such that

sup  Ir(u) <0.
u€A(tx)

Note that for any ¢ € (0,1), we have

s In(u)
u€A(t)

= sup Iy(twv)
vesStnv

A
= sup {/[<I>(t|va|)+<I>(t|x|£/2|vyv|)]dxdy—2/ |tv]? dzdy}
Q Q

veESINV

IN

veSINV

_ )\tQ
sup {fb 180V + ®(jal9 o ldody — = [ |v|2dxdy}
Q Q

IA

_ AtQ
sup {2 t® / (V0| + |22V o] dady — T/ |v|? dxdy}
Q Q

veSINV

- A
t* 2 - 22— 2 dad )
s {7 (2 gt [ ot asn )}

Since S' NV is a compact set, we get

IN

m:= min / |v|? dxdy > 0.
veSINV Jq

Taking into account that 2 < &~ we deduce that we can choose t; € (0,1)
small enough such that

A -
2-27°

5 m < 0.

The above relation yields

sup  Ir(u) <0.
u€ Ay (ty)

Thus, the proof of Lemma 2 is complete. O
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Proof of Theorem 3. Using Lemmas 1 and 2 and applying Theorem 4 for the
functional I, we deduce that, in any case (i) and (ii), there exists a sequence
{ur} € Wy (Q) such that (I} (uy),v) = 0 for any v € Wy (Q), In(w) <
0, ux # 0 for each k and {uy} converges to zero in Wol’f(Q). Thus, each A > 0
is an eigenvalue of the problem (6) with the corresponding eigenfunctions {uy }
converging to 0. The proof of Theorem 3 is complete. O
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Appendix
In this section we show that the norms
ol = |1Vl + 2ty
lully = [[(Vau, Vyu) HL‘I’(Q)
and
[ullz := H(vx“’ |x|€/2vy“)”m’(ﬂ)

are equivalent on the Orlicz—Sobolev space WO1 ’gb (2), provided that there exists
a positive constant ¢ such that for every (z,y) € Q we have |z| > ¢. Particularly,
that fact shows that the functional space WO1 ?(Q) is a natural generalization

of the classical Orlicz—Sobolev space VVO1 ’q)(Q). More precisely, we will prove:

Proposition 1. Let Q@ C RY (N =n+m) be a bounded and smooth domain for
which there exists a positive constant ¢ such that for each (z,y) € Q we have
|x| > ¢. Then the norms

Jull = |1Vt + 2192Vl |

@(Q
lully = [[(Vor, Vi) | o
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and

Jallz == ||Vt [2l29 )]0
are equivalent.
Proof. First, we prove that the norms || - || and || - |2 are equivalent. Simple
computations show that we have
1
519zl + 2721 9u) < VIVl + [2[€] 9 uf? (31)

for any u € Wolf () and (z,y) € Q. The definition of Luxemburg norm leads

to
2 3 2
[o (ww TVl ) dady < 1
Q

[l

and taking into account that ® is an increasing function and inequality (31)
holds true, we find that

£/2
0 V2[ull2

which implies that |ju|| < v/2 |ul]z for any u € Wolf(ﬂ) Next, using again
the definition of the Luxemburg norm, we get

v £2|v
.

It is clear that the following inequality

IVt + 126V, < Vol + 1221V,

holds true for any u € Wolf () and (x,y) € Q. Combining the fact that ® is
an increasing function with the last two inequalities we deduce

2 3 2
[o <¢vmu| T eV, ) ddy < 1
Q

[l

or, [[uflz < [Ju|| for any u € W, ().
Therefore, we have

1 1,9
— |l < ulle < ||u|| for all w € Wy (2),
\/ill I < Nlullz < [lull 0 ()
which shows the equivalence of norms || - || and || - [|2-

Second, we show that the norms || - ||; and | - ||2 are equivalent provided
that there exists a positive constant ¢ such that for any (z,y) € Q we have
|x] > ¢. We start with the simple remark that

a(|Vaul* +Vyul?) < [Voul® + |25 Vyul® <b(IVaul® + [Vyul®)  (32)
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for any u € Wolf(Q) and (z,y) € Q, where a := min(x,y)eg{l, |x|5} and
b= max(, yyeq {1, |x|§}

By the definition of the Luxemburg norm, we deduce

\/ﬁ
/@( VaulP +[Vyult ) oy <1 (33)
Q

[ela

and

2 € 2
/q)<\/vmu| + |2 Vyul ) dady < 1. (34)
Q

[l

e Ifa>1, by (32) we get |Vyul> + |V ul? < |Viul? + 2|5V, ul? for any
u € Wol’g) (©) and (z,y) € Q. Combining this inequality with the fact that ®
is an increasing function and inequality (34) holds true, we obtain

\/ﬁ
/¢< Va2 + [Vl )dmdygl
Q

[l

or [lully < [jull2.
e If a < 1, by the first inequality in (32) and (34) we deduce that

\/ﬁ
/q)( Voul? + [Vl )dmygl
Q

Vallull2

1
which implies that |lul|; < Ja || w2
e If b < 1, inequality (32) leads to
Vaul® + 12l [Vyul? < [Voul + |V,ul?, Ve Wol(@)

which helps us to prove that ||ulls < |lu||; as a consequence of inequality (33).
e If b > 1, by the second inequality in (32), inequality (33) and the fact
that ® is an increasing function, we get

2 € 2
[0 TR g, <
0 Voljulls

or [[ula < Vblul1.

In brief, for any u € W&’?(Q), we proved that

e if a < 1 <b, then allul; < ||ulls < Vb|ul|:;

eif 1 <a<b,then |uly < |ullz < vVbllul:;

o if a < b <1, then vallull1 < [Jull2 < ||ul1-

Consequently, the norms || - [|; and [ - [|2 are equivalent provided that
there exists a positive constant ¢ such that for each (x,y) € Q we have |z| > c.

The proof of Proposition 1 is complete. 0
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