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Boundary Quantum Knizhnik-
Zamolodchikov Equations and Fusion

Nicolai Reshetikhin, Jasper Stokman and Bart Vlaar

Abstract. In this paper we extend our previous results concerning Jack-
son integral solutions of the boundary quantum Knizhnik—Zamolodchikov
(qKZ) equations with diagonal K-operators to higher spin representations
of quantum affine sly. First we give a systematic exposition of known re-
sults on R-operators acting in the tensor product of evaluation representa-
tions in Verma modules over quantum sl2. We develop the corresponding
fusion of K-operators, which we use to construct diagonal K-operators in
these representations. We construct Jackson integral solutions of the asso-
ciated boundary qKZ equations and explain how in the finite-dimensional
case they can be obtained from our previous results by the fusion proce-
dure.

1. Introduction

The boundary g-Knizhnik—Zamolodchikov (qKZ) equations have their origins
in the representation theory through works of Cherednik [4,5] and in quan-
tum field theory and in statistical mechanics with special “integrable” bound-
ary conditions, see, e.g. [1,11,12,18,30]. For detailed references see [27]. Their
formulation involves solutions to the Yang-Baxter equation, the so-called R-
operators or R-matrices, and solutions to the reflection equation, known as
(boundary) K-operators or K-matrices.

1.1. The Boundary qKZ Equations

Let M* be the Verma module over quantum sl with highest weight ¢ € C.
Then we will denote by R**(x) the operator acting in M* @ M* which is the
evaluation of the truncated universal R-matrix for quantum affine sly acting
in the tensor product of corresponding evaluation representations. It satisfies
the Yang—Baxter equation:

Riz(e = y)RIF (z — 2)R(y — 2) = R33' (y — )R (x — 2)Ri3(z — y).

(1.1)
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This is an equation in M*® M*® M™ and we are using the standard notations
R¥§(x) = R¥(2) ® Idpsm, ete. For details and references see Sect. 2.

Given the above R-operator R¥‘(x), operators K¢(x) and K () act-
ing in M* are called left and right K-operators if they satisfy the left and right
reflection equations, respectively. These equations are also known as “bound-
ary Yang—Baxter equations” and were introduced in [29]. In the current setting
they are given by

R¥(z — y)KTH (@) RE (z + y) K3 (y)
= K5 ()R (z + ») KT (2)Rafi (2 — y), 12)
Rt (z — y)K; * (@) R (z + y)K5 ()
= K3 ()Rai (z + y)K " ()R (z — y).

These are equations in M* ® M we are using the notations ka(x) =
Kk (z) @ 1d, KE*(y) = Id @ K*4(y) and R (z) := PHR% (2)P*, where
PR MF @ MY — MY ® MF is the permutation operator P*(m* @ m*) =
mt @m* (mF e M*, mt e M),

For £ = ({1,...,4x) € CN, consider the tensor product

Mf=MY @@ MY,

The boundary qKZ equations [4,5] in M are given by the following compatible
system of difference equations

f(t+7—er)*‘—'( £+7£ ; )f(t)7 T:L"'aN (13)

for M*‘~valued meromorphic functions f(t) in t € CV, where 7 € C* and
{e,}, is the standard orthonormal basis of RY. Here

- lrly .
BE(t;64,6.57) = R (e =t +7) .Rﬁ:ﬁ,’\’ (tr —tn +7)

T . lry1ly
x I (1 + 5) REE (tn + 1) .o REFS (brr + 1)

X RET (g ) REE (1)K ()

r—1,r

0l
x Ry (tr —t1) . Ry (b — o) (1.4)
is the (boundary) transport operator on M¥, depending meromorphically on
t € CV. The compatibility of the system (1.3) is guaranteed by the conditions

EL(t+ e Ep, £ T)ER(b 64 s m) = ES(E + T 4, £ T)ER (G 64, €5 ),

for r,s = 1,..., N, which themselves are consequences of the quantum Yang—
Baxter and reflection equations (1.1-1.2). In this paper, we construct explicit
Jackson integral solutions of (1.3) when the left and right K-operators K (x)
are of the form K&+-*(z) with K&*(z) (€ € C) an explicit one-parameter family
of K-operators diagonal with respect to the weight basis of M.
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1.2. Finite-Dimensional Representations and Fusion

When ¢ € 1Zxq the representation M’ is no longer irreducible; it has an
infinite-dimensional subrepresentation and an irreducible finite-dimensional
quotient representation V¢. When some of the ¢,’s in the boundary qKZ equa-
tions are in %Zzo the equations descend to the tensor product of corresponding
quotient modules.

For k, 0 € %Zzo, the tensor product of the associated evaluation mod-
ules V¥(z) @ V¥(y) becomes reducible for special values of z,y € C [3].
Owing to this degeneracy, R-operators acting in (tensor products of) higher
dimensional evaluation modules can be obtained from corresponding objects
acting in (tensor products of) lower dimensional evaluation modules through
a process called fusion [15,20]. We extend this representation-theoretic app-
roach to fusion of K-operators in Sect. 4. Such R- and K-operators can
then be generalized to R- and K-operators associated with modules M*(z)
for arbitrary ¢ € C by means of an analytical continuation. This will
allow us to establish the above reflection equation (1.2) for a larger class
of K-operators than hitherto has been done. In particular, we obtain the
diagonal K-operators K&‘(x) from this fusion approach applied to Chered-
nik’s [5] diagonal K-matrix associated to Vz. The K&¢(z) are closely
related to the family of K-operators constructed in [9] using the g-Onsager
algebra.

For other approaches to fusion of K-operators, see e.g. [13,17,21,22,24,
31].

1.3. Main Result

In [27] we constructed g-integral solutions to (1.3) when all £, = 1. In this case
the corresponding irreducible quotient spaces are two dimensional and (1.3)
reduces to an equation in (C?)®V. The main result of this paper is the construc-
tion of g-integral solutions to (1.3) for arbitrary ¢, € C. For £, € £Z> it gives
Jackson integral solutions in the tensor product of corresponding irreducible
representations V%. Our main result (Theorem 6.2) can be summarized as

follows.

Theorem 1.1. Let {;,&- € C and let ge, ¢ (x), h(z) and F*(z) be meromor-
phic functions in x € C satisfying the functional equations

sinh(ﬁ_fxfg)sinh(£+fx—g—g)

+7)= )
g‘£+7§7 (SL’ T) sinh (€ LT — Q) sinh (€+ L4 % _ g)gE+a§— (iE)
sinh(z 4 7) sinh(z + 7)
h = h
(+7) sinh(z) sinh(z +7 —n) (@),
inh(z + 7 — {n)
F _ sinhl@e £7 = 0) oy
(z+7) sinh(x 4+ 7 + 1) (@)
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Given fized generic xo € C%, and fized parameters &,,6_,n, 7 in a suitable
parameter domain (see Sect. 6), the Mt-valued sum

s
fo(t) = > <H9§+’£ (%‘)) ( I A+ a)h(a: - 33;‘))

XEXQ+TZLS i=1 1<i<j<S
(HHFK ty + x; Fé (t, —xz><HB§_ it )
r=1:=1

is a solution of the boundary qKZ equations (1.3), meromorphic in t € CV.

Here, B (x;t) are matriz elements of the boundary quantum monodromy ma-
triz and = mfl R ® miN is the tensor product of highest weight vectors

mbs e MY (see Sect. 5 for details).

Explicit formulae for functions ge¢, ¢, h and I ¢ are given in Sect. 6. We
will discuss integral (not Jackson integral) solutions in a forthcoming paper.
It yields a complete system of solutions to the boundary qKZ equations.

Theorem 1.1 gives for {5 € %Zzo Jackson integral solutions of the bound-
ary qKZ equations taking values in

VE=Vh g @V

These can alternatively be obtained from a fusion procedure applied to the
Jackson integral solutions when all ¢, = % derived earlier in [27] (see Sect.
8.3). It seems though that the result for continuous spin £ € C (Theorem 1.1)
cannot be obtained from half-integer spins by analytic continuation.

1.4. Outline of the Paper

In Sects. 2 and 3 we overview solutions to the quantum Yang—Baxter equation
corresponding to quantum sly and their fusion, following [15,19,20]. Reflection
equations and the fusion of K-operators are discussed in Sect. 4. The bound-
ary monodromy matrices defined in terms of these R- and K- operators are
introduced in Sect. 5, as are the off-shell Bethe vectors (H . B (245 ))
In Sect. 6 we state and discuss the main theorem on the Jackson integral solu-
tions of the boundary qKZ equations with continuous spins; its proof is given
in Sect. 7. In Sect. 8, we show that the boundary qKZ equations (1.3) acting
on VE(4y € %Zzo) and the associated Jackson integral solutions of the bound-
ary qKZ equations can be obtained from the special case when all /3 = % by
fusion.

2. Quantum Affine sl, and R-Operators

In this section we discuss basic facts on quantum affine sly and its associ-
ated evaluation R-and L-operators, following [15,16]. We use slightly different
conventions compared to [15,16] to obtain a direct match with the R-and
L-operators of the 6-vertex model (see Sect. 2.5).
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2.1. Quantum Affine Algebra sl; and the Universal R-Matrix

We fix 17 € C such that p := e" is not a root of unity. We write p* := €"* for
z e C.

Set h = Chy @ Chy. Quantum affine sl is the Hopf algebra Z/A{77 =Uy, (;[2)
over C with generators e;, f; (i =0,1), p" (h € h) and with defining relations

PP =1, pth =pihph,

_ : _ —a, pt—p~
plep ™ =p*iWe; prfiph =p Mg e, fi] = 5i,jﬁ
eje; — (PP + 1+ p 2)efejei + (0P + 1+ p P)eiejel —ejel =0, i #j,
B =@+ 14p ) 2 fifi + O+ L+ p ) fifi 2 = fif} =0, i#]
for ,7 = 0,1 and h,h’ € bh. Here a; are linear functionals on § satisfying
a;(h;) = a;; with Cartan matrix

agp  aor) _ (2 2
ajo an) \—2 2 )°

The comultiplication A and the counit € are determined by their action on
generators:

h hi

)

A(p") =p" @ p",
Ale))=e;@1+p " e,
A(f)=fiop"+1® fi

and

G(Ph) =1, elei) =0, e(fi)=0.

The antipode is determined by S(p") = p=", S(e;) = —plie; and S(f;) =
—fip™".

The extension Z/NI77 of this algebra by generators p*® (A € C) such that
[P, p"] = 0 and pre; = prioeprd prf; = p~r%i0 fipr s a quantized Kac—
Moody algebra. The corresponding Lie algebra has a non-degenerate scalar
product and there is a universal R-matrix R € &né@ﬁn [14]. It has the form

R=exp(n(c®d+d®c))R

where ¢ = hg + hy and R € LA{H®LA{W. In the category of modules where ¢ acts
by zero (zero-level representations), the element R satisfies all properties of
the universal R-matrix:

RA(a) = A°P(a)R,
(A X Id) (R) = Ri13Ra3, (Id [029] A)(R) = R13R12.
Here, A the opposite comultiplication. See also [15, Lecture 9] for further

details (note though that we have a different convention for the comultiplica-
tion).
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2.2. Evaluation Representations

We write U, C LA{U for the Hopf subalgebra generated by ey, f; and p*™ () €
C). It is the quantized universal enveloping algebra of sls.

Let £ € C and M* := @7, Cm!, be a left U,-module with the action
given by

ﬂ,l(p/\hl)mfb _ p2)\(l+17n)mf”
(er)m?. = sinh((n — 1)n) sinh((2¢ 4+ 2 — n)n) il

sinh(n)? neb
L J4 L
a (fl)mn = mn+17

where m§ := 0. The U,-module (7%, M*) is the Verma module with highest
weight ¢ and highest weight vector m{.

If k € 37> the subspace N* := D, iro Cmk c M* is ald,-submodule.
We write V¥ := M¥/N* for the resulting quotient U,-module. The cosets
vF = mF + N* (1 <n <2k +1) form a weight basis in V¥. The associated

n
representation map will be denoted by 7 and for this representation of U, we

will write (7%, V*).
For each x € C there exists a unique unit-preserving algebra homomor-
phism ¢, : U,, — U, satisfying

d)a:(p)\ho) — p—)\}n’ (bm(p)\hl) _ p/\h1,
Pz(e0) =€ “f1,  ¢uler) =e “ei,
b (fo) = e"er,  ¢.(f1) =" f1.

Given a representation 7 of U, on V we write 7, := 7 o ¢, which turns V in
a representation of LA{n called the evaluation representation. Sometimes we will
denote it by V().

In what follows we will work with evaluation representation (7%, V*) and
(w, M"), where k € $Z>¢ and £ € C.

2.3. Evaluation R-and L-Operators

We follow here [15, Lecture 9]. Fix z,y € C with R(z — y) < 0. For k,¢ € C
the evaluation of the truncated universal R-matrix

(nh @ m)(R)

is a linear operator on M* @ M* which only depends on the difference = — y
of x and y. It acts on the tensor product of highest weight vectors as

(7 @ mt) (Rym} @ mf = a*(z — y)m @ mk

where o*(

x — y) is invertible for generic p and x — y. Define

RM(x —y) == o™ (x —y)~" (71']; ® W;) (R).
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The operator R*¥(x — y) intertwines the action of Z:l\,7 with its opposite:
RE (@ — ) (wh @ 7)) (AX)) = (mk @ mp ) (AP (X)RM (@ ), X €l
(2.1)

and satisfies R¥(z — y)m¥ @ m{ = m} ® m!. These properties determine
R* (2 — 7) uniquely for generic values of z — .

The dependence of the operator R¥(x — y) on z,vy,k,¢ is as a rational
function in e*~¥ pF and p’. Analytic continuation thus gives a well-defined
linear operator R¥(z —y) on M* @ M* for generic values of x — y, which can
be characterized by the same intertwining property (2.1) with respect to the
action of Z/A{n.

Let k € %Zzo and write pr®: My — V}, for the canonical map. For each
x € C, it defines an intertwiner pr¥: My, (z) — Vi (z) of Zjn—modules. Note that
for k € %Zzo» there exists a unique linear map

LMz —y): Ve M - Ve M*
depending rationally on e*~¥ and satisfying
(prk @ Id ) R¥(x —y) = L*(x —y) (prlC ® Idpye) -
Similarly, for k, £ € %ZZO, there exists a unique linear map
Rz —y): VEV! - Vi V!
satisfying
(pr* @ pr)R*(z — y) = R*(z — y) (pr* @ pr’). (2:2)
2.4. Basic Properties of Evaluation R-and L-Operators
We follow [16] and for details [15, Lecture 9].
The basic properties of the universal R-matrix give the quantum Yang—
Baxter equation
Riz(@ — YRS (= 2)R35 (y — 2) = Ra5'(y — 2)Ri5" (v — 2)Riz(x —y) (2:3)
as linear operators on M* @ M* ® M™. In addition, the operator R*(x — y)
satisfies unitarity:
RM(x —y)™ = R3i(y — x),
where
RS (z) := PR (x)PH: M* @ M* — M* @ M*
and P*: M* @ M* — M’ ® MPF is the permutation operator.
Both properties descend naturally to the L-operators and finite R-
operators. In particular, the familiar RLIL-relations
Ri3(x — y) L35 (x — 2) L53'(y — 2) = Ly3'(y — 2) Li5" (& — 2)Ri(z —y) (2.4)
for k, 0 € %Zzo as well as the quantum Yang—Baxter equation for the R-
operators R (z) (k,¢ € 1Zx() follow immediately from the quantum Yang-

Baxter equation for R**.
The next property of R*(x) is P-symmetry:
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Lemma 2.1. As linear maps on M* @ M* we have for generic x € C,
R (@) = RM(a), (2.5)
Proof. Write T**(x) for the left-hand side of (2.5). Then clearly
TH (z)m} @ m{ = mb @ m4 = RM(x)mk @ m{.
Hence, it suffices to show that for generic z and v,
TH(z —y) (nk @ 78) (A(X)) = (nf @ 7l) (AP (X)) TH(x —y), VX € Uen.

This is clear for X = p" (h € h). For X = ey, f; it is a direct consequence of
the identity

(rF @ 7t) (A%(eo)) = (7%, @ 7°,) (A(f1))

and (2.1). For the algebraic generators X = ey, fy it follows similarly from
(2.1) using the fact that

(7% @ 7l) (A(e1)) = (2, @ 7°,) (A(fo))-
O

Finally we discuss crossing symmetry. We start with crossing symmetry
for L-operators:

Lemma 2.2. Let k € %Zzo and ¢ € C. Let wk: VF = V* be the linear
isomorphism defined by

w’“(vii) = Cnv§k+2—n

2k+1—2n

with ¢, € C* determined by the recursion cpi1 := —cpp and ¢1 == 1.

Then
LF(—z)™ = o (z)a* (x — ) (w* @ Idppe) LF (2 — 1) (w* @ IdMe)_1

with T the transpose in the first tensor component with respect to the weight
basis.

Proof. For an evaluation module (m, V') over Z/Aln we write (7*,V*) for the
graded dual V* of V with respect to the weight grading, with ﬁn-action
(m* (X)) (v) := P(m(S(X))v). If A: V — V is a linear map, then we write
At: V* — V* for the corresponding dual linear operator.

It follows from the identity (S ® Id)(R) = R~ that

(7) ont)®) = ((Feor)®™)". ©6)

Here t; means taking the dual with respect to the first component in the
tensor product. Write {(vF)*} for the basis of (V*)* dual to the weight basis
{vEY, of VF. We identify V¥ ~ (VF)* by vk — (vF)* (the dual A® of a
linear operator A: V¥ — V* then corresponds to the transpose AT of A with
respect to the weight basis {vF} of V*). Accordingly we interpret the map w*
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as a linear map w¥: V* — (VK)*  in which case it defines an isomorphism
VE(z —n) = V¥(2)* of U,-modules. Consequently

L (—z+y)" = oMz —y) (7h @ mf ) (R7HT
= oM —y)((7) o) (R)

= oMz —y) (W @ Idy) (7E_, @ 7h) (R) (W' @ Tdye) ™

where we have used (2.6) for the second equality. This proves the desired
result. O

Remark 2.3. For k € C the canonical linear isomorphism MK = (MF*)*
defines an isomorphism M*(z — 2n) — M*(z)** of U,-modules (cf. Lemma
2.2). It then follows from a double application of (2.6) (for arbitrary evaluation

modules) that
o (z) ke N—1\T: )71)711
= R 1 .
akt(x — 2n) ((( ()7
Note the difference with [15, Prop. 9.5.2], which involves an additional conju-
gation by a diagonal operator in the first tensor component.

k(. H(
R*(z —2n)

2.5. Explicit Formulae for L-Operators

It is possible to compute Lz%(z) explicitly using the expression of the universal
R-matrix (a comprehensive survey of this can be found in [2]). This leads to

the formulae ;
L)t o) = SR G o))

sinh(z + (3 + O)n)

J4
@ m,,

1
2
1

gl — D)sb((2042 )
sinh(n) sinh(x + (5 + £)n)
and
1 1 inh 1
L (@)(ef @ml) = otk S d g

sinh(z + (€ + 3)n)
sinh(z + (=3 — £+ n)n)

sinh(z + (3 + £)n)
Note that exponential factors can be removed by a similarity transformation.
After this, the result coincides with the L-operator found in [19]. It follows from
these formulae that the finite R-operator Rz (z) is the 6-vertex R-operator:

3 ¢
v @ Mmy,.

sinh(x + ) 0 0 0

11, 1 0 sinh(z) sinh(n) 0

23 (@) = sinh(z + 7n) 0 sinh(n) sinh(x) 0
0 0 0 sinh(xz + n)

(2.7)

=

1 1 1 1 1 1 1

with respect to the ordered basis (v ® v{, v @ vZ,v] ® vi,v @ vi) of
VieVs.
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The crossing symmetry of the L-operators (Lemma 2.2) becomes
L2 (—2)" = 9 (2)oy L2  (x — n)o? (2.8)

as linear operators on VzgM! , where T} is the matrix transpose with respect
to the weight basis in V3 and

v (O —V=1 ¢, sinh(z — (3 —0m)
7 (\/jl 0 ) P = sinh(z — (; +0)n)’ (29)

Equation (2.8) can be directly verified using the above explicit formulae for
Lzt(z).

3. Fusion of R-Operators

We use the notations from Sect. 2. Fix a generic 7 € C throughout this section
and write p = e'l.

3.1. Tensor Products of Evaluation Representations

Let k,{ € £Z>¢. By [3, Thm. 4.8] the tensor product LA{n—module VE(x)@Vi(y)

is irreducible for generic z,y € C. For the fusion of R- and K-operators we need

to focus on the special cases that the Zz,—module Vk(z) ® Vi(y) is reducible.
For k,l € 37> we write P*: V¥ @ V! — V* @ V* for the permutation

operator. The following result should be compared with [3, Prop. 4.9]. The

proof is by a straightforward computation.

Proposition 3.1. Let k € %Zzo-
(i) The linear map *: Vs & Ve @ VE, defined by
Fonth) = ed Dy @ ol 4 o322 Sbn— 1) 4 0t
sinh(n)
defines a ZZ, “intertwiner 5 VEY2(2) — Vi(z —kn) @ VF(z + 7).
(ii) The linear map j* = P2kl Vit < VE @ Ve defines a U, -intertwiner

GE v (1) s VE (gc — g) ® V3 (x+ kn).

Note that the intertwiners «* and j* do not depend on z as linear maps.
We add the subscript = to clarify the U,-action we are considering.

3.2. Fusion Operators

It follows from Lemma 2.1 that the R-operators R*(z) (k,{ € 1Zx() are
P-symmetric. In the remainder of this section we focus on the fusion of the
R-operators R (z) (k. € 1Z).

For the fusion of the R-operators the interpretation of R-operators as
intertwiners between tensor products of evaluation modules plays a crucial
role. We need explicit expressions for its action in case that the tensor product
of the evaluation modules is reducible.
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Lemma 3.2. For k € 17> the linear operators Rz*(z) and R*z () are regular
at * = (k+ 3)n. The resulting linear maps S* := PzkRak ((k + %)77) and

k.— pkiRk: ((k + %)n), which we will view as L{n—z’ntertwmers

S]; : V%(em+kn) ® Vk:(ezfg) — Vk(ezfg) ® V%(eerkn)’
Tf : Vk(ez+§) ® V%(em—kn) N V%(em—kn) ® Vk(em+g)

are explicitly given by

sinh((2k 4+ 1)n)

gk <U1 ) sinh((2k +2 —n)n ) -1 (vaJr%) ’
A sinh(n) D (n—2k—1) -k [ k+L
s <v2 vn) = sinh((2k + 1)n )e : g (Un+12) '
& 1\ _ sinh((2k+2—n)n) _n1y g [ k+3
r (U © 1) N smh (2k + 1)n) ¢ ‘ (U" )’
1 h(n 1 1
™ (oh 8 = e e ().

Proof. By P-symmetry we have Rk%(x) = P%kR%k(x)Pk%, and Proposition
3.1 gives F = Pk%jk. So it suffices to prove the statement for S*. Using the
fact that (Id, , @pr¥) L2k (z) = R%k(a:)(ldvé ®pr*), Remark 2.5 gives explicit
formulae for S*¥. Comparing those formulae with the explicit formulae for j*
(see Proposition 3.1) now leads to the desired result. O
3.3. The Fusion Formula for the R- and L-Operators

The fusion formulae for the R-operators R¥(z) (k,{ € $Z>¢) and L-operators
L*(z) (k € 3Z>o, ¢ € C) follow directly from the representation-theoretic
considerations of the previous subsection. Recall the linear map ¢*: Vkts o
V:®VF* from Proposition 3.1.

Proposition 3.3. For k € %Zzo and ¢ € C we have the fusion formula

(¢F @ Tdpe) LFFat(z —y) = L%;(x — kn —y) L5 (l’ + g - y) (+F @Tdyp)
as linear maps V¥+2 @ MY - Vi @ VF @ M.,
Proof. Using the fact that
(72 o7 o) (RusRas) = (72 @ 7) @ 7) (A © 10)(R))
and the intertwining property of % (see Proposition 3.1), gives
Liz (o~ kn— L5 (24 5 —y) (£ @ 1dare) = (15 @ yge) LG — )

as linear maps V*+2 (z) @ M(y) — V2 (z — kn) @ VF(z + 1) @ M*(y). The
result follows now immediately. O
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Remark 3.4. Proposition 3.3 leads for £,/ € %Zzo to the fusion formula
(5 @ Tdye) R34 (2 — y) = RS (x — knp — ) RES (:17 + g - y) (5 @ 1dy)
for the R-operators.

Remark 3.5. Another approach to fusion formulae for L-operators (originating
from [20]) is by specialization of the RLL relations (2.4) at values of z — y for
which RF{(z — y) is not invertible. For instance, in the present setting (2.4)

gives

1
(T" @ Idye) LTS (x + g - y) L3 (z —kn—1y)

1y
= L3y (x — kn — y)L5S (w = g —~ y) (TF @ Idpe),

1
which shows directly that the operator Lf;(xfknfy)L%(a:Jrg —y) restricts to
a linear endomorphism on the image of T*®1Id,¢. The resulting linear operator
is equivalent to the fused L-operator L’”%’f(:v —y) in view of Lemma 3.2.

4. The Reflection Equation, Fusion of K-Operators
and Diagonal K-Operators

4.1. Reflection Equations
A collection of linear maps Kf(z): M* — M?* is called a family of higher spin
K-operators if they satisfy the reflection equations in M* @ M?*:

RM (2 = y)KT (2)RM (2 + ) K5(y) = K5(y)RY (& + y) KT (2)RM (@ — ). (4.1)

Remark 4.1. The natural representation-theoretic forms of the reflection equa-
tions (4.1) involve REk (v) = PARk (2)P*, cf. (1.2). However, the P-symmetry
(2.5) of the R-operators has the simplifying effect that all R-operators can be
put into the form R** and consequently the distinction between left and right
versions of reflection equations disappears (cf. [29]).

Suppose that for k € %Zzo there exists a (necessarily unique) linear map
K¥(x): V¥ — V* such that

pr¥ o KF(z) = K*(x) o pr*.
Then the Eq. (4.1) naturally give rise to (semi-)finite-dimensional versions
which will also be referred to as reflection equations. More precisely, when
k€ %Zzo Eq. (4.1) projects to the following equation in V* @ M*:
LM(z — y)Kf (2) L™ (2 + y)K3(y) = Ka(y) L* (@ + ) K7 (@) L (@ — ).
(4.2)
Furthermore, when k,[ € %Zzo Eq. (4.1) then projects to the following equa-
tion in V*F @ V'
R¥(x —y) KT (2) R* (x +y) K5 (y) = K3 (y) R (v + y) KT ()R (z — y). (4.3)
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Just as solutions to the quantum Yang-Baxter equation are related to
the representation theory of quantized universal enveloping algebras, solu-
tions to the reflection equation (K-operators) are related to coideal subal-
gebras of quantized universal enveloping algebras. We will discuss it briefly in
Sect. 4.4.

4.2. K-Matrices for Spin-%

With respect to the 6-vertex R-operator R22 (z) [see (2.7)], the general diago-
nal solution of (4.3) (for k = ¢ = 1) is given by Cherednik’s [5] one-parameter

family
1 0
K‘E’% (-T) = (0 sinh(é—x) )

sinh(&+x)

11 :
written with respect to the basis (v{,v4) of V'z. To simplify notations we will
use R(x) for R22(z) and K¢(z) for K%z (x). In other words, this matrix acts
on the weight basis as

sinh(¢§ — )
—
sinh(€ + z)
Remark 4.2. The proof that K¢(z) satisfies (4.3) for k = ¢ = 1/2 reduces to
the identity

ol
o=

1 1
K&(z)v? =v?, K&(2)vi = 3.

=0

sinh(€ + e;2) sinh(§ + €2y)
Z ez sinh(erx + e2y)
61,62€{i1} L 2y
cf. [27].

The reflection operator K¢ (z) satisfies the boundary crossing symmetry:

Ki(z—n), (44)

o) -

where Try is the partial trace over the second tensor component of VigVe
and P = P2z. The identity (4.4) is equivalent to the trigonometric identity

sinh(§ + ) sinh(z — 2z) + sinh(§ — z) sinh(z + 2z) = sinh(§ — z) sinh(2z). (4.5)
In Lemma 7.8 we prove a multivariate extension of (4.5), which plays an im-
portant role in the proof of the main result (Theorem 6.2).

A three-parameter family of solutions Kz (z) of (4.3) (with k = ¢ = )
is known, see [10,25].

4.3. Fusion Formula for K-Operators When k, £ € %ZZO

Notwithstanding Remark 4.1, to put formulas in the natural representation-
theoretic form, we will sometimes use the notation R4 (x). The intertwining
property of the R-operator R*(z) gives
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R (z—) (w‘f_w ® wiy) (AP(X))= (wf_w ® wiy) (AX)RE (z —y), VX el

Proposition 4.3. Suppose that the K%(x) are complez-linear operators on Ve
depending meromorphically on x € C and satisfying the reflection equation

1

R3? (¢ —y)K} () R?

1

(v +y) K2 (y) = K2 (y)R22 (z + y)KZ (2)R? % (2 — )
(4.6)

N=

as linear operators on V2 @Vz. Then there exist unique complex-linear oper-
ators K*(x) on V¥ for k € %ZZQ satisfying

ijkJr%(ac) = P%kKlé (x — kn)R%k (2x - (k - ;) 17> Kk (m + ﬂ) ok

for all k € 1Z>5. Furthermore,
Ry (x — y) K1 (2) R (2 + y) K3 (y) = K3 (y) R (x + y) KT (2) R (z — y) (4.8)
as linear operators on VF @ V* for all k, 0 € %Z>o.

Remark 4.4. We will always set K°(x) := Idyo. Then Egs. (4.7) and (4.8) are
trivially satisfied for kK = 0 and/or £ = 0.

Remark 4.5. Fusion of K-operators has been studied before in various different
contexts, see, e.g. [13,17,21-24,31].

Proof of Proposition 4.3. Let m € %Zzo and suppose that the K-operators
K*(z) have been constructed for k < m satisfying (4.7) for k < m and satis-
fying (4.8) for k,l < m.

Consider (4.8) for ¢ = % and k = m, and replace z by = +  and y by
x — mn. Then we obtain

. 1 1
STKY (x + g)Rm% <2a: - (m - 2> n) Ké (x —mn)
=P2"K?(x —mn)R2™ | 22 — m=g)n K (x+§)T
with R¥(z) := P*RF!(x) (see Lemma 3.2 for the definition of S™ and T™).

Since the images of the linear maps 7" and (™ coincide by Lemma 3.2, it
follows that the image of the linear map

1., 1 1 1 m 7] m
P2"K?(x —mn)R>™ | 22 — m=g | K (I+§)L

is contained in the image of S™. By Lemma 3.2 again, the image of S™
coincides with the image of ™, hence there exists a unique linear operator
K™tz (z) on V™tz such that
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1 1 1 1
JTK™ T2 (z) = P2 K} (v — mn)R%m (21‘ - (m - 2) n) K3 (:L‘ + g) ™
It remains to show that (4.8) is valid for k,¢ € $Z<o and k,{ < m + 3. It

suffices to consider the case that k = m + % and/or £ =m + % We divide it
into the following three cases:

L. (k,0) = (m+ 3,0) with £ < m.
2. (k,0) = (k,m+ ) with k < m.
3. (k,0) = (m+ i m+1).

If the reflection equation (4.8) is proved for case (1), then (2) follows from
(1) using the unitarity of the R-operator, and (3) follows from (1) and (2) by
taking £ = m + % in the following proof of (1).

Proof of (1). Suppose £ € %Zzo and ¢ < m. Using the fusion formulae of the
R- and K-operators we obtain

Lmt g m+3 m+3
Ry, (x—y)K; ()R T2l +y)KS(y)

m —1pls m n m
= (" @ Idye) " Ry3 (x — mn — y) RS} (ﬂf+§—y)(t ® Idye)

-m - amo-3 am 1 m n
x (™ @ Tdye) PR (@ — ) RE (2 = (m — 5)) KY (w + )

lé m. m
x Riy (e mn + y)RE (¢ + 5 +y)Ks(y)(0" © Tdy),
where the sublabels 1,2,3 in the right-hand side stand for the first, second
and third tensor component in V2@ V™®V and the sublabels 1,2 in the
left-hand side stand for the first and second tensor component in vmts @ VL
Using pms 7™ =™, the expression simplifies to

1 1
(1" @ Tdye) ™" Ryf (@ — mn — y) K7 (z — mn)
1 1 1
x Ry (v + 3 —y) Ry (233— <m— 2) n) Riy(x —mn +y)
1

x Ky (o + g) Ry (o + 1+ y) Ki(y) (" @ 1dye).

Using the quantum Yang-Baxter equation in the second line the expression
can be rewritten as

W=

1
(W™ @ Tdye) " Re} (x — mny — y) K¢ (x — m)
1 1m 1
x R (x — mn + y)RE, (21‘ - (m - 2) 77)

x R§y (a: + g - y) K, (a: + g) Ry (x + g + y) Ks(y) (0™ @ Idye).
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Applying the reflection equation to the last line leads to the expression

1

_ ¢ 1 1y
(t™ @ Idye) " Ry} (x — mn — y) K (x — mn) R (x — mn + y) K5(y)

1 1
x R2, <2a:— <m—2>n>R§5" (x+g+y)

x K3 (:z: + g) R (:1: + g - y) (" @ Idye).

Now applying the reflection equation to the first line gives
1 1
(" @ Tdye) " Kf(y)Rai (@ — mn + y) K (« —mn)
3¢ zm 1 m n
x Rz (x —mn —y)Riy |22 — meg )N Rs5 ($+§+y)

x KJ* (m + g) Ry (:U + g - y) (" @Idye).
Applying the quantum Yang—Baxter equation to the second line leads to

m - él 5
(v @ Idye) T G (y) Ryf (x — mn + y) R (”3 N g - y>

! Im 1

<o mniy (3= (3 )n) 2 (e+3)
1

X Riy (x — mn — y) REY (:c + g — y) (™ @ Idye).

The fusion formulae for the R- and K-operators and the fact that Pmz Jm=u"
show that the last expression equals

2m4- 1 m+1 m+1¢
KSRy 2 (z+y) K| 2 (x)RYy 2 (x —y),

where the sublabels 1 and 2 stand for the first and second tensor component in
Vm+3 V¢, This completes the proof of the reflection equation for case (1). O

4.4. Reflection Equation and Coideal Subalgebras

Here, we briefly discuss the representation-theoretical meaning of reflection

equations, cf., e.g. [6-8]. Let A C LA{,] be a left coideal subalgebra, i.e. it is a

unital subalgebra of ﬁn satisfying A(A) C Z:{\U®A. If Misa Z:l\n—module, we write

M| 4 for the A-module obtained by restricting the action of Z:in on M to A.
Suppose that for k, ¢ € %Z>o we have A-intertwiners

K (@): VR@)|a = VF(=a)la, K'2): Vi@)a = Vi(=2)la.  (49)
Then the left and right sides of the reflection equation (4.8) are A-intertwiners
(Vk(x) ® Vl(y)) — (Vk(—x) ® VZ(—y)>|A. Consequently, if (Vk(x) ®
Vf(y)) |4 is an irreducible .A-module for generic z and y, then Schur’s lemma

implies the reflection equation (4.8) up to a constant. Such examples of K-
operators have been constructed with A the ¢-Onsager algebra, cf., e.g. [6-9].

The fusion formula (4.7) is compatible with this representation-theoretic
perspective in the following sense. Assume that K2 (z): V2 (x)|4 — V2 (—2)|4
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and K¥(z): V¥(z)|4 — V¥(—x)|4 are A-intertwiners. Then the right-hand
side of (4.7), which can be written as

3 o\ pik (1 k n\ k
K3 (x—kn)R <2x (k‘ 5 )1 K3 (J:—i—Q)Lm

with RF(x) := P*RF (1), is an A-intertwiner
VA ()4 - (vk (~e-3)ovi-a+t kn)) .

It follows that the corresponding fused K-operator K**2 (z): Vi+a — Vkts,
characterized by

1 . 1
jfok+%(x) =K3(zr— kn)R=* (23: - <k - 2) n>> Kk (x + g) ok
becomes an intertwiner
KR (2): VET2 ()| 4 — VET2 (—2)| 4
of A-modules.
4.5. Diagonal K-Operators

Proposition 4.6. The K-operator K&‘(z): V¥ — V* (1 € 1Z>0) obtained by
recursively fusing K¢(z) = K&2 (z) using (4.7) acts on the weight basis as

K&zt = Ch(z;enf, 1<n <2041, (4.10)
where
n—1 1
h(¢ — 0+ 5 —
Chia:€) =[] = (E—a+( T3 (4.11)
=1 sinh(§ +2 + (€ + 5 —j)n)

forn € Z~1 and C{(x;€) = 1.

Remark 4.7. The K-operators K*(z) coincide with an appropriate limit of
the explicit A-intertwiner V¢(z)|4 — V*(—x)| 4 for the ¢-Onsager coideal sub-
algebra A C Z/Al,, derived in [9]. This is to be expected from the representation-
theoretic context of the fusion procedure of K-operators, cf. Sect. 4.4.

Proof of Proposition 4.6. By induction with respect to £. By the fusion formula
(4.7) for K-operators it suffices to show that

5 1 1 1 1 1
Co"® (2:€)5° (vffz) = P K} (x — () R¥! <2x - (6 - 2) 77)

x K5 (as v g) T (vff%) (4.12)

with K&¢(z) satisfying (4.10). Both sides can be computed using the the ex-
plicit actions of the maps on the standard bases. It follows that the desired
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identity (4.12) is equivalent to

O (a36) = sinh(2s + (2 - 7)) Cn ( ) )

sinh(2z + ) Ty ¢

sinh((n — 1)) _, 7

+ sinh(2z + n) Cni (x + §’§> ’

sinh(§ —z + ¢n) (sinh((204+2 —n)n) , n

sinh(§ + z — ¢n) < sinh(2z + n) C (I + 2’ 5)
sinh(2z + (n —1—-20)n) , 7

* sinh(2z + ) G (x + 2’ f))

Cﬁ+%(1¢;£) =

for 1 < n < 20+1. These follow easily from the trigonometric identity (4.5). O

Definition 4.8. For ¢ € C define the linear operator K&*(x) on M* by
K& (z)mé, = CE(z;6)mb, n>1.
Here functions CZ (z;¢) are defined in (4.11).

Note that if k € %Zzo and pr*: M* — V* is the projection from the
Verma module to the corresponding finite-dimensional irreducible quotient V¥,
then

pr¥ o K&F(2) = K&%(2) o pr¥, (4.13)

where K&F(z): V¥ — V¥ is the K-operator obtained by fusion in the previous
subsection.

Proposition 4.9. Let & € C then the operators K&F(x) satisfy the reflection
equation:

RF (2 — ) K§* (2)RM (2 + y) K5 (y) = K5 (1) R (z + y)KP* () R* (2 — y)
(4.14)
for all k, 0 € C.

Remark 4.10. From the observations in Sect. 4.1 it follows from Proposition
4.9 that for k € £Z>¢ and ¢ € C, the K-operators K&*(z) and K%(z) satisfy
(4.2).

Proof of Proposition 4.9. For k,{ € 1Z> denote by dﬁ,:f,;s(e“’) the matrix ele-
ments of R* () in the weight basis:

RM(@yoy @ vy = Y diy (F)vr_, ® vy, (4.15)

for1<n<2k+1,1<r<2(+1ands€ Zsuchthat 1 <n—s<2k+1
and 1 <7+ s < 2¢+ 1. Similarly, we write for k,¢ € C

RE (2)mk @ m! = Z Cnms (€597 D YmE_ @mb,, n,r€Zsy (4.16)
S

with the sum running over the integers s such that n — s, + s > 1. The
coefficients cnyr;s(em;p%,p%) are rational functions in e*, p** and p?’.
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Let n,r € Z~ satisfying n — s, + s € Z~(. Then we have

cnyr;s(ew;e%k,e%é) = dk*t (e") (4.17)

n,r;s

for sufficiently large &, ¢ € %Z>0 by (2.2).

Note furthermore that the dependence of C¥(z;¢) on k is by a rational
dependence on p?*. To emphasize it, we write C,, (z; &;p?*) := CF(x; ) for the
remainder of the proof.

The Eq. (4.14) we want to prove is equivalent to the following identities:
for all n,r € Z~g and t € Z satisfying 1 —r <t <n—1,

n—1
Z Cn—s,r+s;t—s (er—y; p2k7p2£)cn—s(-r; ga ka)

s=1—r

X s (€T 2R, 02 (y; € p%)
n—1

= Z Crth (y; & p%)cnfs,rJrs;tfs(ew-i_y; p2kvp2é)

s=1—r
X Cnfs(x; &; p2k)cn,r;s(ew_y; p2k7 p%)'

Since these identities depend rationally on p?* and p*, it suffices to prove
them for k,/ € %Zzo sufficiently large. But then they follow from (4.17) and
the “finite” reflection equations

R (x = y) KM (@) R (2, ) K5 (y) = K5 (y) RM (2 + y) K ¥ (2) R¥ ( — y)
for k, ¢ € %Zzo. [l

5. Boundary Monodromy Operators and Bethe Vectors
5.1. Monodromy Matrices

To formulate our (Jackson integral) solutions to the boundary qKZ equations
in Mt = M @ --- @ M* we need to introduce (off-shell) Bethe vectors for
the reflecting chain, which in turn are defined using boundary monodromy
operators. Boundary monodromy operators are linear operators acting on the
extended tensor product VigM L. the component V2 is called auxiliary space
and the component M¢ state space. From now on we restrict our attention to
the case that the K-matrices are diagonal (cf. Sect. 4.5).

The definition of the boundary monodromy operators involves the L-
operators

LY(z) =L (z): Vio M' - Vz g M

for £ € C. They provide the link between the integrable structure on the
auxiliary space and the integrable structure on the state space and satisfy the
RLL commutation relations (2.4) [with & = ¢ = 1 and Rz (z) the 6-vertex
R-operator] as well as the “mixed” reflection equations (4.2) [with k = 3,
K2 (z) = K¢(z) and Kf(z) = K&(z)]. In addition,

L (@)L (z + y)R(y) = R (2) L (z + y) L* (2) (5-1)
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as linear operators on Vi@ MF @ M. The L-operators L*(z), together with
the integrable data K¢(z) and R(z) on the auxiliary space, define an inte-
grable quantum spin chain with diagonal reflecting ends (see [29]). It is the
inhomogeneous Heisenberg XX7Z spin chain with continuous spins.

Let Sx be the symmetric group in N letters. For o € Sy define the linear
operator T, (z;t) = T4(z;t) on V2 @ MY by

Tg(ilf; t) = Le”(l) (ZL‘ — ta(l)) L Lé"(N> (x — to(N))

_ (As(z;t)  Bo(ast)
- (Oo(x§t) Dg(x;t))’ (5.2)

where in the last equality we have written T, (z;t) as a End(M¥%)-valued
11
matrix with respect to the ordered basis (v{,v3) of V2. The special case

T(xz;t) := Te(x;t) with e € Sy the neutral element is the (A-type) mon-
odomy operator. We write the corresponding matrix coefficients as A(z;t) =
Ac(z;t),..., D(x;t) = De(z;t).

The operators T, (z;t) satisfy the commutation relations

Roo (x — y)Ts0(x:6) oo (Y5 t) = T o (y; t) To0 (25 t) Roo (x — ) (5.3)
)

as linear operators on Vz ® V2 @ MY, where T, o(x; t) is the operator T, (x; t

acting on the first and third tensor leg and Ty o/ (y; t) the operator T, (y;t) on
the second and third tensor leg, while Rgo (x — y) is the action of R(z —y) on
the tensor product V2 ®V? of the auxiliary spaces only.
Similarly, for o € Sy we define US (z;t) = USE(z;t) by
US(z;t) := Ty (z;t) K () 1 T, (—a; t)
& (- E (e
_ .Ag(w., t) Bang t) (5.4)
Ci(z;t)  Di(z:t)

as a linear operator on V2 @ M* [here K¢(x)~! only acts on the auxiliary space
component of the tensor product]. Then U¢(z;t) := US(z;t) is the boundary
monodromy operator [29] associated to the K-operator K¢. The operators
US(z;t) satisfy the commutation relations

Roor (y — m)Uﬁ,o(sc; t) Roor (—2 — ?J)UE,O/ (y;t)
= Us o (y:t) Roo (— — y)Us o (2 6) Roo (y — ) (5.5)
as linear operators on Vi ® Vi M: with the same notational conventions

as for (5.3). One of the consequences of these commutation relations is the
commutativity of the operators BS:

(B (w3 %), BS (y: £)] = 0.

Remark 5.1. Boundary transfer operators were constructed in [29] in the con-
text of quantum integrable models with boundaries. In the present context the
boundary transfer operator is the linear operator on M¥ defined as
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T8 (23t) := Tr 1 <K€+ (z — U~ (x; t))
sinh(§4 — 2 +1n)
Snh(Es + @ — 1)
where £4,&_ € C. It is a commuting family of operators:

(T84 (238), T*H5 (y:£)] = 0.

= A5 (z;t) + D& (2 t),

In a similar way one can define boundary transfer operators acting on the same
state space M% but involving higher spin representations V* (k € %Zzo) in the
auxiliary space, similar to the situation for periodic boundary conditions (see
for example, the lectures [26]). We will describe their properties in a separate
publication.

5.2. The Pseudo-Vacuum and the Bethe Vectors

We write
Al(x) B(x)
Lé(x) = (Cé(x) Dé(x)>

11
with respect to the ordered basis (v{,vs) of the auxiliary space. The matrix
coefficients are linear operators on M*. Explicitly they are given by

_ sinh(z + E+l—-n)y) ,

Al (x)m? m,,
(@), sinh (z+ (3 +0n) "
sinh(n) -y
B! 0 _ s (—t—34n)n, ¢
O = (e + (3 -+ Om) e (5.6)
CE(2)m’. = sinh((n — 1)n) sinh((2¢ 4+ 2 — n)n) OIS .
" sinh(n) sinh(z + (5 + 0)n) neb
De(fﬂ)mz = Sinh.(x i (_%1_ ! i n)n) fn
sinh(z + (5 +£)n) '
where m§ should be read as zero. Note that
Al(x)ymt =mb,  DY(x)ymt =9 (—x)mi, C'(z)m{ =0,
R¥(2)(mk @ ml) = mb @ml, K& (z)m! = m.
Here 9(z) is defined in (2.9). Set
Q=ml'em?e  -om™ c M- (5.7)

Note that

N
Ar(z:)Q=Q, Dy(z;t)Q = (H 9 (t, — m) Q (5.8)
r=1

for all o € Sy. The vector Q will play the role of the pseudo-vacuum vec-
tor, from which off-shell Bethe vectors are generated by repeatedly applying
operators B%(z;;t), cf. [29].
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For convenience, to construct our solutions to the boundary qKZ equa-
tions we will use a different normalization for B (z;t):

N . . :
= sinh(z — t, — £,n) | sinh(§{ — 2 — ) sinh(2z) . n
Bo(wit) = ( H sinh(z — . + £,1m) sinh(2z + n) B (ac * 2’ t) ’

r=1

The change from B to B does not affect the commutativity:
B (@:6), Bo (y5t)| = 0.

Hence, the following operator is well-defined for all x = (z1,...,zg) with
S e ZZ():

S
Ei-,(s)(x;t) = H?i(«fj;t)'
j=1

We will write Eg(a:;t) = Bg(az;t) and B° (x;t) := EE’(S) (x;t) when 0 = ¢
is the identity element of Sy . The associated off-shell Bethe vectors are the
vectors B~ (x;t)Q € ML

6. Jackson Integral Solutions of the Boundary qKZ Equations

We recall the notion of mero-uniformly convergent sums for scalar-valued func-
tions (cf. [28]), which can be extended to M%valued functions in an obvious
manner.

Definition 6.1. Let C C CM be a discrete subset and w(x;t) (x € C) a weight
function with values depending meromorphically on t € CV. Suppose that for
all tg € CV, there exists an open neighbourhood Uy, C C¥ of t and a nonzero
holomorphic function v, on Uy, such that

1. v, (t)w(x;t) is holomorphic in t € Uy, for all x € C,
2. the sum ) . v, (t)w(x;t) is absolutely and uniformly convergent for
t € Us,.

Then there exists a unique meromorphic function f(t) in t € CV satisfying
Ve (£) F(8) = Y viy (Bw(x; t)
xeC
for t € Uy, and to € CV. We will write
ft) = w(x;t)
xeC

and we will say that the sum converges mero-uniformly.
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We are now in a position to present our main theorem. For a meromorphic
function h of one variable, write h(z +y) = h(z + y)h(z — y).

Theorem 6.2. Let &, & € C and let g¢, ¢ (x), h(z) and F*(z) be meromor-
phic functions in x € C satisfying the functional equations

sinh(§- —x — 2)sinh(§y —z— % — %)

e (x+7) = SR+ o7 - D) smh(G + o+ L= D)Yre (2),
_ sinh(x + 7) sinh(z + n)
Mz t7)= sinh(z) slnh(x +7—mn) h=),
sinh(z + m)
Flo+n) = S e T @

Fiz generic xo € C° and suppose that the M*-valued sum

S
fot) = > <H9§+,£_($i)>< 11 h(xiixa‘)>

xExo+7Z8 \i=1 1<i<j<8
N S s

X (H [1F . + :ri))Bg’( ) (x: )0
r=11=1

converges mero-uniformly in t € CN. Then ff; is a solution of the boundary
qKZ equations (1.3).

Theorem 6.2 generalizes the main result of [27] from two-dimensional rep-
resentations of quantum sly to arbitrary Verma modules The proof of Theorem
6.2 follows roughly the line of reasoning of the spln—f case [27], although con-
siderably more technical difficulties need to be overcome. The proof is given
in Sect. 7.

‘We now make the solutions concrete. We set g := €7 and we assume that
R(7) < 0, so that |g| < 1. Solutions ge, ¢ ,h and F* of the resulting functional
relations can now be expressed in terms of g-Gamma functions or, equivalently,
in terms of ¢-shifted factorials

(x; q) = H(l —q'z).
< i
We write (xl, e, T q) =T1I_, (x“ q) for products of g-shifted factori-

als. As solutions of the functional equations we take
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(2e—tesm (‘J%Q(”g‘)*”, qe* e, QQ)OO

ey 6 (.’L‘) =¢e T e

(62(:”_5*)+77, qe2(1‘_5+)+71; q2)

5 (q262(zfn); q2)
(62(w+n); q2>
[ee]
2(x+6n). 2)
(q e iq
Fl(z) =™
(q2e2(r—5n); q2)
With these choices for the solutions of the functional equations and the as-
sumption that $(7) < 0, it is readily established (cf. [27, Subsections 3.4 and

3.5]) that the solution fé (t) defined in Theorem 6.2 converges mero-uniformly
int € CV for generic xg € C¥ when R(n) > 0 and

o0

2n:c

h(z) = (1-e?

(6.1)

o

oo

%(2g++2g, +2(2§:er— 1)n+T) <0. (6.2)

r=1

7. Proof of the Main Result

7.1. Preliminary Steps
Let Sy be the symmetric group in N letters and o € Sy. We view
Ll (:C — to(l))Lé"(Q) (:L‘ — ta(z)) . Ltewv-n (x - ta(N—l)) (7.1)

as a linear operator on Ve M acting trivially on the tensor component of
M* labelled by o(N). Write

Ag(z;t)  By(z:t)
Cy(z;t)  Dy(x;t)
for the operator (7.1), written as a matrix with respect to the ordered basis

PR 1 ~ ~

(vi,vg) of V2. The operators A, (7;t),..., Dy(x;t) act on M% They act

trivially on the o(NNV)th tensor component of M*% and do not depend on to(N)-
For o € Sy, J C{1,...,S} and € € {£}* we write

N .
h(e;x; — t. — £m)
5EJ t h( ) _ﬁ) smh(€;x; r r
Voo (x5 (Hez sin — 6T g Elsinh(ei:ri 4t )

sinh(e;x; + €525 +1) J 7 7
(T N
x ( H sinh(e;z; + €;2;) 7 ATy ST Ty

1<i<j<s

with
Sinh(l‘i —tov) + (% — KU(N))’H) sinh(x; — Tj+ T])

Y/ (x;t) := - :
(Zel_[] sinh(z; — to(n) + (3 + L)1) )(i,j)eJch sinh(x; — x;)
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and J¢ := {1,...,S}\J (empty products are equal to one). Similarly to the
Spin—% case (see [27, Cor. 4.3]) we have the explicit expression

BV xpo= > > ¥ xt)

ec{£1}5 JC{1,...,S}

X < H BZG(N)(—EJ-:L']‘ = a(N) ) (HB —€T; — 7 ))Q

jeJe ieJ
of the Bethe vector (see [27, Cor. 4.3]). For r € {1,..., N — 1} write s, € Sy
for the simple neighbouring transposition r < r + 1. In [27, Lemma 5.4] the
condition that the function fé( t) with ¢ = (3,...,1) satisfies the boundary
qKZ equations is re-written as a system of equations involving the weight
functions Y57 where o = s,....sy_1 for some r € {1,..., N}. This directly
generalizes to the following result in the current higher spin context.

Lemma 7.1. Provided mero-uniform convergence,

A=Y w®te, )BT Ykt

xExo+T7Z5
satisfies the boundary qKZ equations (1.3) iff

S .
(S) L. Slnh(j:xi + t»,- + 6777) e, d .
Z w (X7 t7 5-") f—) (g Slnh(il’l + tr _ grn) ysru.SN—l (X7 ert)

x,€,J

x K&+t (t, + g)

X < H BET(*GJ'IJ‘ - g +tr)> (HEST...SNl ( — €T — gvt>>9 (72)

jeJe ieJ
equals
> w (it 4 Ten &4, VG (it +Ter)
x,€,J
X HBZT<—€'I‘—Q—tr—T> HES s (—eizi—ﬂ't) Q
‘ J&g 2 A re SN—1 27
jeJe ieJ
(7.3)

forr=1,..., N, where the summations are over x € xq+7Z°, € € {£}° and

over subsets J C {1,...,S} (recall that J¢ = {1,...,S}\J).

We fix S > 1 and suppress it from the notations. For d € {0,...,S} set
i (t) and R (t) for (7.2) and (7.3), respectively, with the sums running
over x € xg + 7Z°, € € {£}° and over subsets J C {1,...,S} of cardinality
S — d. The strategy of the proof of Theorem 6.2 is to determine sufficients
conditions on the weight function w(®) (x;t;&,,£_) so that
L (t) = R (t) (7.4)
forall d € {0,...,S} and r € {1,..., N}. We will call d the depth.
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Remark 7.2. In the study [27] of Jackson integral solutions for the spin—%

representations the terms £ (t) and R (t) are automatically zero if d > 2,
cf. [27, Rem. 5.5]. When M*: are highest weight modules with ¢, € C we have

to deal with the terms £\% (t) and R (t) for any depth d € {0,...,S}.

7.2. Depth Zero

Completely analogous to the spin-3 case (see [27, §5.1]) we have the following
result.

Lemma 7.3. Suppose that

N S
Nt e (HH )Géiiwo

with Géi)-f— (x) independent of t. If

sinh(z +7—£4m) ,
e
sinh(z + 7+ £,m) (z)

forr=1,... N then, provided mero-uniform convergence,

LO:6,,60) =RO(t:64,60) (7.5)

Fr(z+7)=

forr=1,...,N.

In the remainder of the section we assume that the weight function
w®) (x;t;€4,€) is of the form as specified in Lemma 7.3.

7.3. The Remaining Depths
We have the setup that

1 =6—(9)
5= Y w966, )BT ()0
xExo+T1LS
with the sum converging mero-uniformly in t € CV and with weight function
of the form

w® (x4 64, € ( 11 H Flr(t, + a; )Ggfg (x) (7.6)

r=1i=1
with Géi{f_ (x) independent of t and with the F'* satisfying

sinh(z + 7 — {n)

¢ ¢

F'z+71)= Y pp— En)F (x). (7.7)
We are now going to show that conditions on the weight factor G( ) (%)
as stated in Theorem 6.2 imply that (7.4) is valid for d € {1,. S} and
r € {1,...,N}. Combined with Lemmas 7.3 and 7.1, this will complete the
proof of Theorem 6.2.

Since the £+ are fixed throughout this subsection, we will suppress &4
from the notations; in particular, we write w(® (x;t) for w (x;t; &, ,¢_). We
also suppress S € Z>; from the notations.
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IfJ C{1,...,5}, e € {£}° and x € xo+7Z" then we write x; := (2;)jes
and €7 := (¢;);es. Conversely, for given €; and € the associated S-tuple of
signs will be denoted by € (and similarly for x).

It is convenient to define the following weights.

Definition 7.4. For r € {1,...,N}, e € {£}* and a subset J C {1,...,S} we
write

€ (x; ) = (ﬁ sinh(+x; — ¢, + fﬂ?)) yg;f.es’}i,l(x;t)

m, sinh(dax; — ¢, — £,m) HjeJC sinh(fejxj —tr 4+ 4m)

i=1
for x € xo + 7Z°.

It follows by a straightforward computation that

. n
(e t) — 4 sinh(§- — ez, — 5) N sinh(ts — €z + Lsm)
"(X’)_He"ht iy — 0 inh(t, — ejz; — ¢
e sinh(—t, —ejz; — £,m) 5;1 sinh(ts — ez — £sm)

y ( H sinh(e;x; £ x; + 77)) H sinh(e;x; + €z + 1)
(i-)

sinh(e;jx; £ ;) sinh(e;z; + ey xy)

m

eJxJe iil€J:
i<d’
| TI Sin?(;jxj + ey +n)
L. sin (ejx; +€jajr)
J<y’
7 N sinh(ts — e;x; + €sm)
X ;sinh(§- — ey — = =t 2 . 7.8
H €; sinh (& €T Q)Hsinh(ts—eixi—& ) (7.8)
ieJ s=1 n

;yﬁr
Lemma 7.5. Fixd € {1,...,S} andr € {1,..., N}. Suppose that for all subsets
JCA{L1,...,S} of cardinality S — d and for all x; and €,

;
Cliy (b +3364) D w®utier, e )me (xie )

X jc,€jc

= Y w9 xstie, EOmel (xt + Tey).

X Jjc,€jc
Then £L7(t) = R (t).
Proof. Recall that

L TN b i T. £,
&+ (tr+§) mq = Cgiy (tr—|—§,§+)md+1,

see Definition 4.8. Since

2
inhd (n)en(% —trd)
H BZT ( — €T — Q + U) mtf‘ = Sln, (77)6 : mgiH
bt 2 [1;cse sinh(—€;2; +u + £n)
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by (5.6) we thus have

IC€+’€7' (tr + %) ( H BZT'( — €T — g + tr>>m?

jeJe

. , . 2
_ smhd(n)Cs;l(tr + §;£+)e”( 7 —trd) "
HjGJC sinh(—e;jx; +t,. + £:n) d+17

( H BZ"<6jxj7277tr)>mlf

jeJe

2
_ sinhd(n)e”(%*&‘d) il
_osinh(—e;jz; — T —t,. +Lm) ATV
jeJ 3%j

Taking the expressions (7.2) and (7.3) for cim (t) and RI™ (t) into account we

conclude that £{” (t) = R (t) if for all subsets J C {1,...,S} of cardinality
S —d and for all x; and €7,

T €
iy (560 ) 2wt e )me’ (xie,t)

X jc,€jc

= > ot e, 6

X jc,€jgc

5 .
sinh(£z; —t, — 7 — 4n) ;
€,. 't 2.
X <}:[1 sinh(+xz; —t, — 7+ grn)>mr (x;t +7e;)

The lemma now follows from the fact that

S

W) (x;t + re, ;64,6 ) = (H b — T M)zv(s) (xit:€4,6),

bl sinh(tx; —t, — 7 — £:1m)

which is a direct consequence of the specific form (7.6), (7.7) of the weight
function w (x;t). O

In the remainder of this subsection we fix d € {1,...,S},r € {1,...,N},
a subset J C {1,...,S} of cardinality S — d, as well as x; and ey, which we
all suppress from the notations. Set for €. € {4}9,

A7'7€JC (t) = Z w(S) (X; t; £+7 6—)m$,J(X; ert)a

X jec

Treye(t) = Zw(s)(x; ¢, 6 )me (xt + Te,).

X je
In view of the previous lemma, the desired identity (7.4) follows if

Chiy (b +5:6) Y Mee®= D Tre®:. (79)

eje€{£}¢ eje€{}d
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We write m,.(xe;t) for m&”(x;t) with €. the d-tuple (—, —,--- , —) of minus
signs,
( £) = (—1)¢ H sinh(§- +x; — ﬁ h(ts +x; + Lem)
My (X e, = (— -
J e sinh(—t, + z; — ﬁrn - - h(ts +z; — lsn)

o

y H sinh(z; £ x; — 1) H sinh(e;x; + €y + 1)
GyeTx e sinh(x; £ ;) e sinh(e;z; + ey xy)
i<z’

| 11 Sin?(ij +xj =)
il €ge: sinh(z; + ;)
J<j’

N .
. n sinh(ts — ;2 4 £sn)
isinh(§_ — ey — -
x g eisinh(§- — iz — 7)) H B —en L)
s;ér
(7.10)
Lemma 7.6. Suppose that for all i € {1,...,S},
sinh(é_ + x; — )smh(§+ +z, -7 -1

G —Te;) = 2
g (x—7ei) sinh(§- —z; +7— 2)sinh(§; —2; + F

3)

5 . )
sinh(x; £ xy — 7) sinh(z; £ x4 — 1)
G .
X H sinh(x; £ zy — 7 + ) sinh(z; £ xy) ST (X)

?f;l,
(7.11)
Then
Ar,eJr( = #] Zw ;€& )qu (xge; tr)my (X e; e,t),
X je
Trese(t) D#IY w5464, 60 )qgs (xge3 =t — T)mp(x et + Tey)
X je

with J§ == {j € J¢|ej = +}, J¢ := JN\J{ and

H sinh(z; +zj — 17 —n)

c et =
gz (xse3tr) sinh(x; +z — 7+ 1)

3€IS
<y’

sinh(z ; sinh(z; +x; — 7
< H H sinh(x ¢ it )>

I e e

sinh(&y —x; 4+ 5 )sinh(t, — x; + 7+ £,n)

w\:

" < H s1nh(§+ +x; — 5 — 4)sinh(t, 4+ z; + £,1m) )

JEJS
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Proof. The formula for A, ,.(t) is correct if € is the d-tuple (—, —---,—)
of minus signs since gp(xje;t.) = 1 (empty products are equal to one by
convention).

Fix €jc € {+}? and I C J$. Write 65’; for the d-tuple of signs obtained
from €. by replacing ¢; = + by — for all i € I. Similarly, we write e/>~ for
the S-tupe of signs obtained from € by replacing ¢; = 4+ by — for all i € I.

Fix k € J{ and rewrite A, ¢ . (t) as

Are,.(t) = Z W™ (x — Tep;t; €4, E)mE (x — Tey; ept).

Xjec
By the assumptions on w®)(x;t) we have

w™ (x — Tep; b6, 60) = Br(xt)w™ (x5t 64, 60)
with

N
sinh(ts + z + €sn) sinh(ts — xp + 7 — £sn)
i) =
Br(x;t) < H sinh(ts + z — €sn) sinh(ts — xp + 7 + £5m)

s=1
sinh(§- + @y, — 4)sinh(§y + 2, — 5 — 2)
sinh(é_ —xp +7 — g) sinh(&y — xyp, + z—

3)

y H sinh(xy + 25 — 7) sinh(zg £ 2 —n)
o sinh(zy + xp — 7+ 1) sinh(zy £ xp/)
kiZk

In addition, by a direct computation using (7.8),

. (k.-
ﬂk(x;t)mﬁ"](x —Tep; ert) = =7 (x e ) ms ’J(x; ert)

with
,Y;Jc (Xge;ty) == H S?nh(l'k + €25 —'77) sinh(zy — €jz; — 7)
JedN\ (k) sinh(xy + €jz;) sinh(zy — €;2; — 7+ 1)

sinh(§4 + a2, — § — 2)sinh(t, + 2 + £,n)
sinh(§4 — xp + 5 — 2)sinh(t, —xp + 74 Ln)

Hence
€ jc e{k}«*
Apese(t) = =D w660, 6 )77 (xgeite)ms 7 (x5 6,t).

Xje

This in particular proves the desired expression of A, e . (t) if e, = + and
€; = — for j € JO\{k}.
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The formula for arbitrary €. € {£}? follows by an induction argument
with respect to #.J§ using the following observation. For a subset I C J§ set

~ sinh(x; + xy — 7 — 1)
eytly) 1= -
qr (XJ T) HI Slnh(xi —+ Ty — T + ’I’])
i,i'€l:
1<’

H sinh(§4 +2; — 5 — 3)sinh(t, + ;3 + £,n)
X
psinh(&y — 2+ 5 — 2)sinh(t, — x; + 7+ £,n)

1S

y H sinh(x; + €;x; — n) sinh(z; — €;2; — 7) '
)P Ie sinh(z; + €;x;) sinh(z; — €;z; — 7+ 1)
Then qy(xje;tr) =1, ‘I]i (Xje;ty) = qrs (xe;t,) and for a subset I C J§ and

ke J{\I,
qrogey (Xge; ty) el
= =7 Xje;tr).
qr(xje — Teg;ty) e )
The alternative expression for Y, . (t) follows from a similar computa-
tion, now using the observation that for k& € J¢,

Br(x;t)yms (x — Tep;t+1e,) =5’ (xge; —t, — T)mf,{k}’77‘](x; t+Te,).
O
Note that (7.11) is satisfied if
S
Gere (x) = (H%m (931')> [I n@ita)
i=1 1<i<i’<S
with g¢, ¢ and h as in Theorem 6.2.
By the explicit expression (7.10) of m,(xe;t) we have
My (Xge;t) 1 = my(Xe; ept) H sinh(¢, +z; — £,n)
jeJe
=m.(Xje;t + Te;) H sinh(—t, — 7+ x; — ). (7.12)
jeJ°

Combined with Lemma 7.6, it follows that (7.9) is equivalent to

~ T
D w (x5 64, € ) (%05 8) Oy (r + 56+

X je
(_1);‘#&(5{‘]5r (xgesty)
ejce{£}d HJEJC sinh(t, + Tj— ZT”])
- (S)( 't'f m ) ( + ) T
w Xt +7§—)mr(XJc7t) i .
; ech{:i}d l—IjEJC Slnh(ftr —T+z; — frn)

Substituting the explicit expression (4.11) of C%(x;&), this is a direct conse-
quence of the following lemma.
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Lemma 7.7. Let J C {1,...,S} be a subset of cardinality S—d and €. € {£}%.
Then the finite sum

(i[lsinh (§+ —tr—%—i-(&«—&- % —n)n)) 3 m

ejee{L}d jeJe

(—1)# 7 qe (xest)
sinh(t, + x; — £,n)

18 invariant under the exchange of t, by —t, — 7.

The proof of the lemma is given in the next subsection. It completes the
proof of the main theorem (Theorem 6.2).

7.4. Proof of Lemma 7.7

Let J C {1,...,S} be a subset of cardinality S —d and €. € {£}%. Choose an
identification of the fixed subset J¢ of cardinality d with {1,...,d}. The choice
of signs €c € {4} then is identified with choosing a subset I C {1,...,d} by
the rule

I'={ie{l,...,d}| e =+}.

Write { = &, — 4 and x = (1,...,24). Then the statement in Lemma 7.7 is
easily seen to be equivalent to the claim that

d Sinh(g—t—g+(é+1—i)n)
F(x;t) := (i_l sinh(t + z; — In) )

X Z (—1)# H sinh(z; +x; — 7 — 1)

IC{1,....d} ijel sinh(x; +x; — 7 +1n)
1<J

sinh(§ + x; — %) sinh(t + z; + £n)
X
ier sinh(§ — @ + g) sinh(t — x; + 7+ {n)

sinh(z; — x;) sinh(z; + x; — 7+ 1)

§ ( 10 sinh(z; — x; —n) sinh(z; 4+ z; — T)> (7.13)
(

i,j)€IXIC
satisfies
F(x;—t —7) = F(x;t). (7.14)
By substituting z; — x;+ 5 (i =1,...,d) and t — ¢t — 7 and clearing denomi-

nators in (7.14), we obtain a trigonometric polynomial identity independent of
7. More precisely, for i € {1,...,d} and I C {1,...,d} write D= tifier

i

and ez(-l) = —if i & I; also, write xz(.l) =z _61(_1)%- For I C {1,...,d} we define
d
Qr(x;t) == (—1)#! (Hsinh («f + el(-l)xz) sinh (t + egl)xi + En))
i=1

H sinh (IEI) + xy))

1<i<j<d
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and write
d
V(x;t) := (Hsinh(ﬁ—t—i— (Z—i—l—l)n)) Z Qr(x;t).
i=1 IC{1,...,d}
Then (7.14) is equivalent to
V(x;t) = V(x; —t). (7.15)

The identity (7.15) is a direct consequence of the following multivariate gen-
eralization of the trigonometric identity (4.5).

Lemma 7.8. We have

Z Qr(x;t) = ( H sinh(z; &+ z; ) Hsmh (22;)

IC{1,...,d} 1<i<j<d

d
D [sinh(¢+t+ (—i+1)y).  (7.16)

i=1
Proof. Write V(x;t) for the left-hand side of (7.16). It is easy to see that
V(x;t) € (C[eﬂ“, e ,eﬂ“],
since each term Q(x;t) is a Laurent polynomial in e?*!, ... e**¢. We now

first show that V(x;t) is anti-invariant with respect to the natural action of
the Weyl group W of type C4 on Cle®2*1 ... e*274],

Let W = (s1,...,84) be the Weyl group of type C4, with the simple
reflections s; (i = 1,...,d) acting on C? by permutations and sign flips: for
1 < i < d the simple reflection s; acts on (z1,...,74) € C? by permuting x;
and x;11, and sgq acts by sending z4 to —x4. The Weyl group W also acts on
the power set of {1,...,d} by

(IN{iDHU{i+1}, ifiel,i+1¢l,
sil = (N{i+1)U{i}, ifigl i+1€el,
1, otherwise
for 1 <i<d, and
_JI\{d}, ifdel,
| Tu{d}, ifdgl.

Note that the action of W on the power set of {1,...,d} is transitive, and that
the stabilizer subgroup of the empty set §) is equal to the symmetric group

Sa:=(81,...,84—1) in d letters.
By a direct computation we obtain the invariance property
Qr(wx;t) = (—1)!™Qu-1/(x;t), weW, (7.17)

where [(w) is the length of w € W. It follows that

Vet = 3 (1w ),

T wew
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in particular V(x;t) € Cle*?¥1 ... e*2?4] is W-anti-invariant. Thus,
V(x;t) = Z(x;t)d(x) (7.18)
with the Weyl denominator
0(x) == < H sinh(z; + x; ) Hsmh (2z;)
1<i<;j<d

and with Z(x;t) € Cle*?*1,... e?®4] W-invariant. A standard argument com-
paring degrees on both sides of (7.18) shows that Z(x;t) is independent of x.
So

V(x;t) = Z(t)d(x) (7.19)
for some constant Z(t). We compute Z(t) by evaluating both sides of (7.19)
in

= (_€+(d_1)na_€+(d_2)nva_f)
By the explicit expression
d
Qu(x;t)= (H sinh(§ — x;) sinh(t—x; +€77)> H sinh(x; —x;) sinh(z; + x;+n)
i=1 1<i<j<d
it follows that Q@(wfly; t) =0 for w € W unless w € Sy4. Hence
(w)
Viyit) = & Z Quw™lyst) = = Z Quo(y;t) = Qo(y;t),
weESq wESq

and consequently

d
it . ,
Z(t) = Qgg) ) _ (—D)* [ sinh(¢ +t + (€ — i+ 1)),
i=1
where the last equality follows from a straightforward computation. O

8. Fusion for the Boundary qKZ Equations and Their Solutions

In this section we will show that, for £ € IZQIO, the solutions f%(t) exhib-

ited in Theorem 6.2 can be directly obtained using a fusion process from the
®N 11

spin-half solution (pr%) ( fé”'"’z)(t)) constructed before in [27]. More-

over, as we will see, arbitrary solutions of the boundary qKZ equations (1.3)

in M(tam1) @ VP @ Ve @ MUEs+108) can be naturally fused to obtain

solutions in MG1rts=1) @ Vh+3 @ N (Lstastn)
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1. Notations

In this section, we will slightly abuse notation when considering operators
acting on a “mixed” N-fold tensor product made up of finite- and infinite-
dimensional modules V¥ (k € 1Z>() and M¢ (¢ € C). For example, if £, €
%Zzo, there is a unique linear operator Z&(t; &4, & ;7) on Mt @ Ve ©
MEst+1:E8) determined by

we will denote the resulting operator é%(t;f+,€_;T) on Mtsm1) @ Vs @
MEst108) simply by Z£4(t; €4, €5 7) as long as it is clear from context which
tensor component we have projected onto its finite-dimensional quotient.

We will use this mild abuse of notation also when discussing the operators
T x;t), USE(x;t), BSE(2;t), Bg’ﬁ(aj;t) and B “(x;t). Similarly, we will
use the notations Qf and fg(t) for those elements of M1 fe1) @ Vs ©
MUst1:EN) that are actually given by prfs Q¢ and pIZSfé(t), respectively.

To fuse the boundary qKZ transport operators Z£(t) := Z&(t; &4, €3 7),
it is convenient to use the injection j* = P2*/k; VF+3 < VE @ V3 instead of
. Let k € %Zzo and ¢ € C. The following “local” fusion relations in terms of
4§ follow straightforwardly from Proposition 3.3 and (4.7), respectively,

1
(" © Ly ) L5 (@ — y) = L3 (0 — by — )28 (o + 5 —y) (G* © Tdare),
(8.1)
I R ki 1 k M -k
JUK" 2 (x)=Kg (x—kn)R"2 (22— k 5 )1 Kj z+5)i" (8.2)
Furthermore, in a similar way as we derived Proposition 3.3 and (8.1),
. 1 1 .
(" @ M) LA 2 (@ — y) = Lh; (w - g - y) Lz (@ + kn — y)(7* ® Idyge).
(8.3)
Given s=1,...,N and k € %ZZO, denote
]k = IdM(zl ,,,,, Lo 1) ®jk & IdM(lq.H ~~~~~ N

an 1nJect1ve map from MEtls=1) @ VE+3 @ pEstirabn) o pEitamr) g
VE@Vz @ MUEtioty),

For the rest of this section, given 1 < s < N and £ € CV such that
by =k + % for k € %ZZO, we write

= (El,...,ﬁs_l,k,l,

2 £s+17"'a£N> S CN+1a

. (8.4)
t' = (tl,...,ts_l,ts + 5,zts —knyteit, ... ,tN) ,

while t = (t1,...,ts—1,ts, tsg1,. .., tn) and £ = ({1,...,0x) with £, =k +
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8.2. Fusion of Transport Operators

Proposition 8.1. Let1 < s < N and £ € CV such that {, = k+% fork e %Zzo-
For1 <r <N we have

2L (), r<s,
EL(t) = t/ EL(t)jk, r= (8.5)
Js‘—‘r 5+1( +e$ )_‘s ( )]s7 r S :
r-‘,—l(tl)]s, r> S,

us lincar operators MEls1) @ Vs @ MEstibn) 5 pflls1) @ Vk
V3 @ Mttt

Proof. For the cases where r # s, simply by judiciously applying (8.1-8.3)
to the right-hand side of (8.5) [see (1.4) for the definition of the transport

operators|. For r = s, the product of factors in Ef;l(t’ + e,7)ZE (t') can first
be simplified using unitarity of the R-operator and the RLL-relations (2.4),
yielding

9+1(t/ +esT)Z5 =4 (t)

- ( I 2% (ts —t; + 7 — kn) L* (ts—tj+7+;7)>

j=s+1

1
x K&+ (ts+%—kn) R*3 (2 (tﬁ—g) — (k- 2)77) e (1 + s+ g)

1
1
[T L35t +t — k) IF5 (85 + by +
X a (]+ n) (J+ +2)

Jj#s

x K&3 (t, — k) R3* (Qts - (k - ;) n) K, + g)
s—1

X (H L35 (ty — t; — kn)L*% (ts —t; + Z))

j=1
where the ordering of the products over j is as prescribed. Now applying (8.1—
8.2) yields (8.5) for the case r = s. O

8.3. Fusion of Solutions
Proposition 8.2. Let 1 < s < N and £ € CV such that {5 = k + % for k €
%Zgo- Suppose that f: CNT1 — M(Gbs) @ VF Vi@ MWritn) g g
meromorphic solution of the boundary ¢KZ equations,

= (2)f(z) = f(z+Te,), 1<r<N+1, (8.6)

where (' is given by (8.4). Suppose that f restricts to a meromorphic function
on the hyperplane

1
H = {Z GCN+1‘25723+1 = <k+2)77}
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Then there exists a unique meromorphic function
Fust(f): CN — MErtamt) @ Ytz @ pfesnntn)
satisfying
JEFusi()(8) = f(t), (8.7)

with t' given by (8.4). Furthermore, Fust(f) is a meromorphic solution of the
boundary qKZ equations (1.3) with values in M(Zl"“’&*l)®Vk+%®M(£S+1""’éN),

Eé(t)Fus]S“(f)(t) = Fuslg(f)(t +7e.), 1<r<N. (8.8)

Proof. Tt follows from (8.6) with r = s that f(z) = 2 (z — Te,) f(z — Te,).
By assumption the left-hand side restricts to a meromorphic vector valued
function on H. By the explicit expressions (1.4) for the transport operators,
the operator He (z — Te;) restricts to a meromorphic operator valued function

on H, and
=t ki 1
:§(~—Tes)|H:R 2<(k+2)77)Z()

for some meromorphic operator valued function Z on H. Hence f|y takes
its values in the subspace Im(R*z ((k + D)) of MEtem) @ VE Vi
MEs+108) By Lemma 3.2 we have Im(R¥z2 ((k + )n)) € Im(j¥). Since j*
is injective, we conclude that there exists a unique meromorphic function

Fus%(f) (CN s M(fl,m,fsfl) ® Vk-‘r% ® M(@s+1,~~7ZN)

satisfying (8.7).
It remains to show that Fusf( f) satisfies the boundary qKZ equations
(8.8). Since j* is an injection, it suffices to prove that, for r = 1,..., N,

FEEL(t)Fust(f)(t) = jEFusi(f)(t + Te,). (8.9)
For r < s we have
FEER(E)FusS(f)(t) = L (¢) f(t') = f(t +Te,) = jEFusi(f) (b + Te,),

owing to (8.5), (8.7), the boundary qKZ equations (8.6) and (8.7) again. The
case r > s of (8.9) is proven similarly. Finally, for » = s we have

’

JEEL(6)Fust(f)(t) = EL, (¢ + e =L (¢) F(t)
— ‘—‘s+1(t, +7e,) f(t' + Tey)
= f(t' + Te, + Tesr1) = jFFust (f)(t + Tes),

where we have applied (8.5), (8.7), (8.6) twice, and finally (8.7) again. O
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8.4. Fusion of the Jackson Integral Solutions

The special Jackson integral solutions of the boundary qKZ equations (see
Theorem 6.2) are compatible with fusion in the following sense.

Proposition 8.3. Let 1 < s < N and £ € CV such that ¢, = k —|—% with
k € $Z>¢. Let £/ € CN*! be given by (8.4). Let
féi (CN _ M(Zl ..... ls—1) ® Vk+% ®M(ZS+1 ..... IN)
and
fé/: (CN+1 N M(fl,...,fs_l) ® Vk ® V% ® M(zm...,éN)

be the Jackson integral solutions of the boundary qKZ equations as given in
Theorem 6.2, with fé and fé having the same base point xo € C3, the same
weight factors ge, ¢ , h and F% (j € {1,...,N}\{s}) and with the remaining
weight factors F’”%, F* and F= satisfying the compatibility condition

FR3(z) = F* (x + g) F3(z — kn). (8.10)
Then

£ = Fust (f£).

Remark 8.4. Note that (8.10) is compatible with the difference equations that
F*(x) satisfies (see Theorem 6.2). Note furthermore that the explicit choice
(6.1) of F*(x) (¢ € C) satisfies (8.10).

Proof. By virtue of the fusion formulae (8.3) and (8.1), we have [cf. (5.2)]
JATHas ) = T (ast)jt, AT Hast) ™ = T (ast)) 7142,
where we use the notations (8.4). Hence, owing to (5.4) we also have
UG (s ) = USE (2 t)) 5. (8.11)

The above three identities are as operators Vi@ M tm) @ Vhts g
MEsrinln) — vz @ MEto) @ VF @ Vi @ MEstinfn), Taking the
appropriate matrix coefficients in (8.11) with respect to the auxiliary space,
we obtain
EBE (a5 t) = B (2351
as operators MEbsm1) Vk+s @ MUEs+1rtn) 5 pplrstsm1) @ VE V3 ®
M Est1,08N)
Writing

sinh(z —ty — (k+ %)n)  sinh(z — (ts + %) — kn) sinh(z — (t, — kn) —

sinh(z —t, + (k+ 3)n)  sinh(z — (t, + %
it follows that

)
)

n
2
n
2

6L 6L
jfo”(z;t) =B (z;t)5%

S
and hence Ny Ny
FBY 1) = BV (1)t (8.12)

S
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Since j5QL = Q' (see Proposition 3.1) it now follows from (8.10) that
JEI5() = () = jirust (15) (8)

as meromorphic M1:t-1) @ Vk V2 @ M) valued functions in ¢ €
CN, which proves the result. O

Remark 8.5. Note that 27]»\[:1 (. = Zivjll ¢ for £ € CN with ¢, = k and with
¢’ given by (8.4). Hence the region of meromorphic convergence (6.2) for the
solutions fé and fé with weight factors (6.1) is compatible with fusion.
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