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principal curvature equations
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Abstract. In this paper the Dirichlet problem for the equation which pre-
scribes the ith principal curvature of the graph of a function u is consid-
ered. A Comparison principle is obtained within the class of semiconvex
subsolutions by a local perturbation procedure combined with a fine Lip-
schitz estimate on the elliptic operator. Existence of solutions is stated
for the Dirichlet problem with boundary conditions in the viscosity sense;
further assumptions guarantee that no loss of boundary data occurs. Some
conditions relating the geometry of the domain and the prescribing data
which are sufficient for existence and uniqueness of solutions are pre-
sented.
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1. Introduction

In this paper we study the Dirichlet problem for the prescribed i-th principal
curvature equation

kilul(z) = fla) VreQ &)
where 2 is a bounded domain of R?, x;[u](z) denotes the i-th principal curva-
ture of the graph of u: Q - Ratx € Q,i=1,...,d, and f:Q — R. The set
of Eq. (1) can be rewritten as

Fi(Du(z), D*u(x)) = f(z) in Q, (2)
where F': R4 x § — R is
AW =5 (1-528). o) = VTP )

The author is supported by a Post-Doc Fellowship from the Universita di Padova.

® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00030-014-0290-1&domain=pdf

428 M. Cirant NoDEA

forallpe R4 M € Sandi=1,...,d. Explicitly, (1) and (2) become

A (1 (f - D“(”U)(@D“(x)) D2u<x>> = /().

1+ |Du(z)]? 1+ [Du(z)[?

A1(S) < ... < X\g(9) being the ordered real eigenvalues of a symmetric matrix
Ses.

The operator F is degenerate elliptic, i.e. —Fi(p, M + P) < —Fi(p, M)
for all p € R*, M € S and P > 0. Moreover, —Fi(p, M +rI) < —F(p, M) —
ro=3(p) for all » > 0, so it satisfies a non-total degeneracy condition (see
[1]) within any set of functions having bounded Lipschitz constant; however,
we point out that the non-total degeneracy constant v~2(p) goes to zero as
|p| — oo. The regularity of F'* with respect to its entries is inherited from the
regularity properties of A;(+), which is locally Lipschitz for all i = 1,...,d.

Equation (1) might be considered as a particular case of so-called spectral
equations, being of the form F(ky(x),...,ka(z)) = f(z), where F : R — R.
In the context of such equations, existence and uniqueness for the Dirichlet
problem has been extensively studied when F is a symmetric function or the
ratio between symmetric functions, see [6,12,15-17,20] and references therein.
It is worth mentioning that this family of equations embraces the more classical
prescribed mean curvature and Gaussian curvature equations, for which we
refer for example to [5,11,21]. The Dirichlet problem for an equation which
prescribes the first principal curvature of level sets of u is considered in [4].
To the best of our knowledge, the Dirichlet problem for (1) has never been
investigated in the literature. With respect to the case of symmetric functions
of principal curvatures, we observe that less information on the shape of the
graph of u is a-priori prescribed in our problem.

In the setting of degenerate elliptic equations, a general approach in the
non-total degenerate case is proposed in [1]. Problems showing non-degeneracy
in one direction arise frequently in the subelliptic environment, see [2,19] and
references therein. Many ideas used here are borrowed from [3], a seminal paper
for equations without zeroth order terms.

Being our problem degenerate, we will make use of the modern viscosity
theory started by Crandall, Lions and Evans (for details we refer to the User’s
Guide to viscosity solutions [8]). In trying to obtain a comparison principle,
the key ingredient for uniqueness and existence of solutions, we have to face
the lack of strict monotonicity of F with respect to u. In [3], the procedure
to work around this problem is to transform the original equation into new
equation which enjoys coercivity through a suitable change of variables. An-
other approach, proposed in the User’s Guide, is to exploit the structure of
the operator to perturb subsolutions into strict subsolutions (or supersolutions
into strict supersolutions). We will implement the latter method, pointing out
that a direct perturbation technique (as in [1,2,14]) does not seem to work
due to poor regularity and ellipticity properties of F*. Indeed, if v is any twice
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differentiable subsolution of —F% = —f and ¢ € C?, setting u, = u + €¢, non-
degenerate ellipticity and Lipschitz regularity implies that for some 4, L > 0

—FY(Du + eD¢, D*u + eD?¢) < —F'(Du + eD¢p, D*u) — deA(D?¢)
< —f + L|eD@| — deri (D).

In order for LleDg| — deA;(D?@) to be strictly negative, the contribution from
non-total degenerate ellipticity —d\; (D?¢) must be strong enough to beat the
error term L|D¢|. Even if a ¢ realizing the inequality L|Dg¢| — 0\ (D?¢) < 0
might exist, we are not able to control L if u is in general a subsolution in
the viscosity sense. Moreover, 6 — 0 as |Du| grows. We then restrict our
space of subsolutions to semiconvex functions u, which enjoy the properties
of having locally bounded gradient and A;(D?u) controlled from below. In
addition, we focus our analysis to points of maxima of u — v, (where v is any
supersolution); in such points, A;(D?u) turns out to be controlled from above.
We show in Proposition 3.1 that this information is sufficient to bound the
Lipschitz constant L of F* with respect to p, which should depend a-priori
on the whole spectrum of D?u. It is therefore possible to implement a local
perturbation procedure. The main result of Sect. 3 is the comparison principle
stated in the following theorem, under the hypothesis of continuity of f.

Theorem 1.1. Suppose that
(h0) Q is a bounded domain of class C? and f € C(Q).

If u is a C-semiconver subsolution of (2) and v is a C-supersolution of (2) in

Q (see Definition 2.7) such that u < v on 0L}, then
w<wv in Q.

We avoid the method of doubling of variables and follow the ideas of [3],
as the dependance of the equation on x is outside the elliptic operator F*.

Existence for the Dirichlet problem is considered in Sect. 4. It is well-
known that the geometry of the boundary plays an important role, as non-
existence of solutions or loss of boundary data is very likely to occur when deal-
ing with spectral equations (see for example [9,21]). We propose in Theorem
4.1 an existence argument which is based on the Perron’s method introduced
by Ishii; we adapt the version presented in [2], as the restriction to semicon-
vex subsolutions requires some modifications of the standard technique. An
additional assumption on the geometry of 92 guarantees that the solution ob-
tained by means of Perron’s method does not suffer of loss of boundary data;
to show this we adapt an argument of Da Lio [9].

In addition to the hypothesis on 02, existence of at least a subsolution
and a supersolution of the equation is needed. In Sect. 5 we state some condi-
tions that are sufficient for such requirements to be fulfilled. They involve the
size of Q (Proposition 5.1), the principal curvatures of 9Q and the prescribing
function f (Proposition 5.2); on the other hand, the boundary datum g can
be any arbitrary continous function. A full existence and uniqueness result for
(1) can be summarized in the following
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Theorem 1.2. Suppose that € is a C? strictly convex bounded domain and (2,
f e C(Q) satisfy
max{i,d—i+1}

-2
d . 2
QccizeR®: E xj<(mgxf|)

j=1
and
—kad—i(z) < f(x) < kKai—1(x) Ve o,
where ko 1(x) < --- < ko q_1(x) denote the principal curvatures of 0Q at

x € 00. Then, for all g € C(ON) there exists a unique viscosity solution (in
the sense of Definition 2.12) u € C(Q) of (1) such that u|sq = g.

Under particular circumstances, we show that the conditions we obtain
for existence are almost optimal, by relating (1) to prescribed Gaussian curva-
ture equations and exploiting known results of ill-posedness of the associated
Dirichlet problem.

We finally point out that the restriction to semiconvex subsolutions
slightly modifies the original problem, as we obtain comparison and existence
in the standard viscosity sense for the equation

max{—\; (D*u) — C, —F"(Du, D*u) + f} = 0.
We present an example of non-semiconvex subsolution of (1) (Example 2.6)

and a non-semiconvex solution which differs from the semiconvex one obtained
by our existence theorem (Example 5.5).

2. Preliminaries

Throughout this paper, Q will be a bounded C? domain of R?. We will denote
by S the set of d-dimensional symmetric matrices, by diag[D1,---, Dy] the
diagonal matrix with entries D1,...,Dg, by ko1(x) < ... < kg q-1(z) the
d — 1 principal curvatures of Q at z € 9 and by d(z) the distance function
from 0. We recall that, given u € C?((Q), the vector k[u](x) of (ordered)
principal curvatures of the graph of v at a point = € € is the vector of eigen-
values of the matrix A(Du(x))D?*u(x), where A is defined in (3). Note that
A(Du(x))D?u(z) has indeed d real eigenvalues: A(p) is positive definite and
its square root is

L (o prop
P(p) = 111/2(]9) <I v(p)(1 +U(p>)> °5

and A(Du(x))D?u(x) has the same eigenvalues of P(Du(z))D?*u(z)P(Du(z)),
which is of course symmetric.
We collect now some properties of A(p) and the operators F.

Lemma 2.1. For all p € R? we have A(p) € S and the vector of eigenvalues of
A(p) s

AA(P) = @2 (), v (p), -, v (p))-
Moreover, let K be a compact subset of R®. Then,
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1) (1/a)l < A(p) < I forallp e K,
ii) ||A(p) — A(r)|| < Llp —r| for all p,r € K,

for some a, L > 0.

Proof. Let p € RY, for some orthogonal matrix O we have
p@p=0""diag[0,...,0,[p]*]O,

so A(p) is equivalent to

1 2 1 1
L diag |1 1o P }diag[L...,L ]

v(p) IR ) L+ [pf?
1 1 1
= diag { ey , } . 4
T RRTORI] N
Then i) and ii) follow from the representation (4). O
Lemma 2.2. The operator —F* defined in (2) is (degenerate) elliptic and it
satisfies
; ; A1(P)
_Fi(p, M + P) < —Fi(p, M) —
(p ) (P, M) — 3 0

forallpeR?, MeS, P>0.
Proof. We have, forallpe R, M € S, P >0
— F'(p, M + P) = =\;(A(p)M + A(p)P)
A(P)
, (D
s P
using Weyl’s inequality (Theorem 4.3.1, [13]) for the first inequality and Os-

trowski’s Theorem (Theorem 4.5.9, [13]) for the second one, and recalling from
Lemma 2.1 that A\;(A(p)) = v=3(p). O

< —N(A(P)M) = M(A(p)P) < —Ni(A(p)M) —

Remark 2.3. We observe that, substituting P = rI in (5),
r
v3(p)

for all r > 0. Inequalities in (5) cannot be improved in general and v—3(p) — 0
as |p| — +oo. However, v~3(p) is bounded away from zero if |p| is bounded,
so in this case —F" becomes non-totally degenerate elliptic, see (7) in [1].

—F'(p,M +rI) < —F'(p, M) —

We define subsolutions of (2) in the standard viscosity sense:

Definition 2.4. u € USC(Q) is a (viscosity) subsolution of — F*(Du, D?u)+ f =
0 in Q if for all ¢ € C?(Q) such that u — ¢ has a maximum point at zq € Q
we have —F(Dg(x¢), D*¢(xq)) + f(x0) < 0.

In order to prove a comparison principle for Eq. (2), we need the concept
of C-semiconvexity; a semiconvex function is indeed locally Lipschitz, among
other properties that will be used (see, for example, [7]).
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Definition 2.5. A function u € USC(Q) is C-semiconvex in € if

~M(D?*u) —C <0 inQ
in the viscosity sense, namely if for all ¢ € C?(Q) such that u — ¢ has a
maximum point at 2o € Q we have —\;(D?¢(xq)) — C < 0.

Even if we will restrict ourselves to consider C-semiconvex subsolutions,
which enjoy nice regularity properties, there might be in general viscosity
subsolutions of (2) that are not semiconvex:

Example 2.6. Consider on Q = (—1,1)? C R? the function u(z) = —|z|"/2.
For all € > 0, let u. € C%(2) depending only on x; be such that

ue=u onQ\{|lx1] >€e} and wu.=wu(r;)<u on Q.
We have that
2 2 _ (uE).L T
F (Due,D Ug) = maX{we)lill)s/zyo} >0 on Qa
S0 u, is a subsolution of —F?(Du, D?u) = 0. Note that

u(x) = supuc(x) Vo € Q.
e>0
By standard arguments u* is a viscosity subsolution of —F?(Du, D?*u) = 0.
Moreover, u is continuous so u = u* and therefore u is a subsolution of the same
equation, but it is not C-semiconvex for any C' > 0 nor Lipschitz continuous.

As for supersolutions, we weaken the standard definition of viscosity su-
persolution, restricting the space of test functions.

Definition 2.7. A function u € LSC(Q) is a (viscosity) (C-)supersolution of
—FY(Du,D?*u) + f = 0 in Q if for all ¢ € C?*(Q) such that u — ¢ has a

minimum point at xg € € and
—C < M (D*¢(0))
we have —F(Dg(x¢), D*¢(xq)) + f(x0) > 0.

Definition 2.8. wu is a (viscosity) (C-)solution of (2) in € if it is C-semiconvex,
u is a subsolution of —F% 4+ f = 0 and u is a C-supersolution of —F? 4 f =0
in Q.

Remark 2.9. Note that u is a C-solution if and only if it is both a subsolution
and a supersolution in the standard viscosity sense of

max{—\;(D?*u) — C, —F(Du, D*u) + f} = 0. (6)

This is reminescent of the definition of sub/supersolution for Monge-Ampere
type equations in [2] and [14].

If u is a strict C-semiconvex viscosity solution of (6), then it is twice
differentiable almost everywhere due to Alexandrov Theorem and —\; (D?u) —
C < 0, thus —F%(Du, D?>u) + f = 0 holds a.e. (everywhere if u € C?()).
However, a C-solution w is not in general a standard viscosity solution of (2),
and vice-versa.
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We will solve the Dirichlet problem for (2) firstly the in viscosity sense
(see Sect. 7, [8]): given

g:00—R
let us define G': O xR x R4 x S - R as

i _—Fip, X) + f(z) ifzeQ,
G*(,m,p, X) = {r—g(m) if x € 00 (7)

Definition 2.10. u € USC(Q) is a (viscosity) subsolution of (G%), = 0 in Q if
it is a subsolution of —F*(Du, D?u) + f = 0 in Q and for all ¢ € C?(2) such
that u — ¢ has a maximum point at xg € 9 we have

min{—F"(D¢(x0), D*¢(x0)) + f(w0), u(z0) — g(wo)} < 0. (8)

Definition 2.11. u € LSC(Q) is a (viscosity) (C-)supersolution of (G*)* = 0 in
Q if it is a supersolution of —F*(Du, D?*u)+ f = 0 in Q and for all ¢ € C%(Q)
such that u — ¢ has a minimum point at zg € 92 and

—C < M (D?*¢(x0))
we have
max{—F"(D¢(xo), D*¢(x0)) + f(x0), u(wo) — g(w0)} > 0. (9)

Definition 2.12. A function u : Q — R is a discontinuous (viscosity) solution
of the Dirichlet problem G* = 0 in € if for some C' > 0 it is C-semiconvex in
Q, u* is a subsolution of (G*%), = 0 and wu, is a C-supersolution of (G*)* = 0
in Q.

A (viscosity) solution of G* = 0 is a discontinuous solution of the Dirichlet
problem G* = 0 in 2 such that u € C(Q) and

u=g¢g on Jf.

3. The comparison principle

In order to prove the comparison principle stated in Theorem 1.1, we need the
following a-priori estimate on the Lipschitz constant of F* with respect to p,
which depends on a bound on p itself and the first ¢ eigenvalues Aq,..., \; of
M.

Proposition 3.1. Let 1 <i <d, p€ R? and M € S be such that
A AMM) <. .<NM) <A, pl <K
for some K, A > 0. Then, there exists L = L(d,i, K,A) > 0 such that
Fi'(r,M) > F'(p, M) — L|p — |

foralllr| <K, |p—r|<1.
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Proof. Step 1. We may suppose that M is diagonal; indeed, there exists some
orthogonal O such that

M:O_lAOa A:dia’g[ﬂh..-,/LdL :u’j:)\j(M)) jzla"'7d7
where —A < p; < ... < p; <A, then
F'(p, M) = Ni(A(p)M) = X\i(OA(p)O~A) = X\i(B(p)AB(p)), (10)

with B2(p) = OA(p)O~! > 0; note that B has the same properties of A stated
in Lemma 2.1, i.e. there exist &, L > 0 depending on K such that
e (1/a)I < B(p) < I, for all |p| < K,
e |B(p) — B(r)|| < L|p — r| for all |p|, |r| < K.

Step 2. Thanks to the variational characterization of eigenvalues (Theo-
rem 4.2.11, [13]) and (10) we may write

Ai(A(p)M) = m: pex | min SSTB( p)AB(p)¢

= max min v"Av= max min E 5V ],
S€Si—i+1vEV,(S) S€Sq—i+1vEV, (S)

where S;_;4+1 denotes the family of (d — ¢ 4+ 1)-dimensional subspaces of R4
and V,(S) = {B(p)¢ : |€| =1, € S} for all S CRY, |p| < K.
Step 3. Let S € S;—;+1 be fixed, we prove that

= 11
UJ%I?S)ZW : %%2% i ay

where
W,(S) =V,(S)N{v : pjvl <iA4 (d—1)Aforalld—i+1<j<d}.
Indeed, let £ € S, || = 1 be such that
B(p)E=(...,0,0,...,0). (12)

——
d—i

In order to prove the existence of such f , we consider an orthonormal basis
{¢7} of S and € = Z ’+1 B;€7, where 8= (B, ..., Bd4—i+1) € R97L Then

d—i+1
2)& Y BBEE =(...,0,0,...,0)
T]jERd
/81771'1+1 + ﬂ277i2+1 4+ By l-‘rlm_,_ —itl _

Bing + Ban3 + + Ba—ipani T =o0.

The (homogeneous) system has d — ¢ equations and d — ¢+ 1 unknowns 3;, so
there exists a linear non-trivial subspace of solutions; we pick a solution 3 in
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order to have || = 1, and so 9 := B(p)¢ € Vp(S). Due to the particular choice
of ¥ we deduce

since [0;] < [0] = [B(p)é| < |B(p)|l < 1. Let now v € V,(S); if pjo? >
iA + (d — 1)A for some j such that d —i +1 < j < d, then

ZMJ 7= uivd + pjvd > —(d— DA +iA + (d — 1)A = iA,
J#J
and therefore (11) holds.
Step 4. We want to compare now \;(A(p)M) and \;(A(p+q)M), ¢ € R%.
We fix S' € Sy_it1; let S = B p+ q)B(p)S’ € Sy—it1 and v € W,14(S)
(that is v = B(p+ ¢)& for some £ € S, [¢] = 1). Set
,_ B p)B(p+q)¢ _ ,
CE BB TP
we have |[¢/| =1 and &' € 5/, so w € V,,(S"). Hence
1
YT BT WBo+ q)fIB(p tOL= (1o
for § = 8(p,q,&) = |B~Y(p)B(p + q)&| 1 — 1. It then follows that

d d d d
D omgvf =D pgwi =D (05— wi) (v +wy) = Y —py60;(2 + 8)v
j=1 j=1 j=1 J=1
= =02+ 6) Y ujv; > —C(d,i,A)d (13)

j=1
if |6] < 1, since v € Wp14(S5), so

Z,u] 7 72#]”] + Z ‘u]’U] <7'A+( )(2A+(d71)A)

J=i+1
We have then by (13)

d
Zuavy = Zugw ~Cbz i, > wu
and since v € Wp44(S) was arbitrarily chosen,
2 .
min >  min W
uew,,ﬂ(S)Zu 7= wEVp(S/);M] J
therefore

d
. 2

E W;v5 > min E wiwy — C6.

SGSd i+l 'UGW;D+{1(S) ! j ’LUGVP(S/)j_l o
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Being also S’ € S;y_;11 arbitrarily chosen we conclude

d d
max min E ,ujvf- > max min E ujw?- — (9,
SESa—i+1 vEW,4(S) S'€8q—it1 weV,(S) s

j=1
and the inequality A\;(A(p+q)M) > \;(A(p)M)— C4 follows using steps 2 and
3.

Step 5. We are left with the estimation of the constant 4. By the hypoth-
esis of Lipschitz continuity of B(p),

B(p+q)=B(p) + R, |R|| <Ll

if |p+ ¢| < K. Hence, for all &, [¢| =1,

1B (0)B(p + q)¢| =B~ (p)(B(p) + R)¢| = € + B~ (p) B¢

>1-|B ' (p)RE| > 1~ ||B~(p)R|| > 1 - Laql,
the last inequality because ||[B~!|| < & (see Step 1). Hence,
1+6 =B (p)B(p+q)é| " < (1 - Lalq])™" <1+ 2Lalgl,
so & < 2La|q|, which implies
Xi(A(p+q)M) > \i(A(p)M) — 2CLalg).

O

We are now ready to prove the comparison principle.

Proof of Theorem 1.1 Step 1. Suppose by contradiction that z € Q0 is a
maximum point of u — v. We choose ' CC € so that z € Q'; u is bounded
and C-semiconvex, so there exists a constant D > 0 such that

|Du(z)] <D Vze, (14)

almost everywhere (see, for example, Remark 2.1.8 [7]), and D depends on
C,supg |ul, dist(Y', 0€), where ' CC Q" c Q. Moreover, by Lemma 2.1, i)

(/o) < A(p) < ¥p| < D +1 (15)
for some o = a(D) > 0. Being A(p) Lipschitz uniformly on compact sets
(Lemma 2.1, ii)), it is true by Proposition 3.1 that for all p,q € R, M € S
satisfying
plld <D+1 —A<M(M) < < N(M) <A,
where A = max{C, amaxg |f| + 1}, there exists L’ depending on D, C' and
amaxg | f| only (so depending on w and f) such that
Ai(A(r)M) = Xi(A(p)M) — L'|p — 7|

for all |p|,|r| < D+1, |p—r| <1
Moreover, [18], Lemma 4.1 states that for all € > 0 there exists ¢ €
C>(R9) such that
i) u—v — 1 has a maximum in & € Q, where |Z — Z| < e.
ii) D?%y(Z) is negative definite and its eigenvalues satisfy —e < \;(D?9()) <
0 for all j.
iii) |Dy(z)| < eminy [\ (D% (7))].
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Pick € > 0 sufficiently small to have & € Q' and e < 1/(16aL’). Setting
é(x) = ¥(x) + |x — Z|*, the function u — v — ¢ has ¥ as the unique strict
maximum in . Set 6 := min; |\;(D?1(7))]/2, so

i) D?(z) < —61.

Let now v " be the inf-convolution of v:
. 2
v, (z) = glenﬂgd {v(&) + (u/2)lx — &} .

By standard arguments v,, is pi-semiconcave; moreover, there exists a sequence
pj — +oo such that the maximum points z,,, ofu—yw — ¢ satisty x,,;, — . By
continuity of D¢ and D?¢ we may choose j large enough such that properties
ii") and iii) are true also for Dé(z,,,) and D?¢(z,,, ); we may increase j so that,

w(1/my) < 4o (16)

where w is a continuity modulus of f (on ©’). For simplicity we set v = v,
and T =z,
Step 2. There exists a sequence t,, — 0 such that the function
z = u(r) —v(@) — () = (tm, )

has a strict maximum at z,, and z,, — Z. By Jensen’s Lemma (see Lemma
A3, [8]), we know that if » > 0 is sufficiently small there exists p > 0 such
that the set of maxima of

z — u(@) — () — ¢(x) = (tm, ) — (g, 2) (17)

in Br(zm), ¢ € B,(0) with p < p contains a set of positive measure. Due to
Aleksandrov’s Theorem (see, for example, Theorem A.2, [8]) u and v are twice
differentiable almost everywhere, therefore, for all p,r > 0 (small) we may
choose z = 2z, € B(zp,) and ¢ € B,(0) such that z is a maximum point of (17)
and u, v are twice differentiable. Note that Du(z) — Dv(z) —D¢(2) —t;,—q =0
holds, so (for € small enough)

|Du(z)| < D—i—BrI%ax) |Do| + p+ |to] < D + 1.

Moreover
D?u(z) < D*u(z) + D?*¢(2),

so —C'I < D%u(z) < —D?¢(2)+D?u(z) < D?v(z) by ii’) and C-semiconvexity
of u. Moreover, v is a C-supersolution of —F* + f = 0, and it is standard that
v is a C-supersolution of

—F'(Dv, D*v) + f(z) = w(1/p;),

therefore by the estimate on |Dv(z)[, (15) and Ostrowski’s Theorem (Theorem
4.5.9, [13]),

max [f| > f(z) = w(1/p;)
Q

> F'(Du(z), D*u(2)) = \i(A(Du(2)) D*u(2)) = (1/a)Ai(D%u(2)).
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We obtain, again using D?u(z) < D?v(z) + D?¢(z) and Weyl’s inequality
(Theorem 4.3.1, [13]), that
—C < M(DPu(2) < M(D2u(2)) < M(D?u(2) + D*6(2))
< Xi(D%u(2) + D*¢(2)) < amax |f| + Xa(D*¢(2)) Yk =1,....1,
Q

which implies —A < A\ (D?u(z2)) < A for all Vk = 1,...,i

Step 3. Finally, we let p,7 — 0 and m — +o0; being |Du(z,,)| and
|Dv(zm)| bounded, we extract a subsequence such that z,, — & and p, =
Du(2m) — D, @m = Dv(z,) — ¢. Setting X,,, = D*u(z,,) and Y,,, = D?v(z,,),
we have

—2.+ —2,—
(pmaXm) € JQ u(zm)v (Qm»Ym) € JQ Q(Zm)
Pm = dm + Do(zm) + o(1)
X < Yo + D?¢(2m)
_A S )\1(X'm) S CIE S Az()(rn) S A,
hence
Fi(p"’l/’Xm) Z f(Zm)

Therefore
Flm) + (/) 2 F(qm, Yin) = Ni(A@m)Ym) = Xi(A(@n)(Xm — D*¢(2m))
> Xi(A(gm) Xon) + M (= A(gm) D¢ (2m))
> Ni(APm) Xm) + Bm = F'(pm, Xim) + Bm = f(z2m) + B

( o(

where B, = —L'|Dé(21) + o(1)| + A1 (—A(qn ) D?¢(2,)). By the choice of €
R . o
1Dé(zn) + o(L)] — 1D6(@)] < e(2) < .
D2 (zn) = D*6(&) < 61 = = Algm) D*6(z) — =A@ D*6(&) > ~1,
simplifying we have
o o o
) > N T
V)2 B> b L=
for m large enough, which contradicts (16). O

4. Existence for the Dirichlet problem

We now state a general existence result for the Dirichlet problem for (2). Our
abstract assumptions are

(h1) There exist a C-semiconvex subsolution u of (G%), = nd a

0 in Q
bounded C-supersolution % of (G%)* = 0 in Q such that u < @ on

an
Q.
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(h2) The domain €2 is strictly convex and for all z € 9Q

lim inf [fFi (M, féDd(y) ® Dd(y) + O"(l ) + fly )]

yﬂm,a\O
i)} or
imi _ i (Rdw)toa(1) 1 py2 0a(1)
Jiminf [ F (A0 1 D24(y) + 20 4 £(y)] >0
and
lim sup [—Fi (M»%Dd(y) ® Dd(y) + Oa(l)) + fly )]
y—z,a\ 0
ii) { or
lim sup [—Fi (M,—élﬂd@) 00(1)) + fly )} 0,
y—x,a\,0

where 0,(1) — 0 as a \, 0 and d(z) denotes the distance function from
99 (which is C? in a neighbourhood of 9).

We need (h1) to have a well-defined Perron family and (h2) to guarantee
that there is no loss of boundary data for the solution of the Dirichlet problem,
that we will find in a generalized (viscosity) sense (Definition 2.12). We point
out that the boundary function g does not enter into (h2), which is just a
condition on the geometry of the boundary €2 and the datum f, coupled via
the elliptic operator —F".

Theorem 4.1. Suppose that (h0) and (h1) hold. Then, for every g € C(99)
there exists a discontinuous solution u of G* = 0 in Q. If also (h2) holds, then
u is the unique solution of the Dirichlet problem G* =0 in Q.

Before proving the theorem, we state a result that assures that some
inequality is satisfied if loss of boundary data for the Dirichlet problem (G*), <
0 happens. We borrow this result from [9], adapting the proof for our particular
definition of supersolution.

Proposition 4.2. Let Q be a strictly conver C* domain, g € C(Q) and u €
USC(Q) a viscosity subsolution of (G%), = 0 in Q (resp. LSC(Q) supersolution
of (GY* = 0) and suppose that u(zg) > g(xo) at g € ON (resp. u(xg) <
g(x0)). Then the following two conditions hold:

liminf [~ pi (242 L Dagy) @ Dd(y) + ) + fy)] <0

y—mf,‘,()z\‘o
liminf |~ F" (240220 L p2d(y) + 52 ) + f(y)] <0
Yy—T,x

(resp.
lim sup {—Fi (%ﬁ)“m,ﬁl)d( ) @ Dd(y) + )+f( )}
y—x,a\,0
limsup [~ (2240kee0) 1 pgy) 4 o=0) 1 fy)] > 0
y—x,a\0

), where 0,(1) — 0 as o\, 0.
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Proof. This is Proposition 3.1 of [9] if u€ USC() is a subsolution of (G?), =0.
If w is a supersolution the proof goes along the same lines, but since the
space of test functions is restricted we have to check that the test function

4
U(z) = —% + (@) is admissible (i.e. semiconvex, at least for o << €

and in a neighbourhood of z(); here o, e > 0 and ¢ is a negative smooth
function such that 1(t) — —oo as t — oo, ¥(0) = 0, ¢¥'(0) = —1, ¥"(0) = 1.
We take a minimum point = z o of u — ¥ on (. By direct computations

d(x)) () <d(x)> Dd(z)  Dd(x) , oc(1)

5 as e—0.
« « « « « €

D2¥(z) = (

a may be chosen small enough compared to e so that (o.(1)/€?) is also
(0a(1)/a) as a \, 0 (take for example a = €2). Moreover d(z)/a — 0 and
in particular ¢¥'(d(z)/a) = =1+ 04(1), ¥"(d(z)/a) = 1 + 04(1), hence

D?¥(x) = % [(1+ 0a(1))Dd(z) ® Dd(z) + a(—1 4 04 (1)) D*d(z) + 04(at)] -

We recall that by a change of coordinates (see [10], Lemma 14.17), Dd, D?d
have the form

. —hk1 —Rd—1
Dd(z) = (0,...,0,1) D%d(z)=d 0
(@)= (0.-..0.1) D¥(a) = ding | " 0]
where K1,...,Kkq_1 are the principal curvatures of 9S) at a point yy € 92 such

that d(z) = |z — yol; therefore

DQ\I}(x) = %diag[a(ﬁl +04(1)), .- 70‘(5d71 + Oa(l))7 1+ Oa(l)] >0

if o is small enough, as the curvatures k1,...,Kkq_1 are positive.

By hypothesis we have u(xzg) > g(xg), g is continuous and u(x) — u(xo),
so u(z) > g(z) if z € 9Q and « is small; U is therefore an admissible test
function, being convex in a neighbourhood of x, hence

—FY (D (z), D*¥(x)) + f(z) > 0.

Substituting D¥, D?¥ we take the limit as o \, 0 and use the ellipticity of
—F" to obtain the assertion (as in [9]). O

Proof of Theorem 4.1 As in [3], we implement the Perron’s method for
viscosity solutions with the variant of Da Lio [9], considering the boundary
conditions in the generalized viscosity sense. We define the Perron family

W= {w:u <w<u,wis a C — semiconvex subsolution of (G%), = 0},
which is non-empty by (hl), and define a candidate solution as

u(z) = sup w(z), z€.
wew
The fact that u* is C-semiconvex is standard, as it the supremum of a
family of C-semiconvex functions. Then u* € C(2), so u = u* in Q, but no
continuity is assured up to the boundary. Moreover, u* is a subsolution of
(G, =0 (see [9], Lemma 6.1).
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In order to prove that u, is a C-supersolution we use the usual method of
“bump” functions, arguing by contradiction: if u, fails to be a C-supersolution,
then it is possible to construct a function V. € W such that V. > u at some
point in Q. The proof is similar to the one of Theorem 6.1 [9], but some
care has to be taken since we have restricted the class of test functions for
supersolutions. Let then ¢ € C?(Q) be such that u, — ¢ has a global minimum
at z, —C < A\1(D?¢(%)), and

(G")"(2,u«(2), Dg(2), D*¢(2)) < 0.

Assume without loss of generality that u.(Z) = ¢(2) and u.(z) > ¢(z) for all
z € Q. We consider for all € > 0

Ve(2) = max{u(2), ¢e(2)},  ¢e(2) = b(2) + € = |z — z[*.

In order to conclude, we just have to show that V(z) is C-semiconvex. We have
that V. = u except perhaps in B(Z,el/4) and u is C-semiconvex. Moreover,
D2(|z — z[*) — 0 as z — z, and —C < A\ (D?*¢(z2)) for all z € B(z,2¢'/%)
if € is small enough by continuity of the second derivatives of ¢, so ¢, is C-
semiconvex in B(Z,Qel/ 4), possibly reducing e. It is then standard that the
maximum (considered in B(Z,2¢'/4)) between C-semiconvex functions is C-
semiconvex. Therefore u, is a C-supersolution of (G)* = 0, and the first
assertion of the theorem is proved.

If also (h2) holds, then (8) and (9) reduce to u* < g and u, > g on
the boundary 002 by Proposition 4.2, so there is no loss of boundary data. By
Theorem 1.1 we can conclude that u* < u, on €, and so v = u* = u, by the
definition of envelopes. Then u € C(Q) and u = g on 9.

Through a standard argument, uniqueness for the Dirichlet problem fol-
lows using the comparison principle stated in Theorem 1.1. O

5. Some sufficient conditions for existence and uniqueness

We shall look now for sufficient conditions for (h1), (h2). Let us define the sets

k
FkR:: méRd:Zx?<R2 ,
j=1
R>0and k=1,...,d. Note that
rfcrf, c...crf,
and that only '} is bounded.
The next proposition shows that if €2 is contained in T'ff, for some suitable

k, R depending on f,i, then it is possible to write explicitly a subsolution and
a supersolution of (G*), = 0.

Proposition 5.1. Suppose that |f(z)| < M on Q for some M > 0, g is bounded
on 02 and § is a domain such that

Qccrk, (18)
where R = M~' and k = max{i,d — i+ 1}. Then, (h1) holds.
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Proof. As a subsolution, we take

which is well-defined since (18) holds; we set C = infsg g. Then u € C?(Q),
and a computation yields

~Fi(Du(a), DPu(e)) + () =~ + f(2) 0

for all z € €, so u is a (classical) subsolution of —F*(Du, D*u) + f = 0 in (.
Moreover it is convex, so it is C-semiconvex for all C' > 0. Finally,

u(z) < C=infg < g(z)

for all x € 99, so u is a C-semiconvex subsolution of (G*). = 0.
As a supersolution,

C = supyq g- Similarly,

—FY(Du(z), D*u(x)) + f(x) = % + f(x) > 0.

for all x € Q, so u is a classical supersolution of —Fi(Du,QQu) +f=0in
€, and thus it is a bounded C-supersolution of (G*)* > 0 in 2, satisfying also
u < U. O

We now state a sufficient condition on f and the principal curvatures of
o for (h2).

Proposition 5.2. Suppose that Q is a strictly conver C? domain and f € C(Q).
Let ko1(x), ..., kada—1(x) be the principal curvatures of 0 at x € 90 and let
RQ,0 = 0. If

—Kgd-i(z) < f(z) < kKoi-1(x) Vo€ o, (19)
then (h2) holds.

Proof. We recall that principal curvatures are rotationally invariant, and by a
change of coordinates ([10], Lemma 14.17), Dd, D?d have the form
Dd(y) = (0,...,0,1),

—k0,1(Y) —k0,d—1(7)
1—ko1(y)d(y) 71— koa-1(y)d(y)’

D?d(y) = diag 0,
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where § € 99 is such that |§ — y| = d(y). By computation,

Fi <Dd(y);» Oa(l)’ éDQd(y) 4 (%ta(l)>

(I —Dd(y) ® Dd(y) +0a(1) , 12
- L (D) +0,(1) )

— \(diag[—kq.1(x), ..., —ka,d-1(2),0]) = —Kka,q—i(x)

as o« — 0 and y — z (so y — z). Hence

lim {Fi (M(Z/)JF%(U

y—z,a\0 «

1 5 0a(1)
a0+ ) 4 p)
= ko,a—i(z) + f(z) > 0,
and (h2), i) is proved.
Similarly,

o (DA D) Ly onl)

(%

B I — Dd(y) @ Dd(y) + 0a(1)
=\ ( o)) (—D%d(y) + oa(l)))

— Ai(diagl0, ka1 (), ..., ko,d—1(2)]) = kai—1(x),

SO
. i —Dd(y) +o0,(1) 1 0a(1)
yqlggg\o [F <a’ *aDzd(Z/) + a) + f(y)]
= —KQ,i_l(]J) + f(x) < O,
that leads to (h2), ii). O

Proof of Theorem 1.2. By the two Propositions 5.1, 5.2 we have proved
and Theorem 4.1, we are able to conclude that the existence and uniqueness
statements of Theorem 1.2 hold. O

We now show that, for the case ¢ = 1 condition (19), which becomes
—ka,d-1 < f < 0, turns out to be almost optimal for the solvability of the
Dirichlet problem, at least considering classical solutions. Indeed, it is solvable
if f is negative at the boundary and does not admit any solution if f is positive
or going to zero slowly enough.

Proposition 5.3. Let Q be a C? uniformly convex domain in R* and f be a
positive function on § satisfying

f(x) > ed’(z) Vo€ N,

where N, is a neighbourhood of some point y € 9Q,¢ > 0 and b < 1/d.
Then, there exists a function g € C*°(9) for which the Dirichlet problem for
FY(Du, D*u) = f is not solvable for conver u € C(2) N C?().

Proof. Suppose that u € C(Q)NC?(Q) solves 1[u] = F*(Du, D*u) = f (recall
that x;[u](x) denotes the jth curvature of the graph of w at a point ) in N,
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and u = g for some g that will be constructed later. Then, u is convex. Indeed,
f >0, and therefore D?u has to be non-negative on €. Moreover,

det D2u(x
i+ |Du(x)|2()<21+2)/2 = mafu)(2) mofu](2) - Kalu)(2)

€

> (mful(@)" = ()" = (5

) ), (@)

for all z € N (y), so
det D2u(z) = F(z, Du) > (%)ddbd(x) (1+ |Du(z)2)m+2/2, (21)

We now exploit a non-existence result for the Dirichlet problem for the pre-
scribed Gaussian curvature equation. Theorem 1.3 of [21] states that if bd < 1
(that is true by hypothesis), then there exists g € C°°(0€) for which the
Dirichlet problem for (21) is not solvable for convex u € C(Q) N C%(Q). For
that boundary data ¢ is then impossible to solve the Dirichlet problem for
k1u] = f. O

Remark 5.4. In the last proposition, we applied the observation that if u is
a subsolution of the prescribed first curvature equation, i.e. —ki[u] + f =
—FY(Du,D?)+ f <0 and f > 0, then u is also a subsolution of a prescribed
Gaussian curvature equation, namely

det D?u > f (1 + |Du|?)4+2)/2,

If ¢ = 1 it is easy to derive a necessary condition for existence of a solution
of (2), at least if f > 0, using standard knowledge on the Gaussian curvature
equation. Indeed, suppose that u is a viscosity solution of ki[u] > f on Q
(i.e. a subsolution of k1[u] = f), then u has to be (strictly) convex on 2 since
D?u > 0 (in viscosity sense). Therefore

det D?u(x)
L+ 1Du() P

a.e. on 2. By integrating and through the change of variables z = Du(z) (Du
is one-to-one) we get

= w1[u)(@) - kU] (2) 2 (mafu)(2)) = (f(2))"

1
/Q(f(sc))dda: < /Rd Wdz. (22)

This shows that, in space dimension one, the geometric condition (18) on
Q becomes (nearly) optimal: let d = 1 and Q = (—a,a) for some a > 0 and
f =M >0. Then (18) is

1 1 1
(oo cerf = (-3731)-

i.e. a < 1/M, and the necessary condition (22) reads

a o 1
2Ma:/_aM</_oo(1+x2)3/2dm:27

that is a < 1/M.
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We end the section with an example which shows that there exist stan-
dard viscosity solutions and C-solutions (see Definition 2.12) of the Dirichlet
problem for (2) that do not coincide. General existence (and uniqueness?) of
solutions in the standard viscosity sense and for functions u which are not
necessarily semiconvex is at this stage an open problem.

Example 5.5. Suppose that d =4, i =2, Q= B1(0), f =0 and

9(x) = (sgn(z1) V1 = (|21 = 1)*) o, (0)-

Theorem 4.1 guarantees the existence of a convex solution of (2), indeed @ = 1
and u = —1 satisfty (h1). Moreover, (h2) holds because of Proposition 5.2
(ko1 = ka2 =kaos=1and —kg2 <0 < ko 1); (hO) is easily satisfied.

Consider now u(z) = sgn(z1)y/1 — (Jz1] — 1)2. It satisfies the Dirichlet
boundary conditions and it is a standard viscosity solution of (2), but it is not
convex (nor C-semiconvex for all C' > 0); indeed, if 21 # 0 then wu is twice
differentiable at x and F?(Du(z), D*u(x)) = A2(diag[c,0,0,0]) = 0, where
c=—1ifzy >0and ¢ =1 if z; < 0. If 1 = 0 there are no test functions
¢ such that u — ¢ has a maximum or a minimum at z, so the definition of
viscosity sub/supersolution is satisfied trivially.
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