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Abstract. In this paper, we study the quantum dynamics of a charged
particle in the plane in the presence of a periodically pulsed magnetic
field perpendicular to the plane. We show that by controlling the cycle
when the magnetic field is switched on and off appropriately, the result of
the asymptotic completeness of wave operators can be obtained under the
assumption that the potential V' satisfies the decaying condition |V (z)| <
C(1+ |z|)~” for some p > 0.

1. Introduction

The purpose of this paper was to study of the quantum dynamics of a charged
particle in the plane R? in the presence of a periodically pulsed magnetic field
perpendicular to the plane.

We consider a quantum system of a charged particle moving in the plane
R? in the presence of a periodically pulsed magnetic field B (t) which is per-
pendicular to the plane. We suppose that positive constants B and T are
given, and that B(t) = (0,0, B(t)) € R® is given by
B(t) = B, telU,cznT,nT +1Tp)=:1Ip, (1)

0, teU,cznT+Tp,(n+1)T)=: I,

for some T with T > Tg. T is the period of B(t). We put Tp :=T — T > 0
for simplicity. Then the free Hamiltonian under consideration is defined by

1
Ho(t) = —(p — qA(t, 2))? 1.2
o) = 5 (p — gA(t, ) (1:2)
acting on # := L?*(R?), where m > 0, ¢ € R\{0}, z = (z1,22) and
p = (p1,p2) = (—i01, —id2) are the mass, the charge, the position, and the
momentum of the charged particle, respectively, and
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A(t,x) = (_B(t)@’ B(t)xl) _ <—§$27§w1> =: A(x), telp,
? ? (0’0)7 te Io,
(1.3)

is the vector potential in the symmetric gauge. By introducing the operator J
defined as

T_ (0 =1\ 1
(Jx)" = <1 N ER (1.4)
A(zx) can be written as
B
Ax) = EJQE. (1.5)
Here #T denotes the transpose of 2. Then Hy(t) is represented as
H§, te€ls,
Ho(t) =149 o (1.6)
Hy, tely,

where the free Landau Hamiltonian HP and the free Schrédinger operator HY
are given by
1 1
HP = —D? Hj=_—p’ L.

0 om ) 0 Qmp ( 7)
D is the momentum of the charged particle in the presence of the constant
magnetic field B = (0,0, B), which is given by

B

B B
D = (D:,D,) = <p1 + %3327]72 - q23?1> =p—qA(z)=p— %Jﬂi

(1.8)
Let Uy(t, s) be the propagator generated by Hy(t) (in the sense of Theorem 2

of Huang [7]). By (1.6) and the self-adjointness of HF and HY, Uy(t,0) is
represented as

Us(t,0) = {QEHTT)TT UolT: 08, t€ InTonT +T),
et t=(nTH+Te)) Ho o=t Ts Ho [ (T, 0)", ¢ € [nT + Tg, (n+1)T),
(1.9)
with n € Z, where
Uo(T,0) = e~ ToHS o—iT5 Hg’ (1.10)

is the Floquet operator associated with Hy(t), Ug(T,0)° = Id, and Uy(T,0)"
= (Up(T,0)*)~™ when —n € N. Put

qB _ w _
W= —

P— Ty e — w

m 5 w = 57 W = Z

|w| is the Larmor frequency of the charged particle in the presence of the
constant magnetic field B. As is well known,

o(HE) = opp(HE) = {|w| <n + ;) ] neNU {0}} (1.12)

(1.11)

| €l
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holds. This is one of the most remarkable properties of HP. Each eigenvalue
of HF is called a Landau level. Equation (1.12) implies that

e—i27/lWDHS _ _1q (1.13)

holds. Taking account of this fact, we always assume 0 < Tp < 27/|w|, that
is,

0<|@o|Tp <7 (1.14)

for the sake of simplicity.

In order to capture the distinctive features of this quantum system, we
first watch the corresponding classical orbits: We denote the position and the
canonical momentum by ¢ () = (2,1 (t), Tar2(t)) and Ea (t) = (€a1,1(£), €ar,2(1)),
respectively. Suppose n € Z. In the interval (nT,nT + Tg), (za(t),&a(t))
satisfies Hamilton’s equations

d;:tCl (t)= % (fcl(t) - %de (t)) : dicl (t)= —%J (fcl(t) - "f.}xcl(t))

(1.15)

because B(t) = B on [nT,nT + Tg). Putting

Da(t) == &alt) — @de(t), ka(t) = Ea(t) + %de(t), (1.16)

2
(Da(t), ka(t)) satisfies
chl
dt

(t) = —wJDu(t), djgl (t) = 0. (1.17)

Hence we see that

Da(t) = R(—wiy)Da(nT),  ka(t) = ka(nT) (1.18)
hold in the interval [nT,nT + Tp]. Here R(6) is the rotation operator defined
by

(R(0)2)T = <C059 _Si“9> 2T, 6eR, (1.19)

sin 6 cos

and we put f, := t — nT with ¢t € R for simplicity. We note that J is the
generator of {R(0)}per. Equation (1.18) yields

za(t) = q%J(DCl(t) — ka(t)) = quR(—wfn)JDd(nT) — quJkd(nT)
. %(R(—wfn) + 1)aa(nT) + qu(R(—wfn) — 1) Jea(nT),
a(t) = 5 (Dalt) + k(1)) = 5 R(~wT) Da(nT) + sha(nT)
= %(R(f(*){n) + l)gcl(nT) - %(R(fﬁufn) - l)chl(nT> (1'20)

for t € [nT,nT + Tp]. Here we used J? = —1, and [R(—wt),J] = 0 for any
t € R. By using
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R(—wt) +1 = 2cos(—&t)R(—at), (R(—wt) —1)J = —2sin(—wt)R(—ct),
cos(—wt) = cos(|@|t), sin(—ot) = —(sgnw) sin(|@|t),

(1.20) can be written as

(240 = i) (BRI sty (2900)

(1.21)
with
- .
Lio(t) = cos(|@]t) T sin(|w]t) _ teR
—m|®| sin(|@|t) cos(|@|t) (1.22)
. RO) 0
= ~ 0 .
70~ () ap) 0eR
On the other hand, in the interval [nT' + T, (n + 1)T7,
l‘cl(t) . ;o LEC](?’LT + TB)
(£069) = peotio =) (07 T 20 (1.28)
holds with
1 ! t
Lyo(t) == < m ) , t€eR, (1.24)
0 1

because B(t) =0 on [nT + T, (n+ 1)T). In particular, it follows from (1.21)
and (1.23) that

za((n+1T)\ za(nT+TB)\ _ ;.5 o za(nT)
<§C1((n + 1)T)> = Lio(To) (gd(nT + TB)) = LR(-&T5) <§Cl(nT)>
(1.25)

holds for any n € Z. Here L is given by
Ly Lo

cos(|w|Tr) — |@|To sin(|w|Tr) (|©|To cos(|@|Tr) + sin(|@|Tg))

b
mw|
—m|w|sin(|@|TB) cos(|@|TB)

(1.26)

LR(—&Tp) is called the Floquet matrix of Hamilton’s equations (1.15). Since
Lio(t), Lig|(t) € SL(2, R), we see that L € SL(2, R). Equation (1.25) yields

(zf((;f%)) = L"R(—n&Tp) (26‘11((8))) (1.27)

for any n € Z. Here L is equal to the identity matrix £, and L™ with —n € N
denotes (L~1)~". Thus we obtain the solution (zc1(t), & (t)) of (1.15) with the
initial value (2¢1(0), & (0)), by virtue of (1.21), (1.23) and (1.27).
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Now we will compute L™: since the characteristic equation of L is
AN — (L1 + Lyo)A+1=0

by det L = 1, the eigenvalues A of L are given as

Ay =Xt /A2 —1, Xo:=cos(|®|Tg) — %\@|T0 sin(|w|Tg) € R,
(1.28)
and satisfy
Ar + A =20 =Ly + Lo, AgA_ =1 (1.29)

By (1.14), sin(|@|Tp) > 0 and —1 < cos(|w|TB) < 1 hold. Hence we have
Loy < 0 and Ay < cos(|@|Tr) < 1. In particular, \g — 1 < 0 holds. We first
consider the case where A3 — 1 # 0, which is equivalent to A\g+ 1 # 0. By using

the fact
Loy — A 0
(L—A:E) ( L i) = <0) : (1.30)

L can be diagonalized as
A 0 Los — A Los — A
—1 o + _ 22 + 22
P LP_(O /\_>’ P_( —Lo —Lo >
Hence, by straightforward calculation, we obtain
n Liipn — pn—1 Liapin
L" = 1.31
( L21,Un L22,un — Mn-1 ( )
for n € Z, where
A=A AR A
SR VPR

Here we used Los — Ay = —(L11 — Ag) and (Lag — Ay)(Lag — A-) = —(Lag —
Ap)(L11 — Ay) = —Li12Lo;. In particular, we have

(1.32)

za(nT) = R(=n@Tp){(Li1ptn = pn-1)%a1(0) + Lizpna (0)}-

_ Zig_lé(—anB){(Ln — A)2a(0) + L1 (0)}
A” 5 _
_WR(—TLWTB){(LH — )\Jr)l'cl(O) + Llecl(O)}
=: 2 (nT) + 2 (nT). (1.33)

Now we consider the subcase where A\g + 1 < 0, which can be written as
2(cos(|@|Tp) + 1) cos(|0|Tr)
To > = = - =:Tp.cr > 0. 1.34
07 ol sin(j0|TR) Glsm(oTs) 0o (1.34)
Since A2 — 1= (Ao + 1)(A\g — 1) > 0, we see that

A <X <—-l<i=x'<o. (1.35)




2414 T. Adachi and M. Kawamoto Ann. Henri Poincaré

Since |A_| > 1 > |A;]|, we have

3 n __ 3 n __
which yields
lim (za(nT) — 2} (nT)) = lim z3(nT) =0, (1.37)
n—=too n—=+oo
and
lim |zq(nT)| = oo (1.38)
n—=+oo

if (L11 — Ax)2a(0) + L12&a(0) # 0. Since zj(nT') can be written as

A" 4 . .
;}g_lR(n(sgn w)(m — |@|Tp)){(L11 — Ax)21(0) + L12€1(0) },

zJ(nT) is located on the logarithmic spiral

Fetlog M=l/T <(sgnw)(7r — |@|TB)
2/ -1 T

If we overlook the behavior of ¢ (t) in each interval (nT,(n + 1)T'), then

this makes us expect that classical orbits behave asymptotically like logarith-

mic spirals. Taking account of Loy < 0, L1y — Ay = —|@|Tosin(|w|TB)/2 —

\/ )\(2) —1<0and (L11 — )\+)(L11 — )\,) = —L12L21, we see that L1; —A_ =0

if and only if L15 = 0. In the case where L1; — A_ = L15 = 0, we have

t) (L — A)aa(0) + Lus€a(0)}.

A 0 1
L" = - Ay = o|T A = ———— 1.39
(Lglun Aﬁ) o Ay = cos(@lTg), cos(|w|Tp)’ (1.39)
for n € Z, which yields
lim xq(nT) =0, (1.40)

n——oo

even if 2¢1(0) # 0. When |0|Tp = 7/2, we have L2 = 1/(m|®]) # 0; while,
when |0|Tp # 7/2, L12 # 0 is equivalent to

To # —

sin(|w|Tg) sin(|w|Tg) cos(|@|Tr)
— — - 7= 9= =: TO,res- (1.41)
Gleos(&1Ts)  [ol(2sin?(2lT5) — 1)

When 0 < |@|Tg < 7/2, (1.41) is satisfied automatically because of Tp es <
0; while, when 7/2 < |@|Ts < 7, we have to assume (1.41) additionally to
guarantee Lis # 0, because T( yes > T0,cr-

Next we consider the subcase where \g + 1 > 0, which is equivalent to
Ty < To,er- Then A3 —1 = (Ao + 1)(X\o — 1) < 0 holds. Since Ay = A_ and
A+A_ =1, there exists a unique ¥ € (0, 7) such that AL can be represented as
At = et By using this ¥, 1, can be represented as sin(nd)/,/1 — A\2. Hence
Zc1(t) is bounded in t.

Next we consider the case where A3 — 1 = 0, which is equivalent to
A +1=0by A\g —1<0. Then Ty = T ; holds. By using the fact
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(L —XE) (LQ_QL;AO) = (8) . (L= XE) (‘01) = (L2_2L_21AO> (1.42)

because of —(L1; — Ag) = Laa — Ao, we see that L is equivalent to a Jordan

matrix:
A 1 Los — A -1
-1 _ 0 _ 22 0
P LP<0 )\0), P(—L21 O)'

Hence, by straightforward calculation, we obtain

n_ (Londg = (n— 1A LignAl ™!
L = < L21n)\6’—1 Lzzn)\g_l —(n— 1)>‘6L_2 (1.43)
for n € Z. Here we used Loz — Ao = —(L11 — Xo), (L2a — Xo)® = —(Laz —
Xo)(L11 — Xo) = —Li2La1, and A2 = 1. In the same way as above, this makes

us expect that classical orbits behave asymptotically like Archimedes’ spirals.

Now we return to the quantum system under consideration. We first
watch the spectral properties of the Floquet operator Uy(T,0). To this end,
we study the behavior of the time-dependent observables

z(t) = Up(t,0)"zUs(t,0), p(t) = Uo(t,0)*pUs(t,0). (1.44)

As will be seen in Sect. 2, (z(t),p(t)) satisfies formally Hamilton’s equations
(1.15) by replacement (z¢(t), &1 (t)) with (x(t),p(t)). Therefore, the following
theorem can be obtained easily by the above argument:

Theorem 1.1. Suppose (1.14).
1. When Ty > TO,Cra

1

im A< [T |2Uo (0T, 0)¢ |2 = WH{(LH = As)x + Liap}oll e,
1

tim s [pUo(nT, 0)¢]| e = {La1z + (Laz = As)p}o] e

2/A2 — 1

(1.45)

hold for p € .7 (R?).
2. When TO == TO,cr;
im |7 |2Uo (nT, 0)¢ ]2 = [[{(Lan = M)z + Lizp}el| e,
lim |n|~H|[pUo(nT, 0)¢ll > = [[{L212 + (L22 — Ao)p}pll e (1.46)

n

hold for p € 7 (R?). Here \g = —1.
3. When Ty > Tp r, one has

sup [[zUo(t,0)¢l| 2 = 00, sup ||[pUp(t, 0)¢|| 2 = o0 (1.47)
teR teR

for 0 # ¢ € Z(R?); while, when 0 < Ty < To,crs one has

sup || zUo (¢, 0)o|| sz < 00,  sup ||pUon(t,0)p] sz < oo. (1.48)
teR teR
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Corollary 1.2. Suppose (1.14). When 0 < Ty < Ty cr, Uo(T,0) has a pure point
spectrum, that is,

H = A2 (U(T,0)), (1.49)

where %QP(UO(T, 0)) is the pure point spectral subspace associated with
Uo(T,0).

In order to obtain this corollary of Theorem 1.1, we have only to use
Theorem 1 of [7]. )
By using (xci(t),&a(t)), we will introduce (Zq(¢),&q(t)) as follows: for
t € [nT,(n+1)T) with n € Z, we put
Fal® {R(@i‘n + nwTg)zalt), te nT,nT +Tp),
cl =

R((n+ DwT)za(t), te[nT+Tp,(n+1)T),

. (1.50)
~ R((Dtn + nQTB)fcl(t), te [’I’LT, nT + TB)7
501(75) = {

R((n+1)@Tg)éa(t), t€[nT+Tp,(n+1)T),
where #,, = t —nT. We note that @t,, +nwT can be written as w(t —nTp). By
simple computation, we see that (Z.(t), & (t)) satisfies Hamilton’s equations
djcl 1x décl
t) = —&ult
with @(t) := ¢B(t)/(2m). What we emphasize here is that the Floquet matrix
of (1.51) is given by the matrix L in (1.26) and that the corresponding quan-

tum system is governed by the T-periodic two-dimensional quantum harmonic
oscillator Hamiltonian

(t) = —m@(t)*T(t) (1.51)

1 m
Hy jo)(t) = %;f + 5 @) 2. (1.52)

By virtue of the above argument, especially when Ty > T o; and Ty # 10 res,
one can see the exponential amplification property of the propagator Uy |5(t, s)
generated by Hy |5(t) (see Hagedorn—Loss-Slawny [4] for related results about
general T-periodic quantum harmonic oscillator Hamiltonians).

From now on, we will focus on the case where Ty > Tp o, and T # To res-
In this case, it can be expected that the charged particle moves away from the
origin along orbits which behave asymptotically like some logarithmic spirals
as t — +oo, as we have seen above. Thus one can consider some scattering
problems for this situation. In this paper, we treat the problem of the asymp-
totic completeness.

Now we will state the assumption on the time-independent potential V:
(V), V is a real-valued continuous function on R? satisfying the decaying
condition

[V(z)| < Clx)~° (1.53)

with p > 0, where (x) = V1 + 22.
Here we introduce the time-periodic Hamiltonian H (t) given by

H(t) := Hy(t) +V, (1.54)
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and the propagator U(t, s) generated by H(t). H(t) is represented as

HE = HE+V, tel
H(t):{ otV 1€,

1.55
HOI:H8+V, telp. ( )

We note that under the condition (V'), for some p > 0, H® and H° are self-
adjoint on Z2(HE) and 2(H)]), respectively. U(t,0) is represented as

U(t.0) = {eEZ?TT)f;U(’l; 0}&, ) t € [nT,nT + Tp),
e =T+ T H =T HZ11(T 0)*, t € [nT + Tg, (n +1)T),
(1.56)
with n € Z, where
U(T,0) = e~ ToH’ o=iT5H" (1.57)

is the Floquet operator associated with H (¢). The main result of this paper is
as follows:

Theorem 1.3. Suppose (1.14), and that Ty satisfies (1.34). When 7/2 < |0|Tg
< m, assume that Ty satisfies (1.41) additionally. Assume that V satisfies the
condition (V'), for some p > 0. Then the wave operators

wt = slim U(t,0)"Up(t,0) (1.58)
exist and are asymptotically complete:
Ran(W¥*) = . (U(T,0)). (1.59)

Here 7,.(U(T,0)) is the absolutely continuous spectral subspace associated
with U(T,0).

As far as the authors know, there are very few results on quantum scatter-
ing in a time-periodic magnetic field. In Korotyaev [10], the free Hamiltonian

ho(t) = —%A — ()L + plt)a2/2 (1.60)

on L2(R™ x R™?) was considered, where 7 = (z1,72) € R™ x R™, 21 =
(.1311,...,1?17,“), L = —i(xn@xu — Ilgaxn) for my > 2; L = 0 for my = 1,
b(t) and p(t) are T-periodic real-valued continuous functions on R. Under the
implicit assumption on p(t) that the Hill equation y”(¢) + p(t)y(¢t) = 0 has
solutions y1(t) = e*x1(t) and y2(t) = e Mya(t), where A > 0, and x1(t)
and x2(t) are periodic in ¢, Korotyaev obtained the result corresponding to
Theorem 1.3. Our result can be recognized as an extension of the result of
[10] with p(t) = b(t)?, m1 = 2 and mz = 0 to the case where B(t) is a
periodically pulsed magnetic field. What we would like to emphasize here is
that the implicit assumption on p(¢) mentioned above can be replaced by the
explicit conditions Tp > T ¢ and Ty # Tp res for our model. In [10], Korotyaev
also treated the case where the Hill equation y” () 4+ p(t)y(t) = 0 has solutions
y1(t) = ty2(t) + x1(t) and yo(t) = x2(t). Here x1(¢) and x2(t) are periodic
and antiperiodic in %, respectively. This is corresponding to the case where
Ty = Tp,er for our model.
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In the proof of Theorem 1.3, the limiting absorption principle for the
Floquet Hamiltonian Ky associated with Hy(t) plays an important role: put
H = L*(T;#), where T = R/(TZ), and introduce a family of unitary
operators {%(0)}yer On A as

(%(0)f)(t) = Uo(t,t —0)f(t —0), feH. (1.61)

Then {%)(0)}scr forms a strongly continuous one-parameter unitary group
on ¥ . By virtue of the Stone theorem, one can write %(c) = e~ *7¥o with a
certain self-adjoint operator Ky on J#. K is called the Floquet Hamiltonian
associated with Hy(t). As will be seen in Sect. 5, when Ty > Ty o, and Ty #
Tb res, we have obtained the limiting absorption principle for Ky; while, when
Ty = Tp,cr, we have not obtained it yet, although it can be shown by the results
of [4] that the Floquet operator Uy(7T,0) has a pure absolutely continuous
spectrum, which implies that the Floquet Hamiltonian Ky also has a pure
absolutely continuous spectrum. When Ty > T ¢, and Ty # 1{ res, we introduce
the Floquet Hamiltonian K associated with H(t) similarly and obtain the
result of the existence and the asymptotic completeness of

WE = slim e7KeioKo (1.62)

o—*+oo

(see Theorem 5.6), by utilizing the abstract stationary scattering theory. Then,
by virtue of the Howland—Yajima method (see, e.g. [5,6,13]), one can also
obtain the asymptotic completeness of W+ by showing the existence of W=*.
This is an outline of the proof of Theorem 1.3.

The plan of this paper is as follows: in Sect. 2, we prove Theorem 1.1. In
Sect. 3, we derive the integral kernel of Uy(¢,0). In Sect. 4, using the integral
kernel of Uy(¢,0), we show the local compactness property of Ky. In Sect. 5,
when Ty > Ty r and T # To res, We obtain the limiting absorption principles
for Ko and K, which yield the existence and the asymptotic completeness of
#*. In Sect. 6, when T > To,cr and Ty # T res, We prove the existence and
the asymptotic completeness of W under the assumptions in Theorem 1.3.

2. Proof of Theorem 1.1
We first introduce the pseudomomentum £ of the charged particle by
k= (ki,k2) = (p1 — ¢Bx2/2,p2 + ¢Bx1/2) = p + ¢A(z). (2.1)
Here we note that the commutation relations
i[D1,Ds] = —qB, ilki, ko] =B, i[Dj,, k] =0 (j1,72 € {1,2})

(2.2)
hold (see, e.g. Avron-Herbst—Simon [1,2] and Gérard-Laba [3]). Now we put
D(t) = Uo(t,0)" DU(t,0),  k(t) = Ua(t,0)* KU t,0) (2.3)

for the sake of brevity. Suppose n € Z. It follows from (2.2) that (D(¢), k(t))
satisfies

dD dk
() =—wID(t), Z()=0 (2:4)
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for t € (nT,nT + Tg) (cf. (1.17)). Hence we have for ¢t € [nT,nT + Tg],
D(t) = R(—wt,)D(nT), k(t) = k(nT) (2.5)
(cf. (1.18)). Since (x(t),p(t)) in (1.44) can be written as
o(t) = 5 I(DO = he)). plt) = 5(D(E) + () (26)
(cf. (1.20)), one can obtain
(59) = parre-et) (S 1)

for t € [nT,nT + Tg| in the same way as in Sect. 1 (see (1.21)). On the other
hand, for t € [nT + T, (n + 1)T], one can obtain

x(t) - z(nT + TB)>
=Lyo(t, =T 2.8
(p(t)) +O( B) <p(nT+TB) ( )
(cf. (1.23)). By virtue of (2.7) and (2.8), one can see easily that if
#(p) = sup [lz(nT)plle2 < oo and  p(p) = sup [p(nT)ell = < oo,
ne ne
then

Z(p) = sup [lz(t)pll s> < oo and  p(p) = sup [p(t)ell s> < oo;
teR teR

while, if Z(¢) = 0o or p(¢) = co holds, then both Z(p) = co and p(p) = o

hold, by virtue of (2.7). Hence we have only to study about the finiteness of

Z(p) and p(yp). By (2.7) and (2.8), one can obtain

z((n+1)T)\ ;5 o x(nT)

(s 1)) = 220310 (G17) 2
in the same way as in Sect. 1 (see (1.25)). Here L is given by (1.26). Equa-
tion (2.9) yields

z(nT)\ o _ x
<p(nT)> = L"R(—nwTp) <p> (2.10)

for any n € Z (cf. (1.27)). Thus we have only to use the explicit form of L",
which was already obtained in Sect. 1, to study Z(p) and p(p):
Case 1. 0 < Ty < Tp et

Since |pn| < 1/4/1—=X% by p, = sin(nd)/\/1 — A3 as mentioned in
Sect. 1, one can see easily that Z(¢) < oo and p(p) < co.
Case II. Ty > Tp o

By using (1.31) and (1.36), we have

1

i sl = S (B = As)a + Luapbelre
1

s/t el Diaap)elee.
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. . 1
HEIDEOO A" lp(nT)pl| 72 = WH{LQLT + (Laz — A1 )p}o|| 2
1

= ﬁmwglm(x + L1z, 1p)¢ll e,

if L1 — A_ # 0. Here [ng,i := (Lag — A\+)/Lo;. But it can be seen easily that
the above result is valid also when Ly; — A_ = 0, since L1; — A\_ = L3 = 0.
These imply Z(¢) = oo and p(p) = oo for 0 # ¢ € .7 (R?).

Case I11. Ty = Tp o,
We first note that |[AJ| = 1 holds for any n € Z, because \g = —1. Taking
account of L1 — A\g = —|@|Tpsin(|@|T)/2 < 0 by (1.14), we have

[{(L11 — Ao)x + Li2p}ell w2

lim |n| = [[2(nT)¢] s
n—roo

= L1 = Xolll(@ + Laz,0p) @l 2,
Jim [ (Tl e = [[{La12 + (Laz = Xo)p}el e

= |Loa|||(z + L12.op)|| s>

Here Ligg := (Laz — Ao)/La1. These imply #(p) = oo and f(p) = oo for
0# ¢ e .(R?).
Thus the proof of Theorem 1.1 is completed.

3. Integral Kernel of the Free Propagator

In this section, we would like to find the integral kernel of the free propaga-
tor Uy(t, s) generated by Hy(t). From now on, we denote by So(¢, s;x,y) the
integral kernel of Uy(t, s). And, we put So(t; x,y) := So(t,0;x,y), which is the
integral kernel of Uy(t,0) obviously.

(I) So(t;z,y) for t € [0,T]:
We first consider the case where ¢ € [0, Tg]. So(t;z,y) is just the integral
kernel SB(t;z,y) of e 15 Now we introduce

1 m. -
Ho |o| = %pQ + §|w\2$27 L= x1py — xop1. (3.1)

L is called the angular momentum. It is well known that e~ Hs can be repre-
sented as e@Le~Holel because HY = Hy |5 — @L and [Hy g, L] = 0. Here
we note that

(=) (@) = $(R(@t)e), o € L(R?),
holds. On the other hand, by virtue of Mehler’s formula, the integral kernel
So,1w|(t; 2, y) of e~ Ho, 2 is given by

m|@| _— Y (22 4?2 .
St (i 2,7) = —— DL gimla|(cos(@ ) (x*+v*)~22-y)/2sin(&1) (3.9
olal(t:Y) = 5 e € (3:2)
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when sin(|@[t) # 0, which is satisfied in the interval (0,7p] by (1.14). Then
So(t; ,y) with t € (0,Tg] can be represented as

Solt;z,y) = SP(t;2,y) = So, (6 R(@t)z,y)
_ m|w| oim@] cot(|@[t)a? /2
2misin(|w|t)

% efzm\d;|(lf(’,(d)t)x)y/ sin(|u‘)\t)eim\w\ cot(|@|t)y?/2 (33)

(see also Avron-Herbst-Simon [1]). Of course, Sy(0;z,%) is equal to 6(z — y)
as a distributional kernel, where § is the Dirac delta function. Putting

™
TB,eXC = m, (34)

we have

~ milw NP
So(TBexc; T,y) = le e~ ImI@I(R(OTB exe) )y

; (3.5)
if T exc < T, since cos(|@|TB exc) = 0 and sin(|@|Ts exc) = 1. Now we focus
on the case where t # T exc. For the sake of simplicity, we will write (3.3) as
the formula

. 2
S t; _ iz /(200(t))
ot Y) = 5 D

o e~ i(R(60(t))2)-y/(co(t)80 (1)) gioo(t)y?/ (200(t)) (3.6)

—_

with 0y(t) := tan(|@|t)/(m|®@|), co(t) := cos(|@]t), ¢o(t) := @t and oo(t) := 1
for ¢ € [0, TB]\{TB exc}. Here we introduce

So(t )= 5(1@, =0 (3.7)
o\t iz? /(2t) )
t .

5 ite , #0

It is well known that SJ(¢;x — y) is the integral kernel of e~P*/2_ Obviously,
the integral kernel of e~*f0 can be represented as SQ(t/m;x — y). By using
this SJ, we will give a representation of Sy(t; z,): since

So(t; x,y) can be written as
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) 1 e 2 fo(t) . R(eo(t)
t — = gH{1-1/(co®Po0(t)}e?/(200(1) g0 [ ZOAL) . THPOLE))T
St y) = e @ 0\ 50(0) col®)ao(t

1, L o
mel{ao(t)*l/co(t) b?/(200(1)) 60 <90(t);m _ R(=¢o(t))y

for t € (0, T8)\{TB,exc}- Since

oo(s) — = —tan?(|@|s) = —m|@| tan(|©|s)0(s)

for s € (0, T]\{TB.exc}, One can see that Sy(s;z,y) converges to d(z — y) as
s — +0. Hence, (3.8) with ¢ = 0 is also valid.
We next consider the case where ¢t € (T, T]. Then Sy(t;z,y) is just the

—i(t=Tp)H{ o —iTp Hy

integral kernel of e . When Ts = TB exc, one can obtain

Soltiz,y) = %‘:@{'efim\w\(R@TB>w>-ye—im\w\2<t—Ts>y2/z (3.9)

by calculating the Fourier transform of S§((t — T)/m; ), since (3.5) holds.
On the other hand, when Tp # T'B exc, One can obtain

_ 1
So(t;m,y) = 7CO(TB)el{UO(TB)*1/CO(TB)2}92/(290(TB))

(3.10)

50 (M);x . R<—¢0<TB>>y)

Co (TB)

with 0y (t) := (t—=Tpg)/m~+00(Tg) fort € (T, T),if Oy(t) # 0, by taking account
of that SO(t + s;z — y) is the integral kernel of e~ it+8)p?/2 — —itp®/2g—isp?/2,
Then (3.10) can be represented as (3.6) by putting co(t) := co(TB), ¢o(t) :=
¢0(TB) and

oo(t) :== (UO(TB)— 1 )90(75) L1

co(Ts)?) 00(TB)  co(TB)?

for t € (T, T)]. In particular,

1 L L ! = —m|w|tan(|w
<00(t) - Co(t)2> m = (UO(TB) - CO(TB>2> GO(TB) - || tan(|w|Tp)

holds on (T's,T], which yields oo(t) = 1/co(t)? — m|@|tan(|@|T)0(t) = 1 —
|o|(t — Tg) tan(|@|Ts). By using this and (3.8), we have

~ 1 T - 2 0 (t) ]A%((bo (t)).’L‘
. _ im|o|tan(|@|Tg)z?/(200(t)) QO 0 _
SO(tﬂxay) Co(t)go(t)e SO ( yl-

ao(t)’ co(t)ao(t)
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By this formula, So(Z; z, y) with 0y(t) = 0 can be also given as a distributional
kernel. Consequently, So(t; x,y) for t € [0,T] is represented as (3.6) with

S ER (t € 0, Ts))
Oo(t) =4 " i}
’ 1 (t—TB+ta“<|“’T’3)> (t € (T, T)),
m (]
eolt) = cos(|@|t) (t €0, Tg])
cos(|@|Ts) (€ (T, T)), (3.11)
_Jwt (t e [O,TB])
Polt) = {@TB (t € (T, T]),
oo(t) = 1 (t€[0,Tg])
1— (|t — T) tan(|@|Ts) (¢ € (T, T)).

Here, in the case where T = T exc and ¢ € [T, T], one has only to recog-
nize 1/6o(t), 1/(co(t)bo(t)) and oo(t)/0(t) as 0, m|o| and —m|w|?(t — Tp),
respectively, by taking account of cos(|w|Ts) = 0 and sin(|@|Tp) = 1.
(I1) So(nT;z,y) for n € N:

For the sake of simplicity, we focus on the general case, that is, the case

where T # TB exc, 0o(T) # 0, and o¢(T') # 0. By virtue of (3.6), the integral
kernel So(T;x,y) of the Floquet operator Uy(T,0) is given by

So(T;z,y) = ﬁeil’z/(%l)e—i(é(%)93)‘11/(0191)ei01y2/(291) (3.12)
101
with
0, = 0o(T) = T a= co(T) = Lo,
22 I (3.13)
¢ = ¢o(T) =wTp, o1=00(T)= qu
22

Then one can find the following representation of the integral kernel
So(nT; x,y) of Uy(nT,0) with n € N:

S'O(TLT’ x, y) — ;eiag/(zen)e_i(l%((bn)x)'y/(cnan)eiany2/(20n)_ (314)

T 2mic,0,

In fact, in the same way as above, by using

c101 o1’ cioq

N 1, 0, R
So(T; z, y) _ 82{171/(6501)}12/(201)58 < 1, (¢1):17 B y) ’
(3.15)

Cn Cn

So(nT;z,y) = iez‘{on—l/ci}f/(zen)sg <9n;x _ R(_¢n)y>
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we have
So((n + 1)T; 2, y) = ——ei{1=1/ (o)} /(200 gi{on—1/c }?/ (20,)
C101Cp,
9 R R(—
o1 C101 Cp,

in the same way as above. By equating the coefficients of 22, (R(¢)z)-y and y?
in the exponents of the exponential functions in (3.16), the recurrence relations

1 1 1 1
=(1-5—)—+ , 3.17
Ony1 < C%O’l) 01 (c101)%(01/01 + 0n) (3.17)
1 1
= , 3.18
Cn+19n+1 Cla—lcn(el /01 + en) ( )
Onit 1\ 1 1

e — 1
Ont1 (G C%) On * ci(0h/o1 + 0y) (3.19)
Pnt1 = 1+ fn, (3.20)

can be obtained. Obviously, we have

¢n =ng1 =nwTp (3.21)

by (3.20). Since (3.17) can be written as

1 ( 1 ) Loo 1
= (1= — ) =2 .
On+1 LiiLay ) Lis L%y (Liz/Liy + 0n)
Loy n 1 _ Lo1 (L1160, + L12) + 1 _ L2160y, + Lo
Liv  Lii(L116n + L2) Li1(L116n + L12) L1160, + Lo

by C%O‘l = L11L22, C101 = L11 and 1 = L11L22 — L12L21, we obtain

L1160, + L1o
Oppq = 12 3.22
i L1060y, + Lo ( )
We will solve these recurrence relations:
Case 1. Ty # Tp,er:
Taking account of (1.30), we put
Los — Ay L1 — Mg
g 1= = . 3.23
— Loy Loy ( )
Then we see that a4 are the roots of the equation
Lna + L12
a=——"=. 3.24
Loior + Lo (3:24)
Since
0 _ (LiiLog — LiaLo1)(0n —ax) Op —
n+1 — O+

(Lot + Lag) (L2106 + La2) A (L2160, + Lao)
by L11L22 - L12L21 =1 and Lgloéi + L22 = /\:t, we have
97L+1 — Oy _ )\; Hn — 04
9n+1 — o )\+ Hn — O ’
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which yields

Ck+(01 — Oé,))\iil — a,(91 - OZ+)>\E71 ngun

gn = = .
(61 —a )Nt — (6 — ap) A Loapin — pn-1

(3.25)

Here we used

Ql—aizg_lzll_)\¢:L22A¢—1:)\¥(L22_>\i)
Lo Loy Loy Lo Loy Lo
Ax(Li1 — Ax)(Lo2 — As)  LigAs

L3, Lo "~ LojLoy

by L11L22 —L12L21 =1and (Lll _)\:t)(LQQ - )\i) = L12L21. Then, by (317),
(3.18) and (3.25), we have

ax (b1 —ax) =

LiaLoypint1
Loofiny1 — fin

1 L
=L ( - 21) Ont1 = L11 — L210py1 = L1 —
Ont1 Ln

I e Lyypp _ Loojty, — fin—1
L22Mn+1 — Un L22Mn+1 — Un '

Here we used Li1Los — LiaLoy = 1 and pipt1 = Ay + Ao )by — fno1 =
(L11 + Lag)ptr, — ftn—1. This yields

n—1 c

k+1

Cn = C1 H = L22,un — MUn-1
k=1 Ok

by ¢1 = Lag, u1 = 1 and pp = 0. We finally consider (3.19). Here we note that

On+41 On - 1 ( 1 1 ) - L12/L11
Opt1 On 2 \Lig/L11+6, 6, €20, (L12/L11 + 6,)
Lio 1

cngn(L12cn + Lllcnen) B _LIZMnJrlﬂn

__1 (Mn _ ul)
Lia \ pint1 Hn
holds by c¢,0, = Ligpin, Lizcy + Liicnb, = L12(L22ﬂn — fn—1 + Luun) =
Ligpins1 and p2 — pnsipin—1 = Ay — A_)%/(Ay — A_)? = 1. Thus we have

on _ 1 (_Mn—l > _ Luapn = pna
Liapin

)

0o L
which yields

_ Laipn — pin—1
" Logjin — fin—1
Therefore, the solutions of (3.17), (3.18) and (3.19) are given by
le,un Lllﬂn — Hn-—1
h=+——"—, ¢n=Lopy —pin-1, on=-———"—. (3.26
Looptn — pin—1 2/ fint Loopty, — fin—1 ( )

Case 2. Ty =Ty e



2426 T. Adachi and M. Kawamoto Ann. Henri Poincaré

Taking account of (1.42), we put

Loy — Ao
ap = ———. 3.27
0 —Loy (3:27)
Then one can obtain
0, —
Ons1 — o el

~ Ao(L216n + Lao)
in the same way as in case 1, which yields

1 Mo(Loiag + L
_ o(La1ayg 22)+)\0L21:
Ony1 — o 0, — g 0, —

+ MoLot,

where we used A2 = 1. Hence we obtain
91 — Qp _ 91 —+ (Tl — 1))\0L210{0(91 — 010)
1+ (n — 1))\0L21(91 — Oéo) 1+ (’I’L — 1))\0[/21 (01 — 040)

which can be written as

an:a0+

0 nlio
" nL22 — (n — 1))\0

Here we used A2 = 1 and
Lo 0 Lo —1 Li2)o
- 77 1 - ao - 77 *

Lo L1 Loy Lo1 Loy
Then, in the same way as in case 1, one can solve (3.18) and (3.19). Therefore,
the solutions of (3.17), (3.18) and (3.19) are given by

nL12
a nLQQ — (n — 1)/\07
nL11 — (n — 1))\0
nLQQ - (n - 1))\0 '
Now we will mention exceptional cases: when Tg = T’ exc, L22 = 0 holds.

Then we will recognize 1/61, 1/(c161) and o1/6; as 0, m|o| and —m|o|*Tp,
respectively, as mentioned in the end of (I). By using these, we see that 6,
¢n, and o, with n > 2 can be given by (3.26) or (3.28). Also in the case where
o1 = oo(T) = 0, that is, L1; = 0, 6, ¢, and o, can be given by (3.26) or
(3.28). In the case where 61 = 0y(T") = 0, that is, Lo = 0, one can obtain

01 (01 — ap) =

6, en =N HnLay — (n— 1)Ao},

(3.28)

On =

So(nT, z, y) _ )\’I’J’L-e*im‘ébl cos(|cZJ|TB)(17/\i")z2/(2 sin(|@|Tr))

X §(NTR(¢(nT))x — y)
— Aol cos((&|TE) (1-72")y? /(2 sin(|@] 7))

x 8(z — A" R(—p(nT))y) (3.29)

with Ay = A~ = cos(|@|Tg) (cf. (1.39)), by using the argument in (I). Such
nT"’s should be called resonant times. Here we used the facts that

1\ 1 1\ 1 L |
(“"‘cz)en—(‘“‘c%%lx,;cz_l
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holds in the case where Lo # 0, where ¢y = 1 and that ¢, = )\’j_ holds in the
case where Li5 = 0.

(ITT) So(nT;x,y) for n € Z\{0}:

Even if —n € N, So(nT;z,y) can be written as (3.14) with (3.21) and
(3.26) when Ty # Tp cr; while, with (3.21) and (3.28) when Ty = Tp ¢,: We first
note that So(nT;z,y) is equal to So(—nT;y,z). By equating the coefficients
of 22, (R(¢)x) -y and 2 in the exponents of the exponential functions in

S’O(nT; x,y) and SO(—nT; y,x), we have
1 - _Ufn R(¢n) o _R(_stn) Ji _ 1

0, 0_,."  cibn cnb_n = 0, 0,

Then one can see easily that ¢, for —n € N is given by (3.21) and that 6,
¢n, and o, for —n € N are given by (3.26) when Ty # Ty o, while, by (3.28)
when Ty = Tp,cr, respectively. Here we used p—,, = —p, when T # T cr.

(IV) So(t + nT;x,y) for n € Z\{0} and t € [0,T):
By using (3.8) and (3.15), one can obtain

(3.30)

- 1 .2
t T- _ i /(20,(t))
Solt+nTsz.y) = 5o e °
« =BG (D)) v/ (en (D00 (1) gion (92/(20.(0) (337
where
1 (1 1 ) Lo 1
On(t) co(t)200(t) ) Oo(t) ~ (colt)oo(t))?(0o(t)/o0(t) + 0r)’
(3.32)
1 1
_ , 3.33
0 (D) ~ oo DenGo(0)/o0(E) + ) (3:33)
on(t) 1) 1 1
(o, - L)L , 34
w0 = (- 2) ot Zmoma (334
Dn(t) = do(t) + én (3.35)
in the same way as above.
(V) So(t 4+ nT,s;x,y) forn € Z and t, s € [0,T):
Since the integral kernel of Uy(s,0)* is given by
O 1 . 2 2
So(sig.a) = 11/ (co()%00(5) }y? /(=200 (5))
V5D = o0
bo(s) R(o(s))y
x SY [ — cr— , 3.36
° ( 20(3) " cos)oo(s) (3:36)

one can obtain the integral kernel Sy (t+nT, s;z,y) of Uy(t+nT,s) as follows:
SO(t + nT’ ST, y)
_ 1 o)) /(200 ()

cn(t)on(t)
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oL -1 (eo()o0(s) R/ (~200(5))
co(s)ao(s)

X58<9n(t) 0o(s) R(dn(t)a R(¢0(5))y>, (3.37)

4. Local Compactness Property of the Free Floquet
Hamiltonian

Let A be the multiplication by A € LP(R?) with some p € [2,00]. Then we
will consider the operator A(Ky — ¢)~'A with ¢ € C\R = HT UH™, where
H* := {¢ € C | +Im( > 0}. It is well known that for ( € HT and f € %,
(A(Ko — ¢)~"Af)(t) can be represented as

(ko = Anf) = i e Ao Af) (1) ds

00 T
i{z /0 T =S AU (t 4 nT, s)(Af)(s) ds
n=1

+ /0 ei(t—8><AUo(t,s)(Af)(s)ds}

(see, e.g. Yajima [13]). Also for ¢ € H™, a quite similar formula holds.

In order to derive some useful properties of A(Ky — ¢)"'A, we use the
integral kernel So(t + nT,s;x,y) of Uy(t + nT,s) for n € Z and ¢, s € [0,T),
which was found in Sect. 3. By using the method of Kato [8], one can obtain
the estimate

- - 1 2/p S
[AUo(t + nT, s)Af(s)]|le < (W) HAHLP(R"’)Hf(S)Hﬁfv (4.1)
where
ot 5) = en(t)om (E)co(s)00(s) (328 - Z‘;((ZD . (4.2)
When Ty # Tp.cr, Jn(t, s) can be represented by
dn(t, s) = ﬁ {(Lllﬂn — tn—1)20(t)O0(s) + m|w|Liap1n X0 (t)X0(s)
~ TR0 )00(3) + (Laatt — in-1)O0(1E0() |
-1 n n
= m{)\+ﬂ+(tm—(5) —AZQ_(t)Q4(s)}, (4.3)

while, when Ty = T or, dn(t, s) can be represented by
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Jn(t, 5) = 2§|;| {(nLM — (Tl — 1))\0)20(75)@0(8) + m‘@|nL1220(t)20(8)
- %@O(t)@o(s) + (nLas — (n— 1)/\0)80(26)20(5)}
oy [;ﬂnﬂoumo(s) + o Bu(0%a) - Zo(t)@o(s)}} @)
where

Oo(t) := m|w|co(t)fo(t)
_ {sin(|w|t) (t €[0,Ts])
|w|(t — T) cos(|0|Tp) +sin(|w|Tp) (¢ € (Tr,T)),
Yo(t) := co(t)oo(t)

(4.5)
_ {cos(lwt) (t € [0, T5))
cos(|w|Ts) — |w|(t — Ts) sin(|w[Ts) (¢t € (Ts,T]),
Q1) = T’;ﬁ;'@o(t) — (Los = A)To(t) (5 € {4, —,0}).
Now we introduce the zero set of d, (¢, -)
Zn(t) == {s€[0,T) | dn(t,s) =0} (4.6)

for t € [0,T). Since d(t,s) with a fixed t is represented as Cj sin(|@|s) +
C cos(|@|s) in the interval [0, Ts], it follows from (1.14) that #(Z,(t)N[0, Ts])
< 1, while, since ci(t, s) with a fixed ¢ is represented as C3s+ Cjy in the interval
(T, T), #(Z,(t) N (Tr,T)) < 1 holds. Hence we have #(Z,(t)) < 2. Here we
denote the cardinal number of the set S by #(5). If Ty > Ty or and Ty # 10 res,
then one can show easily that #(Z,(t)) = 1 for sufficiently large |n|, because

dn(t,0)d, (¢, T) < 0 holds for sufficiently large |n|.
Now we consider the case where A = F(|z| < R) with R > 0. Here
F(|z| < R) stands for the characteristic function of the set {z € R? f lz| < R}.

We note A € LP(R?) for any p € [1,00]. Let ¢ € H* and ¢ > 0. Take an
N, € N such that

o0

Z e~ (n=1TIm¢ < g,
n=DN,

and define the operator J.; on % by
oo T ) _ B
(L) =3 i / T =C ATy (1 4+ nT, s)(Af)(s) ds.
n=N, 0

Here we note that

T
/O | AU (¢t + 0T, $)Af ()] ds < VT L (47)
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holds for any n € N, by ||A||Lx(R2) = 1. By using this, we have

3
e floe < STUS e

For each n € {0,..., N. — 1}, there exists a neighborhood V2 (¢) C [0,T] of
Zy(t) such that

/ | AU (t + T, ) Af(s)l| e ds < =T fl| ¢ (438)
Vi) 2Ne

By defining the operator .J; 2 on JZ by
Jeaf)(t Z / e HnT=8)C AU (t + nT, s)(Af)(s) ds
(1)

+i/ AU (t, s)(Af)(s) ds
\%

& (1)N[0,1]

we also have
€
Ie2fllr < STl (4.9)

Putting Je o := A(KO —C)_lfl— (Jeq+Je2), in the same way as in Mgller [11],
one can prove that J. o is compact on %, by virtue of the fact that AUy (¢ +

nT, s)fl is a I-Iilbert—Schmidt operator on . This yields the compactness of
A(KO — C)ilAZ

Proposition 4.1. Suppose (1.14). Let ¢ € C\R and A = F(|lz| < R) with
R > 0. Then A(Ky — ¢)~tA is compact on ¥ .

By virtue of the first resolvent formula, the local compactness property
of Ky is a direct consequence of Proposition 4.1:

Corollary 4.2. (Local compactness property of Ky) Suppose (1.14). Let ¢ €
C\R and A = F(|z| < R) with R > 0. Then A(Ky — ()™t is compact on ¢ .

5. Limiting Absorption Principles for Floquet Hamiltonians

In this and the next sections, we always assume Ty > T o, that is, (1.34).
And, when 7/2 < |@|Tp < 7, we assume additionally Ty # Tpres, that is,
(1.41).

We first show the limiting absorption principle for Kjy:

Theorem 5.1. (Limiting absorption principle for Ky) Suppose (1.14), and that
Ty satisfies the conditions stated in Theorem 1.3. Let k > 0. Then

sup [[{x) =" (Ko — (A + 2.6))71<1‘>7K||g3(%) < 00 (5.1)
AER, 0<e<1

holds.
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Proof. We will watch (x)~" (Ko — ¢)~Mx)~" with ¢ € HT. Putting A(z) =
(x)~", we see that A € LP(R?) for p € (2/k,oc]. Let n € N. Suppose p
satisfies max{4, 2/,%} < p < co. Putting

Yn,1(8) = ——A{=(L11pn — pn—1)O0(8) + m|@|Li2pnX0(s)},
|1 “| s (5.2)
Yn,2(8) := @] {— nﬁgr ©0(s) + (Laapin — Mn—l)zo(s)} ,

&

W(t,8) is written as dy, (£, 5) = Yn.1(5)S0(t) + Yn.2(5)O0(t). When t € [0,T5),
n(t,s) can be represented as
dn(t,s) = Yn,1(8) cos(|@[t) + Yn,2(s) sin(|w]|t)

= (Yn1(5)* + m,2(5)*)/? sin(|[t + 9 (s)) (5.3)

with some 7,,(s) € [0,27). Then one can obtain

Te ~
/ 1A (t + 1T, ) Af (5)]|% dt
0

< C1(7n,1 ()2 +9,2(8)°) P AN Lo oy 1 ()13 (5.4)

by (4.1) and —4/p > —1, even if d,, (-, s) has a zero in the interval [0, Tz). Here
(' is a positive constant which is independent of n and s. When ¢ € [T5,T),
d,(t,s) can be represented as

dn(t,5) = (= sin(|@|Ts)vn,1(5) + cos(|@|Tr)n 2(5))|@|(t — Ti)
+ cos(|@|TB)yn1(s) + sin(|o|Ts)Yn,2(s). (5.5)
Then, in the same way as above, one can also obtain

T
/ | AU (t + nT, s)Af(s)]|% dt

T
< Co| — sin(|&[T5)Yn,1(5) + cos(|@|T) 2 ()| =PI Al| L gy 1 £ ()13
(5.6)

where Cy is a positive constant which is independent of n and s. From (5.4)
and (5.6), we have

T T 1/2
/0 (/ |AUo<t+nTvs>Af<s>||3fdt> ds < CylA_ [P &I, o | ot

(5.7)

as well as
1/2

T T
/ (/ AU (t,9)A1 (s )Mdt) ds < Call Ayl f o (59)

by using the Schwarz inequality. Here Cj is a positive constant which is inde-
pendent of n. Then, using Minkowski’s integral inequality, ||(A(Ko — ¢)~*A)
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fllo# can be estimated as

oo

1A = O A fllor < Cs ) A-172P)| Al|Z0 gy I Il

n=0
by [eHnT==)¢| < 1. Since 300 |A_|72"/P < 0o by |A_| > 1, this yields
IA(Ko = Q)" Allzry < Call Al o (gey- (5.9)

The case where ( € H™ can treated with similarly. This completes the proof.
O

Since >°°7, n~2/P = oo for any p € (2,00), our proof of Theorem 5.1
does not work well in the case where Ty = Tp .. If the space dimension is

equal to 3, one may use >~ n=3/P < oo for p € (2,3) even in the case where
TO = TO,CI"

Corollary 5.2. Suppose (1.14), and that Ty satisfies the conditions stated in
Theorem 1.3. Then Ky has a pure absolutely continuous spectrum, that is,

Hae(Ko) = A, (5.10)

where Ha.(Ko) is the absolutely continuous spectral subspace associated with
K.

Let V(z) be the potential satisfying the condition (V), for some p >
0. Let A and B be the multiplication by A(z) = |V(z)|'/? and B(z) =
(sgnV (x))|V (2)|'/?, respectively. Then, by virtue of Corollary 4.2 and the proof
of Theorem 5.1, the following results can be obtained in the same way as in
Yajima [13], so we omit the proofs:

Lemma 5.3. Suppose (1.14), and that Ty satisfies the conditions stated in The-
orem 1.3. Assume that V' satisfies the condition (V'), for some p > 0. Put
Qo(¢) == B(Ko — ¢)~'A with ¢ € C\R = Ht UH~. Then Qy(¢) has the
following properties:

1. Qo(C) is a B(H)-valued analytic function on H*.

2. For each ¢ € C\R, Qo(() is compact on J .

3. Qo(A £ i€) have boundary values in B(H ) as € — +0, whose convergence
is uniformly in A € R.

Lemma 5.4. Suppose (1.14), and that Ty satisfies the conditions stated in The-
orem 1.3. Assume that V satisfies the condition (V'), for some p > 0. Then,
for each ¢ € C\R,

(K—¢) ' =(Ko—¢) ' = (Ko=) "A1+ Qo(¢))'B(Ko —¢)~"  (5.11)
holds.

Theorem 5.5. (Limiting absorption principle for K) Suppose (1.14), and that
Ty satisfies the conditions stated in Theorem 1.3. Assume that V satisfies the
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condition (V'), for some p > 0. Let k > 0. Then there exists a closed null set
'y C R such that

sup [{z) " (K — (A £ie)) " (@) " ||la(x) < o0 (5.12)
A€eR\Tp, 0<e<1

holds.

Then the following theorem can be obtained as a direct consequence of
the abstract stationary scattering theory (see, e.g. Kato-Kuroda [9]):

Theorem 5.6. Suppose (1.14), and that Ty satisfies the conditions stated in
Theorem 1.3. Assume that V satisfies the condition (V'), for some p > 0.
Then the strong limits

WE = slim e KemioKo (5.13)

o—*+o0
exist and are asymptotically complete:

Ran(# %) = Ao (K). (5.14)

6. Existence and Asymptotic Completeness of Physical Wave
Operators

At first, we will show the existence of W. The existence of W~ can be shown
similarly.
Let M(7), D(7) and .% be unitary operators on . given by

(M) = /@), (D)@ = = (2).
1

FIRle) = 57 [ el da, 61)
respectively. As is well known, e~ #P°/2 is represented as
e~ /2 = M(£)D(t).FM(t). (6.2)

Now we see that Uyp(t+nT,0) for n € Z and ¢t € [0,T) can be also represented
as

Uo(t + nT,0) = DL N(0,,(£))D(cn(t)0 () F M (i" 8) (6.3)

by virtue of (3.31). Here we used (R(¢n(t))z)? = 2. Since
im (1) = Lo =7
n—00 Un<t) L1 — )‘+ o

by (3.19) and (3.34), we obtain the following lemma in the same way as in the
proof of Theorem IX.31 of Reed-Simon [12]:

(6.4)

Lemma 6.1. Suppose (1.14), and that Ty satisfies the conditions stated in The-
orem 1.3. Put

Uo(t + nT) = e ®nOL N0, (£))D(cn (£)0, (£)).F M () (6.5)
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forn e NU{0} andt € [0,T). Let p € .#(R?). Then there exists a constant
Cy, > 0 such that

1Uo(t +nT,0)p — Uo(t +nT)plle < ColA-| " (6.6)
holds for n € N U {0}.

Proof. We have only to estimate || M (6,,(¢

)/on () — M (7o))@l 22, by virtue
of the unitarity of (LN (6, (£))D(c, (t)05(t)

t)).Z. Notlng
0 (t) 1 on(t
M M o) a )
’ <an(t)) oM SDH =200, Yol
on(t)  on —bo(t)/o0(?) 2
_In| < CyA_|72m,
0,0 0~ | 20,00(0)/o(t) + 0| = T
n L n — HMn— - L n - )\ n _
on (Laipin — pn—1) — (Laafin — Ay pin) < Gy |2
On Liopy,
by (3.19) and (3.34), we have
0,.(t ) 1 .
M (2 o= Mlrp| <50+ G sl
on(t) 2
which yields the lemma. O

Lemma 6.2. Suppose (1.14), and that Ty satisfies the conditions stated in The-
orem 1.3. Assume that V satisfies the condition (V), for some p > 0. Let
@ € .7 (R?) be such that F[M(7x)p] € C5°(R?\{0}). Then

/|W%@w%m<m 6.7)
0
holds.

Proof. By assumption, one can obtain the estimate

IVOo(t +nT)lle < Ca(1+ [en(t)00 (1)) (6.8)
forn € NU{0} and ¢t € [0,T). By (4.3) and (4.5), we have
. Ao =L, A —Lu o,
cn(t)0n(t) = dy(t,0) = mx\+§2+(t) — m)\,Q,(t).

Here we used 0y(0) = 0, ¢o(0) = 00(0) = 1 and Q4+ (0) = —(Laa — A\y) =
—(Ag — L11). By straightforward calculation, we have
Q_(T) = LioLoy — Lll(LQQ — A_) = )\—Lll —1=X_0_ (O),
which implies Q_(0)Q_(T") < 0 by A_ < 0. Hence, we see that for sufficiently
large n, there exists a unique zero 7, of ¢, (t)0,(t) in the interval [0,7"). Put
= (|JA_]+1)/2>1and A_ := |A_|/A_ > 1. Since 7,’s are near the unique

zero T_ of Q_(t) in [0, T), there exists an Ny € N such that for n > No, the
AZ"-neighborhood of 7, is included in [0, 7). In [0, T)\(7,, — AZ", 70 + AZ"),

VU (t + nT)plle < CLIAZ™ (6.9)
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holds. Thus we have
T ~ ~ ~
/ HVU()(t + nT)gDHyg dt S 203/\:7]' + C4T)\:np (610)
0

for n > Ny, which yields

/ IVBo(s)lle ds < CsNoT + 3 (203" + C4TAT™) < o0, (6.11)
0 n=DNy

by A_ > 1 and A\” > 1. This completes the proof. O

By virtue of these two lemmas, one can obtain the following corollary:

Corollary 6.3. Suppose (1.14), and that Ty satisfies the conditions stated in
Theorem 1.3. Assume that V satisfies the condition (V'), for some p > 0. Let
@ € .Z(R?) be such that F[M (7 )p] € C5°(R?\{0}). Then

/ 1V Uo(s,0)0]L e ds < o0 (6.12)
0
holds.

By virtue of this corollary, one can show easily the existence of W™ ¢ for
¢ € S (R?) be such that .Z[M(7..)p] € C°(R*\{0}), by using the Cook-
Kuroda method. Since {¢ € .7 (R?) | Z[M(7x)¢] € Cg°(R*\{0})} is dense
in L2(R?), the proof of the existence of W+ is completed by the density
argument.

Now, by following the argument of Yajima [13], which is the most impor-
tant part of the so-called Howland—Yajima method, one can prove the asymp-
totic completeness of W*: let ¥ and #; be unitary operators on # defined
by

(V&) =UE0)f(1),  (Ff)(t) = Us(t,0)f()

for f € . Let U and #'* be the multiplication operators by the Floquet
operator U(T,0) and the wave operators W on ., respectively. Then we
have

K =y, wE=vVE,
which yield

Hac(K) = Hae(e ™ T5) = ¥ Hae (W) = V LA(T; Hie(U (T, 0))),
Ran(#*) = ¥Ran(#'*) = ¥ L*(T; Ran(W™)).

By virtue of Theorem 5.6, we obtain (1.59), which is just the asymptotic
completeness of W*. This completes the proof of Theorem 1.3.
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7. Remarks

Suppose that B(t) = (0,0, B(t)) is given by a general T-periodic B(t) €
C(R; R). In Korotyaev [10], the following factorization of Uy(¢,0) was derived:

U()(t 0) _ eifg o(s) dsEM < -1 )> iD < 1 ) efifcf a1 (s) ds(p®+2?)/2
) t )

maz( may (t)
(7.1)
where w(s) = ¢B(s)/(2m), a1(t) and aq(t) are the solutions of
ay (t) = 2a1(t)as (1),
{a'2< )= ax(0)? ~ (02 + 50" "
with a1(0) = 1/m and a2(0) = 0. These equations yield Riccati equations
(as(t) +iar(t)) = (aa(t) £ iar(t))* + @(t)?. (7.3)
By putting
Y2 (1)

—(az(t) £ iay (1)) = ;
we obtain the Hill equation

YL(t) + &) y+(t) = 0. (7.4)
By using real linearly independent solutions y; (t) and y»(t) of the Hill equation
(7.4), a1(t) and as(t) are represented as

e = B0 00
- A0 v (0 |

y1(1)? + 4a(1)?

As mentioned in Sect. 1, under the assumption on B(t) that the Hill equa-
tion has solutions y;(t) = e*x1(t) and y2(t) = e Myo(t) with A > 0, and
time-periodic functions x1(t) and x2(t), Korotyaev [10] showed the asymptotic
completeness of wave operators for potentials V' satisfying |V (z)| < C{x)~?
with some p > 0, by using the estimate

1

—— = 0(eMth.
mai (t)
Since e~(P*+*)/2 ig represented as
e~ +%)/2 — N (tant)D(sint).Z M (tan't), (7.6)

Uy(t,0) is also represented as

Uo(1,0) = et B2t (mc:zl(t)) b < mlal t)) M /0 a1{e) ds))
<D (sm </0 al(s)ds)> FM <tan (/0 ar(s )ds>) @




Vol. 17 (2016) Quantum Scattering in a Magnetic Field 2437

This is quite similar to our factorization of Uy(¢,0) which is given as follows:

Uo(t,0) = e*DLNL(0(t))D(c(t)0(t)).F M (i((?)) : (7.8)

where 6(t), c(t)0(t), 0(t)/o(t) and ¢(t) should satisfy

The first and second equations yield the Hill equation
(c(t)0(t))" +o(t)*(ct)o(t) =0 (7.10)

(cf. (7.4)). Thus, also in our analysis, solutions of the Hill equation (7.10) play
an important role, as has been seen in the previous sections.
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