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Abstract. We consider the Hartree-Fock approximation of Quantum
Electrodynamics, with the exchange term neglected. We prove that the
probability of static electron—positron pair creation for the Dirac vacuum
polarized by an external field of strength Z behaves as 1 — exp(—xZ%/?)
for Z large enough. Our method involves two steps. First, we estimate
the vacuum expectation of general quasi-free states in terms of their total
number of particles, which can be of general interest. Then, we study the
asymptotics of the Hartree—Fock energy when Z — +oo which gives the
expected bounds.

Introduction

In 1930, Dirac [8] suggested the idea of identifying the vacuum with a sea of
virtual electrons with negative kinetic energy. His theory implies that when
a sufficiently strong source of energy is provided to the vacuum, some vir-
tual electrons are excited into real electrons, leaving “holes” in the Dirac sea.
These holes can be interpreted as positrons, the anti-particles of the electrons,
which were experimentally observed in 1933 by Anderson [1]. The extraction
of an electron from the Dirac sea is usually called electron—positron pair crea-
tion. Sauter [26] and Heisenberg—Euler [18] considered the possibility that an
external electromagnetic field could excite the Dirac sea to create those pairs.
Schwinger [28] then computed the probability of dynamical pair creation by a
constant, uniform, external electric field in the framework of Quantum Electro-
dynamics (QED). The specific phenomenon of pair production triggered by an
external, non-quantized field is thus labeled the Schwinger effect. It is remark-
able that this effect is different from the absorption of photons by the vacuum,
which is another possible source for pair creation. The Schwinger effect is based
on the fact that the vacuum acts as a polarizable medium which can decay
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into electron—positron pairs when excited by a sufficiently strong electric field.
Although the modern formulation of QED no longer describes the vacuum as
a sea of virtual particles, Dirac’s theory is still valid in the mean-field approx-
imation [16].

Experimentally, pair creation in electric fields has not been observed
yet because it is only non-negligible in a very strong field. However, recent
progress in laser physics has permitted to create very strong fields, mak-
ing the observation of the Schwinger effect possible in the near future
[5,9,30].

One has to distinguish between dynamical and static pair creation.
Dynamical pair creation consists in studying the time evolution of the vac-
uum state when an external field is progressively turned on, so that a pair
consisting of a scattering electron and a corresponding hole in the Dirac
sea is created. The external field is then progressively switched off, and one
has to check if the pair still exists when the field is completely turned off.
Static pair creation, on the other hand, consists in the study of the abso-
lute ground state (the polarized vacuum) of the Hamiltonian in an exter-
nal field. Therefore, it is a time-independent process. In this context, the
vacuum with an additional particle is energetically more favorable than the
vacuum without particle. Static pair creation is easier to study than dynam-
ical pair creation, but it is also a bit less relevant from the physical point of
view.

When the interactions between particles are neglected (the so-called lin-
ear case), static pair creation was mathematically studied by Klaus and Scharf
[20]. They proved that the probability of pair creation becomes 1 when the
strength of the positive external field sufficiently increases such that an
eigenvalue of the Hamiltonian of the system crosses zero. In the linear case,
dynamical pair creation is a very involved phenomenon, whose properties were
mathematically understood very recently. Nenciu [22,23] proved that there is
a discontinuity in the probability to create pairs as the strength of a specific
external field increases, in the adiabatic limit. Later on, Pickl and Diirr [24,25]
proved that the probability of pair creation tends to 1 in the adiabatic limit, for
general over-critical external fields, by carefully studying the resonances cre-
ated by the eigenvalues diving into the essential spectrum of the Hamiltonian
of the system.

This article is devoted to the mathematical study of static pair creation
in a non-linear model describing the polarized vacuum, taking into account
the interactions between particles. This model was first proposed by Chaix
and Iracane [6] and it has recently been given a solid mathematical ground in
a series of papers by Gravejat, Hainzl, Lewin, Séré, and Solovej [10,13-15,17].
As in those papers, the main difficulty of our work is the non-linearity of the
model. The more involved study of dynamical pair creation for the same model
will be the subject of future work.

In the considered model, the polarized vacuum in a potential generated
by a density of charge Zv is described by an operator Pz on L?(R3 C*) (a
density matrix). This operator is a solution to the non-linear equation
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FIGURE 1. Spectrum of the mean-field one body Hamiltonian Dz

Pz =X(~oc,0/(Dz) + ¢
Dz=D"+a« <PPZ7§ - ZV) x| |7t

where D° := —iax -V + 3 is the (free) Dirac operator and § is any self-adjoint
operator such that 0 < § < 1 with range(d) C ker(Dz). Discarding the oper-
ator 0, we see that Py is the ground state in the grand canonical ensemble of
a dressed Dirac operator with density of charge Zv perturbed by the density
PP, -1 of the vacuum. The polarized vacuum therefore interacts with itself.

We shall consider the operator Pz in the limit Z — 4o00. Of our partic-
ular interest is the probability that pairs are generated, which is a non-linear
function of Pz (see Sect. 1.1 below). The usual picture [12,20,27] is that if the
first eigenvalue A\ (Z) of Dy is negative, as showed in Fig. 1, then the vacuum
becomes charged and the probability of creating at least one pair is 1. In the
linear case, Hainzl [12] showed that the charge of the vacuum in the external
density Zv is exactly the number of eigenvalues (counted with multiplicity) of
the operator D —tZv x| -|~! crossing 0 when we increase ¢ from 0 to 1. Here,
because of the non-linearity of the model we study, detecting for which values
of Z the first eigenvalue will cross 0 is very difficult. However, the probability
of pair creation can be very close to 1 without any crossing, as we will explain
in Sect. 1.1.

More precisely, we prove that the probability of static pair creation
behaves as 1 — exp(—kZ2/?) (see Theorem 1), where Z is the charge of a
nucleus put in the vacuum, and k is a constant depending on different param-
eters of the model such as the cut-off or the shape of the nucleus. The proof
relies on the large-Z asymptotics of the polarized vacuum energy, which is
obtained using an appropriate trial state. This asymptotics implies that the
average number of particles of the polarized vacuum is of order Z2/3. We then
use general estimates showing that the probability to create pairs for a quasi-
free quantum state is bigger than 1 — exp(—«'N), where N is the average
number of particles of the quantum state and ' is a universal constant. Since
for the polarized vacuum N ~ Z2/3, the result follows.

The paper is organized as follows. In Sect. 1, we introduce the
Bogoliubov—Dirac-Fock model and we state our main result. In Sect. 2, we
prove the general estimates on quasi-free states on Fock space, which are of
independent interest. In the end of Sect. 2, we come back to our particular
setting. In Sect. 3, we study the large-Z asymptotics of the polarized vacuum
energy. Finally, in Sect. 4, we prove Theorem 1 using the tools developed in
Sects. 2 and 3. In Appendix A, we recall some properties of product states,
which are used in Sect. 2.
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1. Estimate on the Probability to Create Pairs

1.1. Probability to Create a Pair

The first quantity to define is the probability to create a pair. Let 4,9 be
(separable) Hilbert spaces, representing the one particle (resp. anti-particle)
space. The natural space to describe a system with an arbitrary number of
particles/anti-particles is the Fock space

Fo = F(H1) @ F(9H-),

with the usual notation F($)) := ®ns0 ALY § for any Hilbert space $ and with
the convention /\?f) := C. We also define the vacuum state Q0 := QL @Q_ € Fy
where Qr == 1®0®0--- € F(H1). Recall that a state over Fy can be
defined! as a positive linear functional w : B(Fy) — C with w(Idg,) = 1,
where B(Fp) is the set of all bounded linear operators on Fy. Notice that
any normalized ¢ € Fy defines a state wy, (called pure state) by the formula
wy(A) = (¢, A) 7,, where (-, -}, is the usual inner product on Fy. Following
[24, Corollary 4.1], [31, Eq. (10.154)], and [23, Sect. 2], we define the probability
p(w) for a state w to create a particle/anti-particle pair by

[p(w) == 1—w(l)l), | (1.1)

where |Q)(Q] € B(Fp) is the orthogonal projection on CQ. For a pure state
Y = Y0 ® o1 B 1o ® - € Fo, we have p(wy) = 1 — |1boo|>. Therefore,
plwy) = 0 if and only if ¢ = Q (the vacuum has probability zero to create
pairs), while p(wy) = 1 if and only if 19,0 = 0. In the latter case, notice that
does not literally contain pairs, in the sense that its number of particles may
not be equal to its number of anti-particles. This definition merely measures
the probability that a state contains real particles/anti-particles.

Typically, Q represents the free (or bare) vacuum and we want to mea-
sure the probability of a perturbation Q' of €, representing the polarized (or
dressed) vacuum in the presence of an external electric field, to have pairs.
Assuming that Q' is a pure quasi-free state, we have the well-known formula
(see e.g. [31, Theorem 10.6], [4, Theorem 2.2], or [15, Theorem 5])

H mﬁlao (fn) H b5 (g ];[1 (14 Nsad (v)bi (ug) Q, (1.2)

where af (resp. bfy) is the free particle (resp. anti-particle) creation operator,
(fn)n U (v:)i (resp. (gm)m U (u;);) is an orthonormal set for $; (resp. H_),
and ()\z)z € 62(R+)

From the formula (1.2), we see that p(wg') = 1 as soon as N > 0 or
M > 0. Moreover, in this case, real particles in the states (fy,), and real anti-
particles in the states (g, )m have been created. In the linear case, Klaus and

1 For convenience, we will later define a state as a linear form on the tensor product of CAR
algebras A[$H4+] @ A[H—_] C B(Fo), which in our context does not change anything since all
the states we consider are normal.
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Scharf [20] proved that N, M # 0 if the external field is strong enough. How-
ever, there can be a high probability to create pairs even when N = M = 0.
Indeed, since in this case we have

1
(Y, Qx1P =]
priey 14+ A
one sees that p(wgq) is close to 1 when the \; are large enough. One simple
condition is that >, A?(1 + A?)~! is large enough, by the inequality

| v
nge){p [_Zl—k)\?

=1 [

Note that this is indeed (half) the average total number of particle of the state
' (number of particle + number of anti-particle),
N) = A

war(N) =2 zl: T
where N is the usual number operator on Fy (see formula (2.15)). Hence p(wq/)
is close to 1 when wgq/ (N) is large enough. While the non-vanishing N, M case
can be interpreted as the creation of real particles, this second explanation for
an increasing p(wgs) can be interpreted as a “virtual pair creation”. In this
article, we study an analog of “virtual pair creation” for more general states
than those given by formula (1.2).

1.2. Static Pair Creation in the Reduced BDF Approximation

For non-interacting electrons in an external field V', the polarized vacuum €’
is the unique Hartree—Fock (HF) state whose density matrix is [12,20]

P = X(—oo0 (D’ + V).

In this article, we will rather use the reduced Bogoliubov—Dirac—Fock approx-
imation, a non-linear model enabling to describe an interacting vacuum in
which V is a function of P itself. It was introduced by Hainzl, Lewin, Séré,
and Solovej in a series of articles [13-15,17] after the pioneering work of Chaix,
Iracane, and Lions [6,7]. We will now briefly recall the model and the results
needed for our study.

In units where m = ¢ = h = 1, the reduced Bogoliubov-Dirac—Fock
(rBDF) energy functional is the (formal) difference between the energy of the
state P and that of the free vacuum P? = x(_ 0/(D?), with the exchange
term dropped. It depends only on the variable Q = P — P?,

Hoor (Q) = Tro(D°Q) — aDlpg,v) + 5 D(pq: po)- (1.3)

Here, a > 0 is the coupling constant and v : R3 — R is the external charge
density belonging to the Coulomb space

(k)2

C={fes'R: T

R3

dk < +o0 p,
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endowed with the inner product D(p1, p2) = [ |k|72p1(k)p2(k) (the hat denotes
the Fourier transform?). We also use the notation ||p|lc = D(p, p)'/? for any
p € C. In order to define the domain of the rBDF energy functional, let us fix
a cut-off A > 0 and define the one-particle Hilbert space

9n = {/ € L*®,CY), swppfC BOA)}.

The operator D° = —icx - V + 3 is the usual Dirac operator on L?(R?, C*),
where a1, a9, a3, f are the Dirac matrices acting on C*,

_ 0 a; . _ Id(c2 0
ai_<0—i 0)7 1_1727?)’ ﬁ_< 0 —Idcz>’

and (0;);=1,2,3 are the Pauli matrices,

(0 1 (0 —i (10
=41 o) 2=\ o) 7\o -1)°

The operator DO stabilizes 4, and its restriction to $, defines a bounded
operator on 5, which we still denote by D°. For convenience we introduce
P9 :=1-P°. We denote by &,($) the Schatten class of all bounded operators
A on the Hilbert space $ such that Tr(]A|P) < co. For any operator @ on $a
and for any e,&' € {+, —}, we let Q..o := P°QPY and we define

61,P2 (ﬁA) = {Q € 62(~6A)7 Q++7Q** € 61(‘6/\)} .

It is a Banach space endowed with the norm

1Rl po = Qs+, + Q) + 1Q+lls, + |Q—+]ls.-
For any @ € &; po (), we define its generalized trace by

Tro(Q) == Tr (Q+4+ +Q—-),
and its density pg by po(z) := Trca(Q(x,2)) for all € R3, where Q(z,y)
denotes the 4 x 4 matrix kernel of (). This density pg is well defined since
supp @(, ) € B(0,A) x B(0,A) implies that Q(-,-) is smooth. Furthermore, it
is proved in [15, Lemma 1] that po € L*(R*) NC for any Q € &, po (Ha). We
conclude that the rBDF energy functional is well defined on the convex set

K={QeG (), @=Q, -P'<Q<1-P'}.  (14)

Notice that the kinetic part of the rBDF energy is well defined since
Tro(D°Q) = Tr(|D%)( Qs — Q).

The variational set K is the convex hull of {P — P°, P = P? = P* P—PY ¢
S2($Ha)}, where P is the density matrix of a pure Hartree-Fock state, which
is a Hilbert-Schmidt perturbation of the free vacuum P°. The rigorous der-
ivation of the rBDF energy functional and the motivation for this functional
setting can be found in [13,17].

For any Z > 0 and v € C, the rBDF energy functional £%, admits
global minimizers Q7 on K. Minimizers are not necessarily unique, but they

2 Our convention is f(k) = (2m)—3/2 Jgs f(@)e~ 2 dz, VEk € R3.
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always share the same density pz := pg,. Any minimizer @)z satisfies the
self-consistent equation

{ Qz = X(~o0,0/(Dz) = P° 40

, 1.5
Dz =D°+a(pg — Zv)x|- |7} (15)

where ¢ is a self-adjoint operator such that 0 < § < 1 and range(d) C ker(Dy).
Hence, uniqueness holds if ker(Dz) = {0}. Notice that since the density pz
is unique, the operator Dy is itself unique. Any minimizer of €44, on K is
interpreted as a generalized one-particle density matrix of a BDF state wZ”
(see Sect. 2.6) representing the polarized vacuum in the potential Zv x| - |7t
When there is a unique minimizer @)z, it is a difference of two projectors and
hence it is the generalized one-particle density matrix of a pure state. We
emphasize that there is no charge constraint in this minimization problem:
in fact, the polarized vacuum could (and should) be charged when Z is very
large. In this case, one may think that an electron—positron pair is created,
with the positron sent to infinity.

We want to estimate p(wZ”) in terms of Z, and confirm the picture that
the stronger the field, the more pairs are created. As a consequence, we will fix
a non-zero density v (interpreted as the shape of the external charge density)

and study pz := p(w??) for Z > 0 large. Our main result is the following.

vac

Theorem 1. Let a« > 0 and A > 0. Let v € C such that [os(1 + |z|)|v(x)]
dr < o0 and q = fﬂ@ v # 0. Then, there exists a constant Z1 > 0 and a
constant k > 0 such that for all Z > Z; we have

pz>1—e "2, (1.6)

The constant Zy is equal to Z/ Jgs |v| where Zy is defined in Eq. (3.9) and Zy
depends only on A, a,|q|, and fRS |z||v|. The constant k equals 0.0941248 ... x
C([gs [v|)2/3, where C'is defined in Eq. (3.10) below.

Remark 1.1. The assumption |z|v € L'(R?) allows us to have an explicit esti-
mate. If we remove this assumption, we can still prove the weaker result that
pz — 1 as Z — oo. In the sequel, by rescaling Z if needed, we will assume

that
/\V| =1.
R3

If [v =0, we expect an asymptotics lower than Z 2/3 but we are unable to
prove it.

Remark 1.2. We will see that Z; ~ const. x a~/2 as o — 0.

Theorem 1 says that in a very strong field, Z > 1, the probability to
create at least one electron—positron pair is very close to 1. It is reasonable
to think that for some sufficiently large Z, the first eigenvalue of Dy crosses
0 in which case pz = 1. However, determining the behavior of the eigenvalue
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of Dy as Z increases is difficult because of the non-linearity of the model and
because we are in a regime far from being perturbative. For all these reasons,
the estimate (1.6) on pz is the best we have so far. For very large Z, one
expects that many electron—positron pairs will be generated. We conjecture
that we have indeed wZ” (Py) — 0 as Z — +oo for all k € N, where Py, is the
orthogonal projector on the k-particle space in Fock space (see Sect. 2). This
would mean that for large Z, the probability to create at least k-pairs is very
close to 1. Our method of proof only gives this result for £ = 0. However, if we
assume that wZ” is a pure quasi-free state for all Z large enough (which is the
case if 0 ¢ o(Dy)), then the conjecture follows from Proposition 2.6 below.

Remark 1.3. Our method can also be applied when the exchange term is
included, leading to an estimate similar to (1.6). For the sake of simplicity,
we shall only make remarks on how to deal with this more general model.
With exchange term, the free vacuum has to be modified [17]. It is described
by an orthogonal projection P° on £, which is the negative spectral projec-
tion of an effective free Dirac operator D°. Then, P° and D° are replaced by
P and D° everywhere. The BDF energy now contains an exchange term:

2
Epe(Q) = Trps (D°Q) ~ aD(v, o) + 5 D(pure) ~ 5 [[ 420  avay.

By Lieb’s variational principle, minimizers can always be chosen to be pure,
which means that Q +P° is a projection. Using Proposition 2.6 below, we are
able to provide an estimate on the probability to create at least k-pairs in this
case. In Remarks 3.8 and 3.11, we will explain how to adapt our result to this
setting.

Remark 1.4. From a physical point of view, fixing the cut-off A while tak-
ing Z — +o0o might lead to an underestimation of pz. Without the cut-off,
we expect the energy to be of order Z2 for large Z (see Remark 3.7). which
would lead to replacing Z%/% by Z in (1.6). With the cut-off, the particles
of the vacuum cannot fully react to the huge energy brought by the external
potential.

1.3. Strategy of the Proof

The proof contains two parts. The first one consists in estimating the vacuum
expectation w(|Q)(Q|) for a quasi-free state w, in terms of its average number
of particle w(N). These estimates are of independent interest and therefore we
also provide several other estimates for the distribution of quasi-free states in
the k-particle spaces. These results are contained in Sect. 2.

In a second part, we prove an estimate on the energy of the polarized
vacuum,

E(Z) = £5pr(QU0) = inf {£5pr(Q), Q€ K}, (1.7)

from above by —cZ%/%. We will also give a lower bound E(Z) > —Z%/3 to show
that the power 5/3 is optimal, although we only need the upper bound for the
proof of Theorem 1. From this estimate, we then infer that the average number
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of particles (counted relatively to that of the free vacuum, see Sect. 2.6) in the
polarized vacuum satisfies

Tr ((QZ0) s — (QZ1)——) 2 2%,

vac vac

The precise statements of these results and their proofs can be found in Sect. 3.
Finally, in Sect. 4, we combine the two parts and prove Theorem 1.

2. On the Distribution of Quasi-Free States in the k-Particle
Spaces

In this section, we consider general quasi-free states. Only in Sect. 2.6, we come
back to our particular situation of pair creation. We start by introducing the
notation used throughout this section.

2.1. Notation

Let (9, (-, -)) be a complex, separable Hilbert space whose inner product (-, ) is
linear in the second argument. We also need an anti-linear operator J : § — &
such that J*J = Idg, where (&, (-,-)g) is another complex Hilbert space.?
Let F := ®N>0.‘7)N be the associated Fock space with oy = /\{Vf). We still
denote by 2 =10 0@ --- € F the vacuum vector. For k € N, we denote by
Py € B(F) the orthogonal projection on $* C F. We recall from Sect. 1.1 that
B(F) is the space of all linear bounded operators on F. Let A[$)] be the CAR
unital C*-subalgebra of B(F) generated by the usual creation (resp. annihi-
lation operators) a*(f) (resp. a(f)), for f € $. We denote by A the particle
number operator on F,

N =@ kldge =Y a*(fi)a(f)

k>0 i>0

for any orthonormal basis (f;)i>o in $. Then, Pr = 1iar—py for all & € N.
A state on A[9)] is a non-negative linear functional w : A[$H] — C which is
normalized: w(Idz) = 1. A state w is called normal if there exists a non-neg-
ative operator G on F (sometimes called the density matrix of w) such that
Trr(G) = 1 and w(A) = Trr(GA) for all A € A[H]. Of particular interest
are the pure states which are normal states with G = |[¢)(¢| for ¢ € F with
||| = 1. We define the average particle number of w as

wN) =Y w(a*(f)a(f:)) € [0, +0o].
i>0
The one-particle density matriz (1-pdm) v of w is the operator defined by
(g9:7f) = wla®(f)a(g)),

3 Recall that the adjoint J* of an anti-linear operator is defined as (J*f,g) := (Jg, f) s
for all f € R and g € §. Typically, one chooses 8 = $ and J the complex conjugation, or
R =9 and J(f) = (f,-) [29]. Here we keep R abstract because this will be useful for the
construction of BDF states in Sect. 2.6.
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for all f,g € 9. It is a self-adjoint operator on §, satisfying 0 < v < 1. In the
same fashion, we define its pairing matriz « : 8 — $ which is a linear operator
on R by

(@] f,g) == w(a”(f)a"(9)),

for all f,g € 9. It satisfies (aJ)* = —a.J. Moreover, if we define the operator
T'(v,«) on H @ K by block

L(y,a) := (J 1 3%,*) : (2.1)

then 0 < T'(7, ) < 1, see [4, Lemma 2.1]. This last relation implies that
7 +aa* <, (2.2)

in the sense of quadratic forms on . Notice also that w(N) = Tr(y). A state
w is called quasi-free if for any operators ey, ..., e, which are either a a*(f)
or a a(g) for any f,g € 9, then w(ejes...ez—1) =0 for any p > 1 and

wlerey...e3) = Y (=1 Pw(eryen) - w(ex@p-1)€np)s (2:3)

71'63‘;;

where 3\2; is the set of permutations of {1,...,2p} which verify 7(1) < 7(3) <

< 7w(2p—1)and m(25 — 1) < 7(25) for all 1 < j < p, and &(n) is the
parity of the permutation 7. The relation (2.3) is called the Wick formula.
From this definition, we see that a quasi-free state is completely determined
by its density matrices (v, ). We recall [4, Theorem 2.3]

Proposition 2.1 For any (v,«) such that 0 < T'(y,«) < 1 with additionally
Tr(y) < 400, there exists a unique quasi-free state w on A[H] with finite num-
ber of particle such that -y is its 1-particle density matriz and o its pairing
matriz. Furthermore, w is normal: there exists G : F — F with 0 < G < 1
and Trz(G) = 1 such that w(A) = Trr(GA) for all A € A[H).

Now, we need some terminology, which is not universal in the litera-
ture. We call Hartree—Fock states the quasi-free states with Tr(y) < 400 and
« = 0, because when such states are pure, they are usual Slater determinants.
Quasi-free states with Tr(y) < +oo and o # 0, are called Hartree—Fock—
Bogoliubov (HFB) states. Pure HFB states are particularly simple since they
are Bogoliubov rotations of the vacuum 2. The aim of this section is to study
the distribution of quasi-free states in the particle subspaces $*, in terms of
Tr(v). Our results are different for HEF or HFB, pure or mixed states.

2.2. Motivation

Quasi-free states are also called Gaussian states, in particular because they can
be written as (limits of) Gibbs states of quadratic Hamiltonians (i.e. normal
states with density matrices e™#%/ Tr(e™”™), where H is a quadratic Hamilto-
nian). The Gaussian character of quasi-free states is however deeper. In this
section, we will show that the distribution of a quasi-free state w over the
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f(x) w(Py)
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FIGURE 2. Analogy between a Gaussian function and a
quasi-free state

different $*, that is (w(P))k>0, also has some Gaussian characteristics. More
precisely, we will provide estimates of the form

w(Pr) < cpe N,

This estimate means that a quasi-free state which has a large average number
of particles w(N') > 1 necessarily has an exponentially small vacuum expec-
tation
w(|2)(Q) < cge N,

Let us explain the picture in a commutative setting. Let f(z) = n~1/2
e~le=al for q € R4 be a Gaussian function such that [, f = 1. Then a =
fR af(z) dz is the average position of f, as desbribed in Fig. 2. Now if a goes
to 400, the whole function moves to infinity and in particular f(0) becomes
smaller and smaller: f(0) = 7—1/2¢=%"_ In other words, as the average position
of f goes to infinity, f(0) goes to zero (and this is true for any f(z¢) with
zo fixed). We will prove a similar fact for quasi-free states. Indeed, for any
quasi-free state w, we have 1 = w(ldz) = >, ,w(Px), which is the analog
of [, f(z)dz = 1. We also know that w(N) = >, -, kw(Py) is the average
number of particle of w; it is the analog of fR zf(x)dx. We want to prove
that when w(N) is large, then the main part of w lives in the high-k particle
spaces, that is w “follows” its average number of particles, as shown in Fig. 2.
The analog of f(0) in this case is w(]Q2)(€2]) and we thus want to prove that
w(|2)(Q]) goes to zero as w(N) goes to +oo, for any quasi-free state w. A
natural extension of this result would be that w(Py,) also goes to zero for any
fixed ko.

We will provide explicit estimates depending on the properties of the
quasi-free state (pure, mixed, HF or HFB). In the most general case of mixed
HFB states, we only derive a bound on the vacuum expectation. The following
table tells us where each case is treated.

Pure \ Mixed
HF (a=0) Sect. 2.3
HFB (o # 0) [ Sect. 2.4 [ Sect. 2.5
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In spite of their usefulness, we have not found the following estimates in
the literature. One main reason is probably that e N does not belong to the
CAR algebra, hence w(e™#V) only makes sense for normal states.

Remark 2.2. A useful tool for the proofs of the following results is the notion
of product state. A product state ®;w; is a state on F(9;9;) ~ ®;F($;) when
each w; is a state on F(%);). While this notion is intuitive, we recall how it is
precisely defined in Appendix A.

2.3. Hartree—Fock Case

Proposition 2.3 (HF case). Let w be a quasi-free state with Tr(y) < +o0o and
a = 0. Then for any > 0 we have

w(e™N) = Detg (1+ (¥ —1)). (2.4)

We also have the following estimate

w(P) < L (2.5)

for all k > ko while w(Pr) = 0 if k < ko, where ko := dimker(y — 1).

Remark 2.4. This estimate implies that for any fixed ¥ € N,w(Py) — 0 as
Tr(y) — 400, which is the expected behavior.

Remark 2.5. A more theoretical corollary of (2.4) is that for any fixed f :
N — C vanishing at infinity, w(f(N)) goes to zero as Tr(v) goes to +oo. This
uses the fact that the algebra of these fs is generated by the (") s>¢. In the
same fashion, one can also prove that w(K) — 0 as Tr(y) — +oo0, for any fixed
compact operator K.

Proof. Since 7 is trace-class, it can be diagonalized in an orthonormal basis
(fi)ien,y = Z@o Ail fi)(fi]- For all 4, let w; be the unique quasi-free state
on F(Cf;) having A\;Idcy, as 1-pdm and Ocy, as its pairing matrix. Then by
Proposition A.2 in Appendix A, one has w = ®;w;. Moreover, since

Te PNT* — ® (1+ (e™P — Da*(f;)a(fi)),
ieN

where T is the isometry between F(®;$;) and ®;F($;) defined in Appendix
A, we have

w(em™) = [ wi L+ = Da*(falf) = [T (1 + = 1DX)
ieN €N
= Detg (1 + (e7# —1)).
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To prove (2.5), we notice that for all 8 > 0,w(e=V) = > k>0 e Pk (Py),
and we identify the coefficients of e ™% in [T, .y (1 + (e7” — 1)A;). This yields

wP) = > TN -2

ICN i€l  j¢I
A&N J¢

<X () e =e

ICN icl
#T=k
<o T Y T e
ICN el
7y -
k Tr(v)\k
e e
< Ee— Tr(y) Z /\i1 .. )‘ik — %e— Tr(’Y)7
’ i1,...,i €N :

where we used that 0 < A\; < 1 for all i. Notice from the first equality that
w(Px) =0 if k < dimker(y — 1). O

2.4. Pure Hartree-Fock—Bogoliubov Case

Proposition 2.6 (Pure HFB case). Let w a quasi-free pure state with Tr(vy) <
+o0. Then for any B > 0 we have

wle M) = Detg /1 + (6728 — 1). (2.6)

We also have the following estimate for all k = ko+2¢ with ko := dim ker(y—1)
and £ >0

/2 ‘e
W(Py) < 67 (I&;»ﬁ) o (2.7)

while w(Pr) =0 if k < ko or k =ko +2(+ 1.

Proof. Tt is well known [4, Theorem 2.6] that w is pure if and only if I'(7y, a)? =
I'(, «), which is equivalent to v? + aa* = v and [y, aJ] = 0. The operator
is trace-class and «J is anti-hermitian and Hilbert—Schmidt, hence both v and
aJ are diagonalizable. Since they commute, they are simultaneously diagonal-
izable. Remember that any anti-hermitian can be diagonalized in 1 x 1 blocks
corresponding to its kernel and 2 x 2 blocks. Hence, there exists a decomposi-
tion $ = B;>09;, with dim($);) < 2 such that

e For all 7,7 and aJ stabilize $;;
o Ifdim($;) =1 then 5, = Nildg,, adjg, = 0;

o If dim($);) = 2 then v, = (3 g_),aJﬁi = (ﬂa_ g) with
a; € Rand a? = \; — \2.
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In particular, w = ®;>ow; where w; is the quasi-free state on F($;) with 1-pdm
Y9, =¥ and pairing matrix a.J|g,. Let us now prove that for all

wi(e7PNi) = Detg, /1 + (=28 — 1), (2.8)

where N is the number operator on F(£);). First, we consider the case
dim(9;) = 1, and let f; € $; be a normalized vector. Then, F($);) = C ® Cf;
and N; = a*(f;)a(f;) so that e N =1+ (e=% — 1)a*(f;)a(f;). Therefore,

wile™N)y =14 (P = 1)\,

Since 72 + aa* = v, we have a; = 0 if dim($);) = 1, hence \; = 0 or \; = 1. In
both cases, we have

wi(e™PNi) = Detg, /1 + (6728 — 1),

Now suppose dim($);) = 2 and let (f;, g;) be an orthonormal basis of ;, such
that in this basis, 7|5, and a.Jjs, have the form given above. Then, F(9;) =
CoCf, ®Cg; ®Cf; Agi and N; = a*(f;)a(fi) + a*(g:)a(gi), so that

N = (14 (7% — a (F)alf) (1 + (e — Da* (g)a(gi).
We deduce that

wile M) =14 (e = Dwi(N;) + (e — 1)%w;(a” (f)a(fi)a” (g:)algs))
=14 (e = Dwi(Ni) + (e7 = 1)?*[wi(a*(fi)a(fi))wi(a™ (g:)a(g:))
—wi(a*(fi)a"(g:))wi(a ( i)a(gi)) +wi(a*(fi)a(g:))wi(a(fi)a™(g:))]
=142 P - DN+ (e7? —1)2(\? + o)
=142 P =D+ (e = 1)\

=1 =+ (972[3 — 1)A1 = Detyji \/ 1 + (6_25 — 1)’}/“

where in the second equality, we used Wick’s relation for w;. The equality
(2.6) then follows by taking the product of the relations (2.8). Putting aside
the indices ¢ such that \; = 1, we obtain

wle M) =e Mo T+ (e = Ny),
iEN
where ko := dimker(y — 1). Identifying the coefficient of e=#* in both sides,
as in the proof of Proposition 2.3, we find that w(P)) = 0 for all k < kg, and

that
Po= > [INI[a-2)

ICN i€l j¢I
275 J¢

4 14
. e (Te(y) —ko\" _m)-ta - e*/2 [ Tr() o
0 2 0 2

for k = kg + 2¢ with £ > 0. This concludes the proof of Proposition 2.6. g
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2.5. Mixed Hartree-Fock—Bogoliubov Case

In the most general case of a mixed HFB state, we cannot apply the same
strategy as in the previous cases, i.e. identify w as a product of states living
on smaller dimensional spaces. Indeed, v and «J can have no common stable
finite-dimensional subspaces. However, we can still prove an estimate on the
vacuum expectation.

Proposition 2.7 (Vacuum Expectation of a Mixed HFB State). Let w a quasi-
free state with Tr(y) < 400. Then, we have the following estimate

w(|2)(Q) e (2.9)

where a = maxgxo % =0.0941248 . . ..

Remark 2.8. We believe that for any sequence of quasi-free state (wy), with
finite number of particles, we have wy,(e V) — 0 as w,(N) — +oo for all
[ > 0, as it was the case in the previous sections. However, our method does
not provide this result.

Proof. Let w be a quasi-free state with Tr(y) < +oo. According to [4, Eq.
(2b.26)], there exists a Bogoliubov map V : § & K — H @ K, i.e. a unitary

operator of the form
v JvJ*
Y= (V U ) . (2.10)

with Tr(V*V) < 400, such that
VI (v,a)V* =T(D,0) (2.11)

with D = diag(X;)izo0,»_; Ai < 400, and 0 < A; < 1/2 for all ¢. Let w’ be the
unique HF state associated with T'(D,0) given by Proposition 2.1. Let us also
denote by U the unitary operator on F lifting V [29, Theorem 9.5]. Then,

w(|2HQ)) = ' (UIQNQIU") = w'(|20)(Qw),

with |Qy) = U|Q). We now estimate |Qy)(Qu| by e for any 3 > 0. Thus,
let us fix 3 > 0. At the end, we will optimize over 3. By [29, Eq. (67)] we can
write

—1
Qu) = [T o) [J (e = Bia* (mai)a” (112i11))192),
i=—K >0

where (7;);cz is an orthonormal basis in $), (7;)—k<ic—1 are eigenvectors of
V*V for the eigenvalue 1, o + 32 = 1 for all i > 0, and (3?);>0 are the

eigenvalues of V*V strictly between 0 and 1, which are all of multiplicity 2.
We interpret this equality by saying that

|Qu) =T (@) € TH(®:F(9:)) = F,
where 9; = Cn;, |¢;) = n; for —K < i < —1,9;, = Cnoir1 @ Cny, [thi) =

a; — Bim2i A maiv1 for i > 0, and $; = Cn, |¢;) = Q; (the vacuum in F($);))
if i < —K. Recall that the operator T is the unitary transformation between
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F($:%:) and ®;F(9;) defined in Appendix A. If —K < ¢ < —1, then F($;) =
C ¢ Cn; and the matrix of |¢);)(1;| in the basis (1,7;) can be dominated by

WMW=<0?><J(5Oﬂ)ZJ%Mgffhma

where as usual A is the number operator on F($i). If i < —K, then F(9;) =
C @ Cn; and we have

wawd= (5 0)<(h o)=e

Now if ¢ > 0 then F(9;) = C @ Cno; @ Cnait1 @ Cna; A m2i41. In the basis
(1, m2i5 M2i41, M2i A N2iy1), the matrix of [1;) (1| can be dominated by

0412 0 0 —aiﬁi 1 0 0 0

-8
e I A EE e FR R
-3 0 0 B2 0 0 0 e 2

_ o€ -1)BE-BN:

2 —o: s
A:(zm gfﬁ’ B:<é ;%>

we have B~Y2AB~1/2 < (1 4 (e*’ — 1)82)ld¢> < =18 .. We know
that

since with

-1

T(VV) = > 1+ 28,

i=—K 120
so that
Qu)(Qu| =T" | i) (@il | T
€L
—1
® eeﬂ; 1*ﬂNz®®ee2B 1252 6N1® ® o A
i=—K 20 i<—K
e 1 [ & 5
= | — Z 1+ZQ,@ fﬂZNi
i=—K 120 7

e2[f
=e
Here, we have used that for any operators A, B,C, D, such that 0 < A < B
and 0 < C < D, it holds 0 < A® C < B® D. We obtain the estimate

ETe(V*V) (= BN

L(I(Q)) < R TV (0B < R Te(V*V)+(e ™7 1) Tx(D) (2.12)

where we have used that w'(e V) < e® "=D'W) | which is a consequence
of the equality (2.4) applied to the HF state w’. Unfortunately, the estimate
(2.12) is not good enough because the constant (e*? —1)/2 in front of Tr(V*V)
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is positive, while Tr(V*V') represents the number of particles of |Qy). We will
thus get another estimate by exchanging the roles of w’ and |Qy). The idea is
to see |Qu) as the state and w’ as the observable. Since ker(D — 1) = {0}, it
is well known that w’ is a normal state with density matrix G = Z='Y(M)
where M = 25,7 = Trx(Y(M)), and

T(M) = OnsoM®N . F - F (2.13)

(see for instance [19, Proposition 6.6 (1)]). Hence, we can write
w(I2)(Q)) = W' (12u)(Qu]) = Te(Z7 T (M)|Qu)(Qu]) = wu(Z7 T (M),

where wy is the pure state associated with the vector |Qdy). We know that
wy(N) = Te(V*V). Hence, if we can dominate Z 1Y (M) by e #N for a cer-
tain 3 > 0, we will get another estimate on w(|Q2)(€2|) by applying equality
(2.6) to the pure state wy. Let (p;); the eigenvalues of M, pu; = li/\l The
spectrum of Y (M) on H* is

a<T<M>W>—{H% ICH, #I—k},

iel
so that for I C N of cardinal k, we have
_ 1 Ai
2 =Tl T = T -0 T2 = TT0 - T
iel i>0 Hiier i>0 iel eI iel

Using 0 < A\; < 1/2 for all 4, we finally get Z’lT(M)Wc < 1/2%, so that

Z—lfr(M) < e—(1n2)./\/'-

’ 72B/—1
Equality (2.6) now implies that wy(e™? N) < Tt eu) for all 3 > 0.

Choosing 3" = In2, one gets
w()(Q) < wyle™DV) L e75 TVIVI, (2.14)
Interpolating the inequalities (2.12) and (2.14) we get

(@) < 7€ PV TP -0 T Y)

for all 8 > 0 and 0 < 6 < 1. We choose # such that the coefficients before
Tr(D) and Tr(V*V') are equal since we have Tr(V*V) 4 Tr(D) > Tr(U*DU) +
Tr(V*(1 — D)V) = Tr(y) by (2.11), using UU* < 1 and 1 — D < 1. We thus
choose
go 3
7 —8e =P 4 428
and we obtain
3(€8 -1
w(19Q) < evrerem O,

for all 8 > 0. Optimizing the coefficient before Tr(vy), we get the desired esti-
mate with § ~ 0.36443 and 6 ~ 0.308194. O
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2.6. Bogoliubov—Dirac—Fock Case

In this section, we introduce the correct setup for studying electron—positron
pair creation. Let $) be a Hilbert space and II be an orthogonal projection
on 9. We also need an anti-unitary operator J as in Sect. 2.1, with the addi-
tional assumptions that & = § (i.e. J maps $ to 9) and that JIIJ* = II or
JIIJ* = 1 — II. The particle/anti-particle spaces are given by ;. = (1 —II)$
and H_ = JIIH. Notice that H_ = IIH or H_ = (1 — II)$H. In the context
given by Sect. 1.2, we have $ = 94,1l = P° and J = ifa»% the charge con-
jugation operator on 9, (i.e. such that J(D® + V)J* = —(D° — V) for any
scalar potential V'), with € the complex conjugation on $H,. With this choice,
vectors of §)_ are interpreted as states with a positive energy relatively to the
Hamiltonian with an opposite charge. Hence, they represent positronic states.
Notice that this specific J verifies JPOJ* = Pﬂ = 1— P%. In the sequel, we
will keep a triplet ($), 11, J) satisfying the assumptions given above.

The mathematical description of Bogoliubov-Dirac—Fock states is a spe-
cial case of the well-known Araki-Wyss representation [2] (see [19, Sect. 6.4]
for a review). Let Fo = F(H4)@F(H_). For f € H4 and g € H_, we denote by
a’(f) and a* (g) the usual creation operators on F()4) and F(_), respec-
tively. We now define the “creation operator” on Fy for all f € § by

P*(f) = ai (1 =10 f) @ ldr ) + T (~ldr(s,)) ® a(JILf),

where T is the operation defined by Eq. (2.13). The operators (¢*(f)) s are not
exactly the usual creation operators in the full Fock space since they create a
particle in the state (1—1II) f, and at the same time they annihilate a anti-parti-
cle in the state JILf, according to the “particle-hole” picture of Dirac’s theory.
However, they still satisfy the CAR thanks to the “twist” T (—Id}-(ﬁ”) on
the second term. A BDF state is, by definition, a quasi-free state w on the
C*-algebra Ay C B(Fy) generated by the (¥(f))recq. We define the normal
ordering : ¢¥*(f)¥(g) : of the operator ¥*(f)1(g) by

L (A)Y(g) 1= at (f4)ar(g4) @1drg ) + af (f)T (“ldrg,)) @ a” (Jg-)
+T (~ldg(s,)) a+(94) ® a— (T f-)
—ldrg,) @a’ (Jg-)a_(Jf-),

where hy = (1 — II)h and h_ = IIh for all h. It corresponds to moving all
the creation operators a* to the left of annihilation operators a. For any BDF
state w, we define its renormalized one-particle density matrix @ : § — $ by

(9, Qf) = w(: ¥ (f)v(9) 2),

and its pairing matrix p : § — $ by the usual formula

P f,9) = w(@(f)Y"(9))-

Recall that we have already defined the 1-pdm ~ by (g,7vf) =w(@*(f)v¥(g)).
Therefore, we have the relation v = II + Q. If N is the number operator
on f07

N = ai(pir)ar(piy) @1z ) +1drs,) ®a’(pi-)a (i), (2.15)

i
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where (¢; 4 )i, (i, ); are orthonormal basis for, respectively, $ and $_, then
wN) =Tr(Qs4 — Q—),

where Q44 = (1 — I)Q(1 — ) and Q__ = MQEI. Hence, w(N) < +oo

is equivalent to having @ € &1 1(9) = {Q € 62(9), Q++,Q-— € 61(9H)}.

Notice also that as in the HFB case, we have pp* <y7—7? = Q.. —Q__ —Q?,

thus p € G2(9) as soon as w(N) < +oo.

Remark 2.9. The other natural number operator ). ¥*(f;)¢(f;) gives the
total number of particles in the system, that is also those of the vacuum II. If
dim($)_) = +o0, this number is just +o00. However, we only want to count the
number of particles relative to the vacuum II. That is why the operator N is
chosen here: It counts the number of “real” electrons ¢; ; and the number of
“holes” ¢; _ in the vacuum.

The following proposition in an easy adaptation of the arguments given
in [3, pp. 449-450]. We give the complete proof here to clarify the link between
BDF and HFB states.

Proposition 2.10 (Link between HFB and BDF States). Let (Q,p) € &1.11(9)
x G2($) such that

0< T+ Q,p) = (H;:Q 1J(£+Q)J*) <!

as an operator on $ ® §H. Then, there exists a unique, normal, BDF state on
Fo having Q as renormalized 1-pdm and p as pairing matriz.

Proof. We are going to construct an HFB state on 2([$), & $_] using Proposi-
tion 2.1, and then transform it into a BDF state having the desired property
via the unitary transformation (which is a particular case of the one introduced
in Appendix A)

T: .7:(57)+ @,67) — Fo = .7:(57)+) ®.7:(~67),

defined linearly by its action on each N-particle space
TS0i1,+ JARERNA Pig,+ A Pij1,— ARERNAN Pin—rk,—
= (901'1,-&- ARERNAY cpik,-‘r) & (@jl,— ARERNAN QOjN—k,—) s
with the convention TQ2 = Q4 ® Q_. Since T leaves the scalar product invari-
ant and maps an orthonormal basis for F($4 ®$_) onto an orthonormal basis

for Fy, it naturally extends to a unique unitary operator on F (4 @ H_). It
induces the following transformation of the CAR:

Ta(f)T* = P(f+) + ¢ (f-),

T*p(f)T = a(f+) + a™(f-).
Define pyy = (1—-II)p(1 —1I), p+— = (1 —II)pll, etc. Suppose also that we are
in the case where JILJ* = 1 —II, and write §% = (1 —I)H = H,,H° = I119.
We now introduce

Yo = <Q++ P+ ) Oéo¢< D+— Q+>
Piy  —JQ_J7)° —JQ-yJ piy )

(2.16)
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where vy : f’ﬁ @533_ — .63_ @5’)3_ and o : H2 & HY — .63_ @,7)3_. Let us define
J: 95 00% - 9% 00’ by

J 0

and the operator 'y on (99 @ H9) @ (9% & H%) by

o
FOZF(’YOaOLO): <Z[% 1_t7(3<70\7>

We now show that there exists a HFB state wy on Ql[ﬁg &) .‘7,)3] having I’y as
density matrix. Hence, we prove that 0 < I'g < 1. Let us first write the block
decomposition of I'(II + @, p) as an operator on H} HH’ & HL B H’. =H B H

Qi+ Q4- P+ P
| @+ 1+Q—— j p——
F(H + Q)])) - pj—-‘,— p*_+ 7{]@__(]* *JQ—J,-J* )
Pt pr_ —JQi-J* 1-JQ44J"

where we have used that JH% = 53% to write the lower right block. Let us
consider the unitary operator W : 9% @9 ®H° H2 — 95 @ H° @9 & HY
whose matrix is

1 0 0 O
0 0 1 O
W70001
0 1 0 0

Then, as it was noticed in [3], we have the relation

Loy =W*TIl+ Q,p)W.
By assumption, we have 0 < T'(IT 4+ @, p) < 1, so that 0 < Ty < 1 as well.
Now we have Tr(yg) = Tr(Q++ — @—_) < oo hence by Proposition 2.1 with
H=9L 09 =9, ®H_ and & = H° ® HY, there exists a unique, normal,
HFB state wg on F(H4 & H_) with finite number of particles having T'y as
density matrix. We define a state on Fy via the unitary operator T' by

W(A) = wo(T*AT), VA € B(F).

By (2.16), w is the quasi-free state with renormalized 1-pdm @ and pairing
matrix p. Furthermore, w is obviously normal since wq is normal. This con-
cludes the proof of Proposition 2.10, in the case where JIIJ* = 1—II. If JIIJ* =
II, the proof is the same with W : §% @ 9° @9 9% — 95 6H° 29 & H°
whose matrix is

= o O

0
1
W= 0

)

0
0
0
1

o O o

0 0

which is the same as in [3] where J was the complex conjugation. With this
choice of W, W*T'(II + @, p)W is the density matrix of a HFB state with $ =
9 @9’ =& O



Vol. 14 (2013) Static Pair Creation in Strong Fields 1369

Corollary 2.11 (Vacuum Expectation of a BDF State). Let w be a BDF state
with renormalized one-particle density matriz @ such that Tr(Q4y —Q-_) <
+00. Then, we have the estimate

w(|Q) (o) < e T(@r+7Q—), (2.17)

where a is the same constant as in Proposition 2.7 and Qg is the vacuum
m .7:0.

Proof. Use Proposition 2.7 to the HFB mixed state wg constructed in the proof
of Proposition 2.10. 0

Remark 2.12. In [17], the rBDF energy (1.3) is derived by evaluating the QED
Hamiltonian on BDF states. As usual in mean-field theories, this energy only
depends on (Q,p). However, since the interaction between the particules is
repulsive, any minimizer of the rBDF energy has p = 0. This explains why we
can take p = 0 for the polarized vacuum in the proof of Theorem 1.

3. Asymptotics of the Polarized Vacuum Energy
in Strong External Fields

3.1. Main Results

In this section, we study the asymptotics of the reduced BDF ground state
energy F(Z) for large Z, where we recall that E(Z) = inf{€44,:(Q),Q € K},
with IC defined by Eq. (1.4).

Proposition 3.1 (Upper Bound). Let o > 0 and A > 0. Let v € C N L'(R3 R)
be such that [|v| =1 and ¢ = [v # 0. Then,

. E(Z) 5/3
lggi&g e < —cradhql’’?, (3.1)

where ¢ = 2723/331/37-4/3 = 0.001543 . . ..

To estimate the convergence rate of E(Z)Z°/3, we need a further
assumption on the decay of v at infinity.

Proposition 3.2 (Convergence Rate). Let a« > 0 and A > 0. Let v € CN
LY(R3,R) be such that [ |z||lv(z)| dv < 400, [|v]| =1 and ¢ = [v # 0. Then
there exists a constant Z1 = Z1 (A, a,|q|, |||x|v|[1) > 0 such that

VZ>7, B(Z)< _%QA|q|5/325/3, (3.2)
where ¢y is defined in Proposition 3.1.

Remark 3.3. The constant Z behaves as A% when A — oo, as @ 3/2 when
a — 0 and as |¢|~* when ¢ — 0. It is probably not optimal.

We also give a lower bound for F(Z), proving that the power Z°5/3 is
optimal.
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Proposition 3.4 (Lower Bound). Let a > 0,A > 0, and v € CN LY (R3,R) with
[ lv] = 1. Then, for all Z > 0 we have

E(Z) > —coaNZ°/3, (3.3)

where cq 1= 274/332/37-1/3 = (.563626 . . ..

From the asymptotics of F(Z) in Proposition 3.2, we can now derive a
lower bound on the total number of particles and anti-particles in the polarized
vacuum.

Corollary 3.5 (Average Particle Number of the Polarized Vacuum). Let
a > 0,A>0. Let v € CNLYR3R) with [|v| =1, [|z|jv(z)|de < +o0,
and ¢ = [v # 0. Then, for any minimizer Q for E(Z) and for all Z > Z1, we
have

Tr(Q4y — Q-—) = CZ*3, (3.4)
where Z s the same as in Proposition 3.2 and C is a constant independent
of Z, given in Eq. (3.10) below.
3.2. Proof of the Lower Bound
We first give the proof of the lower bound in Proposition 3.4, which is easier
than the upper bound.
Lemma 3.6. For any Q € K, pg € L®(R3) and ||pgllr~ < %.
Proof. The proof will only use the fact that any @ € K is a bounded operator
on H,. Hence, let @ € K and V € L'(R3) N L?(R3). Since pg € L*(R?), we
know that

/ poV = Tro(QV),

where in the trace, V is seen as a multiplication operator on L?(R? C*). Let
us denote by IT5 the multiplication operator by 1 ) in Fourier space. Since
@ is an operator on H,, we have [Ty QII, = Q. Now assume that V' > 0. Then,

/va‘ — |Tro (QUIAVILL)| < [Ty VITalls,

4
= WV, < (2#)_3/\/ x Smh?,
where we used [|@Q]] < 1 and the Kato—Seiler—Simon inequality:

vp=2, | f(@)gp)lls, < @m) P flellgllee-

Now if V is not necessarily non-negative, we split V. = V, — V_ with
Vi = max(V,0) and V_ = max(—V,0). Then, we apply the previous bound

twice to obtain
A3 A3
+ ‘/PQV—’ S 62 </V++/V—> = @HVHLL

[ v

By the density of L' N L? in L' and by the fact that (L!) ~ L, we get
the result. g

<

/PQV+
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Remark 3.7. Lemma 3.6 is crucial to understand the Z°/% behavior of E(Z).
Indeed, an easy lower bound to E%pp is E4hp(Q) = —aZ?D(v,v)/2 for all
Q, using the positivity of the kinetic energy and completing the square in the

other terms. One may think that this lower bound would be attained by a @
such that pg ~ Zv, i.e. by a state the charge density of which compensates
the external field. However, Lemma 3.6 implies that such a state cannot exist
in IC, precisely because of the cut-off A. In other words, the vacuum cannot
“follow” the external field when the field is too strong.

Proof of Proposition 3.4. Let @ € KC, then
E4pr(Q) > E7(pg) = ~aD(pg. Zv) + 5 D(pa. pa).
We also know that for all @ € K, one has ||pg||L~ < 67r2 =: 0, so that
B(Z) > B(Z,6) = nf {€7(p), p e COL=(RY), pllu <3}

The variational problem E(Z, 0) has the scaling property E(Z7 §) = 272
E(1,0/Z). Define € = §/Z. We will now show that

E(l,e) > i(&rs)l/?’

which then implies Proposition 3.4. Let p be a trial state for E(1, ) Let
R > 0 and write |- |7! = Vi + Vo with Vi := Lj,<g|-|7' € L'(R?) and
Voo := Liy>gr| - |71 € L>(R?). On the one hand,

/p(V*Vl) el Villp < elplp Vil = 2meR?,
RB

where in the last inequality we used Young’s inequality and [ |v| = 1. On the
other hand,

[oweva=[ow| | ”@'yly)dy a= [ ﬁfj')dy,

R3 RS lyl>R lyi>R

where p := U * p and v(x) = v(—x) for all z € R®. Since f JI>R EIT\ = D(p, f)
with f = (47)"'6|4=r. as in [21, Proof of Theorem I1.3], we have

A) ., 1 1 !
- / B8y + 5DG.7) > 3D ) = ~55
ly|=R

Notice that

D(5,p) = 4x(27) /""

)P (k) 2

E dk < D(p, p),
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since |D(k)| < (2m)73/2||v|| 1 = (27)~3/2 for all k. Hence,
~ «@

E(l,e) > —2maeR® — —.
(L,e) ToE 5R
Optimizing over R, one gets the result. This finishes the proof of
Proposition 3.4. U

Remark 3.8. When the exchange term is included, the minimization set K is
different, but Lemma 3.6 remains valid. If 0 < a < 4/, the proof of Proposi-
tion 3.4 applies, using that

2
e 200§ [ 920 000

for all @, by Kato’s inequality.

3.3. Proof of the Upper Bound

Both Propositions 3.1 and 3.2 are proved via appropriate trial states. Before
turning to the estimates, we start by explaining our choice of the trial states.
In the sequel, we will assume that f v > 0. The case f v < 0 is treated in the
same fashion, except for the choice of the trial state (see Remark 3.10). We
define the operator @ on $, by its kernel in Fourier space. For all p,q € R3,
let

~

Qp.q) =7, )X (p)X(q),

with
g =02 [ dg - OF 6 dela-0
B(0,A/2)
and
X(p) =U(p) [(1000)']
with

_ ap = -
Ulp) = a+(p) +a-p)B77ms  ax(p) ﬂ\/%-

The operator U(p) is unitary on C* for all p and it diagonalizes D%(p) :=

a-p+pBasU)D(p)U(p)* = +/1+ |p|2B3. In the definition of 7, we choose
0 < r < A/2 (a small number which will eventually tend to zero), g, =

r=3/2g(-/r) with g € L>(R3R), [¢?> = 1 and supp(g) C B(0,1). We also
choose F, = F(r-) with F' € L*(R? R) such that 0 < F(z) < 1 for all .

Lemma 3.9. The operator @ belongs to the variational set K.

Proof. First, notice that @ defines a Hilbert-Schmidt operator on L?(R3, C*)
since
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1QC sy < @m)lanls [ e [ ap (IFP + megn?) )
B(0,A/2) R?
<t [ de|IER
B(0,A/2)
<vol( (0,A/2))
ST

||gr||L2||F HLl < 0

by Young’s mequahty It is self-adjoint because Q(p, q) = @(q p) for all p,q,
A

and we have supp Q(-,-) C (B(0,A/2) + suppg,)? C B(0,A)? hence Q is an
operator with range in $,. Since for all ¢ € H,, we have

Qolp) = / A(p.0) (X(2), (@)} da | X (),

R3

we conclude Q__ = Q- =Q_4 =0,s0 that Q = Q1 4. Let p € f)g. Then,

Q.o = @02 [ (9 X8 Fx () X))
B(0,A/2)

= x F(x -1 ((r 3) ()12
_/}3(0,/\/2) deZd F( )H]: ((re9) X @) ( )Hu

< / e / dp lg(p — DX P)IE0) 24 < I0l2mo.co)s
BOA/2)

L2(R3,C%)

where we have denoted by F~! the inverse Fourier transform. Hence, —P° <
Q < 1—PY. Finally, Tr(Q) = [ (0, p)[| X (p)[|2s dp < (21) % [ F < +00, s0
that @ € 61(.‘731\) C 6171::9 (.‘7)/\) O

Since for any R € IC, we have the formula

_— 1 =~
pr(k) = PhEE /TY<C4(R(Z7+ k,p))dp, VkeR?
R3

the density of ) can be written as pg = p1 + p2 where for all £,

pi(k) = (2m) *VAF, (K)g, 3, (—k)
and
pa(k) = (20) VaFo () [ 9.0l (o + ) (X(0): (X(p-+ ) = X (2D dp
R3

with Vj := vol(B(0,A/2)) and g := g(—).
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Proof of Proposition 3.1. We start by estimating the terms giving the Z°/3
behavior. We have

D(pr, 2Zv) = (2‘/7:)3r2 / ﬁ(k)wg(l_kwdk

B(0,2A)

and

2 1 2
D(p1,p1)=47r( Vi ) r° / |ﬁ(k)|29”|9]£|;k>|dk.

(2m)?
B(0,2A)

2 ~1/3
We choose r such that (27)~ 3/2qZ(2ﬂ)dr = (QVTA)d) =5, ie.r= \/% (%) .

The constraint » < A/2 is equivalent to ¢Z > W%ﬁ , which is automati-
cally satisfied in the limit Z — +o00. We will come back to it in the proof of
Proposition 3.2. We thus get by the dominated convergence theorem

ZhT 7—5/3 (—aD(pl, Zv) + %D(m,m)) = 2*11/6371/371.713/60(Aq5/3

F(k)g g(—Fk) 1 / |F(K)g * g(—k)[2

— — = Zdk+ = — 7~ 7 dk . .

8 / BB T3 EE (3:5)
B(0,2A) B(0,2A)

We now want to optimize the right side with respect to g and F. We choose
F=1p(,4 and g = (3(4m)"2b73)Y/21 ) with a > 0 and b € (0,1), and we
optimize over a and b. Since g g(k) = (vol(B(0,b)))~tvol(B(0,b) N B(—k,b))
for all k and since B(—k/2,b — |k|/2) C B(0,b) N B(—k,b) for all |k| < 2b, we
have

_ k)
g*g(k) = 1,2 (k) | 1 - %

For all |k| < 2b, we also have

F(k) > F(0) — JIzlF oy @ <2—ab>.

(27)3/2 Vor \3
Therefore,
F G(— 3 /2 3
/ (k)gxg( k)dk> a (2 _ . / kT dR
|k|2 Vor \ 3 2b ) k|2
B(0,2A) B(0,

= V2ma’b ( —ab
Then, using |F(k)| < 47a3/(3(27)3/2) and |g » §(k)| < 1 for all k, we obtain

B(0,2A)
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Hence for the Z%/3 term, we find that

lim z7°/3 (—aD(phZu) + gD(pl,pl)) < 27 1/6371/3,=13/6 7 g5/3
Z—~+00 2
3 2 8 3
xa’b | V21 ab—g +§a .

Optimizing the right side over all @ > 0 and b € (0, 1), we get the result. It
now remains to prove that the other terms in £44,(Q) are of lower order than
Z°/3. We begin with the kinetic energy,

3/2\/1+A2

A alqZ.

Tro(D°Q) < V1 + A2Tr(Q) = (2m) 3 —3/F
For the terms involving ps, we first use that for all p, k,
7
[X(p+ k)= X@) <UP+kE) -Ulpl < ﬁlkl- (3.7)

Consequently, for all k,
TVa

k) < A
70 < s
Using this bound together with the estimates leading to (3.6), one finds that

|D(p2, Zy)l < ﬁ1A2q1/3Z4/3 51 — 219/33_2/377r23/6a3b2
|D(,01,p2)‘ < 62A2q4/3Z4/3 with 52 —_ 211/63_8/377r_7/3a6b2
|D(p2, p2)| < BsA%qZ, Bs = 273/2374725/2463
We conclude that

E(2) < lim 7853”]3F(Q) = —cialq

3| F(k/r)|lg * g(—k/r)||k|.

lim sup 5/3,

ol 75 S AT 7

O

Remark 3.10. The proof is the same when [v < 0, using X(p) = U(p)

(000 1) and @(p, q) = —7(p,q) X (p)X(q)*. The trial state @) now satisfies
Q = Q__, so that pg is negative around 0.

To estimate the convergence rate of E(Z) towards —cial|q|?/2Z%/3, we
will use the first moment [ |x||v| to control the convergence of 7(k) to 7(0).

Proof of Proposition 3.2. We assume g > 0 (the case ¢ < 0 follows from obvi-
ous modifications). We split the term D(p;, Zv) into

Amlq|Z pr(k)
D(p17ZV) = (27_(_)3/2 / ‘k|2 dk+R17
B(0,2A)

with

Ry = 4xZ / pl(k)”r:); 70 4.
B(0,2A)
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We use that |D(k) — D(0)| < (27)73/2|||x|v||1|k]| for all k to estimate

|R1‘ < 25/33_5/371'_11/6@3[)2“|$|V||1A2‘q|1/3Z4/3.

Ar
3 b

Hence, we have for all |q|Z > W
E(7) < €40p(Q) < —e10lgPP 25301 = B2V — Byz=%), (33)
with
By = 228/33 207 1/26352 | |z [w|| Alg| 43 + 24/33- L7731/ 0 q3p2 A ||~ 4/3
+251/63737ﬂ,71a6b2/\|q|71/3

and

_ V1I+AZ
32:237/63 1/3.4/3,3 T o 1|q| 2/3
+231/63—11/3727T—7/6a6b3A2‘q|—2/3.

We furthermore have 1 — B1 X — BoX? > 1/2 for 0 < X < X, with

B 2B,
Xo=—— [J1+52 -1
0 232< B )

therefore, Proposition 3.2 holds with
~ 1 4
7= X3, ———. 3.9
1 max < 0 » (277)3/2 3|q|> ( )
]
Proof of Corollary 3.5. For any Q € K, we have D(pg, pg)*/? < Call@Qll1,po,
by [15, Lemma 1]. The constraint —P° < @ < 1 — P% can be rewritten as
Qi1 — Q—— > Q% Defining X = [Tr(Q1+ — Q—_)]"/* we get
201Q+ 115, =21Q—+lI5, = 1Q+-1&, + lo—+1&, < lQlE, < X2,
and thus [|Q||; po < X2+ V2X. Using the Cauchy-Schwarz inequality for the

Coulomb scalar product, we also get that D(pg, Zv) < CaZ||v|lc(X? + v2X)
for all @ € K. From this estimate and the inequality (3.2), we can see that for
all Z > Z; and for all minimizer QV*¢ for E(Z),

—aChZ||v]le(X? +V2X) < EFpr(Q™) = B(2) < —Fahlgl 27/,

Hence, X > (VI 24— 1)/v/2 with a = S22 72/3. We get

1 (
TH(QY - Q) = X? > 5 (VI 2a—1)" > 2%,

where
2

c1A|q|5/3 ~2/3 —~—2/3
C = 1+ ——F"—"7 -1 Z . 3.10
<\/ Calivlle ! : (310




Vol. 14 (2013) Static Pair Creation in Strong Fields 1377

Remark 3.11. When the exchange term is included, the bound of Proposition
3.2 remains valid, with different constants. In this case, the function a4 (p)
becomes

0s(p) \/ go(|p))
V2 Vao(lp)? + g1(lp])?’

using the notation of [17]. The BDF energy can be estimated from above by a
reduced BDF energy involving P° and DY, which is treated in the same way
using that VU € L*°(B(0,A)) (which is used in (3.7)).

4. Proof of Theorem 1

Let @ be any minimizer for F(Z), and let w be the unique BDF state on
F(H4+) ® F(H-) having Q as its generalized 1-pdm and p = 0 as its pairing
matrix, defined by Proposition 2.10. Then by Corollary 2.11, we have

Pz =1-w(|Q)(Q)) > 1 - e T(@r=0),
Now by Corollary 3.5, we know that Tr(Q,y — Q__) > CZ%3 for all
Z>Z1,thuspz>1—e”‘z/ with k := aC. g
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Appendix A. Product States

Given a (at most) countable family of separable Hilbert spaces (9);)ien and
a family (w;);en of quasi-free states such that w; is a state on F($);) for all
i € N, we want to give a meaning to the product state ®;cnw; as a quasi-free
state on F(D;en$;). We first consider the unitary transformation

=7 (@ieN ﬁi) 7 Bien F(9:)
/\jeJl_1 Pjin N A /\je,ik Pjir /\jEJi1 Pjin @00 @ /\jeJik Piin

where i1 < --- < i) are elements of N and for each 1 < ¢ < k, (¢j,4,)jen is
an orthonormal basis for §;, and J;, C N is finite. We recall the definition of
a product state on a tensor product of C*-algebras [11, Proposition 2.9].

Theorem 2. Let (2;);en be a collection of (unital) C*-algebras and let w; be
a state on A; for all i. There exists a unique state on ®;2;, denoted by ®,;w;
such that for any (Asy, ..., Ai,) € iy X+ x Uy, with any indices iy < -+ < ig,
we have @w; (A, @ - ® A;,) = H£:1 Wiy (Asy,)-

Remark A.1. Recall that the tensor product ®;2l; is defined as the induc-
tive limit of the C*-algebras ®;c 2; with J finite, or equivalently as the
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completion (for a certain *-norm) of ®;2; seen as a tensor product of unital
algebras [11].

In the particular case where 2(; = [$);] for all i € N, the tensor product
®;2; is also a CAR algebra generated by the operators

a(f;) =T (<ldg,) @ @ T (<Idg, ) ® a;(f;),
where j € N, f; € $; and a; is the annihilation operator on F();) for all
Jj. Notice the “twisting” operator T (—Id) on the left, defined in (2.13), used
to ensure that the (a(f;))y, ; satisfy the CAR. Notice also that we have the
relation a(f;) = Ta(f;)T*, where a(f;) is the usual annihilation operator on

F(®:9:).

Proposition A.2. Let (w;);en be a collection of quasi-free states such that w; is
defined on A[9;] for all i. Let (y;, a;); be the collection of their density matri-
ces, and assume that ), Trg,(v;) < +00. Let w be the unique quasi-free state
on A[®;9;] having v := ®;7; as 1-pdm and o := B;«; as pairing matriz. Then
we have,

As a consequence, the product state ®;w; can be considered as a state on
A[D;:Hi].

Remark A.3. The state w is well defined by Proposition 2.1, since Tr(y) =
> Tre, (i) is finite.

Proof. We will show that the state ®;w; is quasi-free on the CAR generated
by the (@(f;))y,;,;- This proves the result because the state @;w;(T"-T™) is then
quasi-free and one easily shows that it has @;v; as 1-pdm and &;«q; as pairing
matrix. Since the density matrices determine uniquely the quasi-free state, we
must have ®;w;(T-T*) = w. Therefore, we only have to show the Wick relation
for the state ®;w;. Let us first notice that it is enough to prove it for products
of the form

X .— gt <f1(i1)> gt <f2(licll)> gt (fl(iN)> gt ( Q(ZIL)) ’

with iy < -+ < iy, ke € N, f§") € §;, for all 1 < p < 2kg,1 < £ < N, and
where § means star or no star. This means two things:
1. We can restrict to ordered products with respect to the decomposition
®ien$i: The 2k; first creation/annihilation operators af ( f;il)) with 1 <
p < 2k all create/annihilate particles belonging to $);, , then the following
2k creation/annihilation a* fpi2)> with 1 < p < 2k, create/annihilate
particles belonging to $;,, etc. We can always order in this way any prod-
uct of a’s because Wick’s formula does not depend on the choice of an
ordering.
2. We can restrict to products where there is an even number of particles
created/annihilated in each space 9;,. If not the case, both sides of Wick
relation can easily be shown to vanish.
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This being said, let us compute w(X) as follows

w(X) =®; w; {T (_Idﬁo)Eéil Mo (_Idﬁil_l)zle 2k
®a (fl(il)> gt <f(z‘1)> T(_Idﬁil)zyﬂ 2
oot (1) - (1))

:Hw” [aﬁ (fl(”)> (f(“)ﬂ

(=1
N

:E ZS:N (—1)5 0y, {aﬁ (fﬁ?(’l)) o (fzeé))}
T €S2k,

X - X Wy, [ (ff:;zkz 1)) a* (ffrlf()?’W))} '

Let us rewrite X as follows

=@ (f1) @ (for,) @ (fory 1) @ (fa(ho b thn)) -

The right side of Wick’s formula reads

Y=Y ()" (@wi) [@* (f21) @* (fr2)]

TESa K

- (@wi) [@ (frer 1)) @ (fr(2:))] 5

with K :=ky + -+ + ky. We claim that this sum only contains terms with m
leaving invariant each interval of the form [2k;+ 1, 2ksy1]. This claim is proved
by induction on K: we introduce

WpK(el co.e9f) = Z (—1)5(”)p(eﬂ(1)ew(2)) ... p(eﬂ(ZK,l)ew(zK)).
77687}%

For 7 € Sy, we have (1) = 1, hence we have the induction formula

2K
WE(er...ea) =Y (=1 plere) WE ez & ... eax).

=2

In our case where e; = a@*(f;) and p = ®;w;, we see that p(ere;) # 0 if and
only if ¢ < 2k;. Hence, by induction on K, the only permutations m € Sox

giving rise to a non-zero term in Y are those which leave invariant the intervals
[2k¢ 4+ 1, 2kp41] with 1 < £ < N. We can thus write



1380 J. Sabin Ann. Henri Poincaré

=

Y = > ()T (@) [Aﬁ (ffw()zk,g—n) (f§12(2k2)>:|

meES2k,

X <®zwl>[ (£50,) @ (18]
ﬂ S g, o (£ ) (5]

~
Il

1

Weeszke
e, [ (19, ) @ (790,)] = w00

This proves that the state ®;w; is quasi-free, which concludes the proof. [
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