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Upper Bound for the Bethe-Sommerfeld
Threshold and the Spectrum of the Poisson
Random Hamiltonian in Two Dimensions

Masahiro Kaminaga and Takuya Mine

Abstract. We consider the Schrodinger operator on R? with a locally
square-integrable periodic potential V' and give an upper bound for the
Bethe-Sommerfeld threshold (the minimal energy above which no spec-
tral gaps occur) with respect to the square-integrable norm of V' on a
fundamental domain, provided that V is small. As an application, we
prove the spectrum of the two-dimensional Schriodinger operator with
the Poisson type random potential almost surely equals the positive real
axis or the whole real axis, according as the negative part of the single-
site potential equals zero or not. The latter result completes the missing
part of the result by Ando et al. (Ann Henri Poincaré 7:145-160, 2006).

1. Introduction

1.1. Bethe-Sommerfeld Threshold
We consider the Schrodinger operator H on R? given by

H=-A+V,

and assume the following:
(V1) V € L% (R%;R).

loc

(V2) V is periodic with respect to some lattice T' (of rank 2).

Under (V1) and (V2), it is well known that H|cse(r2) is essentially self-adjoint
and we denote the unique self-adjoint extension by the same letter H. It is
also well known that the spectrum of H consists of finitely or infinitely many
closed intervals (energy bands) (see, e.g. [13]). The Bethe-Sommerfeld conjec-
ture says the number of the spectral gaps is finite when the space dimension
d > 2. This conjecture is proved by Skriganov [14,15] and Popov and Skrig-
anov [11] in two-dimensional case, by Skriganov [16,17] in three-dimensional
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case, and by Helffer and Mohamed [3] in four-dimensional case. Skriganov [16]
also proves the conjecture in arbitrary dimension when the period lattice is
rational. In the above results they assume some smoothness or boundedness
for the periodic potential. Karpeshina [4] proves the conjecture in the case V'
is singular (e.g. V € L% ), in two- or three-dimensional case. Parnovski [9]
also proves the conjecture in arbitrary dimension for smooth V', and Veliev
[18] also gives an important contribution on this matter. For the detail, see
the references in the above papers.

In the present paper, we shall give a refinement of Karpeshina’s result [4]
for singular potentials in two-dimensional case, as follows:

Theorem 1.1. Assume (V1) and (V2). Let Q be a fundamental domain of T
(see Sect. 2.1). Then, there exist positive constants ¢ = ¢(I") and ¢ = ¢(T') such
that

o(=A+V) D e[V a), o)
for any V € L _(R?;R) periodic with respect to T and V2o < e

loc

It is easy to see that the constants ¢(I') and ¢(I") satisfy the scaling prop-
erties

e(al) =¢(M)/a, c(al’) =¢(l)/a (1)

for any o > 0, where al' = {a7y : v € T'} is the scaled lattice. Theorem 1.1
gives an upper bound for the Bethe-Sommerfeld threshold (the minimal energy
above which no spectral gaps occur) with respect to ||V[|12(q), for small V.
To our knowledge, the upper bound of this type seems not obtained in the
preceding literature. The closest result is the one by Skriganov [14, Theorem
2,3], which implies the conclusion of Theorem 1.1 with L?-norm just replaced
by L>®-norm."

The proof of Theorem 1.1 is based on Karpeshina’s book [4]. We use the
perturbation theory of the Bloch Laplacian —Aj on the Bloch wave subspace
with quasi-momentum k. We prove that for a fixed small positive number u
and for any sufficiently large energy F, there always exists a quasi-momentum
k such that F is a simple eigenvalue of —Aj and

|E—E'|>u for E' € o(—Ap)\{E}. (2)

The condition (2) is called the p-non diffraction condition,> which enables us
to apply the perturbation theory for simple eigenvalues. Further, we prove that
for sufficiently large E there exists a quasi-momentum k satisfying (2) and the
resolvent estimates

I(=Ar=2) 1 <C, V(=2 = 2)Hlns < ClVz2

for z on the circle {z € C: |z — E| = u/2}, where C is a constant independent
of E,2,V, and || - || denotes the operator norm, || - ||gs the Hilbert-Schmidt

1 We can prove this statement by [14, Theorem 2,3] combined with a simple scaling argument
as in the beginning part of the proof of Theorem 1.1.
2 The name ‘diffraction’ comes from the condition for the diffraction of the plane wave inside
the crystal, given by von Laue. For the detail, see [4].
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norm. By a standard perturbative argument using the resolvent expansion
with respect to A = V(—Ay, — 2z)~1, we prove the value of the branch of the
free band function A\g with A\g(k) = E changes at most O(||[V||z2(q)) by the
perturbation by V, provided that ||V||2(q) is small. Combining this with the
fact the Bethe-Sommerfeld conjecture trivially holds for V' = 0, we conclude
Theorem 1.1 holds.

The difference between our method and Karpeshina’s is the following:
Karpeshina uses the resolvent expansion with respect to

A= (=Dp—2)7 2V (=Ay — 2)7 V2,

and obtains the estimate for A using some decomposition of the Fourier space
dependent on the Fourier coefficients of V' (see, e.g. [4, (3.6.3)]). This method
is applicable to more singular potentials than LZ _, but, however, also makes it
difficult to see the dependence of the Bethe-Sommerfeld threshold with respect
to ||[V[|z2(q). The use of our operator A clarifies this point and also makes the
proof simpler with the aid of a Chebyshev-like lemma (Lemma 4.2). Besides,
our definition of the diffraction set is slightly different from Karpeshina’s. In
Karpeshina’s definition, the number p in (2) decays as R increases, but ours
does not. This change gives us better resolvent estimates.

It is natural to ask whether an analogue of Theorem 1.1 holds in higher
dimensions. However, as Karpeshina points out in [4, Section 4.1], there is a
qualitative difference between the two-dimensional case and the higher dimen-
sional case. As is well known, the density of states for the free Laplacian is a
constant times /\i/ 2_1, which is a constant if d = 2, and is an increasing func-
tion if d > 3. This fact makes it difficult to use the non-degenerate perturbation
method when d > 3. In order to avoid this difficulty in the three-dimensional
case, Karpeshina analyzes the perturbation of the degenerated eigenvalues by
comparing them with those of some modelling operators. However, the method
again depends on the distribution of the Fourier coefficients of each V', and
the bound for the threshold with respect to L?-norm is unknown at present.
Further study is necessary in this direction.

1.2. Spectrum of the Schrodinger Operators with Poisson Type Random
Potentials

We give an application of Theorem 1.1 to the spectral theory of the random
Schrodinger operators. We consider the random Schrédinger operator on R
(d=1,2,3,...)

Hy=-A+V,, V@)=Y flz—X;w)),

o0
j=1

where w € X and (X, F,P) is a probability space, and f is a real-valued
function called the single site potential. We assume the following:
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(A1) f is a real-valued, measurable function satisfying

1/p

S| swra] <«

d
RS \n-1,4)¢

where

p>2 (d <3),
p>d/2 (d>4).

(A2) The random points {X;(w)}52, are the Poisson configuration with inten-
sity measure pdx, where p is a positive constant and dz is the Lebes-
gue measure. That is, the following conditions hold(see [1, Assumption
(H3))):

(i) For any Ej, Es, ..., E, C R? disjoint Borel sets on R?, the random
variables #{j : X;(w) € Ex},k = 1,2,...,n are mutually indepen-
dent. Here we denote the cardinality of a set A by #A.

(ii) If E C R is a Borel set with finite Lebesgue measure |E| = [, dz,
P(#{j: X;(w) € E} =n) = %e*p“ﬂ“l, n=0,1,2,....

H,, describes the motion of electrons in amorphous materials where atoms are

distributed randomly. Under the conditions (A1) and (A2), the operators H,,

are essentially self-adjoint on C§°(R?) almost surely, and measurable on X

[2, Proposition V.3.2, Corollary V.3.4]. And {H, },ex is an ergodic family of

self-adjoint operators on (X, F,P). It is well known that there exists a mea-

surable set Xy C X with probability one and a closed set ¥ C R such that

o(H,) =% for every w € X (see e.g.[2, Proposition V.2.4]).

Put

fi(z) = max{f(x),0}, f-(z)=max{-f(z),0}.
A naive observation tells us

(*) if the negative part f_ of f vanishes, then the spectral set ¥ = [0, 00); if
not, then ¥ = R.

There are some discussions on the assertion (x) in [5] and [10, Theorem 5.34],
which does not, however, seem to be fully convincing to us. The assertion ()
is also stated in [7] and [8] without proof.

When the dimension d # 2, () is rigorously proved in [1] under the
assumption (A1) and (A2). However, in the case d = 2, f = 0 and f_ # 0,
their theorem [1, Theorem 1.2] needs the following additional condition:

1
&= [ f-@agn, )
R2

for some technical reasons explained later.
Surprisingly, we can get rid of the above technical condition (3) using our
Theorem 1.1.
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Theorem 1.2. Suppose d =2 and the assumptions (A1), (A2) hold.

(i) If f— =0 (as an element of L'(R?)), then ¥ = [0, 0).
(i) If f- #0, then ¥ =R.

The part (i) is already proved in [1, Theorem 1.2]. Notice that we do not
require the condition (3) in the part (ii). Thus, Theorem 1.2 completes the
missing part of the proof of the statement (k) in [1].

Let us explain why the condition (3) appears and how we use Theo-
rem 1.1 in the proof of Theorem 1.2. The most fundamental tool to determine
the spectral set ¥ is the technique of the the admissible potential, developed
by Kirsch and Martinelli [6]. This method asserts the union of the spectrum
of some special potentials (admissible potentials) forms a dense subset of 3.
For example, [1] use the family of admissible potentials Ap given by

Ap = Zf(x—uj):ul,...,uneRd,n:1,2,... , (4)
j=1

and prove X = [y 4, (—A + W). By using this fact, it is easy to show that
Y D [0, 00), since the admissible potential W € Ap is relatively compact with
respect to the negative Laplacian. In order to show “¥ = R” when f_ # 0, they
aim to deduce a contradiction, supposing that there exists b € R\X. Then, for
every n = 1,2,..., the number

n
v(n) = # ( eigenvalue of — A + Z J(- —u;) less than b
j=1
is continuous with respect to uy,. .., u, € R% so is a constant dependent only

on n. They consider the limiting behavior of v(n) as n — oo in the following
two extremal cases. When u; = --- = u,, the Weyl asymptotics yields

W):{nd”(;;)dfRd<f_<x>>d/2dx<1+o<1>> (d>2)

Y

2 )
o(n) (d=1),

where 74 is the volume of the d-dimensional unit ball. On the other hand,
taking the limit |u; — uy| — oo for every j # k, we have

v(n) = ny(1).

If d # 2 or d =2 and (3) holds, then the two limiting behaviors are different
and we reach a contradiction. Moreover, if d = 2, fy # 0 and f_ # 0, then we
can replace f(x) by f(z) = f(z)+ f(z —a) for some a € R? so that f satisfies
(3). Thus, the only remaining case is d = 2, f1 = 0, f_ # 0 and (3) does not
hold.
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Instead of Ap, we use the periodic admissible potentials Ap defined by

J
APZU{W(m):ZZf(m—xj—'y):

T j=1~el
xjeRd(jzl,...,J),J:1,2,...}, (5)

where |Jp denotes the union over the all lattices ' in R%. Then the proof
proceeds as follows: Assume d = 2, f; =0 and f_ # 0. Then

(o) = % /f(x)dx <.
RZ

We define admissible potentials Vix € Ap (K =1,2,...) by

ot = 51+ )
yell

for some fixed lattice I'. After a short computation using the Fourier series of
Vi and the scaling © = y/K, we obtain

—A, + Vg (x) = K*(—Ro — Ay + Wk (y)),

where WK is I'-periodic with respect to y and
27

Ry=—c
i

F(0) >0, [[Wkllr2@) — 0as K — oo.

Here we use Theorem 1.1 for the operator —A, + WK, and conclude
o(=A+Vg) D [K*(=Ry + R),0)
for some 0 < R < Ry and sufficiently large K. This implies ¥ = R. This proof
is nothing to do with the non-integer condition (3).
The rest of the paper is organized as follows: In Sect. 2, we review some
basic facts in the Bloch theory. In Sect. 3, we prove Theorem 1.1. In Sect. 4,

we prove some geometric lemmas used in the proof of Theorem 1.1, and in
Sect. 5, we prove Theorem 1.2.

2. Bloch Theory

In this section, we shall introduce some basic notation for the lattice, and
briefly review the matrix representation of the Bloch theory in the two-dimen-
sional case. For the detail, see, e.g. [13].

A lattice T in R? and its fundamental domain Q are given by

2 2
P =2z, Q=S cjej:-1/2<¢; <1/2
j=1 j=1

for some basis {e;}7_; of R?. The basis {e}}7_, satisfying e; - €5, = 274,
(- is the Euclidean inner product, ¢;; is the Kronecker delta) is called the dual
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basis of {e; }?Zl. The dual lattice I'* of I and its fundamental domain 2* are
given by

2 2
M =Pze;, Q= ¢e;:—1/2<¢; <1/2
j=1

J=1

A T-periodic function is naturally identified with a function on Q. For u €
L?(Q), the Fourier series of u is given by

) 1 ,
u(z) = Z upe'™*, u, = 9] /u(x)e_m":dx.
Q

nel*

Let T be a lattice in R2, T the dual lattice of T, and Q and Q* are
the fundamental domains of I' and I'*, respectively. Let V € L% (R?%R) be a
I'-periodic potential. Define an operator H on L?(R?) by

H=-A+V, D(H)=H?*R?),

where H?(R?) denotes the usual Sobolev space and D(-) denotes the operator
domain. It is well known that H is self-adjoint, semi-bounded from below and
decomposed as the constant fiber direct integral

D
H ~ /dek, Hy=—-A,+V,
Q*

where ~ means the unitary equivalence. The operator —Aj (k € Q) is a
self-adjoint operator on [?(T'*) defined by

—Agu(n) = [n+klPu(n) (neT™),
D(—Ag) = {u eI : > In*lun)? < oo}.
nel'*
The operator V is defined by
Vu(n) = Z Va—mu(m),
mel*

where V,,_,, is the Fourier coefficient of V' given by
1 .
Vi, = —/V(m)e_’”'”dx.
o)

The operator Hj, is self-adjoint, lower semi-bounded on [?(T'*) with the domain
D(Hy) = D(—A}), and has compact resolvent. We enumerate the eigenvalues
of Hj in an ascending order counting multiplicity

AL(kE) < Xag(k) <o < Aj(k) < -- - — o0,

and call A\;(k) the band function. The band function A;(k) is continuous on
", real-analytic in the region \;(k) # Aj/(k) for any other j’, and can be
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F1GURE 1. The isoenergetic surface Sy in the k-plane

extended as a I'*-periodic function. The spectrum o(H) is represented as

o(H)= U L, L=

ke

3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1 following the strategy of Karpeshina [4]
and clarify the dependency of the threshold on [|V'[|12(q). The main ingredient
of the proof consists of the geometrical consideration of the band function of
the free Laplacian —A, especially its isoenergetic surface.

We quote some terminology from Karpeshina’s book [4] in a slightly mod-
ified form. First, we identify the product set I'* x Q* with R? by the one-to-one
correspondence

I x Q"2 (n,k)—E=n+keR2 (6)
Define the isoenergetic surface
Sr={(n,k) e x Q" : |n+ k| = R}.

S is identified with the circle Sp = {¢ € R? : |¢| = R} via (6) (we use the same
symbol for the subset of I'* x Q* and the subset of R2, by abuse of notation).
The k-plane projection of Si and the &-plane image of Sk are shown in Figs. 1
and 2. Via (6), Sg becomes a measure space with the length measure dl = Rd#,
where 6 is the angular coordinate on Sg given by £ = (Rcosf, Rsinf). We
denote the length of a measurable subset S of Sg by I(5).

For p > 0, define the p-diffraction set Tx , by

Try={(n,k) € Sg: |In+k|*> — |0’ + k[*| < p for some n' # n}.

Then the k-plane projection of T ,, is a neighborhood of the intersection points
of the k-plane projection of Si (see Fig. 1). Define the p-non diffraction set
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FI1GURE 2. The isoenergetic surface S in the &-plane

SR,# by
Sru=Sr\Tr, -
For a given lattice I', we denote

L = max |k|, Lo= min
keoQ* keoQ*

K, (7)

where 0Q0* is the boundary of the fundamental domain Q* of the dual lattice
I'*. The values L and Lg are the outside diameter of * and the inside diam-
eter, respectively.

We show the following two lemmas in the next section:

Lemma 3.1. For a lattice T' in R?, define L and Lqy by (7). Then, there exists
a constant Cy > 0 dependent only on L, Ly and |2*| such that

W(Tr) < Covult (8)
for every R,y with R > L and 0 < ju < pig, where pg = min(L3, 1).

Put
p1 = min(pg, (2/Co)?) (9)
and assume 0 < g < pq. Lemma 3.1 implies
U(Sky) = (27 — CoyI)R > 0 (10)

for every R > L, so Sg,, is a non-empty set. For (n,k) € Sg ., R* = |n + k|?
is a simple eigenvalue of —Ay and separated from other eigenvalues of —Ay
at least by the distance p. Thus, the circle

Cru=1{2€C:|z— R* = pu/2}
is contained in the resolvent set p(—Ag).

Lemma 3.2. Let T be a lattice, L and Lgy given by (7), p1 given by (9), and u
satisfying 0 < p < p1. Then, for any R > 2L and any M > 0, there exists a
subset Sgu.m of Sr,y such that the following (i), (ii) hold:
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(i) Let Ng . be the p1/(8R)-neighborhood of Sgr i, that is, the set of all
(m,j) € I'™ x Q* such that

(n+ k) = (m+5)| < (1)

for some (n,k) € Sg.m. Then, for every (m,j) € Ngm, the circle
Cr,p, is contained in the resolvent set p(—A;), the value |m + j|* is a
simple eigenvalue of —A; and the only point of o(—A;) inside Cr,,.
Moreover, the estimates

(=4 —2)7HI < (12)

= I

V(=2 = 2) s < M|V 220 (13)

hold for every (m,j) € NRH M, every z € Cgr, and every real-valued
T-periodic function V € L2 (R?), where || - || denotes the operator norm
and || - ||lus the Hilbert-Schmidt norm.

(ii) The length of Sr . ts estimated below as

Cq
M2

where C1 is a positive constant dependent only on T and p.

U(SRru,m) = USr ) — 5 R (14)

Now we assume Lemma 3.1 and 3.2 hold and prove Theorem 1.1. The
proof is similar to that of [4, section 2, 3], but we study the dependency on
[V 2(q) carefully.

Proof of Theorem 1.1. First we show that it is sufficient to show there exist
constants Ry > 0 and ¢y > 0 such that

o(~A+V) > (R, 0) (15)

for every I'-periodic V' with ||[V||z2(q) < €. Suppose such (R, ¢q) exists and
take I'-periodic V' with ||[V||z2(q) < €o. Then, there exists a positive integer K
such that

€0

K2

V2 <

We have by the scaling x = Ky

];2 (A, +W(y), W(y) = K*V(Ky).

The potential W is I'-periodic and we have by the I'-periodicity of V'
W2 = K?||V]12(0) < €o-

—A,+V(z)=

Thus, we can apply (15) for the potential W and conclude
O'(—A + V) B} [R()/Kz, OO) D [(4R0/60)||V||L2(Q)7 OO)
Thus, the conclusion of Theorem 1.1 holds with € = ¢y and ¢ = 4Ry /eq.
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Next, we may assume the zeroth Fourier coefficient Vi = 0. In fact,
if (15) is proved for such case, then for any I'-periodic V' with [[V||z2(q) <

min(e, \/|Q|Rp) we have |Vy| < Ry and
o(—A+V) D [Ro+ Vp,o0) D [2Rp, ).

Let us find €, Ry satisfying the above conditions under the assumption
Vo = 0. Take p with 0 < p < pq, and take M such that 27T—CO\/E—C11/M2 >
0. By (10) and (14), Sg,u,m is not empty for every R > 2L. Let Ng , v as in
Lemma 3.2. Take a I'-periodic real-valued function V satisfying

Vi <e, a= ﬁ (16)
For (m,j) € Ng . m, put
A=A(j,2) = V(=8 =27
then
1A] < [[Allns < 1/2 (17)

by (13) and (16). Take a real parameter o with || < 1. For z € Cg,,, consider
the resolvent expansion

(<8 +aV=2) " = (- an)(-2; - )"

=(-A; —2)"! ZapAp.
p=0

By (12) and (17), the sum converges in the norm topology uniformly with
respect to z € Cry, (m,j) € N n and |af < 1, and also continuous with
respect to all the parameters.® This implies Cr,, C p(—A; — cﬂN/) for (m,j) €
Ng,,m and |a| < 1. Then, the spectral projection Pj, of the self-adjoint
operator —A; — aV corresponding to the spectrum inside Cr ,, is given by

1 ~
P, = 5 (=Aj +aV —2z)"1dz
CR,u
1 o)
=Pio—— S a” [ (=A; —2)"A(j, 2)Pdz. 1
10 57 220 [ a6 27 (15)
=

Let us show the right-hand side of (18) belongs to the trace class. Put
Ao(j,2) = (I = Pjo)A(j, 2)(I — Pj)
== 7([ - Pj,o)V(fAj - Z)il(I - Pj70).
Since (I — Pjo)(—A; — z)~! has no singularity inside Cp ,,, we have

[ ca—aaera —o
CR”LL

3 The topology of the set NRg, ., is given via the correspondence (6), so the continuity with
respect to (m, j) means the continuity with respect to n = m + j.
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for p=1,2,.... By (18), we obtain

Pjo = Pjo— Qj,a,

1 & _
NZTZ / Aj —2)"HAP — AB)dz

CR,u

(19)

The (a, b)-component of the matrix Pj’o‘N/Pj,O is 04504 Vj—; = 0, since Vo = 0.
Thus, P;j oV P;o = 0 and we have
A= Ag=(I— Pjo)VPjo+ PjoV(I - Pjy). (20)
Moreover, since the trace norm of the one-rank operator Xu = A(¢, u)o (||| =
llo|l = 1) is |A|, we have
I = Pio)V Piollee = 1 P50V = Pro)llf < IV Pjollfe = V1720 /19,

where || - [|t» denotes the trace norm. Then we have by (20)

A = Aoller < 2[[VI[L20y/ V€Y,

and moreover

P
147 = Af e < D IIAP71(A = A) AT e < p2° 7P|V |2/ VI, (21)

q=1
since ||Ao|| < [JA]| < 1/2 by (17). By (12), (17), and (21), the series (19) and
also V' times (19) uniformly converge in the trace class and
1Qj.aller < CollVIL2 (), (22)
IVQjalle < CsllVIL2(e), (23)

where Cy and C5 are some positive constants dependent only on p and I'. Now
we assume

HVHLZ(Q) < €2, €2 :min(el,l/(202)). (24)
Then by (22)

1 1 3
1Qj,aller < 3’ 3 < trPj, < 3

since tr P;o = 1. Thus, P;, must be a one-rank projection operator, and
A + oV has unique eigenvalue i, inside Cg. Then we can apply the
analytic perturbation theory for simple eigenvalues and find normalized eigen-
functions v, (la] < 1) of —A; 4+ aV for the eigenvalue p1;,. The function

a — ;o is differentiable with respect to « for |a| < 1 and continuous for
|| < 1. Then, by the Feynman—Hellmann theorem

aﬂj,a

Do = (V’Uj’a,’l)j,a)lz(p*) =tr Pj,aVPj,a =tr VPj’a

—tr (VQJ»,(X) , (25)
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since tr ‘7Pj70 =V;_; =0. From (23) and (25), we have
1.0 = tjal < 1alCs[V]L2(q)

for every |a| < 1. Since pj o = |m + j|?, we conclude
[Im +5* = pja| < Cs[Vlz20)

for (m,j) € Ng,,,m and I-periodic V satisfying (24).
Put A(n) = p;,1 for n = m+7j. Then A(n) is a continuous function defined
on

= 2o — <i
D {neR n fl_SR}
for some { =n+k, (n, k) € Sgr 4,
[[* = A(m)] < Cs[[V || 120 (26)

and the value A(n) coincides with the value of some band function for —A+V.
Since |(| = R > 2L and 0 < p < p1 < L, the function |n|? takes the maximum

2 2 | M ? 2 | M
and the minimum
2
- 2 _p2 M H 2 M
(R—pu/8R)* =R 1 + CAT2 <R 5 (28)
at some boundary point of D. Finally, we assume
IVIc2) < €0, €0 =min(ea, 1/(6C3)). (29)
The estimates (26), (27), (28) and (29) imply o(—A + V) D [R? — 11/30, R? +

1/12] for every R > 2L. Thus, o(—A + V) D [2L,0) for any I'-periodic V
satisfying (29). O

4. Geometric Lemmas

We shall prove the lemmas in the previous section. The proof needs a detailed
analysis of the geometrical structure of the band functions. In the proof, we
use the following simple lemma several times. We omit the easy proof:

Lemma 4.1. Let S be a measurable set of R? such that the Lebesgue measure | S|
is positive and finite. Let T be a discrete set in R? such that (S+v)N(S+v") =0
for every v,~" € T with v # ', where S +~v ={s+~:s € S}. Let f be a
non-negative measurable function on U = U'yel“(s + ) such that

f() <Cf(z+7)

for every x € S and v € T, where C is a positive constant independent of x

and ~y. Then,
C
Zf(’Y) < m!f(x)dz

yel’
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~

/

FIGURE 3. The isoenergetic surface Sr and the strip (30)
in ¢-plane. The value [g ,(t) is the sum of the length of two
thick-lined arcs

Proof of Lemma 3.1. Let (n, k) € Sg and put £ = n+k. By the correspondence
(6), the p-diffraction set T, is identified with

U {¢eR’: =R |R?—|¢—qf| <n}.
ger=\{0}
Since || = R, we have
q¢ lal| _ p
¢ LMo B 30
o 2| 2 0

The right-hand side of (30) defines a strip of width u/|q|, orthogonal to the
vector ¢ and including the point ¢/2 in its center. By the rotational symme-
try, the length of the intersection of the circle {|| = R} and the strip (30)
is determined by R, p and t = |g| (see Fig. 3). We denote the length 5 ,(t).
Clearly,

R — ¢ —qf’| <pe

(Try) < > Lrulla). (31)
qer*\{0}
We assume
0<vn<Ly, R>L. (32)

Since ¢ € I'*\{0} satisfies t = |¢| > 2Ly > /i, we have (t — p/t)/2 > 0.
Figure 3 tells us
0 (t1 < t),
lru(t) = < 2R arccos g(t) (ta <t <ty),
2R(arccos g(t) — arccos f(t)) (/o <t <ta),
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where

0= g (042). a0 e (1),

and t; = R+ +/R? + p and ty = R + y/R? — i are solutions of g(t) = 1 and
f(t) =1, respectively.
We divide the sum (31) into two parts,

h= Y dgula)s = > lzu(a).
2Lo<|q|<t2—L t2—L<|q|<t1
First we consider Iy. For \/u <t <ty — L,

o ) !
lp,(t) = 2R / o as<Pr (33)

JoVI=s V1 F(t)?
g(t

By a simple calculation using (32), we can prove there exists C; = C1(Lo, L)
> 0 such that

1 - &
VI T - VI ER)
for 2L0 S t S tg — L. By (33)
Cip
l .
> T (/R

2Lo<|q|<t2—L |q|

We can also prove that there exists Cy = C3(Lg, L) > 0 such that
CLLL < OQ[L
lglv/1T = (lal/(2R))? ~ 1j +alv/1— (7 + 4l/(2R))?

for 2Ly < |q| <t2— L and j € Q*. Since {Q* 4 q}2r,<|q/<t,—1 are disjoint sets
contained in {Lg < |n| < 2R}, Lemma 4.1 implies

Co
h <=2 E
T s o, VI (M @R)?

2R
27TCQ

W
o7 ] Vi-weny

where C3 = 2m2Cy/|Q*|.
Next we consider l5. First,

< dt = C5uR, (34)

< . T* - — L < .
Iy < Jnax lru(t) - #{q € to <lgl <ta} (35)

It is easy to see that there exists Cy = Cy(Lo, L, [£2*]) > 0 such that
#gel™:to— L<|gl <t1} <C4R. (36)
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By differentiation, we can check the maximum value is either I ,(\/@) or
lr,u(t2) (see also Fig. 3). By (32) and (33), we have

2./l
< —F-=<
ZR,M(\/:E) =1_ ,U/R2 = C5\/ﬁa (37)
where C5 = C5(Lo, L) > 0. Next, put arccos g(t2) = 6. Then
[ [
S0 = —_ - L = 1 R
cosf = g(t2) = f(t2) = - iy’
since f(t2) = 1. Thus, we have
1
l ty) = 2RO < 2Rtanf =2 -1
Rru(t2) RO < 2R tan R FONE

L — p/(Rts))?
where Cs = Cg(Lo, L) > 0. From (35), (36), (37) and (38), we conclude

- 23\/(1 1< i (38)

la < C7R\/p,
where C7 = max(Cs, Cs) - Cy. This inequality and (34) imply (8) holds with
Co = Cy + C, for R and p satisfying (32) and p < 1. O

In the proof of Lemma 3.2, the following lemma, similar to the Chebyshev
inequality in the probability theory, plays a crucial role:

Lemma 4.2. Let (X, m) be a measure space with the total measure m(X) posi-
tive and finite. Let f be a non-negative square-integrable function on X. Then,
for every M > 0, we have

m{zeX: f(z)> M) < #/f(z)Qdm(x).
X

Proof of Lemma 3.2. In this proof, we denote general positive universal con-
stants (the constants independent of all the parameters) by C for simplicity,
so C' may change line by line. Take p and R satisfying

O<pu<m, R>L, (39)

where 1 is given in (9). Let (n,k) € Sgr, and (m,j) € I'* x Q* satisfying
(11). Put £ = n+k and n = m + j; then the eigenvalues of —Aj and —A; are
{1€ + q|?}ger~ and {|n + q|*}4er=, respectively. By definition,

W
=R - < —= 40
€l=R, [€-nl< gz (40)
[€1* = 1€ +af*| = (41)
for every q € T*\{0}. Then we easily have by (39) and (40)

17

1
2 _ 2, <2< R+ 25,
R s 7] R+64,u

(42)
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Moreover, we have by (39), (40), and (41)

43
|77+Q‘2§R2—(47/64)‘u if |£+Q|2§|€‘2—u. (43)

{|n+q2 > R4 (1= V2/4)p 116+ 2 |+,
The inequalities (42) and (43) show that |n|> = |m + j|? is the only, simple
eigenvalue of —A; inside Cg ,, and moreover

( V2

oo g
£ _ > 1_7) _ES R 44
inf min |z [n+ gl Dbt (44)

qel ZECR
This shows the inequality (12).
Next we estimate the Hilbert-Schmidt norm of V(—A; — z)~! for

z € Cgry. Since the (a,b)-component of the matrix YN/(—AJ» — 2)7 s
Vau(|b+ j|> — 2)~ L, we have

~ B . —2
IWV(=8; =2 ks = D WVaslP 1o+ — 2]

a,bel*

V

gqer*

by the Plancherel theorem. In the sequel, we denote Ry, = v R? + s for a real-
number s. Since n = m + j and |m + j|? is the only eigenvalue in Cr,u, the
sum in (45) is estimated as

49

STlln+alP -2t <5+ (€ + gl — u/(8R))* — R? — p/2) "
qel~ l€+q|>Ry,
+ > (B w/2— (€ +al+n/(8R)?) 7,
|€+q|<R—,

(46)
by (40) and (44). We denote the right—hand side of (46) by F(&, R). We also
divide two sums in (46) into four parts, (1) |[{+¢| > R, + L, (2) R, + L >

E+q| >Ry, B)R_y > |E+q|>R_,— L, (4) R_, — L > |{+gq|, and denote
them Fi (&, R), F»(€, R), F5(§, R), and Fy(&, R), respectively. By definition,

19 &
F(&R) = 25 + Y F(&R). (47)

First estimate F (¢, R). For [ +¢| > R, + L and y € Q*, we have

(1€ +al — u/(8R)> — R* — p/2) * < C (€ +q+y)® — R* —p/2) " (48)
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by (39). Since {€ + ¢+ Q*}e4q/> R, +1 are disjoint sets contained in {¢ € R? :
|¢'| > R, }, we have by Lemma 4.1

C —2
R(&R) < o (1€ = (B + /2)) " d¢’
[&'1> Ry
¢
< [T 49
o o
Similarly, we have
Fi&.R) < i, (50)

M
|€2%]
It is not easy to estimate Fy(&, R) and F3(¢, R) directly, so we use

Lemma 4.2 in the following way: We shall prove there exists some positive
constant Cy = Co(L, Lo, ||, ) such that

F(¢,R)Rd < CyR (51)
[§]=R
for every R > 2L,* where 6 is the angular coordinate on {|¢| = R}. Suppose
(51) is proved. For any M > 0, put
Srun = {§ € Sryu: F(§, R) < M?|Q]}.
Then the conclusion of Lemma 3.2 follows from (45), (46) and Lemma 4.2.
Let us estimate
I(R) = / Fy(€, R)RAS.

{l€|=R}

Using R, < |£+q| < R, + L, we can prove

(1€ +al = 1/ (8R))* = R? — /2) > < C (| + q* — R? — p/2) .
Thus,
L(R)<C Y Ing, (52)

qel*

Ipq = / (1€ +q* — R? - u/2)72 XR, <|é+q|<R,+L12d0,
l¢|=R
where xg denotes the characteristic function of the set S.
Let us write down the integral Iy , explicitly. When £ moves on the cir-
cle {|{¢'| = R},€ + ¢ moves on the circle {|{’ — ¢q| = R}. So Ir, depends
on how the circle {|¢' — ¢| = R} intersects the annulus {R, < ¢ < R, + L}

(see Fig. 4). By the rotational symmetry, Ir , depends only on R, i and t = |q|.
Put t; = R, + R and t3 = R, + L — R. Then, clearly

IRHZO (t>t1+LOI‘t=O).

4 Remember we assume (39). The assumption R > 2L is used only for T5(R).
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O

FI1GURE 4. The orbit of £ 4+ g as £ moves on S

In other cases, we set ¢ = (¢,0) and calculate the integral I , by the change
of variable from 6 to p = |¢ + ¢|. Then p? = R? + 2Rt cos + t? and

ft}f“R’LL glp)dp (t1+L>t>ty),

Irq = }fj“ g(p)dp (1 >t >1t),
;jRg(p)dp (ta >t >0),
where
4Rp
90} = (p+ Ryuy2)?(p— Rpuy2)?

1
VIE+R+p)(E+R=p)(p—t+R)(p+t—R)
Since R, < p < R, + L in all cases and \/ﬁ<L§R§R# < \/§R, we have
4Rp 2
(p+ Ry Vit R+p VR

Thus, we have
(p) < 2 1

9(p) < —=- :
VR (p—Ryup)?\/(t+R—p)(p—t+R)(p+t—R)
We shall divide the sum (52) into six parts, (i) t1 +L > |q| > t1, (ii) t; >
lq| > t1—L/2, (iii) t, —L/2 > || > R, + L/2, (iv) R, +L/2 > |q| > t2+ L/2,
(v) t2+ L/2 > |q| > ta, (vi) t2 > |q| > 2Lo, and estimate each sum. In fact,
the parts (i) and (ii) are treated similarly, so are (iii) and (iv), and so are (v)

and (vi). Thus, we consider only the part (i), (iii), and (vi) for brevity.

(53)
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First consider the part (i) ¢; + L > |q| > ¢1. In this case t + R — p >
R,p+t— R >2R, so by (53) and the change of variable s = \/p —t + R,

/s Ru+L
2 1
IR,q S / dp
R3/2 (p—Ryp2)*Vp—t+R
t—R
Vol 1 .
s
S R2 ) (24 R, — Ry
0
2
= V2r : (54)
RO (R, — o) 2
Since
1 R,+R 44/2
—_ M+ /2 S fR’ (55)
Ry = Ry /2 [
we have from (54) and (55)
C
IR7qSW (tl S |q| Stl +L)
It is easy to verify
#{qel" :t1 <|q| <t;+ L} <CLR/|Q|.
Thus, we have
CL R

t1<|q|<t1+L

Next consider the part (iii) ¢t; — L/2 > |g| > R, + L/2. In this case, we
use the estimates t+ R—p > R/2,p+t— R > R,and p—t+ R > t; —t. Thus,
we have from (53)

R, +L
C 1 1
Ipy < ————= ——dp. 57
fba = Raj Vi =1 / (p— Ryuy2)? ’ (57)
RH
The integral is estimated as
R, +L V3
1 1 4v/2R
/ Sdp < < (58)
(p—=Ryp2) R, — Ry H
Ry
by (55). Thus, we have
c 1

Ing<— ———e (Ru+L/2< g <t: ~L/2).
YT RV g 8
Let us apply Lemma 4.1. It is easy to see
1 c
<
tr—lgl 7t —lg+yl
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for y € (1/2)Q2*. Since ¢ + (1/2)Q* C {f’ t R, <|¢'| <ti}, we have

/

Z IR,q — R1/2|Q* / W

R, +L/2<|q|<t1—L/2 R, <[¢'|<t,

<0 / -
T uRYV2|Q* ) i =t
RU‘
C R

< Ry 59
@ )

Last, we consider the part (vi) to > |g| > 2Lg. Then p+¢— R > 2Lg, p —
t+R> R and

t+R
1

C
In, <
Ra =TT R ; VE+R—p(p— Ryy2)?
"

We have the interval of the integral (60) into R, < p < (R, +t+ R)/2 and
(R,+t+R)/2<p<t+R.For R, <p<(R,+t+ R)/2, we use
2
I L <L L
R,+R 2R "2

dp. (60)

R,—R=

and we have
t—(R,—R)

3
— > — .
t+R—p> 5 Lo (61)

So by (58)

(Ru+t+R)/2 (R, +t+R)/2
C 1

LoR - R 2
i, 0 i (p u/2)

dp

I
aE

For (R, +t+ R)/2 < p <t+ R, we have p — R, /5 > (3/4)Lo by (61) and
t+R t+R
/ g(p)dp < I /2 / W
(Ru+t+R)/2 R, +t+R)/
C t— (Ru —R)
2

IN

Thus, we have
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Since
LQ
#{g e 1ty > |q| > 2Lp} < CW’
we have
CL? 1 1
Ip, < —— [ =+ = ). 2

ta>[q|=2Lo

Summing up the inequalities (56), (59), (62), and the similar inequalities
for the rest parts, we conclude

I(R) < C2R (63)
for R > L, where Cy = Cy(L, Lo, |Q*|, ) is some positive constant.
We can similarly prove
Is(R) = / F5(¢, R)RdO < C3R (64)
l¢/=R

for R > 2L, for some positive constant C5 = C5(L, Lo, |¥*|, 1) (we assume
R > 2L to avoid R_,, — L being negative). And then (47), (49), (50), (63) and
(64) imply the desired inequality (51). O

5. Proof of Theorem 1.2

In the last section, we consider the random Schrédinger operators H,, of the
Poisson type introduced in Sect. 1.2, and prove Theorem 1.2. First we prove
the family Ap introduced in (5) is actually the “admissible potentials”.

Lemma 5.1. Let Ap as in (5). Put

= |J o(-a+w). (65)
WeAp

Then, o(H,) = % almost surely.
Proof. By [1, Theorem2.1],

o(H,)= |J o(-A+Wr) (66)
WreAR

almost surely, where Ap is given in (4). We show the right-hand side of
(65) and that of (66) coincide. For a given Wr € Ap, we define Wpy(z) =
>oneza We(x —kn)(k =1,2,...). Clearly, Wp, € Ap. Notice that C§°(R?) is
a common operator core for —A+Wp and —A+Wpg. By (Al) and [12, Theo-
rem VIIL.25], —A+Wp, converges to —A + Wy in the strong resolvent sense.
For given A € o(—A + Wp), we can find a sequence A\, € o(—A + Wpy)
such that Ay — A, by [12, Theorem VIII.24]. Thus, o(—A + Wr) C
Uw,eca, 0(=A + Wp). Conversely, we can approximate any Wp € Ap by the

functions Wr, € Ar and obtain o(—=A + Wp) C Uyca, 0(-A+Wg). O
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Proof of Theorem 1.2. In the case f_ = 0 or fi # 0, the statement follows
from [1, Theorem 1.2]. We assume f, =0 and f_ # 0, and prove ¥ = R. Let
f be the Fourier transform of f, that is,

f€) = o7 [ Hae=ta.
R2

Notice that (A1) implies f € L'(R2), so f is a bounded, continuous function
on R? and f(0) is well defined. Moreover, f, = 0 and f_ # 0 imply

f(0) <o. (67)
Let T" be an arbitrary lattice and I'* its dual. For a positive integer K, put
Vi (x) = Z f (x - %) . (68)
yel

By (A1), the sum (68) converges, Vi € L2 _(R?), and Vi € Ap. The period

loc
lattice of Vi is (1/K)T, so its Fourier series is given by

iKn- K? —iKn.
Vi (z) = Z bpe™ T by = ﬁ / Vi (z)e ™ da,
nel* (1/K)Q

where () is the fundamental domain of I'. Since the function e =*5™% is (1/K)T-
periodic with respect to x, we have

b, = I;T Z / f (x - %) e Ky

/K
K2 —1Kn-x
R2
_ 2K faen)
= Q) n).
Thus, we have
o2 K? A )
Vi (x) = Q) Z f(Kn)etfkme,
nel'*
Put
27 4
RO = _@f(o)a
2rK? r iKn-x
Wi (x) = o > f(En)eltre
nel*\{0}

Then Ry > 0 by (67) and we have
Vi = —RoK? + Wi
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Since the functions {e’X™*}, cr. are orthogonal in L*(+(2), we have

2 2 7 2

W = (QW)QK E K 69

I K”Lz(%g) Q] |f(Kn)|". (69)
nel=\{0}

Since Wy € L?(Q) by (A1), we have Y . |f(n)|> < oo. Then (69) implies
1
ﬁHWKniz(%m —0 as K — oo. (70)
Take a positive number R with R < Ry. By Theorem 1.1, we can take a
small number € such that

o(—=A+V) D[R, 00) (71)

for every I'-periodic potential V' with [|[V[|12(q) < €. By the scaling = y/K,
we have

— Ay + Wi(a) = —K*A, + Wi (y/K) = K* (=8, + W (), (72)
where Wi (y) = Wik (y/K)/K?2. The potential Wk (y) is D-periodic and by
(70)

1
w2 lWlliega) =0
By (71) and (72), we see that for sufficiently large K

IWicllZ2(0) =

o(=A+ Wgk) D [K?R, ).
Thus, we have
YD o(-A+Vk)D|[(—Ro + R)K?,00)
for sufficiently large K, so ¥ = R. O
Remark. 1f f satisfies
|f(n)] < Cln|~°

for some C' > 0,6 > 2 and every n € I'*\{0}, the proof can be done without
Theorem 1.1. In this case |[Wk ||o — 0, and o(—A+ Vg )N[—RoK?, 00) cannot
have an open gap of width larger than 2||Wik||oo. Thus, there is no spectral
gap on the real line.
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