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A priori estimates for a class of degenerate
elliptic equations

L. H. de Miranda and M. Montenegro

Abstract. In this paper we investigate the regularity of solutions for the
following degenerate partial differential equation

—Apu+u=f inQQ,
8u—O on 052,

when f € LUQ),p > 2 and ¢ > 2. If u is a weak solution in W'P(Q),
we obtain estimates for u in the Nikolskii space N**2/"7(Q), where r =
q(p —2) + 2, in terms of the L? norm of f. In particular, due to embed-
ding theorems of Nikolskii spaces into Sobolev spaces, we conclude that
2r
HUHCVIM/T—E,T(Q) < C(Hf”%q(n) + Hf”EQ(Q) + HfHLq/(?z)) for every € > 0
sufficiently small. Moreover, we prove that the resolvent operator is con-
tinuous and compact in W7 ().
Mathematics Subject Classification (2010). 35B65, 35J92, 46E35.
Keywords. Degenerate equations, p-Laplacian, Regularity theory,
Nikolskii spaces.

1. Introduction

The aim of this paper is to discuss the regularity of solutions for the p-Laplace
equation with Neumann boundary condition, namely
—-Ayu+u=f inQ,
0 1.1
au _ 0 on 0f), (1.1)
v
when Q@ C R¥ is an open bounded smooth domain, N > 2, f € L4(Q),p >
2,q > 2. Indeed, we obtain a result concerning the L? regularity for the p-La-
placian in spaces of fractional order of smoothness.
The main result is stated as follows:
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Theorem 1.1. Suppose that Q@ C RN, N > 2, is an open bounded smooth
domain, p > 2,q > 2 and f € L9(). Let u € WLP(Q) be the weak solu-
tion of (1.1).

Then uw € N t2/m7(Q), where r = q(p — 2) + 2.

Moreover, there exists a constant C = C(N,p,q,Q) > 0 such that

2r
lealijarrr iy < C (110 + 1 ey + 11 ) - (12)

Mainly, we will work with the so-called Nikolskii spaces N7 (Q), for
1 < s < 2and r > 2. For the reader’s convenience, their definition is given
below.

NET(Q) = {u e L™(Q):

N |00, u(z + h) — Oy u(z)]" r
Zsup / or < 4000,
— nzo \Jay, |
with norm
Oy, u(x + h) — Oy u(z)|" 1r
l[ullarsr = ) sup </ 9 : ) +llullpr), (1.3)
; h#o \ Ja, [hfor b
where

l1+o=s and Qp ={zrecQ:d(x,00)> ||}, for |h|>0. (1.4)

We stress that Nikolskii spaces N*7(Q) are larger than Sobolev-Slob-
odeckii spaces W*"(Q), although with a small increase of regularity for
N=7(Q) the inclusion holds in the opposite direction. Indeed, there holds
the following continuous imbeddings involving A*" () and the Sobolev-Slob-
odeckii spaces

NFPET(Q) — WT(Q) — N*7(Q), Ve > 0 sufficiently small.  (1.5)

A proof for this fact can be found in [11] Lemma 2.1. For further details con-
cerning Nikolskii and Sobolev-Slobodeckii spaces, see [10-12].

Theorem 1.1 can be viewed as a counterpart for problem (1.1) of the
classical Calderén-Zygmund estimate

lullwza) < [ fllza),

for weak solutions of —Au = f, see for instance [9] Section 9.4. Indeed, if
f € LiQ), by (1.5) one obtains

r 2r
ol < © (1acay + 105y + LAV, )

provided that u is a weak solution of (1.1) belonging to WP (). We observe
that the estimate (1.2) also generalizes a previous result for f € L?({) investi-
gated in [5]. Despite that the techniques employed to prove Theorem 1.1 still
hold for p = 2, the present paper does not cover this classical case which fol-

lows from the Calderén-Zygmund inequality and may be found for instance in
[10], Chapter 2.
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As a consequence of Theorem 1.1, we obtain some information on the
resolvent operator of (1.1).

Corollary 1.2. Under the hypotheses of Theorem 1.1, consider
S LI(Q) — WhT(Q)

such that S(f) = w if and only if u satisfies (1.1). Then S is well defined,
continuous and compact.

Observe that Corollary 1.2 implies continuity and compactness for .S in
WLr(Q) — WP(Q), since r > p if ¢ > 1 and p > 2, conditions which include
the case ¢ = p, when p > 2. This result indicates that, under appropriate
conditions, degenerate equations have compact resolvent operators which are
more regular than previous results had shown (see [4]).

It is relevant to mention other results concerning the regularity for solu-
tions of problems related to (1.1) which have been investigated during the past
years. For results addressing the C1® regularity for solutions of degenerate
equations, we cite [2,13,16]. According to these works, the solution u belongs to
C1@ even if the data f is in C*°. Further, in [1,3] local Holder regularity for the
solutions is established when the data f is in the Lorentz space LV}(9). Besov
regularity for solutions of degenerated equations was addressed in [8,14,15].
There are also results which investigate how the regularity of the solution can
be improved when we have more differentiability of the data f, see [6,7] for
more details. Finally, we remark that a priori bounds in Lebesgue spaces for
a class of degenerate equations similar to (1.1) were investigated in [4].

The plan for the paper is the following. In Sect. 2 we state the basic
notation used in the approximation scheme and then prove some lemmata
regarding the control of nonlinear boundary data and preliminary energy esti-
mates. Section 3 is reserved for the proof of our main results.

2. Notation and preliminary results

The proof of the main result will be based on an approximation technique.
We proceed to introduce a differential operator which is “close” enough to the
p-Laplacian

1 |o=2/2

AZuzdiv(’VuQ—l— Vu>7 n € N.
n

Formally, A} — A, when n — +o00, so that we can recover (1.1) from its
approximate version, namely

—Aju+u=f in€Q.

In order to visually simplify the calculations, the subsequent notations
will be introduced. Firstly, we define

) RN T
o) =1al2, )= (e 1)
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and further

D?f dgf f(l‘ + e};) — f(l‘)’ (2.1)
def

T'f =" f(x + eh), for |h| >0,

where e € RY is such that |e| = 1.
Moreover, we stress that in this paper r denotes

r=q(lp—2)+2.

We are now able to prove the basic results of this section.
As a first step, we concentrate in obtaining an estimation for certain
boundary terms which play a key role for the analysis of (1.1).

Lemma 2.1. Let Q@ ¢ RN, N > 2 be an open and bounded smooth domain.
Then given 0 < € < 1/2r and n € N, there exists a constant C' > 0 such that

N
ou 0 ou
I q—1 =77

> [ entvud g g (e 9ub 2 )

k=1 k

- 1
S 6(||U||N1+2/T,T(Q) + M|u||ifl+2/7‘,r(ﬂ)>

. 1
+0(Iullpie) + =zl ) 22)

for every u € C3(Q) such that % =0, where C = C(N,p,q,Q,€).

Proof. We rewrite

ou 0 ou
- = 177
&rj axj (an(|vu|) 8Ik>yk

in local coordinates of 0 and then use this identity in order to obtain global
bounds for the boundary terms.

Indeed, let 7q,..., Ty_1 be the associated tangent vectors for a given fam-
ily of N — 1 curves which are orthogonal at P and contained in a sufficiently
small neighborhood of P. In addition, denote by s1,..., sy_1 their arc length.

Clearly, s1,..., sy—1 is a local parametrization for 92 in a sufficiently
small neighborhood of P and 7y,...,7ny_1,v form a system of coordinates
for RV,

Thence, by writing in local coordinates we have that
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. N
for every v € (C’Q(Q)> , where v; for [ = 1,..., N — 1 denotes the tangential

components and v,, denotes the normal component. Moreover, since

5o (anllo o)

:ji(i( 204~ v7,er>+aasl<an(lvl)q1(v-V)V>

we obtain that

(09 (o)1) ) = S v (o o
+3 0y al (an(v|)q_1(v-u)u) +vu8(9lj<an(|v|)q_1v).

Thus, if for instance v - v = 0, from the last equation we infer that
i or,
(v-V) (an(v|)q1v)> V= Z an (o)) oo, 78577 v, (2.3)
I,m=1
the aforementioned identity in local coordinates.
However, observe that

N

ou 0O ou
qg—1
2 a,n(|Vu|)8 8 <an(|Vu|) axk>yk

= a,(|Vu))(Vu - V) (an(|Vu|)q_1Vu)> v

In this way, by setting v = Vu in (2.3), we obtain

q ou Ou Oy, '
0s; 08y, 08y

1 2
+ el Vrl )7

on 09, where C1 = C1(N,p,q,Q) > 0 is going to be fixed for the rest of this
proof.

But observe that the last inequality holds globally in 0f2. This implies
that

<o (mur

g / g an \Vu| Ou 0 (an(|Vu|)q_18u>ukda
&tk
1,7=1 ]k 1

1
<C / \Vrul” + ——7 | Vrul*do. 2.4
1 00 T n(r_z)/2| T ( )
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Now we focus on controlling the tangential derivatives of u on 9€).
On one hand, for 0 < e < 1/2r, recall that there exists a continuous trace
operator

WI2/T=er(Q) — WhT(9Q) — W2(59) (2.5)

see Theorem 1.5.1.2 [10, p. 37].
Moreover, from Theorem 1.4.3.3 [10, p. 26], there holds that

Hu”WS” Q) < (Cf + 1) ||uH€Vs’,7‘(Q) + C||u||7LT(Q)
and that
€
HUH%/‘/SN.T(SZ S (C, 1 )||u||W&l”(Q) +CH“||%7(Q)7
where

C=C(N,p,q,Q,€)>0, s'=1+2/r— %, s"=1+42/r—e and s"'=0.
Thus, from (2.4) and (2.5) there holds

Z /an Z an |V“| (an(WU) aa;;)l/kdo'

i,5=1 J,k=1

r €
< ellully ey + cuuumm S By + Cllele ey,
(2.6)

On the other hand, recall that from (1.5) and by Theorem 1.4.3.2
[10, p. 26], there follows that

N2/ (Q) e WIH2/r=e/27(Q) s W (Q), (2.7)

where < means continuous embedding and << compact embedding.
Since r > p, a simple interpolation yields

”u”r s’,r(Q) S Hu||.7/n\/'l+2/7‘.,7‘(ﬂ) + C”“HZ?(Q) (28)
and
Hu”%/VS/J'(Q) S ||u||/2\[1+2/r,7-(9) + CHUH%P(Q) (2'9)
Therefore, by combining (2.6) with (2.8) and (2.9) we obtain

ou 0 0
Z/ Zan Vul) 5 (anuw)q—lagjc)w

i,j=1 7,k=1
r 1 2 r 2
< €l [[ulljrre/rr () + WHUHNme(Q) + O lullze ) + lullLr o
and the result follows. O

The next lemma gives an estimation for the A''*2/77(Q) norm in terms
of a singular integral. Its proof is a straightforward adaptation of Lemma 4 of
[5], combined with a simple interpolation.
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Lemma 2.2. Suppose that Q@ C RN, N > 2, is an open bounded smooth domain,
that p > 2 and q > 2. Then, there exists a constant C > 0 such that

el sare ey SC( / Vu|r-2|D2u|2+|u||zp<m), (2.10)

for all u € C?(Q2), where C = C(N, p,q,).
Proof. Initially, we claim that
et = sup ([ T TIN T
AN A

is an equivalent norm for N +2/77(Q).
Indeed, by using Gagliardo-Nirenberg’s inequality and the embedding
NIF2/mr(Q) < WL (Q), it is straightforward to check that

lvllr) < CllvllLe@) + €llvl|nitzimr ),
for every v € NHQ/T””(Q) and € > 0 sufficiently small, where
C=C(N,p,q,Q¢) > 0.
Then, by the latter inequality and (1.3), there follows that

TV — Val"\ "
(1= Alollrsarri < C(sup ([ 2T T o ).
o, T

what proves our claim.
Further, recalling (1.4) and (2.1), standard arguments allow us to show
that

[ 10var2vap < ¢ [ 9w v
Q| Q

<C [ 1Vulr DR for € = C(N.p.0.2) >0,
Q
(2.11)

since D! (|Vu|"~2Vu) is a difference quotient in |[Vu|"~2Vu. We point out that
by combining (2.11) and an auxiliary inequality we find a bound for (1.3). In
fact, we take advantage of the inequality

o —y|" < Clafe™2 — yly["]*, VaandyeRY
(see [7], inequalities (30) and (31)) to infer that

Th o r
/ ZVu = Vul” gc/ | DI (Vul Va2
Qip |h[? Qn)

Then

|h|?
where C = C(N,p,q,Q) > 0.

Th _ r
/ | e Vu VU" S C/ |vu|r—2‘D2u|27
Q\h\ Q
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Thus, we conclude that

Th _ r\ 1/7 1/r
sup (/ |6Vu2Vu|> < C(/ |Vu|’“—2|D2u|2> . (2.12)
h>0 \Jo, A Q

Therefore, from (2.12) and the previous claim, we prove (2.10). O

Our purpose now is to discuss certain a priori estimates related to (1.1)
which are part of the crucial contributions of this work. Actually, the control
of the fractional norms for solutions of (1.1) follows from the combination
between these estimates with the previous lemmata.

Lemma 2.3. Suppose that p > 2 and that @ C RN, N > 2, is an open, bounded
smooth domain. Given 0 < € < 1/2r there exists a constant C > 0 such that

/Q Aru div(an (|Vu])? ' V)

€

2 (/Qan(lvu)quulz - €||U||§\/1+z/r,r(g) - W||U||/2v1+z/r,r(g)
r 1 2
¢( Iy + szl ) ). ¥

for all v € C3(QQ) such that % =0 on 99, where C = C(N,p,q,Q,€).

Proof. The idea is to use integration by parts in order to obtain the integral
terms which control the A™'*2/™7(Q) norms of such functions.

In fact, by integrating by parts and interchanging the order of the deriv-
atives, we obtain

/Q A div(an ([Vu))? V)

N
ou 0 0 ou
_ _Z q—1 =77
3 fontvan gt g (g (ontvar 72 ))
N
ou 0 ou
q—1 )
+ij/ an(|Vul) 5~ o ( 2 (V) 8%)%.

Then, by integrating by parts again

/ Aju div(an(|Vu)T ' Vau)

N
ou 0] ou
il _—_ -1 77
=3 [ (a1 ) 5 (a5 )
J,k=1
N
0 ou
Z/ e ol CR O o
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ou (9 ou
q—1 =77 .
+ Z/ an(|Vul) 5~ (an(|Vu|) axk>yj.
7,k=1
=I1-J+K, (2.13)
where
al d du o
= R _ g—1
1 4%;ll;axk( (7u ) % o (v ),
" (2.14)
= / a (|vu|)@ « i (wup-1 24,
- A a0 " 6 Gn 83% k
J,k=1
and

K= 3 [ avi 2 2 (anwuy= 2 ),

= 8 0 Oxy,

Notice that K = 0, since ? = 0 on 0f). Then, consider I;, for i from 1 to 4
v
defined as

I :/anqw)qm?m%
Q

2U u
Z/%WM <wola Ou

e Oz ;0xy, Oz’
0%u  Ou

I3 = (|IVul) X an(|Vu -1 —,

3 J;l o a ‘ D (‘ D axjaxk axj

0 ou Ou
=3 [ vl vl 2

p Ox; dx; Oxy,
g,

Therefore

I=1+ 1+ I3+ 1.

Now we investigate each term of (2.15).
First, recall that by definition

(2.15)

an(x) = (2> +1/n)P=2)/2,
Further, notice that

2
b= 3 [ a9 < L anwayr g 2

Xr;0T X
— ;0 O
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N
ou 0%u Ou J*u
B 1 _9 2 1 (r—4)/2 Y%
Z / q )(‘VU| + /n) Ox; 0,0 8xj 8$ka$j

2, \2
/kq—n@ 2mvm2+Lm<*””§3(§:§ZaZﬁ%> =

Analogously, we prove that I3 > 0, and consequently

I+ 15 >0. (2.16)

Moreover, observe that by applying the chain rule

0 Ju Ou
=Y [ ranlIVu) x 5 an (Va2
];1 Oy xj dx; Oxy,
((r—2)g—4)/2
Z /p 2)? q—l)[(VUI2 >
4,9k, =1

>0. 2.1
830z Ox;0x; Oxj Oxy, Oy Oxy | — 0 (2.17)

Then, by virtue of (2.15)—(2.17), we have

I> / an (|Vu])?| D2ul2. (2.18)

Q

However, by the choice of J (see (2.14)) and by Lemma 2.1

r 1 2

|| < e Hu||/\/1+2/r-,r(g) + WHU”le/m(Q)
. 1
+C<|u||m(9) + n(,._g)/QHUHZLp(Q))- (2.19)

Thus, from (2.13), (2.15), (2.18) and (2.19) we obtain that

n : —1
/QApu div(a, (|Vu])?™ " Vu)
1
> nv qD2 2_ r127‘7” Y SY 212TT
> [ 1nVul D2 = ¢(ullen ria) + mgralilinssrnce

. 1
_C(u”LP(Q) + MHUH%P(Q))ﬂ
and the result follows. O

The next result concerns the existence and regularity of approximate
solutions for (1.1). Its proof is a direct consequence of standard results, so
that it will be omitted here. For instance, we refer the reader to the proof
of Theorem 1 step 1 in [1] p. 119 and subsequent commentaries for further
details.
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Proposition 2.4. Suppose that Q C RY is an open bounded smooth domain and
thatp > 2. Let g € C*(Q). Then, there exists a unique u, € C3() solution of

{ —Ajup +up, =g a.e. €,

% =0 on ON. (2.20)
ov

3. Proof of the main results

We are finally able to obtain the fractional order a priori estimates for the
solution of (1.1).

Proof of Theorem 1.1.

Consider u,, a solution of the following approximate version of (1.1):
BAgun + Uy = frn ae. Q
% -0 on 99,

where f, € C*(Q) is such that f,, — f in LI(Q2). Observe that the
existence of u, is guaranteed by Proposition 2.4.
Then, given Cq > 1, take ng = no(f, C1) € N such that

1fnllZe < CrllflITa, Y1 = no.

From now on, let n > ng.
Our main goal is to obtain energy estimates for u, with respect to its
N1+2/77(Q) norm. First, we obviously focus on lower order estimates.
Clearly, there holds that

2
oy < € (Ialioiey + 1l i

< C(IIfIILqm) ; ||f||iéfgm), (3.1)

where C' = C(N,p,q,Q) > 0. Next, we are going to exploit the preliminary a
priori bounds, given by Lemma 2.3, in order to obtain higher order estimates.

Indeed, by multiplying — div(a,(|Vu|)?~tVu) in (2.20) and then by inte-
grating over 2, we find

/QA;un div(an (|[Vun ) Vau,)
§/ | fn div(an(|Vun|)q*1Vun)|,
Q
< / | div(an(|Vun)7 V)|, where C = C(N,p,q,Q) > 0,
Q

where for the sake of simplicity, we denoted the product CC; by C. From
now on, any fixed constant, like C7, will be included within the standard gen-
eral constant C.
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But notice that

I div(an(|Vuan71Vun) < Olfnl an(‘vuanil‘DZun‘a

where C' = C(N,p,q) > 0.
It is clear from the above inequalities that

[ S @vlan (900 G0 < € [ 1] an([ D0 Dl (32

At this point, we balance the right-hand and left-hand sides of (3.2) by
the use of Lemma 2.3.

For the right-hand side, observe that by Holder’s inequality applied to
q,2q/(q — 2) and 2, one obtains

[ 1] @n (V)72 (V)72 D20
Q

1/2
2)/2
< C|fll L ||an(|Vul) Hqu(Q) (/Qan(|Vun|)q|D2un|2) :

Moreover, consider 7 > 0 and § > 0 such that

q
(q— 2)2(p—2)q/2+1

n<
and
. r 2r
3 <min {1/4,1/20, (1718 + 1y + 1158 )

where k > 0 will be fixed later.
From Young’s inequality applied to ¢, 2¢/(¢ — 2) and 2,

(¢—2)/2 a2, |2 Y2
11z l|an IV uD)]| ooy Qan(\Vunl) |D% |

< Oy + 152 n VD) +5 [ an(9])710%0
a(p-2)/29~ 2 a(p—2) 1
< Ol %00y + 762 2 [ (1w s )

+5/ an(|Vun|)q|D2un|2

. 1
<C|fl1, Q)+5/ (|Vun 24 (T2)/2>—|—(5/Qan(Vun|)q|D2un|27

where C' = C(N,p,q,9Q,0) > 0.
In this way,

/ [l ([Tt )/2 (Vi )72 D2t |
Q

1 .
SC<||f||qu(Q)+n(r_2)/2> +5</QV%| 2—1—/Qan(Vun|)‘1|D2un|2>.

(3.3)
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However, since N t2/77(Q) < W17 (Q), there exists a constant
02 = 02(N7p7 an) >0
such that

/ |Vu,|™™ 2 < CQHuTL||N1+2/7‘T(Q)
Thus, by combining (3.2) and (3.3) we obtain

n : -1
/QApun div(an(|Vun )T Vuy,)

1
< (Il oy + s ) +8(Coluallors + [ anl¥un?i?u,2).
(3.4)

Finished the analysis of the right-hand side, we now work with left-hand
side of (3.2).

Notice that in a view of Lemma 2.1 by setting e = § in (2.2) and by using
(3.1), we end up with

n : -1
/QApun div(an(|Vu, )T Vuy,)

, 1)
Z Aan(|vun‘)q‘D2un‘2 - 5||un||N1+2/r,r(Q) - WHUVLH?\[H&/T,T(Q)

. 1
_C<”un”LP(Q) + MH“nH%p(Q))
1)
212 r 2
2 /Qan(|Vun\)q\D Un| _5||Un||N1+2/m(Q) - WH“nHNHz/M(Q)

. 2r 1 4
(1m0 + M1 + s (11 + 171 ) )
(3.5)
Then, from (3.4) and (3.5) we infer that

. 1
(1—5)/Qan(|vun|)q|D2un|2_5(||Un||N1+2/r,r(Q)+n(Tz)/z|Un||i[p1+2/r,r(9)>

2
7502||un||/\/’1+2/r s < C<||f|| 1(Q) + ||f||L<1 () + ”f”LZ/;?z)

1 4
s (|f||L2(Q> 1 +1) )

2r Cs
< C<||f| sy T 1Ly + ||f|Lq/€2)> t o

where C' = C(N,p,q,Q) and C3 = C3(|| f||£2(0), N, p, ¢, Q).
However, inasmuch as

/an(\vun|)q|D2un|22/IVuan(p_2)|D2un|2, vn €N,
Q Q
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by combining the latter estimates and Lemma 2.2, one obtains the fol-
lowing inequality:

0

(1- 25)||Un|‘7\/1+2/m-(9) - W”un||j2\/l+2/7'ﬂ'(ﬂ 502”“n||/\/1+2/7 ()
< Ol + 1 iy + 12020~ (172 VHI I gy +1
> La(Q) La(Q) La(Q) (T 2)/2 L2(Q) L2(Q) .
r 2r CS
< O(IIf%q(m ey + ||fLJ(§3)> + —aTs (3.6)

Since r > 2, it is clear from the last inequality that |\UnH7\/1+2/T,,.(Q) is
bounded. However, it is our purpose to do some basic manipulations in order
to obtain at least a subsequence of {u,}, still denoted as {u, }, for which the
following improved version of (3.6) holds

2r CS
3oy < € (1 a1V + WA )+ o 30

where C'= C(N,p, q,?), what obviously implies (1.2).
In this way, since ”u"”/r\flﬁ/rvr(ﬂ) is bounded,

5

W||un||3\/l+2/r,r(9) — 0, if n — 400,

and this term can be considered as a part of
Cs

n(r—2)/2

n (3.6).
This yields

(1- 25)||UnHJT\/1+2/m(Q) 5C||Un||/\/1+z/7 Q)

r 2r Cs
< C<|f||qu(Q) T Lage) + |f||Lq/(€2)> T (3.8)

For the term 6Cs ||uy ||~ e 2, Jror (@) there are two possibilities. First suppose
that there exists a subsequence of {u,}, still denoted as {u,}, such that
”u"”NH?/' oy S, VneN.
Then, we have

(1= 20) [lunlljrrv2/rr(q) = 6C2

T CS
< (I ey + I ier I ) + o 59)

However, since

0<6< (nfnq @+ 1 + ||f||iz/’;z>)

from (3.9) we obtain (3.7).
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For the other possibility, suppose that there exists n; € N such that
HU’UH;\/Tl%rZ/r,r(Q) > 17 if n > ni.

Now, it is time to fix x . It is convenient to choose
o 1
4420y
Thus by the choice of §, we have

(1—-26—6Cy) >1)2.
Hence, from (3.8), there follows that

(1—-20— 502)Hunuj\f1+2/rur(9)
r 2r 02
< (UM + Ui + 115 ) + o

Well, from the analysis above we conclude that there always exists no =
max{ng, n1} such that if n > nq

, - 2 C3
ey < © (1 gy + Wl + IS5 ) + o

We then obtain u € N''*2/77(Q) such that, up to subsequences,
Uy — w in NPF2TT(Q),if n— 4o0. (3.10)

Notice that from (3.7) and (3.10), we obtain the estimate (1.2).
Finally, by the convergence (3.10), u is a weak solution of (1.1). Further-
more, since N'1+2/77(Q) — W+2/7=¢7(Q) from (2.5) and (3.10) there holds

that ? =0 on 2, what completes the proof of Theorem 1.1. O

v
With Theorem 1.1 in hands, we are in position to prove the compactness
result for the resolvent operator.

Proof of Corollary 1.2.

Given f € L%(Q), there exists a unique u € WP (Q) weak solution of (1.1). By
Theorem 1.1, such u belongs to N''T2/77(Q). However, due to the embeddings
(2.7), u € WHT(Q), so that S is well defined. Further, (2.7) also implies that
S is compact.

Now we proceed to prove that S is continuous. Indeed, let {f,} C L(£2)
be such that f,, — fin LY(Q). Set u,, = S(f,) and u = S(f). Consider a given
subsequence {u,,}, which will be denoted as {u;}. From (1.2), there exists
C = C(f) > 0 such that

||Ul||N1+2/r,r(Q) < C, VI € N.

Then, due to (2.7), there exists another subsequence {u;, } for which u;, — v
strongly in WH7(Q), for a certain v € N'2/77(Q). In this fashion, v is a
solution for (1.1) and then v = w.
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Consequently, for every subsequence of {u,}, there exists another subse-
quence converging strongly to u in W (Q). Therefore

U, —u in WH(Q)

and the result follows. O
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