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1. Introduction

In this paper, we establish a localized translation technique on a Riemannian
manifold M, which induces a family of parameter-dependent diffeomorphisms
acting on tensor fields over M. The background manifolds of geometric interest
to us are called uniformly regular Riemannian manifolds, a concept introduced
by Amann in [4,5]. These manifolds may be non-compact.

In some publications, regularity of solutions to partial differential equations is
established by means of the implicit function theorem in conjunction with a
translation argument, see for example [8,21,22,36]. More precisely, one intro-
duces parameters representing translation in space and time into the solution of
some differential equation. Then we study the parameter-dependent equation
satisfied by this transformed solution. The implicit function theorem yields the
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smooth dependence of the solution to the parameter-dependent problem upon
the parameters. This regularity property is inherited by the original solution.
An advantage of this technique is reflected by its power to prove analytic-
ity of solutions to differential equations, which is not approachable through
the classical method of bootstrapping. We first consider the usual translation
(t,z) — (t+ A\, x + p) involving both spatial and time variables. However, the
global nature of this transformation creates a barrier to applying it to functions
over manifolds. So we desire an alternative that only shifts the variables “lo-
cally”, which empowers us to define the translation in some local chart without
changing the value of the functions outside. The idea of a localized translation
is first put to use in [20] to study regularity of solutions to elliptic and para-
bolic equations in Euclidean spaces. The basic building block of [20] is rescaling
translations by some cut-off function so that they vanish outside a precompact
neighbourhood. The results therein break down the aforementioned barrier and
thus enable a local action ©) ,, with parameters (A, 1) € R x R™ to be defined
on a manifold M, which induces a parameter-dependent diffeomorphism ©3
acting on functions, or tensor fields, over M. Throughout, M always denotes an
m-dimensional uniformly regular Riemannian manifold, and for any interval
I containing 0, I := I\{0}. For any topological set U, U denotes the interior
of U. In the case that U consists of only one point, we set U := U. The main
result of this paper can be stated as follows:

Theorem 1.1. Let k € N U {oo,w} with w being the symbol for real analyt-
icity. Suppose that M is a C*-uniformly reqular Riemannian manifold, and
w e BO(I x M). Then u € C*(I x M) iff for any (to,p) € I x M, there exists
r =r(tg,p) > 0 and a family of corresponding parameter-dependent diffeomor-
phisms {©3 , : (A, 1) € B(0,7)} such that

[(A, 1) = O3 ,u] € C*(B(0,r), BC(I x M)).

Suppose that u is the solution to some differential equation. As we will see
in the following, maximal regularity theory established in [44] along with an
implicit function theorem argument allows us to obtain the smooth depen-
dence of the solution ©F ,u to some parameter-dependent problem upon the
translation parameters. Theorem 1.1 then avails us in acquiring regularity of
the solution u to the original differential equation.

There are two types of geometric evolution equations stimulating my interest
in developing the aforementioned technique. First of them is the evolution of
metrics via certain differential equations. One of the most famous and repre-
sentative examples among them is the Ricci flow:

Org = —2Re(g), 9(0) = go, (1.1)

where Re(g) is the Ricci tensor with respect to the evolving metric g and g
is the initial metric. The study of this equation is initiated by Hamilton in his
groundbreaking paper [27]. It serves as the primary tool in Perelman’s solu-
tion [40,41] to the Poincaré conjecture. Many other authors also contribute
to this subject from different perspectives, see [13,14,37]. Hamilton in [27]
proves short-time existence of a smooth solution to the evolution Eq. (1.1)
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with smooth initial data gg. But his formulation of the problem loses parabol-
icity, and the proof is based on the Nash-Moser theorem. Shortly afterwards,
DeTurck [16] modifies this equation to be parabolic by removing the symme-
try caused by the invariance of the Ricci tensor under diffeomorphisms, which
forces the original equation to be weakly parabolic. The investigation into an-
alyticity of solutions commences with a result of Bando [9] showing that, for
0 < t < T with some positive T', the manifold (M, g(¢)) is real analytic in nor-
mal coordinates with respect to g(t). On non-compact manifolds, Kotschwar
[33] proves a local version of Bando’s theorem without a global bound of the
Riemannian curvature tensor. A temporal analyticity result is stated in [34].
The author also shows a local time-space analyticity result in normal coor-
dinates therein. In Sect. 4, we will see that solutions to the Ricci-DeTurck
flow

Oig = —2Re(9) + Lw,g9,  9(0) = go, (1.2)

enjoy joint analyticity in time and space for any initial metric in the class
C?+o with respect to a fixed atlas. Here Lyw,g denotes the Lie derivative of
g with respect to a vector field W, see Sect. 4 for a precise definition. Based
on this result, we will present an alternative proof for the time-analyticity of
solutions to the Ricci flow, which is shorter than the one for [34, Theorem 1].
We shall point out that, with an arbitrary C“-atlas, spatial analyticity of
solutions to (1.1) with smooth initial metric in general cannot be true. Indeed,
if g is an analytic solution to (1.1) with go smooth, then for every smooth,
but not analytic, diffecomorphism ¢ : M — M, ¢*g solves (1.1) with smooth
initial metric ¢*gg. However, in general, ¢*¢g is not analytic. This observation
suggests that in order to prove the spatial or joint analyticity of the solution g
with arbitrary fixed atlas, we should expect the initial metric gy to be analytic
as well.

The second type of geometric evolution equations deals with the deformation
of manifolds I'(t) driven by their curvatures, including the surface diffusion
flow

V(t) = —Apw Hrw), T(0) =T, (1.3)
and the averaged mean curvature flow
V(t) = Hr@) — hrw), T'(0) =To, (1.4)

where V(t) and Hr(;) denote the normal velocity and the mean curvature of
I'(t), respectively. hp(; stands for the average of Hp) on I'(t). Meanwhile,
Ar(t) is the Laplace-Beltrami operator on I'(t). Existence and uniqueness of
a local smooth solution to Eq. (1.3) has been established by Escher et al.
in [17]. Later, it is proven by Escher and Mucha [18] that this result admits
initial surfaces in Besov spaces. Existence results for initial surfaces with lower
regularity are obtained in [32] for graph-like hypersurfaces. Results concerning
lifespans of solutions to (1.3) can be found in [17,46,47]. The reader may refer
to [35] for a more detailed historical account of this problem.

The averaged mean curvature flow is introduced by Gage [25] and Huisken [28].
In [28], the author proves global existence of smooth solutions for a smooth,
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uniformly convex initial surfaces. This constraint on the initial data is later
loosed by Escher and Simonett [23] to admit any initial surface in C1**. The
prototype of (1.4), the (unaveraged) mean curvature flow, which is obtained
by removing the term hp( in (1.4), is first studied in the pioneering work of
Brakke [11]. Like Eq. (1.4), solutions to the mean curvature flow smooth the
initial data immediately. A core theme in the study of the mean curvature
flow is to investigate the development and structure of singularities, see e.g.
[20-31,48,49]. Similar to the Ricci-DeTurck flow, it will be shown in Sects. 5
and 6 that solutions to the three above-mentioned equations are indeed real
analytic jointly in time and space.

Section 2 is of preparatory character, wherein we introduce some basic concepts
and properties of function spaces and tensor fields on a uniformly regular Rie-
mannian manifold M. They serve as the stepstone to the theory of differential
equations on M, see [4,5,44] for related work.

Section 3 plays a central role in this paper. Therein we introduce the aforesaid
parameter-dependent diffeomorphism technique. A major obstruction of bring-
ing in the localized translations on M lies in how to introduce parameters so
that the transformed functions and differential operators depend ideally on the
parameters as long as the original functions and operators are smooth enough
around the “center” of the localized translations. Thanks to the discussions
in [44] and Sect. 2, we can set up these properties based on the prototypical
results in [20].

Although in this paper our discussion is restricted to geometric evolution equa-
tions on compact manifolds, the reader should be aware that the techniques
herein, as is shown in [44] for the Yamabe flow on non-compact manifolds, also
apply to equations on general uniformly regular Riemannian manifolds.

We mention that the method to combine the implicit function theorem and
translations to study regularity of solutions to parabolic evolution equations
on compact manifolds is also addressed in [19] by Escher and Prokert. In their
work, the authors first construct a family of global real analytic vector fields.
The induced one-parameter group of diffeomorphisms plays the same role as
@i{,u in this paper. It is known that the existence of such a one-parameter
group is valid on compact manifolds, but is not guaranteed in general.
Assumptions on manifolds: We list some geometric assumptions on the Rie-
mannian manifolds treated in this paper. They provide the basis for analyzing
function spaces and tensor fields on manifolds. This work is originally ad-
dressed in [4,5].

Let (M,g) be a C*°-Riemannian manifold of dimension m with or without
boundary endowed with g as its Riemannian metric such that its underlying
topological space is separable and metrizable. An atlas 2 := (O, ¢y )xeg for
M is said to be normalized if

(0.) = B™, 0,.CM,
Pl B™ NH™, O, NdM £ 0,

where H™ is the closed half space RT x R™~! and B™ is the unit Euclidean
ball centered at the origin in R™. We put B™ := ¢,.(0,) and 1, := ¢, !.



Vol. 22 (2015) Parameter-dependent diffeomorphisms and applications 49

The atlas 2 is said to have finite multiplicity if there exists K € N such that
any intersection of more than K coordinate patches is empty. Put

N(k) :={ner:0,Nn0, #0}.

The finite multiplicity of 2 and the separability of M imply that K is countable.
If two real-valued functions f and ¢ are equivalent in the sense that f/c < g <
cf for some ¢ > 1, then we write f ~ g.

An atlas 2 is said to fulfil the uniformly shrinkable condition, if it is normalized
and there exists 0 < r < 1 such that {¢,(rB*) : k € R} is a cover for M.
Following Amann [4,5], we say that a manifold (M, g) endowed with an atlas 2
is a C°°-uniformly regular Riemannian manifold, or simply uniformly regular
Riemannian manifold, if

(R1) 20 is uniformly shrinkable and has finite multiplicity.

(R2) ||y 0 ¥illk,00 < c(k), k € R, n € N(kK), and k € No.

(R3) ©¥%g ~ gm, k € R. Here g,, denotes the Euclidean metric on R™ and %g
denotes the pull-back metric of g by 1.

(R4) |[¥%gllk,00o < c(k), k € R and k € Ny.

Here [[ul[r,00 := max|q|<p [[0%u]|o0, and it is understood that a constant c(k),
like in (R2), depends only on k. Ny is the set of all natural numbers including
0. An atlas 2 satisfying (R1) and (R2) is called a uniformly reqular atlas. (R3)
reads as

\§|2/c <rg(z)(E,€) < c|§|27 for any x € B', £ € R™ and some ¢ > 1

uniformly in k. In particular, any compact manifold is uniformly regular. The
reader may consult [6] for examples of uniformly regular Riemannian mani-
folds.

Given any Riemannian manifold M without boundary, in virtue of a result
of Greene [26] stating that there exists a complete Riemannian metric with
bounded geometry on M, we can always find a Riemannian metric g. making
(M, g.) uniformly regular, see [26, Theorem 2’| and [39, Remark 1.7]. However,
this result is of restricted interest, since in most of the PDE problems, we are
forced to work with a fixed background metric whose compatibility with the
metric g. is unknown.

A uniformly regular Riemannian manifold M admits a localization system sub-
ordinate to A, by which we mean a family (7., (x)xeq satisfying:

(L1) 7, € D(04,[0,1]) and (72),eq is a partition of unity subordinate to 2.
(L2) Cu i= ¢ with ¢ € D(B™, [0, 1]) satisfying that Clawpp(psr,) = L, % € &
(L3) 1YEmellk,o0 + [I€]k,00 < c(k), for k € R, k € No.

The reader may refer to [4, Lemma 3.2] for a proof. If, in addition, the atlas

2 and the metric g are real analytic, we say that (M, g) is a C*-uniformly
regular Riemannian manifold.

Lastly, for each k € N, the concept of C*-uniformly regular Riemannian man-
ifold is defined by modifying (R2), (R4) and (L1)—(L3) in an obvious way.
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Notations: Let K € {R,C}. For any open subset U C R™, we abbreviate
§°(U,K) to §*(U), where s > 0 and § € {bc, BC, W), Hp}. The precise defin-
itions for these function spaces will be presented in Sect. 2. Similarly, F*(M)
stands for the corresponding K-valued spaces defined on the manifold M.
Let || - [[ocs | Is,000 I lps I [[s,p and || [|zzs denote the usual norm of the Ba-
nach spaces BO(U), BC*(U), L,(U),W;(U), H;(U), respectively. Their coun-
terparts on M are expressed by ||-||¥ with ||-[|5 being any of the norms defined
on U.
The notation 7°M stands for the C°°(M)-module of all smooth sections of
the (o, 7)-tensor bundle T2M := TM®? @ T*M®7 for o,7 € Ny, where TM
and T*M denote the tangent and the cotangent bundle of M, respectively. For
abbreviation, we set J7 := {1,2,...,m}?, and J7 is defined alike. Given a
coordinate v = {xl,... 2™}, (i) := (i,...,i,) €J7 and (j) == (j1,...,jr) €
J7, we set
0 0 0 - - ;

52 = B2 R ® Fais dzV) = da @ - @ da’7.
The local representation of a € 7.7 M with respect to these coordinates is given
by

ERON’ 0 SRR C) e
@ = ag) 50 @dz?’,  with ay € CF(0y).
For any two Banach spaces X,Y, X = Y means that they are equal in the
sense of equivalent norms. The notation Lis(X,Y’) stands for the set of all
bounded linear isomorphisms from X to Y.

2. Function spaces on uniformly regular Riemannian manifolds

In Sect. 2, we will review some prerequisites on function spaces and tensor
fields over uniformly regular Riemannian manifolds. These materials are de-
veloped by Amann in [4,5] for weighted sections of tensor fields defined on
manifolds with “singular ends” characterized by a “singular function” p €
C*° (M, (0,00)). Such manifolds are uniformly regular iff the singular datum
p ~ 1m. The work therein has been employed to establish continuous maximal
regularity on uniformly regular Riemannian manifolds for parabolic differential
operators in [44]. T will state the definitions and some properties of these spaces
without giving proofs. The reader may refer to the aforementioned references
in this paragraph for details.

Let (M, g) be a uniformly regular Riemannian manifold. The extension of the
Levi-Civita connection on 77M is denoted by V = V. Set V; := V,, with
0; = % The generalized metric g7 on T2 M is still written as (-|-)4. Meanwhile
(+]-)g stands for the induced contravariant metric. In addition,

|-lg: TIM = C=(M), a—/(ala),

is called the (vector bundle) norm induced by g.
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Henceforth, we assume that V' is a K-valued tensor bundle on M, i.e.,
V=V = {T7M, ()¢}

for some o, 7 € Ny, and

E=EJ = {K™"™ (-]},
where (a|b) :=trace(b*a) with b* being the conjugate matrix of b. By setting
N = m°*" | we can identify §°%(M, E) with §¥(M)". The notation T'(M, V)
stands for the set of all sections of the (o, 7)-tensor bundle.
Throughout the rest of this paper, we always assume that

e (M, g) is a uniformly regular Riemannian manifold.
e s>0,and 1 < p < 0.
o (7x, () resg 18 a localization system subordinate to 2.
e 0,7 €Ny, V=V7:={TM,(-]),} and E = E? := {K™">*™" (-|)}.
For K C M, we put R :={rk € R: 0, N K # (}. Then, given k € R
X = {Rm if k€ R\Rawm,
"1 H™  otherwise,

endowed with the Euclidean metric ¢,,. Given a € I'(M, V'), we define ¢} a in
E as
Wia= [agﬂ . with (i) €I, (j) el

Here [aE;))] stands for the (m? x m”)-matrix with ag?) in the ((), (j)) position,
and (i), (j) are arranged lexicographically. Next we define:

Rz : Ll,loc(Ma V) - Ll,loc(XmE)a ur— ¢:(7Tnu)7
and

,R'/{ : Ll,lOC(XK)E) - Ll,loc(Mav)a Vg — ’/T/{(P:;'Un~

Here and in the following it is understood that a partially defined and com-
pactly supported tensor field is automatically extended over the whole base
manifold by identifying it to be zero sections outside its original domain. More-
over, let

Rc . Ll,loc(Mav) - Ll,loc(Xv E)a U = (Riu)na
and
R: Ll,lOC(X7 E) - Ll,lOC(Mvv)v (UK)H — ZRHUK

with Ly 10¢(X, E) := [],. L1,10¢(Xs, E). Let A be a countable index set and E,
be Banach spaces for o € A. Then we put E := [, F,. We endow E with the
product topology, that is, the the coarsest topology for which all projections
prg : E— Eg, (ea)a — €p are continuous. For 1 < g < oo, we denote by [,(E)
the linear subspace of E consisting of all = (x,,) such that

_ [(EalwalE)M 1< <o,
BT Lsupg [lzalle.,  g=o0

is finite. Then [,(E) is a Banach space with norm || - [|;, ()

[
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For § € {bc, BC,W,,, H,}, we put §° := [[,. §;., where F; := §°(X,, E).
Throughout the rest of this subsection, let k€Ny. The Sobolev space W;(M, V)
is defined as the completion of D(M,V) in Lj ;0.(M, V) with respect to the
norm

k »
I 1 = (Z |||V‘ug||§> :
i=0

Note that W7 (M, V) = L,(M, V). The Bessel potential spaces are defined by

means of interpolation

(WrM, V), WS (M, V)] fork<s<k+1,
Hy(M, V) := ¢ [y (M, V), Wit M V)], for s =k €N,
L,(M, V) for s = 0.
Here [+, -]o is the complex interpolation method [2, Example 1.2.4.2]. In partic-
ular, by [4, Corollary 7.2(i)], HZ’f(M, V)= VV;“(M7 V), for k € Ny. Analogously,
the Sobolev-Slobodeckii spaces are defined as

WM, V) = (WHM, V), V), WE(MV))sop, k<s<k+]1,

where (-, -)g,p is the real interpolation method, see [2, Example 1.2.4.1] and [45,
Section 1.3].

Proposition 2.1. Let § € {W,,, H,}. Then R is a retraction from 1,(F*) onto
F(M, V), and R€ is a coretraction.

For k € Ny, we define
BCH*M,V) = ({u € C*(M, V) : [Jullfl s < oo}, |- [[}a) »

where Hu||2/'(><> = maxo<i<i|||Vtlglloo-
We also set

BC™(M,V) :=(BC*M,V)
k

endowed with the conventional projective topology. Then
bc®(M, V) := the closure of BC™ in BC*.

Now the Hélder spaces BC*(M, V) of order s for some k < s < k + 1 with
k € Ny are defined by

BC*(M,V) := (bc"'(M,V),bck“(M,V))ka’oo.
We define the little Holder spaces by

bc® (M, V) := the closure of BC®(M,V) in BC*(M, V).
We denote by

loo,unif (bck)
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the linear subspace of lo(BC*) of all u = (u,), such that d*u, is uniformly
continuous on X,; for |a| < k, uniformly with respect to x € K. Similarly, for
any k < s < k+ 1, we denote by

loo,unif(bcs)
the linear subspace of loo’unjf(bck) of all w = (uy), such that

lim max [0%u,]%_ =0
5§20 |a|:k[ l‘i}s k00 )

uniformly with respect to s € & Here the seminorm []  for 0 < s < 1 and
0 < 0 < oo is defined by

[u(-+h) = u()lloo

) 00
U = sup y o Lls,e0 == .
[ ]s,oo hG(O,é)m |h‘5 HSOO Hs,oo
Proposition 2.2. R is a retraction from I,(F°) onto F(M,V) and R° is a
coretraction. Here b = “c0” for § = BC, or b= “co, unif” for § = bc.

In the following proposition, (-, -)2700 is the continuous interpolation method.

See [2, Example 1.2.4.4] and [36, Definition 1.2.2].

Proposition 2.3. Suppose that 0 < 0 < 1,0 < sy < s1 and s = (1 —6)so + 0s;.

Let § € {W,, H,} and B € {bc, BC}. Then for s ¢ N except in (b)

(a) (SSO(M’ V),?{Sl(M, V))G,p = W;(M7 V)'

(b) [SSO(M7V)7381(M7V)]9 = H;(M7V)} 50,51 € I\IO when 3 = Wp-

(c) (B*©(M,V), B (M,V))g0c =BC*(M,V), 50,51 ¢ Ny when B = BC, or
S0, 51 € Ng when 2B = bc.

(d) (bCSO(M,V)7bCSI(M, V))g,oo = bCS(M,V), S0, S1 ¢ N(], or Sp,S1 € Np.

Proposition 2.4. The following embedding results hold for function spaces over
M. Fort>s>0

(a) §(M, V) <5 §5(M, V), where § € {W,, H,, bc}.
(b) (M, V) 4 B°(M, V), where {§,B} € {(BC,be), (Hp, Wp), (W,, Hp)}.
Assume that V; = V77 = {T7'M, (-|-)4} with j = 1,2,3 are K-valued tensor
bundles on M. By bundle multiplication from V; x V5 into V3, denoted by
m:VixVo— Vs, (vi,02) = m(v1,02),
we mean a smooth bounded section m of Hom(V; ® Vs, V3), i.e.,
mEBCOO(M,Hom(Vl ®‘/2,V3))7 (21)
such that m(vy,v2) := m(vy ® va). Its point-wise extension from I'(M, V1 & V3)
into I'(M, V3) is defined by:
m(v1,v2)(p) := m(p)(v1(p), v2(p))
for v; € T(M,V;) and p € M. We still denote it by m.
Proposition 2.5. Let V; = V77 = {T7'M, (:]-)g} with j = 1,2,3 be tensor

bundles. Suppose that m : Vi x Vo — V3 is a bundle multiplication. Then
[(v1,v2) — m(vy,v9)] is a bilinear and continuous map for the following spaces:
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(a) BC*(M,Vy) x §° (M ) — SS(M Vs), wheret > s >0, §F € {W,, Hp}.
(b) BCK(M, V1) x WE(M,V,) — WE(M,Vs), where k € No.
(c) (M, V1) x §*° (I\/I 2) — F(M, V3), where s > 0, § € {bc, BC}.

3. Parameter-dependent diffeomorphism

This section is designated to develop a family of parameter-dependent diffeo-
morphisms {©3 , : (A\,p) € B(0,r)} acting on tensor fields and differential
operators. This family is induced by a truncated translation, and g and A de-
note translation in time and space, respectively. Escher et al. in [20], introduce
a parameter-dependent technique to study regularity of solutions to parabolic
and elliptic equations in Euclidean spaces. An important observation is that
the results therein extend well to E-valued function spaces. We will employ
this technique to establish the family ©% , on a uniformly regular Riemannian
manifold. The applications in later sections will prove it a very beneficial tool
in the analysis of regularity of solutions to parabolic differential equations on
manifolds, especially in proving analyticity of solutions.

3.1. Definition and basic properties
Suppose that (M, g) is a uniformly regular Riemannian manifold equipped
with a uniformly regular atlas 2. Given any point p € M, there is a local
chart (Oy,,¢x,) € A containing p. Let z; := ¢, (p) and d := dist(zp, OB ).
Henceforth, B(z,r) always denotes the ball with radius r centered at z in
R™. The dimension n of the ball is not distinguished as long as it is clear
from the context. We construct a new local patch (O,,¢,) around p such that
=y, (B(zp,d)), and p,(q) := w for ¢ € Ox,. Then ¢,(p) =0 € R™,
ch(OL) B™. The transition maps between (O,,,) and (O, ¢x,) satisfy
@Y, © ¢ﬁp S Cw N BCOO(B(xmd)vBm)) Spfip o ,(/)L S Cw N BCOO([BM,B(l‘p,d))
(3.1)
More precisely, ¢, 0 by, (y) = L5372, @r, 0 ¥, (x) = xd + x, with 2 € B™,y €
B(zp, d).
Note that the atlas A := (O, ¥&)zc 5 = AU(O,, ¢,) remains uniformly regular.
Choose g¢ > 0 small such that 5eg < 1 and set

B; :=B"(0,ig9), fori=1,2,..,5.

We may assume that ¢|p, = 1. Choose two cut-off functions on B™:
e X € D(By,[0,1]) such that x|z, = 1. We write x, = ¢} x.
e ¢ € D(Bs,|0,1]) such that ¢|5, = 1. We write ¢ = ¢;<.
Define a rescaled translation on B™ for p € B(0,r) C R™ with r sufficiently
small:
0,(z) =+ x(x)u, xe€B™

Some properties of 0, are listed below without giving proofs. The reader may
find more details in [20, Section 2]. For sufficiently small » > 0 and any pu, 1o €
B(0,r),
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(T1) 6,(Bs) C 337 and 6,,(B3) C Bs.
(T2) 16,(2) — 0o ()] < A1 — 9] + |11 — pol, for some 7> 1, ¥,y € B™.
(T3) 6, Dlﬂ“x’(U)7 for any open subset U containing Bs.
The truncated shift 6, induces a transformation ©, on M by:
¥(0u(p(9))) g € Oy,
GM(Q) { q ¢ 0,.

Based on (T3), it is evident that ©, € Diff (M) for p € B(0,r) with suf-
ficiently small r. We can find an explicit global expression for ©7,. Given
uel'(M,V),

O u = ;074 (su) + (Im — S)u.
Likewise, we can express O% by
O = ¢ 0y (cu) + (Im = <Ju.
Assuming that § € {bc, BC,W,, H,}, we define a subspace of §°(M, V) by
S = Fep(M, V) := {u € F°(M, V) : supp(u) C 4, (Bs)}-
In the case § € {W,,, H,}, it is understood that v has a representative satisfying
the given condition. Note that SﬁbM is closed in §°(M, V). Hence, SﬁbM is a

Banach space endowed with the induced norm from §°(M,V’). The Banach
spaces

8o = 85(R™.E) := {u € §'(R", E) : supp(u) C Bs}

are defined alike. The following lemma enables us to transfer the properties of
¢}, to the transformation ©j, and hence plays a key role in the sequel.

Lemma 3.1. Let § € {bc, BC,W,, H,}. Then

) € Lis(§e, 8, with [9)]7 =)
Proof. Clearly, we have that ¢y = idg.m and ¢7p; = idg . It follows from
the point-wise estimate [4, Lemma 3.1(iv)] and (R4) that with r,0,7 € Ny

>0 |Vial, = 3 [Vial . ~ Y [0iVia| ~ S [orall  (32)
=0 1=0 r =0

laf<r

for any a € T°M and & € R, where | - | denotes the Euclidean norm. By (3.2),
we conclude that for k& € Ny

vieL(F"M, V), FBIE)), F € {bc,BC,W,}.
The case that § = bc follows from a density argument based on Proposition 2.4.

We can fill in the non-integer s by Proposition 2.3 and interpolation theory,
ie.,

vk €LE (M, V), (B E)), I€{be,BCW,, Hp}. (3.3)
See [10, Theorem 3.1.2 and 4.1.2]. It implies that ¢ € L',(ggg\”,ggp). Now the
assertion is an immediate consequence of the open mapping theorem. O

Remark 3.2. Recall that SﬁbM is a closed subspace of F°(M, V). We can identify
@f as a map into F°(M, V), that is to say, ¢} € L(F5,,3°(M,V)).



56 Y. Shao NoDEA

Proposition 3.3. (a) Suppose that § € {bc, BC,W,, H,}. Then
* . s *1—1 __
0, € Lis(§°(M,V)), and [©;]"" = OL.
Moreover, |67 ||zz:m,vy) < M for some M >0 and any p € B(0,7).
(b) Suppose that s > 0 for § € {be, W,, H,}, or s € N for § = BC. Then
[ — @;u] e C(B(0,r),F M, V), ueF (M, V).
Proof. (i) The assertion that ©;0% = OO = idg.(w,v) is a straightfor-
ward consequence of the definitions of ©7, ©% and (T1).
(ii) By the open mapping theorem, it is sufficient to show that [|©% ||z (zs(m,v))
is uniformly bounded with respect to u € B(0,r).
Given f € BC*(M), we define a multiplier operator m; : §°(M,V) —
§°(M, V) by
my:u— fu.
By Proposition 2.5, we infer that there exists a constant M; such that
o Miy— € LF (M, V), [[<lle@ vy HIIAm =)l c@=mvy < Mi. (3.4)

Henceforth, we always identify the multiplication operators m¢ and my,, ¢
with ¢ and 1y — ¢, respectively. By Lemma 3.1, we can find a constant
Ms > 0 such that

3

10 2z 50,y T 190 ez, 50 v)) < Ma. (3.5)

Note that M7, M5 depend only on the choice of §°. On the other hand, by
[20, Proposition 2.4(a)], there exists a uniform constant Mz with respect
to u € B(0,r) such that

190l 252,50 @ 1) < M.

(T1) implies that 0} (Fc,) C Fep- Since Oru = (Im — S)u + ;05 su,

there is a uniform constant M such that

19l czsmvy) < m —sllemvy) + 1wy 00, 0¥ ocllezmyy) < M

for all 4 € B(0,r). The case § = bc follows by a density argument.
(iii) Pick p, o € B(0,7). Then

185u — O, ullg: = llo; (0, — 0¥ sul 3y

By Lemma 3.1 and (3.4), ¥;su € . [20, Proposition 2.4(b)] implies
that ©yu — ©7 w in §¥(M, V) as p — pg. This completes the proof.

§e < Mo||(0]; — 0, )0 cul

O

3.2. Higher regularity

In this subsection, we will show that regularity of the map [ — GZU] can be
inherited from the local smoothness of u near p € M.

Given any open subset O C M containing p, by choosing €p small enough, we
can always achieve ¥,(Bs) C O. Without loss of generality, we may assume
that O C 1,(By), since u € C*(0,V) implies u € C*(0',V) for any O’ C
O. Denote by Vo the restriction of V' on O. We say that a function u €
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L1,16¢(0, Vo) belongs to §°(0, V) if ¢;u € §°(¢.(0), E), or equivalently ¢y u €
SS(SDHP(O)7E) by (31)

Suppose that M is a C*-uniformly regular Riemannian manifold. We say a
tensor field u € C¥(0,V) if Yyu € C¥(p,(0), E), or equivalently 9 u €
C¥(¢x,(0), E). Hereafter, it is understood that in the case & = w, the manifold
M is always assumed to be C“-uniformly regular.

Theorem 3.4. Suppose that u € CHF(O,V)NF*(M, V), where s € [0,1] for
§ € {bc, W,, H,}, or s =1 for § = BC with | € Ng, k € NU{oo,w}. Then

[,U/ = @ZU] S Ck(B(Ovr)73’S(M7 V))
Moreover, 9 [©%u] = @fx‘algzaai/ffgu'

Proof. As in Proposition 3.3, one checks that ¢ cu € C***(,(0), E) N3, for
every u € CF(0,V) N F*(M, V). We conclude from [20, Theorem 3.3] that
(1= O cu] € CF(B(0,7),32,,)-

By Remark 3.2, ¢} € L(Fg,,§°(M,V)) and thus is real analytic. This proves
the first part of the assertion.
Pick p € B(0,r) and choose € > 0 so small that u + he; € B(0,r) for all
h € (—e,e)and j € {1,2,...,m}.

Eh_r% E(Gerheju - Gyu) =¥, gl_l’)r(l) E(G/_Hrhej 7/% Su — 9;%/& §'LL)

= o, x0,,0;; su,

which converges in §*(M, V). The first equality follows from the boundedness
of ¢¥. Meanwhile, it follows from [20, Proposition 3.2] and the fact ¢ ¢u €
C"k(p,(0), E) N BUC'(Bs, E) that

1 ) -
;l_r% E(euﬂrhej T/JL Su — eﬂwb gu)

converges in BC! . Here BUC'(B™, E) is the closed linear subspace of BC!(B™,
E) consisting of u € BC!(B™, E) such that 9“u is uniformly continuous for all
la| < 1. Owing to the embedding BC!, — §%, and Lemma 3.1, the convergence
of (3.6) in F*(M, V) now is straightforward. The rest of the assertion follows
by induction. O

(3.6)

The following inverse of Theorem 3.4 is of indispensable character in analyzing
regularity of solutions to differential equations.

Theorem 3.5. Let k € NU {oo,w}. Suppose that u € BC(M,V). Then u €

CF(M, V) iff for any p € M, there exists 1 = r(p) > 0 and a corresponding

family of parameter-dependent diffeomorphisms {@Z :r € B(0,7)} such that
[ ©7,u] € C¥(B(0,r), BC(M, V).

Proof. The “only if” part has been established in Theorem 3.4. So we only
deal with the “if” part. For every p € M, consider the evaluation map

Yo : BC(M,V) — E, u— ¥ju(p.(p)) = ¥, u(0).
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Then 4, € L(BC(M,V),E), and thus is real analytic. Moreover, for small
enough r it holds that

YO 1) = (V@7 6,7 cu)(0) + (b7 (Im — <)u)(0) = Py u(p).
This implies that [u — ¥ u(u)] € C*(B(0,7), E). By (3.1), it yields
ly — w;pu(y)] € Ck(B($P7rd)7 E).

Hence for any p € M, we can find a local chart (U, (B(zp,7d)), r,) with rp € &
such that ¢, (p) = xp and ¢y u € C*(B(zp, rd), E). Therefore, u € C*(M, V)
by definition. O

3.3. Differential operators

Let [ € Ny. A linear operator A : C*°(M, V) — I'(M, V) is called a linear differ-
ential operator of order [ on M if we can find a = (a”), € [\, [(M, V.ZH+")
such that

l
A=Aa):=)» C(a",V"). (3.7)

=0

Here C : D(M, V7/T" x V2, ) — I'(M, V) is the complete contraction, see
[44, Section 2.3] for details. In every local chart (O, ), there exists some
linear differential operator defined on B}

A (x,0) := Z af(x)d%,  with a” € L(E)B,
o] <
called the local representation of A in (O, ¢, ), such that for any u € C*°(M, V)
U (Au) = Ax(Yru). (3-8)
Proposition 2.5 empowers us to extend [44, Corollary 2.10] to:

Proposition 3.6. Suppose that A := A(a) is a linear differential operator of
order I on M such that a = (a"), € lezo BCHM, VI, or equivalently
(af), € loo(BCY(B™, L(E))) for all || <1 and k € &. Then

A€ L(FTMYV),FMV)),
where t > s for § € {be,W,,Hp}, ort > s for § = BC, ort = s € Ny
for § = W,

The parameter-dependent family of diffeomorphisms, i.e., {©} : p € B(0,7)},
generates a parameter-dependent family of differential operators, {A,, : p €
B(0,r)}, on M, given by

A, = 0,401,

We shall show that regularity of the coeflicients af translates into the smooth-
ness of the map [y — A,].
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Proposition 3.7. Let n € Ny, k € Ny U {oco,w}, and p € M.

(a) Let s € [0,n] if § € {BC, W), Hp}, or s € [0,n) if § = be. Suppose that
A = A(a) is a linear differential operator on M of order 1 satisfying

y V140

!
a = (a"), € [ BC" (M, V24 7) 0O (0, Vo),
r=0
or equivalently for all o] <1 and k € R, (af)x € loo(BC"(B, L(E)))
and ag’ € C"* (¢, (0), L(E)) with O defined as in Sect. 3.2. Then
[ Au) € CHB0,7), £ (3 (M, V), 3°(M, V).
(b) Let s € [0,n]. Suppose that A satisfies

1
ac H bCS(M, VTU:UT-"-T) N Cm+k(o7 VTo:UTJ,-:,-)’
r=0
or equivalently for all |o| <1 and k € &, (a%)x € loo unit(bc® (B, L(E)))
and ae? € C" (¢, (0), L(E)) with O defined as in Sect. 3.2. Then
(1w Ay € CE(B(O,r), £ (bc”l(M, V), bet (M, V))).

Proof. Note that A, = ;¢ Ax 1y o7 The conditions of (a) and (3.1) imply
that at, € C"**(,(0), L(E)) N BC"(B™, L(E)). For any u € (M, V),
Ayu= 0] A7 0 Y cu+ 0, A1y — <)u
= @, 0,20, AP 0L cu+ (Im — ) Ap; 04 cu

Ai(p)u
+ ¢, 0,0 cA(lm — )u + (Im — ¢)A(Im — <)u.
Az (p)u

Now we compute A; (1)u and Az (p)u separately. Observe that ¢ 04y (1y—¢)v
= (Im — ¢)v for v compactly supported in O,. We hence infer that

Ar(p)u = @707 (s + (Im = <)) Ap 0L su
= 0, A @, 0Ly cu = 0 A, 0L su. (3.9)
The second equality follows from (3.8). A similar argument to (3.9) implies
Ao (p)u = cA(Im — Q)u+ (Im — ) A(Im — )u = A(lm — ¢)u.
Proposition 3.6 and (3.4) yield Az (p) € L(F*TH(M, V), F5(M, V)), thus
1 As()] € C*(B(0,7), £ (F(M, V), 5 (M, 1)).

Put N = m?xm". Since the space §*+/(B™, E) can be identified as ¥+ (B™)",
we can rewrite A4, in matrix form as A, = (A, j)1<ij<n. Bach A, ;; is a
linear differential operator of order at most [ with C"**(,(0)) N BC™(B™)-
coefficients acting on F*T!(B™). By [20, Theorem 4.2],

[ 0,A, ;0% € C*(B(0,7), £ (Sﬁ;l(R’”),gﬁp(Rm))). (3.10)
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(3.10) implies that
(b= 074,01 € CH(B(0,7), £ (F51',55p))-

In virtue of Lemma 3.1, Remark 3.2, formula (3.4) and the independence of
the map [u +— 9 su] and ¢! on p, we immediately conclude that

(1 Ai(w)] € C* (B(0,7), £ (F°H(M, V), 3 (M, V))) .

This establishes the assertion (a). Statement (b) follows from an analogous
argument in light of [44, Proposition 2.9]. O

3.4. Time dependence

Hereafter, we involve the time variable in our study. Let I = [0,7T], T > 0.
Assume that J C I is an open interval and ¢ty € J is a fixed point. Choose gq
so small that B(tg,3s9) C J. Pick an auxiliary function

¢ e D(B(to, 280), [07 1]) with §|B(t07€0) =1.

A straightforward modification of the construction in Sect. 3.1 now engenders
a parameter-dependent transformation in terms of the time variable:

oa(t) :==t+&(t)\, forany t €I and X € R.
It is not hard to deduce that for sufficiently small r» > 0 we have
ox € DIff °(J) N Diff (1), for any A € B(0,r).

Now we define a parameter-dependent transformation involving both time and
space variables, given by

Orp(t ) == (t+E@)N o+ E@)x(z)p), for (t,x) € J x U and (A, p) € R™H

where y is defined in Sect. 3.1 and U is a given open subset in R™ containing
B(0,3¢). It is a simple matter to show that 65, € Diff (J x U) for any
(A, p) € B™HL(0,7) for sufficiently small 7. Here and in the following, I will not
distinguish between B(0, ), B™(0,7) and B™*1(0,r). As long as the dimension
of the ball is clear from the context, we always simply write them B(0, 7).
For v : I xU — E, the parameter-dependent diffeomorphism can be expressed
as

Oapult, ) =03 o(t,-) = Tu(t)g’;\v(t, ), Wherej}t(t) 1= 0¢(4),, fort € 1.

As before, we define the induced parameter-dependent transformation on I x M
as follows. Given a function v : I x M — V| we set

u)\,,u«(tv ) = ;,,uu(tv ) = Tlt(t)giu(tv ')7

where T),(t) := O, and (A,u) € B(0,7). It is important to note that
Uz, (0,-) = u(0, ) for any function u and any (\, p).
In order to show smoothness of the family of parameter-dependent transfor-

mations {©F , : (A, p) € B(0,r)}, I will first quote:
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Lemma 3.8. [20, Lemma 5.1] Let X be a Banach space. Suppose that

[ — f(p)] € C*B(0,7),X), for k€ NU {oo,w}.

Let F(u)(t) := f(&(t)p) for p € B(0,r) and t € I. Then we have

[ F(u)] € C*(B(0,r),C(I, X)).

Proposition 3.9. Let [ € Ny, k € Ny U {oo,w}, and p € M.

(a)

Suppose that u € C'TF(0,V)NF(M, V), where either s € [0,1] if § €
{be, W, Hp,}, or s =1if § = BC. Then we have

(b= Tyl € CHB0,r), C(I,3° (M, V))).

Moreover, O3 [T,u] = F(Ex)IIT, 000 cu for |a] < k.
Let n € Ng. Suppose that A := A(a) is a linear differential operator on M
of order 1 satisfying

!
a = (@), € [[ BC"(M, Vs ) n emes(o, v ™),
r=0
or equivalently for all || < 1 and k € R, (a%), € loo(BC" (B, L(E)))
and as’ € C" (¢, (0),L(E)) with O defined as in Sect. 3.2. Then for
se[0,n] if § € {BC,W,,H,}, orse€[0,n) if §=bec

(W= T, AT € CHB(0,7),C (1, L(F (M, V), 55 (M, V)))).

Proof. (a) Set X = §*(M,V), f(n) = ©u. Now (a) is a direct consequence

of Proposition 3.3, Theorem 3.4 and Lemma 3.8.

(b) Set X = L(F*T(M,V),F*(M,V)) and f(u) = A,. The assertion follows

or

by Proposition 3.7 and Lemma 3.8.
O

For § € {bc, W, Hp} and | € N, we put
Ei(I) == CY(1,§*(M,V))NC (1,5 (M, V)),

Ei(1) == Wy (I, 3*(M, V)N L, (I,3° (M, V)).

Proposition 3.10. Let | € N. Suppose that w € Eq(I). Then uy, € Ei(I).
Moreover, there exists some By, satisfying

(A1) = Byl € C*(B(0,1),C (1L (3 (M. V), 5 (M) (3.11)

such that

Orfuxr ] = (1 + 5’)\)@;’#1” + B, (U p)-

In particular, By o = 0.
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Proof. (i) Since I is a uniformly regular Riemannian manifold, for any Ba-
nach space X, an analogous result to Proposition 3.3 holds for BC'(I, X)
and W/(I,X), that is to say, o} € Lis(F(I,X)) and [o}] ™t = 0} for
A€ B(0,r) and § € {BC’l,WII,}. Moreover, there exists M > 0 such
that |03 |lzz(1,x)) < M for any A € B(0,7). See [20, Section 2] for more
details of the proof. We conclude that

osu € By(I) and Oo\u= (1+&N)o 0, for weE(]),
(i) By definition, uy ,, = ¢T3 soiu+ (Im—<)oiu. (3.4) implies that (1y —
s)osu € Eq(I). For the same reason, one checks that
ek € EP(I) € (O (135 1O (1813M), W) (1350 11, (1,5}
By [20, Proposition 5.3] and Lemma 3.1, we immediately have that
i Tuvysoyu € EPP(I) € Eq(I),

which yields ©F ,(E1(1)) C E1(1).
(iii) With either choice of Eq(I), the time derivative of uy , can be computed
as

Orlun] = ¢ (Tisesu) + (1w — )dh(gsu)

= o T [0 (Qiw)] + D@t [S'xujﬁﬁj (W; CQ’XU)] + (Im = <) (0w)
J

= @i Ty [s(L+ &N ojue + ) o7 [é’xwfuaj (¢T§T;1UA,;L):|
J
+(Im — ) (1 + &N o
=(1+&N) i,uut + B pu(uap)-
In the last step, by definition of T}, we get

Pr Ty [e(L+ €N oiue] + (I — <) (1 + EN)gfur = (1 + €005 ur.

We can write By , in an explicit way as
Buu() = Yo [ Tuds(wisT )] = D2 i (TATY) (),
J J

where A7 is a first order linear differential operator compactly supported
in O, such that A/ = (9; and af € loo(BCPYY(B, L(E))). Such A7 can
be obtained by means of the recursive construction in [44, Section 2.3].
So by Proposition 3.9,

[w— T, AT, e C¥ (BO,r),C(1,LE M, V), 5 (M, V)))).
Now (3.11) follows from Proposition 2.5.
O

Remark 3.11. Any theorem in this section can be formulated with M being a
C*-uniformly reqular Riemannian manifold as long as k is no smaller than the
highest order of function spaces appearing in that theorem.
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Before closing this Section, we give a proof for the main theorem:

Proof. (of Theorem 1.1) We can define a new manifold M := I x M. Whenever
M is a C*-uniformly regular Riemannian manifold, M is also one. On M, the
family {©3 , : (\,u) € B(0,r)} of diffeomorphisms plays a similar role to
{6}, : p € B(0,7)} on M. Then the proof of Theorem 3.5 can be carried out in
the new settings by a minute modification with 7, replaced by ¥, p)- O

Remark 3.12. (a) The above proof implies that the family of diffeomorphisms
{03, 1 (A, p) € B(O,7)} possesses all the properties established in Sects.
3.1-3.3.

(b) The proof of Lemma 3.1 does not rely on the structure of a uniform regular
atlas. This fact shows that the family {©}, : € B(0,7)} can be defined by
using any C*°-compatible atlas with only slight modifications so that the
results in this section remain valid.

(¢) Even with the presence of real analyticity, namely, k = w, in order to
establish the theorems in this section, it is sufficient to assume that M is
a uniformly reqular Riemannian manifold.

In fact, by a well-known theorem of H. Whitney, every C*°-Riemannian
manifold admits a compatible real analytic atlas A = (Og, SD")KEJ% We use the

convention that u € C¥(M, V) if it is real analytic in terms onl Around any
given p € M we can pick a subset S C R so that p € Oy for some ) € S and

{(Ox, ) - 1 € (R\N(kp))} U{(Or, ) : & € S}

s still a uniformly regular atlas for M, after possibly normalizing the local
patches (Og, pr)aes. It yields a new atlas, which is still denoted by A. An
important observation is that Proposition 2.1, 2.2 and Lemma 3.1 still hold with
the modified atlas. Moreover, we can define functions belonging to C*(0, V)
in terms of A. Note that the topology of F°(M, V) is independent of the choice
of the atlas. One can check that all the theorems in Sect. 3 remain true with
respect to the new atlas.

4. The Ricci-DeTurck flow

We first look at the Ricci flow formulated by R. Hamilton. The Ricci flow
deforms the metric tensor g of a m-dimensional compact closed manifold by
the law:

drg = —2Rc(g),
. @
where Rc(g) is the Ricci tensor of the metric g and go is a metric. We will treat
Eq. 4.1 in its modified version formulated in Chow and Knopf [14]. The authors
show therein the equivalence of their formulation for the Ricci-DeTurck flow
to the work of D. DeTurck. It will be shown in this section that on a compact
C*°-Riemannian manifold (M, ) the solution to the Ricci flow 4.1 is analytic
in time with respect to the BC(M, TYM)-topology. As is known, (M, §) admits
a compatible real analytic structure. It follows from [38] that there is a real
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analytic metric on M. Without loss of generality, we may assume that 2 and
g are real analytic.

We will introduce some notations and concepts prior to the analysis of the
Ricci flow. For some fixed interval I = [0,7], v € (0,1] and Banach space X,
we define

BUC,_(I,X) := {ueC(i, X); [t~ ' Yu]eBUC(I, X), li%1+t1_”|\u|| = 0},
t—

lulley ., = sup '~ fu(t)|x,
tel

and
BUC}__ (I, X) := {u € CY(I,X) s u, i € BUC)_ (I, X)} .
In particular, we put
BUCy(I,X) := BUC(I,X) and BUCy(I,X):= BUCY(I, X).
In addition, if I = [0,T") is a half open interval, then
Cro(I,X) = {v € C(I,X) : v e BUC,_([0,1], X), t < T} :
Ol (1,X) = {1} eCY I, X) 0,0 € Cl_v(I,X)} .

We equip these two spaces with the natural Fréchet topology induced by the
topology of BUC,_([0,1], X) and BUC{__ ([0, ], X), respectively.
Let I € Ny and C : T(M, V77 x V%) — Hom(V) be the complete

contraction. A linear differential operator A(a) := er:o C(a", V") on the
compact closed manifold M is called a normally elliptic operator of order [, if
its principal symbol

G A™(p,&(p)) := C (a', (=i€)®") (p) € L (T,M*7 @ T;M*7)
satisfies that for all (p,£) € M x T'(M, V) with |¢

g- = Im
Ct:={z€C: Re(z) >0} C p(—6A™(p,&(p))).

This condition can be equivalently stated as follows. A is normally elliptic iff
there exist 0 < r < R such that the spectrum of the principal symbols of its
local expressions Ay (x,0), i.e., GAL(7,§) := Xjq=1aa(2)(—i&)* € L(E) with
(z,€) € B™ x S™~ 1 are contained in

{z€C:Re(z) >r}n{z€C:|z| <R}, forall (z,£) € B™ x ™1
For notational convenience, we set
By :=bc*(M,V), and Ej:=0bc*T*(M,V),
and

SEy := bc®*(M,SV), and SE; := bc®>T*(M, SV)
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for some 0 < v < Land V = V3 := {T9M, (-|)5}. SV stands for the symmetric
sections of the (0, 2)-tensor bundle, namely that a = a;;d2’ ® dz’ € T'(M, SV)
iff a;;(p) = aji(p) for every p € M. Lastly, observe E = R*m* — R™” and

U :={g € SE; : g is positive definite}.
Here ¢ is said to be positive definite if there exists a constant ¢ > 0 such that

(9(p)X, X) > | X2,

at all p € M and X € T,M. Here (-,-) : T*M x TM — RM is the fiber-wise
defined duality pairing on M.

In the first place, I will present DeTurck’s trick in getting a modified
formulation for Eq. (4.1). For any sufficiently smooth metric g, we can define
a global vector field W, = W;a—gk on M by

k __ k rk
Wg = g™ (qu B qu) )

where T ’;q are the Christoffel symbols of the fixed real analytic background
metric §. Note that W, is a well-defined global vector field, since the difference
of two connections is a (1,2)-tensor. Taking the Lie derivative of the metric
tensor g with respect to W, induces a map P: S’TSM — S’Tgl\/l7 namely,

P(g) = ‘Cnga

which is a second order nonlinear differential operator acting on g. Here S’TgM
denotes the smooth sections of SV.

For the sake of working with a fixed atlas independent of time, henceforth
we will treat Eq. (4.1) in the atlas 2 instead of the commonly used geodesic
normal coordinates with respect to the evolving metric g(t).

Let SE := {a € E : a;; = aj;} with the subscripts ordered lexicographically as
aforementioned. Then u € T'(M, SV) iff ¢ u € SEB” for all kK € & We have

0%(T(M, SV)) = T(M, SV). (4.2)

An immediate observation is that the spaces §*(M, SV) and §°(R™, SE) are
closed in (M, V) and F(R™, E) with § € {be, BC}, respectively, and thus
are Banach spaces. It is also easy to see that Proposition 2.2 still holds true
with V' and FE replaced by SV and SE, respectively. Hereafter, I will use some
of the results established in the previous sections and [44] with the minute
modification that V and E are replaced by SV and SE. One may check that
their proofs remain true unless the necessary modifications are pointed out.
In the following, we seek a solution to the Ricci-DeTurck flow:

dhg = —2Rc(g) + P(g) := Q(9),
(4.3)
g(O) = go,

where gg is the initial metric of M in (4.1). In [16], the author shows that
for any smooth initial metric gg, the initial-value problem (4.3) has a unique
smooth solution g(¢) existing on J(go) := [0,7(go)) for some T'(go) > 0.

We will adopt an implicit function theorem argument below to show analyticity
of g. To this end, we first use continuous maximal regularity theory established
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in [44] to give an existence theorem for Eq. (4.3) with bc?t®-continuous initial

data. Let (Q(g))i; be the components of Q(g) and (Q.(g))i; = (¥:Q(g))i;- In
every local chart (O, ), it holds that

0195 = (Qx(9))ij = —2Ri; + Py
= —2(0, T}, — 0,1k, + T}, T, —T1Th,)
+Vw,9i5 — (0 Vw,0;), — (ngai\aj)g + (0ilV;Wy), + (ViW,9;),
=-2 (3krfj*ajrfk+rllzlréj*Fijlik) + W;akgij + gkjaink + gikajng
= g"0hgij + Sn.ij(9)- (4.4)

[ — Si.ij(9)]ECY (bc*T*(B™, SE), be' T*(B™)) N C¥ (be' T(B™, SE), be™(B™))
is a rational function involving the components of g and their first order deriv-
atives with BC™® N C¥-coefficients. Here V; := Vy, and Vy, = W;Vi. The

above computation shows that [g — Q,(g)]€C¥ (bc®>T(B™, SE), bc®(B™, SE)).
We attain

Q € C*(U, SEy).

The symbol of the principal part of (—DQ(g))«, the local expression for the
Fréchet derivative of —Q(g) in the local patch (O, @), equals

G(=DQ(9)r(x,€) = g™ (¢)&k&iTgme,  (2,€) €B™ x S™ L

The positive definiteness of g immediately implies that —DQ(g) is normally
elliptic for each g € U. Because DQ(g) € L(SE1, SEp), an inspection into the
proof of [44, Theorem 3.2] reveals that it still works for the spaces SEy and
SE;. Thus by [44, Theorem 3.4], we conclude that for each g € U,

—DQ(g) € H(SE1, SEy).
It follows from [44, Theorem 3.6] that
— DQ(g) € M1(SEy, SEy), g € U. (4.5)

[7, Theorem 2.7] and a prolongation of the solution as in [15, Theorem 4.1]
imply the following existence theorem.

Theorem 4.1. Suppose that gy € U := {g € bc>T*(M, SV) : g positive definite}
with some fixed a € (0,1). Then Eq. (4.3) has a unique mazimal solution

g € C1(J(g0), b (M, SV)) 1 C(J (90), U)
on the mazimal interval of existence J(go) := [0,T(go)) with some T(go) > 0.

Henceforth, § is used exclusively for the solution to Eq. (4.3) obtained in The-
orem 4.1. Given any (to,p) € J(po) x M, we introduce a family of parameter-
dependent diffeomorphisms {©3 , : (A, ) € B(0,7)} around (t9,p) for suffi-

ciently small 7 > 0. Let J := [0,T] C J(po) with ¢y € J. Define
Eo(J) := C(J, Ey), E1(J) := C(J, Ey) N C(J, Eyp),
and

SEo(J) := C(J, SEy), SE1(J) := C(J, SEy) N C*(J, SEy),
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and set
U(J) :={u € SE(J) : u(t) € G, for all t € J}.
Clearly, U(J) is open in SE{(J). Let u := g, = ©3 ,§. Then by Proposi-
tion 3.10, u satisfies the equation
du = (14+&X) 03 .9 + B u(u)

= (1+&N)03,,Q(9) + Baulu)

= (1+&'N) T,Q(039) + Bxu(u)

= (1+&NTQ(T,; Yw) 4+ By u(u) := —Hy ().
We define a map @ : U(J) x B(0,7) — SEq(J) x SE; by:

Org + Hy (g
oo (o)) = ( 70(9) — EJM(O)))

with ~ standing for the evaluation map at t = 0, i.e., v(g) = ¢(0). The
subsequent step is to verify the conditions of the implicit function theorem.

(i) Note that ®(gx ., (A, 1)) = (0,0)T for any (A, p) € B(0,7). One can compute
the Fréchet derivative of ® in the first component, namely, D, ®:

D18 (g, (A, p))h = (2;2— (14 ENT.DQ(T,  g) T h — Bm(h)) .

Thus it yields

(4.6)

Dy(, (0.0))h = (3;2_ DQ(Q)h) .

By (4.5), for every t € J,

d

DU ((0,0.0) = (55 ~ DR ) € LSEL (). SEa() x SE). (41)

Lemma 4.2. D1®(3,(0,0)) = (4 — DQ(4(-)),v)" € Lis(SE1(J),SEo(J)
X SEl)

Proof. The statement follows from (4.7) and [15, Lemma 2.8(a)]. O

(ii) Now it remains to show that ® € C«(U(J) x B(0,r),SEq(J) x SEy).
By Proposition 3.10 and (4.2), [(A, u) — B .]€C¥(B(0,r), C(J, L(SE1, SEy))).
We define a bilinear and continuous map f by:
[+ C(J, L(SEL, SEo)) x SE1(J) — SEo(J), (T(t),9(t)) — T(t)g(t).
Since f is real analytic, it yields

[(g: (A, 1)) = (B, 9) = Bau(g)l € C*(U(J) x B(O, r),SEo(J)).

From Eq. (4.4), we know that, in every local chart (O, ¢,) and for any 1 <
i,j <m, Q(g) can be written in the form of

k.
Zk nz]g An,ijg
det[g]3 ’

(Qn(g))z j =
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where the A, ; ; are linear differential operators of order at most two belonging
to L(bc? T (Bm E),bc™(B™)) acting on the components of g whose coefficients
are in BC*(B™, L(E,R))NC¥(B™, L(E,R)). det]g] denotes the determinant
of the first fundamental form for the metric g. The power 3 of det[g] follows
from the well-known formula for inverse matrix.

We set 7y, := Cu, + (. — Cr,C and 7y 1= 2 — ﬁﬁpﬂg. In virtue of (L2), one can
check that (7x)xeq forms a partition of unity subordinate to 2. Decompose @

into
Let m:= 4y 7.,. The local expression of 7, Q(g) in (Ox,, ¢x,) is of the form

*  ~ Zk Al’z;’zjg Aﬁ ”g
(U Ty Qryp(9))ig = det[g]? '

We introduce an auxiliary function w € D(B™, [0, 1]) satisfying @|supp(r) = 1
with w, = ¢lw. We define linear differential operators A? : By — Ey by

Ap 39 = (pr, wAL 0n g)dz’ @ da.

These are well-defined operators of order at most two on M. One checks that
the coefficients of their local expressions in (O, , ¢x,) belong to

C*(#x,(0), L(E)) N BC™(B™, L(E)),
and are supported in supp(w). By Proposition 3.9(b), we thus have

| e oo, C LB E))). (4.8)

pu—T,A;

i L
Next we define a tensor field S, € C*(M, VT”J:FQQUT) compactly supported in O,
by

0 0 0
w“pa(i ®8 - ®a(.)
for all (i) € J7,(j) € J” with 0,7 € Ny. Let C be the complete contraction.
The operation CZ : I'(M, V,7) x F(I\/I7 Vo) — I'(M,V7) is defined by

S, = ®de' @ dz® @ dz®

CZ(a,b) = C(Sw,a @ b) = wie,al )b % dzV).

0
() §(®)
Lemma 4.3. The point-wise extension m of CZ satisfies

[(v,u) = m(v,u)] € L(bc*(M, V), bc*(M, V) b¢* (M, V)).
Proof. By [5, Examples 13.4(b), Lemma 14.2], CZ is a bundle multiplication.
The assertion hence follows by Proposition 2.5. O

Using the notation in the lemma above, we can write

i (Qul0))  d' @ da? = 2223 m

e (9) 5

(o (m (Ao A 09) ) A os)
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Here Py, (g) := ¢y (ww det [9]*) + (Im — @y,) > 0. It follows from an analogous
argument as above, [44, Proposition 6.4] and Proposition 2.5, 3.9(a) that

T
T [ .
[(g,u)H Pl )

By Proposition 2.5, Lemma 4.3, (4.8) and (4.9), we hence conclude that
l:(g,u) — 1, {ﬁ'np(p:p (QHP(Tu_lg))ij dmi®dxj}:| eC®(U(J) x B(0,r),Eq(J)).

Since 7, Q(g9) = X7 5-1 ﬁnpgof;p(Q,{p(g))ijdxi ® dal, it yields
[(9, (M) = (L +ENT7,Q (T;, 'g)] € C(UT) x B(0,7), Eo(J)).

Applying this argument to all other components 7,Q, by (4.2) we immediately
have

[(9, (A ) = (L+ENTLQ (T, g)] € C*(U(J) x B(0,7),SEo(])).

The implicit function theorem implies that there is a B(0,79) C B(0,r) such
that

€ C*(U(J) x B(0,r), C(J,bc*T™(M))). (4.9)

(A 1) = gl € C¥(B(0, 7o), SE1 (]))-
Because (tg, p) is arbitrary and F; <— BC(M, V), it follows from Theorem 1.1
that
Theorem 4.4. The solution § in Theorem 4.1 satisfies §j € C*(J(go) x M, SV).

The one-parameter family of vector fields W;(t) exists as long as the solution
G(t) to (4.3) exists, i.e., Wy(t) lives on J(go). As an immediate consequence of
Theorem 4.4, we attain

W, € C¥ (j(go) x M,TM) . (4.10)
One defines a one-parameter family of maps ¢, : M — M by
di(p) = —Wy(t, de(p)),
. 4.11
{ ¢o = idwm. (4.11)

The proof of [14, Lemma 3.15] shows that the solution to this system of ODE
exists smoothly on J(gg) and remains diffeomorphisms for all time.

Proposition 4.5. [14, Section 3.3: Step 3| The family of metrics g(t) := ¢5G(t)
with t € J(go) is a solution to the Ricci flow (4.1).

Proof. We will present a brief proof for the reader’s convenience. First observe
that g(0) = g(0) = go. Then we compute

0191 9(t) = Osls=00r159(t + s) = ¢;[0:4(1)] + 0ss=007159(t)
= 0y [=2Re(3(1)) + Lw, 0.99(1)] + sls=o [(&7 " © prrs) 07 5(1)]
= —2Rc(¢7 (1) + &7 (Lw,t,99(t)) — Lorw, .07 9(t)
— “2Re(679(1). (4.12)
(4.12) follows from the identity:
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as|s:0 (¢t_l © (ybt—i-s) =d (¢t_1) as|s:0¢)t—‘,—s =—d ((bt_l) Wﬁ(ta ¢)t) = 7¢§Wg(t7 )
Hence g(t) solves the Ricci flow (4.1). O

We prove a theorem on time-analyticity of solutions to the Ricci flow:

Theorem 4.6. Suppose that go € U := {g € bc*T*(M, SV) : g positive definite}
with some fized 0 < o < 1. Then there exists a T(go) > 0 such that on the
mazimal interval of existence J(go) := [0,T(g0)) Eq. (4.1) has a unique local
solution

g € C¥(J(go), BC(M, SV)).

Proof. Without loss of generality, we assume that T'(go) is small enough such
that for each local patch (O, ¢,) and each p € wH(H%IB%im), ¢1(p) remains
in O, where rg € (0,1) is a shrinking constant in the uniformly shrinkable
property of 2. Put

hm(t) = Pk O ¢t o ¢m W, = ¢:Wg
Let B := 1+%]B%im and B := %Bim We first show that fori =1,...,m

hy € C¥ (J,C(B,Bm)) . and b, € C (J,C’(B,Rm)) C(413)

We will split (4.11) into infinite dimensional vector-valued ODEs. Actually,
if we choose to work with the usual R"”-valued ODEs, then we will only be
able to show that the flow through every p € M is analytic, i.e., g(-,p) €
C(J, TEM @ TyM).

(i) We first note that h, solves the following ODE

Lho(t) = = Wy(t, hi(t)) = —W(t, hi(t)),
{ he (0) = ids. (4.14)

Thanks to § € C(J,85) N C¥(J x M, SV), (3.3) and (4.10), we obtain
W, € C(J,bc' T (B™,R™)) N C¥(J x B™,R™). (4.15)

Let X := C(B,B™) and Y := C(B,R™). For any v € X and v € Y with
|lv]|y so small that u 4+ v € X, we have

Wit w4 0)(2) = Wit w) (@) — 8 Wit ua))o(x)

= /0 [0 W, (¢, u(z) 4+ sv(x)) — Wi (t, u(x))] ds v(zx)

_ /0 (O3 W (s 1+ 50) — Wit w)] ds(x) v(z)

for z € B. It is not hard to check that W, (t,-) € BUC*(B™,R™). Thus
the expression in the last line converges to 0 in Y as ||v||y — 0. Together
with the second part of (4.15), it implies that

W, e COY T x X, Y)NC¥(J x X,Y). (4.16)
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By the Picard-Lindel6f Theorem, there exists a unique solution h,, €
CL(J,X) to (4.14) on J; := [0,T1]. Given any tq € Ji, we pick I :=
[e,T] C Ji with tg € I. Define ® : C1(I,X) x B(0,r) — C(I,Y) x Y by

(Ou() + (1+ EONWe(t + E(B)A u(®))
$(uA) = <%u (o) > '

Note that ®(oihe, A) = (0,0)T. (4.16) implies that DoW, (-, he()) €
C(I,L(Y)), where DoW,, denotes the Fréchet derivative of W,, with re-
spect to Y. By standard ODE theory, we obtain

D@ (Emo) e Lis(CY(1,Y),C(1,Y) x Y).

On the other hand, we can also infer from (4.16) that for every (to, zo) €
J x X, there exist constants M, R, r; depending on (g, zo) such that for
all (s,z) € B(to,r1) X By (x0,71)

!
RIBI
Given ug € C(I,X), let R := im(up) C X. Since I x R is compact in
J x X, it follows from a compactness argument that there exist uniform

constants M, R such that (4.17) holds for all (s,ug(¢)) with s,¢ € I. We
conclude that for every Ag

| DWW (s,2)|| < M with 3 € Nj. (4.17)

Wt -+ €(0A 1) = 35 55 DP Wi (£ €00, uo(0) (0, u(6) = (s 10 (1)
By

converges in C(I,Y") for sufficiently small » > 0 and (u, \) € Bo(z,yy(uo,7)
xB(0, 7). This implies

®eC(CI,X)xB(0,r),C(I,Y)xY).
The implicit function theorem and a similar argument to Theorem 3.5
now yield

hy € C¥ (jl,X) . (4.18)

Likewise, we also consider h, to be define on B. Then h,, € C“’(Jol7 C’(B,
B™)).

(ii) h, satisfies the following equation for every x € Bon Ji:

Gl () () = =Wie(t, he (1) (2))
dt'"r ARG Y I
ittt i )
(4.15) yields W, € C%'(J x B™ ,R™). By [1, Theorem 9.2], h,.(t) : B —
B™: & +— hy(t)(z) is continuously differentiable with respect to x for every
t € Ji. Let A(t) := —DoW,(t, hy(t)). Consider the following ODE on I:

ao(t) = A()(t),
{3(5) = aiil,.g(a). (4.20)
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Since A € C(J1, L(Y)) and d;h.(g) € Y, by [1, Remarks 7.10(c)] there is
a unique global solution © € C'(1,Y). In particular, 030 satisfies

0i(030) = (1+ (N A+ E()N) 030 () = (14 (H)A) eX A(t)ero(1).
(4.15) and (4.18) imply that A € C¥(Jy, L(Y)). Therefore, it follows that
(A — 03 A] € C¥(B(0,7),C(I,L(Y))).
By [1, Remarks 7.10(c)] and an implicit function theorem argument sim-
ilar to step (i), we can thus infer that

[t 0(t)] € C¥ (j’l,y).

An easy computation shows that O;h,. satisfies (4.20) point-wise on B,
i.e., it solves

{8tv(t, 2) = —DaW,(t, hye(8) (2))0(t, ),
v(0,2) =e;

for all x € B. By uniqueness of the solution to the above ODE, we infer
that

Bihy =0 € C¥ (jhy), i=1,---,m.

We obtain (4.13) by arguing similarly for all continuations of h, in all
local patches. )
(iii) Theorem 4.4 implies that ¥fg € C¥(J x B™, SE), which in turn yields

Yig e C¥ (j X C(B,Bm),C(B,SE)) ke R

Then we attain
R l

(i) (t.2) = (65t (L he (D) @) @D (@) (9)h()())

Here (aifz,@)k denotes the k-th entry of dihy, and likewise for (6]4}},@)1.
(4.13) implies

(Wisi9)is € C* (1,0(B))

Without loss of generality, we may assume that (7). is subordinate to
the open cover (1, (B)). of M, see [4, Lemma 3.2] for justification. Then
we obtain

YLTR bl = VTl € C¥ (J7 BC(R™, SE)) .
Now the statement follows from Proposition 2.2.
O

Remark 4.7. The result in Theorem 4.4 can be extended to non-compact C* -
uniformly reqular Riemannian manifolds, as long as go is bc>+*-continuous for
some o € (0,1) and go ~ §.
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5. The surface diffusion flow

The problem of the surface diffusion flow aims at finding a family of smooth
immersed oriented hypersurfaces I' = {I'(¢) : ¢ > 0} in R™"! satisfying the
equation:

V(t) = —Ar) Hr),
{F(O)FO' r(o Hr (5.1)

Here V (t) denotes the velocity in the normal direction of I' at time ¢ and Hrp )
stands for the mean curvature of I'(t). Ap() is the Laplace-Beltrami operator
on I'(t). We choose the orientation induced by the outer normal so that V' (¢)
is positive when the enclosed region is growing and Hr(;) is negative while the
enclosed region is convex.

If we start from a compact closed embedded initial hypersurface I'y be-
longing to the class bc® for some s > 2, then by the discussion in
[42, Section 4] we can find a m-dimensional real analytic compact closed em-
bedded oriented hypersurface (M, g) with g as the Euclidean metric on M, a
function py € be®* (M) and a parametrization

Uy, : M= R W, (p) = p + po(p)vm(p)

such that T'y = im(¥,,). Here vu(p) denotes the unit normal with respect to
a chosen orientation of M at p, and pg : M — (—a,a) is a real-valued function
on M, where a is a sufficiently small positive number depending on the inner
and outer ball condition of M. The reader may consult [42, Section 4.1] for
the precise bound of a. Thus I’y lies in the a-tubular neighborhood of M. In
fact, it will suffice to assume I'y to be a C%2-manifold for the existence of such
a parametrization and a real analytic reference manifold. See [42, Section 4]
for a detailed proof.

Analogously, if '(t) is C'-close enough to M, then we can find a function
p:10,T) x M — (—a,a) for some T > 0 and a parametrization

U, :[0,T) x M — R™ 1 W, (t,p) :=p+ p(t,p)vm(p) (5.2)

such that I'(t) = im(¥,(¢,-)) for every t € [0,T).
For any fixed ¢, we do not distinguish between p(t,-) and p(t,1¥.(+)) in
each local coordinate (Oy,¢,) and abbreviate ¥,(¢,-) to be ¥, := ¥ ,(¢,).
In addition, the hypersurface I'(¢) will be simply written as I', as long as the
choice of t is of no importance in the context, or p is independent of ¢.
Let 0 < a < 1. We define
Eg :=bc®(M), Ep :=bc*™*(M) and By = (Eo,El)(;

oo’

By Proposition 2.3, F1 = bc2T(M). Put

U= {peE% el <a}.

For any p € U, im(V,) constitutes a bc?t®

defines a bc?te

-hypersurface I',. In this case, ¥,
-diffeomorphism from M onto I',,.
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Here and in the following, it is understood that the Einstein summation con-
vention is employed and all the summations run from 1 to m for all repeated
indices.

For simplification, we set H, := W7 Hr . Besides, we have V;Ar = A, V7,
where Ap, and A, are the Laplace-Beltrami operators on (I'y,gr) and
(M,o(p)). Here gr is the Euclidean metric on I'y, and o(p) := ¥}g, with
U7 gr standing for the pull-back metric of gr on M. Then

A, = o7 (p) (0,0 — 'V;‘k(P)ai) :

Here 07%(p) are the components of the induced metric o*(p) on the cotangent
bundle. Note that 07%(p) involves the derivatives of p merely up to order one.
q/;-k(p) are the corresponding Christoffel symbols of o(p), which contain the
derivatives of p up to second order.
In [43], the author derives an expression for H, = P (p)p + Fi(p):
B(p) ij B(p)
2

Fi(p) = =797 (lij — plinl}) =

5 Tr{[gr] " (LM — pLM L)},

where Tr(-) denotes the trace operator, and

Blp

O e e

+gr? [P0 + 7i.(p) (951 + Tl =TI p + 1. (p) 115 p0ip) 81}

in every local chart. Here gfﬂj are the components of the induced metric by gr
on the cotangent bundle, and

P! (p)
Qi (p)

in every local chart, where Pij and Qf are polynomials in p with BC* N C%-

coefficients and Q{ # 0. Meanwhile,

rl(p) = (5.3)

~1/2
Belp) == 028(p) = [1+ g™l (p)rk()ds0000] . (5.4)
In particular, 8(p) < 1 for any p € U. Note that in every local chart
P%(p)
B2(p) = :
) Q7 (p)

where P?(p) is a polynomial in p with BC>NC%-coefficients and Q”(p) # 0 is
a polynomial in p and 0;p with BC* N C¥-coefficients. I‘fj are the Christoffel
symbols of the metric g. [; and [;; are the components of the Weingarten tensor
Ly and the second fundamental form LM of M with respect to g, respectively.
In particular, we have

9i; = gij — 2plij + p°1Ljr + 0;pDip. (5.5)
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The reader may refer to [17,24] for a different analysis of the mean curvature
operator. Now the first line of Eq. (5.1) is equivalent to
1 1

- UA -
T R )

There exists a global operator R(p) € L(bc3t*(M), Ey) such that R is well
defined on U and:

R(p)p = %Ap [B(o)Te(lgr] " L™)] — —2—A, [8(p)Tx ([gr] LM Lu)]

A,H,.

26(p)
We set,
P(r) = 5= 00P1(0) + Rl p €D,
F(p) = =55 A B 0) + R(p)p. 9 €BOBE(W).

Note that third order derivatives of p do not appear in F(p). Hence it is well-
defined on U. On account of (5.3)-(5.5), [12, Proposition 1] and [44, Proposi-
tion 6.3], one can verify that

(P, F) € C¥(U, L(E1, Ey) x Eyp).
For pg € U, now the surface diffusion flow Eq. (5.1) can be rewritten as:
pt + P(p)p = F(p),
5.6
{p®)=pm (5.6)

Given (z,€) € B™ x S™~! with |¢(| = 1, estimate the principal symbol of
(P(p))x:

H(P(P))E(.6) = 30 (p(w))Esbegfl (06 = clel®

in every local chart (O, p,) for some ¢ > 0 by the compactness of M. Thus
P(p) is normally elliptic for any p € U. By [44, Theorem 3.6], we infer that

P(p) € My (Ey, Ep), forany p € U.
Owing to [15, Theorem 4.1], we can restate the result in [17] as follows:

Theorem 5.1. For any py € U := {p € bc***(M) : |p|M < a} for some
a € (0,1) and sufficiently small a > 0, there exists a unique solution p to
Eq. (5.6) with mazimal interval of existence J(pg) :=[0,T(po)):

p € CL (J(p0).be* (M) N Cy (J(po). b (M) N C (T (). D).

We are now ready to prove the analyticity of the solution p as we did for the
Ricci flow. Set G(p) := P(p)p—F(p) for p € E;NT. Given (to,p) € J(po) x M,
we define O3 , within B(0,r) for sufficiently small r. Henceforth, we always
use the notation p exclusively for the solution to (5.6). Set u := py ,. Then u
satisfies the equation

up = =1+ ENTLG (T, ) + Bau(u).
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Choose J := [¢,T] C J(po) with to € J. We put
Eo(J) := C(J, Ey), Ei(J):=C(J, E)NC(J, Ep),
and
U(J) == {ueBEy(J): |Jul| M < a}.
Define a map ® : U(J) x B(0,r) — Eo(J) x Ey as

B(p, () o (210 (L EVIREE = Brsl)),

Note that ®(px ., (A, 1)) = (8) for any (A, u) € B(0, ).

(i) As discussed in Sect. 4, one obtains that

D1®(5,(0,0)p = (”’f oo )

The principal part of DG(p) coincides with that of P(p). Therefore, it
follows from [44, Theorem 3.6] and an analogous argument to Lemma 4.2
that

qu)(ﬁ7 (0, 0)) S £IS(U(J) X B(O, ’I“), Eo(J) X El)
(ii) Adopting the decomposition in Sect. 4, we obtain that

G=) wG.

By the proceeding discussion, the local expression of 7,G(p) in (O, ©x)
reads as

¢77~1'H8m(p7 ce aaijklp)
det[gr]** det[o(p)]*2 B, (p)

for every p € U(J) and some n,s1,s2 € N. Here S, is a polynomial
of p and its derivatives up to fourth order whose coefficients belong to
C¥(B™) N BC*(B™). Meanwhile, B,(p) is a polynomial of p with co-
efficients in C*(B™) N BC>°(B™). Observe that the components of the
metric gr and o(p) are polynomials of p and 9;p with coefficients belong-
ing to C¥(B™)NBC>(B™). Thus an analogous argument as for the Ricci
flow applies to the scalar function 7,G(p). It implies that

P e CW(U(J) X B(O,T‘),Eo(J) X El)

Now the implicit function theorem and Theorem 1.1 yields the main theorems
of this section:

(7:G(p))w = B2"(p)

Theorem 5.2. The solution p in Theorem 5.1 satisfies p € C*(J(po) x M).

Corollary 5.3. Suppose that p and p are two solutions to (5.6) with initial data

00, Po € U with U defined as in Theorem 5.1 for some a € (0,1) on J :=[0,T)

belonging to the class C}(J,bc®(M)) N C1(J, be* T (M)). If there exists some
2

to € J such that p(to) = p(to), then p(t) = p(t) on J.
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Theorem 5.4. Suppose that T'g is a compact closed embedded oriented hyper-
surface in R™*1 belonging to the class C*** for some o € (0,1). Then the
surface diffusion flow (5.1) has a local solution T = {T'(t) : t € [0,T)} for
some T > 0. Moreover,

M= |J ({1} xT@)

te(0,T)

is a real analytic hypersurface in R™*2. In particular, each manifold T'(t) is
real analytic for t € (0,T).

Proof. Note that C?t%(M) < bc?T$(M) for any s € (0, ). For each (tg,q) €
M = Uei(po) ({t} x I'(2)), there exists a p € M such that ¥,(to,p) = ¢.
Here I'(t) = im(W,(t,-)). Theorem 5.2 states that there exists a local patch

(0., ¢x) such that p € O, and pot), is real analytic in J(pg) x B™. Therefore,
we conclude

[(t,2) = (8, vn () + p(t, () rma (Vs (2))] € C(F (o) X B™, M).

This proves the assertion. O

6. The mean curvature flow

The averaged mean curvature flow problem, or sometimes been called volume
preserving mean curvature flow problem, consists in looking for a family of
smooth hypersurfaces I' = {T'(t) : ¢t > 0} in R™*! satisfying the following
equation

V(t):H t —h t)s
HE o

where V/(t) and Hp;) have the same meaning as in the previous section, while
hr) stands for the average of the mean curvature on I'(¢), that is, for ¢ > 0

1

T S — Hrp dV,
© Jrwy WVar Jrey =

with gr being the Euclidean metric on I'(t). For 0 < s < v < 1 and y = 2£5=2
let

Eq :=bc*(M), Ey :=bc*T*(M), E, = (Eo, E1)J o, = bc*™*(M),

and
W, i={pe B, ol < a}.

If we start with an initial hypersurface I'y in the class bc?1¢, then we can find
a real analytic compact closed embedded hypersurface (M, g) with g being the
Euclidean metric on M and a function p : [0,T) x M — (—a,a) for some T > 0
and sufficiently small @ > 0 such that {I'(¢) : t € [0,T)} can be characterized
as in (5.2).

We identify p(t,1,.(-)) with p(t,-). Let 8(p), LM, Pi(p) and Fy(p) be the
same as in Sect. 5. Following [42, formula (25)], we set
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D(p) := ZEZ;, with  a(p) := det(I — pK™),

where KM = [g]~'LM is the shape matrix of (M, g). Note that a(p) is a poly-
nomial of p with BC*> N C¥-coeflicients in every local chart. Define

1 1
P(p)h = —m(Pl(p)h — fMl)()d‘/q/Mpl(p)hD(p) dVg), p e W, h € Fq,

1 1
Fio) = 5050 ~ T pra | B@De) ). pe W,

To simplify the notations, we set

B(p)h = B

fM
o A(p) = 30 v, / Fi(p , for p € Wy,
e G(p):= P() ()andK() A()—I—B( )p, for p € By N Ws.
By [12, Proposition 1] and [44, Proposition 6.3], one checks

/ Pi(p)hD(p) dVy, for p € Wy and h € E4,

(Q7 ﬁ) (WS7E0 X EO) and (Pl,Fl) S Ow(Wg7£(E1’EO) X Eo)
(6.2)

Following the proof in [23], we can show that B(p) € L(BC?(M), Ey) for any
p € Ws. On account to

7 [ rav)| < cmom )

M
(6.2) and [44, Proposition 6.3], we have

B € C¥(Wy, L(BC?*(M), Ey)), and likewise, A € C¥(W,, Ey). (6.3)
The above arguments enable us to translate Eq. (6.1) into

pt + P(p)p = F(p),
{ p(0) = po. (6.4)

where pg € Ws. In particular,
(P, F) S CW(WS,,C(El, E()) X Eo)

By examining the symbol of the principal part for (P(p))., that is,

A( ( )) (il' 5) 791“( )fifjv (l’,g) €Bm X‘Smila

it is easily seen that P(p) is normally elliptic for any p € Ws. By (6.3), B(p) is
a lower order perturbation compared to P(p) — B(p). Following the discussion
in the previous sections and [15, Lemma 2.7(c)], the result in [23] can be
restated as:
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Theorem 6.1. Suppose that py € Ws = {u € bc***(M) : ||p|M < a} with
some s € (0,1) and a > 0 sufficiently small. Pick s < a <1 and vy = ZJ”)T_C“
Then Eq. (6.4) has a unique solution p on the mazimal interval of existence
J(po) :=1[0,T(po)) with some T(pg) > 0:

p € Ci_(J(po), b (M) N Cr—y (T (po), be* (M) N C(J (po), W)
For any (to,p) € J(po) x M, choose J := [,T] C J(py) with to € J. Define

Eo(J), E1(J) and U(J) as in Sect. 5. In the sequel, we always use p exclusively
for the solution in Theorem 6.1. Define ® : U(J) x B(0,r) — Eq(J) x Ey by
pe+ (L4 ENTLG(T, ) — By u(p)>
®(p, (A, 1)) — - ! ’ .
0= (55
By a similar argument to Sect. 4, (5.4) and [44, Proposition 6.4], we obtain
[(p, 1) = T, (T, )] € C¥(U(J) x B(0,7),Eo(J)). (6.5)

Proposition 6.2. [(p,u) — T, K (Tﬂ_lp)} € C¥(U(J) x B(0,r),Eq(J)).
Proof. Pick p € U(J). First notice that T, [3(T, ' p)K (T, p)] = B(T, ' p)
K(Tu_lp).

(i) For any te.J, we decompose I(p)(t):= [ Fi(T;, ' (t)p(t))D(T, ' (t)p(t)) dV
M

into

/ BT (1)p(1) D(T M (8)p(t) )V
1, (Ba)

Iy (p)(1)

4 / BT (0)p(0) DT (1) p(t))dV,
¥, (Bg)®

Lo (p)(t)

By Lemma 3.8 and the independence of Iy(u)(t) on p for all ¢t € J,
we infer that [u — Ix(p)] € C¥(B(0,r),C(J)). On the other hand, one
computes

n® = [ R (T w00) D (T, (00t0)) Vsl

_ /34 T,(t)Fy, (TM 1(t)f’(t)>

L), (T, (1)) T, (1) /detlg] | det(Dbe(oy)| dy,

where Fy ,(p) := ¥} Fi(p) and 5,(p), D,(p) are defined alike. Recall that
notation-wise we do not distinguish p from ¢} p.

(ii) Let E := C(J, BC(By)). |det(D¢q),)| is a polynomial of p; with BC*°-
coefficients multiplied by £"(t) with n € Ny, since ¢, € Diff **(B"™).
Accordingly, we infer that

(11— | det(Dbe(),)|] € C¥(B(0,r),E).
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(iii) Because det[g] € BC*(B™) N C¥(B™), [20, Proposition 5.2(a)] and [44,
Proposition 6.4, Remark 6.5] imply that

[u . Tw/det[g]} € C¥(B(0,r), E).

(iv) In (O,,¢,), we can decompose D?(p) into

1
D}(p) = 5~ (BL +Y Agpp- Ab,ksp> ,
PL(,O) &

where B, € BC*(B™)NC*¥(B™), and A, , are linear differential operators
of order at most one with coefficients
at” € BC*(B™)NC*(B™).

P.(p) is a polynomial of p with BC*(B™) N C¥(B™)-coefficients. Argue
similarly to Sect. 4 for functions on B and use [20, Proposition 5.2], [44,
Proposition 6.4, Remark 6.5]. We infer that

[(p, W) TuD, (T;lp)] € C¥(U(J) x B(0,r),E).

(v) Taking into account the fact that §,(p) < 1, (5.4) and [44, Proposition 6.4,
Remark 6.5], a semblable argument to (iv) implies that

(0, 1) = T8, (T;710) | € C*(U(T) x B(O, 1), E).

Since Fé”ﬁ)‘;) is a polynomial of p and 9;p with BC'* N C¥-coefficients, it

is an immediate consequence of the point-wise multiplier theorem on By
that

(0, ) = TPy (T,7') ] € C(U(I) x B(O, ), E).

(vi) Combining all the above results, the point-wise multiplier theorem now
yields

[(0.10) = TPy, (T0) D (T;0) V/detlgl} et (Db, ) |
€ C*(U(J) x B(0,r),E).
It follows from

[fH /B4fdx} € L(BC(By),R), (6.6)

that [ — I ()] € C¥(B(0,r),C(J)). Finally, we are in a position to
conclude

|:(p,lu,) — /MF1 (T, 'p) D (T, p) dvg] € C*(U(J) x B(0,r),C(.J)).

(vii) The decompositions in (i), (iv) and (6.6) imply that

e C(U(J) x B(0,r), C(J)).

[( ) o !
o JuD (Tu_lp) vy
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Modifying (i)-(vi) in an obvious way, we obtain that

%@mhi&PﬂﬂfMﬂﬂﬂﬂﬂfMd%]GC%MQXB@JLCU»

Proposition 2.5 and (6.5) complete the proof.

Following the proof of Sect. 4, we obtain
(0 1) = Ty, | € C(UT) X B(0,7), Bo (). (6.7)
We thus conclude from the above propositions that
O e CY(UJ) xB(0,7),Eq(J) X Eq).
Similarly, it is immediate from the discussion in the previous sections that
Dy®(p, (0,0)) € Lis(E1(J), Eo(J) x E).

The implicit function theorem and Theorem 1.1 thus yield the following the-
orems:

Theorem 6.3. Suppose that T'g is a compact closed embedded oriented hyper-
surface in R™*L belonging to the class C** for some s € (0,1). Then the
averaged mean curvature flow (6.1) has a local solution T = {T'(t) : t € [0,T)}
for some T > 0. Moreover,

M= U ({t} x T'(t)) is areal analytic hypersurfaceinR™*2.
te(0,T)

Remark 6.4. The case that Ty belongs to the class C? is permissible in the
above theorem, provided that we consider P, F' as functions defined on an open
subset {p € b t5(M) : ||p|M < a} of be'T*(M) in the proof of Theorem 6.1
and use the quasi-linear structure of (6.4).

Following an analogous discussion, we can show that the solution to the mean
curvature flow

V() = Hr,
{F&;:F;U (6.8)

immediately becomes analytic.

Theorem 6.5. Suppose that T'g is a compact closed embedded oriented hyper-
surface in R™T1 belonging to the class C*** for some 0 < s < 1. Then the
mean curvature flow (6.8) has a local solution T' = {T'(t) : t € [0,T)} for some
T > 0. Moreover,

M = U ({t} x T'(t)) is a real analytic hypersurface in R™ 2.
te(0,T)

Remark 6.6. An analogous result to Corollary 5.3 holds for the (averaged)
mean curvature flow.
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