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Dynamics of Noncommutative Solitons I:
Spectral Theory and Dispersive Estimates

August J. Krueger and Avy Soffer

Abstract. We consider the Schrodinger equation with a Hamiltonian given
by a second-order difference operator with nonconstant growing coeffi-
cients, on the half one-dimensional lattice. This operator appeared first
naturally in the construction and dynamics of noncommutative solitons
in the context of noncommutative field theory. We prove pointwise in time
decay estimates with the decay rate t ' log =2 ¢, which is optimal with the
chosen weights and appears to be so generally. We use a novel technique
involving generating functions of orthogonal polynomials to achieve this
estimate.

1. Introduction and Background

The notion of noncommutative soliton arises when one considers the nonlinear
Klein—Gordon equation (NLKG) for a field which is dependent on, for exam-
ple, two “noncommutative coordinates”, x,y, whose coordinate functions sat-
isfy canonical commutation relations (CCR) [X, Y] = ie. This follows through
the method of deformation quantization, see e.g., [3] for a review and [4] for
applications. By going to a representation of the above CCR, one can reduce
the dynamics of the problem to an equation for the coefficients of an expan-
sion in the Hilbert space representation of the above CCR, see e.g., [14,15,22].
By restricting to rotationally symmetric functions the noncommutative defor-
mation of the Laplacian reduces to a second-order finite difference operator,
which is symmetric, and with variable coefficient growing like the lattice co-
ordinate, at infinity. Therefore, this operator is unbounded, and in fact has
continuous spectrum [0, 00). These preliminary analytical results, as well as
additional numerical results, were obtained by Chen et al. [7]. The dynam-
ics and scattering of the (perturbed) soliton can then be inferred from the
NLKG with such a discrete operator as the linear part. We will be interested
in studying the dynamics of discrete NLKG and discrete NLS equations with
these Hamiltonians.

® Birkhduser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00023-015-0431-z&domain=pdf

1182 A. J. Krueger and A. Soffer Ann. Henri Poincaré

We will be working with a discrete Schrodinger operator Ly which can
be considered either a discretization or a noncommutative deformation of the
radial 2D negative Laplacian, —A2P = —r~19,70,. We will briefly review both
perspectives.

In 1D one may find a discrete Laplacian via

reR T, ez, —A'P =92 R -DiD-,

where Div(n) =v(n+1) —v(n), D_v(n) = v(n) —v(n — 1) are, respectively,
the forward and backward finite difference operators. It is important to im-
plement this particular combination of these finite difference operators due to
ensure that the resulting discrete Laplacian is symmetric. In 2D one may find
a discrete Laplacian via

discrete

r=+y")? =202 peRy n € Ly,

AP = 190, = —0,p0, -~ D, MD_ = Ly,

where Mv(n) = nv(n). For any 1D continuous coordinate  one may discretize

a pointwise multiplication straightforwardly via v?(z) discrete,

is a discrete coordinate.

One may also follow the so-called noncommutative space perspective.
Here one considers the formal “Moyal star deformation” of the algebra of
functions on R?:

Dy - Py(z,y) = 1 (x,y)Pa(x,y)

q)l * @2(1‘, y) = eXp[i(€/2)(a$18y2 - ayl 8912)]CI)1 (l‘l, yl)
X ©o (22, Y2) | (2;,y,)=(2,)-

One calls the coordinates, z,y, noncommutative in this context because the
coordinate functions X (z,y) = z,Y (z,y) = y satisfy a nontrivial commuta-
tion relation X xY —Y x X = [X, Y] = de. This prescription can be considered
equivalent to the multiplication of functions of ¢,p in quantum mechanics
where operator ordering ambiguities are set by the normal ordering prescrip-
tion for each product. For ® a deformed function of r = (22 + 32)/? alone:
¢ =Y  v(n)®, where v(n) € C and the {®,}72, are distinguished func-
tions of r: the projectors onto the eigenfunctions of the noncommutative space
variant of quantum simple harmonic oscillator system. One may find for ® a
function of r alone:

AP = _APO = —719,70,®

2 [ -n+1)Ppp1 +2n+1)0, =Py, n>0
e | —P1 + Po, n=20

vP(n), where n

e>0
-

e>0
—

2
7L0(1)n -
€

which may be transferred to 2 Lov(n), an equivalent action on the v(n), due to
the symmetry of L. Since the ®,, are noncommutative space representations
of projection operators on a standard quantum mechanical Hilbert space, they
diagonalize the Moyal star product: ®,,,*®,, = d,,, , ®,,. This property is shared
by all noncommutative space representations of projection operators. Thereby
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products of the ®,, may be transferred to those of the expansion coefficients:
v(n)v(n) = v3(n).

See Durhuus et al. [14,15] and Chen et al. [7] for reviews of the two
approaches. In the following we will work on a lattice explicitly so x € Z will
be a discrete spatial coordinate.

The principle of replacing the usual space with a noncommutative space
(or space—time) has found extensive use for model building in physics and
in particular for allowing easier construction of localized solutions, see e.g.,
[2,30] for surveys. An example of the usefulness of this approach is that it may
provide a robust procedure for circumventing classical nonexistence theorems
for solitons, e.g., that of Derrick [10]. The NLKG variant of the equation
we study here first appeared in the context of string theory and associated
effective actions in the presence of background D-brane configurations, see
e.g., [22]. We have decided to look in a completely different direction. The NLS
variant and its solitons can in principle be materialized experimentally with
optical devices, suitably etched, see e.g., [8]. Thus, the dynamics of NLS with
such solitons may offer new and potentially useful coherent states for optical
devices. Furthermore, we believe the NLS solitons to have special properties,
in particular asymptotic stability as opposed to the asymptotic metastability
of the NLKG solitons conjectured in [7].

We will be following a procedure for the proof of asymptotic stability
which has become standard within the study of nonlinear PDE [38]. Crucial
aspects of the theory and associated results were established by Buslaev and
Perelman [5], Buslaev and Sulem [6], and Gang and Sigal [21]. Important el-
ements of these methods are the dispersive estimates. Various such estimates
have been found in the context of 1D lattice systems, for example see the work
of Komech et al. [26] and of Egorova et al. [16], as well as the continuum
2D problem to which our system bears many resemblances, see e.g., the work
of Kopylova and Komech [27]. Extensive results have been found on the as-
ymptotic stability on solitons of 1D nonlinear lattice Schrédinger equations by
Palmero et al. [34], Kevrekidis et al. [24], as well as Cuccagna and Tarulli [9].
Typically the literature on 1D lattice NLS systems focuses on cases where the
free linear Schrodinger operator is given by the negative of the standard 1D
discrete Laplacian. Our work is on a different free linear Schrédinger operator,
L defined above, which has some distinguishing properties. Important aspects
of the application of these models to optical nonlinear waveguide arrays have
been established by Eisenberg et al. [17].

This work is the first of a series of papers (this one, [28,29]) devoted to
the construction, scattering, and asymptotic stability of radial noncommuta-
tive solitons with two noncommuting spatial coordinates. We have chosen to
restrict our study to these solutions for a number of reasons: it builds upon the
observations and results of [7]; the radial cases allow one to work with effec-
tive 1D lattices and thereby standard Jacobi operators; for two noncommuting
spatial coordinates the free radial system is equivalent to a known Jacobi op-
erator spectral problem; the method proposed is by far the most illustrative
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for the given restrictions. The three papers are devoted to separate aspects of
the problem in order of necessity. The organization of this work is as follows.

In this paper, we focus on a key estimate that is needed for scattering and
stability, namely the decay in time of solutions of relevant Schrédinger oper-
ators. Fortunately, for boundary-perturbed operators, we find it is integrable,
given by ¢! log;_2 t. The proof of this result is rather direct, and employs
the generating functions of the corresponding generalized eigenfunctions, to
explicitly represent and estimate the resolvent of the Hamiltonian at all ener-
gies. We follow the general approach established by Jensen and Kato [23] and
extended by Murata [32] whereby time decay follows largely from the behavior
of the resolvent near the threshold. From this one can see that for the chosen
weights the estimate we find is optimal and should be optimal in general due to
the elimination of the threshold resonance by boundary perturbations, by the
generality of the method. We also conclude the absence of positive eigenvalues
and singular continuous spectrum.

Previous results for the scattering theory of the associated noncommuta-
tive waves and solitons were found by Durhuus and Gayral [13]. In particular
they find local decay estimates for the associated noncommutative NLS. They
consider general noncommutative estimates for all even dimensions of pairwise
noncommuting spaces. We consider radial solutions on 2D noncommutative
space by alternative methods and find local decay for both the free Schrodinger
operator as well as a class of rank one perturbations thereof. Our decay esti-
mates are an improvement on those of [13] for this restricted class of solutions.
An important element of this analysis is the study of the spectral properties of
the free and boundary-perturbed Schrodinger operator. The boundary pertur-
bation is crucial to the work as it not only eliminates the threshold resonance
of the free operator (thereby improving the time decay) as well as allows one
to approximate and control solitons that are large only at the boundary via
linear operators. We extend the linear analysis of Chen et al. [7] and reproduce
some of their results with alternative techniques.

In [28] we address the construction and properties of a family of ground-
state solitons. These stationary states satisfy a nonlinear eigenvalue equation,
are positive, monotonically decaying and sharply peaked for large spectral
parameter. The proof of this result follows directly from our spectral results
in this paper by iteration for small data and root finding for large data. The
existence and many properties of solutions for a similar nonlinear eigenvalue
equation were found by Durhuus et al. [14,15]. We utilize a simple power law
nonlinearity for which their existence proofs do not apply. We additionally find
estimates for the peak height, spatial decay rate, norm bounds, and parameter
dependence.

In [29], we focus on deriving a decay rate estimate for the Hamiltonian
which results from linearizing the original NLS around the soliton constructed
in [28]. We determine the full spectrum of this operator, which is the union of
a multiplicity two null eigenvalues and a real absolutely continuous spectrum.
This establishes a well-defined set of modulation equations [38] and points
toward the asymptotic stability of the soliton.
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In the conclusion of [29], we describe how the results can be applied to
prove stability of the soliton we constructed in [28]. The issue of asymptotic
stability of NLS solitons has been sufficiently well studied in such a broad con-
text that the proof thereof is often considered as following straightforwardly
from the appropriate spectral and decay estimates, of the kind found in [29].
We sketch how the theory of modulation equations established by Soffer and
Weinstein [38] can be used to prove asymptotic stability. Chen et al. [7] conjec-
tured that in the NLKG case the corresponding solitons are unstable but with
exponential long decay: the so-called metastability property, see [39]. There is
a great deal of evidence to suggest that this is in fact the case but a proof has
yet to be provided. This will be the subject of future work.

2. Notation

Let Z and R, respectively, be the nonnegative integers and nonnegative reals
and J = (*(Z,,C) the Hilbert space of square integrable complex functions,
e.g., v: Zy 3z — v(zr) € C, on the 1D half-lattice with inner product (-, ),
which is conjugate-linear in the first argument and linear in the second argu-
ment, and the associated norm ||-||, where ||v|| = (v,v)'/2, Vo € 5. Where the
distinction is clear from context ||| = ||-||op Will also represent the norm for op-
erators on . given by ||Al|op = sup,ce ||v|| 1| Av]|, for all bounded A on 7.
Denote the lattice ¢! norm by ||-||; where |[v||; = > o0, [v(z)|, Vv € ¢*(Z4,C).

We denote by ® the tensor product and by z — Z complex conjugation
for all z € C. We write s for the space of linear functionals on J#: the dual
space of J7. For every v € J one has that v* € 7 is its dual satisfying
v*(w) = (v,w) for all v,w € H. For every operator A on J we take D(A) as
standing for the domain of A. For each operator A on /7 define A* on J#* to
be its dual and AT on 7 its adjoint such that v*(Aw) = A*v*(w) = (ATv,w)
for all v € D(A") and all w € D(A). Let {x.}>%, be the orthonormal set
of vectors such that x,(x) = 1 and xg, (z2) = 0 for all x5 # x;. We write
P, = x» ® x; for the orthogonal projection onto the space spanned by x..

We define .7 to be the topological vector space of all complex sequences
on Z4 endowed with topology of pointwise convergence, B() to be the space
of bounded linear operators on s, and L£(.7) to be the space of linear op-
erators on 7, endowed with the pointwise topology induced by that of 7.
When an operator A on 47 can be given by an explicit formula through
A(x1,22) = (Xay AXay) < o0 for all z1,29 € Z, one may make the nat-
ural inclusion of A into £(.7), the image of which will also be denoted by A.
We consider 7 to be endowed with pointwise multiplication, i.e., the product
wv is specified by (uv)(z) = u(z)v(x) for all u,v € 7.

We represent the spectrum of each A on J# by o(A). We term each el-
ement A\ € o(A) a spectral value. We write oq(A) for the discrete spectrum,
oe(A) for the essential spectrum, o, (A) for the point spectrum, oa.(A) for the
absolutely continuous spectrum, and og.(A) for the singularly continuous spec-
trum. Should an operator A satisfy the spectral theorem there exist scalar
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measures {ux}7_, on o(A) which furnish the associated spectral represen-
tation of 7 for A such that the action of A is given by multiplication by
A € 0(A) on ®F_ L*(o(A),duy). If # = @}_,L*(c(A),dui) we term n the
generalized multiplicity of A. For an operator of arbitrary generalized mul-
tiplicity we will write u for the associated operator-valued measure, such
that A = fU(A) A duf. For each operator A that satisfies the spectral theo-

rem, its spectral (Riesz) projections will be written as P;' and the like for
each of the distinguished subsets of the spectral decomposition of A. Define
RA: p(A) — B(H#), the resolvent of A, to be specified by R4 := (A — 2)7 1,
where p(A) := C\o(A) is the resolvent set of A and where by abuse of notation
zI = z € B(J) here.

Allow an eigenvector of A to be a vector v € J for which Av = A\v
for some A € C. Should A admit inclusion into £(.7), we define a generalized
eigenvector of A be a vector ¢ € F\H which satisfies Ap = A\¢ for some
A € C such that ¢(z) is polynomially bounded, which is to say that there
exists a p > 0 such that lim, o (z+1)"P¢p(xz) = 0. We define a spectral vector
of A to be a vector which is either an eigenvector or generalized eigenvector of
A. We define the subspace of spectral vectors associated to the set ¥ C o(A)
to be the spectral space over .

We write 0, = = and d, = d , respectively, for formal partial and total
derivative operators Wlth respect to a parameter z € R, C.

3. Results

Definition 3.1. Define L to be the operator on # with action
Lov(z) = —(z+1v(xz+1)+ 2z + Dv(z) —2v(r—-1), x>0
0 | —v(1) +0(0), z=0
and domain D(Lg) := {v € | ||Mv|| < oo}, where M is the multiplication
operator with action Mv(z) = zv(r) Yv € J.

Consider the linear Schrodinger equation
10w = Lou+ Vu (1)

where u: Ry xZ; — C and V is a potential (energy) multiplication operator on
. To find solutions to Eq. (1) it is sufficient to analyze the spectral measure
of Ly + V. The regularity and boundedness properties of V' are crucial for the
analysis of solutions and for general results such must be given in advance.
In our work, any potential introduced will be given explicitly so all relevant
properties will be given by its representation and domain of definition.

Proposition 1. The operator Ly has the following properties.
1. Lg is essentially self-adjoint.
2. Lg has generalized multiplicity 1.
3. The spectrum of Lg is absolutely continuous, o(Lg) = 0ac(Lo) = [0,00),
and its genemlz’zed eigenfunctions are the Laguerre polynomials ¢x(x) =

( )= 0 k, ( ) for choice of normalization ¢5(0) = 1.
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Chen, Frohlich, and Walcher determined the above properties for Ly in
[7] via methods which are different from ours. We refer the reader to the
presentation of the spectral projection 5f° in Definition 5.3.

Definition 3.2. Let w) = wf" = (Xo,éfOXO) be termed the spectral integral
weight, 1, = ro := RLoyq the resolvent vector, £, = £L0 =), —1,(0)¢, the
auzilliary resolvent vector, and f, = fLo := (xo, RE0xo) the resolvent function

of Lo for all A € o(Lyg) for all z € p(Ly).

Since ¢y (z) is a polynomial of degree x in A, one has that the analytic
continuation ¢, € .7,z € C, exists. The above permits the useful representa-
tion ¥, = f.o, +&,. ¢, and ¥, are connected to the Stieltjes transform theory
of orthogonal polynomials. In that context ¢, is termed a primary polynomial
and 1, the corresponding secondary polynomial [41].

Definition 3.3. Define L to be the operator on /¢ with domain D(L) = D(Lo)
and specified by L := Ly — qPy where ¢ > 0 is a fixed constant and Py :=
Yo ® x5 Let ¥E := RLyq be the resolvent vector and fL = (xo, REx0) the
resolvent function of L for all z € p(L).

The addition of the attractive boundary potential enhances the time de-
cay. It also allows one to approximate and control solutions with data that are
only large at the boundary in applications to nonlinear problems.

Theorem 1. Let ¢%, \ € o(L), denote spectral vectors of L chosen to satisfy the
normalization condition (xo, ¢%) = ¢X(0) = 1,V € o(L). L has the following
properties.
1. 04(L) = op(L) = {Ao}, where Ao < 0 uniquely satisfies 1 = qip,(0) and
the unique eigenfunction over \g is 1/)%0 =qy,-
2. 0e(L) = 0ac(L) = 0(Lo) = [0,00) and has generalized multiplicity 1.
3. dpf(\) = whok @ ¢X* dA, where wk = {[1 4 ge *Ei(\)]? + [rge 22}~
e, d\ is the Lebesgue measure on [0,00), and Ei(\) := [“du u™te™,
A > 0, is the exponential integral. The generalized eigenfunctions of L
are given by ¢ = dx + g€x, X\ € 0ac(L).

We are ultimately interested in studying the solutions of a nonlinear
equation so it is important to acquire decay estimates for dispersive “scattering
states”.

Definition 3.4. Let W, ; be the multiplication operator weight specified by
W rv(x) = (x + k) v(z),Yv € T, where 0 < k € R,7 € R.

Theorem 2. For all =3 > 7 € R, t > 0,v € £, there exists a constant ¢ > 0
and a 1 < k € R such that

||Wn,'re_itLOWm'rvHoo < Ct_lHWHI
Theorem 3. For all =3 > 7 € R,v € (', there exists a 1 < k € R such that

HW,{,TG*”LPLW,Q,TUHOO = O(t*1 log ™2 t), t /oo

e
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Our proof of these estimates will rely heavily on the generating func-
tions of the generalized eigenvalues. This approach draws upon known prop-
erties of certain special functions. Hereby the problem of sequences on a lat-
tice will be transformed into a problem of analytic functions in the complex
plane.

4. Spectral Properties of L

Lemma 4.1. Any vector, v, the set of whose components, {v(x)}5,, have fi-
nitely many nonzero elements is a semi-analytic vector for Ly, which is to say
that ||LEv|| < ¢, (2k)! where ¢, depends on v alone.

Proof. Define x,, := sup,{z: v(x) # 0}.

1Lov|l3 =D | = (& + Do(@ + 1) + (22 + 1)v(z) — zo(z — 1)|?

=0
<Z Dlo(z + 1)+ 2z + Do) + zlo(z — 1)[
<Z{ v — )+ 1oz + 1)+ (22, + D|o(2)] + (2, + D)oz — 1)[}?

= Z {[zo]v(z + 1) + 22, (22, + D|v(z + 1)[Jo(z)]
20y + Dle@lo(z - 1] + 22y + D@
20200 + (@ + D@ llo( - 1]+ (0 + Dl - D]}
< 3 (ol @? + 220 (2, + Dl + 1)lo(z)]
(e + Dol £ Dl + [0+ Do)

+2(22, + 1) (20 + Dol + Do(@)] + [(20 + Dv()[]*}
< 16(z + 1)%[[v]|?

Zovll = 3| = (@ + Dv(@ + 1) + (20 + Do(@) - wv(e — 1)
=0

< Z |(z+ vz +1)+ (22 4+ v(x) + 2v(z — 1)

<Z Dv(z + 1) + (22 + 1)|v(z)] + z|v(z — 1)]]

<Z{ o — 1)+ v+ 1)+ (22, + D|o()] + (2, + 1)|v(z — 1)[}
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< Sl fole + D]+ (22, + Dfo(@)] + (2, + Dlolz - 1)]
=0
<4z + Dol

Let a, := 4(x,+1). We have then || Lov||3, || Lov||3 < ay||v]|1. One may observe
that z7,, = 2y + 1 = ar,v = @y + 4. One then has that

||LIS’U||2 < ang,lvHLg*lUHl < aL;gflvaLgfszL’(j*QUHl < ...
k k
< [T ags-sllells = 45 TG +2)llvlls = 45,) 7 (b + ) ol
j=1 j=1

Since 4%(x,!)~1(k + x,)!||v||1 is monotonically increasing in k € Z, we may,
without loss of generality, take that &k > x,, and k£ > 4 to bound this expression.
One may show through the monotonicity in k of (7) for 0 < k < |z/2] that
(1) < (lz/2]1)72(a!), where |a] = sup,s,ezn, for all a € R, is the floor
function. One then has

_ k+ xy 2k
L T ol () [IF T G T

=45 (RN 2R ol < 414 72K [ol
< ¢ (2K),

where ¢, = 11||v]|1. O

Proof of Proposition 1 Part (1). The set of vectors, v, with finitely many
nonzero components is dense in . This dense set is semi-analytic for L.
By semi-analytic vector theorem, see e.g., the appendix or [36], it is, therefore,
the case that L is essentially self-adjoint. O

Proof of Proposition 1 Part (2). One has that Lov(z) = \v(z),v € F, spec-
ifies a countable family of coupled elementary algebraic equations. A unique
solution may be found for each A by specifying vy and solving inductively in
increasing « € Z,. A choice of normalization will fix v(0). Therefore, each
solution is, up to normalization, uniquely specified by . O

Proof of Proposition 1 Part (3). Lo is an essentially self-adjoint, second-order,
finite difference operator or Jacobi operator. It is well known that the theory of
Jacobi operators is intimately connected with that of orthogonal polynomials.
In particular spectral equations for operators extended to formal sequence
spaces may be viewed as recursion formulas for families, indexed by lattice
site, of orthogonal polynomials defined on the spectrum of the operator in
question, see e.g., [35]. For Lo € £(.7) it is the case that Lov(z) = Av(z) takes
the form of the recursion formula for the Laguerre polynomials. By part (2)
of the proposition, these solutions are unique. O
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The Laguerre polynomials, ¢y (z), have known completeness and orthog-
onality relations whose roles will be reversed here:

Goes = / dX e (1) (22),

0

5()\1 - >\2) = 6_(>\1+)\2)/2 Z ¢/\1 (.’L‘)¢)\2 ($)7

=0
where §(+) is Dirac’s delta distribution supported on o(Lg). The RHS of these
equations converge in the distributional sense, respectively, on ¢?(Zy) and

L?(R,). The former equation expresses components of the spectral measure

of Ly and in particular wy = e~ .

5. Spectral Properties of L

Definition 5.1. Let 7 € £(.7) be the binomial transform, see e.g., [25], defined
by

To(k) =3 T(h, 2)o(x) = Z(—l)m<k>v(x), Voe 7.
=0

X
z=0

T is involutive in the sense that 72 = I. One has that 7v(0) = v(0) and
the useful representation xo(z) = > ;7 ,(—1)*(}). We take the conventions

that 2! = (7) = 2F_,v(z) = 0 for ko <O and k < z for all v € 7.
Lemma 5.1. It is the case that
TLov(k)=(k+1)Tv(k+1), YveT.

Proof. One may write 7v(k) = (u},v) where u] (z) = (—1)’”(];) By the

symmetry of Lo one has TLov(k) = (ul,Lov) = (Loul,v) and it is, there-
k—1
zfl)

fore, sufficient to analyze Lou} alone. We will utilize the formulas (

()= () =70

Forxz =0:
LoukT(x) = —(—1)’”'H (I f; 1) + (=1)* (IZ) =k+1)=(k+ 1)ukT+1(O).
For x > 0:

8

Loul ()=—(z + 1)(~1)**! (m f_ 1) +(22 + 1)(-1)* (i) —z(-1)" (x ﬁ 1)
+

= feen( ) e () e )]
a2 o) o)
(1))
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kE+1 k+1 k+1
= (=1)* 1 =(k+1)(-1)" .
S [CR ) R i | SRR VIEE (i

One may then use the binomial transform to arrive at the standard power
series representation of the Laguerre polynomials. Consider

Looa(z) = Aga(z) = (k+1)Tor(k+1) = AT ga(k).

O

Choosing 7 ¢(0) = ¢1(0) = 1 one has by induction that 7 ¢, (k) = )]‘T),C One
may then apply the binomial transform again to arrive at

onte) = 2 () G-

Lemma 5.2. One has the representation

x

o) = Y0} Bn(-2),

k=0

where

E,(z) = zp_l/ dte™'t?, peC,ze C\(—o0,0]
are the generalized exponential integrals for which we take the principal branch
with standard branch cut ¥ = (—00,0].

Proof. Consider the (Lo — 2)¥, = xo, where 9.,x0 € J,Ly € L(T). By
binomial transform of this equation one finds

(k+1)T¢,(k+1)= 2Ty, (k) + 1.
T, (k) = e *Egy1(—2) satisfies this recursion formula. O

The generalized exponential integrals have many other integral represen-
tations; however, most are defined only on a restricted set of p, z.

Definition 5.2. For any single-valued or multi-valued function f: C — C, an
element of a set of linear functionals on some suitable Banach space with norm
given through integration over A\, and with poles, branch points, and branch
cuts found in the subset ¥ C R let PV f: ¥ — C be the principal value of f
defined by the weak limit

PYFN) ;:% wlim [f(A+i0) + f(A—ie)], A€,

which converges in the distributional sense. We analogously define the d-part
of f to be

0f(A) := %mwe—i}én [f(AN+ie) — f(A—ie)], AeX.
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We have kept vague the specification of the sense in which the above
definitions converge weakly for the purposes of generality. The details of such
convergence in our work will be clear from context. One may extend the domain
of PV f to the complex plane and produce a single-valued function, which we
will also denote f, through

[ f(2), zeC\X
PVi(z) = {PVf(z), z€X.

One may observe that the analogous extension of §f()\) vanishes away from
3. C R. This prescription extends to weak limits in z € C of complex sequences
v, € . whose components depend upon z.

The generalized exponential integrals have the convergent series expan-
sion [11]

z n

Y (=) k).

!
k

e—z(_z)n &0 Zk
+Tkzgf(k+1),
=0

Bua(2) = - toga) + &

where F(z) := d,logT'(2) is the digamma function. One may, therefore, ob-
serve that

w-lim B, 11 (—z + i) = PVE,11(—2) Fim (z)

eN\.0 n! ’

z >0,

where for the sake of generality the limit is weak with respect to L?([a, 00), C),
a > 0. One may write PVE;(—z) = —Ei(z) where

oo
Ei(z) := —/ duute ™, 2>0

—z

is the exponential integral.

Proof of Theorem 1 Part (1). Let u € S satisty u(0) # 0, then
Lu=zu = 1= quLO.

L will then have as many eigenvalues as ¢f° —1 has zeroes. The corresponding
eigenfunctions are given by

Lu=X = u=qu(0)R°x0.

Here f, = e *E1(—z), so eigenvalues are be given by zeros of ge *F(—z) — 1.
L is essentially self-adjoint so o(L) C R. Analytic continuation of F1(—2z) to
z > 0 from above or below will result in the sum of a real function and an
imaginary constant

li\H(l) Ey(—z +ie) = —Ei(z) Fir, x>0
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so there can be no positive eigenvalues. ge* E1 (—z) diverges for z — 0so z = 0
cannot be an eigenvalue. All eigenvalues must be negative. Let z = —a < 0. It
is the case that e®E;(a) is monotonically decreasing for increasing a € (0, o]

da[e"Fi(a / dz e *(z+a)"% <0,

where we have used an alternative integral representation of F(z) and mani-
fest dominated convergence of the integral to pass the derivative through the
integral. Furthermore, since

oo o0
lim dt e7*(t+a) ' =00, lim dt e t(t+a)"' =0,
a0 Jq a0 [
it follows that e*FE;(a) takes each on the interval [0,00) exactly once, where
we have used manifest uniform convergence of the integrand to pass the limit
through the integral. Therefore, ge™* F1(—z) — 1 has exactly one root for each
fixed ¢ > 0. g

Proof of Theorem 1 Part (2). By the argument of the Proof of Theorem 1 Part
(1), there can be no embedded eigenvalues. By Weyl’s criterion the perturba-
tion of Ly +— L leaves the essential spectrum unchanged. The argument for the
proof of o(Lg) = 0ac(Lo) follows without change for the spectrum of L. O

Definition 5.3. Let A be an operator on .7 which is self-adjoint on its domain
D(A) and X an element of the discrete spectrum of A. Define PV4 = PV(A —
A5\ € o0(A) to be the principal value of the resolvent of A given by the
strong limit

PVA == s hm [R)\_HE +RY ze} :

Denote by §¢! = 6(A — \) = P)’\“, A € o(A) the spectral projection defined by
the strong limit

63 = s-lim [Rfﬂ-e — Rf\lﬂ-e] .

2T e\0

If \ is instead an element of the essential spectrum of A one has that PV?, 53\4
are defined by weak limits. If and only if the essential spectrum of A is ab-
solutely continuous then it is the case that duZ(A\) = 65 d\, where duZ()) is
the essential spectral measure of A and dA is the Lebesgue measure on o.(A).

The above definition permits the useful representation 04 = w{l¢4 ®¢f’*
for A of generalized multiplicity 1. One may observe through the spectral
representatlon of RLO that ’PV@/}L“ = PV§°X0 and that PV§§° = PVz/)fU —
PVw °(0)¢y Lo = )\ 9.V € o(Lyp), and analogously so for other operators.

We recall the method of spectral shifts as applied to rank-1 perturbations,
see e.g., [37], for operators of the form specified by the Ag, P,A = Ay — ¢P
considered above. Through the resolvent formula it follows that

RA = R4 4 RMqPR? = PRA= PR 4 fA¢PRA
= PRI =(1—qff*)"'PRI® = RI =R+ (1-qfl°) RI°qPRI".
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For A essentially self-adjoint one may apply the definitions of PVf and 5f
and find the corresponding shifts to PV?O and 5:\40. For A € o(A) it follows
that

PV =PV 4+ gi°[(1 — gPV{°)(PVIqPPVL® — 7°6{°qP5}")
— m2qd o PV gPs + 570 g PPVL0)]
= 03" 4+ g°[(1 = gPV ) (PVR°qP5L + 63°¢PPVL")
+ 48[ (PVL°qPPYL® — 7250 q P8},
where
gl = [(1 = qPVF{)? + (qrofio)?] !

Proof of Theorem 1 Part (3). Here xq is both involved in the definition of im-
portant components of the normalization of the ¢, as well as the perturba-
tion of Ly to L. This will greatly simplify the expressions produced by the
perturbation. By the definition of the resolvent function it is the case that
PVfL” = PV?/}LU( 0) and 5ff" = w . One may find that

Rixo=vr=—qf) . = [r=01—af)'f,
PVFE = galPVx = a(PV)? = a(mwy)?], 6f3 = wf = gawa,
PVYL = APV frda — qPVFréx + Ex — g(PVf2)dx — q(mwy)*éal,
SN = wioX = pwa(da +a6)) = dY = da +ax
0% = widX @ 63" = gawa(dx +a6x) ® (65 + ¢€3)
gx = [(1 = gPVFa)? + (gmw)?] !
O

Since §§” is regular at the threshold of o(Lg) it is the case that the

analysis of the threshold behavior of §% is strongly controlled by the threshold
behavior of

gx = A{[1 = ae*PYEL (=) + [rge )},

which satisfies wf = g wy. In particular, gy exhibits dominating behavior near
the threshold due to the logarithmic divergence of PVE;(—\) near A = 0.

6. Decay Estimates for Ly and L

The Mourre estimate, see e.g., [31], has been proven for Ly by Chen et al. [7],
to prove its the spectrum is absolutely continuous and equal to [0,00). We
want to study pointwise decay estimates in time, which requires knowledge of
the asymptotic properties of the resolvent at thresholds. The Mourre estimates
do not apply at thresholds so we will need to use alternative methods.

Local decay estimates for Ly have been found by Durhuus and Gayral [13]
in the context of more general noncommutative solitons (where Ly corresponds
to their “diagonal case with two noncommuting spatial coordinates”). They



Vol. 17 (2016) Dynamics of Noncommutative Solitons I 1195

found an unweighted estimate of the form ||e 0| < c[t| =1 (1+1og |t])||v||1
for [t| > 1. We present an alternative approach, in the context of Jacobi opera-
tors, which enhances the local decay estimate for the free Schrodinger operator
and provides integrable decay for rank one boundary perturbations thereof for
the restricted class of radial systems with two noncommutative spatial coor-
dinates. We find weighted estimates
[|[Wire oW, vl|oo < ct™H|v||1,
Wi re " PLW, -0lloe = Ot log ™2 1)

fort / oc.

6.1. Weighted Estimates for Spectral Vectors

Definition 6.1. Let S,,D, C C be, respectively, the circle and the disc of
radius > 0 centered at the origin and v € 7 a formal sequence for which
there exist constants r,¢ > 0 for which |u(z)|r= < ¢ for all z € Z,. The
generating function of w is the function ((u,-): S,» — C defined by ((u, s) :=
Yoo gu(x)s®, where r' < r. This permits the presentation of u via

u(z) = %ds (2mis) " ts "¢ (u, 8),

where 7 is any positively oriented simple closed curve in D, which encloses
and does not pass through the origin.

The Laguerre polynomials have the well-known generating function [12]
(¢ 9) Zm =(1—s) texp[—(1—s)"'sA, [s| <1

We will also employ the notion of a reduced generating function.

Definition 6.2. For a given generating function ¢ (v,8) of a vector v let the
reduced generating function be the function ((v, s) := (1 — s)¢(v, ).
For example, we have that (¢, s) = exp[—(1 — s)~1sA.
Definition 6.3. For s € C we let

s=re?, F:=(1-s)"1s, e:=(x+r)7, E=-2"1+4"1¢ w>0.
Should many variables s; be present we will use ;,8;,¢; correspondingly.

We are primarily concerned with estimates of operators in generating
function presentation. In such forms one finds line integrations over dummy
complex variables, s;, with a priori separate sums for each z; € Z,. One is,
therefore, permitted to make the associated contours dependent on z;. We
then hereafter take

rEl—e
One may observe that

(1—s)<z+k [B<z+r—1<z+k
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as well as the crucial estimate
[s7%] < e.

One is then permitted to work with polynomially weighted spaces instead of
exponentially weighted ones.

Lemma 6.1. One has that |exp(—3\)| < exp(—€\) for sufficiently large k > 0.

Proof. Let ¥ = 1 —e. For s € S, it must be the case that RS = |(1 —
5)712(|s| cos @ — |s]?) attains its maximum value for Rs < 0.

1—s2=1-2(1—¢€)cosO+ (1+€)*> =m —me + €,

where m := 2(1 — cos#). For Rs < 0 one has that 2 < m < 4 so m is O(1).
Then for s < 0 one has

Ns = (m—me+ ) =27 m 4 (1 4+ 27 m)e + €%
=[l+et+1-—m HE+O(EE)][-27 +(m P +27 e+ €7
=2 ' rm e+ 327+ mTHE + O(e)
and thereby
|exp(—5A)| = exp(—R3N) < exp(27'A —m ™ le)) < exp(—eN).

0
Lemma 6.2. One has that (e1 + €2) ™! < 47 (z1 + k) (22 + K) for k> 1.
Proof.
(14 e) =[x +r) "+ (w2 +r)71"
= [(21 4 5) + (22 + £)] " (21 + ) (w2 + 1)
<4 Yay + K) (2 + K),
for sufficiently large x > 1. O

Lemma 6.3. One has the representation
&o) = [ an e =26, (0) — 0.0

Proof. By the spectral representation of RL¢ it is the case that v.(z) =
Jo7dA e (A = 2)"'¢a(x), where we have used the normalization condition
dx(0) = 1,V € o(Ly). O

Lemma 6.4. One has the generating function representation
€.a) =  ds (2mis) 1T(Es), V2T
Sr
where

s = -9 [ Ty K (. 2, 9)

0
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and
K(n,2,8) = (n—2)~ ! [exp(—3n) — exp(—32)]
formeR,y,ze€C,s €S,.

Proof. First, consider z € C\R; =: 3. Since, |s| < 1 there exists a ¢ > 0 such
that [5] < c. It follows that

[K(1,2,8)] < [(n = 2)7"] [lexp(—=3n)| + [exp(~32)]
< [dist(%, 2)] 7 [exp(—R5n) 4 exp(—c|z])] < oo.
Second, let z = A € Ry. By mean value theorem one has
K(n,A8) = (0= A) 7" [Rexp(—3n) — Rexp(—52)]

+i(n — A" [Sexp(—3n) — Sexp(—572)]

= dyRexp(=5n) [ 5=y, TidyS exp(=5n) |n=p,
1 AN -~ = =

= 2 (B exp(—5m) + (B exp(-Fm)
(=) exp(~3z) — (=) exp(~3p2)

where p; = p;(r, 6,1, ) € [min(n, ), max(n, A)]. Then
1. ~ —~ ~
K (0.0, < 5 [l exp(~5m)| + [8] exp(~Fym)
+[5]] exp(=5p2)| + [5]] exp(—5p2)|]

= [5] [exp(=Rsp1) + exp(—Rsps)]
< 2|5| exp[—€(n + N)] < oo.

One may observe that
[ ane gzl < [ an e n2sexsl-2+ V)
0 0

— 9/3] exp(—eN) / dn expl—(1+ )]
0
=2[5]exp(—eN) (1 +6) 7! < o0

The multi-integral of the generating function representation of &, () converges
absolutely and thereby Fubini’s theorem permits

&)= [ e 0, (0) - 6.(0)
= - e " s (2mis) sl —s)7! Z,8
7/0d7, fd(2 )T (1 = 8) T K (1, 2, 8)

S,
27{ ds (2mis)"'s™%(1 — 8)_1/ dn e "K(n,z,s)
Sy 0

for all z € C. O
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Lemma 6.5. For sufficiently large k > 0, it is the case that

o~

[dXC (o, 8)| < Toa, n) exp(—€N), n € Zy,
where ¢(¢px,n) = (x + k)" and
|d2C(€x, 5)| < E(Ex,n) exp(—€X), n=0,1,2,
where
C(€x,0) :=2(x + k), c(éx,1):=4(x+r), CE(&r,2):=4(x + k)%
Proof. For ¢y:
[A5C(62, 8)] = [ exp(—8N)| = 5™ exp(—3\)| = [3]"| exp(—3N)]
< 15" exp(—€X) < (x + k)" exp(—€N)
For &,: One may observe that K(n, A, s) = K(\,n,s). Then, by integration by
parts, one has

o0 (o)
daC(&n,8) = / dn e "d\K(n, A, s) = / dn e "d, K(n, A, s)
0 0

o~

= _K(Oa /\7 8) + C(f)\a S)
and thereby

—~ —~

n—1
;f (S)\u 8) = - Zd/\K(O7)\7S) + <(€/\>S)>

k=0
where the sum is defined to vanish when the upper bound is negative. It follows
that

[K(n, A, 5)| < 2I8]exp[—e(n+ A)],  [C(&x, )| < 205](1+ &) " exp(—eA).
Consider an arbitrary f € C?(R,R) and let f, be its Newton quotient so that
fi(ao, a) = (ag — a)"*[f(a0) — f(a)].

One has by mean value theorem
dafe(ao, a) = (ao — a)"*[f(ao) — f(a) = (a0 — a)daf(a)]
= (ap — a) " 'da, f(a1) —daf(a)], a1 € [min(ag,a), max(ag,a)]
= (a0 —a) (a1 — a)d}, f(az), as € [min(a1,a), max(ar,a)]
|da f (a0, @)| < [(ao — a)~*[Jay — al|dZ, f(az)| < |dZ, f(a2)|-

Let (R,<)z be a presentation for the real and imaginary parts of z € C
whose ordering in compatible with the respective ordering of +. Let i}, :=
1,i_ :=1¢ and px € [min(n, A), max(n, A)]. It follows that

[dA (R, ) K (0, A, 5)] < AR (R, S) exp(—50) | [a=pus
= |d3(2i+) ™ [exp(=3) £ exp(=5A)]| [a=pus
<[5 exp[—e(n + )]

= [daK (1, A, 5)| < 2[5]° exp[—e(n + A)].



Vol. 17 (2016) Dynamics of Noncommutative Solitons I 1199

Then
1C(6x,5)] < 2031(1 + ) exp(—&N) < 2(z + 1) exp(—eN)
[dAC(Ex, 5)| < 2I8][(1+€) 7" + L exp(—€)) < 4(z + k) exp(—eN)
3C(6x, 8)] < 2[81[(1+0) 7 + 1+ [5]] exp(—&X) < 4(z + k)2 exp(—eN).

O

Remark. If estimates of d;f(?(@\,s) for 2 < n € Z were required the above
method would not follow so straightforwardly due to the inapplicability of the
mean value theorem for yet higher derivatives.

Corollary 6.1. For sufficiently large k > 0, one has that

&3 [}/ *6r()]| < c(éx, m) exp(—47"eN), =012,

where c¢(¢y,n) = 3" (z + )" and

a3 [ *en@)] | < elenm)exp(-47"e), n=0,1,2,
where

c(€x,0) :=6(z + 1), c(éx,1) :=15(z +K)2,  c(€r,2) :=21(z + K)?
Proof. For ¢y

8 [l en] -

= fg ds (2mis)"'s*(1 —s)7!

< (1)l aicions
k=0
d T -1 —x 1
gfgr| s @mis) Y |5~ |1 — &)Y
XZ<Z>
ICER Z( )2_(" D2y, k) exp(—eN)
k=

n

)

% ds (2mis) " 's%(1 — s)"tdY {wi/QZ(gZ))\,s)}

S,

)

a3 )| [d5C(@n, )

)

LC-i—Ii Z

(n 27 (=), k) exp(—47LeN).
k=0

k
For n = 0:

'wl/ 2@@)‘ < 3(z + K)e(dx, 0) exp(—4~LeN) = 3(z + k) exp(—4~LeN).
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For n = 1:

[y [0 (@)]| < 3Gz + ) [2712(0x,0) + 26, )] exp(—471eN)
=3(z+k) [27' + (z + k)] exp(—47 ')
< 6(z + k)*exp(—47te).

Forn = 2:

03 [}/ 20a(0)] | < 3@ + k) 272202, 0) + 271802, 1) + 202,2)]
x exp(—4~te))
=3(z+r)[272+27 (2 + k) + (z + K)?]
x exp(—4~te))
< 9(z + r)3 exp(—4~teN).

For &y:
‘w}\/ 2§>\(m)’ <B@+r)Y (Z) 2= =RE(EN, k) exp(—47TeN)
k=0

For n = 0:
‘wi/zfx(x)) < 3(x 4 K)E(6x, 0) exp(—471eX) = 6(z + 1) exp(—47"eN).
For n = 1:

‘d,\ [wi/QgA(x)} ’ < 3(z + k) [278(&, 0) + A(Ex, 1)] exp(—47"eN)
= 3+ 1) [(z + 1) + A + 1)) exp(—471eN)
=15(z + r)? exp(—4~teN).

For n = 2:

& [}/ ()] | < 3+ m) [2722(63,0) + 271860, 1) + 61, 2)
x exp(—47te))
=3(z+k) 27z + k) +2(x+ k) +4(z+ k)]
x exp(—47te))
< 21(z 4 K)? exp(—4~teN).
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6.2. Local Time Decay for Lg

Proof of Theorem 2. Let t > 0,|s;] = r; = 1 — (z; + k)~',j = 1,2, and
1 < k € R be a sufficiently large constant. It is the case that

|e_“L°(x1,:v2)|=/ dA e_it)‘wA¢)\(9€1)¢>\(x2)
0

— /oo d\ (—it)*ldxe*it’\ [w,l\ﬂ%(l’l)] [U’im@(@)H
0
—(—it)™? —/0 d\ (—it)flefm‘ {d,\ {w;m@(ﬂ?l)}
x [w,l\ﬂ%(xz)} + [w,l\/%%(xl)} dx [w’l\ﬂm(x?)} H
<t7! <1 + /Ooo dA {‘dx {wim%(%)” ‘wi/zéﬁx(@)‘

o] s o] )
<t (1 + /oo A {(6)(:51 + k)2 exp(—4~ el )
x (3) (w2 + k) exp(—4 rea\) + (3) (w1 + k) exp(—4ter N)
X (6)(w2 + 1) exp(—4""e2)) })
< ¢t {1—1—18 r1+K)% (22 + K) / d\ exp[—4~ 1(61+62))\]}
=t [14288(z1 + k) (w2 + k) (e1 + €2) ']
<t ' [T+ 7221 + K)* (22 + K)?]
< 73(xy 4+ k)P (20 + k)3

IN

6.3. Local Time Decay for L
We recall without proof Lemma 3.12 from [27]:

Lemma. Let # be a Banach space and Ay > A_ be real constants. If F(\) has
the properties

1. FeC(A_,  \; B)

2. FA_)=F\) =0, A>X:

3. AyF e ! N_+ 5,1 ;%B), V§>0

4. daFN) =O(A =2 tlog ) A= A_]), AN A

5. B3FN\) = O(A—A_]2log ?[A = A_]), AN A

d\ e F(\) = Ot tog™2t), t /oo
A

in the norm of 4.
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The proof of Theorem 3 requires the spectral representation e =" P,L =
fae(L) dA e’“/\)\éf and in turn the weighted estimates of the essential spectral
measure found previously. These methods follow from the principle of asymp-
totics extended from the scalar Laplace transform to the context of spectral
calculus: the long time behavior of solutions is given by the threshold behavior
of the resolvent of the Schrodinger operator which specifies the dynamics. The
role of the Banach space defined above is to transfer the problem back to the
more tractable realm of the scalar Laplace transform.

Proof of Theorem 3. Let 2 ={A € L(T): ||A||# < oo} be the Banach space
complete in the norm

1A]lg 1= sup Wrr AW loe
2T i

Let F()\) = 6%. We will verify the appropriate properties of F(\) for A\_ =0
and Ay = o0
We recall that
F(X\x1,w2) = wy o5 (1) (22)

pw[px(z1) + ¢éx(x1)][dr(T2) + g (2)].

One may observe that
A% [wy g5 (2)]] < [d3[w)*ox ()] + gld} [w)/ %€ ()]
< [e(pr,m) + qe(éx, n)] exp(—47"e),
< c(¢pk,n)exp(—47ted), n=0,1,2
where here we choose
(8, 0) = 3(1 + 3g) (= + 1),
(85, 1) = 6(1+ 3g)(z + 1)?,
(6h,2) = 9(1 + 30)(z + )"

The logarithmic behavior of PVE;(—\) near A = 0 is very important for
many estimates. One may see by inspection that gy := {[1 —ge *PVE;(—\)]?
+ [rge=*]?}~! has the properties:

9x = lgal <Go(q) < 00, VA€ [0,00)
ldagal < 90(9)31(q,8) < 00, VA€ [5,00)
9o = goo = 0,
g =0(log™*X), AN0
dagr = O\ "tlog™®)), AN0
Bgr =0 2log %), AN 0
=0\ "%log? )

where 0 < §0(q),91(q,d) < oo are constants whose other properties are not
needed here. gy is the only function of X involved in the definition of F(\)
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whose derivatives are unbounded in the neighborhood of the threshold A = 0
and thereby the derivatives of g, are dominant in determining the properties
of the derivatives of F()).
Properties (1), (2): One may observe that the properties follow by inspection.
Property (3): For A € [d,00) one has
[AAF (N 21, 22)| = [da{galwy 0% ()] [wy 0% (22)]}]
< Jdagalllwy 8% (w)lllwy 6% (x2)]]
+ lgalldafwy 0% (@)l [wy* 65 (w2)]]
+ lgalllwy 0% (@)l fwy* 6% (22))
< 90(9)91(4,0)(3)(1 + 3q)(z1 + k) exp(—4~e1\)
x (3)(1+3q)(z2 + k) exp(—4~ e )
+90(a)(6)(1 + 3q)(z1 + k) exp(—4~"e1\)
(3)(1 +3q) (22 + k) exp(—4" " e2))
Go(a)(3)(1 +3q)(z1 + k) exp(—4~"e1\)
( )1+ 3g) (@2 + 1) exp(—4~1e2))
= co(q,0)(x1 + k)* (22 + £)® exp[—4~ (&1 + e2) ],

where ¢o(g,0) is a constant.
Property (4): For A\, 0 one has

[AF(A 21, 22)| = [da{ga[wy > 6% (@1)][wy/* 6% (x2)]} |
< |dagal(3)(1 4 3q)(z1 + k) exp(—4~ €1 A)

X (3)(1 + 3q)(z2 + li)2 eXp(—Zflel)\)
90(9)(6)(1 + 3q) (w1 + k)? exp(—4~ €1 \)
(3)(1 4 3q) (w2 + k) exp(—4~"e2)
(@)(3)(1 + 3q)(z1 + K)* exp(—4~ e N)
)1+ 3q)(z2 + li) eXp(—47162)\)

8)(z1 + K) (2 + k)2 exp[—471(e1 + e2)\]|drgn|

“Llog™? \)

+
X
+
X
C1

9o
(6
ci(g,
o

in the norm of &, where ¢;(q,0) is a constant.
Property (5): For A X\ 0 one has

A3 F (N, 21, 22)] = |d3 {galwy 20k (21)][w * 6% (x2)]}]
< ea(g,8) (w1 + K) (@2 + 1) exp[—47 (e1 + €2)N]|d3.0n]
= O\ ?log %))

in the norm of %, where c2(q, d) is a constant. O
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Appendix A. Semi-Analytic Vector Theorem

We will review the statement and proof of the semi-analytic vector theorem
as is presented in [36].

Definition A.1. Consider that A is a symmetric operator on a Hilbert space,
. 1f v e D(A™) for all n, then we say that v € C>°(A). A vector v is called
a semi-analytic vector for A if and only if

Sl
!
— (2n)!

for some t > 0.

The title is intended to denote similarity to the stronger condition of a v
an analytic vector of A as given by Nelson [33]:

[ee]
An

S Al
n!

n=0

for some ¢ > 0. The theorem in question is as follows.

Theorem (Semi-Analytic Vector Theorem). If A is a symmetric operator of
€ which is bounded below so that D(A) contains a set of semi-analytic vectors
of A which are dense in J€, then A is essentially self-adjoint.

Lemma A.1. If A > 0 and A has deficiency indices [m,m] (m < co) then every
self-adjoint extension of A is semibounded.

Proof. One may follow the arguments of [1, p. 115-116]. If A is any self-adjoint
extension of A, then D(A)/D(A) has dimension m so that A has a spectral
projection on (—oo,0) of dimension at most m. O

Theorem A.1. If A > 0 and has a unique semibounded self-adjoint extension,
then A is essentially self-adjoint.

Proof. Suppose that the premise of the theorem is false and let A have de-
ficiency indices [m,m]. We must be aware of the case m = oo. Let Ap be
the Friedrichs extension of A [18-20]. If m # 0, then we can find a symmet-
ric operator A with deficiency indices [1,1] so A C A C Ap. One has that
Ap >,A > 0. Therefore, by Lemma A.1 one has that all other self-adjoint
extensions of A are semibounded. It must then be the case that A has more
than one semibounded extension if m # 0. One may then conclude that m = 0,
which is to say that A is essentially self-adjoint. O
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Proof of Semi-Analytic Vector Theorem. Since A is semibounded it has self-
adjoint extensions by [40]. For this case the Friedrichs extension exists. By
Theorem A.1 we need only show that A has a unique semibounded self-adjoint
extension. If A has a dense set of semi-analytic vectors, then A has at most
one self-adjoint A > 0. Let v € D(A) be a semi-analytic vector of A and let
dpa,r be the scalar spectral measure for A, where 0 < k < n is a multiplicity
index for o(A). One has that

Z/ N oA k) Pdpa s = |[A™0]|? < (crcy'(2m!)))? < ezc™(4m)!
k=070

o n 50 ot -
N ZZ/O N, Bl < o0 for i < eV,

where {c¢; }?:1 and c are constants. By the dominated convergence Theorem
one has that > _, [i% exp(z'/2t)|[u(A, k)[dpr e < oo for [t| < c¢~'/4. Since
|cosy'/?| < exp|Sy'/?| one has that >, [ cos(z/?t)[v(\, k)|duak < oo
for |3t| < ¢=1/* and is, therefore, analytic in ¢, for ¢ in the strip |St| < ¢=1/4,
and is given by the power series S0 (2n!) 1" (v, (= A)™) if [t| < ¢~ /4. One
in turn has that (v, cos(tA/2)v) is specified uniquely by (v, A"v) for real ¢ if v
is semi-analytic and Ais a positive self-adjoint extension. If A has a dense set
of semi-analytic vectors, then cos(tgl/ 2) is uniquely determined independently
of the choice of self-adjoint extension. By spectral theorem one has

(A+1)"' = / e~ cos(tAV?)dt
0

and, therefore, Ais uniquely determined.

If v is a semi-analytic vector for A, then it is also a semi-analytic vector
for A+ x, where z is any positive real number. If [|[A™v|| < ¢1¢5*(2m)!, then
one has

(A +2) |sz(n) ol < azmt Y- (7)o

n=0

<ci(ca+z)"(2m)l.

Therefore, the argument for uniqueness of A implies that an operator A with
a dense set of semi-analytic vectors has at most one extension A with A >
. O
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