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Abstract. We propose a new proof, as well as a generalization of
Mirzakhani’s recursion for volumes of moduli spaces. We interpret those
recursion relations in terms of expectation values in Kontsevich’s inte-
gral, i.e., we relate them to a ribbon graph decomposition of Riemann
surfaces. We find a generalization of Mirzakhani’s recursions to measures
containing all higher Mumford’s x classes, and not only i as in the
Weil-Petersson case.

1. Introduction

Let

Volwp Mg (L1, .., L)) (1.1)

be the volume (measured with Weil-Petersson’s measure) of the moduli space
of genus g curves with n geodesic boundaries of length L4,..., L,. Maryam
Mirzakhani found a good recursion relation [11,12] for those functions, allow-
ing to compute all of them in principle. This relation has received several
proofs [10,13], and we provide one more proof, more “matrix model oriented”.

The main interest of our method is that it easily generalizes to a larger
class of measures, containing all Mumford classes x, which should also prove
the result of Liu and Xu [10].

In fact, our recursion relations are those of [7], and they should be gener-
alizable to a much larger set of measures, not only those based on Kontsevich’s
hyperelliptical spectral curve, but also rational spectral curves. For instance,
they hold for the generalized Kontsevich integral, the spectral curve of which
is not hyperelliptical, i.e., they should hopefully allow to compute also some
sort of volumes of moduli spaces of stable maps with spin structures.

In [5], it was observed that after Laplace transform, Mirzakhani’s recur-
sion became identical to the solution of loop equations [7] for Kontsevich’s
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matrix integral. Based on that remark, we are in a position to reprove
Mirzakhani’s result, and in fact we prove something more general.
Consider an arbitrary set of Kontsevich KAV times' tsqy3,d = 0,1,

., 00, we define their conjugated times t;,k = 0,1,..., 00, by:
= (2a+1)! toays - = .

S =y B et o (gD =3 0 2 (1)
a=1 ’ b=1

Then we prove the following theorem:

Theorem 1.1. Given a set of conjugated Kontsevich times to,t1,ts, ..., the fol-
lowing “Mumford volumes”,

do
Wonler o) =270ty — 222 Y YL

do+d1+"'+dn:dy n k=1
2d; —|— 1! dz
" 3 H o s thl <H K, Hw > (1.3)
b1+ +br=do,b; >01=1 =1 g,m

where dg n, = 39 — 3 +n = dim Mg, satisfy the following recursion relations
(where K = {z1,...,2n}):

dzi1d
W071 =0 WO72<Z1,Z2) = =it

(z1—22)%

Wyn1 (K, 2ng1)

1 d
= — Res Entl

2220 (2041 = 2%) (u(2) — y(=2))dz [Wq—17n+z(z, —2,K)

AN Whrayn (2. 0) Wg_h,1+n_|J|(—z,K/J)1 (1.4)

h=0JCK
where
1 o0
1+ 2k+1
y(z) = = 5 Zt2k+3 z (1.5)
k=0
From Theorem 1.1, we obtain as an immediate consequence if tog13 =
. 2d ~ ~
— (;;:_)1! + 2640, i-€., t1 = 47% and t;, = 0 for k > 1, and after Laplace trans-
form:

Corollary 1.1. The Weil-Petersson volumes satisfy Mirzakhani’s recursions.

The proof of Theorem 1.1 is detailed in the next sections, and it can be
sketched as follows:

o  We first define some W, ,,(z1,...,2,) which obey the recursion relations
of [7], i.e., Eq. 1.4. In other words, we define them as the solution of the
recursion, without knowing what they compute.

1 Our definition of times t;, slightly differs from the usual one; we have ¢, = % Tr A—Fk.
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e We prove that those Wy ,(21,...,%,) correspond to some expectation
3 2
values in the Kontsevich integral Z(A) = [ dM e N (% -pan ), where
A =diag(A1,..., An), and ¢ = % Tr A=*, of the form:
Wymn(Niyy s Aiy)
s = (D" (Mo M) (16

dz(N;y)...dz(N;,)

e Then we expand (M;, i, ... M;, ;) into Feynman ribbon graphs, which
are in bijection with a cell decomposition of M;?,Tb (like in Kontsevich’s
first works), and the value of each of those Feynman graphs is precisely
the Laplace transform of the volume of the corresponding cell.

e the sum over all cells yields the expected result: the inverse Laplace trans-
forms of Wy, are the volumes Vj ,, and, by definition, they satisfy the
recursion relations.

e In fact, the volumes are first written in terms of the first Chern classes ;
in formula 2.31, and after some combinatorics, we find it more convenient

to rewrite them in terms of Mumford « classes.

Then, we specialize our theorem to some choices of times ¢;’s, in partic-
ular the following:

. 2d
e The first example is togys = —% + 204,0, in which case V,, the

Laplace transform of W, ,, are the Weil-Petersson volumes, and thus we
recover Mirzakhani’s recursions.

e  Our second example is t; = A7, i.e., A = AId, for which the Kontsevich
integral reduces to a standard matrix model, and for which the W, ,, are
known to count triangulated maps, i.e., discrete surfaces with the dis-
crete Regge metrics (metrics whose curvature is localized on vertices and
edges). We are thus able to associate some class to that discrete measure
on My . And we have a formula which interpolates between the enumer-
ation of maps and the enumeration of Riemann surfaces, in agreement
with the spirit of 2d-quantum gravity in the 1980s [2,4,16].

2. Proof of the Theorem
2.1. Kontsevich’s Integral

In his very famous work [9], Maxim Kontsevich introduced the following matrix
integral as a generating function for intersection numbers

3
ﬂA%:/dMe”““@%”MMHQ)
— o TEASENE TE A /dM e*NTr(%erM?A*“M) (2.1)

where the integral is a formal integral over hermitian matrices M of size N,
and A is a fixed diagonal matrix

1
A = diag(Ai, ..., \n), Q:NBA* (2.2)
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Throughout all this article, we shall assume ¢; = 0, since none of the
quantities we are interested in here depend on ¢; (see symplectic invariance in
[7], or see [3]).

In [7], a method to compute the topological expansion of such matrix
integrals was developed. We first define the Kontsevich’s spectral curve:

Definition 2.1. The spectral curve of Z(A) is the rational plane curve of equa-
tion:

@ y)=1P—a—L T — 1 im0\ 2o s
“Y) =Y v N l‘*tlfAQ N I*tlfAZ o '
i.e., it has the following rational uniformization
r(z) =22+t
E(x,y) = 2.4
R HE R N S
Then we define (i.e., the algebraic invariants of [7]):

Definition 2.2. We define the correlators:
ledZQ

W0,1 =0 WO,Q(ZlaZQ) = m

(2.5)
and we define by recursion on 2g — 2 + n, the symmetric? form W, 41
(20,21, -+, 2n) by (we write K = {z1,...,2,}):

Won+1(K, 2nt1)

— Res z2dzn11
= R L ) - s

[Wg17n+2(zv —Z, K)

g
0D W (2, J) Wg—h,1+n—J(_Z,K/J)‘| (2.6)
h=0JCK

Then, if d® = ydz, we define for g > 1:

1
F, = 53 B_ez(s) P(2)Wya(2) (2.7)

(there is a separate definition of Fy, for g = 0, 1, but we shall not use it here).
We recall the result of [7] (which uses also [8]):
Theorem 2.1.
InZ = i N?729F, (2.8)
9=0
Now, we prove the more elaborate result:

2 The non-obvious fact that this is symmetric in its n + 1 variables is proved by recursion
in [7].
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Theorem 2.2. if iy,...,i, aren distinct integers in [1, N], then:

WT(LQ)(Ail,.--yAin) — <M

n

° Min77;n>(g) (29)

c

1,81+

where (-) means the formal expectation value with respect to the measure used
to define Z, the subscript ¢ means connected part or cumulant, and the sub-
script (g) means the g™ term in the 1/N? topological expansion.

In other words, the W, ,, compute some expectation values in the Kon-
tsevich integral, which are not the same as those computed by [3].

Proof. From Eq. 2.1, it is easy to see that:

o"InZz
N =2" N\, .. N, (M, 4, ... My 2.10
8)\“8>\2n ! " < 1t mn>c ( )
i.e., to order N2729—7:
O F (9)
e = 2" Ny Ay, (M, M) 2.11
6)\7;1 e 8)\in 1 n < 10 'n7'n>c ( )

Now, let us compute % with the method of [7].
Consider an infinitesimal variation of the matrix A: A\; — \; + 6\; (we
assume 6t; = 0). It translates into the following variations of the function y(z):

oy(z) = ! Tr oA (2.12)

and thus the form:

5m@¢m@d<1tn‘m')

N z—A
1 1 oA
= Res ——— — T
e N T
1 1 oA
== ~ Tr— 2.1
8-V M oa (2.13)
Then, using theorem 5.1 of [7], we have:
_ @) L o A
OF, 7;4;116)1‘}[/1 (©) N TrC—A
(9)
W% (X)) OA;
= . N 2.14
zi: N (2.14)
ie.,
Wl(g)(&) = <Mn‘>(g) dz(X\;) (2.15)

And repeating the use of theorem 5.1 in [7] recursively we get the result. O
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Example:
1 1 t t
MY = - 5 Ty =_5 _ (216
M) =506 (B taoem) (M =gg—ge (210
2.2. Expectation Values and Ribbon Graphs
Let 41,...,4, be n distinct given integers € [1,..., N]. We want to compute:
(Mi, 3, - M, ) (2.17)

Let us also choose n positive real perimeters Py, ..., P,

Let T'(g,m,m) be the set of trivalent oriented ribbon graphs of genus g,
with n marked faces, and m unmarked faces. Each marked face FF =1,...,n

carries the given index ir, and each unmarked face f carries an index iy €
[1,...,N].

Let us consider another set of graphs. Let I'*(g,n, m) be the set of ori-
ented ribbon graphs of genus g, with trivalent and 1-valent vertices, made of m
unmarked faces bordered with only trivalent vertices, each of them carrying an
index iy, and n marked faces carrying the fixed index ip € {i1,...,4,}, such
that each marked face has one 1-valent vertex on its boundary. The unique
trivalent vertex linked to the 1-valent vertex on each marked face corresponds

to a marked point on the boundary of that face.
i P
1 @ j

A\

For any graph G in either T'(g,n,m) or I'*(g,n,m), each edge e is bor-
dered by two faces (possibly not different), and we denote the pair of their
indices as (eiefs, €right)-

Assume that iy, ...,14, are distinct integers. The usual fat graph expan-
sion of matrix integrals gives (cf. [2,4,9]):

(Miy iy - My, 509

__1)\#vertices

o 1 1
—N Z Z Z(#iut(G) H ——  (218)

A e rig
m Gel'y . {ir} ecedges(G) eleft - eright

It is obtained by first expanding e~ 3 T M° = >ooto % (—1)¥ (Tr M3)?, and
then computing each polynomial moment of the Gaussian measure e~ 10 AM :
with the help of Wick’s theorem. Each Tr M? corresponds to a trivalent ver-

tex, each Mj; corresponds to a 1-valent vertex, and edges correspond to the
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“propagator” (M;; My1)Gauss = N?%TAJ)‘ The result is best represented as
a fat graph, the edges of which are double lines, carrying two indices. The
indices are conserved along simple lines. The symmetry factor comes from the
combination of 1/(3"v!) and the fact that some graphs are obtained several
times. Notice that (—1)” = (—1)", because the total number of 1- and 3-valent
vertices must be even.

Notice that the edge connected to the 1-valent vertex M;, ;, gives a fac-
tor 1/2);,, and the two edges on the boundary of face F, on each side of
the 1-valent vertex, give a factor 1/()\;, + A;)? (where j is the index of the

neighboring face), which can be written as:

EoESwE H /dl /dl e~leQip+As) (2.19)

and all other edges have a weight of the form:

oo

! / 4 .
3. N~ dle e E(Aclcft+>\c r]ght) 220
)\eleft + Ae right ( )

We are thus led to associate to each edge e a length I, € R™.
Therefore,

(M,

i1,01 -~-Min,zn>(Q) )‘zﬂ Z Z Z #Aut

m GGanm{Zf}

[e%e] n EF
X H /dle eizele(/\elcft‘i’)\cright) H/ (2.21)

e€edges(G) | F=1

Now, we introduce the perimeters of each face Pr for marked faces, and py for
unmarked ones.

Notice that each graph of I'; |, . projects on a graph of I'y ;, ,,, by remov-
ing the 1-valent vertex and its adjacent trivalent vertex, and keeping a marked
point on the boundary of the face F. The sum of f I dlp over graphs of
'y ».m» Which project to the same graph, corresponds to a sum of all possibil-
ities of marking a point on the boundary of face F, i.e., a factor Pr, and thus
removing the marked point. Therefore:

(Miy 4y ... M, 3,)

tn,tn

N—m o0 .
:mz Z Z #Aut /dpfe ‘fpf
0

n m GETgnm {if}
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XH/PFdPFe Nop Pr H/dl Ha(pf— Zz) Ff[la(PF— ) le>

ecdf ecOF

_ 1 ( n”
= 2”)\1'1 . )\in ;GEI;-,L o #Aut( )

XH/dpf %Tr (e‘P-f'A)H/PF dPpe Mr"F Vol (ng'(Pr,ps))  (2.22)
5o Fy

where Vol (Tl'_l(PF, pf)) is the volume of the pullback of the ribbon graph G

in Mo,
Vol (75" (Pr,py)) /Hdl Ha pr— > L H&(PF—ZZ>
ecdf e€dF
(2.23)

The number of integrations (i.e., after performing the §) is 2d, »4m = #edges—
#flaces = 2(3g—3+n+m), Wthh is the dimension of My y,4,; therefore, [], di.

is a top-dimension volume form on Mgojffm =My nim x RIT", Les
H dl, = 59 ntm HdPF [T dps A Qomsm (2.24)
qm-&-m
!

where © is the two-form on the strata 75" (Pp, py) of Meomp | such that:

Q= prfwf + ZPng (2.25)
f F

and where wy = > __ d(lc/ps) Nd(ler/py) is the first Chern class of pullback
of the cotangent bundle at the center of the face ¥y = ¢1(Ly).
Kontsevich [9] proved that the constant pg ,,m is given by:

Pg,n+m = 2g_1_2dg,n+7n (226)
Thus we have:
Vol (ng" (Pr,py))

_ pgm-i-m‘ / ng,n+7n
dg.ntm!

7 (Pr.py)
2d

P2dp ,(/)
= Pg,nt+m Z / 1;[ H

d dp=dgntm —
Zf F+2lp dr=dg nim WG](PF ps)

2df P2d
ST S A ) £ <wa:fnwzp>
f F f F

Zf Clf""X:F szdg,n+m

G
(2.27)
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therefore

o0 1 B B
TT f tes 55T (e o o)
fo

oo 1 )
= pg7’ﬂ+m H/dpf N Tr (e pfA) Z
0 Z_f dy +ZF dp=dg,nitm
2dy

1= pr <Hw deF>

df! F
f F

= Pg,n+m g

Z‘f df+ZF dF:dg,n+m
Qdf! 1 ( -~ P2dF ds
[T —1r (A <2df+1>) 1~ v T v
| | f F
; df. N = dr! 7 -
= Pg,n+m g

Ypdftpdr=dg nim

2d ¢! p2ir 4 dr
ot teen [T (1195 1ve (2.28)
F ’ f F

G

G

G

f

and then, when we sum over all graphs (since we sum over graphs with m
unmarked faces, we have to divide wrt the symmetry factor m!, like in [9]):

(Miy iy .. My, . )9 = m i ‘K H / PpdPpeieP

Tam ¥ H“f'”df“nd.<1y;ffgw>

Y ditdp=dg n+m

(2.29)

Therefore, if we write:

Wym(hiyse s A
AN, ... d;,

in,) :/dpldpn HPFe_)‘lFPF ng(Pl,...’Pn) (230)
F

we find that the inverse Laplace transform of Wy ,, is:

_1 n
Vor(Prs... . Pp) = pq, Em ( ml) ZZ;" dj+3X 7 dp=dy nt+m
2d;! t2dp+1 d
[T, %4 242 T 2ot (1w e )

(2.31)

where the intersection theory is computed on Mg 4 m-
Since we are interested only in the perimeters of the n marked faces,
we may try to perform the integration over the m unmarked faces, i.e., we
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introduce the forgetful projection m,4+m—n : Mg,n—i—m — Mg,n, which “forgets”
the m remaining points. It is known [1,16] that the push forward of the classes
¢}if , can then be rewritten in terms of Mumford’s [14] tautological classes

on ngn, by the relation:

v (7 T ) = 3 T s T8
F

oc€X,, c=cyclesof o

(2.32)
Therefore, if we rewrite dy = ay + 1 we have:
1 (=)™
— Vo (Pr,o P) =Y >
Pg,n e - o
21 ap+> 1 dr=dg,n
2a7 + 1! toq; 43 a1
I f, I
Qg dF
f F
m S a4+t dp=dg,, TE M
2a; + 1! toa, 13 77 PR° d
XH af! 2 H dp! HHZCQinFF
f F c F
p2ir 1
= (=1 > Ha=>2m X >
do+di+-+drp=dy ., F m ar++am=do,ar>0 c€L,
2a¢ + 1! tog,+3
X H Zif' # H KZC a; H w;lrF (233)
f : c F

Now, instead of summing over permutations, let us sum over classes of permu-
tations, i.e., partitions {1 > ly > --- > I}, > 0, and we denote [I| =) . l; =m
the weight of the class and |[I]| the size of the class:

I
I, % T1,(#i/ & = 7).

The sum over the a’s for each class gives:

11| = (2.34)

—1)"
(=1) Vg,n(Pl,...,Pn)

Pg,n
2d g
- X YD R >
|Z]! , ‘
do+di+-+dp=dg, F 1202221 >0 aqj,i=1,....k,j=1,...l;
2a; 5 + 1! toq, ;43 k d
(S T2 e (L T
- S Qg j5: 2 - j=1%i,j
i,] ,J ’ = F

(2.35)
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Since the summand is symmetric in the [;’s, the ordered sum over I; > ...l can
be replaced by an unordered sum (multiplying by 1/k!, and by [],(#{i/ l; =
J}!in case some [; coincide):

—1)"
(1) Vor(Pry..., Py)
Pg,n

Png 1 S|
SRR 155 3D Vi | IS

do+di+-+dr= dg'n. Loy lg>0 i=1 " a;ji=1,...kj=1,...l;

<& Zald ) HQCL:]"’l t2a ]+3 <HI€ 711%11_[’[/) >
i.j
F
1

aij! =1

£ SN VI X0 1 C91

" by +bote by =do i=1

R“H

dot+di+-- +dF dg, i=1

(2.36)

where

=YY H%J“ Toast3 (2.37)

>0 ar+-+a;=b j

t, can be computed as follows: introduce the generating function

o0
2a + 1! ¢ u
gz)=>" . 2“;3 z (2.38)
a=0 '
then 7, is
. 1
Bh=> 7 (¢"),=(-In(1—g)) (2.39)
>0

where the subscript b means the coefficient of 2 in the small z Taylor expan-
sion of the corresponding function, i.e.,

—In(1- th 2L =g(z), 1—g(z)=e 9 (2.40)

In fact, it is better to treat the a = 0 and b = 0 terms separately. Define:

B 1—g(z) ~=2a+1! toers ,
flz) =1~ L 7; st (2.41)
and
f(z)=—-In(1—f(2) =g(z) — o = Zfb 2b (2.42)
b=1
We have:

to=—1In <1 - t;) (2.43)
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and fp is now a finite sum:
b (_
=2
=1

Using that kg = 29 — 2 + n, we may also perform the sum over all van-
ishing b’s. Let us change & — k + [ where [ is the number of vanishing b’s,
ie.,

I S
; aj ! t3 — 2
ai+---4a;=b,a; >0 j

—1)"
(=1) Von(Pr,. .., Py)

- ¥

do+di+-+dr=dgn F

o T [T (T

bi+bo+--+br=do,b; >0 i=1

. Pzdp
= elome Z H Z k!

do+di+-+dp=dg,n

PE 1
dpl ZZm(toﬁo)
1

oz i)

by +bo+--+br=do,b; >0 i=1

9 29—24n P2dF 1
- (+2%) ORI =D

do+di+-+drp=dgn F

X > ﬁt},i <Hnb [T vs > (2.45)

bi+bo+---+bp=do,b; >0 i=1

Notice that:
Pgn2297H = 27dgn (2.46)
thus
2%an (ty — 2)2972Tn Y (Py,..., P,)

_ Z l—F[P2d zk:ll Z ﬁfbi

do+di++dr=dg,n " bitbot4br=do,b; >0 i=1

k
x <H Hwif> (2.47)
i=1 F

Finally, we obtain Theorem 1.1. O
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3. Examples

3.1. Some Examples

First, we give a few examples with general times ¢s.

Using formula 2.44, we have:

R Ty = —60 —7_ 418 f5

T 2 P ty — 2 (t3 — 2)2

. Tt 3151 st RIEI.

fg= —0 19 29 572_7 5 ... (3.2)
3tg—2 ' 2 (t3—2) 3 (ts — 2)3

Then we use Theorem 1.1 for some examples. In the examples that fol-

(3.1)

low, the first expression is the definition Eq. 1.3, while the second expression
results from the recursion equation 1.4.

1 le dZQ ng 1 le d22 d2’3

1)y = 3.3
ts —2 222322 (Lo ts —2 2223232 (3:3)

Wo,3(21, 22, 23) =

ie.,
1
Vos(Li, Lo, L) = ——, (1)g=1 (3.4)
t3 —2
dz 6 t~1
Wl,l(z) = 72@3 — 2) <Z4<1,ZJ>1 + 22<I€1>1>
dz 1 t5
=% (- 5 3.5
8(t3 - 2) <Z4 (t3 — 2)22) ( )
ie.,
1 1
(Y1 BYR (k1)1 = 21 (3.6)
Wi,2(21, 22)
ledZQ 5!
- i[5 Gl + ) + 3t B
- - 1- -
+ tizt 2y (ki) + 121 25 (ko) + §t122ffz§<ff%> + la21 23 (a)
dZ1dZQ
= 80— 2)120:8 [(ts —2)? (521 + 525 + 32123) + 6t2z125
—(t3 —2) (6t52123 + 6t527 25 + Htratey)] (3.7)
ie.,
1 1 1
(K191)1 = 3 <’f%>1 =3 (ko)1 = 2 (3.8)
The recursion equation 1.4 also gives:
d
Waa(z) = c [252 ¢22° + 124225(2 — 13) (50 t72% + 21 t5)

128(2 — t5)7210
+2%(2 — t3)? (25212 + 348 t5tr2” + 145¢72" + 308 t5tgz")
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+22(2 — t3) (203 t5 + 145 227 + 105 2*tg + 105 %)
+105 (2 — t3)*] . (3.9)

Wao(z1, 22, 23, 24)

dz1dzodz3dzy 2, 2, _—2, _—2
=12 t3 — 2 — 15 3.10
(t3 — 2)3 22222222 (( 3 ) (Zl T2ttty ) ) ( )

and so on.

3.2. Specialization to the Weil-Petersson Measure

Now, we specialize to the Weil-Petersson spectral curve of [5]:

1 . 207 _4n2s
y(z) = %sm(%rz) — togis = (2d+)1' + 2800 — f(z)=1—e""
(3.11)
so that:
f(z) =4n%2 — &, =472 0y1 + 0o In(—2) (3.12)

therefore, each b; must be 1, and we must have k = dy, and we get:

Vgn(Pl,...,P )
d,
=270 Y it bdrmdy n 0T [Ty 2o (2n2k0)® [T, )

which is after Wolpert’s relation [17], the Weil-Petersson volume since 272k
is the Weil-Petersson Kahler form, and thus, we have rederived Mirzakhani’s
recursion relation.

(3.13)

3.3. Specialization to the ko Measure

To illustrate our method, we consider the integrals with only ko:

Vor(Pry..., Py)

—d 1 PQdF g do dp
=2 don 3 i H <(t2@) 1;[¢F> (3.14)

2do+di+-+dp=dg n

which correspond to the conjugated times
- = (—=1)k gk
fe)=hs® — fla)=) ~——25* (3.15)

ie. t3 =3, and

~ 2a!
tyars = 4(—1)"1§ m — 840 (3.16)
The corresponding spectral curve is:
z = 2k!
=——42 —ty) kL 3.17
e = =5 + 230 gy (317)

with that spectral curve, the volumes V, ,, satisfy the recursion of Theorem 1.1.
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3.4. Specialization to Discrete Measure

Let us consider the example where A = AId, which is particularly important
because

7Z = /dM efNﬂ(MTiM(AQJF%)) x /dM o T (3002 -26%) (3.18)
where
1 1 —3/2
T=—(N+< 1
s (2 5) (319)

i.e., Kontsevich integral reduces to the usual cubic one-matrix model, which
is known to count triangulated maps [2].
In that case, we have:

ty = A"" (3.20)
thus for b > 1:

b
fy =227 )" %(1 — 223~ > [[2a:+ 1)1 (3.21)
=1

a1+-4a;=b,a; >0 1

For instance we have:

1

Vos(L) = = (3.22)
Vi,1(L)
_ —5
:%ﬁ(l&wﬁl +£1<K1>1):8(2_71>‘73) (§+2i)\3) (3.23)

where 1] = 6A72 (1 — 2)\3)~ L.

It would be interesting to understand how this relates to the discrete
Regge measure on the set triangulated maps. In the case of triangulated maps,
loop equations, i.e., the recursion equation 1.4 are known as Tutte’s equations
[15], which give a recursive manner to enumerate maps. This shows how general
the recursion equation 1.4 is.

4. Other Properties

From the general properties of the invariants of [7], we immediately have the
following properties:

e Integrability. The Fgs satisfy Hirota equations for KdV hierarchy.
That property is well known and it motivated the first works on
Witten—Kontsevich conjecture [9].

e Virasoro. The invariants of [7] were initially obtained in [6,7] from the
loop equations, i.e., Virasoro constraints satisfied by Z(A).

e From dilation equation, we have:

1
Wyn(z1,..,2n0) Res ©(2)Wynt1(21,. .., 20, 2) (4.1)

- 29 +n— 2 20
where d® = ydx.
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For the Weil-Petersson case, after Laplace transform this translates
into [5]:
B 1 0
294+ n—2 0L,y

Vg,n(Llu ey Ln)WP Vg,nJrl(Lh o 7Ln7 22’7T)WP

(4.2)

e It was also found in [7] how all those quantities behave at singular points
of the spectral curve and thus obtained the so-called double scaling limit.
e The invariants constructed in [7] have many other good properties, and it
would be interesting to explore their applications to algebraic geometry.

5. Conclusion

In this paper, we have shown how powerful the loop equation method is, and
that the structure of the recursion equation 1.4 (i.e., Virasoro or W-algebra
constraints) is very universal.

We have thus provided a new proof of Mirzakhani’s relations, exploit-
ing the numerous properties of the invariants introduced in [7]. However, the
construction of [7] is much more general than that of Mirzakhani, since it can
be applied to any spectral curve and not only to the Weil-Petersson curve
Yy = 5 sin(2my/x). In other words, we have Mirzakhani-like recursions for
other measures, and Theorem 1.1 gives the relationship between a choice of
tgs (i-e., a spectral curve) and a measure on moduli spaces. Moreover, the
recursion relations always imply integrability and Virasoro.

It would be interesting to understand what the algebraic invariants Wy,
defined by the recursion relation of [7] compute for an arbitrary spectral curve,
not necessarily hyperelliptical or rational.
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