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Abstract. In this paper we study a periodic homogenization problem for a
quasilinear elliptic equation that present a partial degeneracy of hypoel-
liptic type. A convergence result is obtained by finding uniform barrier
functions and the existence of the invariant measure to the associate dif-
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1. Introduction

In this paper we study some homogenization problems for degenerate elliptic
equations that present a partial nondegeneracy. In particular, we examine the
quasilinear case equations:

—tr (A (%) Dzue) +H (x, %, Du6> =0 (1.1)

with A(y) > 0, A(y) = o(y)o? (y) where o is a n x m matrix whose columns
are Hormander periodic vector fields. So, a mathematical model in terms of
Hormander vector fields takes into account the degeneracy along some direc-
tions.

More precisely we will consider Dirichlet problems of the following two
types:

{ —tr(o(£)o" (2)D?uc(z)) + H(z, 2,07 (£)Duc) =0, in €,

s e

)€

{ —tr(o(2)o” (£)D?uc(x)) + H(z, %, Du.) =0, in Q,
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where € is a smooth bounded domain in IR"™ and o is a matrix whose columns
are Hormander periodic vector fields.

The first one has a structure where the first order term H contains the
gradient along the vector fields. The second one will be useful in Sect. 6 where
we consider general subelliptic problems.

Note that the periodicity of ¢ is important since we need the boundedness
of the coefficients uniformly on e.

The small parameter € > 0 models two space scales when the medium
has microscopic heterogeneities such as in composite materials. Each space
variable plays a different role: the variable x is called “slow variable” and de-
scribes the system in the limit, the variable y = ¢ is called “fast variable”
and it acts as a periodic perturbation with high frequency. Many applications,
such as porous media or composite materials, involve heterogeneous media de-
scribed by partial differential equations with coefficients that randomly vary
on a small scale. On macroscopic scales (large compared to the dimension of
the heterogeneities) such media often show an effective behavior. Typically
that behavior is simpler, since the complicated, random small scale structure
of the media averages out on large scales, and in many cases the effective be-
havior can be described by a deterministic, macroscopic model with constant
coefficients. This process of averaging is called homogenization. Mathemati-
cally, it means that the replacement of the original random equation by one
with certain constant, deterministic coefficients is a valid approximation in the
limit when the ratio between macro- and microscale tends to infinity. A qual-
itative homogenization result typically states that the solution of the initial
model converges to the solution of the macro model, and provides a char-
acterization of the macro model, e. g. by a homogenization formula for the
homogenized coefficients. As a first approximation, we consider periodic ho-
mogenization with the scale of periodicity of order %, with a small parameter
€.

To solve the homogenization problem means to find at a macroscopic
scale the effective behaviour of the oscillating microscopic structure. In fact
we want to study the convergence of the solution u, of equations (1.2) or (1.3)
as € goes to zero, to a solution u of the effective equation which depends only
on the variable z.

To the Dirichlet problem, one of the main ingredients to prove the con-
vergence of u. to a solution u of the effective equation is the existence of
barrier functions in the boundary points of the domain and this is useful to
find uniform estimates on ..

Periodic homogenization under uniformly elliptic assumptions is a largely
studied field for linear and quasilinear equations. We want to quote here the
book of Bensoussan et al. [10], the paper of Evans [16] and the references
therein.

For the parabolic quasilinear case we refer to the series of papers of Bardi,
Alvarez, also together with Marchi [1-4], where is developed a full theory for
singular perturbations of optimal stochastic control problems and differential
games arising in the dimension reduction of systems with multiple scales. They
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consider also the hypoelliptic diffusion and for our results we adapt some re-
sults contained there.

However, a considerable difference appears in the construction of the
barrier functions. In fact, while in the parabolic case the barrier functions
for the solutions u. can be straighforwardly derived considering the parabolic
structure of the equation, in the elliptic degenerate case studied in this pa-
per we have to construct the barriers by a method that takes into account
of conditions on every point of the boundary of the domain, distinguishing
between “non characteristic” and “characteristic” points. i.e. the points where
loT(2)n(z)] = 0 for some € (n(z) is the outer normal in a point z of the
boundary of the domain).

These results are established in a very general setting. For example con-
vergence results are obtained if the domain is convex and at the “characteristic
points” Hp, the homogeneous part of the first order ten H is strictly positive
or if the domain is strictly convex and at the “characteristic points” Hy > —C,
with C' > 0 suitable constant.

We can explain, in the following informal manner, why the solution wu,
should converge to the solution u of the effective equation which is independent
on the fast variable. We write

ue(x) = u(z) + e ().
where x has to be determined. Taking y = %, equation (1.1) becomes:
—tr(A(y) D, u(x)) — tr(A(y) Dy, x(y)) + H(z,y, Dyu(z) + eDyx(y)) = 0.

Fixing T = x, p = D,u(¥), X = D2, u(Z) and letting ¢ — 0, the function
x(y) satisfies the cell problem

~tr(A(y) Dy, x(y)) + H(Z,y,p) — tr(A(y)X) = AB, X).
If we prove that there exists an unique A such that the cell problem has
a solution (in a suitable sense), then w is the solution of the effective equation

F(Du, D*u) = \(Du, D?u). (1.4)

Further references on homogenization results for hypoelliptic diffusion
obtained with probabilistic methods can be found in the paper of Ichihara and
Kunita [21,22]. Other homogenization results involving subelliptic equations
mostly concern stationary variational equations on the Heisenberg group, see
Biroli et al. [12] and Franchi and Tesi [18]. As far as homogenization for the first
order Hamilton—Jacobi equation in Carnot groups we quote here the papers of
Birindelli and Wigniolle [11] and Stroffolini [25].

Hoérmander periodic vector fields can be used to model different problems.
For example in the papers of Citti and Sarti ([13] and the references therein)
a periodic subelliptic operator is considered. They study a cortical model in
the roto-traslation space where the matrix o is of the following type

cost) O
sinf 0
0 1
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This will be our first example in Sect. 5.

An other class of Hérmander periodic vector fields can be found in Vako-
nomic Mechanics, where constrained non-holonomic systems appear naturally
(see for example the paper of Gomes [17] and Benito and de Diego [9]).

We study the case of quasilinear, degenerate elliptic equations with Dirich-
let conditions, supposing that the diffusion term depends only on the fast vari-
able y, under suitable assumptions at the characteristic points of the boundary.

Note that our results cannot be applied to the general case where the
diffusion term depends also on the slow variable z. In this case the matrix A
in the effective equation (3.6) is not constant but depends on the slow variable
z and then we have to investigate if such matrix has the properties needed to
obtain the converging result as, for example, if the comparison principle holds
for the effective equation [analogously to Theorem (3.4)]. Similar results, for
the hypoelliptic parabolic case, are obtained by Alvarez, Bardi in Corollary
8.2 and Corollary 12.3 of [1] and by Alvarez, Bardi, Marchi, in Corollary 5 of
[4] but also in this case the dependence only on the fast variable y is assumed.

In the uniformly elliptic case, see the monography of Bensoussan et al.
[10], the homogenization problem can be interpreted as a diffusion process on
the torus IR"/Z™ and the averaging process leads to a probability measure
on the torus, called the invariant measure. This measure is used to identify
the limit equation by averaging with respect to it. Tipically, the existence and
uniqueness of this measure is proven using either a probabilistic approach or
a PDE approach. Alternatively, there is a connection between the invariant
measure and the Fredholm alternative, see Chapter 3 of [10]. Also in our case
we will identify the effective equation (1.4) by averaging with respect to the
invariant measure.

Here € is a open bounded domain of IR"™ with smooth boundary. The
matrix o(y) is a C*° n x m matrix-valued function, o(y) is periodic and the
vector fields X; = 0/ -V,j =1,...m, satisfy the Hormander condition (see
Sect. 2).

First we prove existence and well-posedness of the Dirichlet problem at
the microscopic scale. This can be done using the results proved in [7] and [24]
where existence and uniqueness of a viscosity solution of non totally degen-
erate fully nonlinear equations are considered. Then, we prove the existence
of barriers and uniform estimates of the solutions and this part contain the
main results of the paper. We identify the limit equation by averaging with
respect to the invariant measure thus proving, using the perturbed test func-
tion, [16], and the semi-limits technique, the convergence of the solutions u,
to the solution u of the effective equation.

2. Assumptions

In this section we set the assumptions of our problems. We suppose that the
boundary of  is regular: there exists ®(x) € C? such that Q = {x € R" :

®(z) > 0}, DB(x) # 0,Yz € 90 We will denote by n(z) = g} the outer
unit normal to  at z € 9€).
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The matrix o(y) is a C*° n x m matrix-valued function, o(y) is periodic
of period 1 (o(y) = o(y + k) for any k € Z), and the vector fields X; =
07 -V, j=1,...m, satisfy the Hormander condition, i.e. X1,...X,, and their
commutators of any order span IR" at each point of €, [20].

Since at no point of Q all vector fields can vanish this means that

tr(o(y)o” (y)) = Y _oily) = M >0, Vy € R", (2.1)
ik

which expresses a partial degeneracy assumption. We will take (2.1) as the
main assumption on o.
The Hamiltonian H verifies the following assumptions:
H:Qx R"x R" — IR, continuous,
H(x,y,p) is periodic with respect to y,
IH(:c,y,p+q) - H(:E,y,p)I < L|q" V%y,p,q,
|H (21,91, a(x1 — 22)) — H(w2,y2, (71 — 22))| <
w(|z1 — 22| + [y1 — yo| + alzy — 22]?),for all @ > 0 and all 1,22, y1, Y2,

(2.2)

where w is a modulus, i.e. w: [0, 4+00) — [0, +00), w(0T) = 0.

H(x7y7p) Z Hh(x7y7p> - M7

H}, continuous and positively 1-homogeneous (2.3)
(ie. Hy(z,y, pp) = pHn(z,y,p),Yp > 0).
H(z,y,0) <0, for any (z,vy). (2.4)
g : 0Q — IR, continuous. (2.5)

3. The e-problems and the effective equation

We take here the assumptions set in the previous Sect. 2, in particular we
recall that ® is the function defining the domain 2.
We first verify the existence of solutions for the e- problems.

Theorem 3.1. Let us fir € > 0. If for any z € 0Q:
etther
Ed (f) - D(2)| > 0, (3.1)
or

—tr(o (E> ol (E) D*®(z)) + Hy, (z, E,UT (E> D@(z)) >0, (3.2)
€ € € €
then there exists an unique continuous viscosity solution u. of the e-problem
(1.2).

Proof. The uniqueness of the solution follows from the comparison principle
proved in Corollary 4.1 of [7] under the assumption

tr(o(y)o” (y) = of(y) > M >0, Vy € R",
i,k
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which is verified if the columns of o satisfy the Héormander condition. The exis-
tence of a continuous viscosity solution follows from Theorem 6.1 and Corollary
6.1 of [7]. O

The same result holds to problem (1.3), taking into account the assump-
tion that for some coordinate axis at all points y € IR" at least one column of
o does not vanish in the direction of that axis, i.e. a non-degeneracy condition
in a fixed direction:

there exists a j such that Zofk(y) >N >0, Vy € R". (3.3)
k

Theorem 3.2. Let us fix € > 0 and suppose that (3.3) holds. If for any z € 00

either
Ed (f) - D®(2)| > 0, (3.4)
—tr(o (g) o7 (g) D2®(2)) + H, (z f D<I>(z)) >0, (3.5)

then there exists a unique continuous viscosity solution u. of the e-problem
(1.3).

Proof. The uniqueness of the solution follows from the comparison principle
proved in Corollary 4.1 of [7] under assumption (24). The existence of a con-
tinuous viscosity solution follows from Theorem 6.1 and Corollary 6.1 of [7].

O

Remark 3.1. Assumption (3.2) (resp. (3.5)) is satisfied if ) is convex, i.e.
D?®(z) < 0, and at the points of the boundary 92 such that |07 (2)-n(z)| = 0,
we have Hy,(z, 2,07 (2)D®(z)) > 0 (resp. Hy(z, 2, D®(z)) > 0).

Using the comparison principle and the assumptions for the uniform bar-
riers we will get in Sect. 4 that the sequence u. is equibounded and so it
admits a subsequence converging uniformly. We need to identify the limit of
the sequence.

Following Evans paper [16], we identify the limit equations by averaging
the coefficients with respect to the invariant measure and we prove that the
viscosity limit is a solution of this equation, using the perturbed test function.

Theorem 3.3. Under assumptions (2.1) there exists an unique probability mea-
sure p invariant for the diffusion process dys = /20 (ys)dWs, y(0) = x. More-
over the effective problems associated with the e-problems (1.2) and (1.3) are
respectively

{ —tr(AD?u) + H(xz,Du) =0, in €, (3.6)

u =g, on 01,

where A is the constant positive definite matriz whose elements are

as) = /( 3 ouy)oss(u)e and T, D) = /( B 0.0 () D)y
0,1)n L 0,1)n
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and

{ —tr(AD?*u) + H(z,Du) =0, in Q, (3.7)

u=g, on 09,

where A is the constant positive definite matriz whose elements are

ai; = / Zaik(y)ajk(y)du and H(z, Du) = / H(x,y, Du)du
(0,1) 1 (0,1)™

Proof. In the diffusive case the result, for the hypoelliptic operators, has been
established in [1]. We consider the solution of

(i (Y)ojr(y)uly)) = 0, in R,

u Y-periodic, / du(y) =1 Y =(0,1)".
(0,1)n

By Hoérmander’s hypoellipticity theorem it has C'°° density, in addition it

is also a distributional solution. Alternatively, the existence (and uniqueness) of

the invariant measure for more general hypoelliptic operators has been proved

using a probabilistic approach in [21,22]. The convergence to the solution of

the effective equation is postponed in Sect. 4. 0

Theorem 3.4. Under assumptions (2.1) and (2.2), the comparison principle
between wviscosity sub- and supersolutions holds for the limit problem (3.6).
Moreover if also (3.3) holds then the comparison principle holds also for prob-
lem (3.7).

Proof. Since A is a semidefinite positive constant matrix, the proof follows the
same lines as the comparison principle in Theorem 3.2 proved in [7], but here
the first order term has the special form

H(xz,Du) = / H(z,y,o" (y)Du)dpu.
(0,1)"

From standard viscosity solutions theory [14] we know that, under some
structural assumptions (see (3.14) p.18 of [14]), the comparison principle holds
between a supersolution v and a strict subsolution w,,. The structural assump-
tions hold for equation (3.6) because of (2.2). Therefore, for a given subsolution
u of equation (3.6) we want to built a strict subsolution w,, such that u, < u,
u, — uif n — 0.

2
We consider u, () = u(x) +n(e”% — A), where u is a subsolution of equation
(3.6), v and X are to be suitably chosen. First of all we take A sufficiently large
such that u, < wu.
Next we want to prove that —tr(AD?u,(z)) + H(x, Du,(x)) < 0, for any
x € €, for a suitable choice of A and v, independent of 1 > 0. We have

|z|? |=|?

Du,, = Du+nvze’ 2, D?u, = D*>u+nre’ 2 (I + vz @x).
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Since tr(o(y)ol(y)) > M > 0, for any y € R™ (see (2.1)), and H is
Lipschitz continuous with respect to p (2.2), we have

~tr(AD?u,) + H(z, Du,) (3.8)
= —tr(AD?u) — e’ Tt tr(A(I + v ® z))
[ A @D e T )y < —ir(ADM)
(0.1

+/(0 N H(z,y,0" (y)Du)dpu — nve” 22< (A)+1/tr(Ax®x)>

. 2
+ Ly T / 0" (y)z|du
(0.1)"

.‘2

< e’ <L/ loT (y)z|dp — tr(A) — vtr(Az @ m))
(O 1)n
Note that

A =S4 — / o2, (y)dpu = / tr(o(y)o” (4))dp,
Zi: Z; oy 0.1y

and

r(Ar @ r) = ZAZJ%% Z/ OikTi0 kT id
0,1

1,5,k

= Z/ Vedp = / o™ (y)a*dps.
0,1)n (0,1)n

Putting these equalities in (3.8) we obtain
—tr(AD*u,) + H(z, Duy,)
plzl®
< [ (ot Wl =l Wil — (oW ) )
0,1)n
If we choose a v sufficiently large such that
vloT (y)al? = Lo (y)z| + tr(o(y)o” (1)) > 0,
for any z € Q and any y € IR", i.e. choosing
L2
> TN TI
dtr(o(y)o’(y))

then —tr(AD?u,) + H(x, Du,) < 0 for any = € ©, which means that u,, is a
strict subsolution of equation (3.6).

In the case of problem (3.7), under assumptions (3.3) we have that the
operator —tr(AM) satisfies a condition of non-degeneracy in a fixed direction,
ie. —tr(A(M + rD7)) < —tr(AM) — nr, with n > 0 and D7 is the diagonal
matrix whose elements are DJ, = d&;; (see (20) in [7]). In fact tr(AD7) =
f(o 1 Dok sz-k(y)d,u > 7 > 0. Then we are under the assumptions of Theorem
3.3 of [7], and also in this case the comparison principle holds. O
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4. Convergence of u. to the solution of the effective equation

In this section, for the sake of simplicity, we take the boundary condition
g = 0 but the problem with a general continuous g € C(92) can be treated
analogously. We prove two convergence results for the solution of the following
problems.

—tr(o(2)oT (£)D?uc(x)) + H(z, 2,07 (£)Duc) =0, in €, (4.1)
ue = 0, on 0. ‘7
—tr(o(2)o” (£)D?uc(x)) + H(z,%,Du.) =0, in Q, (4.2)
ue =0, on Of). ’

To prove the convergence of u. to the solution of the effective equation
we need to find a lower and a upper barrier independent of € to obtain the
equiboundedness of u, with respect to e.

Definition 4.1. We say that w is a lower (resp. upper) barrier for problem (4.1)
(or problem (4.2)) at a point z € O if w € BUSC(Q) is a subsolution (resp.
supersolution w € BLSC(Q)) of (4.1) (or problem (4.2)), w < 0 (resp. w >0)
on IQ and lim,_,, w(z) = 0.

To construct an upper barrier for problem (4.1) or problem (4.2) at any
point of 99 we need the following Lemmata proving the existence of a super-
solution independent on e.

Lemma 4.1. Let
Z :={w € BLSC(Q) : w supersolution of (4.1) in Q, (4.3)
for any € sufficiently small, and w >0 on 9Q}.

Under assumptions (2.1), (2.2) we have that Z # {).

Proof. We prove that w(z) = k(A — en ) € Z, for a suitable choice of k, A
and pu, independent of € > 0. We have

=2
Dw = —k,uaje“%7 D?*w = —k,ue“ (I + pr @ x).

Since tr(o(y)ol(y)) > M > 0 for any y € IR" (see (2.1)), and H is
Lipschitz continuous with respect to p (2.2), we have

(o (5) () ) 1 o £ (2 o)
>ku(M+u|a ( )xP LloT ( ) |>+H(x,f,o). (4.4)

First of all we can choose i independent of € > 0, such that
M
M + puloT (6) z)? — Lo (%) 7> 5, (4.5)

for any € > 0 and for any z € €, i.e.

€T T M
plo™ (2) o = 2o () al + 5 >0
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for any € > 0 and for any = € . To obtain this we choose p such that
L? —2Mp < 0, then this is true for any value of [o7 (£)z|. Hence putting (4.5)
into (4.4), we have

oo (2)er (2) ) 41 (27 (2) i)
> ku% + H (z,%,O) >0, for any e > 0,

and the last inequality is obtained by taking k sufficiently large, independent
of € because of the periodicity of H with respect to y. Finally choosing A
sufficiently large we have that w > 0 on 0. g

An analogous result holds for supersolutions of problem (4.2), taking
account the assumption that for some coordinate axis at all points y € IR"
at least one column of o does not vanish in the direction of that axis, i.e.
condition (3.3).

Lemma 4.2. Let
Z :={w € BLSC(Q) : w supersolution of (4.2) in Q, (4.6)
for any € sufficiently small, and w >0 on 9Q}.
Under assumptions (3.3) and (2.2), then Z # (.

Proof. In this case we prove that w(xz) = k(A — e#*i) € Z | where j is defined
in (3.3), for a suitable choice of k, A and p, independent of e. We have

(Dw); = —kpae!®id;;, D%*w = _k/fe/wfjpj’

where D7 is the diagonal matrix whose elements are Dfl = 0;; (0;; is the
Kronecker symbol).

Since H is Lipschitz continuous with respect to p (2.2), and from assump-
tion (3.3) we have

—tr (O’ (%) ol (%) D2w) +H (x, %, Dw(m)) (4.7)

> kpe®s (uN — L) + H (x L 0) . (4.8)

€
We can choose a p independent of € such that uN — L > 0, and a k such

that
—tr (a (f) ol (E) DQw) +H (x, §’ Dw(x))
€ € €
> kue®i(uN — L)+ H <x, f,O) >0, for any e > 0.
€

Finally choosing A sufficiently large we have that w > 0 on 9f2. 0

The following Theorems 4.1 and 4.2 prove that the family of solutions u.
is equibounded in 2. We will construct, at any point z of 02, a lower and a
upper barrier for problem (4.1) or problem (4.2).



Vol. 22 (2015)  Periodic homogenization under a hypoellipticity condition 589

Theorem 4.1. Assume (2.1), (2.2), (2.3), (2.4). Assume that for any z € 09
either

oT (g) D®(2)|? > 0, for any € > 0, (4.9)

or

{ there exists a sequence €y, € — 0, such that |0T(i)D<I>(Z)|2 =0, (4.10)

and — tr(o(i)aT(i)DQQJ(z)) + Hn(z, Z,0) > 0, for any e.

Let u, be the continuous viscosity solution of problem (4.1). Then there
exists a function V(x) such that 0 < u,, () < V(z) for any e defined in (4.9)
or (4.10) and for any x € Q, V(x) > 0 for any x € 9N and V(z) = 0 (i.e.
V(z) is a upper barrier at z, independent on €).

Proof. From H(xz,y,0) < 0 we have that uw = 0 is a lower barrier to problem
(4.1). We find now an upper barrier V' to the problem (4.1), for any e sufficiently
small.

First of all we find a uniform strict upper local barrier at a point z € 92
to the problem

{ —tr(o(£)o”(2)D?*uc(z)) + Hp(z, 2,07 (£)Duc) =0, in €,

ue =0, on 0f2. (4.11)

By wuniform strict upper local barrier at a point z € 02, we mean a
function W, independent on e, W € BLSC(B(z,7)NQ), r >0, W > 0, such
that —tr(c(2)o” (£)D*W (z)) + Hu(z, %,0(2£)DW) > 0 for any e sufficiently

small, in B(z,7) N, lim,_., W(x) =0 and W(z) > ¢ >0, for all |x — z| =r.
Let us consider

W(z) =1 — e #@@+3le==) ) )50, (4.12)

W(z) = 0, for any z € 9Q, W(z) > 0, for any € Q and for any x € 99,
T # 2.

W, (2) = e PE@+ 3102 (& | \(ay — 22)).

et}

sz(x) = eu(¢(z)+§|$22)p(@zi1j - /j‘q)zlq)% +
FA0ij — AP, (25 — 2i) — AP, (25 — 25) — PN (i — 2)(w; — z])>

In particular

W, (2) = 1@z, (2),

i

W$$(Z) = /J,(I)I”:j _ ugq)miq)mj (Z) + /L/\(Sij.

Chatv}
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Then:
(o () () o) e o 27 () i) -

o 2o (o2 2) ) o )7 )

FH (2, j,aT(j)Dq)(z))) > 0. (4.13)

Q

Note that, from (2.1), tr(o(y)oT (y)) > M > 0, for any y € IR".

We have two cases: (i) If z € 0Q is such that |07 (2)D®(z)]> > 0 for
any e sufficiently small, there exists a p such that —tr(o(2)o” (2)D*W (z)) +
Hp(z,2,07(2)DW(z)) > 0, for any e sufficiently small, since, from the reg-
ularity of the functions and the periodicity with respect to y of o, the term
—tr(o(2)o?(2)D?®(2)) + Hp(z,%2,07(2)D®P(2)) is bounded from below for

) e

any e sufficiently small. More explicitely, we take

tr(o(£)0” (£)D?®(2)) — Hy(2, £,07(2)D(2)) + Mtr(o(2)o” (%))
0T(2)D2(2)[? ’

€

o>

where A is fixed. Then for such z there exists a local upper barrier independent
on e.

(ii) If in z € 0N there exists a sequence €, €, — 0 such that
|0T(£)D<I>(z)|2 = 0, then from condition (4.10) there exists a A > 0 suffi-
ciently small such that W is a local upper barrier for the problem, for any
€ = €.

By means of W we can construct a upper barrier at a point z € 9 (see
Definition (4.1)) to problem (4.1), following the procedure used in [5] to prove
Proposition 5. Let us fix z € 09Q2. From Lemma (4.1) we know that there exists
aw € Z (£ was defined by (4.3)), for any € > 0. Hence we can define

Ve = (B L

We prove that V' is an upper barrier in z for p sufficiently large and for
any € determined below. It is obvious that V' > 0 on 99 and V(z) = 0. In
Q\ B(z,r), V is a supersolution. In 9B(z,7) N, since W(x) > 6 > 0, for all
|x — z| = r, we can choose a p sufficiently large such that V' = w, then also
in this case V' is a supersolution. In B(z,r) N €, if we check that pW(z) is a

supersolution we have that also V' is a supersolution. From assumption (2.3):
—tr <cr (Z) o7 (’Z) D? (pW(z))) +H (z Z o7 <Z) D (pW(z))>
€k €k €k €k
> p< tr (0 <Z> ol (Z) DQW(Z)) + Hj, (z, i,aT <Z> DW(Z))> —M.
€k €k €k €k

Since —tr(o(fk)aT( YD2W (2))+Hp (2 i,JT(é)DW(Z)) > 0in B(z,r)

z
€ 7 €x
N 2, for any €, we can choose a p large enough such that
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—tr (a (;) o7 (;) D? (pW(z))) +H (z eik,aT (;) D (pW(z))) >0
in B(z,r) N Q. O

Remark 4.1. Note that if in z € 99 there exists a € where |07 (£)D®(2)[> = 0
then, from the periodicity of o, there exists a sequence €, €, — 0 such that

0" (Z) D(2)? =0

€k

for any €. It suffices to take ¢ = k € Z.

z+€k’
Remark 4.2. The existence of uniform upper barriers to problem (4.1), as
stated in Theorem (4.1) leeds also to the existence of uniform barrier functions
to the fully nonlinear problem

{ F(a(%)UT(%)D2u€(a:)) + H(x, f,aT(%)Due) =0, in €,

ue = 0, on 0f), (4.15)

where F(X) is a uniformly elliptic operator (F(X +Y) < F(X) — vtr(Y), for
some v > 0, for any Y > 0), such that F(X) > —Ctr(X). In this case the
upper barriers to problem (4.1) are upper barriers to problems (4.15).

This is the case of the Pucci operators P*(X) (for the definition see for
example [19] ) over a subelliptic structure.

Since PT(X) > —Atr(X) then the upper barriers to problem (4.1) are
upper barriers to problem

{7’+(o(f)aT(§)D2ue) T+ H(z,%,0"(2Du) =0, in

ue = 0, on 0. (4.16)

Uniform barriers functions for problem (4.15) associated with the Heisen-
berg group can be obtained also using the results of Cutri and Tchou [15] under
suitable assumptions on the boundary of the domain.

Theorem 4.2. Assume (2.2), (2.3), (2.4) and (3.3). Assume that for any z € 09
either
T(* 2
|o (E)D@(z)\ >0 for any € > 0, (4.17)
or
there exists a sequence ey, e — 0, such that \UT(i)D(P(z)\2 =0,
and — tr(o(Z)oT(£)D2®(z)) + Hu(z, Z,D®(z)) > 0.
€k

z (4.18)
ex e’

Let ue be the continuous viscosity solution of problem (4.2). Then there
exists a function V(x) such that 0 < ue, (x) < V(x) for any e, defined in (4.17)
or (4.18) and for any x € Q, V(x) > 0 for any x € 0 and V(z) = 0 (i.e.

V(z) is a upper barrier at z independent on €).

Proof. The proof follows the same lines as that of Theorem (4.1), taking ac-
count of Lemma (4.6) to construct the upper barrier (4.14) at any z € 9.
0
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Example 4.1. Condition (4.10) (resp. (4.18)) is satisfied if 2 is convex and
Hy(z,2,07(2)D®(z)) > 0 (vesp. Hp(z,2,D®(z)) > 0) at the points z € 9
such that liminf._o |07 (2)D®(z)|* = 0, because ® can be chosen concave, so
—tr(o(2)oT (2)D?®(2)) > 0. If Q is strictly convex, i.e. D*®(z) < —vl, v > 0,
the condition on the first order term can be relaxed to Hy, > —vnM (M is
defined by (2.1)) at the points z € 9 such that liminf._o |07 (2)D®(z)[* = 0.

The convergence result is stated with the help of the semi-limits tech-
nique. The lower and upper semi-limits u. are defined as follows:
u(z) := liminf w.(2'):=supinf{uc(z): 2z € Q,|r —2'| < §,0<e<d},
z 5

e—0,2'—

u(z) == limsup u(z') := ilgfsup{ue(w) cx €Qx—2'| <6,0<e<d}
e—0,2' -z
The following Lemma is a known result and permits us to prove the main
Theorem (4.3) here below.

Lemma 4.3. Under the assumptions of Theorem 4.1 (resp. Theorem 4.2), if
uc is a solution of equation (4.1) (resp. (4.2)) and if the family {u.} is equi-
bounded in €, then the semi-limits u(x) and u(x) are respectively subsolution
and supersolution of the effective equation (3.6) (resp. (3.7)).

Proof. The proof is based on the perturbed test function method of [16] and
makes rigorous the informal way to obtain the effective equation given in the
Introduction.

Since the functions u, are equibounded on Q then u(z) and u(z) exist
and are finite. We show that %@(x) is a subsolution of (3.6). Consider a test
function ¢ such that @ — ¢ has a strict local maximum at . We want to prove
that

~tr(AD*¢(7)) + H(@,0" (y) D(T)) <0,

where A and H are defined in (3.6).
Let ¢(y) the solution of the cell problem in Y

—tr(o(y)o’ (y) D*P(y)) = —tr (UT(?/)D2¢($)UT(?J) — AD?*¢(7)

(@ )Do(@) - Az Do) ).

¥ (y) Y-periodic.
The term on the right hand side of (4.19) is orthogonal in L?(Y) to the
invariant measure p(y), therefore, by the Fredholm alternative, there exists a

smooth solution ¢ (y), uniquely defined up to a constant.
Let us introduce

(4.19)

0.(w) = dla) + ¢ (2)

and use the perturbed test function method as in Evans [16]. From the defini-
tion of the upper semilimit @ and the uniform convergence ¢¢ — ¢, since w— ¢
has a strict local maximum at @, we get that u® — ¢¢ has a local maximum at
some point x. with x. — .
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We have:
Dé.(x.) = Do(ac) + Dy (=),
D%(w.) = D*6(x) + D ().

Since u, is solution of (4.1), in particular is a subsolution:

e () () pten) s 207 (2 Do) <0

€

(4.20)
Ife—0
Dg*(z) = D(x.) + Dy (=)
— D¢(Z) + o(1). (4.21)
D2 (w.) = D*¢(x) + D* (=)
— D2¢(z) + D% (%) +o(1). (4.22)

By inserting (4.21) and (4.22) into (4.20) we deduce

—r (cr (f) o7 (%) (D%(f) +D%) (“i))) +H(z, %,UT(f)qu(f)) <o(1).

€
Putting y = = in (4.19), we get:
—tr(AD?*¢(z)) + H(Z, DH(T)) < 0.

Thus @ is a viscosity subsolution of (3.6). Similarly, if u — ¢ has a strict
local minimum at  we can show that

—tr(AD?¢(%)) + H(&, Dp(£)) > 0.

Thus u is a viscosity supersolution of (3.6). Analogously for equation
(3.7). O

Theorem 4.3. Under the assumptions of Theorem 4.1 (resp. Theorem 4.2) the
solution u. of the problem (4.1) (resp. (4.2)) converges uniformly on the com-
pact subsets of 2 as € — 0 to the unique solution of the effective Dirichlet
problem (3.6) (resp. (3.7)).

Proof. We prove the convergence by means of the relaxed lower and upper
semi-limits of u. defined above. If we prove that u(x) = u(x) in Q then u. —
u(x) = u(z) =: u(z) locally uniformly (see Lemma 1.9 of [6]). From the defin-
ition, we know that u(z) < @(x). Moreover from Theorem 4.1 (resp. Theorem
4.2), we have that for any z € 02 there exists a upper barrier V' (x) of u,, (x):

0 < ue, () <V(zx), for any x € Q, V(z) > 0 for any x € 082, V(z) =0,
(4.23)

for any ¢, sufficiently small. From the equiboundedness of the functions u., (),
taking account of Lemma 4.3, we obtain that u(z) and w(x) are respectively
supersolution and subsolution of the effective equation (3.6) (resp. (3.7)).
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Moreover still from (4.23) we have u(z) = @(z) = 0 for any z € 9Q. Since
the effective equation (3.6) (resp. (3.7)) satisfies the comparison principle (see
Theorem 3.4), then u(z) > u(z) for any = € Q, hence u(z) = u(z) =: u(x) for
any x € ) and u(x) is the unique viscosity solution of (3.6) (resp. (3.7)). O

5. Examples

e The Rototraslation geometry. The case of rototraslation geometry is an
example of sub-Riemannian geometry and it was recently studied as a model
for the visual cortex by Citti and Sarti [13].

In R write z = (1,22, 23), and take

cos2mxs 0
o= |sin2rzs; 0]. (5.1)
0 1

The vector fields associated with o satisfy the Hormander condition and
tr(o(y)o” (y)) = 2, for any y € IR®. Equation (4.1) becomes

— 052 (27 22 Yttep () — sin(2722) co8(27 22 Ytk o, ()
€ € €

— sin? <27@> Uewywy (T) = Uewsas () + H (x’x/E’JT (£> Due) =0
. €

Let z = (21, 22,23) € 09 be such that there exists a sequence ¢, — 0
such that cos(2m22)®;, (2) + sin(272)®,, (2) = 0 and P4, (2) = 0, for any €.
At these points, condition (4.10) becomes

05?21 22Dy 0, (2) — sin(2122) cos(202) By, 0, (2)
€L €k €k

—sin? (27r:?’) Graws(2) — Pagas (2) + Hp(z, 2/€x,0) > 0,
k

for any €.

For example the points z = (21, 22,23) € 0 such that z3 = ny(z) =
n3(z) = 0 (n = (n1,ne,n3) is the outer unit normal), are such that
loT(2)D®(2)|* = 0 for any € and in such points condition (4.10) becomes

&

2,2/€,0) > Oy y (2) + Pyyn, (2) for any € > 0.

At the points z € 9Q where ng(z) # 0, we have |07 (2)D®(z)|? > 0, for
any € > 0. As explicit case, taking Q = Bp := {(x1, x9,23) € R® : 2?3 + 23 +
23 < 1} the Buclidean ball in IR®, we have ®(x1,z9,23) = 1 — (27 + 23 + 23).
The points of 9 such that |67 (2) Dg(z)| = 0 for some €, are z = (0, +1,0). At
these points condition (4.10) is Hp(Z, £,0) > —4, for any e sufficiently small.
e Constrained systems in mechanics. These type of vector fields appear in
the Vakonomic Mechanics (see e.g. [17]) which describes non-holonomic con-
strained systems by a variational principle. It is considered also in [1], as an
example of Remark of Section 8.1.

In IR? write x = (1,22, ), and take

[0 cos 277902]
o= .

1 sin2way (52)
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The vector fields associated with this matrix satisfy the Hérmander con-
dition and tr(o(y)o” (y)) = 2, for any y € IR?. The Lie bracket [X;, Xp] =
27 (— sin 2w, cos 2mxs) has nonvanishing first component at the points xo =
1/4,3/4 where the matrix o degenerates.

Equation (4.1) is

—cos? (271'%) Uegyz, (T) — (1 + sin? (271'%)> Uezos (X) (5.3)
€ €

—2sin (2#33—2) cos (27r@> Ueaqzo () + H (m,m/e, ol (E) Dus(x)> = 0.
€ € €

In this case the points z = (z1,22) € 9 such that |07 (2)D®(2)]* = 0
for some ¢, are ®,,(z) = 0 and cos(27%2) = 0. Any point z € J€2, such that
n2(z) =0 (n = (n1,n2) is the outer normal), satisfies condition cos(2722) = 0
for a suitable e, — 0. Then condition (4.10) is '

Hp(z,z/€x,0) > —28,,,, (%), for any ¢ sufficiently small.

At the points z = (z1,22) € 09, where na(z) # 0, we have |07 (Z)
D®(z)* > 0 for any e.

Taking Q = Bg := {(z1,22) € R® : 23 + 23 < 1} the Euclidean ball
in IR?, we have that there is no point on 9 such that loT(2)Dg¢(2)| = 0 for
some €. Then we do not have to put additional assumptions on Hyp,.

e The periodic Heisenberg-like equation. In IR® write © = (z1, 22,t), and take
1 0
o(x)= |0 1 . (5.4)
2sin27xy  —2sin 2w,

The vector fields associated with o satisfy the Hormander condition
(X1, X3 and their commutators up to order 4, span IR? at each point) and
tr(o(y)oT (y)) > 2, for any y € IR®. Equation (4.1) is

Uy gy (T) = Uegnay (T) — 4 (sin2 (27r@) — sin ( Z1 )) Uert (@
€ €

_4sin (277%) Uyt (x)+4sin (%%) Uyt (2 )+H( f,a ( )Du( )) 0.
(5.5)

Let z = (21,22,t) € O such that [o7 (2
there exists a sequence €, — 0 such that CI)ml(
D, (2) — 2sin(21 2 )@y (2) = 0, for any €.

For example the points z = (z1,22,t) € 01, such that z; = 2o =
ni1(z) = na(z) = 0 (n = (n1,n2,n3) the outer unit normal), are such that
loT(2)D®(2)|?> = 0 for any € and in such points condition (4.10) becomes
Hy(z,2/€,0) > Oy, (2) + Pyya, (2), for any € > 0.

At the points z = (21,22,t) € 99, where n?(z) + n3(z) # 0, we have
loT(2)D®(2)|? > 0 for any € > 0.

Taking Q = Bp := {(z1,29,t) € R® : % + 23 + t* < 1} the Euclidean
ball in IR*, we have that the points of dQ such that loT(2)D¢| = 0 for some €
satisfy the system z; + 2¢sin(2m22) = 0 and zp — 2tsin(272) = 0, for some e.

)YD®(2)|? = 0 for some e, i.e.
z) 4 2sin(2m2)®4(2) = 0 and
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For example the points Z = (0,0, £1) are solutions of the system and at these
points condition (4.10) is Hp(Z, £,0) > —4 for any e sufficiently small.
e The periodic Grushin-like equation. Here x = (21, x2)

o= Ll) 0 ] (5.6)

sin 2wz,

satisfies the Hormander condition. In this case tr(o(y)o” (y)) = 1 + sin? 27wy,
for any y = (y1,%2) € IR?, and equation (4.1) becomes

—Uegyay (T) — sin? (271'&) Uegnas () + H (:17, E,O'T (
€ €

E) Due(x)) =0. (5.7)
In this case the points such that |07 (2)D®(z)[* = 0 are such that ®,, (z) =0
and sin(272)®,, (2) = 0, for example the points z such that z; = ny(z) = 0.
Note that for any point Z = (Z1,%2) € 99 such that n;(Z) = 0, z; # 0, there
exists a sequence ¢ such that 5111(277?;) = 0. In such points condition (4.10)
is Hp(z, 2,0) > ®,,4, (%), for any €, > 0.

;a
If Q = Bp = {(z1,22) € R* : 2} + 23 < 1}, the points on 99 such
that |07 (2)D¢(z)| = 0 for some € are Z = (0,%1) and condition (4.10) is

Hh(z, %,0) > —2.

€

Remark 5.1. The matrix o of every example of this section satisfies the as-
sumption of nondegeneracy in a one direction (3.3), then the convergence re-
sult holds also when the first order term is of the type H(x, %, Duc) in place
of H(z,%,0"(%)Du,).

6. Applications to subelliptic problems

The results of Sect. 4 can be applied to the subelliptic problems of the following
type
{ —tr(D%, ue) + H(z, %, Dy,uc) =0, in €,

te =0, on 0, (6.1)

where Dyu, D3 u are the horizontal gradient and the horizontal Hessian of u
with respect to a family of smooth vector fields X, ..., X,n,, m < n,
X (Xu) + X, (Xu
(DX’U,)Z' = )(Z‘U7 (D?Yu)z] = Z( J ) B) J( ! )

We denote by Dy, v and Dg(ﬁu the horizontal gradient and the horizontal
Hessian of u where the family of vector fields is X;(%), i =1,...m.

If we take the n X m matrix ¢ whose columns are the elements of
X1, ..., X,n, we see that, for any smooth u

Dyu=o0"Du, Diu=oc"D?*uc+ Q(x,Du), (6.2)

where Q(z,p) is a m x m matrix whose elements are

Q5. p) = (Daj(x) oi(x) —;— Do’ (z) a’(x)) .

(6.3)
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where o7 are the columns of o, 0 = og . We will suppose that assumption
(3.3) holds:

there exists a 7 such that Zaﬂv )>N >0, Yy e R".
k
Let us consider the following effective problem:
—tr(AD*u) + H(x,Du) =0, in Q,
u =0, on 0f),

where
A= / a(y)o” (y)du
(0.1

and

H(z,p) = /(OW (H(x,y, i (Do () 07 (1)) - p)du.

Theorem 6.1. Assume (2.2), (2.3), (2.4) and (3.3). Then the solution u. of the
problem (6.1) converges uniformly on the compact subsets of ) as € — 0 to the
unique solution of the effective Dirichlet problem (6.4).

Proof. From (6.2) and (6.3), taking account that tr(co’ D?u) = tr(ocT D?uo),
we have the following expression:

m m
tr(D3u) = Z Xiu=tr (oo D%u) + Z (Do? (x x)) - Du.
Jj=1 Jj=1

Hence equation (6.1) becomes

—tr(Dqu)) + H(x, f7 Dx.u.) =
€

€
= ¢ (a <E> o’ (E) D2u€> +H (x, E, Due) ;
€ € €

where H(z,y,p) = — Z;n:l(Doj (y) o (y))-p+H(x,y,0T (y)p). Then the prob-
lem has the same structure as problem (1.3). If H satisfies assumptions (2.2)
also H(zx,y,p) satisfies them, then we can apply Theorem 4.3 on the conver-

gence of the solution of problem (4.2) to the solution of the effective problem
(3.7). O

Example 6.1. Every example of Sect. 5 satisfies assumption (3.3).

In particular if we consider the rototraslation case defined by o in (5.1), the
periodic Heisenberg-like equation (5.4) and the periodic Grushin-like equation
(5.6), it is easy to see that tr(D% uc) = tr(o(£)o”(%)D?u.), ie.
H(x,y,p) = H(z,y,p) and equation (6.1) coincides with equation (4.1).
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In the case of Vakonomic dynamic defined by (5.2), the term
Z DO’J (y)) - Du. =2msin (27TE) (cos (271’2) Ueg, — SIN (27r2> u6z1>
€ € €

can be considered in the part of first order terms H.
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