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Abstract. In this paper, we define the generalized Morrey spaces on R
d with

the measure μ non-doubling. After defining the space, we shall investigate the
properties of maximal operators, fractional integral operators and the singular
integral operators. And we shall allude to the vector-valued extension of these
operators.
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1. Introduction

The aim of this paper is to investigate the properties of the generalized Morrey
spaces in R

d. The Morrey space was defined by C. Morrey in 1938 [7]. Nowadays
the Morrey norm is transformed into the one that is handy to deal with. One of
the form of this norm is

‖f : Mp
q‖ := sup

x∈R
d, r>0

r
n
p −n

q

(∫
B(x,r)

|f(y)|q dμ(y)

) 1
q

, (1)

where B(x, r) is a ball centered at x of radius r > 0. One can regard p as a global
regularity index of the functions. That is, the parameter p seems to reflect the
speed of decay at infinity. Meanwhile q corresponds to the local regularity. The
generalized Morrey norm, investigated in [5,6,9], generalized the global regularity
parameter p: More precisely, let φ : (0,∞) → (0,∞) be an increasing function and
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1 ≤ p < ∞. Then we define the generalized Morrey norm of the function f by

‖f : Lp,φ‖ := sup
x∈R

d, r>0

(
1

φ(|B(x, r)|)

∫
B(x,r)

|f(y)|p dμ(y)

) 1
p

,

where |E| denotes its measure of a measurable set E.
The aim of this paper is to investigate the generalized Morrey space with the

underlying measure non-doubling. A measure μ is said to be a doubling, if there
exists c > 0 so that for every x ∈ R

d and � > 0

μ
(
B(x, 2�)

)
≤ c μ

(
B(x, �)

)
. (2)

The analysis had been difficult, if (2) fails. However, due to the pioneering works
by Nazarov, Treil, Volberg and Tolsa [10,11,17,18] people gained a new insight of
this field. Their modification theory was a key to overcome the difficulty in dealing
with non-doubling measures.

In what follows “by cube” we mean a compact set of the form

Q := [a1 − l, a1 + l] × · · · × [ad − l, ad + l]

and we denote by Q(μ) the set of all doubling cubes with positive μ-measure.
In [15], we define the Morrey norm of a function f as follows:

‖f : Mp
q(k, μ)‖ := sup

Q∈Q(μ)

μ(k Q)
1
p− 1

q

(∫
Q

|f |q dμ

) 1
q

. (3)

Let 1 ≤ q ≤ p < ∞. In [15, Proposition 1.1] we have shown that the parameter
k > 1 does not affect the set of Mp

q(k, μ). More precisely, let k1 > k2 > 1.
Then there is a constant Cd depending only on d and k1, k2 so that, for every
μ-measurable function f ,

‖f : Mp
q(k1, μ)‖ ≤ ‖f : Mp

q(k2, μ)‖ ≤ Cd

(
k2 − 1
k1 − 1

)d

‖f : Mp
q(k1, μ)‖ .

Thus, Mp
q(k1, μ) and Mp

q(k2, μ) coincide as a set and their norms are mutually
equivalent.

Motivated by this fact, we define the generalized Morrey spaces as follows:

Definition 1.1. Let 1 ≤ p < ∞. Suppose that φ : (0,∞) → (0,∞) is an increasing
function. Then define

‖f : Lp,φ(k, μ)‖ := sup
Q∈Q(μ)

(
1

φ(μ(kQ))

∫
Q

|f(x)|p dμ(x)
) 1

p

.

Lp,φ is a set of Lp
loc(μ) functions f for which the norm ‖f : Lp,φ(μ)‖ is finite.

As we did in [15, Proposition 1.1], by bisecting cubes, we can prove the
following proposition.
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Proposition 1.2. Let k1 > k2 > 1 and 1 ≤ p < ∞. Suppose that φ : (0,∞) →
(0,∞) is an increasing function. Then there exists a constant Cd depending only
on k1, k2, d so that

‖f : Lp,φ(k1, μ)‖ ≤ ‖f : Lp,φ(k2, μ)‖ ≤ Cd

(
k2 − 1
k1 − 1

)d

‖f : Lp,φ(k1, μ)‖ . (4)

Thus, Lp,φ(k1, μ) and Lp,φ(k2, μ) coincide as a set and their norms are mutually
equivalent.

Keeping Proposition 1.2 in mind, below we shall denote Lp,φ(μ) = Lp,φ(2, μ).
Nevertheless, it is important to vary the modification parameter k > 1.

Finally we shall describe the organization of this paper. In Section 2, we
shall prove the boundedness of the maximal operator. In Section 3, we take up the
fractional integral operators. Until the meddle of Section 3, we do not postulate
anything on μ: μ is just a Radon measure. We are still able to define so called “Riesz
potential” for a Radon measure in general. In [13,14] we have defined a fractional
integral operator that plays a role of a majorant operator of the fractional maximal
operators. If in addition μ satisfies the growth condition

μ
(
B(x, �)

)
≤ c0 �n , 0 < n ≤ d , (5)

then it also majorize Iα defined in [2, Chapter 6], where Iα is given by

Iαf(x) =
∫

Rd

f(y)
|x − y|n−α

dμ(y) .

We also remark that Garćıa-Cuerva and Gatto showed that Iα raises the regularity
of functions [3]. Finally in Section 4, the boundedness of the singular integral
operators with μ satisfying (5) will be established. We also note that the letter
c > 0 will be used for constants that may change from one occurrence to another.

2. Maximal inequalities

In this section we investigate the boundedness property of the maximal operator
given by

Mf(x) = sup
x∈Q∈Q(μ)

1
μ(2Q)

∫
Q

|f(y)| dμ(y) .

2.1. Preliminaries

Before investigating the boundedness of the maximal operator, we shall recall an
elementary fact on the assumption of the function φ.

The following lemma ensures that the integrablity of the functions can be
boostered automatically.

Lemma 2.1 ([9, Lemma 2]). Suppose that ψ : (0,∞) → (0,∞) be a function satis-
fying ∫ ∞

r

ψ(s)
ds

s
≤ c ψ(r) for all r > 0 .
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Then there exists ε > 0 so that
∫ ∞

r
ψ(s)sε ds

s ≤ c ψ(r)rε for all r > 0. In particular
for every η ≤ 1 there exists c > 0 so that

∫ ∞
r

ψ(s)η ds
s ≤ c ψ(r)η for all r > 0.

We shall need a covering lemma below for later consideration.

Lemma 2.2 ([13, Lemma 12]). Let b > a > 0 be fixed positive numbers. Suppose
that μ is a Radon measure and

Qa,b :=
{
Q ∈ Q(μ) : a ≤ μ(κ2Q) ≤ b

}
�= ∅ .

Then there exists N(= Nκ) subfamilies Q(μ)a,b,1, . . . ,Q(μ)a,b,N such that{
κQ : Q ∈ Q(μ)a,b,j

}
is disjoint for all j = 1, . . . , N . (6)

and for all Q ∈ Q(μ)a,b we can find Q′ ∈
⋃N

j=1 Q(μ)a,b,j such that Q ⊂ κQ′. Here
Nκ does not depend on a nor b.

2.2. Boundedness of the maximal operator M

It is well-known that M is bounded on Lp(μ), 1 < p ≤ ∞. For details we refer
to [11]. We present the main theorem in this section.

Theorem 2.3. Suppose that φ : (0,∞) → (0,∞) is an increasing function. Assume
that the mapping t 
→ φ(t)

t is almost decreasing: There exists a constant c > 0 such
that

φ(t)
t

≤ c
φ(s)

s
(7)

for s ≥ t. Then there exists a constant c > 0 so that, for every f ∈ Lp,φ(μ),

‖Mf : Lp,φ(μ)‖ ≤ c ‖f : Lp,φ(μ)‖ .

Proof. Let Q ∈ Q(μ) be a fixed cube. Then it suffices to establish(
1

φ(μ(10Q))

∫
Q

Mf(x)p dμ(x)
) 1

p

≤ c ‖f : Lp,φ(μ)‖ .

We decompose f according to 8Q. That is, we split f = f1 + f2 with f1 = χ8Qf .
The estimate of f1 is simple. Since M is bounded on Lp(μ), we have

(
1

φ(μ(10Q))

∫
Q

Mf1(x)p dμ(x)
) 1

p

≤ c

(
1

φ(μ(10Q))

∫
8Q

|f(x)|p dμ(x)
) 1

p

≤ c ‖f : Lp,φ(μ)‖ .

Thus, the estimate for f1 is valid. Next, we turn our attention to f2. A geometric
observation shows, for every x ∈ Q,

Mf2(x) = sup
x∈R∈Q

1
μ(2R)

∫
R

|f2(y)| dμ(y) ≤ sup
x∈R∈QQ⊂R

1
μ

(
4
3R

) ∫
R

|f(y)| dμ(y) .
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Therefore, we obtain(
1

φ(μ(10Q))

∫
Q

Mf2(x)p dμ(x)
) 1

p

≤
(

μ(Q)
φ(μ(10Q))

) 1
p

sup
x∈R∈Q

Q⊂R

1
μ

(
4
3R

) ∫
R

|f(y)| dμ(y)

≤
(

μ(Q)
φ(μ(Q))

)1
p

sup
x∈R∈Q

Q⊂R

(
φ

(
μ

(
4
3R

))
μ

(
4
3R

)
)1

p
(

1
φ

(
μ

(
4
3R

)) ∫
R

|f(y)|p dμ(y)

)1
p

≤ c

(
1

φ
(
μ

(
4
3R

)) ∫
R

|f(y)|p dμ(y)

) 1
p

≤ c ‖f : Lp,φ(μ)‖ .

Thus, the above chain of inequalities gives us(
1

φ(μ(10Q))

∫
Q

Mf2(x)p dμ(x)
) 1

p

≤ ‖f : Lp,φ(μ)‖ ,

which is the desired estimate for f2. �

Remark 2.4. A suitable modification of the above proof allows us to prove the
results for the parametrized maximal operator Mk, k > 1, which is given by

Mkf(x) = sup
x∈Q∈Q(μ)

1
μ(kQ)

∫
Q

|f(y)| dμ(y) .

2.3. Vector-valued extension

Theorem 2.5. In addition to the assumption of Theorem 2.3 suppose that φ satisfies∫ ∞

r

φ(t)
t

dt

t
≤ c

φ(r)
r

. (8)

Then, for 1 < r ≤ ∞, we have∥∥∥∥∥∥∥
⎛
⎝∑

j∈N

Mfj
r

⎞
⎠

1
r

: Lp,φ(μ)

∥∥∥∥∥∥∥ ≤ c

∥∥∥∥∥∥∥
⎛
⎝∑

j∈N

|fj |r
⎞
⎠

1
r

: Lp,φ(μ)

∥∥∥∥∥∥∥ .

Proof. Fix a cube Q as before, we shall prove⎛
⎜⎝ 1

φ(μ(10Q))

∫
Q

⎛
⎝∑

j∈N

Mfj(x)r

⎞
⎠

q
r

dμ(x)

⎞
⎟⎠

1
q

≤ c

∥∥∥∥∥∥∥
⎛
⎝∑

j∈N

|fj |r
⎞
⎠

1
r

: Lp,φ(μ)

∥∥∥∥∥∥∥ .
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We decompose fjj according to 8Q. We split fj by f = fj,1 + fj,2 with fj,1 =
χ8Qf · fj and fj,2 = χRd\8Q · fj . Then for the estimate of the fj,1 we use

∥∥∥∥∥∥∥
⎛
⎝∑

j∈N

Mfj
r

⎞
⎠

1
r

: Lp(μ)

∥∥∥∥∥∥∥ ≤ c

∥∥∥∥∥∥∥
⎛
⎝∑

j∈N

|fj |r
⎞
⎠

1
r

: Lp(μ)

∥∥∥∥∥∥∥ ,

which is established in [12, Theorem 1.7]. The estimate for the fj,1 is now valid by
virtue of this inequality.

In order to deal with the fj,2, we shall make use of the following pointwise
estimate, which is given by a simple geometric observation:

Mfj,2(x) ≤ sup
R∈Q(μ)
2Q⊂R

(
1

μ
(

3
2R

) ∫
R

|fj(y)| dμ(y)

)
for all x ∈ Q .

Now for j ∈ N, we fix a cube Rj ∈ Q(μ) so that it satisfies

Mfj,2(x) ≤ 2
μ

(
3
2Rj

) ∫
Rj

|fj(y)| dμ(y) for all x ∈ Q .

Let l ∈ N be fixed and define

Jl :=
{

j ∈ N : 2l−1μ(2Q) ≤ μ

(
3
2
Rj

)
< 2lμ(2Q)

}
.

Then by the Minkowski inequality, we have

⎛
⎝∑

j∈N

Mfj,2(x)r

⎞
⎠

1
r

≤ 2

⎛
⎝∑

j∈N

(
1

μ
(

3
2Rj

) ∫
Rj

|fj(y)| dμ(y)

)r
⎞
⎠

1
r

≤ 2
∑
l∈N

⎛
⎝∑

j∈Jl

(
1

μ
(

3
2Rj

) ∫
Rj

|fj(y)| dμ(y)

)r
⎞
⎠

1
r

≤ 4
∑
l∈N

⎛
⎝∑

j∈Jl

(
1

2lμ(2Q)

∫
Rj

|fj(y)| dμ(y)

)r
⎞
⎠

1
r

.

If we invoke Lemma 2.2, for each l we can find a subset J∗
l ⊂ Jl so that

⋃
j∈Jl

Rj ⊂
⋃

k∈J∗
l

3
2
Rk , 	J∗

l ≤ N ,
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where N depends only on the dimension d. Therefore, via this covering, we have⎛
⎝∑

j∈N

Mfj,2(x)r

⎞
⎠

1
r

≤ 4
∑
l∈N

⎛
⎝∑

j∈N

(
1

2lμ(2Q)

∫
⋃

k∈J∗
l

3
2 Rk

|fj(y)| dμ(y)

)r
⎞
⎠

1
r

≤ 4
∑
l∈N

1
2lμ(2Q)

∫
⋃

k∈J∗
l

3
2 Rk

⎛
⎝∑

j∈N

|fj(y)|r
⎞
⎠

1
r

dμ(y)

≤ 4
∑
l∈N

∑
k∈J∗

l

μ
(

3
2Rk

)1− 1
p

2lμ(2Q)

⎛
⎜⎝∫

3
2 Rk

⎛
⎝∑

j∈N

|fj(y)|r
⎞
⎠

p
r

dμ(y)

⎞
⎟⎠

1
p

≤ c
∑
l∈N

(
φ(2lμ(2Q))
2lμ(2Q))

) 1
p

∥∥∥∥∥∥∥
⎛
⎝∑

j∈N

|fj |r
⎞
⎠

1
r

: Lp,φ(μ)

∥∥∥∥∥∥∥ . (9)

By the assumption (8) and Lemma 2.1, we have

∑
l∈N

(
φ(2lμ(2Q))
2lμ(2Q))

) 1
p

≤ c

(
φ(μ(2Q))
μ(2Q))

) 1
p

.

Substituting this and integrating (9) over Q, we obtain⎛
⎜⎝ 1

φ(μ(10Q))

∫
Q

⎛
⎝∑

j∈N

Mfj,2(x)r

⎞
⎠

p
r

dμ(x)

⎞
⎟⎠

1
p

≤ c

∥∥∥∥∥∥∥
⎛
⎝∑

j∈N

|fj |r
⎞
⎠

1
r

: Lp,φ(μ)

∥∥∥∥∥∥∥ .

If we combine this with the estimate for the fj,1, the proof is now complete. �

3. Boundedness of fractional integral operators

Now we investigate the boundedness of the fractional integral operators. In [14],
we have defined a fractional integral operator I�

β,κ for general measures and inves-
tigated relationship between the one defined in [13] and I�

β,κ. We define

K�
β,κ(x, y) := sup

x,y∈Q∈Q(μ)

μ(κQ)−(1−β) .

For a positive function f we define

I�
β,κf(x) =

∫
Rd

K�
β,κ(x, y)f(y) dμ(y) .
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In general for a μ-measurable R-valued function, we write f+(x) := max(f(x), 0)
and f−(x) := f+(x) − f(x) and set

I�
β,κf(x) = I�

β,κf+(x) − I�
β,κf−(x) ,

if I�
β,κf+(x) and I�

β,κf−(x) are both finite for μ-a.e. x ∈ R
d.

Lemma 3.1 ([13, Proposition 18], [14, Corollary 4.4]). Suppose that κ > 1 and
0 < β < 1. Then

Mβf(x) ≤ 2 I�
β,

√
2
|f |(x)μ-a.e.

for all μ-measurable function f .

Proposition 3.2 ([13, Proposition 11, 19], [14, Corollary 4.4]). Suppose that μ is a
growth measure: μ(B(x, r)) ≤ c0r

n. Let 0 < α < n and κ > 1. Then

Iαf(x) ≤ c I�
α/n,κ|f |(x)

for all μ-measurable function |f |.
Theorem 3.3. Suppose that φ satisfies (7) and that∫ ∞

r

φ(t)

t
p
q

dt

t
≤ c

φ(r)

r
p
q

. (10)

If the parameters p, q, κ, β satisfy

0 < β < 1 < κ , 1 < p < q < ∞ ,
1
q

=
1
p
− β ,

then I�
β,κ is a bounded operator from Lp,φ(μ) to Lq,φ

q
p (μ)

Proof. We may assume that the function f is positive, since the kernel is positive.
Let Q ∈ Q(μ) be fixed. Then we decompose f according to 2KQ. Namely, we split
f by f = f1 + f2 with f1 = χ2KQf and f2 = χRd\2KQf , where K is large enough
according to the value of κ. Then we have to show(

1

φ(μ(4KQ))
q
p

∫
Q

I�
β,κfi(x)q dμ(x)

) 1
q

≤ c ‖f : Lp,φ(μ)‖

for i = 1, 2. The estimate for i = 1 is simple. Since it is known that I�
β,κ is

Lp(μ) − Lq(μ) bounded, we have(
1

φ(μ(4KQ))
q
p

∫
Q

I�
β,κfi(x)q dμ(x)

) 1
q

≤ c

(
1

φ(μ(4KQ))

∫
2KQ

f(x)p dμ(x)
) 1

p

≤ c ‖f : Lp,φ(μ)‖.
Thus, the proof for i = 1 is now valid. We now turn our attention to the estimate
for i = 2. We first write out I�

β,κf2(x) in full:

I�
β,κf2(x) =

∫
Rd\2KQ

(
sup

x,y∈R∈Q(μ)

μ(κR)−(1−β)

)
f(y) dμ(y) .
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A geometric observation again shows that
√

κR engulfs 2Q, the center of Q in its
interior, provided K is large enough and R ∈ Q(μ) intersects both Q and R

d\2KQ.
Therefore, I�

β,κf2(x) has a uniform upper bound:

I�
β,κf2(x) ≤ c

∫
Rd\2KQ

⎛
⎜⎝ sup

R∈Q(μ)
{y}∪2Q⊂R

μ(
√

κR)−(1−β)

⎞
⎟⎠ f(y) dμ(y) . (11)

With (11) in mind, we shall partition R
d \ 2Q. We set, for j ≥ 1,

Dj :=

⎧⎪⎨
⎪⎩y ∈ R

d \ 2KQ : 2j−1μ(2Q) ≤ inf
R∈Q(μ)

{y}∪2Q⊂Int(R)

μ(
√

κR) < 2jμ(2Q)

⎫⎪⎬
⎪⎭ ,

where Int(E) denotes the interior of a set E. By using Lemma 2.2, we can find a
set of cubes {Ql

j}l∈Lj
so that

2j−1μ(2Q) ≤ μ(
√

κR) < 2jμ(2Q) , Dj ⊂
⋃

l∈Lj

√
κQl

j , 	Lj ≤ N ,

where N depends only on κ and d. Thus, we obtain, for all x ∈ Q,

I�
β,κf2(x) ≤ c

∑
j∈N

∑
l∈Lj

1
(2jμ(2Q))1−β

∫
√

κQl
j

f(y) dμ(y)

≤ c
∑
j∈N

∑
l∈Lj

1

(2jμ(2Q))−β+ 1
p

(∫
√

κQl
j

f(y)p dμ(y)

) 1
p

≤ c

⎛
⎝∑

j∈N

∑
l∈Lj

φ(μ(2Q))
1
p

(2jμ(2Q))
1
q

⎞
⎠ · ‖f : Lp,φ(μ)‖

≤ c
∑
j∈N

(
φ(μ(2Q))

1
p

(2jμ(2Q))
1
q

)
· ‖f : Lp,φ(μ)‖ .

If we integrate this inequality over Q and arrange both sides, we obtain(
1

φ(μ(4KQ))
q
p

∫
Q

I�
β,κf2(x)q dμ(x)

) 1
q

≤ c ‖f : Lp,φ(μ)‖

by virtue of Lemma 2.1 again, which is the desired result. �

Before we go further, we shall present a series of corollaries.

Corollary 3.4. Under the same assumption as Theorem 3.3, we have∥∥∥∥Mβf : Lq,φ
q
p (μ)

∥∥∥∥ ≤ c ‖f : Lp,φ(μ)‖ ,
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where Mβ is a fractional maximal operator given by

Mβf(x) = sup
x∈Q∈Q(μ)

1
μ(2Q)1−β

∫
Q

|f(y)| dμ(y) .

Corollary 3.5. In addition to the same assumption on φ as Theorem 3.3, postulate μ
on the growth condition (5):

μ
(
B(x, �)

)
≤ c0 �n , 0 < n ≤ d ,

where c0 and n is a fixed number. Suppose further that the parameters p, q, α satisfy

0 < α < n , 1 < p < q < ∞ ,
1
q

=
1
p
− α

n
.

Then the fractional integral operator Iα, defined by

Iαf(x) =
∫

Rd

f(y)
|x − y|n−α

dμ(y) ,

enjoys the following boundedness:∥∥∥∥Iαf : Lq,φ
q
p

∥∥∥∥ ≤ c ‖f : Lp,φ‖ .

4. Boundedness of singular integral operators

In this section we consider singular integral operator. Throughout this section we
assume that μ is a growth measure satisfying (5). Recall that the singular integral
operator T is a bounded linear operator from L2(μ) to L2(μ) that satisfies the
following: There exists a function K that satisfies three properties listed below.
(1) There exists c > 0 such that

|K(x, y)| ≤ c

|x − y|n . (12)

(2) There exist ε > 0 and c > 0 such that

|K(x, y) − K(z, y)| + |K(y, x) − K(y, z)| ≤ c
|x − z|ε

|x − y|n+ε
, (13)

whenever |x − y| ≥ 2|x − z|.
(3) If f is a compactly supported bounded μ-measurable function, then

Tf(x) =
∫

Rd

K(x, y)f(y) dμ(y) for all x /∈ supp (f) . (14)

Theorem 4.1. Suppose that 1 < p < ∞ and T is a singular integral operator as
above. Assume φ is a function satisfying (7), the doubling condition

sup
r,s>0

r≤s≤2r

φ(r)
φ(s)

< ∞ (15)
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and ∫ ∞

r

φ(t)
t

dt

t
≤ c

φ(r)
r

. (16)

Then we have
‖Tf : Lp,φ(μ)‖ ≤ c ‖f : Lp,φ(μ)‖ .

Proof. Fix a cube Q ∈ Q(μ) as before. Then we have to estimate(
1

φ(μ(4Q))

∫
Q

|Tf(x)|p dμ(x)
) 1

p

≤ c ‖f : Lp,φ(μ)‖ . (17)

Decompose f according to 2Q, that is, we now split f by f = f1 + f2 with
f1 = χ2Q · f and f2 = χRd\2Q · f . Then along this decomposition the estimate (17)
can be separated into(

1
φ(μ(4Q))

∫
Q

|Tf1(x)|p dμ(x)
) 1

p

≤ c ‖f : Lp,φ(μ)‖

(
1

φ(μ(4Q))

∫
Q

|Tf2(x)|p dμ(x)
) 1

p

≤ c ‖f : Lp,φ(μ)‖ .

The estimate for f1 is easy because T is Lp(μ)-bounded. We now turn our attention
to the estimate for f2. Denoting by cQ the center of Q, we obtain a pointwise
estimate with the aid of (12) as before:

|Tf2(x)| ≤ c

∫
Rd\2Q

|f(y)|
|y − cQ|n

dμ(y) . (18)

We insert an equality n
∫ ∞
0

χB(x,�)(y)


n+1 d� = 1
|x−y|n to (18) and change the order of

integration. Then we obtain

|Tf2(x)| ≤ c

∫ ∞

2
(Q)

1
�n+1

(∫
B(cQ,
)

|f(y)| dμ(y)

)
d� .

By using the Hölder inequality and the assumption we have

|Tf2(x)| ≤ c

(∫ ∞

2
(Q)

φ(c �n)
1
p

�
n
p +1

d�

)
· ‖f : Lp,φ(μ)‖

≤ c

(
φ(c �n)

�n

) 1
p

· ‖f : Lp,φ(μ)‖ .

Since φ is a doubling function satisfying (15) and we are assuming the almost-
decreasing condition (7) and the doubling condition (15), we have

|Tf2(x)| ≤ c

(
φ(μ(B(cQ, 2d�))
μ(B(cQ, 2d�))

) 1
p

· ‖f : Lp,φ(μ)‖ .

Integrating this over Q, we obtain the desired estimate. �
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Finally we remark that we can make the vector-valued extension of the results
obtained in this paper other than the maximal operator M . The vector valued
extension of M is somehow non-trivial. For details we refer to [13,15].
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