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Abstract. In this paper we consider the existence of a weak solution to
a 3d stochastic Navier–Stokes equation perturbed by a noise g(X(t))dW,
where W (t) is a cylindrical Wiener process, in an exterior domain D:

dX(t) = [−AX(t) + B (X(t))]dt + g(X(t))dW (t),

where A = −P2Δ is the Stokes operator and g satisfies some conditions.
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1. Introduction

In this paper we consider the existence of a weak solution to a 3d stochastic
Navier–Stokes equation in an exterior domain D with smooth boundary Γ :

⎧
⎪⎨

⎪⎩

dX(t) = [ΔX(t) + (X(t),∇)X(t) − ∇p]dt + g(X(t))dW (t),
div X = 0 in [0,∞) × D,

X(t, x) = 0 on [0,∞) × Γ, X(0) = φ,

where X is the velocity field of the fluid, p the pressure, φ the initial velocity
field, g(X(t)) the intensity of the external noise.

In the last years the existence of the mild solutions and weak solutions,
and martingale solutions to the two dimensional or three dimensional stochas-
tic Navier–Stokes equations have been extensively investigated. We empha-
size that the stochastic Navier–Stokes equations on a bounded domain or Rd

(d = 2, 3) have been well discussed by many authors(Capinski and Gatarek [1],
Da Prato and Zabczyk [8], Flandoli and Gatarek [10], Flandoli [11], Mikule-
vicius and Rozovskii [19] and references therein). But it is seemed that there
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exist a few papers about 2d stochastic Navier–Stokes equations in unbounded
domain (see e.g. Sritharan and Sunder [24], Brzezniak and Li [1], Taniguchi
[27] and references therein). Very recently global existence of a strong solution
to a 3-dimensional stochastic Navier–Stokes equation with an additive noise in
an exterior domain was considered in [26]. See also Brzezniak and Motyl [2],
Brzezniak and Motyl [3], Capinski and Peszat [6].

On the other hand one can find many papers about the existence of
weak solutions to the deterministic Navier–Stokes equations. For the case on
a bounded domain see e.g. Fujita and Kato [13], Temam [29], Sohr [25], and
references therein. For the case on an exterior domain see e.g. Miyakawa [20],
Miyakawa and Sohr [14] and therein references. For the case on Rd see e.g.
Kato [17].

In this paper we investigate the existence of weak solutions to the 3d
stochastic Navier–Stokes equation perturbed by a additive noise and a multi-
plicative noise in an exterior domain D following Miyakawa and Sohr [14].

The Miyakawa and Sohr Theorem (Miyakawa and Sohr[14]). Let a ∈
L2

σ(D) and f ∈ L2(0, T ;L2
σ(D)) for all T > 0. Then there exists a weak

solution u to a Navier–Stokes equation:

ut − Δu + (u,∇)u + ∇p = f in D × (0,∞)
∇ · u = 0 in D × (0,∞)

u = 0 on ∂D × (0,∞),
u(x, 0) = a(x),

where a weak solution u is defined by u ∈ L∞(0, T ;L2
σ(D)) ∩ L2(0, T ;D(A

1
2 ))

and

−
∫ T

0

(u(t), v)h′(t)dt +
∫ T

0

(∇u(t),∇v)h(t)dt +
∫ T

0

((u(t),∇)u(t), v)h(t)dt

= h(0)(a, v) +
∫ T

0

(f(t), v)h(t)dt

for all v ∈ D(A
1
2 ) and all h ∈ C1([0, T ];R) with h(T ) = 0.

The contents of this paper are as follows: In Sect. 2 we give prelimi-
naries and we set the 3d stochastic Navier–Stokes equation (2.1) in a func-
tional analysis setting by using the Stokes operator A = −P2Δ. In Sect.
3 we collect Lemmas used in this paper. In Sect. 4 the existence of a lo-
cal weak solution to a 3d stochastic NS equation with an additive noise is
considered following Miyakawa and Sohr [14] and we also consider global
existence of solutions. In Sect. 5 the existence of a weak solution to a sto-
chastic Navier–Stokes equation driven by a multiplicative noise is consid-
ered. We omit offen the notation ω ∈ Ω if no confusion arises. Let C,
c, CT and cT denote positive constants which change from a line to a line.
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2. Preliminaries

In this paper we use the following Banach spaces:
Let the spaces C∞

0,σ(D) and Lq
σ(D), q > 1 be defined as follows:

C∞
0,σ(D) := the space of ϕ ∈ C∞

0 (D) with div ϕ = 0 in D,

Lq
σ(D) := the closure of C∞

0,σ(D) with respect to the Lq(D) − norm |·|q ,

where

|u|q =
(∫

D

|u|q dx

) 1
q

.

Define the forms B and b by

B(u, v) =
3∑

i=1

ui(x)
∂v

∂xi
(x)dx,

b(u, v, ϕ) =
∫

D

((u,∇)v, ϕ).

We also set

B(u) := B(u, u).

Next let

Gq(D) :=
{∇p ∈ Lq(D); p ∈ Lq

loc(D̄)
}

.

Then it is well known that the Helmholtz decomposition:

Lq(D) = Lq
σ(D) ⊕ Gq(D)

holds. Let Pq denote the projection operator from Lq(D) onto Lq
σ(D) and let

the operator Aq on Lq
σ(D) be defined by Aqu = −PqΔu, u ∈ D(Aq) with the

domain

D(Aq) = W 2,q(D) ∩ W 1,q
0 (D) ∩ Lq

σ(D).

The operator A2 is a self-adjoint in the real Hilbert space L2
σ(D). Let A2 = A.∣

∣
∣A

1
2 u

∣
∣
∣
2

= |∇u|2 for u ∈ D(A
1
2 ). See p.122, [20] in detail.

Let K,H be two separable Hilbert spaces. Let L(K,H) denote the space
of all bounded linear operators from K to H. Let Q ∈ L(K,K) be a nonnega-
tive self-adjoint operator. L0

2(K,H) denotes the space of all ξ ∈ L(K,H) such
that ξ

√
Q is a Hilbert–Schmidt operator. The norm is given by

|ξ|2L0
2

:=
∣
∣
∣ξ
√

Q
∣
∣
∣
2

HS
= tr(ξQξ∗) < ∞.

Then ξ is called a Q−Hilbert–Schmidt operator from K to H .
Let (Ω, P,F) be a complete probability space on which an increasing and

right continuous family (Ft)t∈[0,∞] of complete sub-σ-algebra of F is defined.
F0 contains all the null sets of F . Let βj(t) (j = 1, 2, 3, . . .) be a sequence of
real valued one-dimensional standard Brownian motions mutually independent
on (Ω, P,F).
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In this paper we set

W (t) =
∞∑

n=1

√
σnβn(t)en, t ≥ 0

where σn ≥ 0 (n = 1, 2, 3 . . .) are nonnegative real numbers and {en} (n =
1, 2, 3, . . .) is a complete orthonormal basis in the real and separable Hilbert
space K. Let Q ∈ L(K,K) be a operator defined by Qen = σnen. We assume
that Q is the trace operator, that is, trace Q = Σσn < ∞.

We consider the following stochastic Naver–Stokes equation:
⎧
⎪⎨

⎪⎩

dX(t) = [−AX(t) + B (X(t))]dt + g(X(t))dW (t),
X(t, x) = 0, (t, x) ∈ [0, T ] × Γ (boundary condition),

X(0) = φ (initial condition),
(2.1)

where φ is an F0−measurable function, φ ∈ D(A
1
2 ) and g : L2

σ(D) → L0
2(K,

L2
σ(D)) is a continuous function. Let S(t) denote an analytic semigroup gen-

erated by −A.

Definition 1. A stochastic process X(t) is called a mild solution to (2.1) on
[0, T ], if the following conditions are satisfied:

(a) X(t) is a progressively measurable process such that X ∈ L∞(0, T ;
L2

σ(D)) ∩ L2(0, T ;D(A
1
2 )), almost surely,

(b) The process X(t) satisfies

X(t) = S(t)φ +
∫ t

0

S(t − s)B(X(s))ds +
∫ t

0

S(t − s)g(X(s))dW (s)

on [0, T ], almost surely.

Definition 2. A stochastic process X(t) is called a weak solution to (2.1) on
[0, T ], if the following conditions are satisfied:

(c) X(t) is a progressively measurable process such that X ∈ L∞(0, T ;
L2

σ(D)) ∩ L2(0, T ;D(A
1
2 )), almost surely,

(d) For any fixed ϕ ∈ C∞
0 (D), the process (X(t), ϕ) is continuous,

(e) the process X(t) satisfies

(X(t), ϕ) = (X(0) −
∫ t

0

AX(s)ds +
∫ t

0

B(X(s))ds +
∫ t

0

g(X(s))dW (s), ϕ)

(2.2)

on [0, T ], almost surely.

3. Lemmas

It is known that −Aq generates a uniformly bounded analytic semigroup
{Sq(t) : t > 0} on Lq

σ(D). There exists an M > 0 and a β > 0 such that
|S(t)| ≤ Meβt, t ≥ 0.
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Lemma 1. The following estimate holds: for 0 < α < 1
∣
∣Aα

q Sq(t)
∣
∣
q

≤ Mαqt
−α, Mαq ≥ 1, t > 0.

Let Mα := Mα2. In this paper we use the Yosida approximation

Jλ := (1 + λ−1A)−1.

Let φλ := Jλφ, fλ := Jλf and

Bλ(u, v) := P (Jλu · ∇)v = B(Jλu, v), Bλ(u) := Bλ(u, u).

Lemma 2. ([14], p. 462) For the Yosida approximation the following hold:

|Jλw|2 ≤ |w|2 for w ∈ L2
σ(D).

|Jλw − w|2 → 0 as λ → ∞,

|Jλw|∞ ≤ C(λ) |w|2 for w ∈ L2
σ(D).

(Bλ(u, v), w) = b(Jλu, v, w) ≤ |Jλu|∞ |∇v|2 |w|2
≤ C(λ) |u|2 |∇v|2 |w|2 .

The following lemmas are crucial in this paper. See also Farwig and
Komo [9].

Lemma 3. (Theorem 2.7, p. 81, Giga and Sohr [12]). Let 1 < q < ∞, 1 < r <

∞, 0 < T ≤ ∞. Then for every f ∈ Lr(0, T ;Lq
σ(D)) and a ∈ D

1−1/r,r
q there

exists a unique solution of the Stokes equation

u′ + Aqu = f

for a.e. t ∈ (0, T ), u(0) = a satisfying
∫ T

0

|u′(t)|rq dt +
∫ T

0

|Aqu(t)|rq dt ≤ C

(∫ T

0

|f(t)|rq dt + |a|r
D

1−1/r,r
q

)

,

where C = C(q, r,D) > 0 independent of a, f and T, and the definition of the
space D

1−1/r,r
q is given as follows:

D1−1/r,r
q :=

{

v ∈ Lr
σ(D); |v|q +

(∫ ∞

0

|AS(t)v|rq dt

) 1
r

< ∞
}

.

Remark 1. The general definition of the space Dα,r
q , 0 < α < 1, is given in

(p.77, [12]).

4. The existence of a weak solution to (4.2)

Let Φ : [0, T ] × Ω → L0
2(K,L2

σ(D)) be a progressively measurable process. Set

WA(t) :=
∫ t

0

S(t − s)Φ(s)dW (s).
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Condition 1. There exist positive constants Φ2,T and Φ4,T > 0 depending on
T > 0 such that

E

[

sup
0≤s≤T

|Φ(s)|2L2
0

]

∨ E

[

sup
0≤s≤T

∣
∣
∣A

1
2 Φ(s)

∣
∣
∣
2

L2
0

]

< Φ2,T ,

E

[

sup
0≤s≤T

|Φ(s)|4L2
0

]

∨ E

[

sup
0≤s≤T

∣
∣
∣A

1
2 Φ(s)

∣
∣
∣
4

L2
0

]

< Φ4,T .

We need the following lemma.

Lemma 4. If, WA(t)(ω) and A
1
2 WA(t)(ω) are continuous, then for a.e. ω ∈ Ω,

for any given Rω > 0 there exists a sufficiently small T0 = T0(ω) > 0 such
that

sup
0≤t≤T0

|WA(t)(ω)| ∨ sup
0≤t≤T0

∣
∣
∣A

1
2 WA(t)(ω)

∣
∣
∣ < Rω. (4.1)

In this section we consider the existence of a weak solution to a stochastic
Navier–Stokes equation with an additive noise:

⎧
⎪⎨

⎪⎩

dX(t) = [−AX(t) + B (X(t))]dt + Φ(t)dW (t),
X(t, x) = 0, (t, x) ∈ [0,∞) × Γ (boundary condition),
X(0) = φ (initial condition).

(4.2)

To this end we first consider the following stochastic equation:

X(t) = S(t)φ +
∫ t

0

S(t − s)B(X(s))ds +
∫ t

0

S(t − s)Φ(s)dW (s) (4.3)

for an initial value φ with E |φ|22 < ∞ and E
∣
∣
∣A

1
2 φ

∣
∣
∣
2

2
< ∞. Set

Y (t) = X(t) − WA(t). (4.4)

Then it follows that

Y (t) = S(t)φ +
∫ t

0

S(t − s)B (Y (s) + WA(s)) ds.

We consider the following equation

X(t) = S(t)φ +
∫ t

0

S(t − s)Bλ (X(s)) ds +
∫ t

0

S(t − s)Φ(s)dW (s). (4.5)

In other word we ask if there exists a solution Y (t)(ω) to

Y (t) = S(t)φ +
∫ t

0

S(t − s)Bλ (Y (s) + WA(s)) ds, a.e. ω ∈ Ω. (4.6)

For any fixed φ with E |φ|22 < ∞ and E
∣
∣
∣A

1
2 φ

∣
∣
∣
2

2
< ∞, we can take an

Rω > 0, for a.e. ω ∈ Ω, such that |φ(ω)|2 +
∣
∣
∣A

1
2 φ(ω)

∣
∣
∣
2

≤ 1
M Rω, where |S(t)| ≤

M, M ≥ 1, t ≥ 0. Let v : [0, T ] × Ω → L2
σ(D) ∩ D(A

1
2 ) and let ‖v(ω)‖T :=

sup0≤s≤T

(
|v(s)(ω)|2 +

∣
∣
∣A

1
2 v(s)(ω)

∣
∣
∣
2

)
.
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Definition 3. Denote by PP ([0, T ];L2
σ(D) ∩ D(A

1
2 )), the set of all L2

σ(D) ∩
D(A

1
2 )− valued, Ft− adapted and continuous processes v(t) on [0, T ]. Then

for a.e. ω ∈ Ω, define the space

S(φ, T, ω,Rω)

:=

{
v ∈ PP ([0, T ];L2

σ(D) ∩ D(A
1
2 ));

v(0)(ω) = φ(ω), ‖v(ω)‖T ≤ 2Rω, |φ(ω)|2 +
∣
∣
∣A

1
2 φ(ω)

∣
∣
∣
2

≤ 1
M Rω.

}

First we show the existence of a solution local in time to (4.5).

Lemma 5. Let φ be F0− measurable with E |φ|22 < ∞ and E
∣
∣
∣A

1
2 φ

∣
∣
∣
2

2
< ∞.

Assume that Condition 1 is satisfied. Then there exists a local solution Xλ to
(4.5).

Proof. If Condition 1 is satisfied, then we have that

E
∣
∣
∣A

1
2 WA(t) − A

1
2 WA(τ)

∣
∣
∣
4

2

= E

∣
∣
∣
∣

∫ t

0

S(t − s)A
1
2 Φ(s)dW (s) −

∫ τ

0

S(τ − s)A
1
2 Φ(s)dW (s)

∣
∣
∣
∣

4

2

= E

∣
∣
∣
∣

∫ t

τ

S(t−s)A
1
2 Φ(s)dW (s)+

∫ τ

0

(S(t − s)−S(τ −s)) A
1
2 Φ(s)dW (s)

∣
∣
∣
∣

4

2

≤ 8E

∣
∣
∣
∣

∫ t

τ

S(t − s)A
1
2 Φ(s)dW (s)

∣
∣
∣
∣

4

2

+8E

∣
∣
∣
∣

∫ τ

0

(S(t − s) − S(τ − s)) A
1
2 Φ(s)dW (s)

∣
∣
∣
∣

4

2

.

Thus by the Burkholder inequality we obtain that

E
∣
∣
∣A

1
2 WA(t) − A

1
2 WA(τ)

∣
∣
∣
4

2

≤ E

(∫ t

τ

∣
∣
∣S(t − s)A

1
2 Φ(s)

∣
∣
∣
2

L0
2

ds

)2

+8E

(∫ τ

0

∣
∣
∣(S(t − s) − S(τ − s)) A

1
2 Φ(s)

∣
∣
∣
2

L0
2

ds

)2

:= I1 + I2.

Then

I1 ≤ 8M4 exp(4βT )E
(

sup
0≤t≤T

∣
∣
∣A

1
2 Φ(s)

∣
∣
∣
2

L0
2

∫ t

τ

1ds

)2

≤ 24M4 exp(4βT )Φ4,T (t − τ)2,
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Let γ be any fixed real number such that γ ∈ (1
4 , 1

2 ). By the similar method
as in (p.133 [7])

I2 ≤ 8E

(∫ τ

0

∣
∣
∣
∣

∫ t−s

τ−s

d

dρ
S(ρ)A

1
2 Φ(s)dρ

∣
∣
∣
∣

2

L0
2

ds

)2

≤ 8E

(∫ τ

0

∣
∣
∣
∣

∫ t−s

τ−s

AS(ρ)A
1
2 Φ(s)dρ

∣
∣
∣
∣

2

L0
2

ds

)2

≤ 8

(

M2
1

∫ τ

0

∣
∣
∣
∣

∫ t−s

τ−s

dρ

ρ

∣
∣
∣
∣

2

ds

)2

E

(

sup
∣
∣
∣A

1
2 Φ(s)

∣
∣
∣
2
)2

≤ 8
(

M2
1 T 1−2γ

γ2(1 − 2γ)

)2

Φ4,T (t − τ)4γ ,

where we assumed |t − τ | < 1. Therefore

E
∣
∣
∣A

1
2 WA(t) − A

1
2 WA(τ)

∣
∣
∣
4

2
≤ c |t − τ |4γ

.

Thus A
1
2 WA(t) has a continuous modification in t and similarly WA(t) has

also a continuous modification in t. Let Z(ω) ∈ S(φ, T, ω,Rω) and hence
‖Z(ω)‖T = sup0≤t≤T

(
|Z(t)(ω)|2 +

∣
∣
∣A

1
2 Z(t)(ω)

∣
∣
∣
2

)
≤ 2Rω. Define a mapping

Γ on the space S(φ, T, ω,Rω) by

Γ(Z) := S(t)φ +
∫ t

0

S(t − s)Bλ (Z(s) + WA(s)) ds

= S(t)φ +
∫ t

0

S(t − s)B(Jλ(Z(s) + WA(s)), Z(s) + WA(s))ds.

We show that Γ : S(φ, T, ω,Rω) → S(φ, T, ω,Rω) is well defined. By lemmas
1 and 2

‖Γ(Z)‖T

≤ ‖S(t)φ‖T +
∥
∥
∥
∥

∫ t

0

S(t−s)B(Jλ(Z(s)+WA(s)), Z(s)+WA(s))ds

∥
∥
∥
∥

T

≤ ‖S(t)φ‖T + sup
0≤t≤T

∫ t

0

|S(t−s)B(Jλ(Z(s)+WA(s)), Z(s)+WA(s))|2 ds

+ sup
0≤t≤T

∫ t

0

∣
∣
∣A

1
2 S(t−s)B(Jλ(Z(s)+WA(s)), Z(s)+WA(s))

∣
∣
∣
2
ds

≤ ‖S(t)φ‖T + C(λ) sup
0≤t≤T

∫ t

0

|(Z(s) + WA(s))|2
∣
∣
∣A

1
2 (Z(s) + WA(s))

∣
∣
∣
2
ds

+C(λ) sup
0≤t≤T

∫ t

0

∣
∣
∣A

1
2 S(t − s)

∣
∣
∣ |(Z(s) + WA(s))|2

×
∣
∣
∣A

1
2 (Z(s) + WA(s))

∣
∣
∣
2
ds
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≤ sup
0≤t≤T

(
|S(t)φ(ω)|2 +

∣
∣
∣A

1
2 S(t)φ(ω)

∣
∣
∣
2

)

+C(λ) sup
0≤t≤T

∫ t

0

(1 + M 1
2
(t − s)− 1

2 ) (|Z(s)(ω)|2 + |WA(s))(ω)|2)

×
(∣
∣
∣A

1
2 Z(s)(ω)

∣
∣
∣
2

+
∣
∣
∣A

1
2 WA(s)(ω)

∣
∣
∣
2

)
ds.

Since thanks to Auxiliary lemma 1, we have a sufficiently small T0 > 0 such
that (4.1) holds and so we can choose a sufficiently small T ∈ (0, T0) > 0 such
that

‖Γ(Z)(ω)‖T ≤ Rω + 9C(λ) sup
0≤t≤T

∫ t

0

(1 + M 1
2
(t − s)− 1

2 )R2
ωds

≤ Rω + 9C(λ)M 1
2
(T + 2

√
T )R2

ω

< 2Rω.

Thus we have that

Γ(Z) ∈ S(φ, T, ω,Rω).

Next we show that the mapping Γ is a contractive mapping if T is small
enough.

‖ΓZ1 − ΓZ2‖T ≤
∥
∥
∥
∥

∫ t

0

S(t − s)B(Jλ(Z1(s) − Z2(s)), Z1(s) + WA(s))

+ S(t − s) (B(Jλ(Z2(s) + WA(s)), Z1(s) − Z2(s))) ds‖T

≤
∥
∥
∥
∥

∫ t

0

S(t − s)B(Jλ(Z1(s) − Z2(s)), Z1(s) + WA(s))ds

∥
∥
∥
∥

T

+
∥
∥
∥
∥

∫ t

0

S(t − s)B(Jλ(Z2(s) + WA(s)), Z1(s) − Z2(s))ds

∥
∥
∥
∥

T

.

Then using Lemmas 2 and 1 we have that
∫ t

0

|S(t − s)| |B(Jλ(Z1(s) − Z2(s)), Z1(s) + WA(s))|2 ds

≤ M

∫ t

0

|Jλ(Z1(s) − Z2(s))|∞
∣
∣
∣A

1
2 (Z1(s) + WA(s))

∣
∣
∣
2
ds

≤ MC(λ)
∫ t

0

|Z1(s) − Z2(s)|2
∣
∣
∣A

1
2 (Z1(s) + WA(s))

∣
∣
∣
2
ds

≤ 3MC(λ)Rω

∫ t

0

|Z1(s) − Z2(s)|2 ds

and
∫ t

0

∣
∣
∣A

1
2 S(t − s)

∣
∣
∣ |B(Jλ(Z1(s) − Z2(s)), Z1(s) + WA(s))|2 ds

≤ M 1
2

∫ t

0

∣
∣
∣A

1
2 S(t − s)

∣
∣
∣ |Jλ(Z1(s) − Z2(s))|∞

∣
∣
∣A

1
2 (Z1(s) + WA(s))

∣
∣
∣
2
ds
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≤ M 1
2
C(λ)

∫ t

0

∣
∣
∣A

1
2 S(t − s)

∣
∣
∣ |Z1(s) − Z2(s)|2

∣
∣
∣A

1
2 (Z1(s) + WA(s))

∣
∣
∣
2
ds

≤ 3M 1
2
C(λ)Rω

∫ t

0

(t − s)− 1
2 |Z1(s) − Z2(s)|2 ds.

Similarly
∫ t

0

|S(t − s)| |B(Jλ(Z2(s) + WA(s)), Z1(s) − Z2(s))|2 ds

+
∫ t

0

∣
∣
∣A

1
2 S(t − s)

∣
∣
∣ |B(Jλ(Z2(s) + WA(s)), Z1(s) − Z2(s))|2 ds

≤ 3C0C(λ)Rω

∫ t

0

(1 + (t − s)− 1
2 ) ‖Z1 − Z2‖2 ds,

where C0 = (M + M 1
2
). Therefore

‖ΓZ1 − ΓZ2‖T ≤ 6C0C(λ)Rω sup
0≤t≤T

∫ t

0

(1 + (t − s)− 1
2 ) ‖Z1 − Z2‖T ds

≤ 12C0C(λ)Rω(T + T
1
2 ) ‖Z1 − Z2‖T .

Thus by taking a sufficiently small T > 0, the mapping Γ is a contraction
mapping. Thus there exists a fixed point Yλ ∈ S(φ, T, ω,Rω). Set Xλ(s) =
Yλ(s) + WA(s). Then we have that Xλ(t) satisfies

Xλ(t)=S(t)φ+
∫ t

0

S(t − s)Bλ (Xλ(s)) ds +
∫ t

0

S(t − s)Φ(s)dW (s). (4.7)

Thus the proof of the existence of a local solution is complete. �

Next we show the existence of a global weak solution.

Theorem 1. Assume that all the conditions of Lemma 5 and E |φ|42 < ∞ are
satisfied. Then there exists a global weak solution Xλ(t) to (4.5).

Proof. One can prove that a local solution Xλ(t) to (4.7) is a weak solution
by the standard method using the Fubini theorem [2]. That is, Xλ(t) satisfies
for any fixed ϕ ∈ C∞

0 (D),

(Xλ(t),∇ϕ) =
(

φ −
∫ t

0

AXλ(s)ds +
∫ t

0

Bλ (Xλ(s)) ds +
∫ t

0

Φ(s)dW (s),∇ϕ

)

.

Thus, assume that the solution Xλ(s) exists on 0 ≤ s ≤ t ≤ t0, 0 < t0 < T.

Then the proof of the theorem is complete if E |Xλ(t0)|22 and E
∣
∣
∣A

1
2 Xλ(t0)

∣
∣
∣
2

2

are bounded. Since it is clear that E |Xλ(t0)|22 is bounded, we only show that

E
∣
∣
∣A

1
2 Xλ(t0)

∣
∣
∣
2

2
is bounded. Applying the Ito formula to |Xλ(t)|42 , we have that
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|Xλ(t)|42 = |φ|42 + 4
∫ t

0

(
Xλ(s) |Xλ(s)|22 ,−AXλ(s) + Bλ(Xλ(s))

)
ds

+6
∫ t

0

|Φ(s)|2L0
2
|Xλ(s)|22 ds + 4

∫ t

0

(
|Xλ(s)|22 Xλ(s),Φ(s)dW (s)

)

≤ |φ|42 − 4
∫ t

0

∣
∣
∣A

1
2 Xλ(s)

∣
∣
∣
2

2
|Xλ(s)|22 ds

+3
∫ t

0

|Φ(s)|4L0
2
+ 3

∫ t

0

|Xλ(s)|42 ds + 4
∫ t

0

(
|Xλ(s)|22 Xλ(s),Φ(s)dW (s)

)
.

Therefore,

E |Xλ(t)|42 + 4
∫ t

0

E
∣
∣
∣A

1
2 Xλ(s)

∣
∣
∣
2

2
|Xλ(s)|22 ds

≤ E |φ|42 + 3
[∫ t

0

E |Φ(s)|4L0
2
ds +

∫ t

0

E |Xλ(s)|42 ds

]

.

Thus we have a CT > 0 such that

E |Xλ(t)|42 + 4
∫ t

0

E
∣
∣
∣A

1
2 Xλ(s)

∣
∣
∣
2

2
|Xλ(s)|22 ds ≤ CT . (4.8)

By the Ito formula
∣
∣
∣A

1
2 Xλ(t)

∣
∣
∣
2

2
=

∣
∣
∣A

1
2 φ

∣
∣
∣
2

2
− 2

∫ t

0

|AXλ(s)|22 ds + 2
∫ t

0

(A
1
2 Xλ(s), A

1
2 Bλ (Xλ(s)) ds

+
∫ t

0

∣
∣
∣A

1
2 Φ(s)

∣
∣
∣
2

L2
0

ds + 2
∫ t

0

(
A

1
2 Xλ(s), A

1
2 Φ(s)dW (s)

)

and hence

E
∣
∣
∣A

1
2 Xλ(t)

∣
∣
∣
2

2
+ 2

∫ t

0

E |AXλ(t)|22 ds

≤ E
∣
∣
∣A

1
2 φ

∣
∣
∣
2

2
+ E

∫ t

0

∣
∣
∣A

1
2 Φ(s)

∣
∣
∣
2

L0
2

ds

+2E

∫ t

0

|JkXλ(s)|∞ |∇Xλ(s)|2 |AXλ(s)|2 ds.

Then by Lemma 2 and (4.8) we have a CT > 0 such that

2E

∫ t

0

|JkXλ(s)|∞ |∇Xλ(s)|2 |AXλ(s)|2 ds

≤ 2C(λ)E
∫ t

0

|Xλ(s)|2 |∇Xλ(s)|2 |AXλ(s)|2 ds

≤ E

∫ t

0

|AXλ(s)|22 ds + C2(λ)E
∫ t

0

|Xλ(s)|22
∣
∣
∣A

1
2 Xλ(s)

∣
∣
∣
2

2
ds

≤ E

∫ t

0

|AXλ(s)|22 ds + C2(λ)CT .
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Thus by Condition 1

E
∣
∣
∣A

1
2 Xλ(t0)

∣
∣
∣
2

2
+

∫ t0

0

E |AXλ(t)|22 ds

≤ E
∣
∣
∣A

1
2 φ

∣
∣
∣
2

2
+ E

∫ t0

0

∣
∣
∣A

1
2 Φ(s)

∣
∣
∣
2

L0
2

ds + C2(λ)CT

≤ E
∣
∣
∣A

1
2 φ

∣
∣
∣
2

2
+ TΦ2,T + C2(λ)CT .

Thus E
∣
∣
∣A

1
2 Xλ(t0)

∣
∣
∣
2

2
is bounded. This implies that the solution Xλ(t) exists

on [0, T ]. The proof of the theorem is complete. �

5. Existence of a weak solution to (2.1)

In this section we first prove the existence of a weak solution Xλ to

X(t) = φ −
∫ t

0

AX(s)ds +
∫ t

0

Bλ (X(s)) ds +
∫ t

0

g(X(s))dW (s). (5.1)

Since a function g : L2
σ(D) → L0

2(K,L2
σ(D)) is continuous, for any L2

σ(D)−
valued progressively measurable process ξ, we have that g(ξ) : [0, T ] × Ω →
L0

2(K,L2
σ(D)) is also a progressively measurable process. We need the following

condition on g.

Condition 2. The function g : L2
σ(D) → L0

2(K;L2
σ(D)) satisfies the Lipschitz

condition with g(0) = 0. In other word, there exists an Lg > 0 such that

|g(u) − g(v)|2L0
2

≤ Lg |u − v|22
for u, v ∈ L2

σ(D), and furthermore assume that g : D(A
1
2 ) → L0

2(K;D(A
1
2 ))

and there exists a positive constant LG such that
∣
∣
∣A

1
2 g(u) − A

1
2 g(v)

∣
∣
∣
2

L0
2

≤ LG

∣
∣
∣A

1
2 u − A

1
2 v

∣
∣
∣
2

2

for u, v ∈ D(A
1
2 ).

Condition 3. Assume that an initial value φ is F0− measurable and the fol-
lowing conditions are satisfied:

E |φ|22 < ∞ and E
∣
∣
∣A

1
2 φ

∣
∣
∣
2

2
< ∞.

E |φ|42 < ∞ and E
∣
∣
∣A

1
2 φ

∣
∣
∣
4

2
< ∞.

Assume that φ satisfies Condition 3 and g satisfies Condition 2. Consider
the sequence of the processes.

⎧
⎨

⎩

X0
λ(t) := φ,

Xn+1
λ (t) = φ +

∫ t

0

[−AXn+1
λ (s) + Bλ(Xn+1

λ (s))
]
ds

+
∫ t

0
g(Xn

λ (s))dW (s), n ≥ 0.

(5.2)
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We have that if the process Xn
λ (t) (n ≥ 1) is an L2

σ(D)−progressively measur-
able process, then g(Xn

λ (t)) is also a progressively measurable process and so
∫ t

0
g(Xn

λ (s))dW (s) is well defined. If E sup |Xn
λ (s)|42 and E sup

∣
∣
∣A

1
2 Xn

λ (s)
∣
∣
∣
2

2
are

both bounded, then by Conditions 2 and 3, Theorem 1 and Lemma 7 below
the process Xn+1

λ (t) is well defined from (5.2), which is an Ft− measurable
and continuous process and hence it is progressively measurable. Thus the
sequence {Xn

λ (t)} (n = 1, 2, 3, , , ) is well defined.

Lemma 6. Assume that a0, a1 > 0 and f0(t) := β > 0 are positive constants.
Let fn(t) ≥ 0, n ≥ 1. If it holds that for all n ≥ 0

fn+1(t) ≤ a0 + a1

∫ t

0

fn(s)ds, 0 ≤ t ≤ T,

then there exists an Mξ > 0 such that for all n ≥ 0

fn+1(t) ≤ Mξ exp(a1T ).

Proof. Let Mξ := max {a0, β} . It holds that f1(t) ≤ Mξ(1+a1t). Assume that
the following inequality holds:

fn(t) ≤ Mξ

k=n∑

k=0

(a1t)k

k!
, n ≥ 1.

Then it holds that

fn+1(t) ≤ a0 + a1

∫ t

0

(

Mξ

k=n∑

k=0

(a1s)k

k!

)

ds

= a0 + Mξ

(
k=n∑

k=0

ak+1
1 (t)k+1

(k + 1)!

)

≤ Mξ

k=n+1∑

k=0

(a1t)k

k!
.

This means that it holds that for all n ≥ 0

fn+1(t) ≤ Mξ exp(a1t), t ≥ 0.

This completes the proof of the lemma. �

Lemma 7. Let p ≥ 2 and let φ be F0−measurable with E |φ|p2 < ∞ and

E
∣
∣
∣A

1
2 φ

∣
∣
∣
2

2
< ∞. Assume that Condition 2 is satisfied. Then there exists a

constant Be > 0 such that

E

[

sup
0≤s≤T

∣
∣Xn+1

λ (s)
∣
∣p
2

]

< Be and E

[

sup
0≤s≤T

∣
∣
∣A

1
2 Xn+1

λ (s)
∣
∣
∣
2

2

]

< Be

uniformly in all n ≥ 0.
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Proof. Let X0
λ(s) = φ, 0 ≤ s ≤ T. By (5.2), applying the Ito formula to

∣
∣Xn+1

λ (t)
∣
∣p
2
, we have that

∣
∣Xn+1

λ (t)
∣
∣p
2

= |φ|p2
+p

∫ t

0

(
Xn+1

λ (s)
∣
∣Xn+1

λ (s)
∣
∣p−2

2
,−AXn+1

λ (s) + Bλ(Xn+1
λ (s))

)
ds

+
1
2
p(p − 1)

∫ t

0

|g(Xn
λ (s))|2L0

2

∣
∣Xn+1

λ (s)
∣
∣p−2

2
ds

+p

∫ t

0

(∣
∣Xn+1

λ (s)
∣
∣p−2

2
Xn+1

λ (s), g(Xn
λ (s))dW (s)

)
.

Therefore,

E

[

sup
0≤τ≤t

∣
∣Xn+1

λ (τ)
∣
∣p
2

]

+ p

∫ t

0

E
∣
∣
∣A

1
2 Xn+1

λ (s)
∣
∣
∣
2

2

∣
∣Xn+1

λ (s)
∣
∣p−2

2
ds

≤ E |φ|p2 +
1
2
p(p − 1)E

[∫ t

0

|g(Xn
λ (s))|2L0

2

∣
∣Xn+1

λ (s)
∣
∣p−2

2
ds

]

+pE

[

sup
0≤τ≤t

∣
∣
∣
∣

∫ τ

0

(∣
∣Xn+1

λ (s)
∣
∣p−2

2
Xn+1

λ (s), g(Xn
λ (s))dW (s)

)∣∣
∣
∣

]

= E |φ|p2 + J1 + J2.

Thus we have a constants p1, p2 > 0 such that

J1 ≤ 1
2
p(p − 1)LgE

[∫ t

0

|Xn
λ (s)|22

∣
∣Xn+1

λ (s)
∣
∣p−2

2
ds

]

≤ p1

∫ t

0

E |Xn
λ (s)|p2 ds + p2

∫ t

0

E
∣
∣Xn+1

λ (s)
∣
∣p
2
ds.

By the Burkholder–Davis–Gundy lemma, Condition 2 and the Young inequal-
ity, there exist positive constants c, k > 0 such that

J2 ≤ 4cE

[(∫ t

0

∣
∣Xn+1

λ (s)
∣
∣2(p−2)

2

∣
∣Xn+1

λ (s)
∣
∣2
2
|g(Xn

λ (s))|2L0
2
ds

) 1
2
]

≤ 4cL
1
2
g E

[(∫ t

0

∣
∣Xn+1

λ (s)
∣
∣2(p−1)

2
|Xn

λ (s)|22 ds

) 1
2
]

≤ 4cL
1
2
g E

[

sup
0≤s≤t

∣
∣Xn+1

λ (s)
∣
∣p−1

2

(∫ t

0

|Xn
λ (s)|2 ds

) 1
2
]

≤ 1
2
E

[

sup
0≤τ≤t

∣
∣Xn+1

λ (τ)
∣
∣p
2

]

+ κT
p−2
2 E

(∫ t

0

|Xn
λ (s)|p2 ds

)2

.
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Thus

E

[

sup
0≤τ≤t

∣
∣Xn+1

λ (τ)
∣
∣p
2

]

+ 2p

∫ t

0

E
∣
∣
∣A

1
2 Xn+1

λ (s)
∣
∣
∣
2

2

∣
∣Xn+1

λ (s)
∣
∣p−2

2
ds

≤ 2E |φ|p2 + 2p1

∫ t

0

E |Xn
λ (s)|p2 ds + 2p2

∫ t

0

E
∣
∣Xn+1

λ (s)
∣
∣p
2
ds

+2κT
p−2
2

∫ t

0

E

[

sup
0≤τ≤s

|Xn
λ (τ)|p2

]

ds.

By Lemma 6 there exists a constant Bc > 0 such that for all n ≥ 0

E

[

sup
0≤s≤T

∣
∣Xn+1

λ (s)
∣
∣p
2

]

< Bc.

We also have a constant CT > 0 such that
∫ t

0

E
∣
∣
∣A

1
2 Xn+1

λ (s)
∣
∣
∣
2

2

∣
∣Xn+1

λ (s)
∣
∣2
2
ds < CT , 0 ≤ t ≤ T. (5.3)

Next applying the Ito formula to
∣
∣
∣A

1
2 Xn+1

λ (t)
∣
∣
∣
2

2
, we have that

∣
∣
∣A

1
2 Xn+1

λ (t)
∣
∣
∣
2

2
=

∣
∣
∣A

1
2 φ

∣
∣
∣
2

2

+2
∫ t

0

(
A

1
2 Xn+1

λ (s),−A
1
2 AXn+1

λ (s) + A
1
2 Bλ(Xn+1

λ (s))
)

ds

+
∫ t

0

∣
∣
∣A

1
2 g(Xn

λ (s))
∣
∣
∣
2

L0
2

ds

+2
∫ t

0

(
A

1
2 Xn+1

λ (s), A
1
2 g(Xn

λ (s))dW (s)
)

.

Therefore,

E

[

sup
0≤τ≤t

∣
∣
∣A

1
2 Xn+1

λ (τ)
∣
∣
∣
2

2

]

+ 2
∫ t

0

E
∣
∣AXn+1

λ (s)
∣
∣2
2
ds

≤ E
∣
∣
∣A

1
2 φ

∣
∣
∣
2

2
+ E

[∫ t

0

∣
∣
∣A

1
2 g(Xn

λ (s))
∣
∣
∣
2

L0
2

ds

]

+2
∫ t

0

E
∣
∣JkXn+1

λ

∣
∣
∞

∣
∣∇Xn+1

λ

∣
∣
2

∣
∣AXn+1

λ

∣
∣
2
ds

+2E

[

sup
0≤τ≤t

∣
∣
∣
∣

∫ τ

0

(
A

1
2 Xn+1

λ (s), A
1
2 g(Xn

λ (s))dW (s)
)∣∣
∣
∣

]

= E
∣
∣
∣A

1
2 φ

∣
∣
∣
2

2
+ J3 + J4 + J5.

Thus by Condition 2

J3 ≤ LGE

[∫ t

0

∣
∣
∣A

1
2 Xn

λ (s)
∣
∣
∣
2

2
ds

]

.
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By the Young inequality and (5.3) we have a positive constant θ > 0 such that

J4 ≤ 2C(λ)
∫ t

0

E
∣
∣Xn+1

λ

∣
∣
2

∣
∣
∣A

1
2 Xn+1

λ

∣
∣
∣
2

∣
∣AXn+1

λ

∣
∣
2
ds

≤ θ

∫ t

0

E
∣
∣Xn+1

λ (s)
∣
∣2
2

∣
∣
∣A

1
2 Xn+1

λ (s)
∣
∣
∣
2

2
ds

+
∫ t

0

E
∣
∣AXn+1

λ (s)
∣
∣2
2
ds

≤ θCT +
∫ t

0

E
∣
∣AXn+1

λ (s)
∣
∣2
2
ds.

By the Burkholder-Davis-Gundy lemma and the Young inequality, there exist
constants c, k > 0 such that

J5 ≤ 2cE

[(∫ t

0

∣
∣
∣A

1
2 Xn+1

λ (s)
∣
∣
∣
2

2

∣
∣
∣A

1
2 g(Xn

λ (s))
∣
∣
∣
2

L0
2

ds

) 1
2
]

≤ 2cL
1
2
GE

[

sup
0≤τ≤t

∣
∣
∣A

1
2 Xn+1

λ (τ)
∣
∣
∣
2

(∫ t

0

∣
∣
∣A

1
2 Xn

λ (s)
∣
∣
∣
2

2
ds

) 1
2
]

≤ 1
2
E

[

sup
0≤τ≤t

∣
∣
∣A

1
2 Xn+1

λ (τ)
∣
∣
∣
2

2

]

+ κE

(∫ t

0

∣
∣
∣A

1
2 Xn

λ (s)
∣
∣
∣
2

2
ds

)

.

Thus

E

[

sup
0≤τ≤t

∣
∣
∣A

1
2 Xn+1

λ (τ)
∣
∣
∣
2

2

]

+ 2
∫ t

0

E
∣
∣AXn+1

λ (s)
∣
∣2
2
ds

≤ 2E
∣
∣
∣A

1
2 φ

∣
∣
∣
2

2
+ 2LG

∫ t

0

E

[

sup
0≤τ≤s

∣
∣
∣A

1
2 Xn

λ (τ)
∣
∣
∣
2

2

]

ds

+2κ

∫ t

0

E

[

sup
0≤τ≤s

∣
∣
∣A

1
2 Xn

λ (τ)
∣
∣
∣
2

2

]

ds + 2θCT .

By Lemma 6 there exists a constant Bd > 0 such that all n ≥ 0

E

[

sup
0≤s≤T

∣
∣
∣A

1
2 Xn+1

λ (s)
∣
∣
∣
2

2

]

< Bd.

Thus, the proof of the lemma is complete. �

In what follows we prove that there exists a Xλ(t) such that the sequence
{Xn

λ (t)} converges to the Xλ(t), which is a weak solution to (5.1).

Lemma 8. Assume that Conditions 2 and 3 are satisfied. Then there exists a
weak solution Xλ(t) to (5.1), that is

(Xλ(t), ϕ) =
(

φ +
∫ t

0

[−AXλ(s) + Bλ(Xλ(s))] ds +
∫ t

0

g(Xλ(s))dW (s), ϕ
)
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for any ϕ ∈ C∞
0 (D) with Xλ ∈ L2(Ω, C(0, T ;L2

σ(D)))∩L2(Ω× [0, T ];D(A
1
2 )).

Furthermore Xλ(t) satisfies that

Xλ(t) = S(t)φ +
∫ t

0

S(t − s)Bλ (Xλ(s)) ds +
∫ t

0

S(t − s)g(Xλ(s))dW (s).

Proof. From (5.2)

Xn+1
λ (t) − Xn

λ (t) =
∫ t

0

− [
AXn+1

λ (s) − AXn
λ (s)

]
ds

+
∫ t

0

[
Bλ(Xn+1

λ (s)) − Bλ(Xn
λ (s))

]
ds

+
∫ t

0

[g(Xn
λ (s)) − g(Xn−1

λ (s))]dW (s).

By applying the Ito formula to
∣
∣Xn+1

λ (t) − Xn
λ (t)

∣
∣2 ,

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∣
∣Xn+1

λ (t) − Xn
λ (t)

∣
∣2
2

+
∫ t

0

∣
∣
∣A

1
2 (Xn+1

λ (s) − Xn
λ (s))

∣
∣
∣
2

2
ds

= 2
∫ t

0

(
Xn+1

λ (s) − Xn
λ (s), Bλ(Xn+1

λ (s)) − Bλ(Xn
λ (s))

)
ds

+
∫ t

0

∣
∣g(Xn

λ (s)) − g(Xn−1
λ (s))

∣
∣2
L0

2
ds

+2
∫ t

0

(
Xn+1

λ (s) − Xn
λ (s), (g(Xn

λ (s)) − g(Xn−1
λ (s)))dW (s)

)
.

(5.4)

Let N be any fixed natural integer. Define the stopping time τN as follows:

τn
N := inf

{
0 ≤ t ≤ T ; |Xn

λ (t)|2 ∨
∣
∣
∣A

1
2 Xn

λ (s)
∣
∣
∣
2

≥ N
}

,

τN := inf
n≥N

τn
N .

We have that

E

[

sup
0≤τ≤t∧τN

∣
∣Xn+1

λ (τ) − Xn
λ (τ)

∣
∣2
2

]

≤ 2E

[

sup
0≤τ≤t∧τN

∣
∣
∣
∣

∫ τ

0

(
Xn+1

λ (s) − Xn
λ (s), Bλ(Xn+1

λ (s)) − Bλ(Xn
λ (s))

)
ds

∣
∣
∣
∣

]

+E

[

sup
0≤τ≤t∧τN

∣
∣
∣
∣

∫ τ

0

∣
∣g(Xn

λ (s)) − g(Xn−1
λ (s))

∣
∣2
L0

2
ds

∣
∣
∣
∣

]

+2E

[

sup
0≤τ≤t∧τN

∣
∣
∣
∣

∫ τ

0

(
Xn+1

λ (s)−Xn
λ (s), (g(Xn

λ (s))−g(Xn−1
λ (s)))dW (s)

)
∣
∣
∣
∣

]

:= J1 + J2 + J3.

By using Lemma 2, we have that

(Bλ(u, u) − Bλ(v, v), u − v)
= (B(Jλu − Jλv, u), u − v)

≤ C(λ) |∇u|2 |u − v|22 .
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Let n ≥ N. Then

J1 ≤ 2C(λ)E
∫ t

0

∣
∣
∣A

1
2 Xn+1

λ (s ∧ τN )
∣
∣
∣
2

∣
∣Xn+1

λ (s ∧ τN ) − Xn
λ (s ∧ τN )

∣
∣2
2
ds

≤ 2C(λ)N
∫ t

0

E
∣
∣Xn+1

λ (s ∧ τN ) − Xn
λ (s ∧ τN )

∣
∣2
2
ds.

By the Burkholder-Davis-Gundy lemma, we have a κ > 0 such that

J3 ≤ 1
2
E

[

sup
0≤s≤t

∣
∣Xn+1

λ (s ∧ τN ) − Xn
λ (s ∧ τN )

∣
∣2
2

]

+κ

∫ t

0

E
∣
∣g(Xn

λ (s ∧ τN )) − g(Xn−1
λ (s ∧ τN ))

∣
∣2
L0

2
ds.

Thus by Condition 2 we have a γ > 0 such that for any fixed n ≥ N,
⎧
⎪⎪⎨

⎪⎪⎩

E
[
sup0≤s≤t

∣
∣Xn+1

λ (s ∧ τN ) − Xn
λ (s ∧ τN )

∣
∣2
2

]

≤ 4C(λ)N
∫ t

0
E

[
sup0≤τ≤s

∣
∣Xn+1

λ (τ ∧ τN ) − Xn
λ (τ ∧ τN )

∣
∣2
2

]
ds

+γ
∫ t

0
E sup0≤τ≤s

∣
∣Xn

λ (τ ∧ τN ) − Xn−1
λ (τ ∧ τN )

∣
∣2
2
ds.

(5.5)

Thus by the Gronwall lemma
⎧
⎨

⎩

E
[
sup0≤s≤t

∣
∣Xn+1

λ (s ∧ τN ) − Xn
λ (s ∧ τN )

∣
∣2
2

]

≤ γLN

∫ t

0
E

[
sup0≤τ≤s

∣
∣Xn

λ (τ ∧ τN ) − Xn−1
λ (τ ∧ τN )

∣
∣2
2

]
ds,

where LN := e4C(λ)NT . Set

Ψn(t) := E

[

sup
0≤s≤t

∣
∣Xn+1

λ (s ∧ τN ) − Xn
λ (s ∧ τN )

∣
∣2
2

]

.

Then we have a γ0 > 0 such that

Ψn(t) ≤ γ0

∫ t

0

Ψn−1(s)ds, 0 ≤ t ≤ T.

Thus for any fixed N > 0, we obtain that the sequence {Xn
λ (t ∧ τN )} is a

Cauchy sequence in L2(Ω, L∞(0, T ;L2
σ(D))). Next by the same method from

(5.4) we have that the sequence {Xn
λ (t ∧ τN )} is a Cauchy sequence in L2(Ω×

[0, T ];D(A
1
2 )). On the other hand by the Chebyshev inequality and Lemma 7

we have that

P (τN < T ) = P

(

sup
0≤s≤T

|Xn
λ (s)|2 ∨ sup

0≤s≤T

∣
∣
∣A

1
2 Xn

λ (s)
∣
∣
∣
2

> N

)

≤ 2Be

N2
.

Thus it follows that P (τN < T ) → 0 as N → ∞. Thus the sequence {Xn
λ (t)}

is a Cauchy sequence in L2(Ω;L∞(0, T ;L2
σ(D))) ∩ L2(Ω × [0, T ];D(A

1
2 )). And

hence there exists a Xλ(t) ∈ L2(Ω, L∞(0, T ;L2
σ(D))) ∩ L2(Ω × [0, T ];D(A

1
2 ))

such that Xn
λ (t) converges strongly to Xλ(t). From (5.2) for any fixed ϕ ∈
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C∞
0 (D), Xn

λ (t) satisfies that

(Xn+1
λ (t), ϕ) =

(

φ +
∫ t

0

[−AXn+1
λ (s) + Bλ(Xn+1

λ (s))
]
ds

+
∫ t

0

g(Xn
λ (s))dW (s), ϕ

)

.

Furthermore since

(Bλ(u, u) − Bλ(v, v), ϕ)
= (B(Jλu − Jλv, u) + B(Jλv, u − v), ϕ)

≤ C(λ) |u − v|2 |∇u|2 |ϕ|2 + C(λ) |u − v|2 |v|2 |∇ϕ|2 ,

we have that

E

∫ t

0

(Bλ(Xn+1
λ (s)) − Bλ(Xλ(s)), ϕ)ds

≤ C(λ)E
∫ t

0

∣
∣Xn+1

λ (s) − Xλ(s)
∣
∣
2

∣
∣∇Xn+1

λ (s)
∣
∣
2
|ϕ|2 ds

+C(λ)E
∫ t

0

∣
∣Xn+1

λ (s) − Xλ(s)
∣
∣
2
|Xλ(s)|2 |∇ϕ|2 ds

≤ C(λ)
(

E

∫ t

0

∣
∣Xn+1

λ (s) − Xλ(s)
∣
∣2
2
ds

) 1
2
(

E

∫ t

0

∣
∣
∣A

1
2 Xn+1

λ (s)
∣
∣
∣
2

2
ds

) 1
2

|ϕ|2

+C(λ)
(

E

∫ t

0

∣
∣(Xn+1

λ (s) − Xλ(s))
∣
∣2
2
ds

) 1
2
(

E

∫ t

0

|Xλ(s)|22 ds

) 1
2

|∇ϕ|2
→ 0 as n → ∞

by the Hölder inequality and Lemma 7. Therefore the process Xλ(t) satisfies
that for a.e. ω ∈ Ω,

(Xλ(t), ϕ) =

(

φ +
∫ t

0

[−AXλ(s) + Bλ(Xλ(s))] ds +
∫ t

0

g(Xλ(s))dW (s), ϕ

)

for 0 ≤ t ≤ T. Thus Xλ(t) is a weak solution to (5.1). The proof of the lemma
is complete. �

Finally we show that there exists a weak solution X(t) to (2.1).

Theorem 2. Assume that Conditions 2 and 3 are satisfied. Let E |φ|r < ∞ and

E
∣
∣
∣A

1
2 φ

∣
∣
∣
r

< ∞ with r = 5
4 . Then there exists a weak solution X(t) to (2.1)

with

X ∈ L∞(0, T ;L2
σ(D)) ∩ L2(0, T ;D(A

1
2 )),

Xϕ ∈ C(0, T ;Lr
σ(D)) for any fixed ϕ ∈ C∞

0 (D).
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Proof. By lemma 8 there exists a weak solution Xλ(t) to (5.1). Thus by the
Ito formula

|Xλ(t)|22 = |φ|22 − 2
∫ t

0

∣
∣
∣A

1
2 Xλ(s)

∣
∣
∣
2

2
ds

+
∫ t

0

|g(Xλ(s))|2L2
0
ds + 2

∫ t

0

(Xλ(s), g(Xλ(s))dW (s)) .

By the Burkholder inequality and Condition 2 there exists a κ > 0 such that

1
2
E sup

0≤s≤t
|Xλ(s)|22 + 2E

∫ t

0

∣
∣
∣A

1
2 Xλ(s)

∣
∣
∣
2

2
ds

≤ E |φ|22 + (1 + κ)LgE

∫ t

0

|Xλ(s)|22 ds.

Thus by the Gronwall lemma and Lemma 2 we have that

E sup
0≤s≤T

|Xλ(s)|22 ≤ 2E |φ|22 exp(2(1 + κ)LgT ), (5.6)

2E

∫ T

0

∣
∣
∣A

1
2 Xλ(s)

∣
∣
∣
2

2
ds ≤ E |φ|22 + MφT, (5.7)

where Mφ := (1 + κ)Lg

(
2E |φ|22 exp(2(1 + κ)LgT )

)
. Since MT :=

2E |φ|22 exp(2(1 + κ)LgT )+ E |φ|22 + MφT are independent of λ and

E

[

sup
0≤s≤T

|Xλ(s)|22 + 2
∫ T

0

∣
∣
∣A

1
2 Xλ(s)

∣
∣
∣
2

2
ds

]

≤ MT ,

we obtain that

P

(

∪∞
M=1 ∩∞

j=1 ∪∞
λ=j

{

sup
0≤s≤T

|Xλ(s)|22 + 2
∫ T

0

∣
∣
∣A

1
2 Xλ(s)

∣
∣
∣
2

2
ds ≤ M

})

= 1.

Thus there exist a subsequence {αk} of {λ} and some constant Mω for each
ω ∈ Ω1, where Ω1 is a subset of Ω with P (Ω \ Ω1) = 0, such that for all k ≥ 1

[

sup
0≤t≤T

|Xαk
(t)(ω)|42

]

≤ Mω, (5.8)

∫ T

0

∣
∣
∣A

1
2 Xαk

(t)(ω)
∣
∣
∣
2

2
≤ Mω. (5.9)

(see Kim(p. 42, [18]). Thus it follows that for each ω ∈ Ω1 there exist a X(ω)
and a subsequence {λk} of {αk} such that as k → ∞,

Xλk
(ω) → X(ω) weakly star in L∞(0, T ;L2

σ(D)), (5.10)

Xλk
(ω) → X(ω) weakly in L2(0, T ;D(A

1
2 )). (5.11)
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Applying the Ito formula to |Xλk
(t)|42 , we have that

|Xλk
(t)|42 = |φ|42 + 4

∫ t

0

(
Xλk

(s) |Xλk
(s)|22 ,−AXλk

(s) + Bλk
(Xλk

(s))
)

ds

+6
∫ t

0

|g(Xλk
(s))|2L0

2
|Xλk

(s)|22 ds

+4
∫ t

0

(
|Xλk

(s)|22 Xλk
(s), g(Xλk

(s))dW (s)
)

≤ |φ|42 − 4
∫ t

0

∣
∣
∣A

1
2 Xλk

(s)
∣
∣
∣
2

2
|Xλk

(s)|22 ds

+6Lg

∫ t

0

|Xλk
(s)|42 ds + 4

∫ t

0

(
|Xλk

(s)|22 Xλk
(s), g(Xλk

(s))dW (s)
)

.

Therefore, by the Burkfolder inequality and the Young inequality, there exists
a positive constant cT independent of λk such that

1
2
E sup

0≤τ≤t
|Xλk

(τ)|42 + 4
∫ t

0

E
∣
∣
∣A

1
2 Xλk

(s)
∣
∣
∣
2

2
|Xλk

(s)|22 ds

≤ 2E |φ|42 + cT

∫ t

0

E sup
0≤τ≤s

|Xλk
(τ)|42 ds.

Thus by the Gronwall lemma we have that

E sup
0≤t≤T

|Xλk
(t)|42 ≤ 4E |φ|42 exp(2cT T ).

Let

Yλk
(t) := Xλk

(t) −
∫ t

0

S(t − s)g(Xλk
(s))dW (s).

Then

Yλk
(t) = S(t)φ +

∫ t

0

S(t − s)Bλk
(Xλk

(s)) ds. (5.12)

It follows that

E

∫ T

0

∣
∣
∣A

1
2 Yλk

(t)
∣
∣
∣
2

2
dt ≤ 2E

∫ T

0

∣
∣
∣A

1
2 Xλk

(t)
∣
∣
∣
2

2
dt

+2E

∫ T

0

∣
∣
∣
∣

∫ t

0

S(t − s)A
1
2 g(Xλk

(s))dW (s)
∣
∣
∣
∣

2

2

dt

≤ 2E

∫ T

0

∣
∣
∣A

1
2 Xλk

(t)
∣
∣
∣
2

2
dt

+2M2E

∫ T

0

(∫ t

0

∣
∣
∣A

1
2 g(Xλk

(s))
∣
∣
∣
2

L0
2

ds

)

dt

≤ 2E

∫ T

0

∣
∣
∣A

1
2 Xλk

(t)
∣
∣
∣
2

2
dt + 2M2LGTE

∫ T

0

∣
∣
∣A

1
2 Xλk

(s)
∣
∣
∣
2

2
ds
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Thus we have a CT > 0 such that

E

∫ T

0

∣
∣
∣A

1
2 Yλk

(t)
∣
∣
∣
2

2
dt ≤ CT . (5.13)

Next we have a constant ĉT > 0 such that

E

[

sup
0≤t≤T

|Yλk
(t)|42

]

≤ 8E

[

sup
0≤t≤T

|Xλk
(t)|42

]

+8E

[

sup
0≤t≤T

∣
∣
∣
∣

∫ t

0

S(t − s)g(Xλk
(s))dW (s)

∣
∣
∣
∣

4

2

]

≤ 32E |φ|42 exp(2cT T ) + 8ĉT E

∫ T

0

|g(Xλk
(s))|4L0

2
ds

≤ CT ,

where CT := 32E |φ|42 exp(2cT T )(1 + ĉT L2
gT ). Thus we have that

P

(

∪∞
N=1 ∩∞

j=1 ∪∞
k=j

{

sup
0≤t≤T

|Yλk
(t)|42 +

∫ T

0

∣
∣
∣A

1
2 Yλk

(t)(ω)
∣
∣
∣
2

2
≤ N

})

= 1.

And hence there exist some subsequence
{

θ̂k

}
of λk and some constant Nω > 0

for each ω ∈ Ω2, where Ω2 is a subset of Ω1 with P (Ω \ Ω2) = 0, such that for
all k ≥ 1

[

sup
0≤t≤T

∣
∣
∣Yθ̂k

(t)(ω)
∣
∣
∣
4

2

]

≤ Nω, (5.14)

∫ T

0

∣
∣
∣A

1
2 Yθ̂k

(t)(ω)
∣
∣
∣
2

2
≤ Nω (5.15)

since CT is independent of λk. And hence it follows that there exist a Y (t)(ω) ∈
L∞(0, T ;L2

σ(D))∩L2(0, T ;D(A
1
2 )) and a subsequence {θk} of

{
θ̂k

}
such that

Yθk
(t)(ω) → Y (t)(ω) weakly star in L∞(0, T ;L2

σ(D)), (5.16)

Yθk
(t)(ω) → Y (t)(ω) weakly in L2(0, T ;D(A

1
2 )). (5.17)

Let n = 3, r = n+2
n+1 , 1

2∗ = 1
2 − 1

n and q = 2(n+2)
n . Then by the Hölder inequality,

Lemma 2 and the Interpolation lemma,

|Bθk
(Xθk

(t)(ω))|r ≤ |Jθk
Xθk

(t)(ω)|q
∣
∣
∣A

1
2 Xθk

(t)(ω)
∣
∣
∣
2

≤ C |Jθk
Xθk

(t)(ω)|
2

n+2
2 |Jθk

Xθk
(t)(ω)|

n
n+2
2∗

∣
∣
∣A

1
2 Xθk

(t)(ω)
∣
∣
∣
2

≤ C |Xθk
(t)(ω)|

2
n+2
2

∣
∣
∣A

1
2 Xθk

(t)(ω)
∣
∣
∣

2
r

2
,
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where we used Lemma 3.3 [14]. Since by (5.8) and (5.9) for each ω ∈ Ω2, there
exists a c0(ω) > 0 such that

∫ T

0

|Bθk
(Xθk

(t)(ω))|rr dt ≤ C

∫ T

0

|Xθk
(t)(ω)|

2r
n+2
2

∣
∣
∣A

1
2 Xθk

(t)(ω)
∣
∣
∣
2

2
dt

< c0(ω).

Since E |φ| 5
4

, E
∣
∣
∣A

1
2 φ

∣
∣
∣
5
4

< ∞, there exists an aω > 0 for each ω ∈ Ω2 such that

|φ(ω)| 5
4

< aω and
∣
∣
∣A

1
2 φ(ω)

∣
∣
∣
5
4

< aω. Furthermore

∫ ∞

0

|AS(t)φ(ω)|rr dt ≤
∫ 1

0

|AS(t)φ(ω)|rr dt +
∫ ∞

1

|AS(t)φ(ω)|rr dt

≤
∫ 1

0

∣
∣
∣A

1
2 S(t)

∣
∣
∣
r ∣∣
∣A

1
2 φ(ω)

∣
∣
∣
r

r
dt +

∫ ∞

1

|AS(t)|r |φ(ω)|rr dt

≤ Mr
1
2

∫ 1

0

t−
r
2 dt

∣
∣
∣A

1
2 φ(ω)

∣
∣
∣
r

r
+ Mr

1

∫ ∞

1

t−r |φ(ω)|rr dt

≤
8Mr

1
2

∣
∣
∣A

1
2 φ(ω)

∣
∣
∣
r

r

3
+ 4Mr

1 |φ(ω)|rr
< ∞, r =

5
4
.

From (5.12), by Lemma 3, for a.e. ω ∈ Ω(we use this presentation notation if
no cofusion arises) and each θk > 0,

d

dt
Yθk

(t)(ω) + ArYθk
(t)(ω) = Bθk

(Xθk
(t)(ω)) . (5.18)

Thus from Lemma 3, there exists a CT (ω) > 0 such that
∫ T

0

∣
∣
∣
∣
d

dt
Yθk

(t)(ω)
∣
∣
∣
∣

r

r

dt < CT (ω). (5.19)

Thus for any fixed ϕ ∈ C∞
0 (D),

∫ T

0

∣
∣
∣
∣
d

dt
(Yθk

(t)(ω)ϕ)
∣
∣
∣
∣

r

r

dt < |ϕ|r∞ CT (ω). (5.20)

And let Bδ be a closed ball with a radius δ in C([0, T ];Lr
σ(K(ϕ)). Then

{Y (t) ∈ Bδ} ∩ Ω1 is Ft−adapted since it holds that

{Y (t) ∈ Bδ} ∩ Ω1

= Ω1 ∩ ∪∞
L=1 ∩∞

ν=1 ∩∞
j=1 ∪∞

k=j

(

(Yθk
(t) ∈ Bδ+ 1

ν
) ∩ sup

0≤s≤t
|Yθk

(s)| ≤ L

)

,

where let Ω1 be a subset of Ω with P (Ω \ Ω1) = 0. Thus by Proposition 1.13
[15], for every Bα ∈ Borel(L2

σ(D)),

{(s, ω) : 0 ≤ s ≤ t, (Y (s, ω) ∈ Bα} ∈ B([0, t]) × Ft.
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Since every closed ball of finite radius in L2
σ(K(ϕ)) is closed in Lr

σ(K(ϕ)), it fol-
lows that Y (ω)ϕ is an L2

σ(K(ϕ))−valued progressively measurable. By (5.18)
and (5.19) it holds that Y (t)(ω)ϕ ∈ L∞(0, T ;L2

σ(K(ϕ))∩L2(0, T ;D(A
1
2 )) and

Yθk
(t)(ω)ϕ → Y (t)(ω)ϕ weakly star in L∞(0, T ;L2

σ(K(ϕ)),

Yθk
(t)(ω)ϕ → Y (t)(ω)ϕ weakly in L2(0, T ;D(A

1
2 ))

as k → ∞. Since

D(A
1
2 ) ∩ L2

σ(K(ϕ)) ⊂ L2
σ(K(ϕ)) ⊂ Lr

σ(K(ϕ)),

by using the compactness lemma (Theorem 2.1, [14]) and by (5.16) for a.e.ω ∈
Ω, there exists a subsequence {ξi} of {ρk} such that

Yξj
(t)(ω)ϕ → Y (t)(ω)ϕ strongly in L2(0, T ;L2

σ(K(ϕ))), (5.21)

as j → ∞. We have that

E
∣
∣Xξj

(t)ϕ − Xξj+1(t)ϕ
∣
∣2
2

≤ E

∣
∣
∣
∣

(

Yξj
(t)ϕ + ϕ

∫ t

0

S(t − s)g(Xξj
(s))dW (s)

)

−
(

Yξj+1(t)ϕ + ϕ

∫ t

0

S(t − s)g(Xξj+1(s))dW (s)
)∣
∣
∣
∣

2

2

≤ 2E
∣
∣Yξj

(t)ϕ − Yξj+1(t)ϕ
∣
∣2
2

+2E

∣
∣
∣
∣ϕ

∫ t

0

S(t − s)g(Xξj
(s))dW (s) − ϕ

∫ t

0

S(t − s)g(Xξj+1(s))dW (s)
∣
∣
∣
∣

2

2

≤ 2E
∣
∣Yξj

(t)ϕ − Yξj+1(t)ϕ
∣
∣2
2

+ 2M2CL2
g

∫ t

0

E
∣
∣Xξj

(s)ϕ − Xξj+1(s)ϕ
∣
∣2
2
ds.

Thus by the Gronwall lemma it follows that

E

∫ T

0

∣
∣Xξj

(t)ϕ − Xξj+1(t)ϕ
∣
∣2
2
dt

≤ 2E

∫ T

0

∣
∣Yξj

(t)ϕ − Yξj+1(t)ϕ
∣
∣2
2
dt exp

(
2M2CL2

gT
)

→ 0 as j → ∞.

by using (5.21). It follows that the sequence
{
Xξj

(t)(ω)ϕ
}

is a Cauchy se-
quence in mean square. Thus there exists a subsequence {ρk} of {ξj} such
that Xρk

(t)(ω)ϕ converges strongly to X(t)(ω)ϕ in L2(0, T ;L2
σ(D)) as k → ∞

since
{
Xξj

(t)(ω)ϕ
}

has a subsequence which converges weakly to X(t)(ω)ϕ
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by (5.10) and (5.11). We use the notation ρ instead of ρk for the simplicity.
∣
∣
∣
∣

∫ t

0

(Bρ (Xρ(s)(ω)) − B (X(s)(ω)) , ϕ)ds

∣
∣
∣
∣

≤
∫ t

0

|b(JρXρ(s)(ω) − X(s)(ω),Xρ(s)(ω), ϕ)| ds

+
∫ t

0

|b(X(s)(ω),Xρ(s)(ω) − X(s)(ω), ϕ)| ds

:= I1 + I2,

and hence it follows that for a.e. ω ∈ Ω,

I1 ≤
∫ t

0

∫

K(ϕ)

|ϕ(JρXρ(s)(ω) − X(s)(ω)| |∇Xρ(s)(ω)| ds

≤ |ϕ|∞
∫ t

0

|JρXρ(s)(ω) − X(s)(ω)|2,K(ϕ) |∇Xρ(s)(ω)|2,K(ϕ) ds

≤ |ϕ|∞
(∫ t

0

|JρXρ(s)(ω) − X(s)(ω)|22,K(ϕ)

) 1
2
(∫ t

0

|∇Xρ(s)(ω)|22,K(ϕ) ds

) 1
2

→ 0 as ρ → ∞,

where |f |22,K(ϕ) :=
∫

K(ϕ)
|f(x)|2 dx and we used that

|JρXρ(s) − X(s)|2,K(ϕ) ≤ |JρXρ(s) − JρX(s)|2,K(ϕ) + |JρX(s) − X(s)|2,K(ϕ)

≤ |Xρ(s) − X(s)|2,K(ϕ) + |JρX(s) − X(s)|2,K(ϕ)

and |∇Xρ(s)(ω)|2 =
∣
∣
∣A

1
2 Xρ(s)(ω)

∣
∣
∣
2

(see[13]). Then we can choose a a suitable

subsequence ρi of ρ. Let ξ(x) be a positive function in C∞
0 such that K(ϕ) ⊂

K(ξ) and ξ = 1 on K(ϕ), where K(ϕ) and K(ξ) denote the compact support
of ϕ and ξ, respectively. We have that

|(Xρi
(s)(ω) − X(s)(ω))|2,K(ϕ) ≤ |(Xρi

(s)(ω)ξ − X(s)(ω)ξ)|2,K(ξ)

→ 0 as i → ∞.

Hence

I2 ≤
∫ t

0

∣
∣
∣
∣
∣

∫

K(ϕ)

∇(ϕX(s)(ω))(Xρ(s)(ω) − X(s)(ω))dx

∣
∣
∣
∣
∣
ds

≤
∫ t

0

(∫

K(ϕ)

|∇(ϕX(s)(ω))|2
) 1

2

|(Xρi
(s)(ω) − X(s)(ω))|2,K(ϕ) ds

≤ c

∫ t

0

|(Xρi
(s)(ω) − X(s)(ω))|2,K(ϕ) ds → 0 as i → ∞.

Thus we have that
∣
∣
∣
∣

∫ t

0

(Bρi
(Xρ(s)(ω)) − B (X(s)(ω)) , ϕ)ds

∣
∣
∣
∣ → 0

as i → ∞. Next we assume that ϕ ≥ 0 without loss of generality
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E

∣
∣
∣
∣

∫ t

0

(g(Xρ(s)) − g(X(s)), ϕ)dW (s)
∣
∣
∣
∣

= E

∣
∣
∣
∣

∫ t

0

((g(Xρ(s)) − g(X(s)))dW (s), ϕ)
∣
∣
∣
∣

≤ c

(∫ t

0

E |ϕg(Xρ(s)) − ϕg(X(s))|2L0
2
ds

) 1
2

≤ cL
1
2
g

(∫ t

0

Eϕ |Xρ(s) − X(s)|22 ds

) 1
2

≤ cL
1
2
g

(

E

∫ t

0

|ϕXρ(s) − ϕX(s)|22 ds

) 1
2

→ 0.

Thus we obtain that almost surely

(X(t), ϕ) = (φ −
∫ t

0

AX(s)ds +
∫ t

0

B (X(s)) ds +
∫ t

0

g(X(s))dW (s), ϕ).

Consequently X(t) is a weak solution to (2.1). This completes the proof of the
theorem. �
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