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Critical Points of Wang—Yau Quasi-Local
Energy
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Abstract. In this paper, we prove the following theorem regarding the
Wang—Yau quasi-local energy of a spacelike two-surface in a spacetime:
Let ¥ be a boundary component of some compact, time-symmetric, space-
like hypersurface €2 in a time-oriented spacetime N satisfying the dom-
inant energy condition. Suppose the induced metric on ¥ has positive
Gaussian curvature and all boundary components of 2 have positive mean
curvature. Suppose H < Hp where H is the mean curvature of ¥ in
and Hy is the mean curvature of ¥ when isometrically embedded in R3.
If © is not isometric to a domain in R®, then
1. the Brown—York mass of 3 in {2 is a strict local minimum of the
Wang—Yau quasi-local energy of 3.
2. on a small perturbation S of ¥in N, there exists a critical point of
the Wang—Yau quasi-local energy of 3.

1. Introduction and Statement of the Result

Let N be a spacetime, i.e., a Lorentzian manifold of dimension four. Suppose
N is time orientable. Denote the Lorentzian metric on N by (-, -) and its covar-
iant derivative by V. Let ¥ C N be an embedded, spacelike two-surface that
is topologically a two-sphere. Suppose the mean curvature vector H of ¥ in
N is spacelike. Let o be the induced metric on ¥ and let K be the Gaussian
curvature of (X, ).

Given a function 7 on ¥ such that 6 = o + dr ® dr is a metric of
positive Gaussian curvature on 3, by [19, Theorem 3.1] there exists an isomet-
ric embedding X : (3,0) — R*! such that 7 is the time function of X, i.e.,
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X = (X, 7), where X = (X1, X5, X3) is an isometric embedding of (£,4) in
R? = {(z,0) € R*'}. The Wang—Yau quasi-local energy [18,19], associated to
such a time function 7, is given by

B, (Z,7)
8 /HdvE / V14 [V72cosh0|H| — (V7, V) — (V,V7)| dog 3,
™

where

o 3= X(X),H >0 is the mean curvature of 3 in R?, dvg, and dvs; are the
volume forms of the metrics ¢ and o.

. o —AT . . ~
e sinhf = HAr o V and A are the gradient and the Laplacian oper
ators of the metric o, |H| = /(H, H).

e V is the tangent vector on X that is dual to the one form a H( ) defined
by afy;, (X) = (VXed, efl) for any X tangent to ¥. Here eff = W and
3
ell is the future timelike unit normal to ¥ that is orthogonal to efl.

The Wang—Yau quasi-local mass of ¥ [18,19], which we denote by m,,. (¥), is
then defined to be

My, y (Z) =inf F,,, (Z, 7—)

where the infimum is taken over all functions 7 that are admissible (see
[19, Definition 5.1] for the definition of admissibility).

Wang and Yau [19] show that a function 7 is a critical point of E,,, (%, -)
if and only if 7 satisfies

VoVaT g cosh0|H|

JI+|VT] VL

[Hwb 59°554 ], } Vr—V0-V

(1.1)

where &,ﬁ,@ and V are defined as above, {a,b,c,d} denote indices of local
coordinates on ¥, iy is the second fundamental form of 3 in R? and divs(+)
denotes the divergence operator on (3, 0).

When the Gaussian curvature K of (X, o) is positive, the function 7o = 0
is admissible [19, Remark 1.1] and E,,, (X,70) = m,, (2), where m,, (X) is
the Liu-Yau quasi-local mass of ¥ [10,11]. In this case, 79 is a critical point of
E, ., (%,) if and only if divyV = 0.

Now suppose X is one of the boundary components of a compact, time-
symmetric, space-like hypersurface € in N, then V = 0 and E,,, (3, 79) =

5y (2,9), where m,, (%,Q) is the Brown—York mass of ¥ in Q [2,3]. Con-
sidering the variational nature of m,,, (3), one naturally wants to ask the
following:

Question 1. Suppose ¥ is a boundary component of a compact, time-
symmetric, space-like hypersurface €2 in N, is the Brown-York mass m,,
(3, 9) a local minimum value of the Wang—Yau quasi-local energy E,,, (%, )?



Vol. 12 (2011) Critical Points of Wang—Yau Quasi-Local Energy 989

Question 2. Suppose ¥ is a boundary component of a compact, time-
symmetric, space-like hypersurface © in N, is the set of solutions to (1.1)
open near the pair (X, 79)? That is, suppose ¥ C N is another closed, embed-
ded, spacelike two-surface which is a small perturbation of ¥, does there exist
a solution 7 to (1.1) with X replaced by %7

Our main result in this paper is the following theorem:

Theorem 1.1. Let ¥ be a boundary component of some compact, time-
symmetric, spacelike hypersurface € in a time-oriented spacetime N satisfying
the dominant energy condition. Suppose the induced metric o on ¥ has posi-
tive Gaussian curvature and all boundary components of Q) have positive mean
curvature. Suppose

H < H, (1.2)

where H is the mean curvature of ¥ in  and Hy is the mean curvature of 3
when isometrically embedded in R3. If Q is not isometric to a domain in R3,
then

1. m,, (£,9Q) is a strict local minimum of E,,, (X, -).

2. for ¥ C N near %, there is a solution T to (1.1) for ¥.

We note that there are many types of surfaces X that satisfy the condition
(1.2) of Theorem 1.1. Here we list a few of them:

(i) ¥ =S, where S, = {|z| = r} is a large coordinate sphere in a time-sym-
metric, asymptotically Schwarzschild (AS), spacelike slice M C N. Here
a Riemannian 3-manifold M is called AS (with mass m) if there is a com-
pact set K C M such that M\K is diffeomorphic to R3\{|z| < R} for
some R and the metric g on M with respect to the standard coordinates
on R? takes the form

m

2r

where |0%b;;| = O (r=27%),0 < k < 3,7 = |z and m is a constant. Direct

calculation [see (5.1) in [6] for example] gives

Gij = (1 + )451']' + by

On the other hand, it was proved in [17] (the equation on the bottom of
page 122) that
2 2m
Hy==—"+0@r7?).
0T T 2 +00™)
Therefore, H < Hy for large r if M has positive mass m.
(ii) ¥ bounds a compact, time-symmetric spacelike slice 2 and 3 has con-
stant positive Gaussian curvature and constant positive mean curvature
H. In this case, by the results in [12,17] one knows H < Hy and H = H,
if and only if Q is isometric to a Euclidean round ball.
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(iii) X bounds a compact, time-symmetric spacelike slice Q2 and X has positive
Gaussian curvature and positive mean curvature. Suppose there exists a
conformal diffeomorphism f : ) — Qg between Q and a domain g in R?
such that f*(go) and g induce the same boundary metric on ¥ and ¥ has
positive mean curvature in (€2, f*(go)). Here g is the metric on Q and g
is the Euclidean metric on . In this case, if one writes g = u*f*(go),
it follows from the maximum principle (applied to u) that H < Hy on ¥
and H = Hj precisely when 2 is isometric to €.

(iv) When viewed purely as a result on the Riemannian 3-manifold €, Theo-
rem 1.1 applies to those ) that are graphs over convex Euclidean domains.
Precisely, let ¥ be a strictly convex closed surface in R? and let {y C
R3 be its interior. Let f : Q9 — R be a smooth function such that
fls = 0. Let Q be the graph of f in R* with the induced metric and
let H be the mean curvature of ¥ in 2. The calculation directly shows

Hy < Hp. The motivation to consider these 2 (with f cho-

-1
V14V

sen such that © has non-negative scalar curvature) comes from a recent
work of Lam [8] on the graphs cases of the Riemannian positive mass
theorem and Penrose inequality.

We should mention that related to (i) above, Chen et al. [4, Section 4]
under the assumption of analyticity show that in asymptotically flat space-
times, (1.1) has a formal power series solution, which is locally energy mini-
mizing at all orders, for certain surfaces in an asymptotically flat hypersurface.

This paper is organized as follows: In Sect. 2, we compute the second vari-
ation of E,,,. (£, 7) at 7o = 0 and derive a sufficient condition for m . (X, Q) to
locally minimize E,,, (2, 7). In Sect. 3, we prove that the sufficient condition
provided in Sect. 2 holds for those surfaces ¥ satisfying the assumptions in
Theorem 1.1. Hence, part (1) of Theorem 1.1 follows from Sects. 2 and 3. We
note that, besides playing a key role in the proof of Theorem 1.1, Theorem 3.1
in Sect. 3 concerns analytical features of the boundary of compact Riemannian
manifolds with non-negative scalar curvature, thus is of independent interest.
In Sects. 4 and 5, we focus on part (2) of Theorem 1.1. The main idea there is
to apply the Implicit Function Theorem (IFT). But to apply the IFT, we are
confronted with the problem to show that the map F', sending a metric o of
positive Gaussian curvature on the two-sphere S? to the second fundamental
form IT of the isometric embedding of (S2%,0) in R?, is a C! map between
appropriate functional spaces. If o is a C*(k > 2) metric, by [15] one knows
IT is a C*~2% symmetric tensor. We do not know whether F is C'! from the
C*Fe space to the C*=2% space. However, in Sect. 4, we prove that F is C*
between C* and Ck—3« spaces for £ > 4. This turns out to be sufficient
to apply the IFT to obtain solutions to (1.1) because the metric & in (1.1)
involves dr and (1.1) is a 4-th order differential equation of the function 7. In
Sect. 5, we apply the result in Sects. 3, 4 and the IFT to prove the existence
of critical points of E,,, (3, -) for surfaces 3 nearby.

We want to thank Michael Eichmair for helpful discussions leading to
Proposition 3.1.
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2. Comparing m_, (3,Q) and E_, (%, -)

We start this section by computing the second variation of E,,,. (¥, ) at 7o = 0,
assuming 7y is a critical point for E,,. (3, ).

Proposition 2.1. Let N be a time-oriented spacetime. Let ¥ C N be an embed-
ded, spacelike two-surface that is topologically a two-sphere. Suppose the mean
curvature vector H of ¥ in N is spacelike. If 79 = 0 s a critical point for
E, ., (%,), then the second variation of E,,, (X,-) at 7o = 0 is given by

82 Eyyy (3,7)|7=0(67)
1 (A§T)?
87 |H|

b

+ (Ho — [H|)|V(07)|? — To(VéT, Vo) | dvs  (2.1)

where Hy and Iy are the mean curvature and the second fundamental form of
(2, 0) when isometrically embedded in R®, and o is the induced metric on %
from N.

Proof. The first variation of E,,, (X, ) was obtained by Wang and Yau in [19,
Proposition 6.2] and is given by

1 ca racabds VoVar
OBy (5,7)(67) = &T/{ A5 = 56" (hea)| 71—b|—|V7'|2

P
} 0T dvg.

+divy lVT coshf|H| -V -V

1+ |Vr|?
(2.2)
Let H(r) denote the functional
o racabdsd Vi Va1
_ Ha_ab _ O_aco,bd h a
[ (hea)] =
s
+divy, | ———===cosh0|H|-VO -V|. 2.3
¥ l 1+|VP? al 23)

Direct computation shows that the first variation of H(-) at 7 =0 is
9 . AOT
OH(7)|r=0(67) = —(Hoo — Iy, V=67) + div, (|H|VOT) + A THT ) (2.4)

where V2 denotes the Hessian operator on (¥, o). (2.1) now follows from (2.2),
(2.4) and the fact that Hoo — Il is divergence free on (X, o). O

Assuming the quadratic functional of §7 in (2.1) has certain positivity
property, we show that 79 = 0 is a strict local minimum point for E,,, (%, -).

Theorem 2.1. Let ¥ be a boundary component of some compact, time-
symmetric, spacelike hypersurface £ in a time-oriented spacetime N satisfying
the dominant energy condition. Suppose the induced metric o on % has positive
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Gaussian curvature and the mean curvature H of ¥ in € s positive. Suppose
in addition that there exists a constant > 0 such that

A 2

/ [(}’;) + (Ho — H)|Vn|* — ]I]IO(Vn,Vn)} dvs > ﬁ/(An)2dvg (2.5)
b

for alln € W22(%), where Hy and Iy are the mean curvature and the second

fundamental form of (¥, 0) when isometrically embedded in R3. Then, for any

constant 0 < o < 1, there exists a constant € > 0 depending only on o, H and
3, such that

E,, (87)—m,, (%,Q) > g/(Ar)deg (2.6)
5

for any smooth function T with ||7]|cs.« < €.

Proof. Let X (o) be a fixed isometric embedding of (¥,0) in R?. By [15,
p. 353], there exist positive constants C; and €1, depending only on o, such
that if & is another C%® metric on ¥ with ||6 —0||c2.« < €1, then & has positive

Gaussian curvature and there exists an isometric embedding X () of (¥,4) in
R3 such that

1X(5) = X(0)llcze < Cull& = oo (2.7)

Now, let 7 be any given smooth function with ||7]|2; .. < e1. Let o(s) =
o+ s2dr ®@dr,0 < s < 1. Then
lo(s) = olloza < [ldT @ dllc2a < |[|7][¢s.a < e
Hence, o(s) has positive Gaussian curvature and there exists an isometric
embedding X (s) of (X, 0(s)) in R? such that
1X(5) = X (0)llc2e < Cull7][Es.0 (2.8)
where X (0) = X (o). Let Hp(s) and Iy(s) be the mean curvature and the
second fundamental form of X (s)(¥). Let dv,(s) be the volume form of o(s).

For simplicity, denote E,,,.(X,0(s)) by E,. (s). By (2.2) (and also the fact
V =0), we have

LB ()

1 sVpV,1

= — —[H, ab ac( &) g0 ()(11 )] et
- / { [Ho(5)o(5) = ()0 (5) Mo (s)ea)]

sVt
+divy | —=—=—=—===H cosh — V0| ;7 duvg
V14 82| Vr|? 1}

1

- /s [Ho(s)o(s) — 0°°(s)0"(s)(Io(8))ea)] TaTo/1 + s2|VT[? dus

8w
)
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s|Vr|?

— | ———=—=—=H cosh @ dv,, — /QAT doy (2.9)
J 1+ s2|VT]? J

where we have used the facts that Hy(s)o(s) — Iy(s) is divergence free with
respect to o(s),dvy(s) = (1 + s2|V7]2)z duy, and

vl;vzz77

for any function 1 on X. Here V* denotes the covariant derivative of o(s), and
0 = 6(s) is the function defined by
—sA
sinhf= — 2T (2.11)
H\/1+ s2|V1|?
We estimate the expression in (2.9) term by term. First note that
coshf — 1 < sinh?6, |§ —sinh@| < |sinh®f|, V0 € R. (2.12)

Therefore,

/OAT doy = /sinh OAT dv,, + /(0 — sinh 0)A7 doy

> > >
s(AT)?
:_/ (H) dvs + Fy (2.13)
b
where
T gczs3\|r||2c2,a/[|VT|2+(AT)2] dvs, (2.14)

b
for some constant Cy depending only on H. Similarly,
s|VT|?
V14 s2|Vr|?
b

2 2
sV H dos, —|—/&H(cosh9 —1) dus

_z: 1+ 82| V|2 1+ 82| Vr|?

H cosh 0 duy

>
= /5|V7’|2H dvs, + Fy (2.15)
>
where
1P| < Cy?|| 7B /[|VT|2 + (A7) dvs (2.16)
>

for some constant C3 depending only on H. Next, by (2.8) we have
|ITo () — TMo||co.e < Call7|[Es. (2.17)
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for some constant Cy depending only on ¢. This, together with the fact that
[lo(s) — ol|lgza < HTH%&Q implies

/sHO (8)Tamp/1 + 82|VT2 dv,, = /SH0|VT|2d1)2 +F (2.18)
b p
where

| B3| < Css||7]|25.a / |V7|?dus (2.19)

for some constant C5 depending only on . Similarly,

/Saac(s) 4(8)(Io(8))caTaTo /1 + s2|VT[2 dvg,

o
= /SM()(VT, Vr)dvs + Fy (2.20)
5
where
|F4] < Cosllr|Zon / Vr2dvs (2.21)
D

for some constant Cs depending only on o. By (2.5), (2.9) and (2.13)—(2.21),
we have

dp (5= s/ (A7)? + (Ho — H)|V7]? —/MO(vT,VT) dvs,

ds H
> >
+F + Fo + F35+ Fy
> 5(8 = Cyl|7]%0) /(AT)deg (2.22)
P

for some constant C7 depending only on o, where in the last step we have also
used the fact [see (2.27) below]| that

A / |Vr|2dvy, < / (AT)? dvg (2.23)
¥ 3

with Ay being the first nonzero eigenvalue of the Laplacian of . Hence, if € is
chosen such that 0 < €2 < ¢; and 3 — Cre® > %ﬁ, then we have

diE > ,35/ (A1)*dvs, (2.24)

for any 0 < s <1 and for any smooth function 7 with ||7]|cs.« < €. In partic-
ular, this implies

¥, 7) > E,,, (%,0) + §||AT||%2. (2.25)

WY(

Theorem 2.1 is proved. O
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The following corollary gives a simple condition in terms of o and H that
guarantees (2.5) in Theorem 1.1.

Corollary 2.1. Let N,Q,%,0,H, Hy and Iy be given as in Theorem 2.1. Sup-
pose the first non-zero eigenvalue A1 of the Laplacian of o satisfies:

AL > H™S(H™ - I (2.26)
where H™** = maxy, H and ]H[f)nin is the minimum of all the eigenvalues of Il

on (X,0). Then condition (2.5) holds, hence m,, (X,Q) strictly locally mini-
mizes E,, (%, ")

Proof. By Theorem 2.1, it suffices to show that there exists a constant 3 > 0
such that (2.5) holds for all n € W22(%).
First, we note that

A / |Vn|2doy, < / (An)? dvs, Vne W22(%). (2.27)
b b

To verify this, it suffices to assume fz ndvs = 0. For such an 7, we have

/|V77|2dvz = —/nAndvg
s

5
1 1
2 2
2 2
< /TI dvg /(An) dus
) S
1 1
2 2
< Af1/|Vn|2dvz /(An)2 dus; (2.28)
) )

which implies (2.27). A
Now suppose (i) holds. By the definition of II§"", we have
Ho|Vin|* —1Lo(Vn, Vi) = T V2.

Therefore,

/ {(Anﬁ + (Ho — H)|Vn|? = Ty(Va, Vﬂ)} dos
P

A 2 min max
> [ S5+ = ) 19
b

1
- Hmax

/ [(AW — (A1 — 5)|Vn\2] dos;
b

/(AT})QdUg (2.29)
)

where § = \; — H™ (™ —T["™) > 0, and 6, = min{1,d/\;} which is
positive. Hence, (2.5) is satisfied with 8 = §;/H™?*. O

o1

>
- Hmax
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We leave it to the interested readers to verify that those surfaces X in
(i) and (ii) provided in Sect. 1 also satisfy the condition (2.26) in the above
Corollary.

3. Strict Positivity of the Second Variation

We investigate the condition (2.5) in this section. Our main result is the fol-
lowing theorem:

Theorem 3.1. Let (€2, g) be a three-dimensional, compact Riemannian manifold
of mon-negative scalar curvature with boundary 9. Suppose each component
of 9 has positive mean curvature. Let ¥ be a component of 0S). Suppose the
induced metric o on 3 has positive Gaussian curvature and

H < Hy (3.1)

where H is the mean curvature of ¥ in 0 and Hy is the mean curvature of &
when isometrically embedded in R3. If Q is not isometric to a domain in R3,
then there exists a constant 8 > 0 such that

(An)?

/ {H + (Hy — H)|Vn]* — HHO(Vn,Vn)] dvy, > ﬁ/(An)2dvg (3.2)
P b

for all n € W22(X). Here Il is the second fundamental form of ¥ when iso-
metrically embedded in R3.

We divide the proof of Theorem 3.1 into a few steps. First, we consider
the left side of (3.2) in the case that € is indeed a domain in R3. That leads
to a result concerning manifolds of non-negative Ricci curvature.

Proposition 3.1. Let (2,g) be a compact Riemannian manifold of dimension
n > 3. Suppose 2 has smooth boundary O (possibly disconnected) which has
positive mean curvature H. If g has non-negative Ricci curvature, then

/ [(AFZ)Q —II(Vn, Vi) | dv,g > 0 (3.3)
0N

for any smooth function n on 02. Here Il is the second fundamental form of
0 in (,9),V and A are the gradient and Laplacian on 9Q and dv,, is the
volume form on Of).

Moreover, equality in (3.3) holds for some n if and only if n is the
boundary value of some smooth function u which satisfies Viu = 0 and
Ric(V,u, Vou) =0 on Q. Here V3 and V,, denote the Hessian and the gra-
dient on (€, 9).

o

Proof. Given a smooth function 1 on 0f, let u be the harmonic function on
(€, g) such that u = n on 09. By the Reilly formula [16, Equation (14)] (see
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also [9, Theorem 8.1]), we have

-/

[5}9]

2
HH(Vu,Vu)+2%Au+H (gg) 1 :/|Viu|2+Ric(VQu,VQu)

Q

(3.4)

where Ric(-,-) is the Ricci curvature of g. Here we omit the corresponding
volume form in each integral.
Since Ric(+,-) > 0, (3.4) implies

/HH(V V)</—2@A (Y
wVu) s [ 2y A v

2 P

o [ -

b

by the Cauchy-Schwarz inequality. Hence, (3.3) is proved.
Now suppose the equality in (3.3) holds, then the equalities in (3.5) must
hold. In particular, we have

/ V2 ul|® + Rie(V,u, V,u) =0, (3.6)
Q

which shows V2u = 0 and Ric(V,u,V,u) = 0 on Q. On the other hand, if
Vflu =0 on {2, then

ou
AquH%—O on ¥ (3.7)

which shows the second equality in (3.5) must hold. If in addition
Ric(V,u, V,u) = 0, then the first equality in (3.5) holds as well. Proposi-
tion 3.1 is proved. 0

Remark 3.1. We thank Michael Eichmair who brings Reilly’s formula (3.4)
to our attention. (3.4) was derived by integrating the Bochner formula and
expressing the boundary term 3 |5, %|V9u|2 as the left side of (3.4). In par-
ticular, Proposition 3.1 remains valid under the general assumption that the
mean curvature H does not change sign on each component of 9.

Specializing Proposition 3.1 to domains in R", we have

Corollary 3.1. Let Q be a bounded domain in R™(n > 3) with a smooth con-
nected boundary Y. Suppose X2 has positive mean curvature Hy. Let Iy be the
second fundamental form of ¥ in R™. Then

/ {(277)2 — o (Vn, V) | dvs > 0 (3.8)
0

for any smooth function n on X, where V and A are the gradient and the
Laplacian on ¥ and dvy, is the volume form on 3. Moreover, equality in (3.8)
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holds for some 1 if and only if n is the restriction of a linear function to X,
1.e., M =ag+ Z?:l a;x* for some constants ag,ay,. .., 0y,.

Remark 3.2. When n = 3 and X is a strictly convex surface in R3, the inequal-
ity (3.8) can also be seen by considering the second variation of E,,, (X, ) for
¥ C R? = {(x,0) € R®'}. In fact, by [19, Theorem A}, E,,,. (3, 7) > 0 for any
admissible function 7. Since X has positive Gaussian curvature, 7 is admissible
if ||7||cs.e is sufficiently small [19, Remark 1.1]. Therefore, E,,, (£,7) > 0 for
any such 7. On the other hand, it is obvious that E,, (3,0) = 0. Hence, (3.8)
follows from (2.1).

Next, we derive an estimate of the left side of (3.2) for those  which are
restriction of linear functions in R3 to ¥.

Proposition 3.2. Let () be a three-dimensional Riemannian manifold. Let ¥ C
Q be an embedded closed 2-surface that is diffeomorphic to a sphere. Suppose
the mean curvature H of 3 in Q is positive and the induced metric o on ¥ has
positive Gaussian curvature. Let

X =(X" X2 X%:% —R3
be an isometric embedding of (¥,0) into R®. Given any constant ag and any
constant unit vector a = (a1, asz,a3) € R3, let n = ag + Z?:l a; X, then

/ {(A[j)g + (Ho — H)| Vi Mom,vm} dvy > 87m,,, (5,0)  (3.9)

where H is the mean curvature of 3 in ), Hy and 1y are the mean curvature
and the second fundamental form of ¥ when isometrically embedded in R3.

Proof. For such an n, Corollary 3.1 implies

/ [(AH’T — o (Vn, Vn)] dus = 0. (3.10)

Direct calculation shows
(An)? = (a- Hy)? and |Vn|? =1— (a- Ho)*Hy? (3.11)

where ﬁo is the mean curvature vector of ¥ when isometrically embedded in
R3. Therefore,

/ [(AIZ)z + (Ho — H)|Vnf* = To(Vn, Vn)} o

= o(1 2 H
:2/(a~H0) (H_H0+H§>+(HO_H>C1UE
> /(H0 — H)dos. (3.12)

b

We are now ready to prove Theorem 3.1. d
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Proof of Theorem 3.1. For convenience, we omit writing the volume form in
each integral. Note that

2
/ {(A}?}) (Ho — )|V Mo(vn,vn)] — L)+ L) (3.13)
where
2 2
Il(n,n)/[(AIZ) - (ig)) +(H0H)|vn|2}
3
and

Ix(n.n) :/ {(é{?z - Ho(VmVn)} ~
¥

By Corollary 3.1, we know I3(n,n) > 0. By the assumption (3.1), we have
I (n,n) > 0. Therefore,
(An)?

/ {H + (Hy — H)|Vn]? — Ty (Vn, vn)} > 0. (3.14)

To prove (3.2), we argue by contradiction.
Suppose (3.2) is not true, then there exists a sequence of functions {n;} C

W22(3) with
/77k =0 and /77,% =1 (3.15)

> )
such that

/ [@;7;)2 + (Ho — H)| V| - Howrzk,ww} <

/ (Am)?. (3.16)

=

T =

By the interpolation inequality for Sobolev functions, we have

2
[ @2 < [ (1 mgon + BT + - [an?
2 ) 2
=G +/ (Eome)” l/(Ank)Q. (3.17)

2H k
b b

Here and below, {C1,Cs, ...} denote positive constants independent on k. It
follows from (3.17) that

Ank|[22(2) < Co. (3.18)
By (3.15) and the usual L? estimate, we then have
|7kl lw2.2(s) < Cs. (3.19)

This implies that there exists a function n € W22(X) such that
a) mx converges weakly to n in W22(X).
b) i converges strongly to 7 in Wh2(X).
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By (3.19) and a), b), one also easily verifies that
c) Ang converges to An weakly in L?(X).
Moreover, by (3.15) and b),  satisfies

/n =0 and /172 =1 (3.20)
5

b

We now claim that

/ FAH’?V + (o = )Vl = a(V0, V)] =0, (3:21)

To see this, we replace n by 7 — n;, in (3.14) to obtain

_ 2
J [ a1y — (- ) = B9 = 02), 9= )] 2 0,

(3.22)
It follows from (3.16) and (3.22) that

1 (Any)?
= [ (Anp)dvs > [ [~— + (Ho — H)|Vi|* = To (Y, Vk)

2An, - An — (An)?

>
- H

+ (Ho — H)(2Vni - Vi — [V]?)

M\M

+/72HH0(V77;€,V77) + 1o (Vn, Vn). (3.23)
b
Letting k£ — oo, by (3.19), a), b), ¢) and (3.23) we have

2
0= / {(A}?) + (Ho — H)|Vnl* — Ho(Vn,Vn)} : (3.24)

This, together with (3.14), shows that

/ {(AH”)Z + (Ho — H)|Vl2 — Ty(Vn, VU)} = 0. (3.25)

Next, we claim that 1 must be the restriction of a linear function on X.
Here we identify ¥ with its image in R? under the isometric embedding. To
see this, first we note that 7 is a smooth function on ¥. That is because, by
(3.14) and (3.25), n is a minimizer of the functional

(Af)?

#(1) = | S5 + (o~ 1191 - (91,91

on W22(¥). Hence, 1 is a weak solution to the Euler-Lagrange equation

A (ij) — div ((Ho — H)Vn) + div(ILy(-, V1)) = 0. (3.26)
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Since the coefficients of (3.26) are assumed to be smooth, we know 7 is a
smooth function by the standard elliptic regularity theory. Second, by (3.13),
we have

0=1I(n,n) + I2(n,n). (3.27)

Since I1(n,n) > 0 and I2(n,n) > 0, we know I3(n,n) = 0. By Corollary 3.1, we
conclude that

3
n=ag+ Z a;z’ (3.28)
i=1

for some constants ag, a1, as,as. By (3.20) we further know that 7 is not a
constant, hence (a1, az,as) # (0,0,0).
For such an 7, Proposition 3.2 shows

/ [@H”)Q 4 (Ho — H)|Vin|? — (Y, vm] > 8rm,,, (3,9). (3.29)
b

Therefore, by (3.25) we have

0> 8mm,, (2,0Q) = /(H0 —H). (3.30)
by

Since it is assumed Hy > H on X, we conclude that Hy = H everywhere on .

To finish the proof, we apply the positive mass theorem to draw a contra-
diction. Let N C R? be the exterior region of ¥.. We attach N to the compact
manifold € along 3 to get a Riemannian manifold M. The metric gy; on M has
the feature that, though it may not be smooth across ¥, the mean curvatures
of ¥ from its both sides in M agree. We have the following two cases:

e  When 9 has only one component, i.e., ¥ = 92, we can apply Theorem
3.11in [17] (or Theorem 2 in [12]) directly to conclude that € must be iso-
metric to a domain in R3. This is a contradiction to the assumption on €.

e  When 02 has more than one components, M has a nonempty boundary
OM = 9Q\X, which by assumption has positive mean curvature (i.e., its
mean curvature vector points inside M). In this case, one can modify
the proof of Theorem 3.1 in [17] to show that £ still must be isometric
to a domain in R3. Or one can proceed as in [13, Section 3.2] to draw a
contradiction as follows: by minimizing area among surfaces in ) that are
homologous to X, we know there exists a closed minimal surface ¥y in €2
having the property that there are no other closed minimal surface lying
inside the region Q bounded by ¥ and Y. By directly applying Lemma
2, 3, 4 in [13] and the Riemannian Penrose inequality [1,7], we have

[En]
167
This contradicts the fact that M outside X is the exterior Euclidean
region N, which has zero mass.

We conclude that (3.2) is true. Hence, Theorem 3.1 is proved. O

the mass of gy; > > 0.
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Part (1) of Theorem 1.1 now follows directly from Theorem 2.1 and The-
orem 3.1.

4. Second Fundamental form of the Isometric Embedding

The rest of this paper is devoted to study of Question 2. As mentioned in the
introduction, in order to apply the IFT, we want to verify that the map, which
sends a metric o (on the two-sphere S?) of positive Gaussian curvature to the
second fundamental form of the isometric embedding of (S2, ) into R3, is a
C" map between appropriate functional spaces. To do so, we follow closely the
original work of Nirenberg [15].

First, we fix some notations. Let ¥ = S2. Given an integer k¥ > 2 and a
positive number 0 < o < 1, let

R = the space of C** embeddings of ¥ into R?

X% — the space of C** R®—valued vector functions on ¥
Sk = the space of C** symmetric (0,2) tensors on ¥
MF = the space of C* Riemannian metrics on ¥

Mﬁ’a = open subset of M¥® with positive Gaussian curvature.

By the results in [15], for k > 4 and o € /\/li’a, there is an isometric embedding
X (o) of (¥,0) into R? which is unique up to an isometry of R3. Also, X (o) is
necessarily in £ by [15]. Hence the following map is well-defined:

F o MES — Shm2e ¢ ghde (4.1)

where F(o) = II(X (o)) is the second fundamental form of X (c)(X2) (pulled
back via X (o) and viewed as an element in S¥~2%). We want to study the
smoothness of F.

Given o € /\/li’o‘,k > 4 and let X = X(0) € M be an isometric
embedding of (X,0). Let {(u,v)} denote a fixed coordinate chart on X, let
X, X, denote the partial derivative of X with respect to u,v, and let X3 =
Xu A X, /| Xu A X,| be the unit normal. The coefficients of the first and the
second fundamental forms of X are denoted by E, F,G and L, M, N, respec-
tively. Let A = VEG — F? and let K, H be the Gaussian curvature, the mean
curvature of X (X) which are both positive. Let

()= %)
@ 5-G 8GN

(X3)y = AX, + BX,
(X3)y = CXy + DX,

and

Note that
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By [15, Section 6-8], given any p € 8™ and r > 2, there exists a uniquely
determined Y = ®(0, p) € X** (which also depends on X), where s = min{k—
1,7}, such that Y is a solution of

24X -dY =p (4.2)

and Y vanishes at a fixed point on X. Recall from [15] that Y is constructed
in the following way:

STEP 1: Let ¢ be the unique solution of
L(gus 60) + Ho = L{er,c2) = T (4.3)

which is L?-orthogonal to the kernel of £(¢.,, ®,) + H¢ which is spanned by
the coordinates functions of X3. Here

1 N M 1 M L
L(q1,q2) = A <KAQ1 - m%)u N (mfh - qu)U (4.4)

1 1

Cc1 = A (PlQ;u - pll;v) ) Cy = A (P22;u — pgl;v) (4.5)
1

T = A (Cp11+ (D — A)p12 — Bpaa), (4.6)

where p;j.,, etc. are the covariant derivatives of p on (%, 0).
Denote ¢ = ¥(a, p). Note that ¥ is linear in p.

STEP 2: Y = ®(o, p) is obtained by integrating'

1
Y, = 2A2 (P11G = p12F) Xy + 575 2A2 (p12E — p11F) X,
b (BX, ~ FX,) 0+ o (w7
1
Y, = QAQ (p12G — p2a ') Xu + 575 2A2 (p22E — p12F) X,
+ﬁ (F X, — GXy) ¢+ Xspa.

where
P1 A m n ¢u —C
= — . 4.8
() =2 (0 ) (o) @
In particular, ® is linear in p. By (6.6) in [15], ¢ and ® are also related by
1
o(u,v) = N (Xy Py — Xy - Dy). (4.9)

The following C° estimate of ¢ was proved in [14, Lemma 5.2].

Lemma 4.1. Let og € Mia, There exists positive numbers € and C, depend-

ing only on oy, such that if o € ./\/ti’a and ||o — ogl|cze < €, then for any
peStr>2

l¢llco < Cllpllra
where ¢ = V(o p).
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Let 0 € /\/li’o‘,k > 4 and let X = X(0) be a given isometric embed-
ding of (X3, 0). By [15, Section 5], for any 7 € ./\/li’o‘ which is close to o in
the C*% norm, there exists an isometric embedding of (¥, 7) in the form of
X +4Y where Y is obtained as follows: Let Yy = 0 and Y;,, = ®(0, pj—1), where
pm—1=T7—0— (dY,,—_1)?, then {V,,} converges to Y in the C*“ norm such
that Y satisfies:

2dX -dY =71 — 0 — (dY)?. (4.10)
Let us denote this particular solution Y to (4.10) by Y (o, 7). Since both X (o)
and X (o) + Y (o, 7) are in E8 we know Y (o, 7) is of CF.

In [14, Lemma 5.3], the following C*“ estimate of Y was proved.

Lemma 4.2. Let 0° € ./\/li_’a. There exists positive numbers 6, ¢ and C, depend-
ing only on o, with the following properties:
Suppose o € Mi’a satisfying

0% = ollcze < 0.
Let X (o) be an isometric embedding of (X,0). Then for any T € ./\/li’a satis-
fying

llo = 7llc2.0 <,
the solution Y =Y (0,7) to (4.10) satisfies

Yllc2e < Cllo = 7l|c2.e

For the purpose in this paper, we want to obtain the corresponding C**
estimate (k > 4) of ¢ and Y. We have

Lemma 4.3. Let k > 4 be an integer. Let og € ./\/llfrl’o‘. There exists positive
numbers 9, € and C, depending only on oy, with the following properties:
Suppose o € M5 N B(oo, 1) where B(og,1) is the open ball in M5

with center at og and radius 1. Let X (o) be an isometric embedding of (X, 0)
in R3. Suppose

lloo — al|lgr.e <.
Then for any T € Mﬁ_’a N B(og, 1) satisfying

llo = 7l|gr.a <,
the solution Y =Y (0,7) to (4.10) satisfies

Yllere < Cllo—7lloka.
Thus, if X (1) = X(0) + Y (0,7) is the corresponding isometric embedding of
(X,7), then
1X (o) = X(T)l[cr.e < Cllo = 7llcn.o.

Proof. Let X be a fixed isometric embedding of (X, o) so that the origin is
the center of the largest inscribed sphere of Xo(¥) in R3. Let {(u,v)} be a

fixed coordinates chart of ¥ and let 2 C X be an open set whose closure is cov-
ered by {(u,v)}. On Q, we have | Xy| > C and Ky({Xo, (Xo)1 A (X0)2))? > C.
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Here and below, C' always denote a positive constant depending only on o, Ky
denotes the Gaussian curvature of Xy, and (Xo)1 = (Xo)u, etc.

By Lemma 4.2, there exist positive constants J, e and C, depending only
on 0y, such that for any o, 7 € Mi’a with ||og—0||cr.e < dand ||[T—0]|gra <é,

there exists an isometric embedding X (o) of (X, o) such that

HX(O')—Xocha SCHO’—UoHCq,a (411)
and the solution Y (o, 7) to (4.10) (with X = X (o)) satisfies
1Y (0,7)||c2.e < C||T = 0ol|c2a. (4.12)

For such given o and 7, let X(7) = X (o) + Y (0,7) and let K(o), K(7) be
the Gaussian curvature of X (o), X (7). Assuming J, € are sufficiently small, by
(4.11) and (4.12) we have

(X(0)| = C, [X(T)]=C,

Here and below we always consider points in 2.
Consider p = 1| X(0)|? as in [15, Section 3]. Let
A=pn—Typ—Tip2—E
B = p2 — Top1 — F§2P2 -G
C = pi2 —Tipp1 —Thypo — F,
where I'};, 4, j, k € {1,2}, are Christoffel symbols. By the equation (3.7) in [15],
AB - C? = A’K((X(0), Xs(0)))?
= K((X(0), X1(0) A X2(0)))?
>C. (4.13)
Differentiate this equation with respect to the i-th variable, we have
Bpii1 + Apizz —2Cpin = P, (4.14)

where P = P(o,do, 000, 0000, 0p, 00p, X (0),0X (¢)) is some fixed polyno-
mial function of its arguments. Here we used a basic fact that the m-th deriv-
atives of X, m > 2, can be expressed as a linear combination of X, X1, X5 with
coefficients involving derivatives of o, p of order at most m (see p. 348 in [15]).
Now, since ||o||cs.a, ||p||c2.0, || X (0)||c2.« are all bounded, it follows from (4.13)
and (4.14) that ||p||cs.« is bounded. This in turn implies that || X (0)||cs.« is
bounded. Next, since the ||o||ca.a, ||p||cs.e, || X (0)]|cs.« are bounded, we see
[|pl|ce.« is bounded, which then implies || X (¢)||ce.« is bounded. Hence,

llpllcae + | X (0)||caa < C.

Continue in this way and use the fact that ||o||gk.« is bounded, we conclude
that

llpllcr.e + 11X (@)]lcre < C. (4.15)
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Similarly, we have

1pllcr.o +1X(7)]|cre < C, (4.16)
where p = 1| X (7)|?, and p satisfies

Bpii + Apiga — 2Cpi, = P (4.17)

where A, B, C,P are constructed in the same way as A,B,C,P. By (4.14)
and (4.17), we have

B (pi11 — pit1) + A (piaz — pinz) — 2C (pin2 — pit2)
By (4.12), (4.15) and (4.16), we have
lp = pllc2e + 11X (0) = X(7)[[c20 < Cllo = 7l[croa (4.19)
Now suppose for some integer [ satisfying 2 <1 < k, we have
o = Allce < Cllo = Tllgne
By (4.15), (4.16) and (4.19), we then have
IX(0) = X(7)llcr.e < Cllo =7llcna,

where we also used the previously mentioned fact regarding writing the deriv-
atives of X (o), X (7) in terms of those of p, 5 (p. 348 in [15]). On the other
hand, we have

|A = Allgi-2 <C(llp = Allcre + o = 7llci-1.)

IB = Bl[ci-2a < C([lp = pllcte +|lo = 7llcr-1.4),

IC = Cllgt-2.« < C(llp = pllcte + [lo = 7llc1-1.0)
and
IP = Pllci-2a < C([lp=pllora + |lo = llcrine + [[X(0) = X(T)]|ct-1.0) -
Since | + 1 < k, by (4.18) we conclude

lp = pllci+r.e < Cllo = 7|cka;
and therefore
| X (o) = X(7)l[cr41.0 < Cllo = 7]|cr.a

The result follows by induction. O

Lemma 4.4. Let oo € ./\/l{frl’“(k: >4). Let € > 0 be as in Lemma 4.3. Suppose
o e /\/l]fr’a and ||lo — ool|cr.e < €. Let X = X (o) be an isometric embedding
of (X,0) into R®. Given any p € S™*(r > 2), let ¢ = V(0o,p) be the unique
solution of (4.3) which is L*-orthogonal to the coordinates functions of the
unit normal of X(o); let Y = ®(o,p) be the unique solution of (4.2) which
vanishes at a fixed point on ¥ and is obtained by integrating Y, and Y, defined
by (4.7) and (4.8). There exist C > 0 depending only on oo and € such that

¢llese < Cllpllore (4.20)
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and

[|@(0; )

where s = min{r, k — 1}.

e < Cllplcre (4.21)

Proof. Let Xy be a fixed isometric embedding of (£, 0¢). By Lemma 4.3, we
may assume X = X (o) is chosen such that || X — Xy||gke < C, where C
depends only on og and e. Recall that ¢ satisfies

1 N M 1 (M L
5 (7aoe %) 5 (@ase~ gas), +Ho=Lleve) T
(4.22)
By (4.4), (4.5) and (4.6), we have
[|1L(c1,ca) = Tl|gs—2.0 < C||p|lcra. (4.23)
Hence,
l[¢llcse < C(lldllco +lpllore) - (4.24)
Therefore, (4.20) holds by (4.24) and Lemma 4.1. Now (4.21) follows directly
from (4.7), (4.8) and (4.20). O

Now we are in a position to prove the main result of this section.

Theorem 4.1. Let oy € Mi“’a(k > 4). There exists a constant k > 0 such
that the map

FoMpe - shmse
. . k,«
defined by (4.1) is C* in U = {o € MT" | ||o — 00||k,a < K}
Proof. Let € > 0 and 6 > 0 be as in Lemma 4.3. We may assume that € is so
small that the open set Us, = {6 € S*% | ||6 — 0¢]|ck.« < 2¢} in S¥< is indeed
contained in M**.
Let x > 0 be chosen such that x < min{e,d}. Suppose o € U. Let
X = X (o) be an isometric embedding of (3, 0). Since £ < ¢, we may assume
that X (o) is chosen such that || X (0)||cr.« < C, where C' depends only on og
and e. Given any 7 € S®“ such that ||n||/cr.« = 1, consider o + tn € /\/li’a
for |t] < e. Let X (o +tn) = X(0) + Y (0,0 + tn) be the (nearby) isometric
embeddings of (X,0 + tn). In what follows, we write P = Y (0,0 + tn). By
(4.10), P satisfies
2dX - dP = tn — (dP)2. (4.25)
Since k < 0 and [t| < €, by Lemma 4.3 we have
1Pllere = [[X(o +tn) = X(0)[[cr.e < Clltn]lcre <CJt[ (4.26)
where C' > 0 is the constant in Lemma 4.3. In particular, C' is independent
on 7.
Now let Y = ®(0,7) be the solution to
2dX - dY = 1. (4.27)
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By (4.25) and (4.27), we have

2dX - (dP —tdY) = —(dP)? := p. (4.28)
Since P is of C**, we know p € S¥=1:@, By (4.26),
[pllck-1.0 < Ot (4.29)

We claim that P —tY = ®(o, p). To see this, we first recall that P =Y (0,0 +
tn) = lim,, .o Y in the C%% norm, where Yy = 0,Y,, = ®(0, pyn_1) and
pm—1 = tn — (dY,,_1)?. Next, let ¢, be the corresponding unique solution ¢
of (4.3) with p replaced by p;,—1. By (4.9), ¢, satisfies

Om(u,v) = % Xy (Yo)u — Xu - (Yin)o] - (4.30)

Let ¢p be given by

1
dp(u,v) = A
Since Y;,, converges to P in the C*“ norm, we see that ¢, converges to ¢p in
the C'® norm. In particular, ¢p is L?-orthogonal to the coordinate functions
of X35. On the other hand, by (6.15) in [15], ¢p is a solution to (4.3) with p
replaced by p = tn — (dP)2. Hence, by definition, we have ¢p = ¥(0, p). Since
P also vanishes at the fixed point where Y,,, is set to vanish, we know that P is
obtained by integrating P, and P,, which are given by (4.7) and (4.8) with p
replaced by p and with ¢ replaced by ¢p = ¥(0, p). By definition, this shows
P = ®(o, p). Therefore, we have

(X, Pu— X, P). (4.31)

P —tY = ®(0,p) — tP(o,n) = ®(0, p). (4.32)
By Lemma 4.4 and (4.29), we then have
||[P—tY||ch-1,0 < Ct? (4.33)
or equivalently
X (0 +tn) = Z(B)]er1. < CF (4.34)

where Z(t) = X (o) +tY.

Next, applying the fact that the second fundamental form II(Z) of any
Z € E™%(m > 2), written in local coordinates, are polynomial functions of
derivatives of Z of order at most 2, we see from (4.34) and the fact
[| X (0 4+ tn)||gre < C that

[[T(X (0 + tn)) — T(Z())||ck—s.« < O (4.35)

On the other hand, because the map p — ®(c, p) is linear from S¥* to X*~1.2,
and because ||®(c,1)||cr-1.. < C, there is a linear map A : SH* — Sk=3«
such that

I[TI(Z(t)) — I(X (o)) — tA(n)||cr-3.0 < Ct2 (4.36)
By (4.35) and (4.36), we have
(X (0 + tn)) = I(X (0)) — tA()|lor-s.a < CF (4.37)

for all n € S with ||n||cr.e = 1.
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We want to compute A(n) explicitly, which is simply <-|,—oIL(Z(%)). Since
A(n) also depends on o, we will denote it by A(®)(n ) Let e3(t) = %

be the unit normal of Z(t), where Z; = %% and Z, = 22, Let i,5 € {1,2} and

let Z;; denote the corresponding second order derlvatlve of Z. Then
(2 (t))i; = —(es, Zij)-

Hence

Al = ~{ea(0).3) — (2.2

t=0
Since ded 1 e3, we may assume d"“” |t o = ¢’ X; for some coefficients ¢*. Then
de deg i
—(e3, —= = —dt an = CO04j.
t=0 t=0

dt

¢ =—gt (eg,Y]>

Thus,

Therefore
A (n)i; = —(X3(0),Yi;) + o (Xs(0), Yi) (X1, Xij) (4.38)

where X3(o) is the unit normal of X (o).

Using the facts that ||Y||x—1,« < C (Lemma 4.4) and || X (0)|[r,a < C,
where both constants C' depend only on o, we conclude from (4.38) that A(®)
is a bounded lincar map from S¥* to SF—3.

Next we want to prove that the map o — A() is continuous in the
operator topology. Namely, for o1 € U, we want to prove that

lim sup [[A“@) (1) — ACD ()] cr-s3.0 = 0. (4.39)
7€Uo= peske |Inllgr,a =1

We first note that A(”) does not depend on any particular choice of the embed-
ding X (o). Suppose 01 € U and suppose X (07) is a fixed isometric embedding
of o1 such that || X (o1)||cke < C. By Lemma 4.3, for any o € Mi’a with
|lo — o1]|cr.e« < € — K, an isometric embedding X (o) can be chosen such that

X(0) =X(01) + Py, where P, =Y (01,0) and
1Pl < Cllo = o1l (4.40)

Here and below all the constants C' depend only on oy, but not on ¢ and 7.
For any given n € S¥ with ||n||cre = 1, let Y = ®(oq,7n) and YV =
®(0,n) be the solutions of

2dX (o1) - dY V) =g
and
2dX (o) -dY =n.
In order to prove (4.39), by (4.38) and (4.40), it is sufficient to prove that
YD — Vllerre < Cllo = ollone. (1.41)
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Let (") = W(oy,n) and ¢ = ¥(o,7) be the functions that are used to
construct Y and Y. Then ¢! and ¢ satisfy two elliptic PDEs

a0} + bV + M) = O

and
a;ijGij + bigi +co = f,
which correspond to (4.3) (where the metric and the embedding involved are

given by o1 and X(01),0 and X (o) respectively, and p is replaced by 7). By
(4.4)—(4.6), (4.40) and the fact || X (01)||cr.« < C, we have

a5} |20 + 16| s + [[€D |20 < C (4.42)
and
lla} = aijllor-se + 168 = billor-s.a + (€D = cllor-z. + [|FD = fllor-s.0
< Cllor — ol|cra- (4.43)
Hence

a6 — 6i) + 500 — ) + V6D —g) =g (4.44)

where ¢ = f) — f+ (a;; — al(jl.))q’)ij + (b; — bﬁl))gbi + (¢ —cM)¢. By (4.43) and
Lemma 4.4, we have

lgllk-3,0 < Cllor — o[k (4.45)
It follows from (4.42), (4.44), (4.45) and the Schauder estimates that
160 = gllcr-r.e < C (116D = gllco +llor = allona ). (446)

To estimate |[¢)) — @||co, let 21,20, 23 be coordinate functions of the unit
normal of X (o1) and let y1,y2,ys be the unit normal of X (o). Define

Bi :/xi(cb(l) — ¢)do1, wij :/xi%‘df’l'

z z

a9, = [ oo =0,
b

b

Since

we have
|8i] < Cllor — oller.e (4.47)

where we have also used (4.40) and Lemma 4.1. Since (w;;) has an inverse
(w'), we let 3" = w'3;. Then

oM — 6= Bray
k

is L2-orthogonal to each x;. Moreover,

6% < Clloy = ollor.a (4.48)
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and
a6 — o= 3" Bra)y + 0 (60 — o — S Bran)s
k k
+cW(@W —o =3 Frm) =a
k
where ¢ is some function satisfying ||q1||gr-3.« < C|lo1 —0]|cr.«. By the inte-

gral expression of (bl(-jl-) — ¢ — > B2y in terms of the Green’s function, see
[15], we have

160 = 6= 3" Banllos < Cllor = ollcnes (4.49)
k
and therefore
||¢(1) — dllco < Clloy — o|gra (4.50)
by (4.48). It follows from (4.46) and (4.50) that
1) — @llcr-1. < Cllor — ol (4.51)

Finally, because Y1) and Y are obtained by integrating (Y1), (Y (1)), and
Y,,Y, which are determined by (4.7) with the corresponding ¢(!) and ¢
inserted, we conclude from (4.51) that (4.41) is true, hence the map o — A(®)
is continuous in the operator topology. O

5. Existence of Critical Points on Nearby Surfaces

We are now in a position to apply Theorem 4.1 and the IFT to study Ques-
tion 2. Let 3, N be given as in the Introduction, namely, ¥ is a smoothly
embedded, closed, spacelike two-surface, which is topologically a two-sphere,
in a smooth time-oriented spacetime N. Suppose the mean curvature vector
H of ¥ in N is spacelike. Let ¢ be the induced metric on ¥ from N. Suppose
7o is a C*+1@ function on ¥ with & > 5 such that o + dry ® drp has positive
Gaussian curvature and 79 is a solution to (1.1) on X.

To describe spacelike two-surfaces which are “close” to X, we use the
exponential map exp” (-) associated to the Levi-Civita connection of the
Lorentzian metric g on N. Precisely, we first fix a smooth future timelike
normal vector field J on ¥ which is orthogonal to H. Then {H,J} form a
basis for the normal bundle (TY)1 of . Let B = Ck%(X2) x CF<(X), where
C*(%) is the Banach space of C*® functions on ¥. For any constant a > 0,
let B(a) be the open ball in B centered at (0,0) with radius a. If a is suffi-
ciently small, for any f = (f1, f2) € B(a), the map Fy : ¥ — N defined by
Fi(z) = exp™ (f1(z)H(z) + fo(x)J(z)) is a C** embedding, moreover Fy(X)
remains to be spacelike and has spacelike mean curvature vector Hy.

Consider the map Z : B(a) — MF=19(2) given by Z(f) = F}(g), where
MFE=12(%) denotes the space of C¥~1< Riemannian metrics on 3. Let Uy, (a)
be the open ball in C*<(3) centered at 7y with radius a. For a sufficiently
small, we may also assume that Z(f)+d7 ®dr is a metric of positive Gaussian
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curvature for all f € B(a) and 7 € Uy, (a). Given such a small a, we define the
map

H : B(a) x Uy, (a) — C*=4%(%)

where
VoVt

VIHIVE

+divy lw cosh 0| Hy| — VO — V;

H(f,7) = =[5 = 5°6" (hea)|

1+ V7

which is just the left side of (1.1) but with o replaced by /o = Z(f), H replaced
by Hy and V replaced by V. Here the vector field V; on X is understood as
the pull back, through the embedding FY, of the vector field dual to the one
form ai\g{(-) on Fy(¥).

Proposition 5.1. H is a C' map.

Proof. Note that 7 is a C'' map. Hence, the map (f,7) — 6 =f o +dr®@dr is
C! from B(a) x Uy, (a) to M*~12($). By Theorem 4.1, the map (f,7) — (hea)
is C! from B(a) x U,,(a) to the space of C*~%% symmetric (0,2) tensors on
3. Thus, to show H is C, it only remains to check that the map f +— divsVy
is O from B(a) x Uy, (a) to C*=4(%).

Let T be a smooth future timelike unit vector field on N. Let {(x!,2?)}
be any local coordinates on X. Let v, = (Ff)*(%), b=1,2. Then

Hy = (To)*V i v — (To)Y(T o)V vy, ve)va,
Vi = (0)"(Vies ei u,
where eff = —Hy/|Hy| and eff = w/\/—(w, w) with
w=T— (fo)®(T,v,)vy — (T, eff>e§1f.
From this it is easily seen that f — divsV} is a C' map. O

Lemma 5.1. Let dvy,,dv, be the volume form of fo,0 on ¥. Then, for any
(f,7) € Bla) x Uy (a),

/H(f, T)d’l)fg =0.
P

Proof. Tt suffices to verify

/ [ﬁa_ab _ a’ac&bd(ﬁcd)} Mdv' =0. (51)

fo
V1+|[Vr]?
Let dvs be the volume of 6 =f ¢ + dr ® dr. Then

V1+|V72dvs = dos,

P
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and

VoVt = ViV,

1
1+ |Vr|?
where V, V denote covariant derivatives of /o, & respectively. Hence

[HAab AaCAbd(hcd):| ViVa1

V14 |Vr|?
which implies (5.1) because H6% — gacgbdp, , is divergence free with respect
to 4. O

d'Ufo- = [ﬁé’ab — 5’ac(3bd(ibcd) @b@aTdU&

In what follows, we assume that 79 = 0 is a solution to (1.1) on 3. We
give a sufficient condition that guarantees the existence of solutions to (1.1)
on the nearby surfaces Fy(X).

Theorem 5.1. With the above assumptions and notations, suppose the induced
metric o on % has positive Gaussian curvature and the vector field V. on X
satisfies divyV = 0. Suppose in addition there exists a constant C > 0 such
that

Z/ CE s+t~ 1)Vl ~ (93, V3) | dvs > © [(anfans (52

for all n € W22(X), where Hy and 1y are the mean curvature and the second
fundamental form of (,0) when isometrically embedded in R3. Then for any
k>5and 0 < a < 1, there exists a small constant a > 0 such that, for any
f € B(a), there exists a C** solution T to (1.1) on the C** embedded surface
Fr(%).

Proof. Since divsV = 0, we know 75 = 0 is a solution to (1.1) on X. For the

given k and «, let a > 0 be sufficiently small such that the map H is well
defined on B(a) x U, (a) with 79 = 0. Let

D(a) = {r € C**(2) | ||7||ck.« < a and /’7’ dvs =0} C Up(a)
5
and

Ch=t(x) = {p € CF1o(x) | / o dvs = 0.
b
For (f,7) € B(a) x D, define

Ho(f,7) = H(f,7)-

By Proposition 5.1 and Lemma 5.1, ’Ho is a C! map from B(a) x D(a) to
k—4,a
Co (%)
Direct computations show that the partial derivative D.Ho|(q,0) of Ho at
(0,0) with respect to 7 is given by

dvf(7

. A
Do Hol(00) () = —(Hoo — o, V%) + divs, (|H|Vn) + A (;l) (5.3)
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for n € C(If’a(E), the space of all C’g’o‘ functions with zero integral on (X, o).
Clearly, D:Ho|(0,0) is a bounded linear map from C’g’a(Z) to 05_4’0‘(2). We
claim that, under the condition (5.2), D;Ho|(0,0) is a bijection. Once this claim
can be verified, Theorem 5.1 will follow from the implicit function theorem.

To show D;Ho|(0,0y is a bijection, we let Wz’Q(Z) be the closed subspace
of W?2(X) consisting of those n with [;,n = 0. Here and below, integrations
and differentiations are taken with respect to the metric o and we omit witting
the volume form dvy in the integrals. Consider the following bilinear form on
the Hilbert space W22(%):

B(n.¢) = / Dy Holo.o) (m)
>

_ / Wﬂﬂoo—mwi@—|H|<Vn7ws>. (5.4)
¥

Obvious B is bounded. That is |B(n, ¢)| < C1||n||lw=2||¢||w=2 for some con-
stant Cy and for all 5, ¢ € W22(X).
By the LP estimate [5, Theorem 9.11], there is a constant C such that

for all n € /VVQ’Q(E)
Inllw=2 < Ca(llnllz> + [|An[[L2).
Since [, 1 =0, by (2.27) we have

/IAnI2 > A?/nz

P P

where Ay > 0 is the first nonzero eigenvalue of the Laplacian of . Hence, by
(5.2), we have

B(n,m) = Cs|[nl[fy2 (5:5)

for some C3 > 0 and for all n € WQ’Q(E)7 i.e., B is coercive. This readily
implies that D;Ho|(0,0) is injective.

Now let f be an arbitrary element in L?*(X) with [ f = 0. Define T :
W22($) — R by

() = Z/ of.

Since T is a bounded linear functional on W22(X), there exists an n € W22(X)
such that

B(n,¢) = T(¢)
for all ¢ € W22(2). That is to say,

AnA
/ |Z{|¢+(H°"_M°)(V”’V¢)—|H\<V77,V¢>>:/¢f
; >
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for all ¢ € W22(). Integrating by parts, we have

/ AG{M) = [ [(Hoo — o, V?n) — dive((H|Vn) + f)] 6 (5.6)
b

where we have used the fact that Hyo — Il is divergence free with respect to
0. This same fact also implies

/<H()O' — HHO, V277> — leE(|H|V’O) + f =0
D)

because [y, f = 0. Therefore, if we let
h = (Hoo — Iy, V1) — divs(|H|Vn) + f
which is in L?(X), then there exists ¢y € W22(X) such that Ay = h. Now we

have
/ A{}f‘z’ / pAp = / A, (5.7)

Z/(ﬁﬁ >A¢0 (5.8)

for all ¢ € W2’2(E). Recall that, for any ¢ € L*(¥) with [, = 0, there is
o€ WQ’Q(Z) with A¢ = (. So (5.8) implies that

it -o)e=c

for all ¢ € L*(¥) with [;, ¢ = 0. Therefore,
An
[H]

for some constant Cy. Since n,v» € W22(X), we know n € WH2(X) by
[5, Theorem 9.19]. This, together with the fact that Ay = h, implies

Hence

—¢p=0C4

A .
A (|Hn|> — (Hoo — Iy, V) + divs(|[H|Vy) = f. (5.9)
If f e 6’574@, then it is easy to see that n € Cg’a by bootstrap and the

fact that n € W4’2(Z). Hence, D:Hol(o,0) is surjective. Theorem 5.1 is now
proved. O

Remark 5.1. Suppose X is a closed connected surface in R™(n > 3) with second
fundamental form Il and positive mean curvature Hy. By Corollary 3.1, the
equation

A
A <H") — (Hyo — T, V2n) + divs (HoVn) = 0 (5.10)
0
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has a nontrivial kernel on ¥ which consists of all functions n = ag+ .-, a;z",
where ag, a1, ..., a, are arbitrary constants and x1, ..., x, are coordinate func-
tions on R™.

Part (2) of Theorem 1.1 now follows directly from Theorem 5.1 and The-
orem 3.1.
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