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Optimal Lower Bound of the Resonance
Widths for the Helmholtz Resonator

André Martinez and Laurence Nédélec

Abstract. Under a geometric assumption on the region near the end of its
neck, we prove an optimal exponential lower bound on the widths of res-
onances for a general two-dimensional Helmholtz resonator. An extension
of the result to the n-dimensional case, n < 12, is also obtained.

1. Introduction

A resonator consists of a bounded cavity (the chamber) connected to the exte-
rior by a thin tube (the neck of the chamber). The frequencies of the sounds
it produces are determined by the shape of the chamber, while their duration
by the length and the width of the neck in a non-obvious way, and our goal
is to understand these. Mathematically, this phenomenon is described by the
resonances of the Dirichlet Laplacian —Agq on the domain €2 consisting of the
union of the chamber, the neck and the exterior (see Fig. 1).

This article extends our previous work [17], in that we are now able to
handle regions where the shape of the exterior is quite general, although the
shape of the neck stays the same. The main changes appear in Sects. 4, 5 and
6, where Carleman estimates are used, and Green’s identity is replaced by an
estimate to obtain a lower bound on the imaginary part of the resonances.

We recall that resonances are the eigenvalues of a complex deformation
of —Agq; their real and imaginary parts are the frequencies and inverses of the
half-lives, respectively, of the corresponding vibrational modes. It is of obvious
physical interest to estimate these two quantities as precisely as possible. One
practical way to do this involves studying this problem in the asymptotic limit
when the width e of the neck tends to zero. Those resonances with imaginary
parts tending to zero converge to the eigenvalues of the Dirichlet Laplacian on
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FIGURE 1. The Helmholtz resonator

the cavity, and there is an exponentially small upper bound for the absolute
values of the imaginary parts (the widths) of the resonances [13]. However,
without very restrictive hypotheses, no lower bound is known. We mention in
particular that lower bounds are known in the one-dimensional case [9,10].
As for the higher dimensional case, we mention [5,8,11] which contain results
concerning exponentially small widths of quantum resonances, but these do
not apply to a Helmholtz resonator. We also mention that the semiclassical
lower bound obtained in [11] is optimal (see also [7] for a generalization).

Here, we obtain an optimal lower bound (see Theorem 2.2) under a geo-
metric condition concerning the external end part of the neck. Namely, we
assume that the neck meets the boundary of the external region perpendicu-
larly to it, and that the exterior region is concave and symmetric there [see
(2.1) and Fig. 1]. This assumption is probably purely technical and should
not be necessary. However, it permits us to adapt to this case some of the
arguments of [17], to obtain the lower bound after reducing the problem to an
estimate near the end part of the neck. This reduction itself is obtained using
Carleman estimates up to the boundary, as in [14,15].

2. Geometrical Description and Results

Consider a Helmholtz resonator in R? consisting of a regular bounded open
set C (the cavity), connected to a regular unbounded open exterior domain E
through a thin straight tube 7 (¢) (the neck) of radius € > 0 (see Fig. 2). We
shall suppose that ¢ is very small.
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To state this more precisely, let C and B be two bounded domains in R?
with C* boundary; their closures and boundaries are denoted as C, B and OC,
OB. We assume that Euclidean coordinates (z,y) can be chosen in such a way
that, for some L > 0, one has,

CcB; (0,00€0C; (L,0)€aB; [0,L]x{0}CB\C;
Near M, := (L,0), B is convex and 9B is symmetric with (2.1)
respect to {y = 0}.

Remark 2.1. This also contains the case where 0B is flat near My, that is when
{L} x [—¢0,e0] C OB for some gy > 0.

_Setting T (e) := [—eo, L] x (—&,) N (R*\C), C(e) = CUT(e) and E :=
R?\B, then the resonator is defined as,

Q(e) :=C(e) UE.

As e — 07, the resonator Q(e) collapses to Qg := C U [0, My] UE, where M is
the point (L,0) € R2.

For any domain @), let Py denote the Laplacian —Ag with Dirichlet
boundary conditions on 9Q); for brevity, we write Pq_ as Px.

The resonances of P. are defined as the eigenvalues of the operator
obtained by performing a complex dilation with respect to the coordinates
(x,y), for |z| + |y| large. We are interested in those resonances of P. that are
close to the eigenvalues of Pc. Thus, let A\g > 0 be an eigenvalue of Pz with ug
the corresponding (normalized) eigenfunction. We make the following
Assumption (H):

Ao is the lowest eigenvalue of — Ac.

By the arguments of [13], we know that there is a resonance p(e) € C of
P. such that p(g) — Ap as € — 0. Furthermore, the lowest eigenvalue A(g) of
Pe(zy is such that, for any ¢ > 0,

p(e) = A(e)| < Cse™ ™ =0E/e, (2.2)

for some Cys > 0 and all sufficiently small € > 0. In particular, since \(¢) € R,
this gives
|Tm p(e)| < Cse~™(=OL/e, (2.3)

‘We now state our main result.

Theorem 2.2. Under Assumption (H), for any 6 > 0, there exists Cs > 0 such
that, for all e > 0 small enough, one has

\Imp(e)\ > iefﬂ(1+§)L/€.
Cs

Remark 2.3. We extend this result to the higher dimensional case in Sect. 11.

Remark 2.4. Gathering (2.3) and Theorem 2.2, we can reformulate the result
as:
lim eln|Imp(e)| = —nL. (2.4)

€~>0+
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3. Properties of the Resonant State

By definition, the resonance p(g) is an eigenvalue of the complex distorted
operator,

P.(p) :=U,P-U, ",
where p > 0 is a small parameter, and U, is a complex distortion of the form,

Upp(z,y) == o((z,y) +ipf(z,y)),

with f € C*®(R?;R?), f = 0 near B, f(z,y) = (x,y) for |(z,y)| large enough.
(Observe that by Weyl Perturbation Theorem, the essential spectrum of P.(u)
is e 2R, , with o = arctan p.)

It is well known that such eigenvalues do not depend on p (see, e.g.,
[12,19]), and that the corresponding eigenfunctions are of the form U, u. with
u, independent of j, smooth on R? and analytic in a complex sector around
E. In other words, u. is a non-trivial analytic solution of the equation —Au,. =
p(e)ue in Q(e), such that wu, ’39(5) = 0 and, for all x> 0 small enough, U, u.
is well defined and is in L?(Q(g)) (in our context, this latter property will
be taken as a definition of the fact that u. is outgoing). Moreover, u. can be
normalized by setting, for some fixed p > 0,

[Upuellr2 (o) = 1.

In that case, we learn from [13] (in particular Proposition 3.1 and formula
(5.13)), that, for any ¢ > 0, and for any R > 0 large enough, one has,

_aL
l[te || L2(0(e) (| <y = 1 — O 2/E), (3.1)
and
luell g1 (B {|2y) < RY) = OO 5)/e), (3.2)

Now, we take R > 0 such that B C {|(z,y)| < R}. Using the equation
—Au, = pu. and Green’s formula on the domain Q(¢) N {|(x,y)| < R}, and
using polar coordinates (r, ), we obtain,

27
Imp/ lue|*daxdy = —Im/ %(R, 0)u-(R,0)Rd0,
Q(e)n{|(z,y)| <R} o Or

and thus, by (3.1-3.2), and for some dy > 0,

Imp — _(1 + 0(6(5—71'L)/€)) Im/ 8u5

= (R.0). (R, 6)Rdo (3.3)

where the O is locally uniform with respect to R.

Therefore, to prove our result, it is sufficient to obtain a lower bound on
Im f% 9us (R, 0)u.(R,0)Rdf. Note that, using (3.2), we immediately obtain
(2.3
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4. Estimate Outside a Large Disc
The goal of this section is to prove,

Proposition 4.1. Let Ry > Ry > 0 be fized in such a way that B C {|(z,y)| <
Ro}. Then, for any C > 0, there exists a constant C' = C'(Ry, R1,C) > 0
such that, for all e > 0 small enough, one has,

1 —c
[ Im p| > EH”E||%2(RO<\($,1})\<R1) —Clem e,

Proof. Working in polar coordinates (r, ), for r > Ry, we can represent u = u,
as

)

§ m 'Lk@

keZ

where wuy, (7 fo e~ *df = apHy,(r/p), Hy, being the outgoing Han-
kel functlon deﬁned for k 2 0 as

z(tf%f% 7%
Hy(t) := Tyl ,/ / e 552 (1+ ) ds,
2

for k <0 by Hy = (—1)’“H,k, and solution to,
2 H!(t) + tHy,(t) + (1 — k*) Hy(t) = 0.

In particular, for all k, the function hy := Hy(r\/p) is an analytic function,
solution to

1
— hig — =y, hk = phu, (4.1)
and for any p > 0 fixed small enough, one has,
hi(re™) € H*([Ry, +o0)). (4.2)
By (3.3), for any R € [Ry, R1] we also have,
Imp = —(1+ 03 "ap(R) = —(1+ 0/ " Bi(R)|ax |,
keZ keZ
(4.3)
with
ag(R) = Im Ru} (R)ur(R); Bi(R) := Im Rh}(R)hi(R). (4.4)
We set,

=Y (R) = Bu(R)|ax?,

keZ kEZ
and, for C' > 0 arbitrary large, we write,
AMR)= Y an(R)+ Y an(R) = A (R.0)+A(R,0).
|k|<C/e |k|>C/e

We first prove,
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Lemma 4.2. There exists d > 0 such that, for any C' > 0, one has,
)‘-‘r (Rv C) = 0(6760/6%
uniformly as € — 04.

Proof. Tn view of (4.4), it is enough to prove that |uy(R)|+|u} (R)| = O(e 0¥l
for some § = §(R) > 0, uniformly as |k| — oco. From (4.1), we know that uy is
solution to,

1 1 p
-2
7]{3 'LLZ — ﬁuz + 7"721”{: — ﬁ'&k = 0,
that can be considered as a semiclassical differential equation with small para-
meter h := |k|~! and principal symbol a(r,7*) := (r*)? + r=2. In particular,

this symbol is locally elliptic, and since u is locally bounded together with all
its derivatives, we also know that uy is locally uniformly bounded (together
with all its derivatives) as |k| — oco. Then, we can apply standard techniques of
semiclassical analysis (in particular Agmon estimates: see, e.g., [16]) to prove
that |ug| + |u}| is locally O(e°I*l) for some ¢ > 0, and the result follows. [

Next, we show,

Lemma 4.3. For any C > 0 and any o € (0,7L/2), there exists C' =
C'(C,01) > 0 such that

1
A (R,C) > = Z lag|? — C'| Tm ple=27/¢,
|k|<C/e
uniformly as € — 04.

Proof. For |k| < C/e, let py = p,r € C°(R4;R.) be a real non-decreasing
function verifying,

Ho
1+ |k

where pg > 0 is fixed small enough, and Cy > 0 will be chosen sufficiently
large later on. We set,

ve(r) = re®™ ). g (1) = Uphg(r) := he(ve(r)). (4.5)
By (4.2) we have,

ur(r) =0 for r<r,:=max(Colkl,R) ; ur(r)= for r>nrp+1,

gi € H([Ro, +o0)). (4.6)
Moreover, by construction we also have,

Bu(F) = I 2 L (R ),

and using (4.1), we see that gj is solution to,

l// V” k2(yl)2
_ gg _ (k _ 116) Q;g 4 21“ gL = p(y,{c)ng. (4.7)
Vi v, Vi
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Then, using (4.6-4. 7) we can write,

= [T (2O o))
:_Im/ K Vkl/k) 0T + kgggg(r)gk(r)ntZZE:;IQQ(T)F] dr

=t [ (52— gt lnl? + 2D g 00

vi(r)

Since v}, /v, = 1~ +iu), and vgrp, = r(1 +irp))e**, we obtain,

Bu(R) = /R " P (r)? + 5 ()i (r)2) dir,

with,
8
W(r) = — 3 ;
r? o+ (p)?
0k (r) := rRe psin2uy, + r Im p cos 2,
+r2pl [(Re p) cos 2ux — (Im p) sin 24y, — k2.
In particular, 45 > 0. Since pg < po(1 + [k])~%, Imp < 0, and Rep — Ag > 0
as € — 0, we also have,

O > o7 sin 2y + rIm p cos 2y, + /ﬁc(éor2 — kz),

where §p is any positive constant such that dy < Agcos2ug. But, by con-
struction, we have u} (r) = 0 when r < Cp|k|. Therefore, uj (r)(dor? — k%) >
Wy (r)(60CE — 1)k? > 0 if we choose Cp > 50_1/2. Then, we obtain,

Br(R) > /: r (So(sin 2p(r) + Im p cos 2ui (1) lgi () Pdr

> dysin( 20 [ rlgu(r)Par = [l [ rlgu(r)Pdr. (43)
L+ 1kl St R

Since |k| < C/e and |Tm p| = O(e=/¢) for some ¢; > 0, we also have |Im p| <

160 sin( 1+|k|) for € > 0 small enough, and therefore,

1 ) o0 re+1
Bu(R) > Lopsin(-—H0_) / rlgn(r) P — Tl /R rlgn(r) [2dr.
Tr+

Equivalently, setting vi(r) := ug (v (r)) = argr(r), we have proved,

1 ] [e%e) rr+1
aw() = goolassin(H0) [ rlg)Pdr — [tmp| [ rlon(r)Par
re+1 R

1+ |k

(4.9)
Now, considering a cutoff function x = x(r) € C*°(R4;[0,1]) such that xy =1
onr > Ry, x =0o0nr < Ry—dy (6o > 0 small enough), we see that the function
w = yu satisfies (—A — p)w = [~A, x]u on all of R?, and is outgoing. Then,
standard estimates on the outgoing resolvent of the Laplacian (or, equivalently,
on the Green function of the Helmholtz equation in R™, n > 2) show that, for
all § > 0 arbitrarily small, one has w = O(e"||[-A, x]u||2) uniformly as r —




652 A. Martinez and L. Nédélec Ann. Henri Poincaré

0. Actually, such estimates remain valid for the complex distorted Laplacian
UpAU; ! [where Uy is as in (4.5) with some arbitrary g > 0 small enoughl,
and since ||[~A, xJu||2 = O(e~%/¢) for any §; € (0,7L/2), we obtain: u(r) =
O(e?=%/¢) uniformly on {r € C;Rer > Ry, |Imr| < pg(Re R — Ry)}, where
§ > 0 is arbitrary. In particular, this gives us: 7|vg(r)|> = O(e?72%/¢), and
therefore,

re+1 C l
Z / rlo(r)?dr = O (66‘50/5‘251/5> = (9(6_2‘51/5)’
R

|k|<C/e

where §f = §; — 6C can be taken arbitrarily close to §; (and thus, to 7L/2) by
choosing § << 1/C. Inserting into (4.9) and taking the sum over k, we obtain,

’

1 o0
A(RC) > 260 S gl sin(—20 )/ rlg(r)2dr — C'| Tm ple=5/2
2 k<o LH IR S

(4.10)
with ¢/ = C'(C) > 0.
To complete the proof, we need to estimate the quantity Jy :=
[ rlgr(r)[dr as [k| — oco. Setting 7 = |k[s, for |k| large enough we find,

T

Ji > \k|2/ |wy, (setto/ AHIEDY 2 (4.11)
200

where wy,(2) := 2/2hi(|k|2) (2 € C, |2| > Cy, |argz| < o). Using (4.1), we
see that wy, is solution to,

1, 1 1
TRkt T g ) e =0

This is a semiclassical Schrodinger equation, with small parameter h := k|71,
and we can apply to it the standard WKB complex method to find the asymp-
totic of wyg, both as k — oo and Rez — 4o00. Using also that wj must be
outgoing, we immediately obtain,

we(2) ~ ﬁ exp (i|l~:| /2;(p - t—2)édt) (4.12)

as |k| + Re z — oo, uniformly with respect to € > 0. Here, 7, € C is a complex
constant of normalization that we have to compute. To do so, we use the
well-known asymptotic of Hy(t) as Ret — 400,

that gives,

™

wi(r) = r2 Hy (|k|ry/p) ~ % exp <z (|k|r\f %” - 4>) (r — +00).

™
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Comparing with (4.12), we obtain,

2 i) ilklL

NG

= = 2
Tk P 7T|k“ e
where
L:= lim (r\/ﬁ—/ (p—t_2)5dt)
r—4oo 20,
= lim (r D — [\/,ot2 —1—tan"!\/pt2 — 1} >
r—-+00 2Cy
that is,

= g +1/4pC2 — 1 —tan™' {/4pC2 — 1.
In particular,

4pCO 1 1
ImL =1Im+/4pC2 — 1+ = / dt,
o 1+ (Re \/4pCZ — 1 + it)?

4pC2 1

ImL = (1+0(Cy")Im/4pC2 —1<0

if Cy has been taken sufficiently large. As a consequence,

1 2
1> 1oty [ ==
[Tkl > [pl mal

and then, by (4.12), and for s > 2Cj, we deduce,
|k|2|wk(sewo/(l+|k|))|2 > 52“€|€_69

where 02 > 0 is a constant (independent both of &k and ). Going back to
(4.11), for |k| large enough we finally obtain,

Ll

Cy’

where C} is a positive constant. Then, inserting into (4.10), we obtain

1
2 S - O Tmple e
|k|<C/e

and thus

Ji >

A (R,C) =

and Lemma 4.3 follows. O

Now, for any K > 0, we have,

lullier = R laxP[h(R)P < Ck D lax*+R D lanhi(R)),
kEZ |kI<K |k|>K
with Ck = SUP |y <k ; Re[Ro, Ry R|hi(R)|>. Then, in the same spirit as in [4],
we use an estimate on the outgoing Hankel functions that will permit us to
compare its values at two different points.
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Lemma 4.4. One has,

hi(R) = —i\/zkk5 (e;\/ﬁ)k (1+0(k™Y),

uniformly with respect to R € [Ry, R1], € > 0 small enough, and k > 1 large
enough.

Proof. See Appendix. O

It follows from this lemma that, for any R € [Ry, R1], we have,
|hi(R)| K
IRV — 0 ((Ry/R)F!
i)~ © (B0/R1)
uniformly as |k| — co. Therefore, we obtain,
lullPr < Cx Y laxl* +CR Y laxflhu(Ro) PRV RTM (4.13)
|k|<K |k|>K

where C' > 0 does not depend on K, R. Integrating with respect to R on the
interval [Ry, R1], we obtain,

22|k
2k R
lullzo<rer, < Ck Z jax|* + C Z |ax]? | (Ro) 2 Ry |2|12| -2’
|k|I<K |k|>K
and thus,
CRy
lullf<rn, < Ci D lan + g5 llullp,- (4.14)
[k|<K

Moreover, for all S € [Rq, R1], we have,

Ro
lullP=r, = llulli=s —/S (Ilu(r)[1Z2(0,2m) + 2r Re(rut, u) 20,0, )dr,
that gives,
lullP =g, = llullf=s + OUlOvullfy<r< iy + ullRy<r<r,):
and thus, using the equation —Awu = pu and standard Sobolev estimates,

lullF=r, = llull?=s + O([ullky<r<r,)-

Inserting this into (4.14), and taking K sufficiently large, we obtain,

C/
|ullfy<r<r, <Ck Z |ak|* + K 1”“”3:57 (4.15)
[k|I<K

where C’, C% > 0 are constants, and C”’ is independent of K. Finally, integrat-
ing in S on [Ry, Ry], and increasing again the value of K, we arrive at,

lull%y<r<r, <2Ck Z |ak|*. (4.16)
|k|<K

Then, Proposition 4.1 directly follows from (4.3), Lemmas 4.2 and 4.3 and
(4.16). O
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Remark 4.5. By integrating with respect to R on any bounded interval of
[Ro, +00), and using the equation —Au, = pu. and standard estimates on the
Laplacian, we easily deduce from this proposition that, for any bounded open
set V C {|(x,y)| > Ro} and any s > 0, one has ||ugH%{S(V) = O(|Tm p|+e~¢/¢)
for any C' > 0.

Remark 4.6. The result of Proposition 4.1 can easily be generalized to any
dimension n > 2 by working with the complex measure (v (r)/v}(r))" " dr
instead of (v (r)/v,(r))dr in the proof of Lemma 4.3.

Remark 4.7. As pointed out to us by J. Sjostrand, an alternative (and probably
more conceptual) proof of Proposition 4.1 may consist in making the change
of scale r — r/h, where h > 0 is an extra small parameter, and to apply
the techniques of semiclassical analysis as h — 04. The fact that u is outgoing
means that it lives around the outgoing trajectories starting from the obstacle,
and thus in a microlocal weighted space where —h?A — p can be written as
the product of an elliptic pseudodifferential operator with 0, — ¢A, where the
selfadjoint operator A acts on the tangent variable 6 only, and is positive. Such
arguments are developed in [18], Section 4.

5. Estimate Near the Obstacle

Now, reasoning by contradiction, assume the existence of J; > 0 such that,
along a sequence ¢ — 0%, one has

|Tm p| = O (e~ ("L+d0)/=), (5.1)

In the rest of the proof, it will always be assumed that e tends to zero along
this sequence. Then, Proposition 4.1 (added to standard Sobolev estimates)
tells us that for any Ry > Ry > 0 such that B C {|(z,y)| < Ro}, we have,

e 31 Ry <) (2.0 < R1) = O(e~ (rEHo0/e), (5.2)

To propagate this estimate up to an arbitrarily small neighborhood of B, we
use the Carleman estimate in [14, Theorem 3.5].

First, fix a point (zg,y0) in E = R?\B, and assume there exists a real
function f defined on a small open neighborhood V; of (zg,y0) in E, with
f(xo,y0) =0, Vf(xo,y0) # 0, and such that for any § > 0 small enough, there
exists 0’ = ¢’(d) > 0, such that,

lucllFvarsssy) = O(e~(rEte/e), (5.3)

uniformly as ¢ — 04. (For instance, in view of (5.2), (zo, yo) could be any point
of E such that |(zo,y0)] = R_, with R_ := inf{R > 0; B C {|(z,y)| < R},
and f(z,y) = 2> +y?> — R2.)

For A > 0 fixed large enough and (x,y) in Vp, following [14,15], we con-
sider the function,

o(z,y) = @) —(2=20)*~(y=y0)*)



656 A. Martinez and L. Nédélec Ann. Henri Poincaré

Then, setting,

pe(@,y,6,m) =& +n* = [Vo(z,y) > + 2i(Ve(z,y), (€ n) = ¢ +ige,

it is easy to check that, if A\ has been taken large enough, then there exists a
constant Cy > 0 such that one has the implication,

1
p@(fvyag,n) =0= {Q17q2}(x7ya€777) 2 607

where {q1,¢2} is the Poisson bracket of the real-valued functions ¢; and g¢s.
Moreover, possibly by shrinking Vj around (zg, o), we see that Vo # 0 on
V. In particular, Assumption 3.1 of [14] is satisfied, and if x € C§°(Vp; [0,1])
is such that x = 1 near (zo,y0), we can apply Theorem 3.5 of [14] to the
function w := yu., and with small parameter h := ¢/u, where p > 0 is an
extra-parameter that will be fixed small enough later on. Then, for £/ small
enough, we obtain,

le#e/ewlf3e + u= 2|/ Vw3 < O3 /e Aulfs  (5.4)

where C' > 0 is a constant. Then, writing —Aw = pw —[A, x]u., and observing
that, for €/u small enough, the term involving pw in the right-hand side of
(5.4) can be absorbed by the first term of the left-hand side, we led to,

e/ e + 26 e/ Vul[2a < 3 e e/4 A, Xuel 22,

with a new constant C' > 0. Now, setting mg := supy, ¢, Vj := {x = 1},
Ss := SuppVx N {f < 6} (6 > 0 small enough), and using (5.3), we deduce,

e/ 2 gy + 122 V| 2oy
= O3 e/* (A, Xuc |3 (s, + ™o TEE). (5.5)

On the other hand, we have S5 C {f < 0} N{|(z,y) — (z0,v0)| > 1} for
some 61 > 0 independent of §, and thus, by construction, for § > 0 sufficiently
small, there exists a constant do > 0 such that,

Ss C{plz,y) <1 -0} (5.6)
As a consequence, we obtain,
||€W/EU5H2L2(VC;) + M_QSQHGW/EVUEHZLZ(VC;)
= O [ ) 4 WO, (5.

Since S; C E, we also know [see (3.2)] that |[luc|z1(s) is not exponentially
larger than e~"%/2¢. Moreover, since p(zg,yo) = 1, if B, stands for the ball of
radius 7 centered at (zg,yo), we have ¢ < 1 —6(r) on B,, with 0(r) — 0 as
r — 0. Therefore, for r > 0 small enough, we deduce from (5.7),

luellZs s,y + 122 Vel s,

_ O3B0 =3)=TL) /2 L o —1+0(m)—rL=5)/e)  (58)
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Now, we first fix § > 0 such that (5.6) is satisfied, and then r > 0 and p > 0
sufficiently small, in such a way that 6(r) < 165 and (u(mo —1+6(r)) < 16
We obtain,

luelZas,) + €2 VuelZac,) = Oe™™H/5(em4%/% + e737/%))
In other words, we have extended the estimate (5.3) across the boundary {f =
0} near (xg,yo). Our argument can be performed near any point (zg,yp) € E
where an estimate like (5.3) is valid, and thus, starting from the points of the
circle {|(z,y)| = R_} [where the estimate is valid thanks to the Proposition
4.1 and the assumption (5.1)], and deforming continuously this circle up to
make it become the boundary of B, a standard covering argument leads to,

Proposition 5.1. Under assumption (5.1), for any compact set K C E, there
exists 6 = §(K) > 0 such that,

el 3 gy = Oe™ T/,

uniformly as € — 04.

Remark 5.2. Using the equation, we deduce that, actually, in the previous
estimate H' can be replaced by any H™, m > 0.

6. Estimate at the Boundary

Now, we plan to propagate the estimates of the previous section up to the
boundary of B (but away from any arbitrarily small neighborhood of M),
by making use of the Carleman estimate at the boundary as stated in [15],
Proposition 2 [see also [14], Theorem 7.6, applied to e™"tu.(z,y)].

We consider an arbitrary point (zg,yo) on the boundary 9B of B, with
(20,90) # (L,0), and a small enough open neighborhood V of (x¢,yo) in R2.
We also consider a compact neighborhood K C V of (zg,y0), and we denote
by f a function defining 9B near (zg,yo), in the sense that one has,

BNV ={(x,y) € V; f(x,y) <0},
and Vf # 0 on V. Finally, as in following [14,15], one sets,
o(z,y) = @) —(@=20)*~(y=y0)*)

where A > 0 is fixed sufficiently large and Cy > supy (f(z,y) — (x — 20)? —
(y — 90)?)). In particular, if V has been taken sufficiently small, we see (e.g.,
as in [14], Lemma A.1) that ¢ satisfies Assumption (8) of [15]. Moreover, since
the outward pointing unit normal to E in V is n:= =V f/|V f|, we also have
On |lorny < 0. Therefore, we can apply Proposition 2 of [15] (or, alternatively,
Theorem 7.6 of [14]), and we obtain the existence of a constant C' > 0 such
that, for any p,e > 0 with €/u small enough,

49/ Xue 32 @mnvy + 1214975V (xue) 172 gy

< C;FBEB||eW/5A(Xus)||%2(EmV)’
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where x € C§°(V'; [0,1]) is some fixed cutoff function such that x =1 on K.
Using that —Awu, = pug, for € small enough, we deduce,
||6W/Eue||%2(EmK) + M_252H€W/EVU6H%2(EmK)
< QCN_353H€W/E[A>X]Ue)”%’z(Emvy
Now, for all § > 0 small enough, on SuppVx N{f <4} NV, we have,

2 < @(anyO) - 6/7
with ¢’ = ¢/(d) > 0. On the other hand, on {f > §} NV, by Proposition 5.1
we have,

[ O(e~ (rEta/e),

Therefore, using also (3.2), and fixing x> 0 in a convenient way as before, we
obtain the existence of d; > 0, such that,

Hema/EUEH%?(EﬂK) + 52||emp/5vue||%2(EmK) = O(e(/“P($07yo)_WL—51)/5)7
and if V' C K is a sufficiently small neighborhood of (xg, yo), we finally obtain,

(nL+l c
Hua‘lill(Eﬁvl) = O(e~(PLHz00)/e),

Since (x0, yo) was arbitrary on OB\{ My} (where My = (L,0)), we have proved,

Proposition 6.1. Under the assumption (5.1), for any neighborhood U of My
and any compact set K C R2, there exists § > 0 such that,

luellFr gn ) = O(e~ (T,

uniformly as € — 0.

Remark 6.2. Using the equation and a standard result of regularity on the
Dirichlet Laplacian (see, e.g., [2]), we can deduce that, in the previous estimate,
H' can be replaced by any H™, m > 0.

7. Estimate Near the Aperture

Now, we concentrate our attention to a small neighborhood of M in E. More
precisely, we fix 1 € (0, g], such that,

2

— > A
48% 05
and we consider the rectangle,
Q= [LE, L+ 81] X [—51,81],

where L. = L — O(e?) is defined as the unique value such that (L., +¢) € 9B.
In particular, the point M. := (L., 0) belongs to Q, and, if £, is taken
sufficiently small, then,

Q\({Le} x [=e1,e1]) € Q(e).
Moreover, by Proposition 6.1, we know the existence of some § > 0 such
that u. is O(e”("E+9)/e) near AQ\({L.} x [—€1,21]).
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oB

AN

x = L,

—€;

FIGURE 2. The aperture

Let x € C§°(R?;[0,1]) such that (see Fig. 2),

o\ = 1 on [LE,L—F 551] X [—%61, %61];
e x=0o0n ([L+e1,+00) x R)U (R x (=00, —&1]) U (R X [g1,+00)).

We set,
V= XUe.

In particular, v € H?(Q) and v ||y|:51 = (. Therefore, on @, we can expand v
as,

v(,y) =Y vi(@)e;(y), (7.1)
i1

where ¢;s are the eigenfunctions of the Dirichlet realization of —d?/dy? on
[—¢e1, 1], namely,

(4) = —= sinazj/=1); w21 (y) = —= cos(ar; 1u/en); @ == o

(y) = —sin(ao,y/c1) 5 pa;— = ——cos(ag;_1y/e1); aj == —,

P25y NG 25Y/€1) 5 P2-1\Y NG 2j—1Y/€1 j B)

and v; € H*([L., L + &1]). Moreover, using Proposition 6.1 and Remark 6.2,
on ) we have,

—Av=pv+r
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where Hr”%—]m(Q) = ”[ 7X]UEHHW(Q) O(ei(ﬂLJﬂ;)/E)a and r ||y|=81 =0 (m >
0 arbitrary, and § = 6(m) > 0). We deduce that the v;s verify,

— U;-I + ﬂj’l)j =Ty, (72)
where we have set (3; := j—% —p, and rj = fil r(x,y)p;(y)dy, so that we
have,

D" e (i, poperyy = O™ TEFOSE), (7.3)
j>1

By construction, we also have v; = 0 on [L + €1, 400).

Proposition 7.1. Assume (5.1). Then, for all j > 1, there exist b; € C and
$j € N>oH™([L, L + €1], such that,

vi(@) = be VB 4 s ();

Y il (L. Lyeryy = Ole” T,

Jj=1
with §,, > 0 and uniformly with respect to € small enough.

Proof. Set,

Then, by (7.2), W; is the solution of,
Wj/ = Ajo — Rj;
W;(L +e1) =0,

with A; := ([(3)3 (1)> and R; := (79]) Therefore,

L+e;
Wia)= [ R0,

and, diagonalizing A; and re-writing the solution in a basis of eigenvectors of
Aj, we obtain in particular,

L+e,
@+ Vo) = [ eVt

Using again that v(L + 1) = 0, we deduce,

L+eq L+eq
/ / e(Zrr—t=2)/Bip (¢ S (t)dtd .

Then, the results follow with b; = — LL+61 mefgl eGmr=t=LVBig () dtd,

and s;(x fL fL%l (221 —t—=2) BJ’I‘ (t)dtdxy, by observing that Re((2z1 —
t— ), /ﬁ]) < 0 on the domain of integration of s;(z) and using (7.3). O
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Remark 7.2. Let 9 € (0, %61) arbitrary. By Proposition 5.1, we know that
there exists a constant § = J(e2) > 0 such that,

0| L2((Lten,Lrer)x (—ersen)) = O(e™ (TEFO/29),

On the other hand, using (7.1) and Proposition 7.1, on (L., L+¢1) X (—¢€1,€1)),
we have,

v(z,y) =) bje~EINB g (y) + s(z, ),

Jj=1

with ||s||p2((b. Lrer)x(—er.er)) = Oe™(TLH90)/22) for some constant 5y > 0.
Since \/Bj ~ % as j — o0, and &9 is arbitrarily small, we immediately
deduce that, for any v > 0, there exists 6 = §(v) > 0, such that,

3 JbjlPe v = O(em(FEH/e), (7.4)

Jj=1

uniformly as € — 0.

8. Representations at the Aperture

In this section, we consider the trace of v on {z = L.}. By construction, it
also coincides with the trace u. as long as |y| < 3e1. Now, as in [17], there are
two ways of taking this trace, depending if one takes the limit & — (L)1 or
x— (Le)-.

Considering first the limit & — (L:)_, we can just apply the results of
[17], Sections 4 & 6 (in particular (4.2), (4.3) and Lemma 6.1), and for = < L.
close to L. and |y| < &, we obtain,

v(z,y) = Z (ak,Jree”/E + ak,,efe’“"”/a) Ui (y), (8.1)

k=1
where we have used the notations,

km

Vae(y) = ~zsin(oai/e): ks (4) = 2 cos(am1p/e): o 1=
O := /a2 —£2p(e),

(here, /- stands for the principal square root), and where aj 1 are
(e-dependent) constant complex numbers. Moreover, the sum converges in
H2((L — e1,L.) x (—¢,¢)), and the limit = — (L.)_ gives (see [17],
Lemma 6.1),

)
U(La7y) = Z (ak,+€0kLE/€ + ah_ef@kl/s/E) wk(y)’ (82)
k=1
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together with [see [17], formula (6.7)],

Ov(L,y) Zﬁk (ak Lefrlele gy e_‘g’fLE/E) Yr(y) in HY?(Jy| < e).
€1
(8.3)
Then, starting from(7.1), and using similar arguments, the limit x —
(L¢)4+ can be taken in the same way, and using Proposition 7.1, we obtain,

Loy = 3 (by + 55(L2)) 050) (8.4)

j=1
together with,
(o]
0pv(Le,y) = Y (—+/Bibj + 55" (L))o (y) in H2(Jy| < e1). (85)
j=1
Moreover, still by Proposition 7.1, we have,
Y sy (L)P + 15 (L) P) = Oem THH/9), (8.6)
j=1

for some constant § > 0.

9. Estimates on the Coefficients

At this point, we can proceed as [17], Section 7 (but working with v instead
of u.), with the difference that, in our present case, the index jo appearing in
[17], formula (6.8), is just 0 (that is, all the sums over {j < jo} become null).
For the sake of completeness, we briefly reproduce these arguments here.

The main idea consists in computing in two different ways the three
following quantities:

(0,000 (L yx[—e.e] > (Vs P {Lo)x[—ee] » OV V1) (LY x[—e,e]-
We set
Ak,:t = akwieiekl’/s.

In view of (8.2-8.6), the two computations of (v, 0,v) (1 }x[ce] give the
identity
1 , _
R D k(| Ak = [Ap - + 20 Im(Ay 1 A 2)) = = > (V/B)lb* + (),
k>1 j>1

with

7“(5) -0 e—(TrL+6)/a + e—(ﬂ-L—i-é)/Za Z |bj|2
j>1

=0 (e TEFRE TN 2 ) (9.1)
j>1
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Taking the real part, and using the fact that Re0 ~ kn/2 as k — oo, while
|Im 0),| = O(k~'e=%/¢) for some constant § > 0, we obtain,

1 1
= Y (Re ) (A P — 1Ak [*) + = 37 Ok e5/%)] Ay s A |

k>1 k>1
==Y (Re/B)b;* +r(e)
J=1
In particular, since Re /3; = 14+ O(e%2572)), we see that there exists a

constant C' > 0 such that
> Rebi(| Ak P — [Ax ) < CY ke 5| Ax 4 A |

k>1 k>1

—— =N (=T +r(e). (9.2)

Moreover, by Appendix A in [17], there exists a constant ¢ > 0, such
that,

3 Elag e 2 = 0(eV/?), (9.3)

k>1
and thus, for € small enough,
Z k|Ak)_|2 _ Z k|ak7_6769k|26729k(%7c) _ 0(671/267271%/5)' (94)
k>2 k>2

Therefore, we deduce from (9.2)(with some new positive constants C, ¢),

D (k= Ck™'em%)| Ay 4|

E>1
2%
<(14Ce™ A _P-= —(1+7i(e ) > Re/Bilb;|* +ra(e),  (9.5)
7j>1
with
ri(e) = 0O (67§/€> ;o ro(e) =0 (67(7FL+5)/E) . (9.6)

Now, computing <’U(L67 ~), ¢1>L2(|y\<5) and <6$U(LE, -), ¢1>L2(|y|<5) in
two different ways [using (8.2-8.6)], we find

D k( Ak g + A o) = by

k>1
*91(A1+7A1_ = ZV] \/ﬂ]b 75
jz1
with
0 if k is even;

pe = | Yr(y)e1(y)dy = .~
g (W)e1(y) (_1)%% cos TS if k is odd,
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0 if jis even;

€ . .
vj = / i (W) (y)dy = § WL DD g o4 e s odd

. w((c/e1)%72-1)

(e/e1) if j == is odd.
Using (9.4) again and (7.4), we obtain

C
|Ay 4 + Ay _| < Ce(TEF0)/2e 4 Z 1EE A |+ —=e "Ee (9.7)
>z H1 Ve

[Avs = Av| < G D /By + Cen 00, (9.8)
j>1

with some new constant C' > 0.
Then, we observe that | /1] < (B — 5—%) (k odd), thus by (9.5),

1 2
Z| Ak+|< Zm > kA

k>2 k>3 k>2

=

1

2
2e
<7 oz|A17_\2—ﬂ;ZRew/ﬂj|bj|2—|—7‘2(€) + Ce=(mE+9)/25 (9 9)
jz1

1

where 71 can be taken arbitrarily close to (3,53k7%)2 < 3, and «,f are

27
positive numbers that tend to 1 as ¢ — 0, and are such that a|A; _|* —

=D e i|b;|* 4+ r2() remains non-negative for all € > 0 small enough.
627:’ j>1Re/B5]b; 2 i tive for all 0 11 h

Inserting (9.9) into (9.7), we obtain
|A14 + A1 |

N

2e —(r
<1 [ olAy 12— 62 S Re VE b +rale) |+ 206 trioz

Jj=21
(9.10)
On the other hand, going back to (9.8), the Cauchy—Schwarz inequality gives,

N

o |Z|Va\/ﬁ?b | <7 fZIb %1781 (9.11)

Jj=1 j>1
with
TZ 2|0 ‘2 Z.ﬂyj‘ ‘\/E‘
€ 1.2 Jje s
16 e Tsin (a -7
- S0+0E) ¥ = ( 2 Jovoun @

j>1,jo0dd ((5)2 — 1)
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In particular, when ¢ — 0, then 7 tends to Iy := ¥
1

( o de) ® and we deduce from (9.8) and (9.11), plus the fact

=1

that Tm \/B3; = O(e~%/¢) uniformly,

2
2
Ay — Ao <7 [ =S Re /Bl 2 | +Ce b2 (913)
v
j=>1

where 75 can be taken arbitrarily close to I's. Actually, I'y can be computed
exactly, and one finds,

1
22 (1 7w \?
(Here, Si(z) := [ #2Ldt.)

Summing (9.10) with (9.13), and using the triangle inequality, we finally
obtain

204, | <mi \/oz|A17_|2 — BX +12(e) + T2VX + 3Ce("ETO/2 1 (9.14)

where we have set
2e 2
X == > Re/B;1b;|*.
J
Now, an elementary computation shows that the map

[0,A%] 3Y = 111/ A2 — BY2 + 1Y

2
reaches its maximum at Y = #A/ VB, and the maximum value is
1 2

(JA+rE)a

Therefore, we deduce from (9.14),

2141 | < <\/712 + ,6—1%22> \/a\AL_ 12+ ra(e) + 3Ce (TLA0)/2
< (Vo +573) ) i+ 0@ s, )
Since \/a(77 + B71735) tends to /35,50 k73 + T3 as € — 0, and

1
Zk*%rggrté

A
TR

we have proved,

Proposition 9.1. Under the assumption (5.1), there exist two constants C,d > 0
such that, for any € > 0 small enough, one has,

|A;_| < Cem(mL+0)/22, (9.16)
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10. End of the Proof

By Assumption (H), we see that the Dirichlet eigenfunction ug satisfies the
hypothesis of [3] Lemma 3.1. Then, following the arguments of [3] leading to
(13) in that paper, and using again [13], Proposition 3.1 and Formula (5.13),
we conclude that for any 6 > 0 and any = € (0, L), there exists C; such that
the resonant state u. verifies (see [3], Formula (13)),

1 -7
[vell L2 (jo, o) x [—e.e]) = 6064'5”6 /2 (10.1)

Using this estimate, we can now prove as in [17], Proposition 8.2, the following
proposition that contradicts the inequality (9.16), and thus completes the proof
the theorem 2.2.

Proposition 10.1. For any § > 0, there exists C > 0, such that
1
A1 | > Zeboroe T, (10.2)

for e >0 small enough.

Proof. Starting from (9.5), we see,

D AR P < (14 Ce®9) Ay P + Cem TEFO/E, (10.3)
E>1

Then, computing the quantity |uc||z2((z,z)x[-<,e)) using the expression (8.1),
we obtain (see [17], proof of Proposition 8.2),

~22Ref
el F2 o, 0 esepy < 4 E [Ag 1> +4 E |ag, [Pem 2w ReOk/e
E>1 E>1

+elay,_ [2em2xRebi/e, (10.4)
Using (10.3) and (9.3), we deduce
HuEH%/z([m,LE]X[fE,E]) < Celay,_|Pe~22Re01/2 | Cla, _|2e=2LReO1/z
4 Ce=Cem2wReb1/eo=200z/e | o= (xL4d)/e (105
and thus, using (10.1), we finally obtain,
972 < Clay,_|?, (10.6)

and the result is proved. O

11. An Extension to Larger Dimensions

Here, we consider the similar problem in dimension n > 3, obtained by taking
tubes with square sections. That is, C is a regular bounded open subset of R"™,
and we have (in Euclidean coordinates = (z1,...,2,) = (21,2') € RxR"1),
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C C B;

(0,0) € 9C; (L,0) € 9B;

[0,L] x {0} ¢ B\C; (11.1)
Near My := (L,0), B is convex and 9B is symmetric with

respect to {x; = 0} for all j > 2.

Remark 11.1. In particular, this also contains the case where 0B is flat near
My, that is when {(L,z9,...,2s); |2;] < €0,j = 2,...,n} C OB for some
go > 0.

Then, setting Q. = {(z2,...,20); |2j| < &,7 = 2,...,n}, T(e) :=
[—e0, L] x Q- N (R™\C), and E := R™\B, we consider the resonances of the
resonator Q(¢) :=CUT () UE.

As before, let \g be an eigenvalue of —A¢, and let ug be the corresponding

normalized eigenfunction.
In this situation, the lower estimate of [13] (see also [3]) becomes

Imp(s) _ 0(67(176)71'[4\/77,71/6)7
where p(g) stands for any resonance that tends to A\g as ¢ — 04, and 6 > 0 is
arbitrary.

We assume again,
Assumption (H):

Ao is the lowest eigenvalue of — A¢ .
Then, we have

Theorem 11.2. Assume (H) and 2 < n < 12. Then, for any § > 0, there exists
Cs > 0 such that, the only resonance p(e) close to Ao satisfies,

|Imp(5)| > Cie_ﬂ(l+5)Lm/s7
é

uniformly as € — 04.

Proof. The computations are very similar to those in dimension 2, and we
highlight here only what is specific to dimension n. The notations are similar,
but their meaning is modified as follows. For k = (ka,...,k,) € N*~! (where
N:={1,2,3,...}), we set

Qg = (W,...,w> e R L

2 2
O i= /o =25 (0);
B = o< = p(e):

(@) = Pry (v2) - - i, (T0);
or(@') = Pk, - (T2)pp, (Tn).
(Here, |k| stands for the Euclidean norm of k in R"~1.) With these nota-
tions, the formulas (8.1-8.6) remain valid with the following changes:
e > 72, must be replaced by >, cy.-1 , and analog for Z;’;l;
e y must be replaced by z';
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o (—¢,e) and (—e1,e1) must be, respectively, replaced by Q. and Q., (where
2
€1 is taken such that % > o).
1

Computing in two ways the quantities (v, 02v){ryxq., (v, ¥1,...1){L}x Q.
and (9,v, Y1, 1){Lyxq., We find the following analogs of (9.5-9.8):

.....

> (k= ClE| " e %) Ay 4 |?
keNn—1

_ 2e
§(1+C%5kﬂAth42—;%1+Tﬂ > Rey/Bjlb;[* +ra;
jeNn—l
AL+ Ar o] € Cem (TEVRTIRO2E 4y |:7kAk,+|
k|>va=T
+£e—wL\/4+(n—2)2/2a_
\/g b

|9 5 | Z |Vj T}jbﬂ+C€7(7FL\/n71+5)/26,
1,...,1] .
Tl jeENn -1

A1+ — A1, <

where we have set

Vi i=Vjy .o Vi3 Kk = Hky -+ - Lk, s
and with,

r = 0(675/5); ry = O(ef(ﬂ'L\/nfquS)/s).

Using the fact that p, g, /1,1 < (ko — %)*1 e (kn — i—%)*l (kay. .. kn
odd), this also gives

.....

Nl

- € . —(n
<7 |A1,”_71,,|2—€— STl |+ CemmEVEEN2E (17 9)

jeNn—1

where 77 can be taken arbitrarily close to

Jy = ( 3 |k|—1k;2...k;2)

|k[2>n—1;k; odd

1 \z
= 11 7 e —— R (11.3)
(kao;d ’ L Vi = 1)

A rough estimate on J; can be obtained by writing,

n—1
1 1 1 2\
< —— <Z 2) =7 <<> 1>'
n—1 ZGNoddZ n—1 8

N
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In a similar way we obtain,

2
~ £ . _ S—
A1, 1+ — A 1| < T = Z 31|62 |+ CemmEn=IH0/22 (1 )
1 jEN7L71
where 7o can be taken arbitrarily close to the quantity
4n71

(mv2)r—1yn—1
y (/ || sin?((z; — 1)7/2) . ..sin((z,_1 — 1)7/2) day ... dxn_1>
R}

Jo =

N

(22 —1)2...(22_, —1)?

n—1
(11.5)
Writing |z| < |z1| + -+ + |x,—1] and making permutations on the variables,
we obtain,
4n—1 +oo tsi 2 t—1 2 %
e T ([
(V21 \Uo ®—1)
n—2
+oo i .2 _ 2
y / sin“((t 1)7r/2)dt
0 (2 — 1)
Setting

[T tsin®((t - Dm/2) L [Tosin®((t— D)r/2)
L /O dt: LQ._/O st = Dm/2) .

- GEE GEE

ne () (5F)

The integrals Ly and Lo can be computed exactly, and one finds,

1 7, m?
Ly = _§ + ZSl(ﬂ') ~ 0.9545; Lo = §

In particular, for € small enough, we have

8 1 m\"!
%12+%§<10+m<(8) —1), (11.6)

and one can check that this quantity is strictly less than 4 when 2 < n < 12.
At this point, we can complete the proof as in the two-dimensional case.
O

it becomes,
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Appendix A.

We prove Lemma 4.4. For k£ > 0, we can represent hy(R) = Hy(R,/p) by the
formula (see, e.g., [20]),

1 +oo+im )
hi(R) = 7/ eR\/ﬁsmhtfktdt’
)
that we split into,
0 s
hi(R) :i/ eR\/ﬁsinht—ktdt_,'_l/ cH(Rypsin0—k0) 1p
T ) oo 7 Jo
1 [t . )
_ e—R\/ﬁSmht—k)t—szrdt
i Sy
1 0 R,/psinht—kt
= € dt + O(1).
i)

In the latter integral, we make the change of variable: ¢t — —t — Ink, and we
obtain,

kk +oo

he(R) = ,7/ FVO g (1)t + O(1),
1T J _Ink

with,

P(t) =t — Ry/pe' /2 ag(t) := Ve 12k,
Here, we observe that, for any j > 0, we have a,(f, }%(t) = O(1) uniformly on
[ Ink, 400). Moreover, the phase function ¢ admits a unique critical point
at t. := In(2/R\/p), and " (t.) = —1. In particular, since also Ret. > 0 and
Imt, — 0 as ¢ — 0, we can apply the method of steepest descent to estimate
this integral, and we obtain,

hi(R) = —z'\/z KRR (a(te) + O(K™) +O(1),

that is,

k
hi(R) = —i ik—%<eR2\/ﬁ> (ante) + O(E™Y) + O(1).

Since ag(t.) = 1+ O(k™1), the result follows.
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