Ann. Henri Poincaré 11 (2010), 539-564
(© 2010 Springer Basel AG
1424-0637/10/030539-26

published online June 3, 2010 . . L
DOI 10.1007/s00023-010-0037-4 I Annales Henri Poincaré

A Time-Dependent Perturbative Analysis
for a Quantum Particle in a Cloud Chamber

Gianfausto Dell’Antonio, Rodolfo Figari and Alessandro Teta

Abstract. We consider a simple model of a cloud chamber consisting of a
test particle (the a-particle) interacting with two quantum systems (the
atoms of the vapor) initially confined around ai,as € R®. At time zero,
the a-particle is described by an outgoing spherical wave centered in the
origin and the atoms are in their ground state. We show that, under
suitable assumptions on the physical parameters of the system and up
to second order in perturbation theory, the probability that both atoms
are ionized is negligible unless a2 lies on the line joining the origin with
a1. The work is a fully time-dependent version of the original analysis
proposed by Mott in 1929.

1. Introduction

The classical limit of quantum mechanics is a widely studied subject in mathe-
matical physics and many detailed results on the asymptotic regime A — 0 are
available (see e.g., [20] and references therein). In most cases the limit # — 0 for
the time-dependent Schrodinger equation relative to a given quantum system
is studied only for suitable chosen, “almost classical” states, namely WKB or
coherent states. Roughly speaking, these results guarantee that if one chooses
an almost classical initial state then for i — 0 its propagation remains close
to a classical propagation at any (not too long) later time. The problem arises
when one considers a situation in which the initial state of the system is gen-
uinely non-classical , e.g., a superposition state, and nevertheless the system
exhibits, at later times, a classical behavior. Examples of this situation are
the localization effect in chiral molecules or the suppression of the interfer-
ence fringes for a heavy particle in a two-slit experiment. It is clear that the
emergence of such classical behavior cannot be understood if one insists to
consider the limit & — 0 for the isolated quantum system. It is worth men-
tioning that the problem has some relevance from the conceptual point of
view. In fact it was already raised in the earliest debate on the foundation of
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Quantum Mechanics (see e.g., [5]). The accepted explanation in these cases is
based on the consideration of the interaction of the quantum system with an
environment, and in particular on the decoherence effect produced by the envi-
ronment. It is important to stress that the decoherence effect must be proved
in each situation, starting from specific models of system plus environment
and introducing suitable assumptions on the parameters of the model. Many
results in this direction have been obtained in the physical literature (see e.g.,
the reviews [13,17] and references therein) but only few mathematical results
are available.

Here, we want to focus on a problem of a different kind, raised by Mott
[18] in 1929, concerning the explanation of the straight tracks left by an
a-particle in a cloud chamber. According to quantum mechanics [8,12] the
a-particle, isotropically emitted by a radioactive source, is initially described
by a spherical wave function and then interacts with the atoms of the vapor
surrounding the radioactive source. The observed tracks are the macroscopic
manifestation of ionizations of the atoms induced by the a-particle and “it
is a little difficult to picture how it is that an outgoing spherical wave can
produce a straight track; we think intuitively that it should ionise atoms at
random throughout space” [18]. The explanation proposed by Mott was based
on a simple model describing the a-particle in interaction with only two atoms.
Exploiting time-independent perturbation arguments, he concluded that the
probability that both atoms are ionized is negligible unless the two atoms and
the center of the spherical wave lie on the same line. In such rather indirect
sense, this would explain why we see straight tracks in the experiments. We
will remark on this aspect in Sect. 3. Notice that one typically speaks of tracks
due to the decay of an a-particle. A standard theoretical examination of the
meaning of tracks left by an a-particle should rely on the reduction postulate
where the cloud of vapor is assumed to act as a macroscopic apparatus mea-
suring positions (or better tracks) instantaneously localizing the particle at
the place where the ionization takes place.

We mention that the problem is also discussed in [15] and later in [2],
and some further elaborations on the subject can be found in [4,6,7,9,14,21].

In this paper, we reconsider the three-particle model of a cloud chamber.
Under suitable assumptions on the parameters of the model, which will be
specified later, we give a proof of Mott’s result through a fully time-dependent
analysis and up to second order in perturbation theory. We remark that in
our model a crucial assumption is the choice of a semiclassical initial state
for the a-particle, i.e., a spherical wave in the short wavelength limit. In this
sense our result should be considered as an example of semiclassical analysis
in presence of an environment. The method of the proof is rather elementary
and it basically relies on stationary and non stationary phase arguments for
the estimate of the oscillatory integrals appearing in the perturbative expan-
sion. The work extends to the three-dimensional case the result obtained in
[10] for the simpler one-dimensional case, where the spherical wave reduces to
the coherent superposition of two wave packets with opposite average momen-
tum.



Vol. 11 (2010) A Quantum Cloud Chamber 541

2. Description of the Model

In this section, we describe the model, i.e., the Hamiltonian, the initial state,
the assumptions on the physical parameters, and introduce some notation.
Let us first introduce the Hamiltonian. We consider a three-particle non
relativistic, spinless quantum system in dimension three, made of a particle
with mass M (the a-particle) and two other particles with mass m which play
the role of electrons in two model-atoms with fixed nuclei. More precisely we
describe such electrons as particles subject to an attractive point interaction
placed at fixed positions a1, as € R3, with a; # 0,as # 0, and a; # as. More-
over we assume that the interaction between the a-particle and each atom
is given by a smooth two-body potential V. We denote by R the position
coordinate of the a-particle and by 71,72 the position coordinates of the two
electrons. The Hamiltonian of the system in L?(R?) is formally written as

H = Hy+ \H; (2.1)
Hy =Ko+ K| + K> (2.2)
Hy =V (R=m)+ V(7 (R—r2)) (2.3)
where Ky denotes the free Hamiltonian for the a-particle
72
Ky = _WAR’ (2.4)

A > 0 is a coupling constant and Kj;,j = 1,2, is the Schrédinger operator
in L?(R?®) with an attractive point interaction of strength —(47y)~1,v > 0,
placed at a;. We recall that the operator K is by definition a non trivial sel-
fadjoint extension of the free Hamiltonian restricted on C§°(R*\{a;}). In the
Appendix I, (Sect. 7) we collect some basic facts on this kind of Hamiltoni-
ans while for a complete treatment we refer to [1]. Here we only specify the
spectrum

h2
op(K;) ={Eo}, Eo= T omE 0c(Kj) = 0ac(K;) =[0,00)  (2.5)
and the proper and generalized eigenfunctions, respectively given by
L op,—1 0 1 el

. — — . = 2.6
CJ(T) 73/24. ('Y (7" a’]))) C (.17) \/ﬂ |I‘| ( )

Qsj (Tv k) = eZk.aj ¢0(771(T - a’j)7 ryk)v

1 , 1 e—tlvllxl

0 _ iy R 2.7
#e) = g (" = = ) =7

The parameter v has the physical meaning of a scattering length and it char-
acterizes the effective range of the point interaction. From (2.6) it is also clear
that v is a measure of the linear spread of the ground state, i.e., of the atoms.

The unperturbed Hamiltonian Hj is obviously selfadjoint and bounded
from below in L?(R?) and moreover the smoothness assumption on the
interaction potential V' (see Theorems 1, 2) guarantees that the perturbed
Hamiltonian H is also selfadjoint and bounded from below on the same domain
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of Hy (see e.g., [19]). In particular this implies that the evolution problem asso-
ciated with the Hamiltonian H is well posed.
We choose the initial state in the product form

Vo(R,7r1,7m2) = P(R)C1(r1)C2(r2) (2.8)

where (; is defined in (2.6) and ¥ (R) is a spherical wave defined as follows.
Let us consider a gaussian wave packet localized in space around the origin,
with standard deviation 7 and mean momentum Py > 0 along the direction
@ € S2. Integrating over the unit sphere S?, one obtains
Ng -1 N i R
W(R) = S flr ) [[daet ™
SZ

=2

fla)=eF (2.9)

where € > 0 is the dimensionless parameter
h
Poy

and N is the normalization factor chosen to guarantee that ||| r2ms) = 1,
ie.,

3

(2.10)

- 1 (2.11)

1/2
ArT/4 (176_?) /

Notice that N — (47T7/4)_1 for ¢ — 0. By an elementary integration we also
get

47-‘—./\/5 _2%22 . —1_—1
= —— 2.12
V(R) = g g sinleIRD (2.12)

We remark that the characteristic length v appears in the definition of the
Hamiltonian as well as in the initial state in such a way that the range of
the interaction between the a-particle and the atoms, the linear dimension of
the atoms and the localization in space of the spherical wave are all of order
~. As it will become clear further on, this is a crucial ingredient for the proof
of our result.

We also notice that the initial state (2.8) coincides with the one consid-
ered by Mott. Namely the a-particle is emitted as an outgoing spherical wave
and the atoms are in their ground state.

Let us describe the hypotheses on the physical parameters of the model.
We assume

ekl (2.13)
Moreover there are two positive constants ¢ < C' < oo, independent of ¢, such
that
ce < ﬁ<0z—:, j=1.2 (2.14)
J

ce < % < Ce (2.15)
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Condition (2.13) means that the wavelength AP, ! associated to the initial
state of the a-particle is much smaller than the linear dimension of the atoms
and the range of the interaction, which means that we are in a semi-classical
regime for the a-particle. In (2.14) we assume that |a;|, |as| are macroscopic
distances with respect to the characteristic length v and in (2.15) we require
that the mass ratio is small. Finally we tacitly assume

A
ce < A = Vo < Ce (2.16)
0

where vg = PyM ~!. Condition (2.16) is necessary in order to make reasonable
the application of our perturbative techniques, even if it is not strictly required
for the proof of our results. The above assumptions (2.13), (2.14), (2.15) have
some relevant physical implications. In particular from (2.13), (2.15) one sees
that the binding energy of the atoms is small compared to the kinetic energy

of the a-particle
2
20Eo _ M (b
Mvz — m \ Py

Furthermore the assumptions (2.13) and (2.14) imply two relations among the
characteristic times of the system which will be relevant in what follows. In
particular, we define the flight times to the atoms of the a-particle

2
M 2.17
€ (2.17)

T = %, j=1,2 (2.18)

the characteristic “period” of the atoms

h my?

T, =2r—— =d4n

T - (2.19)

and the transit time of the a-particle in the region where the atom are localized

T, =" 2.20
= (2:20)
Then one has
T
LA (2.21)
T layl
T, 1 M h 1 M

oo = (2.22)

i.e., the transit time 7; is small with respect to the flight times 7; but it is
comparable with the characteristic period of the atoms T,. This means that
the a-particle can “see” the internal structure of the atoms.



544 G. Dell’Antonio et al. Ann. Henri Poincaré

Let us introduce some notation to streamline the presentation.

a;j

Gy — 29 1.9 2.23
a/] ‘aj‘7 ] ) ( )
1
wiy) = 501+ y?), yeR® (2.24)
hit hr; h%t

My2 T My 9T Poyme?
1 —i&-x 10 :
Mes) = oy [ e T @@, LyeR (220)

w(y;), y; €R® j=1,2 (2.25)

9(&,y) = V(Oh(E,y) (2.27)
where
F(q) = ﬁ /dx e TR () (2.28)

denotes the Fourier transform of F'. Moreover, for n,m € N, we denote

||UHW711W = Z H<.13>mDau||L1(R3) (229)

0<lal<n

where <z>? = 1+ 2%, 2 = (21,79,73) € R3,a = (a1,02,03) € N3 |a| =
a1 + as + a3 and

g 92 9o

D = - = ol
Ozt 0x5? 0xg®

(2.30)
Finally C; denotes a positive numerical constant, depending on k € N and,
possibly, on the dimensionless parameters (2.25).

It is important to notice that, for any fixed ¢ > 75 and y; € R?, the
quantities a,b;, ¢c; are all of order one. In fact it is sufficient to notice that

w(y;) (2.31)

S T P U (7] c__M(h>2|a2|t
Py vy 7 Pyl 7 m\ Py v T

and to use (2.13), (2.14), and (2.15).

3. Result

We are now in a position to formulate our result. We are interested in the
computation of the probability that both atoms are ionized at time ¢ > 0.
An exact computation obviously requires the complete knowledge of the state
U(t) of the system, which is not available. Following the original strategy of
Mott we shall limit to consider the second order approximation Wy (t) of the
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state ¥(¢) which, iterating twice Duhamel’s formula, is given by

Wy(t) = e~ wtHoWy () (3.1)

2
~33 dtyer i Ho f e~ it Ho /dtQG%tzHOHle*%bHOxpo (3.2)
0 0
Therefore we shall study the probability that both atoms are ionized up to
second order in perturbation theory, i.e.

2

P(t) = /dekldk2 /dT1dT2a(7‘17kl)%(rmkz)‘i&(& ri,r2,t)| (3.3)

Our main result is the characterization of the ionization probability P(t) for
a fixed time ¢ > 75 and it is summarized in Theorems 1 and 2 below. In
Theorem 1 we consider the case in which as is not aligned with a; and the ori-
gin and we show that the ionization probability decays faster than any power
of .

Theorem 1. Let us fix t > 72, |a1| < |az|,a1 - 42 < 1 and let us assume (2.13),
(2.14), and (2.15), V € S(R3). Then for any k € N there exists Cy > 0 such
that

Pt) < (2 4N220k”‘7”4 o |1l 72k+(1—a1-a2)*’€ g2k=2
AR " |az|

(3.4)

We notice that the estimate (3.4) is still meaningful (for some values of
k) if the angle between a; and as is of order P with 0 < p < 1, while it gives
no information for p > 1. In the latter case the second atom lies inside a small
cone of aperture proportional to &, apex in the position a; of the first atom
and axis on the line joining the origin and a;. This situation is considered in
Theorem 2 where we compute the leading term of the asymptotic expansion
for € — 0 of the ionization probability. We explicitly mention that we do not
consider some intermediate situations, like the case of an angle proportional
to ¢|logel.

Theorem 2. Let us fix t > To,|a1| < |as|,a1 - G2 = cosxe, where x. €
[0,%0e], X0 > 0, and let us assume (2.13), (2.14), and (2.15), V € S(R3).
Then, at the leading order for € — 0, we have

2

|ai|

4
P(t) ~ (e A0)? (W) N2 [ avayaz| [ ananFonmie.
RY R2

(3.5)
where the function F' is independent of € and will be specified during the proof.
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In the following remarks we briefly comment on the above results.

Remark 3.1. The estimate (3.4) is valid for ¢ larger but of the same order of
To, while it loses its meaning for t — oco. This is only due to the method we use
for the proof, based on second order perturbation theory. A non-perturbative
approach or a more detailed perturbative analysis should provide an estimate
which is uniform in time. We also remark that in Theorem 2 we limit ourselves
to the computation of the leading term, without making any attempt to esti-
mate the remainder. Such leading term is small for ¢ — 0 being proportional,
as expected, to the solid angle that the atoms subtend at the origin. It would
be interesting to extend the results given here at any order in perturbation
theory and in particular to verify that the leading term has the same behavior
for e — 0 at all orders.

Remark 3.2. We recall that the normalization factor N goes to (477/4)~1 for
e — 0 (see (2.11)). Moreover from (2.10), (2.14), and (2.16) one has that

(- ()

is proportional to e~* for any ¢ larger but of the same order of 5. This means
that it is sufficient to take any integer k& > 4 in (3.4) to conclude that the
ionization probability estimated in Theorem 1 is much smaller than the one
computed in Theorem 2. We underline this point since it allows to understand
the results in Theorems 1, and 2 on the basis of the original physical argument
given by Mott, which can be described as follows. At time zero the spherical
wave starts to propagate in the chamber and at time 7q it interacts with the
atom in a;. If, as result of the interaction, such atom is ionized then a local-
ized wave packet emerges from a; with momentum along the direction Oa;.
In order to obtain also ionization of the atom in as the localized wave packet
must hit the atom in as (at time 75) and this can happen only if as approxi-
mately lies on the line Oa;. It should be stressed that such physical behavior
is far from being universal and it strongly depends on our assumptions on the
physical parameters of the model.

Remark 3.3. Finally we observe that our result states that one can only observe
straight tracks in a cloud chamber. With this we do not mean that there is any
focusing of the support of the wave packet of the a-particle along a classical
straight trajectory, corresponding to the observed track. In fact the solution of
the Schrédinger equation with Hamiltonian (2.1) and initial datum (2.8) has
the form

U(R,r1,r2,t) = Foo(R,t)C1(r1)C2(r2) + /dklfco(R, ki, t)p1(ri, ki) - Ca(re)
+ / Qs Foe(R, ks, ) (1, ) - Ca (1)

+ / Ay dkaFoo(R, k1, ko, )b (1, k1) o (2, o) (3.7)



Vol. 11 (2010) A Quantum Cloud Chamber 547

where the four probability amplitudes Fog, Feo, Foc, Fee are localized in dif-
ferent regions of the configuration space of the whole system and therefore
describe not interfering “quantum histories”. If one interprets double ioniza-
tion as the only case of macroscopic ionization, giving then rise to an observable
track, one can say, in a pictorial language, that is along the track the expected
value of the position of the « particle in the states in which the track (as an
observable) has expectation one.

Let us outline the strategy of the proof of Theorems 1 and 2. The start-
ing point is the following, more convenient, representation formula for the
ionization probability

/\4t4 N2

P(t) = / dedy,dys (G5 (@, y1, 92 ) + G (@, w1,y D (3.8)
where for [,j = 1,2,j # | one has

glsj(xvylay%t)

1 e}
:/da/da/dﬁ/dndgGlj(a7ﬁanaé-;x»ylay27t)eéelj(ﬁ7a7ﬂ7n7£;$7y17y27t)
S2 0 0

(3.9)
and dropping the parametric dependence on x,y1,y2,t

Oy (0, o, B,1,&) = - (x+ alan + BE)) — bja; -n —bia; - € + cja +

(3.10)
G, B,1,€) = g(n,y;)9(& u) f (x4 a(an + GE))e (@A) (3.11)
3, B,1,6) = - (n+€) + = (g + BE> + 2am - €) (3.12)

2

n (3.8) and (3.9), we have denoted by x,y1,y2 the rescaled position of the
a-particle and the rescaled momenta of the electrons respectively, while «, 3
play the role of rescaled time variables. Moreover we recall that f is the gauss-
ian defined in (2.9).

The proof of (3.8) is a long but straightforward computation and it is
postponed to the Appendix IT (Section 8).

Due to formula (3.8), we are reduced to the analysis of the two oscillatory
integrals gfj corresponding to the possible graphs in the second order pertur-
bative expansion. In particular Gf, describes the graph in which the atom in
a; is ionized before the atom in as and G5; the opposite case. Since we always
assume |a1| < |az|, we expect that the contribution of G5, is negligible. In
fact, in Sect. 4 we shall see that the phase O2; has no critical points and then,
by standard integration by parts, we shall prove that the contribution of the
oscillatory integral G5, is bounded by a constant times £*, for any k € N.

The estimate of the term Gf, is more delicate and we have to distinguish
the non aligned and the aligned case. It turns out that the phase ©12 has no
critical points in the first case and then the contribution of G, is bounded by
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a constant times ¥, for any k € N. This will be proved in Sect. 5, concluding
also the proof of Theorem 1.

In Sect. 6, we consider the aligned case, where the phase ©15 has a man-
ifold of critical points parametrized by a vector in R?. By a careful applica-
tion of the stationary phase method to Gi,, we compute the leading term of
the asymptotic expansion for ¢ — 0 and then we also conclude the proof of
theorem 2.

4. Estimate of G5,

In this section, we shall prove that the the contribution of the oscillatory inte-
gral G5, is negligible for any orientation of the unit vectors ai, as.

Proposition 4.1. Let us fiz t > 7o, |a1| < |az| and let us assume (2.13), (2.14),
(2.15), V € S(R®). Then for any k € N there exists C, > 0 such that

—2k
~ a
[ dodndn GG ) < VI (1-21) @

|as|
Proof. The crucial point is that the gradient of the phase
Oy =1 - (.Z‘ -+ Cl(Oé’I] + ﬁ{)) —biay -n — boas - £—|- G+ o8 (42)

does not vanish in the integration region. To see this it is sufficient to compute

& 002, 9621\
> |(5e) (5

= (acit — by1a1)* + (api — bado)?

Z (CLOL — 51)2 + (aﬁ — bg)2

= o2 [(a - %)2 + (8- 7;2)2] (4.3)

In the region {(a, ) € R?|0 < a < 1,0 < 3 < a} the r.h.s. of (4.3) takes its
minimum in (ag, Gy), with ag = By = %, then

> [ /9021 9021\
z‘: < Oy, ) < 23 )

h h ag| |as|
Ao = —=——(12—T1) = 1—-— (4.5)
V2M~? V2Pyy |az|
Notice that, under the assumptions (2.13), (2.14), (2.15) and |a;| < |az|, there
exists a positive constant ¢y, independent of e, such that As; > ¢y for any
€ > 0. The estimate (4.4) allows to control Go; using standard non stationary
phase methods [3,11,16]. In fact, recalling the identity

ae’ = —idiv (eib |vab|2 a> + ie’div <|vvbb|2a) (4.6)

> A} (4.4)

where
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and performing k integration by parts we have
/ AndéGa e 92 = (ig) / dndé(LFGay )e @ (4.7)

where the operator L acts on the variables ¢ = (¢1,...,¢) = (11,72, 73,
£1,&9,&3) as follows

8G21 1 8621
LGy =) uj—r, = o=y 48
21 ; J 8@ J |v<@21|2 8Cj ( )
and moreover
6
LkG21 = Z Ujys .o ’ujkD]Zjl ----- Cir, G (4.9)
Jtseenik=1

In (4.9) we have denoted by D’gh ¢, the derivative of order k with respect
EERRELN IS
t0 Cjyy-- -5 G- From (4.9), (4.8), (4.4), (4.5) we easily get the estimate

1 o
Gl <& [ sedi [ da [a5 [ andg|2*Gan]
0 0
1 a

&_k
<arr / da / 48 / dnde| 3 DE o Gm| (410)
21 0 0 JisensJle=1

If we square (4.10), integrate w.r.t. the variables x,y;,y> and use Schwartz
inequality we find

/ dedy:dys|G5, 2

o\ 1/272
6
<4772£8u dnd¢ | [ dady:d > D G
< dmop sup 7 Y1dy2 Gy veensCap, 21
21 a.f J1s-eJk=1
(4.11)

From the definition of Ga; (see (3.11)), we have

6
Z |Dlgjl>"'7<jk G21|

Jiseenje=1

K k
<Ck Z D3t g(n,y1)] Z D¢ g(&5y2)

i1=1 ia=1
k

k
Y D fl@+alan + BE)] Y (o] +aln +alé)™  (4.12)

i3:1 24:1
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The last term in (4.12) can be easily estimated as follows

k
> (| + aln| + alé])™
ig=1
k .
< )z +alan + BE)| + 2aln| + 2al¢])"
1

T4

S

< | (\/§4a2<x + a(an + ﬂ£)><n><§>>i4

IN

(Z a27,42514/2> <l‘+a(0¢7}+ﬁ§)> <n> <£> (413)

141

where <z>2 =1+ 22,z € R3. Hence

6
Z ‘DC]la 7C]kG21‘ < Ck<77> Z ’D'Ll 77 y1)| <§>
Jk= 11=1
k
Z ‘ ¢ 9(&y2) ’<m+a(an+5£ >k Z |D2 f(z + a(an + BE))| (4.14)
2=1 iz3=1

Moreover, recalling the definition (2.27), we get

6 k k
> [Pk, G| < Gt ST DV )| <> 3 [DEV(O)
J1see k=1 i1=1 ig=1

- <a + a(an + 5)> Z | D3 f(a + alan + 56)))|

’L';l

k k
<> [Dihny)| Y | PERE )| (415)

ig=1 is=1

Using (4.15) in estimate (4.11) we find

/ dedy:dya|G5

2k

< Z%,fc {/dn<n>k Z ‘D“ ‘/d§<§>
. Z |DEV(6)] /dyl <Z |Df73h(n,y1)‘>

ig=1 iz3=1

o3

7,4:1

9 1/2) 2

\D§4h<§,y2>|>
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2

IN

i 2
o2k . k N
SorCel Pl s [ ay (37107 h.0)

m=1

2k k N\ 12 4
< —mCrllVIT e [ D sup /dy|DZ‘h(n,y)| (4.16)
A3 k n

Lm=1

It remains to show that the last term in the r.h.s. of (4.16) is finite. From the
definition (2.26) we have

DY) = 557z [ dne T G0 ) (417

where mq + mo + m3 = m. The integral kernel @(x,y) defines a bounded
operator in L?(R?), with norm less or equal to one. This fact directly follows
from (7.9), in Appendix I. Hence

m 2 1 mi Mo M
/dy ’Dn h(n,y)| < G /dx\xl a2 ] 3(0(x)|2 < 00 (4.18)

Taking into account inequality (4.18)) in (4.16), we conclude the proof. O

5. Estimate of G5, in the Case a; - a, < 1

Following the same line of the previous section, we prove that the contribu-
tion of Gf, to the ionization probability is negligible provided that the two
unit vectors a; and ao are not parallel. Of course, the estimate shall crucially
depend on the angle between the two unit vectors.

Proposition 5.1. Let us fix t > 72,d1 - G2 < 1 and let us assume (2.13), (2.14),
(2.15), V € S(R3). Then for any k € N there exists a strictly positive constant
Ci. such that

[ dadindys (951,100 < CullP o (1= 1 a2) ™% (5)
Proof. As in the case of Proposition 4.1, we consider the phase

O12 = - (z+alan+ ) — baaz -n—bray - {+2a+af  (5.2)

and we show that its gradient is strictly different from zero in the integration
region. In fact

(8912>2+ (3@12>2

— |\ O 3

The r.h.s. of (5.3), considered as a function of the variables (oo > 0,8 > 0),
by . . by

takes its minimum in (aq, 1) = (—4 - G2, —4 - a1) when 4 -ao > 0,4 a1 >0
a

3
= (act — baan)? + (aft — brar1)*  (5.3)

and in @« = 0 and/or = 0 when @ - as < 0,4 -a; < 0, respectively. Hence if
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@+ a; < 0 for at least one i then the r.h.s. of (5.3) is larger than min{b?, b3}.
Let us consider the case - aq > 0,4 - as > 0. We have

3 2
Z 00 00 o e L
-1 l( 5”7?) ( 8522) 1 > b3(@ - G20 — G2)* + b3 (4~ 41— G1)°

>min{b?, b3} [2 — (4 a2)* — (4-a1)?] ifd-as

I V

12

@>

Sl

7
> min{b?, 53}5 ifu-a; < 7 for at least one 4
(5.4)

Let us denote 6; = arccos - ;. From the convexity of cos? z for x € [0, 7/4]
it follows that

1 1 0, + 6 1 1 1
gcos2 01 + 5 cos? 0y < cos? % =3 + 3 cos(fy + 62) < 5(1 +aq - a2)
(5.5)
. | 1
Then for @ - ay > —2,u-a1 > 7 we have
2—(t-a9)* — (4-a1)>>1—ay - as (5.6)
which implies
3 2 2
8912) <8@12) 2
+ > A 5.7
x| () (%) | = &
where
1 h i
A = ——min{by, bo} /1 — ay - ag = minla],lagl} —r—p

V2 V2Pyy vy

(5.8)

We notice that, under the assumptions (2.13), (2.14), (2.15) and a1 - a2 < 1,

the square modulus of the phase gradient remains strictly larger than zero.
From now on the proof proceeds exactly in the same way as in the pre-

vious Proposition 4.1 and we omit the details. O

Proof of Theorem 1. From (3.8) and taking into account Propositions 4.1, 5.1
we immediately get the proof. O

Remark 5.1. The same kind of estimate proved in Proposition 5.1 is also valid
for G5, which means that Theorem 1 could be proved without the assumption
la1] < |az|. On the other hand the estimate given in Proposition 4.1 is crucial
for the analysis of the stationary case of the next section.
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6. The Stationary Case

Here, we consider the case 41 -G = 1 —0(g9), with ¢ > 2. We shall see that the
phase of the oscillatory integral Gi, has stationary points when exactly this
case occurs. This implies that the ionization probability P(t) is not negligible
for € small as in the previous situation and the leading term of its asymptotic
expansion in powers of € can be computed.

Throughout this section we shall fix the unit vectors aq, ao as follows

=(0,0,1), ag = (sin xe, 0, cos xe) (6.1)

where x: € [0, xo0€], xo > 0. Moreover, in order to characterize the asymptotic
behavior of G5,, we introduce a convenient decomposition of the unit sphere S2.
More precisely we define I'j as the portion of S? inside a cone with apex in the
origin, axis parallel to a;, aperture 6,0 < 6 < 5, and we denote [y = SA\I.
For any choice of a1, ds as in (6.1) the corresponding decomposition of G, in a
non-stationary part (denoted with the label n) and a stationary part (denoted
with the label s) is

Gl = 013" + 95’3 (6.2)

G = /du/da/dﬂ/dndfGEQes (6.3)
= / di / dov / g / dndéGs ye =@ (6.4)

where
Gi2 = G2 eiéa (65)
sin xe 1 — cos e
0e = — EX bam + — X bans (6.6)
O =1-(z+alan+ BE)) — b1&3 — banz + c2a + ¢1 3 (6.7)

We shall analyze the asymptotic behavior of the two oscillatory integrals G75"
and G715 separately. We first show that the phase © has no stationary points
in T'y and then the contribution of Gf3" is negligible.

Proposition 6.1. Let us fix t > T9,a1,d2 as in (6.1) and let us assume (2.13),
(2.14), (2.15), V € S(R3). Then for any k € N there exists C; > 0 such that

[ dvdyrdua |55 o) < CelP N (255) (63)

Pmof. If we denote 4 = (sin 6 cos ¢, sin @ sin ¢, cos ) € 'z, we have

2 700)\?
Z l(aﬁk) (8@) ] = a’(a? + §%) + b7 + b3 — 2a(b1 3 + baa) cos §

> a*(a® + %) 4+ b7 + b3
—2a(by 3 + baa) cos @ (6.9)
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The r.h.s. of (6.9) takes its minimum in (ag, B2) = (%2 cos 0, %1 cos ), then

3 2 2

00
— | | > A2 6.10
,; (577k> (3§k> - (6:10)

where
_ A mi _
A =V2min{by, by} sinfh = ﬁ?wsmg (6.11)
07

Exploiting estimate (6.10), (6.11) it is now straightforward to obtain (6.8)
proceeding exactly as in the proof of Proposition 4.1. O

Remark 6.1. We notice that the estimate (6.8) is still meaningful if we choose
the angle § proportional to e?, with 0 < d < 1. This in particular means that
only a small fraction of the unit sphere, of area proportional to 2 around the
direction a1, can give a non trivial contribution to the ionization probability.

Let us consider the oscillatory integral Gi5’. It turns out that the phase
© has a manifold of critical points in the integration region, parametrized by
a vector in R?. Therefore we fix the variables (11,72) € R? as parameters and
we write Gi in the form

1B = /dmdnzf(m,nz) (6.12)
(1, m2) = /qum(Qﬂth) Olaim.m2) (6.13)
)

where

Q= {q = (ﬁvavﬁvn:’nf) |ﬁ’ € F(;,O[ € [0’ 1]76 € [0’047773 € Ra€ € R?’} (614)
In the next lemma we show that for each value of the parameters (11,72) the
phase in (6.13) has one, non degenerate stationary point. It is relevant that

the value of the phase and of the Hessian of the phase at the critical point do
not depend on (71,72).

Lemma 6.2. For each (1n1,m2) € R? the phase ©(g;n1,m2),q € Q, has exactly
one critical point

g0 = (@°,a°, 8%, n3, €7, €3, €3) (6.15)
where
= 0,01), a0=2 g% 0 (6.16)
s Yy ) a ) a T3 a s .
b b
=TT TaTOwm g O (6.17)
bl 51 a
and x = (11,72, 23) € R3. Moreover
bic boc
60 = G(QO777177’2) =x3+ % + % (6]_8)

|D*6°| = \Dg@(%;ﬂl,??zﬂ =a'b] (6.19)
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Proof. In order to compute the critical points of the phase (6.7) as a function

of ¢ € it is convenient to write @ = (i, v, /1 — u2 — v2), where (u,v) € R?
with p? + 12 < sin? . Therefore

O(g;n1,m2) = pwy + vwy + /1 — p? — v2w3 — banz — b1&3 + o+ 1 8
(6.20)
where we have introduced the short hand notation
w = (w1,ws,w3), w;=x;+alan; + B;) (6.21)

By an explicit computation, one finds that the critical points are solutions of
the system

00 paws

— =w — ——==0 6.22
o ! /T—p2 — 12 (6.22)
99 _ YW (6.23)
ov 1— 2 — 12

00 5 5
87a=aﬂ771+ﬂm72+a\/1—u —ven3+c =0 (6.24)
00

% =aul +avés +ay/1—p2 — 1285 +¢1 =0 (6.25)

S—G):a\/l—/ﬂ—lﬂa—bgzo (6.26)
3

00

— =auf =0 6.27

9%, 13 (6.27)
00

%:a\/l—uz—lﬁﬂ—blzo (6.29)

3

First we notice that o and 8 cannot be zero, otherwise from (6.26), (6.29) one
would have by = by = 0. Then from (6.27), (6.28) we have pr = v = 0 and from
(6.26), (6.27) we have a = %2, 8= %1 Exploiting the remaining equations it is
now trivial to find the unique solution (6.16), (6.17). Furthermore the value of
the phase at the critical point (6.18) is easily obtained. For the proof of (6.19)
we need the second derivatives of the phase evaluated at the critical point

9’0 9?0 0?0 0?0 0?0

a2 7Y auar = Guga O 8008 %Y Guoms O
920 %0 820
= 517 = 0’ = 0
Opd& Opds OpdEs
re _ ., 2o_. o6 _ . 6 _,
awr Y awaa T M e ~ MY Gvons
920 %0 820

:0’

IvOE, ooty b1, vdEs
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627(9:0 0?0 —0 0?0 Ca 0?0 _0

Oa? " 9adp T Qadns T Qg

8276):0 0%0 _ 827@: 0?0 _ 0?0 4

op* 7 0pony T 0BpO& T 0PI T 0BO&

0?0 %0 %0

oz = oneog, ~ " agoe Y (6:30)
The computation of the Hessian is now a tedious but straightforward exercise
and it is omitted for the sake of brevity. 0

We are now ready to conclude the proof of theorem 2.

Proof of Theorem 2. Exploiting the stationary phase theorem [3,11,16] and
the previous lemma, we find the leading term of the asymptotic expansion of
(6.13) fore — 0
(27e)?
e
a2b?
where g denotes the signature of the Hessian matrix at the critical point and
moreover

29" Gha(go; m, ) €00 eV 1o (6.31)

¢ (n,m2) ~

X by (6.32)

In particular dp # 0 if x. = O(e) and §p = 0 if x. = O(e?),¢ > 1, or x. = 0.
From (6.12) we also obtain

€5 (2776)46568
12 a2b?
We notice that the integrand in (6.33) is a function of z (position of the

a-particle), y; (momentum of the jth ionized atom) and 7;,72. Hence we
denote

/dmdnzGlz(qo; 11, 12)e 0 et i Ho (6.33)

F(m,mo; 2,91, 92) = (2m)*G12(qo; m1, m2) e’ i H0 (6.34)

and, taking into account (3.8), Proposition 4.1, (6.2), Lemma 6.2 and (6.33),
we find

A\ N2
P(t) ~ (h) a4;‘115 /dxdydz
Using the definition of a, by, 7 in (6.35), we easily get formula (3.5). It remains

to show that the integral in (6.35) is finite. From the definitions (3.11), (2.27),
(2.26) and the boundedness of h(¢,y) we have

(G, mos 2,9, 2)| < |V (o) ||V (60,8, €8) | 1 wo)l (6.36)

2

(6.35)

/dmdnzF(m,nz;x,y,Z)

where
M IR T2 1 T
0_ 0o_ -1 _ o_ 1.7
N3 = EmCLJ(Z), 51 = —¢€ | | 1 m, 52 € |(l1|x2 12,
M M |aq] M las|
0 2 2
= — , =g —e? = —gf— 6.37
& smw(y) wo =3 — €& 5 w(y) m (2) ( )
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We recall that f and w(y) are defined in (2.9), (2.24), respectively, and x =
(71, 22,73) € R3. Then we write

/ dzxdydz

2
<e [ dridnadyds ( / dmde(m,m,ng)W(s?,sg,sgﬂ) [ awsstuor

(6.38)
Using the Schwartz inequality in the integral with respect to (11,72) we have

2
/ dzxdydz

~ ~ 2
<AV ) [ dy [ doides |[7(£.8.6)[ [ dwalrwn?  (639)

The last integral is finite due to the assumptions on V' and this concludes the
proof of the theorem. O

2

/dnldn2F(7717772§xayvz)

/dnldﬁ2F(7717772;337%2)

< c/dz/dmdn2<m>4<772>4

As we already pointed out in Remark 3.1, an explicit estimate of the
remainder in the expansion of (6.13) goes beyond the scope of this paper. We
notice that a complete asymptotic expansion, with an estimate of the rest,
for e — 0 of Z%(n1,m2) can be obtained following the general analysis of [11]
where, in Theorem 2.4, the case of oscillatory integrals depending on several
parameters is discussed in detail.

Here, we want just to outline an alternative possible strategy to evaluate
the rest based on an elementary manipulation of the integral and exploiting
the specific form of the phase. We define

pP= (/uﬁ’/aaaﬂ)a k= (7737§1a£2553) (640)
B(p;n.m2) = p(z1 + aam) +v(zg +aang) + /1 — p? —v2 a3
+ 20+ 18 (6.41)

A(p) = (maa — by, paf,vaB, /1 — p~v?af — 61) (6.42)

Then, dropping the dependence on the parameters 1,72, we have

I° = / dpe<B®) / dkGS,(p, k)e: APk (6.43)
D

where D is the domain of integration corresponding to the variables p.
We introduce the following linear change of coordinates p = (u, v, o, 8) —
z = (21, 22, 23, 21)

€ € by € by €
_ & - = == 4+ 2z, == 4= 6.44
a by 2 v by =oaTy * ! h a * o (6.44)
and denote p = L.z. Hence
et i i .
7° = aQb%/dzesB(Lf") /de§2(L€z7k:)eeA(L5z) k (6.45)

€
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where D, is the domain of integration corresponding to the variables z. We
notice that

B(L.z) =0 — ¢k’ - 2z + A(2), (6.46)
A(L:z) =cz+T.(2) (6.47)

where

K0 — (Cz, z1 +bomn a9 + [327727C1) (6.48)

a [11 ’ [31 a
and A.(z),T.(z) are explicitly known functions of order €2 for e — 0. We also

notice that D, reduces to R* for ¢ — 0. Taking into account (6.46), (6.47), we
have

4
e = aib%eéeo / dze k"2 te(2) / Ak GE (Lo, k)ei=*e T (6.49)
From the above formula one sees that the expansion of Z¢ for ¢ — 0, with an
explicit remainder, is reduced to the Taylor expansion of the integrand in the
r.h.s. of (6.49) and then to the estimate of the error done if the domain Dy is
replaced by R*. Finally, by suitable integration by parts, one can show that
each term of the expansion and the remainder are summable w.r.t. the other
variables (11,72 and then z,y, 2).

We plan to follow this strategy in further work where the analysis of the
model will be carried out at any order in perturbation theory.

7. Appendix I

We recall here the definition and the main properties of the Schrodinger oper-
ator with an attractive point interaction, which is used as model Hamiltonian
for the two “atoms” (for further details and for the proofs we refer to [1]).

We fix for simplicity i = 1,m = 1/2 and define domain and action of
the Schrodinger operator K, in L?(R3) with a point interaction placed at the
origin and strength ao < 0 as follows

Pie) = {“ € L(R)[u = w* +¢G*, w* € D(~A),q € C,uw(0) = <a - 4@) q}
(7.1)

Kou = —Au” =26 (7.2)
where D(—A) is the domain of the free Hamiltonian, A > (47a)? and G (z) =
%ﬁ!r‘. The operator defined in (7.1), (7.2) is selfadjoint and bounded from

below, with spectrum explicitly given by
op(Ka) = {_(47TO‘)2}7 0c(Ka) = 04c(Ka) = [0,00) (7.3)

The unique proper eigenfunction corresponding to the negative eigenvalue and
a set of generalized eigenfunctions corresponding to the absolutely continuous
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spectrum are respectively given by

2= (—a 1/264770496‘ 7.4

Gali) = ()25 i
_ 1 ik-x 1 eiilkllml

bz, k) = W (e + dra+ k| |z ) 79

We notice that for o = —(47)~! the expressions (7.4), (7.5) reduce to ¢(°(z),
#°(x, k) (defined in (2.6), (2.7)). Exploiting ¢, and ¢, one obtains an eigen-
function expansion theorem for the operator KC,. More precisely one defines
the map

u — {ug, 4} (7.6)
ug = /dxu(m)(a(x), u(k) = /dxu(m)d)ia(x, k) (7.7)

for u € L?(R3) sufficiently smooth and then one can prove the following state-
ments.
(1) The map (7.6), (7.7) extends to a unitary operator
Ug :u € L*(R?) — {ug,a} € Co® L*(R?) (7.8)
where the last integral in (7.7) should be now intended in the L*-sense,
i.e., 4 is by definition the limit in L?(R3) for N — oo of the sequence
Jiaj<n dzu(z)pa(x,-). In particular one has
lullZe sy = luol® + @l 72 ms) (7.9)

Moreover for any u € L*(R3) the following inversion formula holds

u(x) = uplyn(x) + /dkﬂ(k)gﬁa(:r, k) (7.10)
where the two terms of the sum in r.h.s. of (7.10) are orthogonal.
(2) U,K.U,!is a diagonal operator , i.e. for u € D(K,)
(Kat)o = —(4ma)? ug, (Kou) (k) = k*a(k) (7.11)

which in particular means that the pure point and the absolutely contin-
uous subspaces associated to I, are explicitly characterized as follows

12,(R®) = fuc IX(RY)[a =0}, L2,(R%) = {u € [*(R)|ug = 0}
(7.12)
(3) For any u € L*(R?) the unitary propagator reads

(e=en) (z) = e~ 14Tty (2) +/dke*“’“2ﬁ(k)¢a(:c, k) (7.13)

where again the two terms of the sum in the r.h.s. of (7.13) are orthogonal
for any ¢ > 0.
In principle the above statements can be derived exploiting general results
about eigenfunction expansions for selfadjoint operators. On the other hand
in the case of the operator I, the eigenfunctions (,, ¢, are explicitly known
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in terms of elementary functions and therefore all the above properties can
be directly checked. In particular it is a nice exercise to verify that U, is uni-
tary and (7.10) holds, by simply mimicking the standard proof of Plancherel’s
theorem for the Fourier transform in L?. Moreover a direct computation shows
that the two terms of the sum in the r.h.s. of (7.10) are orthogonal. Formulae
(7.11), (7.12) can be directly checked exploiting the definition of K, and the
representation (7.13) for the unitary propagator follows from (7.11) and the
fact that U, is unitary.

8. Appendix II
Here, we give a proof of the representation formula (3.8). The relevant object
to compute is the probability amplitude in (3.3)

]:(Ra kla k27 t) = / drld/}ﬂQa(Th kl )%(T.Q? k2)¢12(R7 T1,7T2, t) (81)

As we already pointed out in Appendix I, formula (8.1) defines F(R,-,,t)
as the limit in L?(R%) for N, M — oo of the sequence fﬁ\<N dry meM

drad (11, )P (ra, ) Ua(R, 11,72, 1).
We notice that

E%tHOHlef%tHo — Wl(t) + Wg(t) (82)
Wj(t) B e%tng%tKj‘/jB*%tKoef%tKj
where V; denotes the multiplication operator by
‘/](Ra 7”_7') - V(’Y_l(R — ’I“j)) (84)

Using (8.2) we rewrite the r.h.s. of (8.1) in the more convenient form

f(R7 klv k27 t) = /drld’rZa(rla kl )@(Téa kQ)\IIO(Rv 1, 712)

t
A = T
715/dtl/d?"ldTQQSl(rlyk1)¢2(r2,k2)
0

X [(Wi(t1) + Wa(ty)) Yol (R, r1,72)

t ty
)\2 _ N
—ﬁ/dt1/dt2/dr1d7"2¢1(7“1,k1)¢2(7“27k2)
0

0
x [(Wi(t1) + Wa(th)) (Wi(te) + Wa(t2)) Yol (R, 71,72)
(8.5)

We observe that the operator W;(t) acts non trivially only on the variable R
and ;. Exploiting this fact and the orthogonality relation (see Appendix I)

/dm?j(r, k)(i(r)=0, j=1,2 (8.6)
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we obtain

F =Fio+ Fo (8.7)
E](Ra k17 kQa t)

t t1
A2 — —
= —= dtl dtQ d’/‘ld’l“ggbl (7"1, ]411)(]52 (’/‘2, k‘g) (WJ (t1)Wl (tg)\po) (R, T, 7’2)

(8.8)

where [,j = 1,2, # [. Due to the specific factorized form of the initial state
of the system, we have

Wj(tl)Wl(tQ)\I’o — e%(t1+t2)\Eo|€%t1Koe%t1K¢Vjcje%tszVlQe—%mKow (8.9)

Moreover, according to the eigenfunction expansion theorem recalled in Appen-
dix I, the propagator generated by Kj is

(H59 V(R 165)) (1) = e B0 RIG () + [ dhed POT(R, ks )

(8.10)
where
(R) = /dTVj(R,T)Cf(T) (8.11)
Vi(R. k) = /d@(ﬁ K)V (v H (R =71)¢(r) (8.12)
E(k) = h;:j (8.13)
Therefore

[, (H5 (R, 6)) (1) = HEOT (R (319)

Exploiting (8.9) and (8.14), formula (8.8) reduces to
)\2 t t1
Fij (R, k1, ko, t) = ﬁ/dtl/dtze%tl(E(kj)HEODe%h(E(kl)HEDD
0 0

 (F R by e B o RO e 550 ()
(8.15)

We notice that the r.h.s. of (8.12) can be more conveniently written in terms
of the Fourier transform V' of the interaction potential as follows

Vi) = ey fage S enn) (519
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where g(&,y) has been defined in (2.27). From (8.16) and the explicit expres-
sion of the free propagator we have

(eF =RV, ke F250y ) (R)
hto

— o thrar 3/2/d£g £, ’Yk’l)e 21\4«,25 +ifl.g—i 2l §w <R+ M'y§> (8.17)
and

(e%thoxz(., kj)e ot Koy (. kl)ef%bKOl/)) (R)

:e*““l'“l*““j'“w?’/dﬁdng(n,’ykj)g(f,vkz)

. htq hto R, hty . . ag a
62(2M~/2n +2 77+2M~,2£ R vl 5)&(‘%"7—%‘5)1/)

htl htz

Finally we consider the time-dependent phase factor in (8.15). We notice that
t1 t

B+ 1B + 2 ER) + |Ba) = 75 (wlrh) + tauwlyk) (519

Taking into account (8.18), (8.19), (2.9), and rescaling the time variables
according to t; = ta, ta = tf3, we can rewrite (8.15) as follows

22N
flj(R,k1,/€27t) = -5 N 3/2 —iki-a;—ik;-a;

h? e
xS[daO/ldao/adﬁ/dédng(nmkj)g(&’vkz)f

x <R+ it an+5§)>
Y 7

ht ht ht
(e’ + ot it e+ ey gty an)

i[ L ( B4 52ty (ant86) ) — L om— 2L+ 2Ly (w(vhy)atw (k) B)]

(8.20)

m~y2

ce

We observe that
nt
M~2
is of order one for ¢ — 0 and this means that the first exponential in the
integral in (8.20) has a slowly oscillating phase for e < 1. On other hand

nt o M
=— 8.22
s m (8.22)

(8.21)

is proportional to e~! and therefore the last exponential in the integral in

(8.20) has a rapidly oscillating phase for ¢ < 1. Denoting R = v, k; = v y;
and using the notation (2.25), we find
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ANt N
.7:[](’)/1‘ 'Y yh’y y2) 2 3/2 —iky-a;—ikj-aj

/du/da/dﬁ/dfdng 1,9;)9(& yi) f(x + alan + BE))

Xel[f'("+5)+§(an +BE2+20m-6)| L - wti-a(an+B6) —bja; n—biar-E+cjatcf]
NN
TR e

where in the last line we have used (3.9), (3.10), (3.11), (3.12). From (3.3),
(8.1) and (8.23) we obtain

32 emiki-ai—ik;-a; Gii(, 91,92, 1) (8.23)

_ _ _ _ _ 2
P(t) =~ 3/dxdy1dyz | Fra(ve, vy, v ) + Far (v, vy, v )|

COAMENZ
T T 22 /dxdyldy2|g12(x y1,y2) + G5 (2, yl,y2)| (8.24)

and this concludes the proof of (3.8).
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