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Abstract. We consider the partition function for a many-body model
consisting of a weakly coupled gas of bosons at any temperature 7" > 0
and any chemical potential p, but with both infrared and ultraviolet cut-
offs imposed in both temporal and spatial directions. We take the limit
as the ultraviolet cutoff in the temporal direction is removed and develop
a representation for the limit that, hopefully, provides a suitable starting
point for controlling the limit as the infrared cutoffs are removed.

1. Introduction

We are developing a set of tools and techniques for analyzing the large dis-
tance/infrared behaviour of a system of identical bosons, as the temperature
tends to zero. In this paper we retain an infrared cutoff. That is, we consider
bosons moving in the discrete torus X = Z"/LZ", endowed with the standard
Euclidean metric d(x,y). Our long term goal is to rigorously treat the infrared
limit L — oco. See the introduction of [1].

The total energy of our many boson systems has two sources. First, each
particle in the system has a kinetic energy. We shall denote the corresponding
quantum mechanical observable by h. The most common is —ﬁA, but, in this
paper, more general operators are allowed. We assume that h = V*HV where
H: L2(X*) — L2(X*) is a translation invariant, real, strictly positive, opera-
tor, X* is the set of all bonds (ordered pairs of nearest neighbour points of X,
but with the pair (y,x) viewed as —(x,y)) and the gradient (Vf)((x,y)) =
f(y) — f(x). Second, the particles interact with each other through a two—
body potential, 2v(x,y), which is assumed to be real, symmetric, translation
invariant and exponentially decaying. For stability, v is also required to be
repulsive, in the sense that, viewed as the kernel of a convolution operator, it
is strictly positive.



152 T. Balaban et al. Ann. Henri Poincaré

We assume that the system is in thermodynamic equilibrium and that
expectations of observables are given by the grand canonical ensemble at tem-
perature T’ = ﬁ > 0 and chemical potential ;. We concentrate on the partition

function Tr e~ wr (H—nN), Here, H is the Hamiltonian and N is the number
operator. The techniques developed here can also be applied to correlations
functions. See (1.8).

In [2], we developed a functional integral representation for the partition
function. See (1.2) below. The integration variable of this functional integral
is a complex field «,(x) depending on position x € X and time/temperature
T € (0, kT] Here, we have periodic boundary conditions, that is ag = a1 .

kT
The representation of [2] can be viewed as a rigorous version of the formal

representation

Ty e~ o (H—uN) / / H daz( daT( ) eAx(@,a)
27

xeX
O<T<

- /d / / dxdy ar(x)"a-(y) v(x,y) ar (x)a- (y) (1.1)

This formal representations is frequently used in the physics literature. See
[11, (2.66)]. The ultraviolet problem is to integrate out, in this representation,
all variables a, (x) except for those having 7 in a lattice with spacing of order
one. In this paper, we treat the ultraviolet problem for our rigorous version of
the formal representation above.

As pointed out in the introduction to [1], it is not possible to give rigor-
ous mathematical meaning to the functional integral above in a straightforward
way. For this reason, we derived (in Theorem 2.2 of [2]) the representation

Tr e~ 7r (H=nN)

= lim/ H [dMR(E) (OZ:,QT)CE(CYT,E,O{-,—)

e—0
TEEZN(0, 5]

xe<a775,y(e>aT>—e<a:75afvaiwﬂ (1.2)

Here, for any r > 0,

dpr(a”, o) = H

xeX

da*(x) A da(x)

SR 070909 y (Ja(x)] < 1)
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denotes the unnormalized Gaussian measure, cut off at radius r, and (. («, )
is the characteristic function of

{a,8:C% = €| lla— Bl <pole)}

The cutoffs R(g) > 0 and py(e) > In 1 are decreasing functions of € defined for
all 0 < ¢ <1 that obey

R(E)Z\A%PO(E) and  lim VER(e) = 0

Furthermore, for any ¢ > 0, the operator j(t) = e~ *®~#) We write the (R
style) scalar product, (f,g) = >,y f(x)g(x) for any two fields f,g : X — C.!

In this paper, we treat the ultraviolet problem in the representation (1.2).
The final result is to write the partition function as a functional integral which
involves . for only finitely many values of 7, independent of . To achieve
this, we have to integrate out all but a fixed number of fields «. in the repre-
sentation (1.2). For n > 1 and € > 0, set

I,(g;0", 03)
= / H d,uR(s) (aiv aT)

T€eZN(0,27¢e)

< I [cclrmear) eloi-rian)=c(oiarvai o)

TEEZN(0,27¢]

(1.3)
with ag = o and agn, = (. If € = %ﬁ, for m,p € N, then
H [d,U'R(a) (O‘;k—a aT) Ce (QT—E7 ar)
T€ZN(0, 75
Xe<a:—s7j(5)a‘r>75 <ai_sa7vai_5a7>:|
P
— [ 1T i (63:00) Il 1:60)] (1.4)
n=1
with the convention ¢¢ = ¢,. Combining (1.2) and (1.4) we get
P
— L (H—pN) _ 1 * 1 e
Tr e 2l wN) — mlgnoo/;ll:[l [dMR(an;kT)(¢n7¢”) I, (W7¢n17¢n):|
(1.5)

For a treatment of the ultraviolet problem in some related models, see
[6,7,9,10].
In this paper we show that, that for all sufficiently small?> 6 > 0,

Ip(a*, B) = lim_L,,(27™6; ", §) (1.6)

1 Thus the usual scalar product over C/X| is (f*, g).
2 The smallness condition on @ does not depend on the interaction v.
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exists and we also exhibit properties of Iy that we deem useful for a potential
infrared analysis. If 8 was chosen sufficiently small, we will write Iy as the sum
of a dominant part (which is shown to have a logarithm) and terms indexed
by proper subsets of X and which are exponentially small in the size of the
subsets.

The partition function can be written as

e o - f H[ [T oG oo 160
21
xeX

1
n=1

More generally, one also gets a representation for the Green’s functions®
Tr e~ wr (H- uN)TH b (8;,x;)

Tr e~ wr (H- “N)

with x1,...,x, € X and 0 < ﬁl, B < ﬁ To this end, choose a sufficiently
fine partition, 0 =1 <7 < --- < Tp = le that contains (1, ..., . It follows
from [2, Theorem 3.7] that the numerator of (1.7) is equal to

[] Lm0 0n (0 r, 0" r, 00 .
/H {[ 2m ITVL_Tnfl((ﬁTn,la ‘f'n)
xeX

T s )" (19)

(1.7)

with ¢g = ¢
The functions I,,(g; o, 3) can also be defined recursively by

L(e; a", ) = / din (o) (67, 9) Ce(0",9) (@I O+ IO
we—ca g, vatd)+(d" B, v é" b)) ¢ (0%, ) (1.9)

and
Lnaa (5 0, 8) = / o) (8, 8) Tn(e: ", O)lu(es %, 8)  (1.10)

This recursive definition is called decimation, because we successively integrate
out every second field. The description of and estimates on I,, will be obtained
inductively.

The integrals (1.9) and (1.10) are oscillatory. Their dominant contribu-
tions are extracted by stationary phase. In [5], we describe the construction and
estimates that one obtains if, in (1.9) and (1.10), one always ignores contribu-
tions far away from the critical point of the (“free part”) of the exponent. We
call this the “stationary phase approximation”. To be somewhat more precise,
fix a suitable (see [5, Hypothesis I.1]) non negative decreasing function r(t),
and assume that one keeps in (1.9) and (1.10) only the integral over fields that

3 Here (B;,x;) and ¥T(B;,x;) are annihilation and creation operators, conjugated by
eﬁj(H*MN)7 and T denotes time ordering.
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are within distance r(2"¢) from the critical point of the exponent, evaluated
at v = 0. Then the dominant contribution to I, (e; o, §) is

Ir(LSP)(E; Oé*,ﬂ) _ ZQns(E)lX‘ e(a*,j(?”e)ﬁ)JrVgnE(e;a*,,@)+E2nE(€;a*,ﬁ)

where, for every ¢ that is an integer multiple of €,

Vs(e; a*, B)
=— Y (M@ —7 =), v [i(1)a"][i(6 -7 —2)B])
T€eZN[0,5)

and the functions Ej are recursively defined by
Es(g; O‘*aﬂ) =0
Ens(e; o, B) = Es(e; o, j(0)B) + Es(e; j(0)a”, )
fdﬂr(5)(2*7 Z) 66,45(8; o”,B;2%,2)
fd/fbr(zs)(Z*v Z)

+log (1.11)

with
0As(e; o, B; 24, 2) = [Vo(es o, j(6)B + 2) — Vs(e; o, j(6)B)]
+[Vis(e; 5 (0)a™ + 2., B) — Vs(es j(d)a™, B)]
+ [Es(e; o, j(8)B + 2) — Es(e; o, j(6)3)]
+ [Es(e; j(6)a” + 2., 8) — Es(e; §(0)a”, B)]

The normalization constant Zs(¢), which is extremely close to one, is chosen
so that Fs(e; 0,0) = 0. See (1.7), (1.8) and (1.9) in [5]. The motivation for
this recursion relation comes from a stationary phase construction and is given
below and also in the section 2 of [5]. Theorem 1.4 of [5] shows that, under
suitable assumptions on the function r(¢) and the number 6, the logarithm in
(1.11) always exists as an analytic function of the fields, and that one can get
a good estimate on

E@(a*,ﬂ) = lim FEy (2_’"9; Oé*,ﬁ)

m—00

To motivate the recursive definition (1.11) of Es(e; o, 5) we replace I,
by
ISP (e; 0%, 8) = 2. () X1 elo" 3(E)B) +Ver (507 B)+ e (<50 6)

in the recursion relation (1.10). Here, &,, = 2"e. The resulting integral

/ dpnee) (6", 6) ISP (; o, ) ISP (e; ¢°. B)

—z. (5)2|X|/ Qpine)(67, §) el IEMBHB" S (En)B) Ve (&™) + Ve (55 679)

« elen(&0"0)+Ex, (65 6%,0)

- Zg“(g)m'/ [H MXW@\ < R(e))| AT 8979

2
xeX
(1.12)
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with

A(Oé*,ﬁ; ¢*7¢) = 7<¢*7 ¢> + <a*aj(€”)¢> + <¢*’j(€n)ﬂ>

+Ve, (5 0%, 9)+ Ve, (6 ¢4, B)+Ee, (5 @, 9) +Ee, (€5 ¢, B)
Here we have written A as a function of four independent complex fields
a*, B, ¢« and ¢. The activity in (1.12) is obtained by evaluating A(a*, 3; ¢« @)
with ¢, = ¢*, the complex conjugate of ¢. The reason for introducing inde-
pendent complex fields ¢, and ¢ lies in the fact that the critical point (with
respect to the variables ¢, ¢) of the quadratic part

— (s, @) + (f(En)a™, @) + ($x,i(en) B)
= 7<¢* - ](€n)0t ) ¢ - ](En)ﬂ> + <a*aj(6n+1)ﬂ>
of A is “not real”. Precisely, the critical point is
¢S =j(en) ot ¢ = j(en) B (1.13)
and in general (@St)* £ it
It is reasonable to expect that the dominant contribution to the integral
in (1.12) comes from the fields ¢(x) in a neighbourhood of the critical point.
We now sketch, approximately, the strategy that we use to verify that this is
indeed the case. We decompose, for each x € X, the domain of integration
{|#(x)| < R(e)} into the “small field region”, where ¢*(x) is close to ¢<'*(x)
and ¢(x) is close to ¢<i*(x), and the “large field region” where this is not the
case. Precisely, write

X <‘¢(X)| < R(E)) = Xx, small (Qj)(x)a ¢* (X)> + Xx, large (¢<X))
where
L if ¢ = 8", [¢] < R(e)
Xx, small (@, ¢«) = and ‘qb* - ¢§rit(x)| < r(en),

0 otherwise

*(x)] <x(en)

and

Xox, large (9) = X (|6] <R(€)) (1 = Xo, sman (¢, ¢7))

We multiply out the products of sums of characteristic functions and get that
(1.12) is equal to

Y oz, 2X|[

ACX

do*(x) A do(x * 5.
> I I / (x) ( )Xx,large (p(x)) A5 bxs0) .
2m b+ (x)=¢" (x)
XEX\A for x€ X\ A

(1.14)

Select a term of (1.14), that is, a subset A of X. For points x € A, we introduce
the “fluctuation variables” z,(x), z(x) by the change of variables

$u(x) = ¢7(x) + 2:(x),  B(x) = ¢ (x) + 2(x)

11 / d. (x 2:@d¢> >Xx,smau(¢(x),¢*(x))1

xEA
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For points outside A, we do not perform any change of variables. So the fluc-
tuation fields z,, z are supported on A, and the change of variables is

¢* == AQZ)irit + z4 + AC¢* == A](en)a* + z4 + AC¢*
¢ =N + 2+ NG = Aj(e,) B+ 2+ A

Here, we also denote by A the operator “multiplication by the characteristic
function of the set A”. Under this change of variables the domain of integration

{((b(x)v ¢* (X)) | Xx,small (¢(X)7¢*(X)) = 1}

is transformed into
D(x) = { (2.0, 22)) | (65 (x) + 2.(%)) " = 67 (x) + 2(x),
|67 () + 2(x)| < R(e) and |z (x)| < x(en); [2(x)] < x(en) |
(1.16)

(1.15)

Observe that for (z.(x), 2(x)) € D(x), in general z,(x) # 2*(x).

The quadratic part of the effective action

A(a*,ﬁ; AGSt 4 2, 4 A, Agerit +z—|—Acq§)
in the new variables is
— (Aj(en)a™ + 24 + A, Aj(en)B+ 2+ A°)
(", jen) (Ajen)B + 2+ A°)) + (jlen) (Aj(en)a™ + 2. + A%), B)
= —(zx, 2) = (A, A%) + Qa(a”, B; A0, A%9)
where
Qa(a™, B; A9, A°9)
= (Aj(en)a’, Aj(en)B) + (@, j(en)A°0) + (j(en)A%0, B)  (1.17)

Observe that the terms linear in z,, z cancelled, because we centered the change
of variables at the critical point. Inserting this change of variables in (1.14),
we see that (1.12) is equal to

an(s)zlx‘ Z H / Mefz*(x)z(x)

2m
ACX XEAD(x)

<1 / o0 dO() 00y, | ()| eAn@ B0
xEAC 2m

(1.18)

where
Ar(a™, B; ¢, 20, 2) = Qa(a”, B; A9, A°0)
Ve, (85 &, Ag™ + 2 + A)
V., (5 AGS + 2. 4+ A%, B)
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+E. (g5 a*, A¢“m + 2 + A°p)
+E., (g5 AgT + 2, + A%, B) (1.19)

If we apply Stokes’ Theorem (Lemma A.1 of [5]) with X replaced by A, r =
1(en), 0 = 0. =0 and p = (¢SF)* — ¢t to (1.18) we see that (1.12) is equal
to

dz*(x)dz(X) |02
z. @™ S T / €I -t
QCACX xeg|z(x)\§r(sn)

« H dz.(x) A dz(x)e—z*(x)z(x)

2m
xGA\QC(x)

dg* (x)d : e
x Lg / do™(x)s (’2‘;2¢(X) I (¢(x))] A (@ Bidhz )

zs (x)=2"(x)
for xeQ)

(1.20)

where, for each x € X, C(x) is a two real dimensional submanifold of C? whose
boundary is the union of “circles” dD(x) and {(z,(x), z(x)) € C* ‘z;f(x) =2(x),
|2(x)| =r(en)}. For points x € Q, the domain of integration has been moved
“back to the reals”.

Whenever xx 1arge(@(x)) = 1 or (2:(x), 2(x)) € C(x) for some x € X,
then Ax(a*, B; ¢, 2, 2) or —z,(x)z(x) has extremely large negative real part
and the contribution to the integral is very small. (See the discussion fol-
lowing Theorem 3.35.) For this reason we kept only the term of (1.20) with
Q = A = X for the “stationary phase approximation” in [5]. In this case,
Qx(a*, B; A°9*,A°p) = (a*, j(en+1)P) . Thus, the stationary phase approxi-
mation to

/ dpir(e) (67, 8) I (63 o, 0) ISP (e5 67, B)
is
2. (2)2X] 0" d(enrn)B)

% H dZ*(X) /\dZ(X)e_lz(x)|2 eA((l*,ﬁ;Z*,Z)

~ 271
*EX 2 (x)|<r(en)

_ ZTQL\X|€<Q*,j(€n+1)5> /d/j‘r(e )(Z*,Z) @AX(a*ﬂ;Z*,Z)

where

Ax(a®, 85 20, 2) = Ve, (&5 a6 +2) + Vo, (&5 65 + 2., B)

n

+E., (55 a*7¢crit + Z) +E., (5; ¢irit + Z*aﬁ)
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By construction

Vo, (g5 o, ™) + V2, (25 657, 3)
= V., (&5 a*,j(en)B) + Ve, (&5 j(en)a™, B)
=V, (6", p)

so that
Ve, (g o, ¢ + 2) + Vo, (5 057 + 2%, B)
= Ve, (650", B) + [V, (g5 0%, j(en)B + 2) = Ve, (&5 @, j(en) B)]
+ Ve, (& d(en)a” + 27, 8) = Ve, (g5 j(en)a™, B)]

Consequently, the stationary phase approximation to

/ duree) (@, 6) IS (&5 a*,8) ISP (e; 67, B)

can also be written as

Zﬁn (5>2|X|€<a*’j(€’L+1)B>+V5n+1 (g5 *,8)

)eaAsn(e;a 852" ,2)

o oFen (€507 5(E)B) +Eey (€1 (en)a” ) / ooy (2" 2

This is compatible with (1.11) if we take
dz* Adz

o eI (1.21)

ZE'rL+1 (5) = ZEn (5)2
|z|<r(en)

It turns out that, for each fixed 2 C X, the sum over all sets A with
Q' C AC X in (1.20) can be written in the form

Z

6n+1(5)\Xle<a G(Ent1)B) g Vaien s (807 8)+ Ease,, o (8507,5) 909;6"+1(55 o*, B)

(1.22)

where Vo, ., and Eq. ., depend only on o*(x) and 3(x) with x € 2, and
are given by the same formulae as V., and E. ., but with the total space
X replaced by Q everywhere, and where g, ., is a very small function that
encapsulates the sum over A and various integral operators.

The sets A, resp. €2, introduced above are called “small field sets” of the
first, resp. second, kind. The discussion of the previous paragraph shows that
(1.20) is equal to

/ gy (@, 6) ISP (e a*,6) ISP (&; ¢*, )

and it indicates that Ifli_Pl) (e; a*, ¢) is its dominant contribution. The next

decimation step would be to consider
/ dpr) (97, 9) { / dpr(e) (07, 01) 1177 (63 0, ) ISP (e <z>’f,¢)]

x [ [ i (61.62) 175 07,0 17 ¢;,6>]
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Inserting (1.20) and (1.22) for the two integrals in brackets gives a normaliza-
tion constant times a sum over small field sets €27 and 2 of integrals

/ [H A7) dOX) (140 < R(e))

2m
xeX

XCA/(Q*’6;¢*’¢) PQisent1 (550", 9) PQaient1 (55 9%, 8) (1.23)
with
A/(Oé*,ﬁ; Qb*a d)) = - <¢*7 ¢> =+ <Oé*,j(€n+1)¢>91 + <¢*7j(5n+1)ﬂ>92
+VQI;57L+1 (5; a*7 ¢) + V92;€n+1 (E; b, ﬁ)
+E91§€n+1 (5; Oé*, ¢) + EQQ;En+1 (E; ¢*7 ﬁ)

This oscillatory integral is similar to (1.12). The small factors for points x €
(X\21)U(X\Q2) mentioned above are so strong that we only have to perform
a stationary phase argument for points inside €27 N 5. That is, we would, as
in (1.18), write (1.23) as

) 11 dz(x) A dz(x) o (302()

21
A CQ N xeA’D,(x)

dg* (x)d : a5,
| TT [ EBEE 00 o (60| 0" 2

2m
x€X\A’

where D'(x) and X} 1,4 are defined as were D(x) and Xx,large, Put with
en replaced by e,41, and where A'(a*, 8;¢, 24, 2) and f'(a*, B; b, 24, 2) are
obtained using the change of variables around the critical point of the qua-
dratic form.

The next step would be to again apply Stokes’ Theorem for the variables
z4(x), 2(x) with x € A. Here, a small technical difficulty arises. Namely, the
factor f’(a*,f; z«, 2) in the integrand need not be analytic in z,,z and the
version of Stokes” Theorem presented in Appendix A of [5] cannot be applied
directly. To circumvent this difficulty, we introduce a constant ¢ > 0 and define
the cut-off propagator

1 if d(x,y) <c¢

_ (1.24)
0 ifd(x,y)>c¢

jc(T)(X’ Y) :j(T)(Xv y) ’ {

where d(x,y) is the distance on the torus X, replace j(t) by j.(t) in the for-
mulae above and control the error terms. We apply Stokes’ theorem only for
points x € A’ that have distance at least ¢ from (X\y) U (X\Q2). That is,
we apply Stokes’ theorem only in

A={Ixe N | d(x,y) > ¢ forally € (X\Q;) U (X\Q)}

With this construction, the analogue of f/(a*, 3; z«, z) will not depend on the
variables z,(x), z(x) with x € A. The integrals for points in the “corridor”

{xe N | d(x,y) <c for somey € (X\Q1) U (X\Q2)}
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can again be controlled by the small factors from the points y € X\A’. This
modification leads to the somewhat more involved formulae described in Sect. 2
below.

Obviously we want to iterate the procedure described above, starting with
n = 1. In this way one creates a “hierarchy” of small field sets of the first and
second kind. In Definition 2.4, this is made more precise, and enriched with
more sets that are used to describe the various “large field conditions”.

The main results of this paper are estimates on all of the functions
appearing in the functional integral representation of the partition function.
For these estimates we use the norms developed in [3,4]. One of the simplest
versions of such a norm is defined as follows. Let x, m > 0. We define the norm
of the power series

flangy = >

k>0 x1,...,Xx€X
Y1, Ye€X

Xa(X1, o Xk Y1, y0) (x1)" - axg)* B(y1) - B(ye)

(with the coefficients a(x1,...,Xk; ¥1,.-.,ye¢) invariant under permutations
of x1,...,xk and of y1,...,y/) to be
1@ Dl = > max max 3 &) [o(z; )|
k,£>0 (RF)eXFxx?t
(X¥)i=x

(1.25)

where 7(X,¥) is the minimal length of a tree which contains vertices at the
points of the set {x1,...,Xk,¥1,...,¥y¢}-

Our main results, the description of and bounds on Iy, are stated in
Sect. 2.6 (Theorems 2.16 and 2.18). The subsections of Sect. 2 introduce the
notation used in these Theorems. Section 3 gives an outline of the proof and
contains discussions which might illuminate the concepts introduced in Sect. 2.
The proof of Theorem 2.16 is split over Sects. 3-5. The proof of Theorem 2.18
is split over Sects. 3 and 6.

2. Formulation of the Main Theorem

Our main result is a representation of the “effective density” Iy of (1.6) as a
sum over subsets Q of X. For each Q2 C X the corresponding summand is the
product of

e the exponential of a function that is analytic in the fields and that depends
only on .

e A function that involves all possible “hierarchies” (collections of large and
small field sets—see Definition 2.4) that lead to €, which is not necessarily
analytic, but can be proven to be very small (unless Q = X). Indeed, if
Q¢ # 0, this function is O(||v]||™) (this norm will be defined in (2.5)) for
all n € N and also decreases exponentially quickly with [Q€|.
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The first factor will be called the “small field part”. It is described in Sect. 2.1
below.

2.1. The Small Field Parts

Let © be a subset of X. For any kernel w(x,y) on X denote by

(x.y) w(x,y) if x,y € Q
w X7 = .
Sl 0 otherwise

its truncation to 2. For any ¢ > 0, set

. - 1
J@® =la+ 5 (= th-pa)
(=1
— o~ th—po _ Tx\o
and
| je@®xy) ifdxy) <e
() (x,y) = i
Je), (1) (x,y) {0 if d(x,y) > ¢

For each 0 < t < QI%T and each analytic function V' (a., 3), that depends
only on the variables a.(x), f(x) with x € Q, consider the formal renormal-
ization group operator M. (V; -, -) at scale ¢ with “principal interaction V”
that is defined as the following generalization of (1.11). It associates to any
two analytic functions® fi (., 3), f2(a., 3) that depend only on the variables
. (x), f(x) with x € Q the function

Ra: (Vs f1, f2)(ax, B)
= fl (Oé*aj(ﬂ),c(t)ﬁ) + f2 (j(Q),c(t)O‘*aﬂ) +1

— (L)) = d).c (O], [ig) () = Gy, ()]5)

+V (s d(0),c(1)B) =V (s, o) (£)0)

+V (@), (Hew, B) =V (G (v, B)

where A(a, 8; 24, 2) is
[fi (s 2+ @), (0)B) = fi (s, i), (H)5)]

+ [f2 (2« +J @.c (O, B) = f2 (G, (t)a, 5)]
+ (L) (t) = deay.e M, 2) + (ze; [ () = G (1)]5)
+[V (omz +i@),c(t)B) = V (s, ). (1) B)]
+ [V (24 + d),c (s, B) =V (J),c(H)as, 8)]

fdﬂQJ(t)(Z*’ Z) eAla,B52",2)
J dpg e (z*, 2)

and

N dz(x)* Ndz(X)  __(x)*2(x
duae(,2) = [ BELAED 097209 3 (12000 <
xeN

4 We introduce the complex field o in order to clarify the analyticity properties of the
functions f1, fo. We shall usually evaluate a4 at a*.
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As “principal interaction” V' in the renormalization group map, we use the
dominant part of the interaction at the corresponding scale. Precisely, for every
¢ that is an integer multiple of e, define

Va,s(e; ax, B)
=—€ Z L) (T)aw] [y (6—7—¢)8], va [l (T)as] [ (@—7—¢)5])

T€eZN[0,6)
(2.1)

Define recursively

Dayo(s; s, 3) =0
Dﬂ;n+1(5;a*,ﬁ) - mQ;Z”E (VQ;Q”E(E; Yy '); D(Z;n(E; Yy ')7 Dﬂ;n(s; ‘y ))

If 0 is small enough, this recursion defines analytic functions Dq.,(€; v, 5),
when 2"¢ < 0, and furthermore

DQ;Q(Q*, 8) = lim DQ;m(2_m9; e, ) (2.2)

exists and fulfills the estimates of Proposition 2.1 and Theorem 2.16 below.
Our representation of the effective density will be of the form

IO(a*aﬂ)

_ Z ZgQ|6<O’*,j(Q)(9)6>+VQ:9(@*76)+'DQ;9(0¢*75) X@(Q; Q, ﬁ) LpQ;g(OZ*, ﬁ)
QCX
(2.3)

where the normalization constant Zy, which will be defined in Lemma 2.7, is
very close to one,

Voo (o, B)
= lim VQ;(_)(Q_mQ;OZWﬁ)

0

= - / dt ( [iea)(t)a] [T (0 —1)8], va [ia) t)ax] [i@) @ —1)5])

0
(2.4)

and x¢(9; o, 8) implements the small field conditions for the set Q (see Theo-
rem 2.16).

For our construction to work, we need exponential decay of the interac-
tion v. Precisely, we assume that there is a “mass” m > 0 such that

llolll = sup Y~ &™) Ju(x, y)| (2.5)
xe yeX
is finite.

Proposition 2.1. There are constants const, k > 0 such that for all sufficiently
small 0 and interactions v, and all Q@ C X, the function Da.g(ow, B) of (2.2)
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is well defined,®> and obeys
Dozl m < const [[o]]
Here, we use the norm (1.25).

The proof of this Proposition is much the same as the proof of [5, Theorem
1.4]. Tt is also a consequence of our complete analysis of Iy in Theorem 2.16.
There, we shall also state more properties of Dg,p.

2.2. Decomposition of Space into Large and Small Field Subsets

As indicated in the introduction, the functions pq of (2.3) are expressed in
terms of “hierarchies” of large and small field subsets of X. Recall that we
have chosen a function r(¢) that measures the size of the neighbourhood of
a critical point at scale ¢ in which Stokes’ argument is applied to move the
domain of integration “back to the reals”.

We fix, in addition to the functions R(¢) and r(¢) of Sect. 1, another
decreasing positive function R/(¢t). If we are at scale ¢ and, for some point x,
one of the fields a*(x) or f(x) is larger than R(t) we shall get a controllable
small factor. This leads us to introduce a further decomposition of X where the
corresponding large field sets will be denoted by P, and Pg, respectively. Also
large values of the spatial gradients of the fields give rise to small factors. Spa-
tial gradients are controlled in terms of the function R’(¢). The corresponding
large field sets will be sets P/, and Pé of bonds in the lattice X. Similarly, large
time derivatives cause small factors. The corresponding large field sets will be
denoted by the letter ). The sets where, in the application of Stokes’ theorem,
the “side” C'(x) of the cylinder is chosen as the domain of integration, will be
labelled by R.

All the sets in our construction should be separated by corridors. The
width of these corridors is scale dependent and will be measured by a function
c(t). Later, in (2.18), we will make specific choices of all these functions. Their
properties will be proven in Appendix F. Here, we concentrate on the purely
set theoretic picture.

As indicated above, we will have to deal with bonds of the lattice X. We
denote by X* the set of all bonds (i.e. pairs of neighbouring points). Further-
more, for a subset Y of X, we set

Y* = {x eX | x is connected by a bond to a point of Y}
Y* = {b e X | b has at least one end point in Y}

For P’ C X*, we denote by supp P’ the set of all end points of all bonds in P’.
The large and small field sets will be conveniently indexed by intervals
whose length is related to the scale at which they were created.

Notation 2.2. (i) A decimation point for the interval [0, 4] is a point 7 = 56
with integers £k > 0 and 0 < p < 2k,
(ii) A decimation interval in [0, ] is an interval of the form J = [£4, &)
with k> 0and 0 < p <2F — 1.

5 That is, it is possible to take the logarithms involved and the limit.
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(iii) For a decimation point 7 # 0,6, there is a unique & > 1 such that
TE 5% ST\ 5t it Z. This number k is called the decimation index 0(7) of 7
in [0, d]. We also set 9(0) = 9(8) = 0. We call s = 27°(7)§ the scale of 7.
The unique decimation interval that has 7 as its midpoint is

Jr=1[1—8, 7434
Its left and right halves
I =lr—sr1, IS =[r1+s

are also decimation intervals.

Ezample 2.3. For example, if 7 = 34, then 7 € Z\QSZ so that o(7) = 4,
s=2, T =[50, 156], T = [&9, 1366] andJ+—[16671465]
J-Jr
e T
0 Tos=150 T=156 TH+s=7g6
~ -
N

If 7 is a decimation point, then the field «a, appears as an integration
variable in the construction of I,,,(27™d;a*, 3) for all m > 9(7). When this
variable is integrated, large and small field sets are introduced. We choose to
label them by 7, because J, carries the information about 7, and through
its length, also about the scale 27°(7)§.

Definition 2.4 (Hierarchy). A hierarchy, &, for scale 0 < § < 27,
small field sets is a collection

o Py(J),P3(J),Q(J) of subsets of X, called large field sets of the first kind
o PL(J), P5(J) of subsets of X*, also called large field sets of the first kind
o R(J) of subsets of X, called large field sets of the second kind
o A(J),QT) of subsets of X, called the small field sets of the first and
second kind respectively.
These sets
are indexed by all decimation intervals J in [0, d],
and obey the following “large/small field set” compatibility conditions. Let
J be a decimation interval in [0,4], and J~ and J T be its left and right
halves. Let t = length(J ") = length(J ~) = 1 length(7). Then
Pa(J), Ps(T) € QJT7) N YITT) and P(T), P5(T) € (AT7) N
QIH))" and Q(T) € (AT ) NQAIT )"
M) = {x € X | dfx, Pal) U Ps(T) U Q(T)) > e(t),

d (x, supp PL(J) U Supp PB ) > ¢t
d(x, QI )euQIH)e ()}

of large and

R(T) C A(T)
AT) = {x € AT) | d(x, R(T)) > c(t)}
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o There is a non-negative integer ko such that A(J) = Q(J) = X, and con-
sequently P, (J) = Ps(J) = Po(J) = P5(J) = Q(J) = R(J) = 0, for all
decimation intervals of lengths 2-k§ with k > kq. The smallest such kg is
called depth(&).

The following figure schematically illustrates the set relations amongst the var-
ious large and small field sets at a single scale, but is not metrically accurate.

@ =0
O

A

(74 Na(I-) —

Q

Notation 2.5. Let & be a hierarchy of scale d.
(i) We also denote, for example, A(J) by As(J), when we wish to emphasize
its dependence on the hierarchy &.
(ii) The “summits” Qg([0,4]) and Ag([0,d]) are also denoted Qs and Ag,
respectively.
(iii) The decimation points, resp. intervals, in [0, ] are called the decimation
points, resp. intervals, for the hierarchy &.
(iv) For a decimation point 7, we set

{A(JT) if 7 # 0,
A, =
0 if 7=0,0

Here, J, is the unique decimation interval centered on 7. See Nota-
tion 2.2. Observe that

Ar =X if 0(7) > depth(6)

Remark 2.6. It follows from the definition that, for decimation intervals

J ST

o AJ) DT D AMT) D)

o QJN)UPL(T)U P3(J) Usupp P, (J) U suppP[g(j) UQ(T) C AJ)°
and A(J)°UR(JT) C QJ)¢ and indeed if, @ # Q(J’) # X, then d(Q(T")¢,
UT)) = dTNAT)) > c(JT'])- Since X is a finite set and c(t) > 1 for
all £, it then follows that there is a natural number kx with the property
that

o if J’ is a decimation interval with Q(J’) # X, then Q(J) = A(J) =
Po(TJ) = P3(J) = PL(J) = P3(J) = Q(J) = R(J) = 0 for all decima-

tion intervals J 2 J' with % > 9kx
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In particular, for each § > 0, there are only finitely many hierarchies & for
scale ¢ that have Qg([0,0]) # 0. Each such hierarchy has depth at most kx.

2.3. The Large Field Integral Operator
The functions @q.p(a*, () of (2.3) will be written as a sum

P;0 = Z Pe6 (2.6)
S hierarchy for scale 6
Qs (0,0))=0
Each of the functions pe.9(a*, 5) will be an integral over variables in the large
field regions determined by the hierarchy &.

As we saw in the discussion of the stationary phase approximation in
Sect. 1, we shall need normalization constants in the representation (2.3) of
the effective densities. They should obey the recursion relation (1.21). We
make a particular choice of normalization constants Zs, by prescribing their
asymptotic behaviour as § — 0. This choice is made to simplify the proof that
limy, 00 I (27™0; - - - ) exists.

Lemma 2.7. There is a unique function 6 € (0,1) — Z5 € (0,1) that obeys

dz* Ndz _ o1
Tom ¢ o 2 los 2 =0

|22

Zos = Z§
|z|<x(8)
Furthermore,
In Z5] < e )"

This lemma is proven in Appendix C.

The large field integral operator arises from the “left over” fields in the
decimation procedure outlined in and after (1.12). The decimation steps are
indexed by decimation points 7 € (0,9). When the field ¢ is being integrated
out in such a step, one gets, as in (1.20), a sum over pairs of small field sets
UTr) € A(Jr) and

(i) the fluctuation integral with variables |z(x)| <1 (|J-|) for x € Q(J;)
(ii) the integral over the Stokes’ cylinders C(x), x € A(J-)\Q(J>), with the

variables z.(x), z(x)

(iii) the “large field integral of the first kind” for points = € A(J;)¢, with
variables ¢(x) which violated at least one of the small field conditions of
the first kind.

In the decimation step, the fluctuation integral (i) is performed, while the
integrals (ii) and (iii) are are not performed explicitly and form part of the
large field integral operator. For labelling purposes, the integration variables
of (ii) are renamed z.,(x) and z,(x), and the integration variables of (iii)
are renamed a.(x). We call the fields a,(x), x € A(J7)¢, and z.,(x), z2-(%x),
x € A(T-)\Q(T>), the residual fields. The integral operator associated to a
full hierarchy, &, is the concatenation of all integral operators associated to all
decimation points 7 for the hierarchy with decimation index d(7) < depth(&).

The definition of the integral operators involves the constant ¢ and the
cut-off propagator j.(7) of (1.24).
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Definition 2.8. (Large field integral operator). Let & be a hierarchy for scale
6 >0.
(i) Let 7 be a decimation point for & with 9(7) < depth(&). The scale of
Tis s = 2_0(7)(57 and its corresponding decimation interval is J = J, =
[1¢, 7] with 7y = 7 — s and 7. = 7 4+ s. The integral operator associated
to the decimation point 7 is

1708 = L(7,650%,8)

— H dz- (X)* A dzr (X) e (x)* 2z (x)
2mi
xeA(J)\(R(‘y)UQ(J))|ZT(x)|§r(s)
dzer Adz, —
> H 2 (X)Q’/Ti Z (X) e Zar (%) 27 (%)

XER(j)CS (x;a%,8)

dar(x)* A da, (%)
X H / o XT (a7a77ﬂ)
x€EX\A(J)
x Z1T T ZLQ(J*)\Q(J)\

Here, for each x € R(J), Cs(x;a*,3) is a two real dimensional surface
in

{(24,2) € ? ‘ |z, 2] < R(s)}

zE =z, 2| = r(s)}

whose boundary is the union of the circle {(z*, 2)eC?

and the curve bounding®
() € @ e (1—ji)0") ()| <100,
2= ([1—je(s)]8) (x)|<x(s), 25 — 2 = (Je(5)[B — 2]) (X)} (2.7)

Analyticity and Stokes’ theorem ensures the action of the integral oper-
ator is independent of the choice of the surfaces Cs(x; a*, 3). See [5, §II
and Lemma A.1]. We choose Cy(x;a*, 3) to depend only on the values
of the fields o and (3 at points y € X with d(x,y) < c¢. This is possi-
ble because the boundary curves have the same property, since j.(s) has
range .

The characteristic function y 7 («, o, 3) implementing the large and
small field conditions of the first kind is given in Appendix A.

If Q(J) =X, weset (7. q+p5) = 1.

(ii) The integral operator associated to the hierarchy & is

Lisiarp) = II II (701, 0n,)

n=0,-+ ,depth(&) decimation intervals
J=[71,7]C[0,4]

of length 27§

6 The set (2.7) is a technically precise variant of (1.16).
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Observe that the arguments o7, o, in each Z( 7, oz, .ar,) A€ the integra-

tion variables for an integral appearing to its left. This is the reason for

ordering the product ano,_“’depth(@) with larger values of n to the right.
(iii) We will bound, in Theorem 2.18, the “absolute value”

Teoml= ]I 11 ’Z(J;a:e,aw)
n=0,...,depth(&) time intervals
J=[r,m]C[0,9]
of length 27§

of the integral operator. Here ’I(j;a*75)| is constructed by replacing

/ dZ*T(X) A dZT (X) efzw(x)z.,. (x)
271,

CS(X;OK*,B)

dzir (%) A dzy (%)

2mi

e—Re Zar (X) 27 (%)

Cs(x;a%,8)

in the formula for Z( 7.+ g) of part (i).

The integral operator Zg integrates over the fields o, 24, 2, with 7 €
€ZN (0,6), where ¢ = 279Pth(S) 5§ We introduce the shorthand notation

a = (ar)reczn(o,) 2= (2r)reczn0,6), Zx = (Zxr)recznos  (2-8)
for these “residual” fields.
In Theorem 2.18, we give an estimate on the integral operators Zg.

2.4. The Background Field

In (1.17), we described the change of the quadratic part of the effective inter-
action after one decimation step. We iterate this procedure and are led to
explicit, but relatively complicated expressions for the quadratic part of the
effective action at a given scale. To organize the description of the quadratic
part and also of the dominant quartic part, we introduce “background fields”.
The effective action depends on the fields o both directly and through their
complex conjugates, but is an analytic function if we treat the complex conju-
gates as independent variables. Consequently we introduce new complex fields
o that will often be evaluated at o .

Definition 2.9 (The background field). Let & be a hierarchy for scale d. Set € =

2770 with the integer n > depth(&). Given fields o, 3, dx = (er (X)) reczn(0,6)
xeX
and @ = (r(X))reezn(0,5), We define the background fields” for & by
xeX

Lus(T; ay,dy) =T2 (&) o + Z I7(8) Qur
7/€e2n(0,5)

7 For each fixed T € (0,), ax and dx, the background field I', g (7; ax, @x) is a function of
x € X.
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Te(r; @ pf)= Y, T7(8)ar + I(6)8
T'€eZN(0,0)
For 7 € (0,6) and decimation points 7/ € [0,4], the coefficients I'T (&) = I'T,
with 7/ # ¢, and FZ/(G) = FZ/, with 7/ # 0, are defined as follows:
o Fort=1"€(0,9),
[, =17 =4A7
Here, we use the following notation. If Y is a subset of X, the operator
“multiplication by the characteristic function of Y is also denoted by Y.
o For 7 # 7/, FI/T = 0 unless 7 > 7" and [7/, 7] is strictly contained in a
decimation interval with 7/ as its left endpoint.8 If J is the smallest such
decimation interval and 4’ its length, then

/ !
rf =i (rer - ) a5 ) A

J

7'(;%/*) T

le———— ) ————————————>

o Similarly for 7 # 7/, 7 = 0 unless 7 < 7/ and [r, 7'] is strictly contained
in a decimation interval with 7/ as its right endpoint. If J is the smallest
such interval and ¢’ its length, then

'r/_ - / 5/ . 61 [
FT _.7(7—_7—_2> A(j)]<2) T/

Remark 2.10. The Definition 2.9, of the background field, is independent of
the choice of integer n > depth(&). To see this, let eg = 279Pth(S)5. The
only place in the definition where € appears is in the range of summation
> orreczno.6) E T € (eZ\esZ) N (0,0), then d(7) > depth(&) so that AS, =0
and I'7 (&) =T7, (&) = 0.

The dominant contributions to the quadratic part of the effective action
associated to the hierarchy & for scale § will be

Qs (0, B; Ay, d) = Qe 5 (ax, B; Tus (50, 0) , Te(-;a,6))  (2.9)
with e = 274Pth(S) 5 where
Qe.5(as, 574, 7)
= > ) e i@ = DL (e 5(E) Yrae)

T€eZn(0,6) T€eZN(0,0—¢)

- <’Y* o—e> J(E) B>

8 This implies that 9(7) > 9(7’) whenever 7 is a decimation point. Observe that there is a
maximal decimation interval with 7/ as its left endpoint. If 7/ # 0, it is [v/, 7/ + 24’(7/)5].
If 7 =0 it is [0, 4].
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= (0, d@) + D (Ve Ve — 5(E) Yrae)
T€eZN(0,0—¢)

+ (Ve s—er V6-c — 3(€) B)
= (Ve — J(€) Qu,7e) + Z <’Y*-r _j(e) VT —e5 'YT>
reeZn(e,d)
—{(Vs-c, 3() B) (2.10)
The dominant part to the quartic part of the effective action will be

VG(O‘Mﬂ; 62*762)
)

=—/dT (Tis (15 o, @)l s (15 @, 6), v Tha (75 ax, d)Ts(7; &, B))
0

(2.11)

The contributions characteristic of the small field set Qg ([0, d]) are not being
integrated over. Therefore we set

& (ax, B Ay, @) = Qs (a, f; Ax, @) — (au, Jia)(0)3)
Ve (o, B5 ds, @) = Vs (ax, B i, d) — Vays(as, B)
2.5. Norms
Our main result will be, that for sufficiently small 0 < # < -1, the effective

BT
density can be represented in the form
Ia(a*’ﬂ) _ Z Z“gme(a*,j(n)(9)ﬁ>+Vn;9(Oé*75)+DQ;9(C¥*,5) XG(Q;avﬂ)
Qcx

X > L(s50n,8)

S hierarchy for scale 6
Qs=0

% (e, (a8 6@ FVE " (@ f; 6",d) eBe(a*,ﬁ;p?HEe(a*ﬂ;p?))

(2.12)

(2.13)

In this formula, Vo0, QE° and VF* are explicit functions; their definitions
have been given in (2.4), (2.10), (2.11) and (2.12). Observe that they are eval-
uated with o, = a*. The pure small field part Dg.¢ has been constructed in
(2.2). The functions Lg and Bg depend on the “residual fields” &, Z, 7 that
are the integration variables of Zg. Again we choose to write them as analytic
functions of

ﬁ = (&*70_27 Z*Vg)

as well as a® and 3. When they appear inside the integral operator we evaluate
them at

a=a"
Zar (x)=27(x)" for x€A(T)\(R(T-)NQ(T7))

The function Lg(ay, 5; p) will be analytic in the fields and depends only on
the values of the fields a..r(x), o, (x) for points x € X\Q. It is called the “pure
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large field contribution”. The function Bg (., 3; p) depends on the fields at
points x both inside and outside §2 and is called the “boundary contribution”.

In Proposition 2.1, we gave estimates on Dgq.g, expressed in terms of the
norms (1.25). The norms that we use to measure Lg and Bg are similar to
the ones introduced in (1.25), but are more sophisticated. They weight the
variables au.,(x),a-(x) so as to take into account their maximum possible
magnitudes on Zg’s domain of integration. The abstract framework for these
norms was developed in [4, §II]. For the convenience of the reader, we review
it. In Definition 2.13, we introduce the concrete weight factors used in this
paper.

Definition 2.11. (i) A weight factor on X is a function x : X — (0, c0].

(ii) Let ny,...,ns be nonnegative integers and X; € X" ... X, € X" If §
is any metric on X, we define the tree size 75(X1,...,X;) as the length
(with respect to the metric d) of the shortest tree in X whose set of
vertices contains Xi1,1,X1,2,.-.,X1,n;,-- - Xs,n,-

(iii) For any subset 2 of X we construct a metric dg on X as follows: Denote
by € the union of closed unit cubes centered at the points of 2. For a
curve v in R™ we set

lengthq (7) = 2 - length(y N ) 4 length (v N (R™\Q))

where length is the ordinary length in X.
For any two points x,y € X define

do(x,y) = inf {mlengthg, (7)‘ 7 a curve joining x to y}

where m is the “mass” introduced just before (1.25). Clearly,

md < dg < 2md (2.14)
Recall that d is the standard metric on X.
FQcQ C X and theset S ={x11,X1.2,---,X1nys---,Xs,n. } CONtains
both a point of @ and of X\Q' then
Tag (X1, ..., Xs) < 7a,, (X1,. .., %) — m dist(Q, R™\Q') (2.15)

where, for subsets U, V' of R"”
dist(U, V) = inf {length(y)| ~ a curve joining a point of U to a point of V'}

Definition 2.12. Let ¢4, ..., ¢s be a collection of fields on X.
(i) Let f(¢1,...,ds) be a function which is defined and analytic on a neigh-

bourhood of the origin in C*1X!. Then f has a unique expansion of the
form

f(é1,-05) =Y Do alFy %) ¢i(K) - 6s(Xs)

N1y, >0 (X, Xg)EX ML X X X s

with the coefficients a(Xy,...,Xs) invariant under permutations of the
components of each vector X;. The functions a(Xy,...,X,) are called the
(symmetric) coefficient system for f.

(ii) For any nq,...,ns > 0 and any function b(Xy,...,Xs) on X™ X -« x X",
we define the norm ||b|,,, ... ». as follows:
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o If there is at least one field, that is if Z;Zl n; # 0, then

[Vl .o, = mece max - max > [b(%r, %)
7,70 RoEX™
1<i<s
(%;);=x

o For the constant term, that is if Y37, n; =0,

||b||n1,.4.7ns = ‘b(—7. .. ,_)|

(iii) Given weight factors k1,..., ks, and a metric § on X, the weight system
with metric ¢ that associates the weight factor «; to the field ¢; is defined
by

s Ny
ws(Ry, ..., Ry) = T8 FireXs) H H Kj (Xj0)
j=1¢=1
for all (X1,...,Xs) € X™ X .-+ x X™ and all nonnegative integers
ny,...,Ng.
If Q is a subset of X, the weight system with core € that associates the
weight factor x; to the field ¢; (and the weight factor one to the history
field) is wyqy, .
(iv) Let f(¢1,...,0s) be a function which is defined and analytic on a neigh-
bourhood of the origin in C*'*! and a the symmetric coefficient system
of f. We define the norm, with weight w, of f to be

fllo = > o, Rs) aFeyeo Ry,

n1,...,Mms >0

The functions Bg (., f; p) and L (o, 8; p) in (2.13) depend on the
fields ., B and, in addition, on the residual fields § = (&, d, Z.,7) that
are integrated over in the large field integral operator Zg. The weight factors
that we associate to these variables depend on the functions r(t) and R(t)
introduced before. Recall that r(t) measures the size of the region close to a
critical point where the stationary phase construction at scale t is performed
(see the Introduction just after (1.10)). R(t) is the threshold between “large”
and “small” fields for scale ¢, see the beginning of Sect. 2.2.

s

Definition 2.13 (Weight factors). Let & be a hierarchy for scale 6.
(i) We define the weight factor k.g, for the field o, by

H*G,O(X)
= min {2 R(t) ’ x € A([0,¢]) such that [0,t] is a decimation interval}

and, for 7 a decimation point in (0,d), the weight factor k., for the

field a, by
Kes,r(X)
o0 if xeA,
"~ | min {R(t)‘XGA([T, T+4t]), [T, 7+1t] a decimation interval} otherwise
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Similarly we define the weight factor kg s for the field 8 by
re5(x) =min {2 R (t) ] x€A (6~ t,6]), [6—t,0]a decimation interval

and, for 7 a decimation point in (0,d), the weight factor kg, for the

field o by

Ko, (x)
00 if x € A-
min {R(t)‘XEA([T—t, 7]), [T —t, T]a decimation interval} otherwise

The significance of the “co” lines is the following. If 9(7) < depth(&) and
x € A, then the integration variables a.,(x), a,(x) have been replaced
by the integration variable z.,(x), z- (x) during the decimation step for 7.
Thus au,(x), a-(x) no longer appear as arguments. If 9(7) > depth(&),
that is if o, and a, do not appear as integration variables in Zg at all,
then A; = X and k. -(x) = £-(x) = oo for all x.
The spatial decay of these weight factors is discussed in Appendix B.
(ii) We define weight factors A, for the “residual” fields z.,,z, , 7 a deci-
mation point in (0,9) by

Ao s (%) 32 1(272(15) if x € A\Q(T;)
(X)) =
© %) otherwise

(iii) We denote by weg the weight system with core Qg that associates the
weight factor k.s,0 to the field a, the weight factor kg s to the field 3,
and, for 7 € (0,6), the weight factors k.s -, Ks,r, As,r and Ag r to the
fields ar, a7, z4r and z,, respectively. We will generally write || - || in
place of || - ||we -

Our main result (Theorem 2.16 below) states, that, under suitable ass-
umptions on the functions R(t) and r(¢) the decomposition (2.13) of Iy exists,
and gives bounds on ||Bs|le and || Ls]s-

2.6. Summary and Statement of the Main Theorems

We are studying many particle systems of Bosons on the finite lattice X whose
single particle Hamiltonianh is of the form h = V*HV with a translation
invariant, strictly positive operator H : L?(X*) — L?(X*). For our construc-
tion, we assume that there are constants 0 < ¢y < Cpy such that all of its
eigenvalues lie between ¢y and Cp. Also we assume that

Dy= Y eSO 11 (b;(0),b;(x))| < oo (2.16)

xeX

1<4,5<d
where m is the mass used in (2.5). Here, for each 1 < ¢ < p and x € X,
bi(x) = (x,x + ¢;) denotes the bond with base point x and direction e;. The
interactions v(x,y) we allow are assumed to be translation invariant, repulsive
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and exponentially decaying in that the norm

o]l = sup Y eV Ju(x, y)|
xe yeX

introduced in (2.5), is sufficiently small. We discuss the system at temperature
T = ﬁ > 0 and chemical potential p.

The representation (2.13) of the effective density that we want to achieve
depends on

e the functions R(t) and R/(¢) that implement the large field conditions at
scale t.

e the function r(t) that gives the size of the region near the critical point at
scale t where stationary phase is applied.
the function c(t) that measures the size of the “corridors” in the hierarchies.
the constant ¢ that measures the size of the cut off of the single particle
operator that is needed for the analyticity in Stokes” argument (see (1.24)).

e a constant v > 0 that measures, roughly speaking, the size of the interac-
tion v. The precise conditions relating v and v are given in Hypothesis 2.14,
below.

e a constant ¢, > 0 that, roughly speaking, imposes a lower bound on the
smallest eigenvalue, vy, of v, viewed as the kernel of a convolution operator
acting on L?(X). Again, see Hypothesis 2.14, below. Clearly v; < [Jv|| <

ol

e the chemical potential i

Hypothesis 2.14. The two-body potential v(x,y) is a real, symmetric, transla-
tion invariant function on X x X that obeys

1 1
<ol < 5o and vy > el

For our construction, we fix strictly positive exponents e,, er, er’ and e, that
obey

3er +4e, <1 1<4er+2e 2(er+e)<e, <1
1
err +er <1 3 < e (2.17)

and a constant K, > 0. We make the particular, v—dependent, choices

- () ro- () 0 ®O-(3) 0

1 1
=log? = ¢(t) =log? — 2.18
¢ =log” ~ ¢t) =log” (2.18)
and assume that
|ul < Kot (2.19)

Ezample 2.15. Natural choices for eg and er: are eg = i, erRs = % It is also
natural to choose e, bigger than, but close to %
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We are working with a Riemann sum approximation to the quartic term
in (1.1) which is, roughly speaking, (—2 times) a sum over T € €Z N [ , kT] of

e{afar, vaiar) > vy Z o (x)[* > evyR(e)* |{XE X | | (x)] > R(e }|
xeX
The coefficient eviR(e)* = “-evR(e)* would be exactly %, which is of order
one, for the choice eg = i, if e, were zero. We think of e, as being small.
Similarly, the h term in (1.1) is, roughly speaking, a sum over 7 € eZ N
[0, 27] of (minus)

e|[Var|r2x-) = eR'(e)® [{b€ X* | [Va,(b)] > R'(e)}|

The coefficient eR’(g)? would be exactly one, for the choice er: = 3, if e, were
7€ero.

The combined v and p terms in (1.1) are, roughly speaking, a sum over
T €eZN [0, 5] of (—¢ times)

1
5 (aFar, varar) = pllar|* > Z U1|0“r - ,u|a7-(x)|2’
xeX

-y [%vl (|a7<x>2 ey

With this choice of e, the right hand side is small. Making e, larger would
make the right hand side smaller, but would also make the critical value, %,
of |, (x)| smaller too. This is not desirable for generating symmetry breaking
in the infrared regime.

With these choices, (2.17) is satisfied if e, > 0 is small enough.

Our main theorems are Theorems 2.16 and 2.18, below. They are proven
in Sect. 3.8.

Theorem 2.16. There is a constant K, such that for all sufficiently’ small
v, 0 > 0, the limit Ig(a*, B) = limy,—oo [n(2770; o, ) exists and has the
representation
Iy(a*, B) = Z Z[H (0™ 3 (0)B)+Vaso (@™ B)+Daso (7.8) 3y (s v, B)
Qcx
x > L(s:ar 5

S hierarchy for scale 6
Qs=0

v ( —QET (@ B 6" @) HVE (" B 6", d) eBG(a*,ﬁ;m%e(a*,ﬂ;m)
with the following properties.

9 See Hypothesis F.7.
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o Vag and Da.,p are the functions defined in (2.4) and (2.2). Furthermore,
Dq.p can be decomposed in the form

Dayg(as, f) = Rae(ax, B) + Eap(ax, )

with a function Ra.p(cw, B) that is bilinear in o and 3, is independent'®
of the interaction v, and fulfills the estimate

IR0l o gy, o < K €202 1(0)?R(0)? < K o™ 1% &

and a function Eq.p(au, B) that has degree at least two'' both in .. and in
0B and fulfills the estimate

2
v
el 2n < KO IolPre7 mioy® < i (101)

o xo0(a,0) is the characteristic function imposing the small field condi-
tions. It is one if
la(x)|, |B(x)| < R(0) for all x € Q and
[Va(b)|, [VB(b)| <R/(0) for all bonds b on X that have at least one end
in Q and
|a(x) — B(x)| < r(0) for all x within a distance one from Q
and it is zero otherwise
o For each hierarchy & for scale 0, Bs(ax, 3; ) is an analytic function of
its arguments and fulfills the estimate

v
IBolls < Kollollr(0) R(o)* < & 11
o For each hierarchy & for scale 8, L& has the decomposition
Lol Bi7) = Y. Le(T;am B;7)
decimation

intervals

JCl0,6]
where, for each decimation interval J C[0,0], the function L&(T; e, 35 0)
18 an analytic function of its arguments that
is “large field with respect to the interval J”7 (that is, it depends only
on values of the fields at points x € X\Qg(J) and depends only on
the variables Qyr, Qry Zur, 2r with T € J. (If T =0 € J, then replace
0 (X) by o (x). If T =0 € J, then replace ag(x) by B(x) )
and fulfills the estimate

1£6(: Yl < K 8ol x) By = K 1N 5y =sense

where § is the length of the time interval J .
o The functions Ra.e, Ea.0, Bs and Ls(J) are all invariant under o, —
e Ya,, B— B, p=(A.,a, 7, 2) — (e7¥a,,e?d, e 92, 7).
o For each hierarchy & for scale 0, Is is the integral operator of
Definition 2.8. Its properties are described in Theorem 2.18, below.

10 R, is constructed like D, but with v = 0.
11 By this we mean that every monomial appearing in the power series expansion of these
functions contains a factor of the form au(x1) ax (x2) B(x3) B(x4).
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Definition 2.17. Let Q2 C X and 6,v > 0. We define the technical small field
regulator

Regsp(Q;a, ) = Reglp (4 , B) + Regsp (2 v, B)
with
2
Regn (2 a, B) = Kreg 0] [Jlall + [1611]
4 -
Reg{h (0, 8) = Keeg 00 {llalliaca + 18140} {llae = Bllacay
0 [ute O] [lall e

1813 | + 0 [Vl ey + 198l agary|
Here Q is the set of points of X that are within a distance ¢(f) of Q, and
Kieg = 29 exp {20612mDDH}.
In addition to the constants of (2.17), we choose 0 < e; < 2e, and set
1\“

)= — 2.20

0= (%) (2.20)
Theorem 2.18. Let Q@ C X and assume that o and (B obey the small field
conditions xo(; a, B) = 1. Then,

e llall’=518117 gRe (o, jia) (0)8)+Vase (e, 0)) ,~Regs p (Rr,8)

x Z |Z<e;a*,ﬁ>\(ef‘e<—% +Ve*)+|56\+lﬁe\)

hierarchies &
for scale
with Qg=Q

S uony 1 1
=¢ lH T+ [aGoP 1+ |6(X)|3]

xeNe

In the above theorem,
o the factor [[,cqe mw on the right hand side ensures the left

hand side, which is a function of {a(x), 5(x)}xex is integrable,
o the factor e~ “@I°l on the right hand side tells us that when the large field
region € is large, then the left hand side is small and

A stronger bound than that of Theorems 2.18 is given in (3.22).

3. Strategy of the Proof

Our proof of Theorem 2.16 goes roughly as follows. In a first step, we fix
e = 270 for some k € N and show that there is a representation for I, (e; a*, 3)
similar to (2.13), but with a sum over hierarchies for scale § which have depth
at most k. In a second step we compare the resulting representations for
I,(27%0; a*, B) and T 1(2=*+10; o*, B) in order to take the limit k — oo.
For the first step, we use the decimation strategy sketched in the introduc-
tion. We construct, for n = 1,2,...,k a representation of I, (e; a*, 3) similar
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to (2.13), but with a sum over hierarchies for scale 2"¢ = 2"~%¢. In the step
(1.10) from n to n+ 1,

In+1(5; a*vﬁ) = /dNR(s)(¢*7¢) In(E, a*7¢)ln(€; (b*?/@)

write the representation of I,,(e;a*, @) resp. I,(g;¢*,3) as a sum over such
hierarchies &7 resp. G5 and write the integral as a sum of integrals, indexed
by (61, 653). One such integral leads to the sum of terms in the representation
of I,,41 that are associated to the hierarchies for scale 2"*1e = 2n=k+10 that
are preceded by (&1, 85) in the following sense.

Definition 3.1. A pair (&1, S2) of hierarchies for scale § is said to precede the
hierarchy & for scale 24 if

Se(J) = S5¢,(J) and Se(0+J)=Ss.(T)
for all S = A,Q, P,, P, P, Pé,Q7 R and all decimation intervals J in [0, d].

In this case, we write

(617 62) <6
We also denote, for any field @ = (ar(X))reczn(0,26), the left and right half
fields to be x<r
ap = (aT(X))TGEZﬁ(O,é) a, = (047+6(X))reszm(o,6)
xeX xeX

Given hierarchies &1, &4 for scale §, the choice of a hierarchy & with
(61,62) < & amounts to the choice of

(i) the small/large field sets of the first kind
Pa ([0a25])v Pﬁ([0326]) C QG1 rjQGz
P, ([0,24]), P5([0,24]) C (s, NQe,)"
Q ([Oa 25]) C (961 N 962)*
By Definition 2.4, these sets determine A ([0, 26]).

(ii) the large field set of the second kind R([0,20]) € A([0,24]). Again, by
Definition 2.4, this set determines the new small field set of the second
kind ([0, 29]).

In a decimation step as outlined above, we start with two hier-
archies &1, 65 for scale . Then we first decompose Qg, N N, into
large/small field sets of the first kind, and afterwards decompose the

resulting small field sets A according to the choice of the regions where
“stationary phase” is applied. To formalize the first step, we use

Definition 3.2. Let Oy C X and § > 0. We denote by F5(o) the set of all
choices of “small/large field sets of the first kind”

Ql:(A,PO“P/},P&,Pé,Q)
with
o A, P,, P3CQ, P, PéCQE'; and @ C Q
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o A= { xeX ’ d(x, PaUPgUQUsuppP(;UsuppPéUQ@ > c(5)}
3.1. History Fields

As described in the previous section, the decimation step from scale  to scale
20 involves integrals of products of pairs of terms like in (2.13), indexed by two
hierarchies of &1, & for scale §. The result of this integral will be represented
as a sum over all hierarchies & of scale 26 that are preceded by (&1, S3). Each
such term should contain a factor

(o, j(ag)(20)B)+Vag;2s(e; o, B)+Dag 25 (5 ", 8)

e
A
Qg
For the construction of Do .25(; -, - ) out ofi)gelg(;(s; -, +) and Dg%;g(s; o)
we need to know which contributions to Do ;s(e; -, - ) involved points outside

the new small field region Q.

To keep track of precisely which points were involved in the construction
of each contribution, we introduce the concept of a history field. This is a field
on X that takes only the values 0 and 1. In particular

h” =9
The history field is never integrated over. We put in a history field at each

point where some construction is performed. That is, we shall always work
with “history complete” functions in the following sense.

Definition 3.3. (i) A function f(¢1,...,¢s;h) in the fields ¢q,...,¢s,b is
called history complete if it is in fact a function of ¢10,---,dsh,h. If
f is a history complete analytic function, any non trivial monomial in
its power series expansion that contains a factor ¢;(x) automatically also
contains a factor h(x).
(ii) Given a power series f(¢1,...,¢s;h) and a subset Q of X we set
flo=F(@1,.,05:b)

h(x)=0 for xeX\Q
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If f is history complete, f|Q depends only on the fields ¢1(x), ..., ¢s(x),
h(x) with x € .

The starting points of our construction are the single particle Hamilto-
nian h = V*HV and the interaction v. Already at this point, we have to
monitor the points in space involved in the construction, for example in the
exponential j(t) = e!("=#), This is the motivation for the notion of h-operator
introduced in [4, Definition IV.1]. For the convenience of the reader, we repeat
some of the concepts introduced in [4].

Definition 3.4. (i) An h-operator or h-linear map A on €Y is a linear oper-
ator on € whose kernel is of the form

o0
=Y > Axxy,..xey)h(x)bh(xi) - b(xe) b(y)
£=0 (x1,...,x0)EX?
(ii) The composition A o B of two h-operators A, B on €~ is by definition
the bfoperator with kernel

(Ao B)(x ZAXZ ,Y)

zeX

=3 > > Axxa,,x62) B(#y1, YY)

z€X L,0'>0 Xlx X
Yo

xb(x) b(x 1)"'h(xé)h(z)b(}’1)"‘h(yz/)h(Y)
Here we used that h2 = b.

(iii) For an “ordinary” linear operator J on €~ with kernel .J(x,y), we define
the associated h—operator by

J(x,y) = b(x) J(x,y)b(y)

and the associated h-exponential as
o0 1 B
exph(J)=bh+ ; 7 JE = e’ = by
=1

The h-exponential obeys the product rule exph (J1) exph (J2) =exph (J; +
Ja), provided the operators J; and Jo commute.
(iv) If ¢ is any field on X and A an h-operator, we set

x) =Y A(xy)o(y)

yeX

= Z Z A(x; X17...,Xg;}’)b(x)b(xl)"'b(xé)b(y) ¢(Y)

=0 X1,..,X¢,y

To keep the notation simple, we shall frequently use the same symbol for
a history complete function or h-operator as we used in Sect. 2 for the function
or operator one gets if one sets h(x) = 1 for all x € X. So we shall again write
v for the operator v, and set

3(t) = exph (—t(h — ) (3.1)
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Observe that

() |y x)=0 for xex\2 = J(@) (t)
h(x)=1for x€Q

with the operator j()(t) introduced at the beginning of Sect. 2.1. Again we
define

1 if d(x,y) <c¢

0 if d(x,y) >¢ (82)

jc(T>(X’y) = j(T)(Xv y) ’ {

3.2. Properties of the Background Fields

Here, and through the rest of the paper, use the same definition as before for
background fields (that is Definition 2.9, just with j(¢) being interpreted as
the h—operator of (3.1). Here, we want to study some of their properties. In
particular, we develop a recursion relation (Proposition 3.6).

Remark 3.5. (The structure of the background fields) Let & be a hierarchy
for scale 4.

(i) When the history field is identically zero, the background field becomes

Fis(7; ax, d. = Ao, Is(r; @, ﬂ)|h:O =Aa,

]
The differences Tys (T3 s, @x) — ASar and T's(7; &, 3) — Aa, are his-
tory complete. Their restrictions to the small field region Qg are

Tis(T; au, dy) - Ao, = j(T)a

S

b
Qs

- Asar = (6 - 7)8

FG(T; 627 6) Q
S

S

(ii) Let 7 = 622(;1) 5k, ar € {0,1}, be the “binary expansion” of the deci-
mation point 7 € (0,9), and let 7/ € (0,9) be another decimation point
different from 7. Then FIIT = 0 unless 7’ is one of the “binary approx-
imations” 6EZ:1 St (1 <d < 0(r), aq = 1) of 7. In this case, let

d = min{k >d | ay = 1}. Then

. 5 5N (6 ..
FIT = <T_T/ - 2d/> A <[7J7 T/+ 2d’—1]) J <2d’) T/

In particular, 7. = 0 whenever 7/ > 7 or 2(7') > d(7).
Analogous statements hold for F;’, in terms of the binary expansions of
6 — 7 and § — 7. In particular, I'7 = 0 whenever 7/ < 7 or 2(7') > 0(7).
(iii) If 7 # 7/, then I'Z, and 7" are always of the form j(my)A1j(m2)A§ with
71,72 > 0, 71 + 72 = |7 — 7| and Ay and A§ being (possibly trivial)
characteristic functions.
(iv) Let 7 € (0,6) and 7’ € [0, 8] be decimation points with (7) > 9(7’). (For

7' = 0,0, set 9(7") = 0.) Furthermore let 0 < ¢ < 2;%. If 7 is not of
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the form 7/ + 57 for any D( ) < d < depth(&), then T7. = j(t)TI, _,.
If 7 is not of the form 7/ — % for any 0(7') < d < depth(&), then
I7 =t )I‘T+t. For more mformatlon, see Lemma E.16.

(v) If o(7') > depth(S) then I'T. = TI'T =0 for all 7 € (0,4).
Proof. (i) Since j(t) vanishes when b is identically zero, I‘*;|b 0= /|b 0=

0 for all 7/ # 7. For all 7/ € (0,6), Qs N A%, = 0 and hence ' |o. =
I'7 oo = 0 whenever 7/ # 7. Finally,

. 0’ o . o' 0’
i (-5) 2055 i (%) (8

and I“S|Q =j(6—1) |Q .

(ii) Assume that T’ # 0. Denote by J the smallest decimation interval with
7' as its left endpomt that strictly contains [7/,7]. As J is a decima-
tion interval, there is d’ > o(7’) + 1 such that J = [7/, 7/ + w%l] Since
(7', 7" + 5w
interior, we have 7/ +

9] is also a decimation interval, but does not contain 7 in its
< T < 7', + ﬁ

zd’
Set d =9(7') < o(7) and let 7/ = 52%21 %, bi € {0,1} be the “binary
expansion” of 7/. As % <7r-7< Tfs,l and d’ > d we have
ak:bk fOI'k}:l,...,d7 ad:1, ad+1:~-~:ad/_1:(), ad/:1

So 7’ is a binary approximation of 7. The remaining claims follow directly
from the Definition 2.9 of the background fields.

(iii) follows by inspection. Recall that j(0) = b.

(iv) We consider T'7_. By part (ii) we may assume that 7 > 7/. Observe that
[T/, 7+ 23(7/)} is the maximal decimation interval with 7" as left endpoint.
If 7 does not lie in this interval, then 7 — ¢t > 7 — 20‘% >7 4+ QD?T,M and
consequently 17 =TT, = 0. So we may assume that 7 € (7/,7/+ 2ﬁ(,,))
Let J = [7/, 7'+ 53= s, d > o(r ) be the smallest decnnatlon interval w1th
7' as left endpomt such that [/, 7] & J. Then 7! + r < T<T + 2d T.
Iftr#£+ + 2d then, again, 7 —t > 7 — 20(7) >7 + d and consequently

I —j(H) T, = {j (r—r’—%) —j(t)j <T —t—T’—%) } AT)j (26,1) AS,

=0
If r =7+ 2, but d > depth(&), then A(J) = X and

2d

(v) In this case A¢, = 0. O
In the decimation step from scale ¢ to scale 20, we are passing from the
product of the terms indexed by hierarchies &1, G5 for scale § to a sum of
terms indexed by hierarchies & that are preceded by (&1,632) in the sense of
Definition 3.1. For this reason, we need

r:;A<j>j<5) A = j(r =T AL, T, = j(r—t—T)AS,
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Proposition 3.6. (Recursion relation for the background fields) Let (&1, S3)
be a pair of hierarchies for scale § that precede the hierarchy & for scale 2§.
Let T € (0,26) be a decimation point. Then
Fis (715 ay, dy)
Tis, (75 au, @) if 7€ (0,0)
= Asj(0)o + AGous it =4

e, (T—0;Asj(0)aw+AG s, Qur) + OTwr ai if 7 € (6,26)
Here, for T € (0,20), the difference operator 0T ., is defined as follows. Let J
be the smallest decimation interval for & with left endpoint & such that [§, 7]
is strictly contained in J, and let &' be the length of J. Then

!

e ) R PN

2
Similarly,
F61(T; LA, Asj(0)B + ASas) + 9.3 if 7€ (0,0)
Fe(r; @, 8) = cJ(0)B + Agas ifr=94§

FGQ( —&; a, B) if 7€ (6,20)

Here, for 7 € (0,0), the difference operator OI'; is defined as follows. Let J
be the smallest decimation interval for & with right endpoint § such that 7, 0]
is strictly contained in J, and let &' be the length of J. Then

o’ o
or. =i (6-7-5) Ae(9r i (5 ) Aeit)
Proof. If 7 € (0,6) and 0 < 7/ < 7 is a decimation point, then I'7 (&) =
I'7 (&) by Definition 2.9. By Remark 3.5(ii), I'7. (&) = 0 and T (&) = 0
whenever 7/ > 1.
If 7 =0 then T.s(T; o, dy) = Asj(d)an + Aga,s directly by Defini-
tion 2.9.
Now let 7 € (§,26). Directly from Definition 2.9,
[0, 5(G2)Ag if 7' =6
I7.(6) =4 T7.-%(6,) if 6 <7 <26

0 ifo<r' <4
so that

F*G(T; Qs O_Z*) - F*Gz (T d; A@j((s)&* + Acea*‘s’ &*T)
=T(6)a, — T 5(&2)Asj(6)o

Let J be the interval defined in the Proposition, and set J'= {t ) ’ te .7}.
Then Ag(J) = AGQ(J’) and

[0.(6) —TI7_5(62) As j(9)
—i(r =0 Aei®) - (7= 0~ 5 ) Kau(7)i () Aeild
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o e .
=7 (7—5— 2) AGQ(JI)C] (2) AG](5) = 0L,

Here, we used j(r —8) = j(1 — 6 — %) (A&, ()" + Ae, () 5(%)-
The recursion representation for I'g is proven similarly. O

Further properties and alternative definitions of the background fields are
given in Appendix E.

3.3. The Explicit Quadratic and Quartic Terms in the Effective Action

In (2.9), we defined the prospective dominant contribution to the quadratic
part of the effective action associated to a hierarchy & for scale § to be

QG(amﬂ; 07*707) = Qs,é (a*7ﬂ; F*G(';OL*,&*) , FG('§&a/8)) (3'3)

where Q. s was defined in (2.10) and ¢ was chosen to be 2-depth(&) 5 Here, and
through the rest of the paper, we use the same definition but with j(¢) being
interpreted as the h-operator of (3.1) and with the background fields 'y, I's
of Sect. 3.2.

Part (i) of the following Lemma shows that, in (3.3), we could have cho-
sen ¢ = 27§ for any n > depth(&). Part (ii) isolates the pure small field part
and the history—independent part. Part (iii) gives a recursion relation.

Lemma 3.7. (i) Let & be a hierarchy at scale §. For all k,n > depth(&)
Qs 5 (a0 Tus (5 00,04) , Te(-5d,0))
= Qi 5 (a*aﬂ; P*G(,Ol*70_2*) ) FG(7O_276))

27 5

(ii) Let & be a hierarchy at scale §. When the history field is identically zero,

Qs (a*’ﬁ; O_f*,o_f)’hzo = Z <A$—O‘*77 A$a7—>
T€eZN(0,9)

where e =279P(®) s The difference Qe (v, B; @uy @)= (AStsr, Alars)
is history complete. Its restriction to the small field region Qg is

Qolae, 5 and)q — D (Afawr, Afar) = —(aw, §(8)8)]q
T€eZN(0,0)
(iil) Let &1, 64 be hierarchies of scale § such that (61,83) < &, where & is
a hierarchy of scale 20. Then
Qe (s, B; Ay, d)
= Qe (o, Aj(6)B + Aars; Ay, A1)

+Qs, (Aj(0)a + Aaus, B Ay, )

+ (Aj(8)as, Aj(0)B) + (Aass, Aas)

+ > (Tue, (75w, @u), (O = j(£)0T74c) B)

T€eZN[0,6)

+ Z ((Ols51r = §(€)Os51r—c) s, e, (73 Ay B))
r€£ZN(0,5]
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where A = Ag, e = 279Pth(®) 4nd the differences OT ., O, were defined
in Proposition 3.6 for 7 € (6,20) and T € (0,0), respectively. Here, we
have also set OTys = OT4as = 0Ty = ITs = 0 and Tys,(0; ) = au,
FGQ (67 ) = .
(iv) Let & be a hierarchy of scale 6. Then for any fields ¢, ¢
Qs (o, Aj(0)B + A¢; s, d) — Qe (e, Aje(6)8 + A; di, @)
= > (Tus(r s, @), (T9 = §(0)T,) AG(6) — j(9) B)
T€eZN[0,6)
Qs (Aj()ax + APy, B;dy,d) — Qs (Aje(0)aw + APy, B;ds, d)
= Z <(F87_ 7‘7(5)F27——5)A(‘7(5) 7]C(6)) Ay, FG(T; O_Za ﬂ)>

T€eZN(0,0]

where A = Ag and, again, ¢ = 279PMS)  Here we have also set rog =
F;g =0 and Tws(0; -) = au, I's(8; ) = B and, correspondingly, T2, =
T =1.

Proof. (i) Tt suffices to prove this in the case that k > depth(&) and n =
k — 1. To simplify notation, set ¢ = 274,

) ue(T; ax,dy) if 7#0 Tle(r;a,p) if7#6
R P ifr=0 "7 \8 ifr=4

If 7, 7/ are decimation points with 9(7) = k and ?(7’) < depth(&), then
by Remark 3.5(iv), I, = j(¢) 7, __. Combining this with Remark 3.5(v),
we see that

Var = J(€) Yar—e If (T) =k
So by (2.10)

Qe,é(awB;'?*v'?)
= Z <’Y*‘r - ](5> Y1 —e> '77') - <7* ) ](5) ﬁ)

r€e2n(0,5)

= D (Yar = 5(E) Yer—es Vo) = (G(E) Vw522, 3 (€) B)

T€2eZN(0,6)

= Z <'7*'r - 3(5)3(5) V1 —2¢) 77) - <7* 6—2¢; 3(6)](5) ﬁ)

r€2¢70(0,5)
= Q25,6(a*> B; '3;*7 7)

(ii) Define 7., and ~, as above. By Remark 3.5(i),

j(5)7*7—5’b20 =0 j(g)’)/*T—E’QG = j(7)o Qs

Both equations follow from the definition (2.10) and Remark 3.5(i).
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(iii) Let & = 279ePth(&)(25) = 2-(depth(®)=1)§ Define ~,, and 7, as above,
but with § replaced by 26. By Proposition 3.6

2D if 7 € (0,6)
Yar = S Aj(§) s + Ay i 7=16
A 40T, if 7€ (5,20)

MY L0, 8 if T e (0,0)
= Aj(5)B+Aas 7=
~?, if 7 € (5,26)

where A = Ag and
WP =Tue, (75 @, @) 7Y =Te, (13 G1, Aj(0)8 + Aay)
'Yg—) =Tie, (T3 A7 (8) s + A s, Ar) 79) =Te, (7; &r, B)
Then

Qe = > (=i +or. 8
T€eZN(0,8)

(MG (8) o + Alas — ()Y, Aj(6)B + Aas)

*d—e?
+ <7£§) + O s e — j(£) (Aj(8)as + Aaus), 752)>

+ Z <fy§‘3') + Oy ran — j(g)(’)/i%—)—a + Ol w54 r—e s ), 77('2)>
TEeZN(g,5)

-~ <7£2§,8 + 0T, 25 _cou, j(s)ﬁ>

= > RN A = Gy, Aj8)8 + Aas)
T€eZN(0,6)

+ (12 =i @)ax +Aans), 1)

+ Y (R-ien@ ) - (N i08)
T€eZN(e,5)

+(Aj(0)as, Aj(6)B) + (A aus, Aas)

+ Y Wiy, or. )

T€eZN(0,6)

+<8F*5+5a*, 'y§2)>+ S (Ol — ()T r—can, 7))
TEELZN(e,5)

- <8F* 26— Qx,y ](5)6>
= Qe, (ax, Aj(0)B+A as; dur, Q1) +Qs, (Aj(0)as+A ass, B; dur, dr)
+(Aj(8)ax, Aj(0)B) + (A°aus, Aas)
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£ Y (. @r - ear.e) 8)

T€E€eZN[0,5)
+ Z <(8F*6+-r - j(E)aF*6+T—E) Qs 5— )>
T€eZN(0,6]
with OT'g = OI's = OT'y5 = O'405 = O.
(iv) The first equality follows from (2.10) and the fact that
Pe(m:a,Aj(0)B+ Ah;a) — Te(r;0, Aje ()8 + A9 )
=T (§(8) = je(6)) B
The second equality follows from (2.10) and the fact that
Die (T3 A7 (8)aw + A0y ;0 ) — Tias (T3 Ajic () + APy A)
=T A3(0) — je(9) @
O
The quartic part of the interaction for a given decimation step depends

on the scale at which the process has been started. To keep track of this we
need the Riemann sums approximating (2.11).

Definition 3.8. (i) Let & be a hierarchy for scale 4, and let ¢ = 27§ with
n > depth(&). We define
VG(E ., B3 Ay, O ) =eVn (a*,ﬂ; F*G( ';a*?&*) ) FG( '§O—Zaﬁ))

where

Vi (o, 8576, 7) = — | (e Ye, vawe) + Z (YarVrter VVerVrie)
T€eZN(0,6—¢)

+ <7* d—e ﬁa UV Yxd—e ﬂ>

and s (7; @y, dy), De(7; @, B) are the background fields.

(ii) In the remark below we shall identify the small field part of V. For that
purpose, we define for any subset 2 of X and every 0 that is an integer
multiple of €

VQ 6(8' O‘*yﬁ)
=y [0 —7—2)8l, v [i(1)a"][§(6 — 7 —€)B])

r€ZN[0 5)
(Evaluating this at h = 1 gives the Vg 5(e; ay, ) of (2.1).)

Q

Clearly, Vs is history complete (in particular V@!hzo = 0). It follows
from Remark 3.5(i) that

Remark 3.9. (i) Ife = 2776 with n > depth(6) then Vs (&; au, §; d., @), =
Va,s(e; ax, B) for all Q C Q.
(H) VQ,5(€; O‘*a]((s)ﬁ) + VQ,5(€; ‘7(5)0‘*76) = VQ,QJ(E; O‘*aﬂ)
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3.4. Properties of the Large Field Integral Operator

In our representation of I,(e;a*,3), we persist in using the integral oper-
ator Z(g;q+,3) of Definition 2.8, except that the surface Cs(x;a*,3) is now
h—dependent through the operators j.(s) of (2.7). Note that the characteristic
functions x 7 («, ar,3) and the cutoff Gaussian measures do not depend on b.

Lemma 3.10. (i) Let (61, 62) be a pair of hierarchies for scale § that precede
the hierarchy & for scale 26. We have the recursion relation

I(G;a*,ﬁ) [dﬂ(o_fa Z, 5)]
= Z((0,26),6 :0*.8) L(&1:0a5) [A1(01; Za1, 21)] Lisyiaz,p) [Ap(@r, Zir, 21)]

(ii) Let & be a hierarchy for scale § and set ¢ = 279PM(S)§5  The large
field operator (s, gy [dp(d, 2, 2)] depends on a(y) and B(y) only for
y € Q5.

Proof. Part (i) is trivial. To prove part (ii) by induction, it suffices to show that
Z((0,26),&:a+,3) depends on a(y) and B(y) only for y € Q([0,26])°. The depen-
dence of Z((0,25],&:a+,3) 00 @(y) and ((y) arises only through two mechanisms.
First, through the integration domain Cs(x; o*, 8) with x € R([0, 20]). By con-
struction, this integration domain depends only on a(y) and S(y) for y within
a distance ¢ of R([0,24]). Since Q([0,24]) is the set of all points of A([0,24])
whose distance from R([0, 26]) is at least ¢(d), any such y is in ©([0, 26])¢. The
second dependence is through the characteristic function xjo 24](c, as, 3). One
sees by direct inspection of its definition in Appendix A that this characteristic
function is independent of a(y) and G(y) for all y € ([0, 20]). O

Remark 3.11. Let & be a hierarchy for scale § and set e = 2-9ePth(®) 5 The
integral operator Z(g;q- ) [du(d, Z., Z)] acts on the space of functions that are
defined and measurable in the variables

20 (x) x € AT\ (RWT)UR(T))  with|z, ()] < 1(s)
Zar(X), 27 (x) x € R(J) with|z.r (%)), |2 (x)| < R(s)
(%) x € A(T)° with|a, (x)] < R(e)

and analytic in the variables z..(x), z-(x), x € R(J:). Here J = J, runs over
all decimation intervals in [0, d] of length 2¢ < 2s < 4.

Proof. The first two restrictions appear explicitly in the limits of integration
in Definition 2.8. The restriction |a,(x)| < R(e) is an immediate consequence
of Lemma A.4(a). O

We shall prove a bound on these large field integral operators, with h =
1, in Theorem 2.18. To obtain a good bound, we make a specific choice of
Cs(x;a*, 3). Roughly speaking, each point x € R(J) will provide a very small
factor for the size of the integral over C(x; a*, 3) which arises from the factor
e~ #7()2-(%) This will be established in Proposition 3.38, below.
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3.5. Norms and the Renormalization Group Map

In our description of the effective density in Theorem 2.16, the non-explicit
quantities Dq. , Bs and Lg are estimated with the help of the norms || - ||.
These norms were defined abstractly in Definition 2.12 and then made con-
crete by the choice of the weight factors in Definition 2.13. In the construction
itself, all functions involve history fields. For this reason, we extend, in Def-
inition 3.12 below, the abstract definition of norms to the case of functions
that depend on a history field too. In this abstract setting, we recall the main
theorem from [4, §II] that will allow us to control the fluctuation integrals
(Theorem 3.14. A fluctuation integral is performed for every triple &1, &3, &
of hierarchies with (&1, 82) < &. (See the discussion before Definition 3.1.)
Therefore, we discuss, in Remark 3.17, how the weight factors for &1, G5 and
G are related.

In each decimation step, the fluctuation integral is introduced through
coordinates that are centred on the critical point of the quadratic part of the
effective interaction. This change of variables affects our norms and is con-
trolled using the operator norm of Definition 3.18, below.

Definition 3.12. Let ¢1,...,¢s be a collection of fields on X and let h be a
history field on X.

(i) Let f(¢1,...,¢s;h) be a function which is defined and analytic on a

neighbourhood of the origin in CEFTVIXI Then f has a unique expansion
of the form

For,osb) = > >

N1, Ns 120 (R, Rep1)EX ML X X X s+1
Xa(X1,. .. Xe; Xop1)01(X1) -+ 05 (Xs)0(Xs 1)

with the coefficients a(Xy, ..., Xs;Xs41) invariant under permutations of
the components of each vector X;. The functions a(Xi,...,Xs;Xs11) are
called the (symmetric) coefficient system for f.
(ii) For any nq,...,nsy1 > 0 and any function b(Xy,...,Xs;Xs41) on X" x
<o x X™e+1 we define the norm [[b]|,, ... n,,, as follows:
o If there is at least one nonhistory field, that is if Zj’:l n; 7 0, then
[Bllnsin. iy = mage maxe max 3 [b(r, e Rei Ko
’I’L]'#O xZGXn[
1<6<s+1
(fj)i:X
Here (X;), is the ith component of the n;j-tuple X;.
o If there are only history fields, that is if Zj‘=1 n; = 0, but ngyq1 # 0,

then we take the pure L' norm
Hb”nl,»--,ns-;-l = Z |b(_7 »_;is+1)|
Xsp1 EX st
o Finally, for the constant term, that is if Zji} n; =0,

||bHﬂ17---7TLs+1 = |b(7’ Tty 7)‘
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(iii) Given weight factors k1,. .., ks, and a metric d on X, the weight system
with metric d that associates the weight factor ; to the field ¢; (and the
weight factor one to the history field) is defined by

s Ny

Wa(Ry, ..., Re; Royr) = eTaFrFot1) H H Kj (%))
j=1t=1
for all (Xy,...,Xs;Xeq1) € X™ X -+- X X" x X™+1 and all nonnegative

integers ny,...,Nsy1.
If Q is a subset of X, the weight system with core € that associates the
weight factor k; to the field ¢; (and the weight factor one to the history
field) is wq,,. The metric dg was specified in Definition 2.11(iii).

(iv) Let f(¢1,-..,¢s;h) be a function which is defined and analytic on a
neighbourhood of the origin in CCHYIXT and a the symmetric coefficient
system of f. We define the norm, with weight w, of f to be

fllw=" > lw,. .. R, K1) aF, o, R, Rep1) |,
Nn1,..,Nsy1>0

HMs+1

Remark 3.13. Let f(¢1,...,¢s;h) be a power series and 2 a subset of X.

(i) For any weight system w

[ #6100 g or xen ||, < Iflall, < 1711

h(x)=0 for x€X\Q

(ii) For any measure du(¢s) that is independent of b,

Jauton) (6 .0a0lg) = | [ duto stor.....o.)]

Q

Theorem IIT.4 of [4, §II] uses norms as in Definitions 2.12 and 3.12 to
control a renormalization group step. For the reader’s convenience, we repeat
its statement as well as the main result of [4, Corollary IIL5] here.

Theorem 3.14. Let f(¢1,...,ds; 2, 2; ) be a function which is defined and
analytic on a neighbourhood of the origin in COIIXI Let r > 0 and denote
by du(z*, z) the measure

dz*(x) A dz(x)

d * _ < —2z(x)" z(x)
u(,) = TL (=) < 1) e )

xeX

Furthermore let k1, . .., ksyo be weight factors such that ksy1(X), ksya(x) > 4r
forallx € X, and let m > 0 and Q2 C X. Denote by w the weight system with
core §) that associates the weight factor k; to the field ¢;, and the weight
factors kgq1, Ksto to the fields z* and z respectively.

If || fllw < %6, then there is an analytic function g(¢1,...,¢s) such that

[ el (@rrndeiz®s2) dp(2*, 2)

— 9(P1,...,05)
f ef(0,...,052%,z) dp’(Z*a Z) € (34)
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and
[
Illw < -
ol = 15617
If, in addition, | f||w < 55 and the symmetric coefficient system a(X1,...,Xs;

Ve, ¥:X) of f obeys a(Xy,...,Xs; ¥4, ¥;X) = 0 whenever ¥ = y., then

e >
w < 3.5
e <;0—|f||w (3:5)

Definition 3.15. (i) We also use the weight system wg of Definition 2.13(iii)
for functions that depend on the history field, giving weight one to the
history field as in Definition 3.12(iii). We again write || - ||e for || - ||we -

(ii) For any x,m > 0, we use w,, , to denote the weight system with metric
m d the associates the constant weight factor x to the fields a* and § and
the weight factor 1 to the history field. The norm || f(a*,3; )

[ -

Remark 3.16. For a function f(a, ) that depends only on a.(x) and B(x)
with x € Qg,

Hn,m

I fll2r(s), m < Iflle < [ fll2r(s), 2m
For the decimation step, we need

Remark 3.17 (Weight factor recursion relation). Let (&1,&3) be a pair of
hierarchies for scale § that precede the hierarchy & for scale 26. Then weight
factors of Definition 2.13 obey

2R(26) = 1;%5)) Kas,0(x) i T=0,x € Ag

Kx,0(X) if7=0,x¢Ag
oven (X) = K@, r(X) ?f 0<T<d

% if r=4,x€As

3hx,0(X) if r=6x¢As

KxGy,r—o(X) if 6 <7 <26

and

2R(20) = 1) ke, 5(x) if T=20,x € Ag

/€6275(X) if 7=26,x¢ Ag

’162,7—6(3() ifd<7<20
Ke,r(x) = .

00 if r=60,x€As

1ke, 5(x) if r=64,x¢As

k&, r(X) if0<7<d
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and

A&,y . (X) fo<7<6

32 r(5) ifr=4x¢€ A@\QG
0 if r=4,x¢ As\Qs
A&, r—s(x) if 0 <7 <20

)\677—(){) =

We will deal with linear changes in the ¢-fields which may be composi-
tions of several such changes of variables. For the convenience of the reader
we repeat the [4, Definition IV.2] of the operator norms we use.

Definition 3.18 (Weighted L'-L* operator norms). Let #,x" : X — (0, 00] be
weight factors and § an arbitrary metric and let A be an h-linear map on €.
We define the operator norm

No(di ) = | 30 Ak sy) bx)610) B b(3)8 ()|

x,yeX
Rex®

w

where w is the weight system with metric § that associates the weight % to 0y,
the weight ' to 3, and the weight 1 to b.

For an ordinary operator J on €~ we set N5(.J; k,£') = N5(J; K, k).
Observe that if J is multiplication by the characteristic function of a set Y,
then

!
Ns(J; 5, ) = sup 1)

xeY H(X) (36)

In [4, Remark IV.3], we gave a more explicit reformulation of the defini-
tion of Ns(A4; K, k).
The main change of variables formula [4, Proposition IV .4] is

Proposition 3.19. Let A;, 1 < j <'s, be h-operators on ¥, and let flor,...,

os;h) be an analytic function on a neighbourhood of the origin in ClTUIXT

Define f by

f(d)lv RN (rb‘?a h) = f(Al(bla ERR A€¢97 b)
Let ky,...Ks, R1,...Rs be weight factors. Denote by w and W the weight sys-
tems with metric § that associate to the field ¢; the weight factor r; and k;

respectively.
If Ns(Aj; kj,Rj) <1 forl<j<s, then

1l < 11l

In [4] and Appendix G, we also state variants and corollaries of this
Proposition.

Most of the times, the metric § used in Definition 3.18 will be a multiple
of the standard metric d. Therefore we introduce the notation

N, (A4; k,K') = Npa (A; K, K)
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for any pu > 0, any h—operator A and any weight factors k, x’. By (2.14), for
any Q C X

Ny (A; 5, ) < No (A; 5, ) 3.7)
Specifically, we shall use
Definition 3.20.
Al = Nsw (451,1)
This is consistent with the definition of ||v]| of (2.5).

The most important operators for our considerations are the propagator

J(t) = exph (—t(h — p))

introduced in (3.1), and the cutoff propagator

1 if d(x,y) <c¢

Je)(x,y) = j(t)(xy) - {0 if d(x,y) > ¢

introduced in (3.2). They fulfill the estimates

Lemma 3.21. Set K; = Ngm(h — p;1,1) For allt > 0,

(0) G < Now ((£);1,1) < €55t
(i) 1150) = bll < Now (G(2) — b: 1,1) < £ eFot
(i) [I7:(t) — SO < K esteme.

Proof. These estimates follow directly from parts (ii), with A = j(¢) — b, and
(iv) of Remark G.4. O

Further estimates on j(t) are given in Appendix D.

3.6. Decimation

The first step in our proof of Theorem 2.16 is the construction of the “large
field/ small field” decomposition of I,(g;a*,8)(n = 0,1,...,[log, 8/c]) for
fixed € > 0. The recursion step for this construction is Theorem 3.26, below.
Recall that we are assuming that the two—body potential v satisfies Hypothe-
sis 2.14, and in particular that [|v]| < Lv.

As in Sect. 2.1, the small field parts of the term associated to a hierarchy
will depend only on the small field set, not on the hierarchy. Its description is
similar to that in Sect. 2.1. First, we introduce the analogue of the renormal-
ization group map Rq s for history complete functions:

Definition 3.22. Let Q C X. If f1 (s, 8; b), fo(au, B85 h), V(ax, B; h) are history
complete functions that are supported in Q (i.e. fl‘Q = f;) we define
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Rau (Vs f1, fo) (e, i b)
= {fl (e, Je()B) + f2 (je(t)ax, B) + log
—{[5(®) = je@®]ev, [ (t) — 5e(£)18)
+ Vi(as, je(0)B) =V (ax, j(1)B8) + V (Je(t) o, B) = V (j(t) s, B) }

f d/”tﬂﬂ‘(t)(z*’ z) e.A(Oé*,ﬁ;z*,z)
fdﬂﬂ,r(t)(z*,z)

Q
where A(aw, 35 24, 2) is

[f1 (s 2+ 5 (8)B) = fr (@, G ()B)] + [f2 (24 + e (D)o, B) — f2 (Je(t) e, B)]
(@) = Je(O)]ov, 2) + (2, [1(t) = Je(0)]B)
+ [V (e, 2+ 5 (6)8) = V (s, e (8) B)]
+ [V (2x + je(t)ax, B) =V (je(t) o, B)]
Since j(t)| g |o_; = Je () and je(t)[g[,_; = do),c(t),

Ro,t(V; fl’f2)‘b:1 = Ray (V’b:ﬁ fl‘h:l’f2|f):1)

Remark 3.23. If Q' C Q
Ray .t (V

o 1 o) :%Q;t(v§f17f2)’9,

We control the small field part in one decimation step by the following

Q/an

Theorem 3.24. Set Kp = 2"2K7 and Kg = 2°%. There are constants ©,0 > 0
such that, for all § < %@ and v < vg, the following holds for all Q C X:

Let Ri(a, 85h), Ra(as, 8; 5) and E1(as, 85 0), Ea(ax, B; b) be history
complete functions that are supported on Q (that is Ri|Q =R, 5i|Q =& for
1 = 1,2) with the following properties
o Ri and Ro are both bilinear in o, and B and fulfill the estimates

[Rill2r(s),2m < Kro>r(6)*R(6)> e ™

o & and & both have degree at least two both in a. and in B and fulfill the
estimates

[E€ill2r(5),2m < K (60)%1(8)* R(6)°

o All four of these functions are invariant under o, — e ¥, B — €.
Let € be a divisor of §. Then there are history complete functions
R(as, B3 h) and E(a, B;h) that are supported on Q0 such that

Ras (Vas(e; )i R1i+EL,Ra+E)=R+E

and which have the following properties:
o R is bilinear in o, and B and fulfills the estimates

IR ||2r(26),2m < Kr (26)%1(26)> R(20)% e 2™ ¢

Furthermore R is the quadratic part of 5%9;5 (0; R1, R2) and, in particular,
is independent of Vo s(e; -), &1 and &s.
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o & has degree at least two both in o, and in B and fulfills the estimates
I1€]|2r(26).2m < K& (260) 1(20) R(26)°
o Both functions are invariant under o, — e~ Ya,, B — 3.

The proof of Theorem 3.24 is similar to that of [5, Proposition I11.3] and
is given in Sect. 4.

Remark 3.25. By the definitions (2.18)
—2m¢
62 I‘((S)Q R(5)26_2m ¢c (60)2(1—€R—261.) € =
((50)2 r(5)2 R((S)G — (50)2(1—36R—4er)
Both quantities go to zero with ¢ by (2.17).

The last Theorem allows us to recursively control the “small field parts”.
We now consider the full model.

Theorem 3.26. Set Kp = 235¢55i and K, = 2%%e5Ki. There are constants
0,09 > 0 such that, for all § < %@ and v < vg, the following holds:
Let &1 and &9 be hierarchies for scale § with summits Q1 = Qg, and
Oy = 0g,. Let € =276 with n > max{depth(&;), depth(S2)}.
Furthermore let D1 (ax, 8;0:0), Da(ax, 58;0:h), bi(aw, B; 05 h) and ba(a,
B; 05 0) be history complete functions with the following properties

o Fori=1,2, D;(0,0; 0;0) =0 and

IDille; <1 [|Difg,|ls, <27

S;
vanish. On the other hand,
Q¢ and b2 = b2 Qs

o Dy, Dy are invariant under a, — e Ya,, 3 — €8, o= (d.,d, 7, 2) —

(67“907*, 6“907, 67195*, 61027)

o The “pure large field parts” Di|,. and Da|g,
1 2

b1 and by are purely large field. That is, by = by

Set, fori=1,2,
* Q;
(o, 8) = Z} ‘Xé(QiQOCa/B)I(Gi;a*ﬁ)
% (e—staw;a*,a)w@i (e507,338" @)+ D™ B, (o*, B ﬁr))

where xs(Q; «, B) is the characteristic function introduced in Theorem 2.16.
Also set

10",0) = [ dino(@".6) h(a" 0) (6,9
Then
I(e"p)= > 235° X25(Qs3 0, ) Lsa- )
hierarchies

S for scale 26
(61,62)<6
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« (eer(a*ﬁ; a",@)+Ve (s a”p;6%,d) Dela”Bia)

bi(a, ag: i) balag, B ) €56 @00 )

where, for each hierarchy & that is preceded by (61, 83) as in Definition 3.1,
Ds and L are analytic history complete functions that fulfill

o The “pure large field part” Dg

oe 0 De vanishes. Also,
S

1
IDslls < 5Kp (200)r(20) R(20)° + 21O (IDyls, + [|D2lls)

+2" (D1l lls, + D2l ls,)

The “pure small field part” D6|Qe is determined by D;
through

and Do

o o

D6|QG :S%QG§6 (VQG;(S(E; )7 D1|967 Dz’QG)

o L is “pure large field” (that is Lig = L

o ) and fulfills the estimate
S

1
I£6lls < SKp (200)r(20) R(20)° + 2° (| D1lls, + D2 ]ls2)

— —

o Dg and Ly are invariant under a. — e Pa,, B — €3, p = (d.,a,
7, 2) — (e79a,,ed, e792, e77)

This Theorem allows the construction of I,,,(27™6; -, -) for each fixed m,
and Theorem 3.24 provides control of its small field parts. See Propositions 3.32
and 3.29, with n = m, below. The second step in the proof of Theorem 2.16
is the comparison of I,,(2-™0; -, -) and I, 1(2-(™*1Dg; -, .), leading to the
limit m — oo. To do this, we compare I,,(27; -, -) and I, (2= ("*+Dg; . )
forl1<n<m.

For the pure small field part the essential comparison step is

Theorem 3.27. Under the hypotheses of Theorem 3.24, assume that there is a
second set ﬁl(a*,ﬁ; bh), 7@2(&*75; h) and gl(a*,ﬁ; h), ég(a*,ﬁ; bh) of history
complete functions that have similar properties to R, Ra, £1,E2 and are close
to these functions. Precisely, we assume that

o Ry and Ry are both bilinear in o, and 8 and fulfill the estimates
[Rillor(s),2m < Krd>r(6)>R(5)* e 2

o &1 and & both have degree at least two both in o, and in B and fulfill the

estimates
||gi||2R(6),2m < Kpg (60)21(8)2R(6)°
Let
_ c ~ o } o
mQQ(; (VQ,6 (57 ) ; Rl +51,R2 +52) = R—'—g

be the decomposition of Theorem 3.24. Then
IR — Rl2r(26),2m < 2AR
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Hfj — 8”2R(25)72m < Ag + KA(Q&J) r(25)2 R(25)2 (AR + 5(250) R(25)4)

where Ka = 240e10K; gnd

L _
Ar = (||7z1 — Rall2r(s),2m + | R2 — R2||2R<6>,2m)

1 .
Ae =3 (||g1 — &1ll2r(s).2m + €2 — 52||2R(5),2m)

For the full model the essential comparison step is

Theorem 3.28. Under the hypotheses of Theorem 3.26, assume that there is a
second set Dy(a, 3; 058 ), Dalow, B i h), bi(aw, B;01h) and ba(ow, B; 03 h ) of
history complete functions such that ||D;|ls, < 1 and ||DZ}Q s, <2720, Set

~ % Qs —Qes. s . ~i ~
Li(o*, 8) = 2" s (s 0. B) Lis 0.9 (6 QeitVe (/24D bi)

I@",0) = [ duns)(6",9) Tia" ) B, 9)
and let
I(a*,8)
= > 2355 X25(Qs3 0, B) L(sa- ) (67Q6+VG (/20 ¢Ps by by 6'5,“*)
hierarchies

S for scale 2§
(61,62)<6

be its representation as in Theorem 3.26. Then
~ 1 . ~
HDG - DGHG < 3Kb e(200)120)R(20)° + 2106 7<) (HD1 ~Dile,
+ 1Dz - Dalle )

+2 (H(Dl_ﬁlﬂﬁl Hel +H(D2_@2)|92 H62>

~ 1
L — L <=
© 66_2

+2° (ID1 = Dille, + 11Dz — Dalls )

K7, £(260)r(20) R(20)3

Theorems 3.24 and 3.27 will be proven in Sect. 4. Theorems 3.26 and 3.28
will be proven in Sect. 5.

In the proof of Theorem 2.16, the analysis of the “pure small field part”
can be treated almost independently from the rest. To do this, we define, as
in Sect. 2.1 (but now with history complete functions)

Doyo(e;ax, B) =0
Dﬂ;n-i-l(e;a*aﬂ) = mQ;Q"a (VQ;Q"E(a; ) )7 DQ;n(E; ) ')7 Dﬂ;n(e; "y ))

By Remark 3.23
Dar.n(e; ) = Danl(e; +) o when ' C Q (3.9)
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Proposition 3.29. There are constants ©,v¢ > 0 such that, for all 6 < © and
v < vg, the following holds for all Q C X:

For each € > 0 and each integer 1 < n < log, g the function Dq.y(e; +)
is the sum of a function Ra.,(g; - ) that is bilinear in . and § and an analytic
function Eq,n(e; - ) that has degree at least two both in a. and in 3. They fulfill
the estimates

IRan (& Mamzneyom < K (276)° 1(276)* R(2"e)? 2
€0 (3 )llagane) om < KB (2"€0)?1(27€)* R(2"€)°
Furthermore

|Rawnle: ) = Rawa (53 )

HEQ;7L(€§ )= Eant1 (%v )

< Kp2'e?r(e)?R(e)?e 2™

H?R(2"£)72m (310)

H < 2Kp (e0)21()2 R(e)®
2R(2"¢),2m

Proof. We first prove, by induction on n, the statement of the Proposition but
with the second line of (3.10) replaced by

5
Hé’ﬂ;n(a ) = Eaint1 (57 ) HQRQ%)’M
< Kpg (ev)?r(e)? R(e)®
+Kp et 2er e (Z@kan)? r(2%¢)? R(2kg)6> (3.11)
k=1

This induction argument is similar to that of Theorems 1.3 and 1.4 in [5].
The induction starts with n = 0. Observe that

Rao(e; -) = Eaole; -) =0

Raq (%’ ) + &1 (%, ) = Ra:< (Va,g (g, > ; 070>

By Theorem 3.24, with § =

while

€
29

€ 2 2 2 —2mc
a1l =:- <
HRQJ (2, )HQR(E),M < Kgre“r(e)*R(e)°e

€
8.(7;-)H < Kg (e0)?1r(e)? R(e)®
H 1 2 2R(e),2m & (€0) r(e)" Rie)
For the induction step from n to n + 1 we apply Theorems 3.24 and 3.27
with § = 2"¢

- - €
Ri =Rz = Ram(ei ) Ri=Ra=Romi (5i-)

~ ~ €
&= & =Ean(ss ) E1=E=Eann (55 )
By the inductive hypothesis and Theorem 3.24,
IDQ;nJrl(E; Of*;ﬂ) = 5¥i§2;2"5 (VQ;2"5(5§ ° '); RQ;’I’L(E; i ) + gﬂ;n<5; i ')a
Rﬂ;n(g; ) ) +gﬂ;n(5; *y ))



200 T. Balaban et al. Ann. Henri Poincaré

has the decomposition
DQ;n+1(5; Qs ﬁ) = Rﬂ;n+1(5§ Qs ﬁ) + gQ;n+1(€§ Qe ﬁ)
where Ra.nti1(e; - ) and Eq.nt1(e; - ) have all of the required properties.
Furthermore, by Theorem 3.27,
HRQ;n+1(€§ ) = Ra, in—+2 ( )H

2R (27F1¢),2m

<2 HRQ;n( ) = Ram+1 ( )HQRQ" €),2

< KR 2n+152 I'(E)2 R(€)2 €—2m c

and
€

St )~ (5|
H o t1(85 ) Ent2 o 2R(27+1€),2m

< |[€antes ) = i (5 >H2R<2ﬂa>2m

g

+Ka(200)1(20)° R (HRQ n(&5 ) — Ram1 (5; .)H2R(2"5),2m

£(260) R(25)4>

NS .

+Ka(260)1(26)* R(26)* (KR de(e)* R(e)* e 2™ + £(260) R(26)*)
= Hgﬂm( )~ Somn ( >H2R(2"a) 2m

672m 4

KA £ (260)?1(20)2 R(26)? (;KR r(e)? R(e)? + R(25)4)

SHSQ‘”( ) - 5ﬂn+1( )H2R2”e)2m

1
+KA g (25U)2 I‘(2(5>2 R(Q(S)Q <€2€R+4€r + R(25)4)

< Kg (e0)?1(e)? R(e)® 4 Kp gl m20r 4o <§n:(2ken)2 r(2F¢)? R(ka)E‘)

k=1

K 5 el 2ermder (260)2 1(26)2 R(26)°

n+1
= Kg (ev)? r(e)2 R(e)6 + K el72er—der <Z(2ken)2 1r(2’“5)2 R(2k5)6>

k=1
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For the fourth inequality, we used that, by (F.4b) and Hypothesis F.7(ii),

—2mec 1 1 —2mec 1

e _ _ e
2 KR U1 2er—4ey

%KR r(e)? R(e)

b = 626R+4er 5 02 S €2GR+4er

This completes the induction argument.
It remains only to prove that (3.11) implies the second line of (3.10).
Summing the geometric series in (3.11) gives
€
Hfﬂ;n(& ) = Eant1 (2’ )HzR(2na),2m
Ka
1 — 2—(2—6er—8er)

217610Kj KE
_ 2—6er —8er
= (60) er—8e (KE + 1 — 9—(2—6en—8er)

S KE (€U)276€R788r + 1726;{74@(2n€t])2766;{78er

61726[{7481« (2n)266R85r>

2—6er—8 2170 1—2ep—4
—6er —8e, n_\1—2er —4e,
< (ev) " Kg (1 + 1 — 2—(2—6er—8e;) (2%) ! )

S 2KE(€D)276ER —8ey

by (2.17) and Hypothesis F.7(i). O

Corollary 3.30. For each subset Q of X
Dog(ax, B) = lim Do, (27"0; ax, )

exists.\? It has a decomposition
Dao =TRae+Eap
where
o Rap(ay,B) is bilinear in o, and B and fulfills the estimate
IR0 50y om < KR O71(0)? R(D)” 7€

o Eq.p(ax, B) has degree at least two both in o, and in B and fulfills the esti-
mate

1Eai0llonoy o < K (60)21(6) R(6)°
Proof. As

ef2m c

2n€2 I‘(€)2 R(€)2 672mc _ 2n(50)2726R74er Ug
(e0)?1(e)? R(e)® = (ev)?~Oen—8er

and the exponents 2 — 2eg — 4e, and 2 — 6eg — 8e, are strictly positive, Prop-
osition 3.29, with n = m, implies that the limits

lim Ram(27™6; ) lim &q.m(27M6; )
exist. 0

12 The convergence is with respect to the norm || - ll2r(6),2m-
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We now describe the construction of the functions Dg.g, Bs and Lg of
Theorem 2.16 from Theorems 3.24, 3.26, 3.27 and 3.28.

In each of the four theorems mentioned above we assert the existence of
constants vy and © such that for all interactions and “times” bounded by g
resp. O, the conclusions are true. Now choose vy and © as the smallest of the
constants from the three theorems.

Fix an interaction v obeying Hypothesis 2.14. For each 0 < ¢ < 0/2
and each natural number 1 < n < log, % define, for each a and ( obeying
la(x)], |8(x)] < R(e) for all x € X, the effective density I (¢; a*, 3) recursively

by
B 0, ) = 22X [ dungo(67,0) Gl ) 00900
xe=e((a7d,vaT @) ("B, v ™B)) ¢ (p* 3) (3.12)
I?'.L+1(€; a*aﬁ) = /dMR(E)(¢*?¢)) I;l(ga a*7¢) I;L(av ¢*7ﬁ)
with the Z, of Lemma 2.7.

Remark 3.31. For each n > 1 we have
Leanp) =22 [ I dimmeladen) ]
T€ZN(0,27¢) TE€EZN(0,2m¢]

 [Celares ) elei-eOnr) e (oo vai )]

with ap = a and agn. = 8. Comparing this with (1.3), we see that
Ihe0n,B)|,_, = 22 ¥ L (0, )
In Sect. 3.7, we shall prove that

(", B) = lim I}, (27"0;0%, B)] _,
exists. Using the initial condition in Lemma 2.7, it will then follow that
Ip(a*, B) = limpy,— 00 [ (27™0; ™, ) also exists and

Iﬁ(a*aﬂ) = I(;(Ck*,ﬂ)

Theorem 3.26 allows us to recursively construct a representation of
I' (&; - ) similar to that of Theorem 2.16. To do so, fix b < vy and an interaction

v obeying Hypothesis 2.14. In the following, we use the constants Kp and K,
of Theorem 3.26.

Proposition 3.32. For each €, sufficiently small, and integer n > 0 with 2"e <
O, the effective density I (e;a*, 3) has, for all a, [ obeying supycx |o(x)],
supyex |6(x)] < R(e), a representation
I3 o, B) = > 25 xone(Qs: @, B)
S hierarchy
for scale 2"e

of depth at most n
L (s 5) (e—Qe(a B & @)+Ve (sia”,0;37.d) De(eia” B p)+Le (55 ,zm))
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Here, for each € > 0, sufficiently small, and hierarchy & for scale 2" < O,

with depth at most n, Dg(e; a*, 3; p) and Ls(g; o, B; p) are analytic func-

tions that have the following properties

o The “pure large field part of Dg(e; -)
“pure small field part”

—O The

Dgs(e; -) o =Dag.nle )

as in (3.8) and Proposition 3.29. Also
IDs(e; )l < Kp (2"e0)r(2"e) R(2"€)°
o The “pure large field part” Les has the decomposition

Ls(e; an, B8;7) = > Ls(T & a., B;7)
decimation intervals J
for [0,2"¢] of length
at least 27— depth(&)+1
where, for each decimation interval J in the sum, the function
EG (T, &5 ax, 0;0) is an analytic function of its arguments that
is “large field with respect to the interval J” (that is, it depends only
on values of the fields at points x € X\Qe(J) and depends only on the
variables Gy, Oy, Zyr, 2p with T € J N (279PH(S)g) 7,
and fulfills the estimate

I£6(T e - )lle < Krdvr(8)R(6)*

where § is the length of the time interval J .

o The functions Dg and L& (J) are all history complete and invariant under
a, — e Ya,, B — 98, p = (A, d,2,2) — (e 07, e?d, ez,
eiég)

Furthermore, for each hierarchy & for scale 2"¢, of depth at most n,

and each decimation interval J C [0,2"¢], of length at least
2n—depth(6)+1€

g 2. \1—3er—4e;
et -2 (5 )], < (2

HEG(j,&‘; )= Les(T, %; . )HG < 910 (52n)1*3€R*4er

Proof of Proposition 3.32 from Theorems 3.24, 3.26, 3.27 and 3.28. We intro-
duce, in addition to the effective densities Iy, Io, - - - of (3.12), the initial effec-
tive density

I3(s; 0, B) = 2P xg (o) (X, @) xr(e) (X, B)C (@, B) el )P gmela?Brvati)

where xr(X, ) is the characteristic function which restricts |a(x)| < R for
each x € X. Then the recursion relation of (3.12) still holds for the step from
n=0ton=1.

We prove the Proposition by induction on n, starting with n = 0. There
is only a single hierarchy & of scale ¢ and depth 0, namely that with Qg = X
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For e sufficiently small, the initial effective density Iy may also be written
I(e; a*, B) = ZXI x (X; o, §) ef0 (@B gmela’Biva’h)

because |Va(b)|, |VB(b)| < 2R(e) < R/(¢) for all b € X*. It satisfies the con-
clusions of the Proposition, with Dg (¢) = L& () = 0 and Z(g;q- gy the identity
operator. Since g = X, we have Lg(5) = 0 and, in the notation of Proposi-

tion 3.29,
B (5) = s () = (3) -6 ()
so that

IPs(6) =P (5) lls

= HDG (%) HQR(E),Qm < Kpe?r(e)®R(e)?e ™ + K (ev)?1()*R(e)®

— KR (60)2726R746r €
g (820)1736R,746r

by (F.6a) and (F.4b), if € is small enough.
For the induction step from n to n 4 1, set § = 2"e. By definition and
the induction hypothesis

aEon= % / dure (6%, 6) Tss (5 0, 8) I (&5 &, B)

&1,65 hierarchies
for scale § and
depth at most n

where

N Qe
Is,(5; o, B) = Ztls sil x5(Qs,; a, f)

Tisia5) (eeri(a*,ﬁ;5*,0‘2)+Vei(s;a*”@; &*,&HDei(E;a*ﬁ;p?)eﬁei(s;a*ﬁ;p?))

By the induction hypothesis, Remark 3.16, Proposition 3.29, (F.4b) and (F.6a),

IDe.(e; s, < Kp (60)r(6)R(8)* <1
HDGi(E; )|QG.7 & HDQG (& .)HQR(é),Qm
= HRQGW"(E; .)HQR((S),Qm + HSQG@""(g; .)HQR(6)72m

< Kr6?r(0)?R(0)%e ™ + K (60)?1(6)* R(6)°
< 27K p (260) r(26) R(20)3 <2720
Hence, for each pair of hierarchies &; and &5, we may apply Theorem 3.26

to the integral [dug()(¢*, ) Is,(e; a*, @) Is,(e; ¢*,3). We apply it with
D; = Dg, and b; = efi Tt gives the representation

Q
LB = > oo 25 xes(Qe; . 8)
S1,62 hierarchies hierarchies &

for scale § and _for scale 2
depth at most n with (&61,62)<6&
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Tisia ) (eerm*,ﬂ;a*,a)w (ei0”,8; 6" ,@)+De (550", B; 1)
eﬁ’e(a;a*,ﬂ;p?>+£el(e;a*,aa;pm+£62<e;ag,ﬁ;pw)

The resulting functions Dg fulfill Dg(e; -) =0,

DG(E; .)|QG 25{967 (‘/Qb7 ( ) Dle,Tl |Qb Dsz,n(g ')|QG)

= 5{9655 (Vﬁe;é( )s DQG,H( )s Dogn (g+))
= Dﬂe,n+1(€; )
by the inductive hypothesis, (3.9) and (3.8), and

IIDG( e

< §KD(250)T(25)R(25)3 +2Me™™ O (D, (&5 ) e, + [P (&5 7))
+21 (HDGI )Iﬂbl ||(-51 + ||D62 |962 H62>

< %KD (260) 1(26) R(26)° + 2% ™) K, (5 0) (5) R(6)°

—_

+ZKD (200) 1(20) R(26)?

D (200) 1(20) R(20)°

by (F.4c). The resulting functions L fulfill Ly = L5 o

and
1
ILslle < 5KL(200) r(20) R(20)° + 2° (| D1lls, + D2l s.)

1
< §KL(Qan) r(20) R(26)* + 2K p (6 v) 1(6) R(6)?
< K1,(260) r(26) R(26)*
since Ky > 213K p. If J is a decimation interval for &, we set
ﬁ@l(j,g; a*aaﬁ;ﬁl) if JC[Oaé]
Lo(T, & e, B50) = Lo, (T — 0,65 ans, B pr) if T C [6,20]
(& o ;) it 7 = (0,26

Now let G, &1 and &3 be hierarchies with (&1, &2) < &. By the induc-
tion hypothesis and Proposition 3.29,

|Ps.tei ) - Ds, (5:-)]

S;
1—3er—4e,

< (%) De, (&5 +)

g
o7 (5

3
< HRQGi7n(E; ) - RQGW” (5’ .)H2R(5) 2m

g
+ H&’Gv”(‘g; )= Eosim (5; ')HQR(a) 2m

Q@i

S;
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< Kredr(e)?R(e)?e ™™ + 2K (c0)?r(e)* R(e)"
—2mec

— Kp 6 (cv)l-2en—te eT + 2K (e v)2Gen—se:

< 3Kp (gv)? ber—8e

if € is small enough. We apply Theorem 3.28 with D; = Ds,(;+), D; =
De, (%, ~), by = e£ei(&) and b; = e£e:(35°) Tt gives

oot -2 (),
%KD e(200)r (25)R(2§)3 + 217 —me(d) (520)1—3€R—4er

+217 (3KE (5 0)276€R786r)

/\

_ %KD (25)1736;{746,- c 017361:(746,- + 21767mc(5) (620)1—35R—46r

+3. 217KE t]1—3€R—4er (52 0)1_3€R—4€r

< (821’)1—361%—4@r

by (F.4c) and (F.6a), if € is small enough, and
|£s 0,262 ) = £ (10,261 55 )]

% £(260) 1(26) R(20)% 4 27 (%0) 2T

<2t

< ;Kpe
( ) 173€R749r

if € is small enough. 0
Corollary 3.33. Let G be a hierarchy of scale 0. Then the limit
DG(a*v B; ﬁ) = nf}gnoo DG;m(2_m9; Qs B35 ﬁ)

exists.'® Its “pure large field part”
small field part”

Qs = 0. The “pure

DGIQG =Daqg .
as in Corollary 3.30. Also
IPslls < Kb (00)1(0) R(6)*
For each decimation interval J in [0,0], the limit
Le(T;0u,0; p) = lm Legm(T,27"0; o, 55 p)
exists® . The function L&(T; ax, 5; 7) is an analytic function of its arguments

that

is “large field with respect to the interval J 7 (that is, it depends only on val-
ues of the fields at points x € X\Qg(J) and depends only on the variables
QyryQpy Zar, 2r With T € J N (279ePth(8)g) 7,

13 The convergence is with respect to the norm || - ||s.
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and fulfills the estimate
1£6(T; e < KLl x(6) R(5)?
where § is the length of the time interval J .

The functions Ds and Ls(J) are all history complete and invariant under

a, — e Pa,, B—e?8, j=(d.,a,7%,72) — (e, efd,e 97, e07).

The remaining ¢ dependent term in the representation of Proposition 3.32
is Ve (g5 o, B8; a*, ). We now show that its limit as € tends to zero is the inter-
action

VG(CV*,,B; &*7&)
)
_ / dr (T (75 0, @)D (5 & B), 0 Toas(7; e, @)a(7; @, )
0

This agrees with (2.11), though of course v now implicitly depends on b.
Lemma 3.34. Let G be a hierarchy for scale 6. Then, for each o™, 3,d*, a,
lim Ve (27705 o, 8; di, @) = Ve (o, B; G, @)
The convergence is uniform on compact sets. Furthermore
Ve (o, 3; @'*,&)‘QG = Vago(as, 3)
where Va.o(aw, B) is defined as in (2.4), but with history fields included.

Proof. We use the shorthand notations

) es(T; o, dy) if 7€(0,0) ) Ts(r; a,B) if 7€(0,0)
Ter = Q) = Quy if =0 o= ag =0 if =40
Set € = 276 and write

Ve (a®, p; d*,d) = Ve(e; o, f; d*,d)

6
= - /dT <7*7"Y7'a /UrY*T’YT> +e€ Z <7*T’-YT+8) U’Y*T’}/T+E>
0 T€eZN|0,0)

c
= Z /dt [(VerVrtes U YsrVrae) = srtVrtts U Vor+tVr+t)]
T€ZN[0,0) §
Consequently
Vs(a™, B; a*,d) — Ve(e; o, B; @, d)|
<O sup [(VerVrtes VsrYrte) = (VerttVrtts VVer+tVrtt)]

T€eZN|0,0)
0<t<e

<6 sup { ‘<(’7*‘r - ’Y*T—&-t)')/r—i-av 'U’Y*T'VT—Q—EH
T€eZN[0,0)
0<t<e
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+ }<7*T+t (77'—0—6 - ’Y‘r-‘rt)v U'Y*T’YT+E>| + ‘<7*‘r+t’7‘r+t’ U("}’*T - 7*T+t)77+5>|
-+ }<7*T+t’y7'+t7 VYsr+t (')/fr+s - ’YTth) >| }

We bound the first term. The bounds on the remaining three terms are virtu-
ally identical. For all 7 € eN [0, 9),

{(Ver = Ver+t)Vrtes VVarVrse)l
- ‘<([‘7(t) o h]fy*"') Vr+tes U"Y*T’}/‘I’-‘—E>|
i 9 )
< Kyt ol || gl GO mag e (3

by Lemmas E.14 and 3.21(ii), and

< = K
max |vr4e(%)| < Ka =2 + e I D |z (x)]

I)?Ea))((l’%kr(x)l < Koo =2 + 5elf T'Ierrl%(,e) ;2%)5 |ver (%)

by Lemma E.8. Hence
Vs(a®, 3; @, d) — Vs(e; o, B; @, d)| < (4962Kj|||1}|” | X| KgKi*) 3
clearly converges to zero, uniformly on compacta, as ¢ — 0. 0

3.7. Bounds on the Large Field Integral Operator

In this section, we bound the large field integral operators Z(s;q+ 3) when the
history field is identically one. So we set i = 1 throughout this section. Recall
that Z(s,q+,5) and its absolute value |Z(g,q+ )| were defined in Definition 2.8.

Proposition 3.32 gives a representation for I; (27™0; o*, 3) that is analo-
gous to the representation for Ip(a*, 8) = lim,, o 1), (27™0; ", 6)|h:1 given
in our main Theorem 2.16. To take the limit and prove Theorem 2.16, we
shall apply the dominated convergence theorem to the sum over hierarchies
in Proposition 3.32. To do so, we apply a result, Theorem 3.35, below, that is
slightly more general than Theorem 2.18.

Fix 0 < 8 < 0. Let m € N and set € = 27"0. Assume that « and 3 obey
the small field conditions x4 (£2; o, 5) = 1.

Theorem 3.35. For any bounded measurable function f(«,(;p) and subset
QCX,

m

e~ sllal®=3181% ;~Regsp (er,0) 266(2*“19)
k=1
XD [T | Qe

hierarchies &

for scale 0
of depth k
with Qs=Q

< oo

1 1
< Il s t+ic0r | 2]

xeNe
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with the Regsp (Y o, B) of Definition 2.17 and

ve= Y Slaway]

decimation
intervals
JC|[0,60]

The small factors that lead to Theorem 3.35 arise from three sources.

o

For each decimation interval [J, there is a large positive contribution to
the main quadratic part of the action, Qg (a*, §; @*, &), for each point of
the “large field sets of the first kind” P;(J), P5(J) and Q(J) that were
introduced in the Definition 2.4 of a hierarchy. This is made precise in
Proposition 3.36, below.

For each decimation interval 7, there is a large negative contribution to the
main quartic part of the action, Ve (g;a*, 8; @*, @), for each point of the
“large field sets of the first kind” P, (J) and P3(J), that were introduced
in the Definition 2.4 of a hierarchy. This is made precise in Proposition 3.37,
below.

For each decimation interval J of length 2s, the integral operator
Z(7,6;a+,3), of Definition 2.8, includes an integral

dzir (%) A dzr (%)

e ()72 (%)
o €

Cs(x;a*,3)
for each point x in the “large field set of the second kind” R(J). Prop-
osition 3.38, below, shows that we may choose the domain of integration
Cs(x;a*, B) in such a way that Re z,-(x)z,(x) is large on the entire surface

Cs(x; 0%, 0).

At the end of this section, we show how Theorem 3.35 is deduced from these
three propositions, which, in turn, will be proven in Sect. 6. The three propo-
sitions involve a constant C, > 0, that is defined in Lemma F.5 and depends
only on h and the constants of Hypothesis 2.14, (2.18), (2.19) and (2.20). For
these three propositions, we fix an integer 0 < n < m and a hierarchy & for
scale § = 2"¢ of depth at most n and write

o if =0 « if =0

Yer = § Tus(m; @*,a*) if 7 € (0,9) Y=< Ts(r; @, 8) if 7 €(0,0)

Proposition 3.36.

1 |
~Re | lal? + Qela” 55 @%,) + 311

<-Ci Y (17D {10+ 1PA() + 1)1}

decimation
intervals
JC0,6]
1 *
2
16 E lver — %+s||AguAg+5
T€[0,6)
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1
+ oY AT+ e =1 Y lhvelée + e llde]

decunatlon T€[0,6]
intervals
JC [O 4]

+Reg (Q a, )

where Reg (Q a, B) is given in Definition 2.17 and, for each decimation
nterval T,

PL(J7)={beP,(T) | d(b, AT ) UANITTE) >2¢(1TF))}
Py(T)={be Py(T) | d(b, MT ) UAITT)) >2c(|T*))}
)(J)={xeQ(J) |d(x A(J*VuA(J*)C) > 2¢ (|7%))}
Proposition 3.37.
Re {V@;(e a*, B a*,a) — Reg (a 6)}

<-0 Y (TP + 1P

decimation

intervals
JCl0,8]
1 * * 1 * *
_1 Z € <’Y*T’Y*T} /Ufy*TrY*T> - Z Z € <,Y7'77'7 ,U,YT’)/T>
7€[0,6) 7€(0,6]
1 . 1. 2
+ Z §|Q(~7)C| + Z 16 lver — ’VTJrE”AguAiJrE
decimation 7€[0,6)
intervals
JC[0,4]

where Reg( ) (a0, B) is given in Definition 2.17 and, for each decimation interval

J,

Pad) = {xe Pu(9) [ale. AT UMT) > 2¢(311) ]

Py(9) = {x e P (9) | dx. AT UM > 26 (5191) |

Proposition 3.38. Let J be a decimation interval for & with length 2s and
centre T, and x € A(T). We may choose the surface Cs(x;a*,3) of Defini-
tion 2.8 so that the following holds. Assume that o and 3 are such that the
characteristic functions xa25(A(J); a, B) and x7(«, o, B) are nonzero. Then
(0 e ) ({209 €0 | ) o < 2109}
(il) For all (z4,2) € Cy(x;

Re (z*z) > Cp1(s)?
(iii) The area of Cs(x;a*, 3) is bounded by 407 r(s)?.

Proof of Theorem 3.35. We still fix a hierarchy & for scale 6 = 2"¢. For bound-
ing the “absolute value” |Zg| = |Z(s;q~,3)|, we introduce the auxiliary integral
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operator

Is = H H j-(.7 o, ary)

k=0,...,depth(&) decimation intervals
J=[m,7m]C[0,

of length 27%§
where f(j;a*ﬁ) is constructed by replacing

dzer (x) Adzr (%)

21
Cs(x;a%,0) Cs (x;0%,3)

dzer (x) Adzr (%)
271

e—z*.,.(x)zﬂ. (x) by

in the formula for Z7,,+ ) in Definition 2.8. Then,

Zs| = Zs I1 [[ e fezrGo=to (3.13a)

decimation intervals x€R(J)
JC[0,6] with centre T

By Proposition 3.38,

H H 7Rezw(x)z.,.(x) < H *CL|R(~7)|Y(%|J|)2

decimation intervals x€R(J) decimation
JC[0,8] with centre 7 intervals
JCl0,6]
(3.13b)
on the domain of integration. O
Lemma 3.39.

Ro |- 5llall” - Qaa’. 5 %) - 5181° + Va(esa® s 4,
—Regsp (o, 8)
<=Cr Y w(1TD* {IQUDHPLD)+ I+ Pal )+ P5() |

decimation
intervals

JCl0,9]

Y )

decimation
intervals

JCl0,9]

Proof. We assume that ¢ is sufficiently small that |e# — 1| < %, which implies
that |e°# — 1| < 2¢|pl. It suffices to apply Propositions 3.36 and 3.37 together
with

1
—2evr D Iellae + 20e =10 D0 el

TG(O ] 7€(0,4]

—ten ¥ 5 {hetort - o)

7€(0,8] x€Q°

R S
= —*E’Ul Z Z { |:|’Y-,— 47 — 16W

7€(0,8) x€Qe
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ep

-1 2 2
" =1 e < 1652 jo)
U1 V1

<dev; Y Z'eg%% = 45 |€€

7€(0,8] x€Q°

K2
< 64—t gp2en10c| by Hypothesis I1(14)

v

1 1
< §|QC| by Hypothesis F.7(i) and the fact that e, > 3

and
1 *
_157}1 Z ||IY*T,Y*T||?2€ + 2 —1] Z ||'7*T||?2€
7€[0,6) 7€[0,0)
en 1 2 1
<5 1 Wige < Lo
e2uy 8
O
Consequently, by (3.13) and Lemma 3.39,
e~ 5llol? =3 118117 ;~Regs p(20,8) (we |T(eae | €708V @) )
< e MO T ] (3.14)
where

L@)y=cr Y (7>
decimation
intervals

JCl0,9]

< {1+ 1Pa(T)] + 1BHD)] + 1 PalT)| + |Pa(T)] + IR(T) | |

DD Vo

decimation
intervals
JCl0,9]
The quantity L(&) is defined in terms of the number of points at which
there are violations of the various small field conditions (the sets Q(J), etc.).
Lemma 3.40, which is proven in Sect. 6, provides a lower bound for L(&)

purely in terms of the large field sets Q(J)°.
Lemma 3.40. We have
Cr > (TN {1+ BT+ YD)+ Pal )|+ Po(T) |+ R(T) | |

decimation
intervals
JC[0,4]

>0S)+ Y lT)

decimation
intervals
JC[0,6]

where

Us)= Y JIn I

decimation
intervals
JCl0,6]
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Applying (3.14) and Lemma 3.40, we have

e~ sllal®=3181% ,~Regsp (a,B) jwe (10 Re(-Qe+Vs(e) | f|

*ﬁ)| €
< e MO g|f| (3.15)

Theorem 3.35 is an immediate consequence of (3.15) and

Proposition 3.41. For any (small field) subset Q@ C X, any 0 < n < m, and
any bounded function f(«, B;p),

Y ety

hierarchies &

for scale 2"e
with Qe= and
0<depth(&)<n

1 )/0m ¢ 1 1
< o de@re)0f]
e I v aor ta00m | 2 /!

xeNe

where

N ¢(2n—depth(®)+1g) if depth (&) > 0
° o if depth (&) =0

Here 27— depth(8)+1c 45 the length of the shortest decimation interval J with

Qs(J) # X.

Proof. The proof is by induction on n. The case n = 0 is trivial as is the case
that Q¢ = (.

Assume that the statement holds for some 0 < n < m and that Q¢ # (.
Set § = 2"e. Given subsets 7,5, A of X containing 2 and hierarchies &,
S, for scale § with Qg, = 1 and Qg, = 9, a hierarchy & with Ag = A,
Qs = Q and (61, 62) < G is specified by the sets

Pa,PﬁcglmQQOAc P&,PAC(leQQOAC)* QC(leQQ)*mAC

and RCANQ°

See Definition 2.4. There are at most

c c * * c c c
22‘QlﬂQzﬂA ‘ 24D‘QlﬁﬂzﬂA | 22|QIQQQQA | Q‘AI'WQ | S e(5+4D)‘Q ‘ (316)

(where D is the dimension of space) such choices. For each hierarchy & as
above (see Definition 2.8 and Appendix A)

- dzs(x)* ANdzs(X) L 5072 (x
Is|f] = H 5( )27”_ 6()6 5 (%)"z5(x)

XEANRUD) 25 (x) | <x(5)

dzis(x) A dzs(x)
* 11% 211
*€lies(xiar,8)
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" H das(x)* /\‘da(;(x)

oi X[0,25] (OZ,O[(;,,B)

XE€X\A ;5 (x)|<R(e)
x Z\l ZleA\ T T sup|f]

R c .
< (40771“(5)2)‘ | XR(é)(Ql NnA 704)XR(25)(A NO° )
XXr(s)(Q2 N A, B)xr(2s) (A N Q°, B)

y H das (x);;\ida5(x)

XEXA\A 05 (x)|<R(e)
XxRr(s) (1 UQ2) NA%, a5) Is,Ls, suplf] (3.17)

Here we used Lemma A.4.a, which ensures that the integral over as(x) is
restricted to |as(x)| < R(e). For the inequality, we used that [, %ﬁizm
e #(X)72() = 1 that the area of Cs(x;a*,3) is at most 407r(5)? (by
Lemma 3.38(iii)), that Z5 < 1, and the definition of x[o 24 (v, as, 3) (given
in Appendix A).

Since

As — U(8) = —£(26)[2°] - (61)—£(S2)

max {As,, \s,} if depth (&) >1
£(26) if depth (&) =1

< —020) [0 = 1] + e, — £(61) + A, — £(S2)

(3.16), (3.17) and the induction hypothesis give that

BN DRI AT

61,62 S
Qe, =0 (61,62)<6
962=92 QGZQ, AGZA
< e~ 2O)12°1-1] ,(5+4D) |2°] (4O7rr(5)2)‘R‘
XXR(5) (1 N A% @) xr(2s) (AN Q% a) xrs) (2 N A, B)xr(2s) (AN Q5 B)
" H das(x)* A das(x)

211

Xr(s) (21 UQ2) NAS ;)
X€X\A o5 (x)|<R(e)

% E eAelfé(Gl)j'Gl § eAGQ*Z(Gz)j'GZ Sup|f|
61 62
O, =0 Qe,=0s

< e~ H@OI9°=1] o (5+4) |2°] g[5+2In r(5)]|2°]

Xr(s) (1 N AS @) xr(2s) (A N Q% ) xrs)(Q2 N A, B)xr(2s) (AN QY B)
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das(x)* A das(x) .
” H 2mi Xr@) (1 UQ2) NAS, )

XE€X\A |05 (x)|<R(e)

e 1 1 1 c
10897 I | —1409)193]
xe 4 1 2
‘< T+ 0GP 1+ Jas(0P | ©
xeQf
1 1
sup | f 3.18
BV Sy el e (3.18)
2
For any ¢ > 1,
(1+1¢)° 8t n8+3lnt 1
< < n n
Xl ST F = T3 ]ap < 1+ [af?

which yields the bound

1
Xr(5) (1 N AS, @) xR(26) (AN Q@) H TaE
A et
1
< Q,NAQ° —_—
> XR(J)( 1 ,Oé) HC 1+ ‘Oé(X)|3
xeNg
e 1
< ([n8+3IR(S)] [0°] H
= 3
S e
Similarly
1
Xr(6) (22 NAS, B)xr(25) (A N Q5 B) a3
© . H T+ [P
e 1
< e[1n8+31nR(5)] |Q2¢|
1l L+ [B(x)?

xeNe

To bound the «; integrals, we use

H das(x)* A das(x)

QLU A€
i Xr(s) ((£21 UQ2) N A, as)

XA a5 (x)| <R(e)

1 1
o S Hu1+|a5<x>|3

x€QS
d’a
S
«
x€(Q21NQ2) +Jas(x xeﬂmﬂ2”’\° las (x)|<R

< 31(N22)| R (4)221n02NA°]
oln3+2InR(8)] |A°]

\/\I
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Inserting the last estimates into (3.18) gives

Z ere U Ts|f]

S
Qe=0, Ag=A
Qe ([0,0])=
Qs ([6,26])=0

o—L28)[19°] 1] (5+4D)|Q”\e[5+21nr(5)]|QC|e2[ln8+3lnR(é)] 1]

]. C
(In3+21nR(5)] |A°|
<11 1+|a F 15186 © sup |f]

xeNe
1 c c 1 1
< = 30(20)19°] [16+4D+10 0 R(8)] |27 , su
: 1 Temp e sl
Summing over the subsets Qf, Q5, A¢ C Q°,
Z Ao UO) T | f| < BN [19+4D+10In R(&)] |0
Qelo
&= 1
X sup
,Bmlm Piriaeop P!
¢ 1
el supl
ng L+ |a(x) 1+ \5( )?
by (F.6d). O

3.8. Proof of Theorems 2.16 and 2.18

As we saw in Remark 3.31, it suffices, for the proof of Theorems 2.16, to prove
the convergence of I, (27™0; to the desired limit. By Proposition 3.32,

with e =270 and n = m,

(2770, B) = Y Z)Mlelon SO et Vas(sot Do (et 0) y, (0 a, )
QCX

—QF°(a",B;d",@)+ Ve (e ,3;d",a

& hierarchy
for scale 6
depth(&)<m
with Qg=Q

)|b:1

> eBe(s;a*,ﬁ;ﬁr)—&-ﬂe(s;a*,ﬁ;ﬁr))

(3.19)

e=2—m0
where
QTGS( 75, _’*a_’) QG( aﬂ; &*’&)+<a*a](9)ﬁ>‘96
Vreé(g; @ 757 a ,Oé) = VG(E; Oé*,,@; 0_2*70_2) - VQ@,Q(E;CV*aﬁ)
Be(e; o, B; p) = Ds(e; o™, B; p) — Dag,m(e;a”, B)
with the Vo g(e; - ) of Definition 3.8.ii and the Dq ., (e; - ) of (3.8).
By (2.4) and Corollary 3.30, for any fixed  C X,

lim XG(Q§ aj5)6V9,9(2’m9;a*,ﬁ)+DQ,m(2’m9;a*,ﬁ)

= xo(Q; o, B) e Vaie(a™,8)+Da,e(a”,5) (3.20)
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uniformly in « and §. Fix any hierarchy & for scale € with Qg = 2 and set
V@es(a*7ﬂ§ &*a O_Z) = Ve(a*vﬁv &*a O_Z) - VQ@,@(a*aﬂ)
BS(Q*aﬁ; ﬁ) = DG(a*aﬁ; P_) - DQ@,@(O‘*76)
By Lemma 3.34 and Corollary 3.33,

e (TG o 5 ) B (3T o e B L (3T 0 e G
Xo(2 @, ) V&7 @00 5:6"@) B (277007 i )L (27705 07 i )

converges as m — o0 to

Yo @, B) V& (@7 5:6°.@) Be (@ 6 )+ Ls (0”5 )

uniformly for p'in the domain of integration of Z(g;4+ g) and (a, 3) in the sup-
port of x¢(£2; o, 3). By Remark 3.11, the domain of integration for Z(g,q~ g
is compact. Consequently, as QF*° is a polynomial,

—QE*(a”,B;a%,a)+Vg (270 a",8;a7,d)

Jim xg(25 @, ) Lisan ) (6

% 656(2—’"9;a*,,@;p7)+c6<2—me;a*,ﬁ;m)

= xo(%; @, B) L(s:ax,8) (e—Q%“(a*,ﬁ; a,@)+Vg e (a8 &7, d)
XeBe(a*,B;pT)+£e(a*,ﬁ;ﬁr)) (3.21)

uniformly for («, ) in the support of x¢(<; «, 3).
By (3.20) and (3.21), the (©2,&) term on the right hand side of (3.19)
converges to

Zéme(a*7J'(9)/3>|s2+VQ,0(Oé*ﬁ)+DQ,9(a*ﬂ) XG(Q§ a’ﬁ)

X L6500 ) (efQ’é“(a*ﬁ; AN,E)+VE (a",8;G7.d) Be (o 85 ) +Le (a5 PT))
as m — o0. Setting h = 1 gives the (2, &) term on the right hand side of the
representation of Iy(a*, ) in Theorem 2.16. The properties and estimates of
the various functions in Theorem 2.16 follow from Corollaries 3.30 and 3.33.
It remains to prove the convergence of the sum over 2 and 6.

Recall that X is a finite set. We saw in Remark 2.6 that, for any () £ Q C
X, the corridor condition in the definition of a hierarchy ensures that there
are only finitely many hierarchies & with Qg = Q. If Q = (), then QF* = Qs,
V&® = Ve and Bg = Dg = 0. Therefore it suffices to prove the convergence,
as m — 00, of

Z fk,m(a*a ﬂ)
k=1

where
*
Fk,m(a ,ﬁ) = E
S hierarchy
for scale 6
depth(&)=k
with Qg=0

<L (s:ar ) (eer(a*,ﬁ;&*,d’)JrVe(2_m9;a*,ﬁ;&*,&)656(2_’"0@*,&,0?)) ‘
o, h=1
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We already know the convergence, for each fixed k, of Fj, ,,,(a*, ) as m — oo.
By Theorem 3.35 and Lemma 3.42, below,

Fem(a®, )] < edIol+H191° =t

As this bound is summable in k, the dominated convergence theorem gives the
desired limit. This completes the proof of Theorems 2.16. O

Lemma 3.42. Let & be a hierarchy for scale 6. Then, on the domain of inte-
gration for Is,

1Bs| + |Ls]| S ws
where wg was defined in Theorem 3.35.
Proof. Let ¢ = 279ePth(&)g On the domain of integration,
lar ()] < min{ke 7(x), e ()} |a(x)] < fus0(x)  [BX)] < K o(x)
for all 7 € eZ N (0,0) and x € X. By Proposition 3.32 and [4, Lemma B.1],
[Bs| < KaKp (00) r(0)R(0)° |2]
Lol < D KaKi(1T10)r(|TDR(TN 26(T)°]

decimation
intervals
Jclo,0
where Kq = Supyex D yex e~4x¥) The result now follows by (F.6a). O

Proof of Theorem 2.18. Set h = 1 and let f be any bounded measurable func-
tion. First consider any fixed hierarchy & for scale § with Qg = . By
Remark 3.11, the domain of integration for the large field integral operator
|I(6;a*,5)| is compact. By Lemma 3.34, Vs (27™0; v, (; @y, d) converges uni-
formly on this domain to

Ve (as, f; s, d) = Vase(as, B) + Ve (o, f; d., d)
as m — o0o. Consequently,

lim |Z(giar )| €072V CTO) g

— eRe({a”,hi@)(0)8)+Va e (ax,f)) |I(6 | eRC(*Q%“nLV@fS)‘ﬂ

ja*,6)
For any natural number k, there are only finitely many hierarchies for scale 6
of depth k. So, by Theorem 3.35,

ko
e zllel?= 31811 o —Regs p (2a.5) Zee(r’““f))
k=1
> Z ews oRe (@5 (0)8)+Vae(ax,.p)) |I(G~a* 5

hierarchies &
for scale 0
of depth k
with Qg=0

1 c 1 1
< -]
- 1 T iime |V

Re (—QE™+VE™)

) 1l
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for all kg € N. As all terms on the left hand side are nonnegative,
e sllall’ = 31811 JRe (o™, Gy (0)8) +Vaso (x,8)) ,—Regs p (i, 5)

% ief(zf’““@) Z |I(G'a* B)’ eRe (FQE7 V) tws /]
k=1

hierarchies &
for scale 6

of depth k
with Qg=0
< e HOTTT ! ! sup | f| (3.22)
= L T eGP T+ 6P
The theorem now follows by setting f = 1 and applying Lemma 3.42. 0

4. The “Small Field” Part of the Decimation Step

The “small field decimation step” is formulated in Theorems 3.24 and 3.27,
which we are going to prove in this section. It deals with the “stationary phase
approximation” to the construction on a fixed subset 2 of X. As the estimates
do not depend on 2, we may, for simplicity of notation, assume that Q = X.
We shall write fR;s in place of 5‘{9;5 and V; in place of Vg 5. Also write

r=r(d) R=R(0)
ry =1(20) R4 =R(20)

Observe that, by (2.18)

Iy - 1 R+ . 1
r 9 R~ 2¢rter (4.1)
We also write || - |5 for || - [|2r(s),2m-

The proofs of Theorem 3.24 and 3.27 are similar to [5]. The main tech-
nical differences are the presence of the history field and the additional terms
created by the fact that the cut off propagator j.(t) of (3.2) is not a semi-
group—in contrast to the original propagator j(t) = exph(—t(h — p)).

It turns out that the dominant contribution to Rs (Vs(e; -); f1, fo) in
Definition 3.22 is f1 (ax, Jc(8)3) + f2 (jc (), B) To estimate it, we use
Lemma 4.1. Let f(ax, 3;h) be an analytic function. Let 6 < ©.

(i) If f is bilinear in a., [ then

R 2
I @)D IF el Doy < % (5 ) 171y

(ii) If f has degree at least two both in o, and (3

4
IF e e@ s 15 GO s < 25 (52 111,
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Proof. Both in cases (i) and (ii), we prove the first inequality. To do so, we
introduce the auxiliary weight system w,ux with metric 2md that associates
the constant weight factor 2R to the field «, and the constant weight factor
2¢ KR to the field 5. To control the change of variables from f(ax, B) to
f(a.,jc(0)3), we use the weighted L!'-L> operator norm Na,q(jc(6);
2R, 2 °KiR) of [4, Definition IV.2]. In the notation of this paper,

Nama (j(8); 2R, 2¢79R) < e *i]|j(9)] < 1
by Lemma 3.21.i. Hence, by [4, Proposition IV.4]

1S (e, 5e(6)B) ... < IS5
If f is bilinear in a, 8 then

1S (e, 5e(0) ) 26

2R 2R . C/R.\ 2
- ( 2R+> <265£€R> If (e 5 (DB, < ™ <R+> I1£1ls

If f has degree at least two both in «, and

2 2
1£ (e, 7 (6)8) |5 < (2R+> (262§;jR> 1F (e, 5e(6)B)

Wanux

2R
R\
< e (32) sl

since e~0Ki > Rt = L by Hypothesis F.7(i). O

2¢Rrter

To treat the fluctuation integral in Definition 3.22, we introduce a second
auxiliary weight system wgyct with metric 2md that gives weight 2R both to
a, and (3, and weight 32r to the fields z, and z. We write || - ||auct for || + |[wpy., -
If f(au, B, 24, 2) happens to be independent of z, and z, then || f|lauct = ||f]|2s-
For the first two terms in the effective action A of Definition 3.22; we have

Lemma 4.2. For any history complete analytic function f(ou, )

1f (o, 2+ Je(8)B) = f (x e () B) et < 16
1S (2« + Je(0) s, B) = f (Je(0) s, ) llguee < IS 1ls
for all § < ©.
Proof. We prove the first inequality. By [4, Corollary IV.6],

[ (ass 2+ 5e(6)B) — flon, 7e(6)8) | uet
< N f(aws 24 5e(6)B) lguee < N1 (s Bl 5
since, by Lemma 3.21(i)
Noma (]].; 2R, 32 T) + Nomd (]c(5), 2R, 2R+)
321‘ . R+
<IN + [l ()] ==
< Il5g + MseOI
161
R
by Hypothesis F.7(i). O

5K

IN

.R+ e (&
+ e”(zf = 16(50)“™ + senger S 1
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The remaining summands in Definition 3.22 are explicit quadratic and
quartic terms. The quadratic terms all involve the difference j.(6) — j(J) and
are consequently exponentially small with c.

Lemma 4.3.

I
I

(6) = Je(8)]aus, [5(8) = Je(8)]B) 5 < 40° K] 9ORE e~ ¢

i
[5(0) = Je(®)leves 2llguer 1€z [1(6) = 5e(6)]B) uer
<640 K;jef°rRye ™*

Proof. By definition

[{evs, B)lls = 4RZ
Therefore, by Lemma G.2(a),
K () = Ge(®)]evs, [5(8) = 5e()18) o5 < 4RE Nama(i(8) = je(8); 2R+, 2R 4)?
= 4R% Nema(j(6) — je(d); 1, 1)*
< 4R% I5(0) = je (DI
< 462K3262Kj5R3672m ¢
In the last line, we used Lemma 3.21(iii). Similarly

() = ()]s 2)llguer < 64R4 T Noma(5(8) = je(8); 2Ry, 2Ry
<645 Kjefi°rRye ™"

The explicit quartic terms in Ry (Vs(e; - ); Ri + E1, Ra + &) are
[Vé (53 Oz*,jc(ls)ﬂ) - Vs (5§ a*,](5)ﬁ)] + [V5 (5; jc(5)a*,ﬂ) - Vs (5; ](5)0‘*7ﬁ)]

“downstairs”, and
[V5 (5; Ay 2 +JC(6)B) - Vs (E; a*a]c((s)ﬁ)]
+[Vs (&5 2 + je(0) s, B) — Vs (&5 je () s, B)]

as a contribution to the effective action. The term “downstairs” again involves
the difference j.(0) — j(d) and is exponentially small with c.

Lemma 4.4. If 6 < O, then
Vs (€3 0ty e (8)8) — Vs (3 v, §(6)B) |55 < 64K;€35° 6% ||v]| RY e ™€
1V (&t e(@)ane, B) — Vi (&5 50 B) 125 < B4K; €5 82 o] RY e
and

IV (5 s 2+ 5e(8)8) = Vi (5 s e(8)B) lluee < 2 Olllv]l rRE
Vs (€5 2 + je(8)ers, B) = Vs (€3 je()ove, B)llguee < 2™ Sllvlll v RY
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Proof. We prove the first in each pair of inequalities. By Definition 3.8
Vs(e; o, B) = —¢ Z ( VerVreer UVYsrVrie)
T€ZNI0,9)
with
Ver = j(T>a* Vr = .7(5 - T)B
For the first inequality, we write
Vs (&5 @, je(6)3) — Vs (&5 s, j(6)3)

=€ Z [< Vxr9r+tes v7*797+5> - <’)/*7-§7—+5, v7*7-§7—+€>:|
TEEZN|0,5)

with
gr = 3(6 - T)](é)ﬁ g‘r = ](5 - T)jc (6)5
By definition
{8, v B) 55 < 16][0] R
We apply Corollary G.3.ii, with d and d’ both replaced by 2md, 6 =0, r = 4,
5 =2, h(y1,...,7) = (1172, V¥374), 1 = o, az = § and
Pi=ri=jir) TH=Ti=0 Th=Ti=0 T3=T3=j-r-2)i0)
M=03=j(r) IT=05=0 D3=Ti=0 [5=T1=j(—7—¢)j(d)
As
o = max {Noma(j(7); 2R+,2Ry), Noma(j(6 — 7 —¢€)j(6); 2R4, 2R ),
Noma(j(6 — 7 —¢€)je(6); 2R4,2R4)}
< max {[lF(7)Il, 170 =7 =)@, (6 —7—¢e)jc(O)ll}
< 250 (4.2)
05 = Nama (j(6 — 7 —€)[j(6) — je(0)]; 2R+, 2R )
<56 =7 =)l 17(6) — je ()]l
S 6Kje2Kj56—mC
by Lemma 3.21, it gives, for each 7 € eZ N |0, )
||<’Y*7—97+57 'U’Y*Tg'r-&-8> - <7*T§T+Ea U'Y*Tg‘r-&-a)”zé
< 64[[v|RY o50?
< 64[[[v]|R SKjebKideme

Summing over 7 and multiplying with € gives the desired estimate.
For the third inequality, we write

Vs (g5 ae, 2 + §e(0)8) — Vs (&5 a, 5c(6)B)

= —€ E [(YarGrie, VYsrGrae) = (Varfrte VVarGrie)]
T€eZN|0,5)
with

gr = J(6 = 7) (2 +Je(0)B) = §(6 — )z +j(6 — 7)jc() 5



Vol. 11 (2010) The Temporal Ultraviolet Limit 223

This time, we apply Corollary G.3(ii), with d and d’ both replaced by 2md,

0=0,r=4,5s=3, h(y1,...,7) = (7172, VY374), Q1 = Qy, Q3 = [, a3 = 2
and

My =T3=j(r) M3=07=j(—7-2)j(0) I}
I1=Ti=j(r) T3=T%=j06-7—¢e)j() T3=T
with all other f‘g’s and f‘g’s being zero. Then

6 = max {Noma(j(7); 2R+,2R4), Noma(j(6 — 7 —)jc(0); 2Ry, 2R),
Nde (](5 - T = 6); 2R+a 321‘) + N2md(j(6 - T E)jC((s); 2R+7 2R+)}

< max { (I M7 (6 =7 = 2)ge (D)l

16,156~ 7~ + 36—~ Nilo)l

< (1 +16(dv)°®) 2550
G5 = Noma (j(6 — 7 — €); 2Ry, 32r)
< 16510~ 7 =)
r
< 165 —e’™’ 4.4
=R, (4.4)

So, as before, for each 7 € €Z N [0, 9)

H<'Y*T§77-+sa U’Y*T@T+s> - <’Y*7—§T+57 U7*T§T+E>”ﬂuct < 64”|UH|R4 &6&3

< 24l r R
by Hypothesis F.7(i). Summing over 7 gives the desired result. O
Proof of Theorem 3.24. Set

RW (a, B) = Ry (as, je(6)B) + Ra (je(8) e, B)
—([7(0) = Je(8)]evs, [5(8) — 7c(6)]B)
EW(ay, B) = &1 (an, je(0)B) + E2 (je(6)aus, B) + Vi (3 as, je(6)B)
~Vs (5 s, j(8)B) + Vs (&5 je(8)as, B) — Vi (&5 j(8)ew, B)
and

Ri(a, z) = Ra(as, 2) + ([j(6) = je(d)]ax, 2)
Ry(as, 2) = Ra(zs, B) + (24, [(6) — je(6)]8)
Ei(as, B, 2) = [E1(aw, 2+ §c(0)B) — Er(ax, j(9)B)]
+[Vs (&5 o, 2 4 5e(6)B) — Vs (&5 0, je(6) B)]
Er(2a, s, B) = [E2(24 + Je()aun, B) — E2(24 + je(6) s, B)]
+[V6 (&5 2« + je(d) s, B) — Vé(a jc((S)a*,ﬂ]

Clearly, R™ (e, ) is bilinear in a., 8 and £M)(ay, 3) has degree at least two
both in «a, and (. Furthermore, by Lemmas 4.1, 4.3 and 4.4
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Ry’
RO 25 < e (5) (IRalls + [ R2lls) + 407 K77 RE e ¢
(4.5)
R\ . -
€M a5 < €205 (Pj) (I€1lls + €2lls) + 128 K;e™5° 8o RE e~

Also, R; is bilinear in ay, z, and R, is bilinear in z,, 3. By Lemma 4.2 and

Lemma 4.3
(IR fruet < ||R1||5—|—64(5.K'jeKj‘51"R+e*“‘c (46)
IR | fues < ||722||5—l—645K-6Kj‘51"R+e_mc .
J

Furthermore, & (o, B, z) has degree at least two in the variable «, ; and
the sums of the degrees of the variables 8 and z in each monomial of its power
series expansion is also at least two. Also, by Lemmas 4.2 and 4.4

€l et < €115 + 2" dlllv| r RE, (4.7)

There is the analogous statement for &,.
By construction, the effective density in Definition 3.22 in the situation
of Theorem 3.24 is

A, B; 24, 2) = R, 2) + E(as, 8, 2) + Ri(24, 8) + Er (24, i, B)
so that
Rs (Vs(e: -); Ru+ €1, Ra + &)
_RW 4 g 4 og %/dur(z*, 2) RO BEHE B2+ R (2" B)+E (2" 0, 5)

where Z = [ dp,(z*, 2). Set
R (a,, B) = %/dur(z*,z) Ri(a, 2) R (2", 8)

By [4, Remark II1.3.ii]
=, = =

< ||Rl||ﬂuct HRT”ﬂuct
fluct

Expanding the exponential in Definition 3.22 and using the fact that the
dps (2%, 2) integral is zero unless there are the same number of z’s and z*’s,
one sees that

1 * ay,B;2% .2
£ (@) =log [ dn(s"2) X7~ ROa, )

has degree at least two both in a, and in 5. By [4, Corollary ITL.5], with n = 2,
there is a function &’(a., ) such that

1 *
log 5 [ (e, 2) e

1
=5'(a*75)+ﬁ/dﬂr(2*vz) [Ri+ & + Ry + &1

1
=& (s, 8) + R (e, B) + A /dur(z*, 2) [Ri&r + ERy + EE]
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and

3
1€ 126 < (”AHHU“ > (4.8)

35 — [[All et

(The hypothesis that ||Al/auct < 55 is verified below.) Clearly
1
ED =g + 7 / dpe (2%, 2) [RiEr + ER, + E1E,]

and, by [4, Remark II1.3.i]
H5(2)H25 < 1€ 126 + IR |lauet I|Ex lauet + 1€l aucs Rl auct + 1|1 Exll fucs [|Er | fuct
We set
R=RO 4RO =01 g®
By construction
Rs (Vs(e: )i Ri+ELRa+E) =R+E

Furthermore, R (v, 3) is bilinear in av, 3, and €(av, 3) has degree at least two
both in o, and 3. Hence R is the quadratic part of Rs(Vs(e; - ); R1+E1, Ra+
&;), which coincides with the quadratic part of Rs(0; R1, R2). Also
IRll2s < IRM|25 + [R® 25

S ||R(1)||25 + HRl”ﬂuct ||Rr||ﬂuct

R
+ (IR1ls + 646 K;e%° rRye ™ ) (| Ralls + 646 K;e%° rRe ™)

[(R:\? , .
< (*) (Ralls + [Ralls) + (26)° K22K15R2 o=2m

The hypotheses on ||R:|s and ||Rz||s imply that
R\ 2
||R||26 < 265K]~ (I{-‘r> Kg 52 I‘2R2 672mc + (25)2K3262Kj6Ri 672mc

+ (Krd?r?R2e2m¢ 4 645 KM% rRy e ™)
5K, K2e2K;6

e J 2e
260)°°
21—2&r + KR ( )

VKr Jeme 25+er [ efid ?
+ 21—6R—2€y (50)6R+26r + \/K7R
< Kgp(26)*13R3 e 2™¢
by (F.8a). Similarly
1€ll25 < IEM 125 + 1€ |25
< NEM a5 + 1€ ll25 + [ Rall et [1Er lfuet
+||ngﬁuct|| RrHﬁuct + ||ngﬁuct ||gr||ﬂuct (49)

< Kp(26)*13 R3e2m¢
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By (4.5) and the hypotheses in Theorem 3.24

4
R
1ED |25 < 2€29K5 (R+> Kp (00)2r? RE + 64 K50 §20 RE e ¢

20K 8K, ,—mc
16K;
< (20v)?r1 RS <KE i i _° )

217(2€R+46r) r%-RiU
By (4.6), (4.7) and the hypotheses of the Theorem
IR uct, | R luce < Kgr 6% r?R%e™2™¢ 4646 K'jeKj(S rRye ™¢

6 e—mc

< (51‘+R+€_mc <26R+26rKR(§U)eR+2e

+ 64K 2% eéKj>

<61 Rye 3m¢

1€xlluce 1€ lguce < K (50)? 1* R® + 2M6]vf| r RS
< (200) 14 R3 (Kg 237 T4 (o) r R3 4 2%€*)
< 2'%(260) 1, R

by (F.4b), Hypothesis F.7(i,ii), (F.6a) and the fact that e, < 0.1. Consequently,
by (F.4b),

—1imec
”-AHﬂuct = HRl + Rr + gl + €T||ﬂuct S (250) I‘+R§_ <€UR2 + 211)
+

< 2"(260) 1, RY (4.10)
By (F.6a), this number is smaller than g5. Therefore, by (4.8),
1€/l1a5 < (30)° | Al uer < 27 (260)° £ R

Inserting all these estimates into (4.9) gives

20K 8K;d ,—mc
9 916 e*0ti 16K ;e""i%
[€]l25 < (20v) r1RY | Kg 91— (2en +4er) r?FR%—U
10,—gme
+ 2°1(260)r RS 4+ ——5— + 2%
bR%
< Kg (260)% 13 RY.
by (F.8b). O

The additional ingredient that we need for the proof of Theorem 3.27 is
Lemma 4.5. Set
W (o, B) = Vs (¢ o, ) = Vs (53 . 8)
Then
IW (0, 5(8)8) = W (e, 5e(0)B) |5 < 2% e8|[lu]|RE e™™
W (5 (), B) = W (Je(8)aws, B) llas < 2%'%5 e6%Jv]|RY e7™¢
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and
W (e, 2+ 5e(8)8) = W (a5 (6) ) ey < 226”57 e6][v][rRY.
W (2 + Ge(8) v, B) = W (je(8)ta, B) | guer. < 226”7 e6]|v]|[rRE,

Proof. We prove the first of each of the two pairs of inequalities and use the
same notation as in Lemma 4.4. By definition

W(a*aﬂ) = Wl(a*alg) + WQ(Q*,ﬂ)

with
Wi(as, 8) = % D [ vertri s Viertrts) — erVrier VarVrse)]
T€eZN|0,5)
Wa(as, B) = % Z [<’Y*T+§’YT+67U7*T+%’YT+E> - <’Y*T”YT+57”'Y*T’YT+6>}
T€eZN|0,9)

Now, using the g, and g, of Lemma 4.4,
Wi (e, j(0)B) — Wi (au, 5c(6)3)

€
= 5 Z [< Verdr+5 U’Y*TQT+§> - <'Y*'rg7'+67 U'Y*Tg7'+6>
T€eZN|0,5)

- <7*T§T+%a v 7*T§7+§> + (VerGre, v 7*T§T+6>]

3 as e
= ) Z [< Yxr J (5) 9r+e; V1 ] (5) gr+e> — (VarGrie, VVsrGrie)
TE€eZN[0,5)

(€N -~ (€N -~ - ~
- <’7*'r J (5) Grtes VVsr J (5) g‘r+s> + <’7*‘rg'r+sv v’y*rgr+s>:|

We apply Corollary G.3(iii), with the metrics d and d’ both replaced by 2md,
the metric § = 0, and with the same substitutions as in the first bound on
Lemma 4.4, namely,

Mf=Ti=j(r) T?=T2=0 T3=05=0 T3=T%=j(0—7—2)j()
M =Ti=j(r) I{=05=0 I3=Ti=0 I[3=T7=j(0-7-2)j(0)
and, in addition,
~ ~ . E ~ ~
A1:A1:A3:A3:]l A2:A4:j(§> A2:A4:b (411)

The Corollary bounds the || - ||2s norm of the 7 term in terms of the o and
os of (4.2) and

. (€ e

a<max{[Iufl, IIj(5) I} < e

./ €E ./ €E g £

as = Nomd (] (5) —b; 2R+72R+) <l (5) — bl < §Kj€K”
by Lemma 3.21. Summing over 7 and multiplying by 5, we get

(4.12)

. ) e
W1 (s 5e(9)B) = Wi (0, 5(0)B) 25 < 5 2 42 16||v||RS. 05a5(0a)?
< 270K, 552|||UH|Ri e me

The same estimate holds for |[Wa(ou, j:(6)5) — Wa(ow, j(0)5)]25-
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For the first of the second pair of inequalities, write, using the g, and g,
of Lemma 4.4,

Wi (s, 2 + 5(8)8) — W1 (ak, 5:()8)
c 0 s ~ ~
= — Z [< Verdr+5 U'Y*Tgf+%> - <'Y*'rg7'+€7 U'Y*Tg7-+s>
T€eZN(0,9)

- <’Y*T§‘r+%v UW*T§T+%> + (YerGres v7*7§7+6>]

=3 2 [(er 3 (R reve d () drve) = (erbries veriere
9 Ve J 9 Grte, Vsr ] 9 Jr+e VarGr+e, UVVsrdr+e

T €eZN[0,5)

(€N ~ (€N - ~ ~
- <'Y*7‘ ] (5) g'rJrsv ’U’Y*T J (5) g‘r+e> + <’7*Tg7'+57 U’Y*rgr+e>}

This time, we apply Corollary G.3(iii) using the f‘g’s and I:“z’s of (4.3) together
with the A;’s and A;’s of (4.11). By (4.4) and (4.12)
‘ . €é . .
W1 (e, 2+ 5e(8)8) = Wi (e, 5e(0) D) lwer < 5 2 42 16||v||RY. G5a5(5a)®
< 215 cgjo]lsRS

The same estimate holds for |[Wa(a., z + 5.(0)5) — Walu, 5 (6) ) lauct- O

Proof of Theorem 3.27. We use the same notation as in the proof of Theo-
rem 3.24. Define 7~€(1), c‘:’(l), 7~€l, 7~3T, gl, &, and A in the same way as the
corresponding “untitled” quantities were defined at the beginning of the proof
of Theorem 3.24. They fulfill the same bounds as their untitled siblings. Fur-
thermore

e,
< [|(Ry = Ra) (0 e@B)|, + |[(Re = R2) Gc0)or. 8)|

2
< 2¢9Ki (R+> Ar

20

R
e
28
< ||& = &) (e, + | E - &) Ge(d)an. 8)|

+ W (e, 5e(0)8) = W (e, 5(8)9) Il
FIW Ge()avs, B) = W (§(0) s, Bl

R\A
< 2¢20K; <R+> Ag + 290K 552|Hv|HRi e me

26

by Lemmas 4.1 and 4.5. Also

Hﬁz - R

= H’f{l (s, 2) — Ry (s, 2)
o R+ 16r

R R

fluct fluct

Ri (0., 8) = Ra (o, B)|
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-

< (|1 = &) (@2 +4e(0)8) = (€1~ £0) (0, e()8)
W (@2 + Je(8)8) = W (04, 5 (8)8) e
< Hél —& ’5 + 2126955 5[lu[rR?

fluct fluct

by Lemmas 4.2 and 4.5. Similarly

e =Rl o= T R =]
R
Consequently
[ 4= 4], = T de+2e 206 cofulem

For the fluctuation integral, we have

RE _R(2

1 - - -
= / dyie(=",2) [(Ri=Ra) (00, 2) Re (2", B) + Ralns, 2) (R —Re) (2, )]
By [4, Remark I11.3.ii] and (4.6),

Hfg(Q) _ R@)H _ Hy@@) _R®
20 fluct
S ||Rl - Rl”ﬂuct ||RrHﬁuct + ||Rl||ﬂuct ||Rr - R ||ﬂuct

32
< (Kpo®r®R%e™ 2™ 4646 K;e 1 rRye ™) %AR

< 212¢2K; 613 e ™ Ag

by (F.4b) and (F.6a). Furthermore
(g(2> _ 5(2)) (ae, )

1 A Lok 1 e
= logg/dur(z*vz) e 02) _IOgE/dﬂr(Z*vz) ez
—(R® = R®)(a, 5)

We apply [4, Corollary IIL.6] to the difference of the two logarithms of inte-
grals. Since each monomial of A and A contains either only z’s or only z*’s
and hence integrates to zero, the first hypothesis of this corollary is satisfied.
For the second hypothesis, we have, by (4.10),

”A”ﬁuct + ”A - A”ﬂuct
< 22(250)r R + 2 (IRy ~ Rals + Rz — Rally)
+ (1€ - &lls + ||52 — &lls) + 216 edo]rR

167 ~ ~
< 23 (260)r R + - (IRulls + IRulls + [Rells + [Rzlls)
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+ (&5 + 1€ ls + €215 + 1€ 1)

1
< 2125 R3 < —
> ( U)r+ +=737

by Hypothesis F.7(i) and (F.6a). The corollary gives
-]
25
32r

< 4(34)% (2"(200)r RY) ( R

Ar + 2A¢ + 213955 56||v|||rRi)

-
26
< 282K (20017 R2 A + 228(200)r, RE Ag +2%e%%7 £(200)*17 RS
Combining the above bounds, we have

|R 7], < [R0 - RO, + |72 - =
25 26 25

2
< <2€6Kj (%) + 212¢2K; 61“3_ em‘> Agr

<2Ag

| =ell,, < [le” - e, + @ 2@,

R 4
< (2&‘”9' <R+) +228(2<Sn)r+Ri) Ag+2%2e*55 (26013 R Ag
+27e10%5 262 |[[v[|RL e7™ ¢ 4 239695 £(200)%r3 RS
< Ag + 2% (26013 R2. Ag + 240055 £(260)*r3 RS

by (F.4b), (F.6a), Hypothesis F.7(i) and (F.8c¢). O

5. The Decimation Step in all of Space

The “decimation step” for all large and small field regions is formulated in
Theorems 3.26 and 3.28. We shall prove them in this section. As in Sect. 4,
write
r =1(9) R =R(9) R’ =R/(0)
ry = I‘(25) R+ = R(25) R/+ == R/(25)
Recall that, by (2.18),
T 1 R+ o 1 R/+ 1

r = 2¢: R~ 2¢rter R/ = SerTer (5.1)

The hierarchies ©; and &1 of Theorem 3.26 each specify the large and small
field sets for decimation intervals of length at most §. For a decimation interval
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J of length at most § contained in [0, 26], we set, for X = A, Q, P, P3, P/,
P, Q. R

Xe, () it 7 0,0
Xe, (T —8) if J C[5,20]

Then X (J) = Xs(J) for all hierarchies & of scale 26 with (61,83) < & and
all J contained in either [0,0] or [d, 24].
We also set Qg = Q1 N Q.

v - {

5.1. The New Small Field/Large Field Decomposition of the First Kind

By hypothesis, the integrand of the integral defining I(a*, 8) in Theorem 3.26
contains the product xs5(1;a*, @) xs(Q2; ™, B) of characteristic functions.
These characteristic functions impose small field conditions for the decima-
tion intervals [0,d] and [d,20]. For example, the first characteristic function
contains a factor which vanishes unless |a(x)| < R(d) for each x € ;. The
representation for I(a*, ) in the conclusion of Theorem 3.26 contains the
characteristic function x2s5(2g; a, 3) which imposes small field conditions for
the decimation interval [0, 26]. For example, it vanishes unless |a(x)| < R(26)
for each x € Qg.

The first step in the proof of Theorem 3.26 builds x25(Qs; v, §) from the
product xs5(21;a*, ¢) xs(Qa2; ¢*, ). To illustrate the construction procedure,
we consider the conditions on |a(x)|. We expand the existing conditions on
|a(x)], for x € Q= Q1 NQg, to

X (20,0) = [ xre (@x)

xEQ

= I [xres (@) + Xre@s).Re6) ((X))]
x€8Q0

> Xr@s)(20\Pa, @) Xr(25).R(5)(Pas @)
P, CQo

where we are using

Notation 5.1. Set, for 0 < r < R, t € C, any set Y and any complex valued
function f on Y

() = 1 if ¢ <r ) = 1 ifr<t|<R
Xrib) = 0 otherwise Xr R = 0 otherwise

Xr(K f) = H Xr (f(l‘)) XT,R(Y7 f) = H Xr,R (f(‘r))

zeY zeY

and

The characteristic function xg(2s)(20\Pa,a) successfully imposes the
new small field condition of scale 26 on |« (x)| at each point of o\ P,. The char-
acteristic function xr(2s),r(5)(Pa, ) says that |a(x)| violates the new small
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field condition at each x € P,. In Lemma A.3, we perform a similar expansion
for the other small field conditions as well. The conclusion of that Lemma is

Xs (s @, 9) xs(2: 6, B)
= Y xes(Aaie,B) xe (Aa,a — ) xo (An, & — )

Qlng(Qo)
xx21,5(1, Q25 @, ¢, 8) (5.2)

where F5(€) is the set of possible configurations of large field/small field sets

for the decimation interval [0,24] that are compatible with (&1, &3) (see Def-

inition 3.2) and the associated characteristic function g 5(21,Q2; @, ¢, 5) is

given in Definition A.1. Note, for future reference, that the factor xo (1, 29;

a, ¢, ) does not depend on the values of the fields «, ¢ and 8 at points of A.
Recall, from Definition 3.1, the notation

ap = (a7 (X))reczn(0,5) @ = (Qr15(X))reezn(0,5)
xeX xeX

for a system @ = (a;(x))reczn(0,26) Of fields.
xeX
As an immediate consequence of (5.2) we have that the I(a*, 3) of The-

orem 3.26 is

I(a*, ) = Z 224l H de(x)" /\'d(b(x) It (ata- ) o—(#"0)

211
AEF5(Q0) x€Ag

><X25(A9l; a’ﬁ)Xr(AQlaa - ()ZS)XT(AQM(Z) - ﬂ)

Xe*Qel(a*ydﬂ ar,a1)—Qe, (6" .6y, dr) 6V61<5?0¢*7¢§ aJ,a1)+ Ve, (e50",6;d7,ar)
x D1 @O AIPAGTI ), (07 65 71 Yo (0, B i)
where Int(g;q- ) is the integral operator
Il’lt(gl;a*7g) [d,u(qﬁ*, ¢, O_[', 5*7 5)]
O\ | 20 do(x)* A de(x)
= glpivaizlranal [T SO0 RE00 ) (960) xas(h, Dai 2, ,)
xEX\ Ay
X L(&150+,0) [dp(al, Zur, 21)] Lie 0 ,0) [dpla, Zir,y Z0)]
_ 20\ | QM d(b(X)* d¢(x) .
_25 Zé / H T Xﬂ,é(ﬂla927 Oé,(b,ﬁ)
xEX\ Ay
X L(&y30%,0) (A1, Zuts 21)] Lieyim,8)[dp(@r, Zir, 21)]
by Lemma A.4(b) By Lemma 3.10(ii), Z(s,,a*,¢) and Z(g,;4+,3) are indepen-
dent of ¢(x) for all x € Ay. Inspection of the definition of g 5(21, Q2; v, ¢, 5)
in Definition A.1 shows that it is also independent of ¢(x) for all x € Ag. By

hypothesis, by (., ¢; g7 ) and ba(¢., 5; pr) are pure large field and thus inde-
pendent of ¢.(x),d(x) for all x € Ag. Therefore we may move the integral

S Tlkeny %ﬁi‘w(x) to the right to give
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Corollary 5.2.
I(a",B) = Z Int(oa0,8) b1(a”, é;p11)b2(¢, B prr) X2s(Aats v, B)

AEF;5(Q0)

Qlw/ 1—1{ dep(x /\d¢( ) e @ (A, a — d)xe(Aat, 6 — )
XEAy

we @e1 (a”,¢;d7,81)—Qe,(¢",B; &,8,) eVe1 (g;a",¢; &7 ,01)+ Ve, (g5 ¢",8; &), d,)
Xe”Dl(a*,qS; o) +D2(d",8; prr )

Observe that the integrand above is independent of the variables z.s, zs
and a.g, as. We will shortly introduce z, = z.5 and z = z5 as the fluctuation
fields associated to ¢*, ¢, and a4, a5 as the values of ¢*, ¢ in the new large
field region of the second kind where no fluctuation fields are introduced.

5.2. Approximate Diagonalization of the Quadratic Form

In this subsection, we fix A € F5(€) and study the small field integral, that is
the integral over the variables ¢(x), x € Ag, in the conclusion of Corollary 5.2.
To simplify notation, write A = Ag. So, we study the integral

Jaleesi 73000 )
d d
= [TT A0 = oplas—5)

xeA
w e~ Qo1 (a0 0u,01)—(97,0) = Qe (67,55 Gur,dr)

w Vo1 (8 w5 G, @)+ Ve, (567,85 Aur,@r) D105 51 )+D2(0",6; fr ) (5.3)

To “compute” this integral, we use “stationary phase” in many complex
variables as discussed in Sect. 1. As we saw there, if we treat ¢* and ¢ as
independent variables, the critical value of ¢* for the quadratic part of the
effective action is not the complex conjugate of the critical value of ¢. To pro-
duce a mathematically rigorous argument we introduce independent complex
variables ¢, (x), ¢(x) in C* and write (5.3) as

T — 11 Ao () A dO(X) _Qa, (0 di6iur )= (60 )= Qe (D0 Bidar )
2A A
211
D(a.,8) XA
eVl (E;a*,tb;&*zﬂz)JrVeQ(6;¢*7,3;52*r@r)6791(a*,¢§ﬁl)+D2(¢*75;ﬁr) (54)

where the domain of integration is D(ax, 8) = Xxea D(X; o, 8) with
Dl 6) = { (6.0, 60x0) & € | 6200 = 603

6.0 = .| <1, 1060 - B < 1) (69
A good approximation to the critical point of the bilinear form

QGl(a*7¢; &*176&) + <¢*7¢> + QGQ(QS*?ﬂ; 0_2*7‘3&7”)
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(in the variables ¢., ¢, with ., d.,d, 3 considered as parameters) is'*

v =Aj(0) . 97 =Ajc(0)
where the cut off propagator j. was defined in (1.24). We shall expand around

the approximate critical point. Therefore we make a change of variables from
(%), d(x), x € A to variables z.(x), z(x) with x € A by

P (x) =2 (2) + [Je(0) ] (%), @(x) = 2(2) + [jc(d) Al(x) ~ when x € A
Under this change of variables, we have, on A,
¢ — ¢ =2l —z2+jc(6) ol — ]
Pr — ot = 2o — [1 = je ()]

p—B=z—[1-j(d)p

Thus the change of variables transforms the domain D(x; a, 3) of (5.5) into

D'(x; 00, B) = {(Z*(X%Z(X)) € €| Ja(x) = ([L — je()]ew) ()] <1,

2(x) = ([1 = je()]B) (%) <,

2(%) = (%) = (je(®) [ = A)) (x)} (5.6)

Observe that D’ (x; a, 3) depends only on the values of the fields o, and g at

points y € X with d(x,y) < ¢. Also D’'(x; o, 3) depends on h through j.(9).

For convenience, we rename @(x) = as(x) and ¢.(x) = a.s(x) when

x € A° and also define z(x) = z.(x) = 0 for all x € A° and a,s(x) = as(x) =0

for x € A.

To this point, we have obtained the following expression for the function
Jg of (5.3).

Lemma 5.3. Set D'(cv., 3) = Xyep D' (x;a, 8). Then
Jm(a*aﬂ’ ﬁ‘l)ﬁ’r’a a*57a5)

11 dee () Ad2(X) 20200 | paere,i:20.2)
2ms

D' (a.,p) XA
where
Jalaw, Bs 05 24, 2) = falow, B Ou, 0,24, 25 24, 2)
— (20, Aje(9)8) — (Aje(D)as, ) — (S5, o)
—Qe, (v, z+af; @, a1) — Qa, (24 + S5, B; Qury Oy )
Vs, (85, 2408 A, a1 ) + Ve, (&5 2o+ 0S5, B; Qur, a0y )
Dy (a2 + a5 1) + Dz + a5 7
and

als = afs(on, avs) = Aje(O)as + Aaws  of = af'(as,8) = Aje(6) + A

14 If one approximated Qg, (0, ¢; -) and Qa,(¢«,3; -) by their pure small field parts
— (s, j(6)¢) and — (¢, j(5)3), respectively (see Lemma 3.7(ii)), the critical point would
be exactly ¢St = j(8) ax, ¢°'it = j(5) B as in (1.13). The cutoff j.(§) was motivated near
(1.24). See also Lemma 3.10(ii), which was used to give Corollary 5.2.
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By Lemma 3.7(ii),
falyg == D (At ASar)
T€ZN(0,26)
Furthermore, fo + > _ (Afou,, Afar) is history complete.

5.3. Stokes’ Theorem and the Small Field/Large Field Decomposition of the
Second Kind

We apply [5, Lemma A.1] to the integral in Lemma 5.3 with X replaced by
A, with p(x) = (je(d)[az = B])(x), 0u(x) = ([I = je(d)]aw)(x), o(x) = ([I -
Je(0)]8)(x) and with r = r. We block the resulting sum over R into

> =2 D

RCA  QCA RCA
Q=A\L(¢(5),R)

where L(¢(0), R) is the set of points of X that are within a distance ¢(d) of R.
This gives

dzi(x) Ad2(X) . (x)2(x)
Ju = Z Z H / — om ¢
“ Asz:A\RLC(cA(ts),R)XER C (x;00,3)
dz(x)* Adz2(X) g a0 | falansspioes)
. H om c e : 2 (x)=z(x)"

xEA\R (0| <r for x€ A\R

(5.7)

with, for each x € A, C(x; ax, 3) a two real dimensional surface in
P(x) = {(2:(x),2(x)) € € | |z.(¥)],|2(x)| < R}

whose boundary is the union of the circle {(z.(x), 2(x)) € C?| z(x)=z(x),
|z(x)|=r} and the curve bounding D’'(x; a, ).

We now verify the hypotheses of [5, Lemma A.1], for arguments that
appear in the integral operator. For this, we must show that the function
fala®, B; pi 5 2, 2) is analytic in X,cp P(x), for all allowed (a*,f; p), and
that, for each x € A, the two boundary curves are contained in P(x).

o As ||Dj||s,, i = 1,2 are finite, X, P(x) will be contained in the domain
of analyticity of fo(cu, B; 07 2+, 2) provided

|24 (%) + a5 (%) < Fuer0(¥) = 2R [2(x) + aF (¥)| < Ke, (%) = 2R
for all x € A and (z.(x), 2(x)) € P(x). This is the case because
|25 ()| = [(Ge(9)a”) (x)]
< ge@Il sup  Ja)| < lic(O)lIR+ < Ry <R

yexX
d(x,y)<c
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The second inequality follows from the observation that |a(y)| < R4 for all
y within a distance ¢ of A. When y € A, this is enforced by the characteris-
tic function xas(Ag(; a, 8) in Corollary 5.2. When y is not in A, but is within
a distance ¢ of A, this is enforced by the factor of xr,s (0\(Pa UA), @)
in the characteristic function'® xg 5(Q1, Q2; o, as, 3) appearing in the def-
inition of Inty . in Corollary 5.2. (Recall that d(A, P, U Q§) > ¢(d) > «c.
The third inequality follows from Lemma 3.21(i). The fourth is implied by
Hypothesis F.7(i).

Since r < R, the boundary circle {z¥(x) = z(x), |2(x)| =r} C P(x).

The boundary of D'(x;a*, 3) is contained in P(x) provided

(L =je(@)]a”) ) +1, [([1=7(6)]8) X)|+r < R
If h(x) = 0, this condition reduces to |a(x)| +r < R and |5(x)| +r < R.
Since x € A, both follow from Ry +1r < R. See (F.3d) in Appendix F. If
h(x) =1,
(=3c®)a”) ()] < = 5@ sup [0’ ()] < FK;e Ry <R
d(x,y)<c
by Lemma 3.21(ii), (F.3d) and Hypothesis F.7(i).

Under Stokes’ theorem we may choose any surface C(x;a*,3) that has the
specified boundary and lies in the domain of analyticity of the integrand. We
choose C(x; a*, ) to depend only on the values of the fields o and [ at points
y € X with d(x,y) < ¢. This is possible because D’(x;a*,3) has the same
property.

Combining Corollary 5.2, (5.3), and (5.7) gives

I(O[*,ﬁ) = Z Int(?l;a*,ﬂ) bl(a*aatﬁp?l)b2(a§767pFT) XQ(S(AQl;a?ﬂ)
A€ F5(Q0)

X Z(?l/\&’l‘ Z Z H / dZ*(X)/\dZ(X) efz*(x)z(x)

27
QCAy RCAy xER C(x;a*,3)
Q=Ao\L(c(d),R) e

. /d:u(AQL\R)J (2%, 2) efn(aT B i22) ‘Z*(x)zz(x)*
for x€Aq\R

with, for each x € X\ Ay, the integration variable ¢(x) of Int(g;q~,5) renamed
to as(x). Renaming the fields z,.(x), z(x) with x € Ag\Q to z.5(x), z5(%),

I = Z Z Z Int(Q7R7QL;a*75)

A€ F5(Q0) QCAx RCAgy
Q=Ao\L(c(9),R)

Xbl(a*a Qs, PFl)b2(O‘§a ﬂa pFT)XQ(S(Qv «, /6))
XZ?lQl ‘/d,qur (Z*, Z)ef(n,R,m)(a*’ﬁ%ﬁf 125,2)

2y5(x)=25(x)"
for x€Ag \R

15 The characteristic function x2,5(Q1,Q2; o, a5, 3) is defined in Definition A.1.
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where

2| Ao \Q2
Int(Q,R,‘Zl;a*,B) = Int(m;a*’g) Zél 2\ ‘XQ(;(AQL\Q;O(,ﬂ)

A LRI E

XER 2mi
C(x;a™,8)

and f(q g 2) is obtained from the function fy of Lemma 5.3 by

f(Q,R,ﬂ)(a*aﬂ; ﬁ7 Bk Z) - le (a*aﬁ; ﬁ? (A\Q)Z*5 + QZ*, (A\Q)Z5 + QZ)
(5.8)

Zx5(X), z5(x) with x € A\Q are also “residual variables” and subsumed in .
The fields z.(x), z(x) with x € Q are the “fluctuation fields” to be integrated
out.

For each Q, R, A = (A, P,, -+ ,Q) in the above sum, we define the hier-
archy 6 with (61,6,) < & by setting X([0,2]) = X for X = Q, R, A, ...,
Q. Using the recursion relation of Lemma 3.10(i), we have Int(q g a;0+,8) =
I(G;a*,ﬁ) . We set f@ = f(Q,R,Q‘). Then

Lemma 5.4.

I(a", ) = Z I(&a-,p) bi(a™, as, p11) ba(a, B, o) X25 (e v, B)
hierarchies

& for scale 2§
(61,62)<6

2|0 s (a7, i 52"
XZél sl /dMQG,r(z*az) efe(@™.8; 0 32%,2) e () =75 ()"
for xeAs\R

where fg is given by (5.8).

Under the hypotheses of Theorem 3.28, we have the analogous represen-
tation

i(a*aﬁ) = Z I(G;a*,ﬁ) Bl(a*7a57pﬁ)52(a§7ﬂ7pr7“) XQ&(QG;Q76)
hierarchies

for scale 20
(61,62)<6

x 23! /d,uszs,r(z*,z) efe (@™ 42" 2) (5.9)

za5(x)=25(x)"
for x€As\R

In Remark 5.5, below, we give explicit descriptions of fe and fe.

5.4. Preparing for the Analysis of the Fluctuation Integral

Fix a hierarchy & of scale 2§. If J is a decimation interval for &, write Q(J) =
Os(J) and A(J) = As(J). Again, we use the notation Q = Qg([0,20]),
A = As(]0,26]). We will sometimes also shorten 2z, + (A\Q)z.5 to 24 + 245
and Qz + (A\Q)z5 to z + z5.

Remark 5.5. The function fe(ax,B;p;2«,2) of (5.8) that appears in
Lemma 5.4 is the sum of
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(i) the quadratic part
— (2 + 246, Mje(6)8) — (Aje(0)an, 2 + 25) — (o5, af')
_QGI (Oé*, z + 25 + agra O_Z*z 9 62[ ) - QGz (Z* + Z*5 + Oéi%a ﬁ7 0_2*,’., O_Z’I‘ )
which, by the bilinearity of Q and the observation that
F*62( Uy e T 2k T O‘i%a 62*?”) = F*62( 2T 0) + F*62( T3 Zxs T aiga 62*?”)
Te,(-;a,2+25+a8) =Te,(+50,2) + s, (+; a1, 26 + af")

can be written in the form

_QG(a*aﬁ7 &*7&)—1—6@(&*767 ﬁ)
— [{24, 27 (0)B) + Qe (24, 850, 07r)] — [(Qc(d)as; 2) + Qs (v, 25 @y, 0)]
where

3Q(ax, B; P)
= Qs (ax, 8; 04, @) — Qs (s, 25 + 0§ ; Oy, A1) — Q&4 (245 + 055, B O,y Gr)
—(als, 05" ) — (2xs, (A\Q)]e (0)B) — ((A\Q)je (8) e, 25)
= [Qe (as, 8;ax, @) — Qe (0, 55 sy, A1)
- Qe,(als, B @s,, dr) — (s, a5)]
= [(245, (A\Q)jc (6)8) + Qe (245, 85 0, Ar)]
—[((A\Q)jc(0) s, z5) + Q& (i, 253 Axy, 0)] (5.10)

(ii) the quartic part Ve, (5,2 + 25 + af"5 0y, 01 ) + Ve, (6526 + 245 +
ags, By A, dy) and

(ili) Di(aw,z + 25 + of"5 pi ) + Da(2 + 245 + S5, 55 pr) from the non large
field terms.

Remark 5.6.
felq = lax, §(20)8) [ — ([5(0) = je(8)] v, [1(6) — je(8)]8) |
+ (2, 17(8) = e (0)18) | + (5(6) = je(®)]ev, 2) |
- Y (Mo Afar)
T€ZN(0,26)
+[Vas(e aw 2 +5e(0)B) + Vas(e: 2o +je(0)a, B)] |
+ D1, 2+ §e(8)5; 0) + D2 + je(8) s, B 0)] |,
Proof. By its definition in Lemma 5.3
aslo = Je(0)aula + Aaus ag' | = Jc(0)Bla + Aas (5.11)

By Lemma 3.7(ii), the quadratic part of fgs|, is equal to

lo
- <Z*? JC<5)5> ’Q - (jc(6)a*> Z> ‘Q - <jc(6>04*; ]c(é)ﬁﬂﬂ - <AC06*57 Aca5>
+ e, J6) (2 +3c(0)B) | — Y. (ASaur, Afar)

7€(0,6)

+ <Z* + je(0)as, ](5)ﬁ>> ’Q - Z (Afaur, Alar)

T€(6,20)
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= (o, 5(20)B) |, = ([3(8) = je(D)]eaxs, [§(8) = je(9)1B) |,
(20, [1(8) = e(8)]8) [+ ([ (8) = Ge(@)]aw, 2) [ = D (Afvur, ASary)

7€(0,25)

By Remark 3.9.i and (5.11), the restriction of the explicit quartic part in
Remark 5.5(ii) is [Va,5(g; s, 2+ 5:(6)8) + Va,s(&; 24 + jc(0) vy, ﬂ)”Q , and the
restriction of the term in Remark 5.5.iii is obvious. O

This enables us to control the small field part in Lemma 5.4.
Corollary 5.7.
/dﬂQr(Z*,z) efe(au,B; piz",2)
Q

_ e(“*’j(25)ﬁ>|Q+Vsz‘25(€;Oé*ﬁ) eD(a*,ﬁ) H e*(Aia*T,Af_oz,)

7€(0,29)

where
D = Ro;5 (Vas(e - ); Di(+30) o, Da(-30)]g)
Proof. By Remark 5.6 and Definition 3.22,

/d,uQ,r(Z*,Z) efe (@e,Bipiz" 2)
Q
— el d @) +Vas(ar JOS+HVas(EO)a ) (Dland) T emrawrAtar)
7€(0,20)
Now apply Remark 3.9(ii). .

From the contributions in Remark 5.5, we shall split off the part that
is independent of the fluctuation fields z,, z. The remaining parts, that truly
contain fluctuation fields, will be integrated out. Proposition 5.14 below gives
the decomposition just mentioned and thus prepares for the fluctuation inte-
gral. Lemmas 5.10 and 5.11 and Propositions 5.12 and 5.13 below are used in
the proof of Proposition 5.14.

To estimate the fluctuation integral we shall apply Theorem 3.14 with
the weight system of the following definition.

Definition 5.8 (Fluctuation integral weight systems). Let wqyct be the weight
system with core {2 that associates

o the weight factors (k.r)rcp,26) to the fields a,d., the weight factors
(Kr)re(o,26) to the fields &, 3,
the weight factors A, to the fields z., and z, with 7 € (0,24), and
to the fluctuation fields z,, z the weight factor

. {321" if xcQ

A(x) = (5.12)

oo  otherwise

o and the constant weight factor 1 to the history field b.
We write || f]lauct instead of || f]lwge: -
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Remark 5.9. wayet extends the weight system wg of Definition 3.15.1 by weight
factors for the fluctuation fields. Thus, for a function A that is independent of
the fluctuation fields, ||Allauct = |||ls. Also, it is an extension of the weight
system wgayet introduced just before Lemma 4.2.

The following Lemma shall be applied with ¢; = D; or ¢; = D; — D;.

Lemma 5.10. Let g1 (s, 5;01) and go(aw, B; p) be history complete analytic
functions. Then

cr —')

g1 (cus, 25 + 5"
||92(Z*5 + aigaﬂ; ﬁr)

S S 28”91”61
s < 2lg2lls,

Qc

QC
and

|91 (v, 25 + a§'s ) — g1(v, 25 + a§'s i)

)

92206+ 5. 8: ) = galza5 + S5, 5: 57 )
)

g1 (e, 2 + 25 + a5 pi) — g1, zs + a§'s ) | guee
< 98 [ g—me(d) 4 H
<2 (e o, + oy, |,
”92(3* + 2xs + aigv B; ﬁr ) - 92(2*6 + aifs; B; ﬁr )Hﬂuct

<98 (e—m6(5) g2l + H92|Q2 . )
2

Proof. We estimate the go-terms. Observe that ga(z. + 2.5 + aS%, 5; pr ) is
obtained from gs(a., 3; pi- ) by substituting

b [Qze + (A\Q)2zss + A je(0) e + A quus]

for a,. Introduce the auxiliary weight system w,.yx that has the same weight
factors as waycy, but core 2o instead of 2 = Qg. We shall apply Proposi-
tion G.1, with v = 23 and C,, = (61‘;7””)2 < 28, to prove

oclle

< 28 (e_mc(é) loille, + Hgl‘ﬂl

QCG

S 28 (6111((5) Hg2||62 + Hg2|92

Also

Ccr

lg2(2« + 245 + A2, B B )l gy, < 2°M192lls (5.13)

Waux

The weight factors for the fields 5, pi in Waux (namely kg 25 and kis -, K6 7,
Ae,r with § < 7 < 2§) are smaller than the weight factors for the correspond-
ing fields in we, (namely Ke,,s and Kis,,rs K&y rs AS,,r With 0 < 7 < ).
Consequently, the hypothesis of Proposition G.1 is satisfied if

NdSZQ (Q ; RxG,,05 )\) + Ndnz (A\Q ; Kx&4,0, )‘6,5)
19

< — .
<o (5.14)

+Nd522 (Ajt(é) 5 Kx&,,0, H*G,O)
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) 19
NdQ2 (A 5 K‘*62707K’*6,5) S %

Since S\(X) = 32r for all x € Q, Kys,,0(x) = 2R for all x € Qg,, A\ags =
32r for all x € A\Q, kus,0(x) = 2R; for all x € A and, by Remark 3.17,
Kee,6(X) = Kse,,0(x) for all x € A®, (3.6) yields

< 32r 32r
NZm(Q; K:*(Sz,()a/\) S ﬁ NZIn (A\Q, 5*62,07>\6,5) S ﬁ

R
Nom (Ab; Kue, 0, 1ins0) < 1
By Remark G.4(iii), Lemma B.1(i) and Lemma 3.21(ii),

R
N2m (A (Jc((s) - b) 5 5*62,075*6,0) = ﬁNZm (A (]c(5) - h) 5 /‘7*6,07’{*6,0)

1
Nom (AG; Bie,,0, Fxs,6) < B

R )
<N (A (e(0) ~ B) 5 1,1)
S 2% KJ(S 6Kj6
Since dg, < 2md, the left hand side of the top inequality in (5.14) is bounded
by
l6r  16r

E + = R N2m (Ab, Kx&5,0, K56 0) +N2m ( (]c(é) - [)) y Bx&5,05 H*G,O)

32r R+ R+ K;8

< —+4+ —=—+2—K;é

SR + R + R e
19

< —

— 20

by (F.3f) and Hypothesis F.7(i), since Rpj = ZER% <3 f < P-4, by (2. 17).

The left hand side of the bottom inequality in (5.14) is bounded by + < 33.
This proves (5.13).
Since dg < dg,, (5.13) gives that

g2z +ass 8 70| || = (o2 + 25 + a8 )

Qc

Qc
< HQQ(Z* + Zxs + ai%aﬁ? ﬁr )H 7

Waux

fluct
< 2%g2|le,
As

||g2(z* + Zxs + O‘iréaﬁ; ﬁr) - 92(2*6 + aifwﬁ% ﬁr )”ﬂuct

| gaes + 05,85 5) = gales + a5 8 )

Q< llfluct

= o2z + 205+ 055,85 50) = ga(zes + 05,85 57 )

Qe llfluct
it now suffices to prove that

g2Cc + 225+ a5, 8: ) = ga(as + a5, 8: 57 )

Qe llfluct
S 28 <em5(5) ||92||62 —+ H92|92 ) (515)
S2
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Write
g =8B+S

with B = go —92|Q2 its “Go-boundary part” and S = gQ|QZ “its “Gg—small
field part”. Each nonzero monomial in the power series expansion of B con-
tains at least one factor h(x) with x € Qf. Also, each nonzero monomial in

the power series expansion of B(zy + 2.5 + S5, 85 pr ) — B(2z4s + 0S5, 85 pr)
contains at least one factor h(y) with y € Q. Therefore, by (2.15) and (5.13)

c

|Bz. + 205 + 05, 8: ) — Blzus + a5, 8: )

Qe llfluct

< e md(Q.05)

’B(Z* + 245 + aiiﬁﬁ; ﬁr) - B(Z*é + aig’ﬁ; ﬁ'r)

Qe iy
< MO B 4 2y %, 65 )]
< eI Y o (2, + 205 + a5, B; fr 1.
< 2% lgy s,
Finally
HS(Z* + 25 + 055, 35 pr ) — S(zas + 5, B pr) Qe llfiuct
< |[S(zx + 245 + a5, B pr ),
< 2°S|le,
by (5.13), with g» replaced by S. -

Parts (i) and (ii) of Remark 5.5 (quadratic and quartic terms) implicitly
involve the substitution of the critical fields a§", ol (defined in Lemma 5.3)
in the concrete background fields I'ys,,I's, and I'yg,,'s,. To control it, set

Tis, (75 as, ) if 7 €eZn(0,9)
L. (75 e, @) = { %% ifr=9§
Tig, (T —0; Sy, d.) if 7 €€ZN(6,20)
(5.16)
I's,(m5,d;,08) if 1 €eZn(0,0)
L(r; @,8) =4 aof" ifr=9¢
Te,(m—9; a,,0) if 7 €eZn(4,20)
Observe that (5.16) is very similar to the recursion relation of Proposition 3.6.
Indeed, replacing af§ and of" by
Aj(B)a + A = o + ALj(0) — je(®)]a
and  Aj(6)B+ Aas = af + A[j(6) — jc(0)]8
respectively, in (5.16) gives the recursion relation of Proposition 3.6, except
for the 0T, and OI', 3 terms. For convenience, we set

Js = J(0) = je(9) (5.17)
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Lemma 3.21(iii) gives the estimate [|j5]| < 6K efi% ™. This discussion
shows that

F*G(T; 04*762*) - f*(T, 04*752*) = acr*‘r iy

N (5.18)
Is(r; @,0) =T(7; @,8) = 0.+ 8
where we set
0 if 7€[0,9) or T =24
Olsr = ¢ A Jjs itr=9¢
Ol + 10 (G2)Ajs if 7€ (6,20)
(5.19)
o, +T9(&1)Ajs if 7€ (0,6)
oLy =< Ajs itr=9¢
0 if 7€ (6,20 or =0

Under the conventions of parts (iii) and (iv) of Lemma 3.7, we may also write
Olur = Olur + T 5(&2)A js for 7 = 6,28 and 9.T', = 9T, +T'2(&;)A js for

7 =0,0. The operators 0., .I'; are estimated in Lemma E.18.
We use the shorthand notations

{F*G(T; v, @) if 7€ (0,25)}
Yxr =

o if =0

=

Pe(r; a,p) if 7€(0,29)
I} if 7=20

(5.20)
By the recursion relation Proposition 3.6,
Tie, (75 0, @s) = Yar Tey(T; &,08) =746 forall0<7T <4 (5.21)

Bound on the Quadratic Part of the Fluctuation Action
In part (i) of Remark 5.5 we wrote the “quadratic part” as the sum of

—Qs, 0Q,
= (24, Qe (6)B) — Qe (24, 50, )
= (24, QJs B) — (24, 2 (6)B) — Qe (24, 50, @)
and
= (Qje(0)ow, 2) — Qe, (s, 2; Ay, 0)
= (Qjs o, 2) — (QJ (0, 2) — Qs, (a, 2; Ax,,0)

We bound these quantities in Proposition 5.12, below. By way of preparation
for the bound on §@Q), recall from (5.10) that

0Q
= Qs (s, 50y, d) = Qs, (an, af'; Ay, A1) = Qe, (a5, B AL, 6) — (s, )
— ({25, (A\Q)j(0)B) + Qe (245, 85 0,0 )] + (2i5, (A\Q)5(6) B)
— [(A\Q)7(0) s, 26) + Q. (s, 253 Ay, 0)] + (A\QR)js () v, 25)  (5.22)
We start by rewriting the first line of the right hand side.
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Lemma 5.11.

QG(OL*,[)’; 07*7&)_@61(04*’04?3 07*“071 )_Qez(o‘i%7ﬂ; 62&«7077") - <ail;57 a§r>

X > 0T, 1)+ D (Yars OT28) — (Ajs e, Ajis)

7€(0,26] T€[0,25)
where
O;lsr =0l ur — j(€)Osr—c ;I =0T —j(e) 0L s e
Proof. By parts (iii) and (iv) of Lemma 3.7 and (5.21),

Qs (0, 3504, d) — Qs, (a, a§"5 Oy, 1) — Qe (a5, 5 O,y Or) — (a5, af)
= Qe, (s, Aj(0) + Aas; Aur, A1) — Qe (@, Ajic (0) 8 + Aas; Ay, A))
+Qs, (Aj(6)c + Aaus, B; Aur, ) — Qe (Aje () + Aaus, B5 A, , Ar)
+ (A7 (0) e, Aj(9)B) + (Aas, Aas)
- <Ajc((5)a* + Ao, Ajc((s)ﬁ + Aca6>
+ > (3 (00, — j(2)0T142) B)

T€eZN[0,0)

+ Z <(8F*5+7’ _j(s)ar*ﬁ-‘ﬂ'—&‘) a*7’75+7>
T€eZn(0,6]

= Z <’Y*7'7 (Ff_(61) - j(€)ri+5(61)) A-]56>

T€eZN|0,9)

+ Z <(FST(62) - j(g)rg-rfa(GQ)) Aj5a*7 75+T>
T€eZN(0,8]

+(Aj(9)a, Aj(0)) = (Aje(d)ee, Aje () )
+ Z <’7*T¢ (8FT - j(g)a]-—"rJrs) 5>

T€eZN|0,6)
+ Z <(8F*5+7’ - j(€)ar*5+775) Qs 75+'r>
T€eZN(0,6]
= Z <’Y*T7 (aCFT - j(s)aCFT+E) 5>
T€eZN|0,9)
+ Z <(8CF*T _j(g)aCF*T—E) 04*577—>
T€eZN(6,26]

+(Aj(6)a, Aj(6)3) — (Aje(8)au, Aje(6)3)
This is the desired equation, since
O, s — O’ Tf0<7<5 O, — 0’ ?f5<7<26
Ajs ifr=90 Ajs ifT=9
Vs = Nas +Aj(6)B  ves = Aaus + Aj(6)as
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so that
0 fo<r<é
<ajr*‘ra*v%'> = . . .
(Ajsa, Aj(0)B) if =96
(5.23)
0 fo<r<28
*Taa'FT =
(er, O51'215) {(Aj(é)a*7Aj55> it 7 =6 }
O

Proposition 5.12. Set Kg = 2%¢2%i.
(i
1200 Qe(0)8) + Qe (0. 50,8 uer < K [¢7 P + 6xRye7¢]
[(e@)a, 2) + Qe (a2 Gut, 0)lger < Ko [e7 @ + GrRye™¢]
(i)
10Qa, 8: Pl < Ko [ 450 + 51Rye <]

Proof. (i) We prove the second inequality. The proof of the first is analogous.
Observe that, by the definition (3.3),

Qs (s, 25 @1, 0) = Qe 5 (, 25 i, (5, dat), I's, (450, 2))
with the Q. s of (2.10). Since z is supported in €2,
(Js wy 2) + [(Qe(0) v, 2) + Qe 5 (s, 23 Tue, (-5 0, @), Ts, (-5 0, 2))]
= (Q(0)ax, 2) + Qc s (an, 2 Ths, (504, ), I's, (50, 2))
= D (ers (TUS1) — G2, (61)) Q2)

7€[0,0)

evaluated at

Y1

o ifr=0
Tie, (T500,04) =T (&), + D e(0,7]ez [T (&), if 7€ (0,0)

and with the conventions that T'$(&;) = j(§) and I'S(&;) = b.
To bound this, we first claim that for any two h—operators A and A’

H<A/a*7"7 AZ>HﬂuCt < NdQ (A/ m d(x,$2) K/*T/) NdQ (A;efmd(X,Q)?X)
(5.24)

As (A'ay,r, Az) is obtained from (p,v) by the substitution ¢ = A,
1 = Az, this inequality follows Lemma G.2.a with s = 2, d = dg, K| = Kur,
Kh = A, r1(x) = e and ky(x) = e~ M),
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Applying the estimates (5.24) and (3.7) we get
||<QJ(5)05*7 Z> + QEAS (OL*, Z3 F*Gl ( 5 O,y &*l) F61 ( 3 07 z))”ﬂuct
< D arkom ((Fi(Gl) — j(E)TY,(&1)) Q; eI, 5\)

T€[0,6)
where
Nom (]1 ; emd(x*m7 H*O) if 7=0
v {27/6[0,5) Nom (TT(61)5 em 4 e, ) if 7 € (0,0)

By Lemma B. 1(ii) Lemma E.13 and the observation that e ™4 <
e~ 3dx) < o—d(x, Abl), we have a, < 16ef R, for all 7 € [0,6). There-
fore, by Lemma E.15(11) with A = X, O = Q and Qg replaced by 4

[{Gsere, 2) + [(Qje(0) s, 2) + Qeys (o, 2 Tue, (5, @), Ty (50, 2))] Ml e

ST6R YD Now ((T2(61) — JETL.(61) @; e ™), §)
7€[0,6)
< 9112K; | Re—2md(2.95)

§ efmt(é)
since 8 < 16eXir < 16eX/R < e3¢ by (F.6b), and d(€2, Q) > ¢(9).

The function (js a, z) is obtained from (p, z) by the linear substitu-
tion ¢ = Qj5 a.. Let w be the weight system with core {2 that associates the

constant weight factor 1 to the fields ¢ and z. Clearly, ||{¢, 2) |, =1 .1t
follows from Lemma G.2.a (with s = 2, 0 = wayc, w = w) that

H <.]6 Oé*, Z> ||ﬂuct = || <A.]5 Oé*,QZ> ||ﬂuct S ng (A](S 5 175*6,0) NdQ (Q 5 175\)
<AK;efi® §Rye™c 32r
since, by (3.7), Remark G.4(i), Lemma B.1(i) and Lemma 3.21(iii),

NdQ (AJtS i1 K*G,O) < NQm (A]§ i1, ks 0)
< 4 js | Ry <4K;e5° §Ry e ™

This completes the proof of the second inequality.
As in part (i) one shows that

I(ze5, (M\Q)jsB) || < 27Kjes G1Ry e ™
(255 (A\R)(8)8) + Qe (245, 550, )| < ™™ (5.25)
((A\D)jsars, 25) [l < 27K ;€™ §1Ry e7™*
I((A\R)](8)eve 25) + Qe (s, 255 Ay )] < 7€)

This bounds the last four terms of (5.22).

It remains to bound the first four terms of (5.22), which form the left
hand side of Lemma 5.11. By (5.23), the first sum on the right hand side of
Lemma 5.11 is
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Z<ajr*7' ey 7T> = <](5)A.76 Oz*,ﬁ>

7€(0,26)
+ Z <6jr*7— Qs 'YT) + <8jF*26 Qe 726>
TE(5,20)

= Z <8jr*7— (o) 'Y‘r)

TE(8,20)
+((0jTs26 + j(6)Ads) cuxs V26) (5.26)
As in (5.24) one sees for all h-operators A and B

[{Aa., By s < Nug (A; =3 d(x,A),K*O) N, (B; o2 d<x,A),HT,>

Hence,
3 (O s 0y ¥r) + (5T w25 + 5(8)Ads) s, 726)
T€(6,20) &
S Z ar sz (8]1_‘*7_ ; e_% Cl(X,A)7 ’%*O)
T€(8,26)
+ azs Nom (ajr*zé + j(5)Aj5 5 e d(x’A), H*O)
where

2 (0,200 Nom (F:/ ; e Ao, H-,—/) if 7€ (,20)
By Lemma B.1(ii) and Lemma E.13, we have a, < 16e%iR for all 7 € (0, 24].

Therefore, by (5.26), and Lemma E.20(ii), the first sum on the right hand side
of Lemma 5.11 is bounded by

{sz (L; €% 40N go5) if 7 =26
a, =

Z (0;Tsr vy v1)|| < 1659 R_s_e*%m‘(‘s) < emamed)
7€(0,20] S
by (F.6b). The second sum is bounded in the same way. Combining this with
(5.22) and (5.25) gives

16Q(ax, B; ) + (Ajs e, Ajs ) ||
<2 {eiimc(‘s) +eme@®) 4 27KjeKj5rR+efm°} (5.27)
As (Ajsa., Ajs () is obtained from (p, 1) by the substitution ¢ = Ajsa,
¢ = AjsB3, an application of Lemma G.2(a) with s = 2, d = dq, K| = Kuo,
Kb = Kas, and k1(x) = Kka(x) = 1 yields
[{(Ajscas, AjsB) |l < Nag (Ajs; 1, kvo) Nag (Adss 1, kas)
< (AR |ljsll)? < 16K 255 §2e~2mR2 (5.28)

by (3.7), Remark G.4(i), Lemma B.1(i) and Lemma 3.21(iii).
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Combining (5.27) and (5.28), we have
10Q(cu, 35 0) |l < deame(®) 4 {28Kjer + 16K262K-7(5R ye M} orRe ™
< gemame(®) 4 {ZSK efi 4 } 0rRye ™
by (F.4b) and (F.6a). O

Bound on the Quartic Part of the Fluctuation Action. Finally, we treat the
quartic contribution to fg(a«,; 7;2«,2) identified in Remark 5.5(ii). We
write it as
Ve, (€50, 2 + 25 + af'; 0y, Q1) + Ve, (€5 24 + 246 + a5, B3 A, Or)
= Ve (&; au, B; @s, @) + V(55w 55 §) + Vi(5; i, B; 5 2)
V(€5 0, B 75 24) (5.29)
where
0V = —Vs(e; au, B; s, @) + Vs, (€; i, 25 + a5 a0
+Vs, (€5 245 + a5, B; A, A )
Vi =Ves, (g50u, 2+ 25 + a§'; Ouy, 1) — Ve, (850, 25 + Q' Oy, A1)
Vi = Ve, (8524 + 246 + 055, 85 Os,, G ) — Ve, (€5 246 + 055, B; A, 07 )

Similarly,

3 3
Ve, (5102 + 25+ 0555 -+ ) 4+ Ve, (532 + 20 + %5, 85 )

2
—V6< )+5v+vl+v

where

3V = Ve ( 0, B 3@ ) + Ve, (g;a*,% +a's @, d )

2 3 Z%8 +a*676, a*,«var>

+V62<
~. g
Vi =Vs, (2 a*az+25+a67a*wal)_V61 (5

~ € . N
VY, = V62 (572* + 25 +Oéi%,ﬂ; Oz*T,OzT) VGQ (2 Zx6 JFO‘*&vﬂv O‘*Taar)

. cr, - .
,Oé*,25+0(5 5 Oé*“Oél)

Proposition 5.13. Set Ky = 225¢6K5
(i)
Vi llfuet » 1| Ve laues < Ky 5H|U|”rRi
IVe=Villfuct s Ve = Ve llwes < Ky ed|lof|rRY

[0V e < KvdflvflrRE
16V =0V le < Kvedvf] xRS
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Proof. (i) We treat V;. By (5.16), (5.18) and (5.20)

Tie, (75, @at) = Du(75 0, @) = T (T3 0k, @) = Yar
Do, (1501, 2 4 25 +a§) =T2(61)2 +T2(61)2s + Ts, (1;d;, 05)
=T2(61)2 +12(61)zs + T(1;d, 3)
= T9(61)2 +T9(61)25 + T (73, 8) — 0T, 8
=T%(61)z +T2(&1)zs + - — T,

for all 7 € (0,0). When 7 = 0, the right hand side 7., = as and, with the

convention I'%(&;) = 1, when 7 = § the right hand side I'? (&;)2+T2(&1)zs +

I'(6;d,0) = 2+ 25 + a§". Similarly,

Daey (T — 85 2a+ 245+, Qur) = T0_5(G2) 2 AT 5(G2)zus +7er — Ol ur e
P, (1 =00, 8) =7

for all 7 € (4, 20). So, by the Definition 3.8.i of Vg, ,

Ve, (850, 2 + 25 + 575 Q0 )
= —€ Z <7*T (Ff—-i-s(el)z + g'r-‘rs) y U Vxr (Ff—-',-e(Gl)Z + gT+€)>

T€eZN|0,9)
where
 =T%(&1)z5 + 7 — 0.3

! 0( s + % = & (5.30)
Gxr = F*7_5(62)Z*5 + Ver — 8CF*Ta*

Consequently,

Vi=—¢ Z [<ﬁY*T (P57+5(61)Z + g'rJrE) y U Var (Ff—+e(61)z + g‘r+s)>
T€eZN|0,6)
- <’7*T Gr+es UV Vrr g‘r+£>] (531)

To each term, we apply Corollary G.3(ii), r = 4,
h(v1,7a) = (M2, vysva) A=A =Az3 =g =1

and the s fields «aq,...,as being z, 25,0, Gy, Quey v ooy Qag_cy Qey v vy, A25_c.
Recalling that

Yor =T9(S)o+ D TT(S)awr
7/ €eZN(0,6)

Jrte = F76'+6(61) Zs + Z F:+5(6)a7” + F?’is( )ﬁ - 8CFT+66
T/ €eZN(0,25)

we have, as coefficients for the substitution,

E?* _ Fg* _ FO (G) _ fz* _ fg;
Fl*T :FS*T 71’\7‘ ( ) — 1:11*7 ?FB*T
L5 =I5 = I7,.(61) 0 [5=T5=0

I3 =T =T12,.(61) (A\Q) = ¥ =17
[ =T =19 (@) 0. = T = T
Fg.r// — Fa.,_// — FT+€(6) I-\Oc.,_// — FgT//
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with 7/ € Z N (0,0), 7/ € eZ N (0,25) and with all other T’s and T’s being
zero. We apply Corollary G.3(ii) with L = A, d replaced by 4md, d’ = dg and
0 = Fd. The Corollary gives

H <’Y*T (Fi.;_g(Gl)Z + gT+s) y U Vxr (Fi+5(61)z + 97—+5)>

- <'Y*T 9rte, UV Vxr gT+E> . <4 |||'UH| s o’
C

where
o <max{0u,0ric}
o5 < Ny, (F‘ST+5(61) Q; e_%md(x’A),j\)
with
o= Na (F;;(e); e%d(x’A),n*T/)

7/€[0,6)
or = Na, (ri(e )Q; e o), x) + Ny, (rﬁ(@l) (A\Q); ¥ dx) Aé)
+Ndn (&FT; 6% d(X,A)7 KJ?E) + Z Z\/vdQ (F:”(G), 6% d(x,!\)7 Kfr“)
7/7€(0,26]
Below we prove that
o5 < 32¢Ki ¢
Our <167 R, (5.32)
o, < 32e%i R4+
Consequently, the fluctuation norm of each term in (5.31) is bounded by
Aloll (32¢55 1) (32e%9R)° < 222455 o] rRE
Summing over 7 and multiplying by e gives the desired bound on V.
By (5.31),
V, — f)l =W +Ws
where

W= Y [ (Me(S)2 4 grie) s v yer (T242(81)2 + grse))

T€eZN|0,5)

_<

2

<’Y ( 61)Z+gr+ )7 U Yxr ( T+E ((‘51)Z+gr+ >>
- <’Y*‘r Gr+es UV Vrr 97-+e> + <’7*T Jr+5s U Ver g.,—+%>]

and

Wa = Z [(r (T Pre(G1)z + Grie) s U Yur (F£+s(61)2 + gric))

_c
2
T€ZNI[0,9)

<'7*7—+5 ( 7—+s(61)z + gr+a) » U Ver+5 (Fi+s(61)z + 97+6)>
— (Ver Grter U Var Gre) + <’Y*'r+§ Gr+e, U Ver+5 g7’+€>]
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By Lemma E.14, (5.30), (5.19) and Remark E.19,

(€ (€ (€
1,:(61)=j (§> [0,.(61)  grys=1 (5) Groe  Yerts = (5) Ver
for all T € eZN0,9). Therefore the 7 term of W is

<’Y*T (Ffsr-i-a(Gl)Z + gr-i—a) y U Ysr ( §_+5(61)Z + g'r+e)>

- <’V*T (] (%) T+E(61)Z +7J (2> gT+E) s
V Yer (j (g) [, (&1)z +j (2) gf+s)>

g
- <7*T Ir+ey UV V1 g7'+€> <’7*‘rj (2) 9r4e, U Vr J (5) gr+s>

We again apply Corollary G.3, this time part (iii), but with the same metrics,
h, T2’s and T?’s as before and with, in addition,
~ ~ /€
A=A =A3=43=1 Ay =As=H A2=A4=J(§)
The corollary bounds the fluctuation norm of the 7 term by 16 ||v||| osas (ca)

where
a < max {1 |||J( )lll}

as < 115 (5) = bll = K65 "% (5.33)
by Lemma 3.21. By this and (5.32)

3

16 |v]]| o505 (0a)® < 16 ||o]|| (32¢ 1) (Kjgef@%) (32e9R, 5i%)°
< 2% ¢f|ul| r R
Summing over 7 and multiplying by § shows that
Willger < 222 edflolllr RY

The same bound applies to ||[Wa||auct. This gives the desired bound on V; — V.
Finally, we prove (5.32). By (3.7) and Lemma E.13,

> Nao (TTH(8); e 95N 1)) < 166597 Ry
7/€[0,25)

S N, (F; (6); % d<x’A>,,@-7/) <1657 R,
7/€(0,26]

This gives the second line of (5.32).
If J is the smallest decimation interval that strictly contains [r,d] and
has § as its right endpoint and if 77 denotes the midpoint of 7, then

Nd(z <Fi(61)9 ) e—%md(x,/\)’ 5‘)

(5.34)

= Nag (j(rg =) A(T) (0 = 72)Q; &= B )

< 32r(li(rg = D76 — 7o)l
< 32el9r (5.35)
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by (3.7) and Lemma G.5(ii) with d replaced by dq, R replaced by 32r and
Li=X, Lo=AJ), L3=9Q, O1=A, O0;=X

51:gmd, 65=0, 6=0, d=4md, r=A\

(The hypothesis that r(x) = A(x) < R = 32r for all x € Ly = Q is fulfilled by
the definition (5.12) of A). This gives the first line of (5.32).
Similarly

Nag (P81 (A\Q)5 10, ;)

T

< N, <F5(61) (A\Q); e~ 3mdGed) AJ) < 32¢fr (5.36)

By Lemma E.18
Ng, (GCFT e d(x’A), Hgg) < Ny, (0.T';; e_%md(x’/\), &25)
< 4R, (5 eme e—m“‘”) (5.37)
Combining these two bounds with (5.34) and (5.35) gives
oy <32efir +32efr 42 R, (5 e me 4 e*m“‘”) +16ef7 R,
< 32K R,

This completes the proof of part (i) of the proposition.
(if) With the notation (5.30) we have

oV = 5V1(€) + 5V2(€)
where

Vi(e) =¢ Z {{ver Yrtes © Yar Vre) = (Yar Grtes U Var Gre) }
7€[0,6)

(;VQ([':) =£& Z {<7*‘r Vr+es U Vxr ’YT+E> - <g*'r Vr+es U Gxr /-YT+€>}
TE[S,20)
We bound 6V;. To treat the 7" term, we again apply Corollary G.3.ii with
r =4,
h(v1, -5 7a) = (M2, v y374) A=Xd=A3=N =1
This time the s fields aq,...,as are zs, 3, O, Quey o ooy Qy§—cy Qey o .., Q2§5_c.

Recalling that

Vrr = FQT(G)O‘* + Z FI;(G)O‘*T’
7/ €eZN(0,6)

Vrte = Z F:;E(G)O‘T' +F72'(—si-6(6)6
7/'€eZN(0,26)

Jrde = Ff—+s(61) Z5 + Z F:;E(G)a‘r’ + in€(6>ﬁ - acF‘rJraﬁ
7/€eZN(0,26)
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we have, as coefficients for the substitution,

Dy =Ty =10 () =
M =T =TT (8) =
s =r=0 [ =12 = I, (61) (A\Q) (5.38)
MI-ry=TH.(e) T =T/ =12 (e) ol
0 =0y =TL(e) = 15 =T

with 7/ € Z N (0,0), 7 € eZ N (0,25) and with all other T’s and T/’s being
zero. We apply Corollary G.3(ii) with L = A, d replaced by 4md, d’ = dg and
0 = Fd. The Corollary gives

H<7*T77’+57 U’V*T’YT+E> - <7*TQT+E7 U’Y*Tg7'+8>||ﬂuct <4 |||UH| U:; o’

where

o' <max{o},, 0. .}

0h = Na (T242(81) (A\Q)5 € 390N 35} o Ny, (Ors e 30y )
< 32¢Kir 4+ 4e2R (56*‘“ + e*m“é)) by (5.36) and (5.37)

with

Z ng ( *T ) e% d(X,A)’ 5*7,) = Our < 16€KjTR+
7/€[0,6)

o = Nag (T3(S1) (A\Q); € 90N, A5} 4+ Ny (073 B 10, gy )
+Z Ndn ( T ) e%d(x/\)aHT”)

7¢€(0,26]
<o, <32 JR+

by (5.32), twice. Hence
H('Y*T'Y‘r-i—ea U’Y*T'Y7—+a> - <'Y*Tg-r+87 U'Y*Tgf+s>|‘ﬂuct
< 4|0l [326K-7'r+4e2KfR+ (5e*mc +e*mc(5>)} [32¢99R, ]
222 4K H|,U||| |:T+€KJR+ (5e—mc+e—mc(6))} Ri
< 223455 o rRi (5.39)

by (F.4b), (F.6a) and (F.6b). Summing over 7 and multiplying by & bounds
|6V || fiuct by 22355 §||v]|| tR3. The §V> contribution obeys the same bound.

We now move onto the bound of || §V — 6V ||s. Then
5V — 8V = V() — oV (%) F6Va(e) — OV (g)
Write
€
SV1(e) — oWy (5) = SWi + OWs
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where
Wi (e, B G, )
g
- 5 Z [(’7*777’-{-5, U'Y*T7T+e>

T€eZN[0,6)

— (YerYrt 5 VYerYri 2 ) — (VarGrtes VYurGrie) +(Yarfris, U YurGris)]
(SWQ(O[*, 67 &*a &)
3
= ) Z [<’Y*T%’+€v U Yar Vrte) — <'Y*T+%77—+6a U’Y*T+%7T+e>
T€eZN[0,9)
— (GxrVrtes U GurVrte) + <g*7—+§%—+57 UQ*T+%’YT+5>]
We estimate dW,. The term of §W; with index 7 is
. (€ (€
{<’Y*T'YT+£’ V YarYrte) — <'Y*'r.7 (5) Vr+es UV Vxr] (5) 'YT+E>

€
- <'-Y*Tg7'+s7 U’Y*Tg'r-‘rs> + <’Y*Tj (2) 9rte, rU'Y*'r] (5) g7'+s>i|
since, by Lemma E.14, (5.30), (5.19) and Remark E.19,
. (€ (€
Tr+s = (5) Trte Ir+5 =] (5) Ir+e

We again apply Corollary G.3 with the I‘z’s and f{’s of (5.38). This time we
use part (iii) with

~ ~ ~ ~ /€
A1:A1:A3:A3:]l A2:A4:f) A2:A4:]<§)

as coefficients for the substitution. The Corollary, with L = A, d replaced by
4md, d' = dg and 0 = 5 d, gives

. (€ . [E
H <'7*7—’77—+57 U’Y*T'Y‘r+6> - <'7*TJ (5) VYrtes UV Vxr] (5) '7‘r+€>

E
—{YVerGrte, VVarGrie) + <7*TJ (2) Grte, VYnr] (5) gT+a> ‘

< 16|v]l ojas (o)

fluct

where, by Lemma 3.21,

a < max {JIll, IIs (5 )|||} :
as < 13 (5) = bll = K5 ¢

||6W1Hﬁuct S

w\

£
J2

Thus

[S9)

€
9= 16 |[v][| o5as (o’ a)3

< 6 K562 4] o o < 225K e 1RE
since the right hand side of (5.39) is a bound on 4 ||v[| 0% 0’®. The bounds on
OW; and the two corresponding terms of §Va(e) — 6V (%) are the same. [
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The Structure of the Fluctuation Integrand

Proposition 5.14. The function fe(ax,; 05 24,2) of (5.8) that appears in
Lemma 5.4 and the function fs of (5.9) can be written in the form

felaw, 55 7 20, 2) = —Qs(ax, B; 8y, @) + Ve (¢; e, 8 As, @)
+ Filow, B; 73 2) + Frlaw, B; 75 2:) + DY (a, B §) + Lis (o, B; )

and

fe = —Qe + Vs (g ---)+ﬁ;+ﬁr+25<1>+2’6

respectively, with history complete analytic functions fl,fr,D(l),E’G,]}l,fr,
D), Ll that have the following properties.

(i) Filaw, B p30) = Fr(ow, B; §30) = 0 and
[l < Ky dorttt +2° (0 [Dal, + [Pl

I s < K dori +2° (e [l + [Pal,
Similarly, Fi(a., B; p;0) = Fp(aw, f; 730) = 0 and

”f'lHﬂuct < Ky dv I“Ri’_ + 28 <emc(5) HlblHG n @1|Ql
1

(S5
I, e < Ko S0k + 28 () B+ Bl
62 2 G2
Furthermore
1Fi — Fillfruct

< Ky edv rRi + 28 (e_mc(‘s) HD1 —ﬁlHG + H(Dl —751)‘91
1

)
)

Hj:'r‘ - ﬁrHﬁuct

< e 2 (0 [ 54+ 02~ Bl
2

(i) DO |ge = DW) o =0 and
IDDls < Ky (200)1,RE. + 28705y 4 98 25
IDDls < Ky (200) 14 R3 + 286 @5, 4 98 5
where

_ (SF) _

0= [Pilley +1Palle; =57 = ||Palg ||+ [Pelo ],

ST ~ S(SF) _ || A

o= [Dille, +1Dalle;  £57 = Bl ||, +[Pelo] .

Furthermore

DD —DW||g < KyedvrRE + 28 ™ DAL, 4 2545
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where
Ap = ||D1 — Dille, +||D2 — Dalls,
(SF) _ A A
ASH = |, Dl)\nggl + @2 - D2, .
(iil) L&|q. = Ls and Ll e = Ll and

ILsls < Ky (260)r, RY +285p
”‘CN/GHG < Ky (260) 14 Ri + 98 iD
and

Lo~ Lg

’ L < KyedorRY +2°Ap
Proof. We set
Filow, B; py2) = = [(Qje(0)ax, 2) + Qe (o, 2; @iy, 0)] + V(g5 o, 85 0 2)
+D1(as, z + 25 +a§'s pr) — Do, z5 + ag's pi )
fr(a*aﬂ§ ,(7,2’*) = - [<Z*7 Qjc(a)ﬂ> +Q62(z*aﬂ§0a&r)] +V7"(5§04*7ﬂ§ P Z*)
+D2(Z* + 2xs + Oti%,ﬁ; ﬁr) - DQ(Z*(S + aig:ﬁ; ﬁr)
D/(a*vﬂ; ﬁ) = 6@(0[*75; ﬁ) +5V(€;O[*7ﬂ; ﬁ)
+D1(Ot*, Zst Oégr; &*l;&l ) + D2(2*5+ ai%,ﬂ; O_Z*MO_ZT)
and

=" DY =D — [l

Qe?

The fact that fo = —Qs + Vs + F + F, + DM + L is immediate from
Remark 5.5 and (5.29). Similarly, we set

Filown, : 72) = = [(Qc(@)ave, 2) + Qe (025 6y, O] + Vi (G0, 82 7 2)
+D1 (s 2 4 25 + 55 fi) — Di(ow, 25 + af; o)
Frlas B i 22) = = (2, 2e(0)8) + Qo (20 5:0.6)] +V, (Fi00,B: 7 =)
+Ds (2 + 2e5 + a5, B3 fr ) — Dazes + a5, 55 7))
D' (o, B P) = 6Q(vs, B 7)) + 6V (g;a*yﬁ; ﬁ)
+D1 (0, 25t OF5 @uyy @) + Da(20t 05, B; G,y Gy )

and L = D], DO = D' .
(i) By Propositions 5.12(i), 5.13(i) and Lemma 5.10, with ¢; = Dy,

|l < Ko [e7™@ 4 6rRye™] 4 Ky dfo|rRY

)

3 8 [ o—mc(d)
< Ky 6rR20 + 2 (e Dills, + HD1|91H61>

o8 (e_mc@s) 1D ls, + Hleﬂl
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by (F.4b), (F.4c) and the hypothesis that [[v[| < 5. Also, by construction,
~ N I3 .
Fi—=Fi=Vile o, B 05 2) = Vi (5;04*,& r; Z)
+(D1 = Di) (v, 2 + 25 + a§'s i) — (D1 = Di)(w, 25 + a§'s i)
By Proposition 5.13(i) and Lemma 5.10, with g; = D; — Dy,

H]:l ~ 7 <Ky edorR3 428 (emme(®) HD1—7§1H =+ H(D1 - 751)|

fluct + S, Q1 S,
DM and L are constructed so that D) oe = 0and Liy = Li|,.. Also
DY =06Q = 0Q|g. + 0V = 8V|g. + Di(on, 2 + 05’5 ) = Dilow, 25 + 055

+D2(Z*5 + O‘ig7ﬂ7 ) - DQ(Z*(S + ai%vﬁa )

Qc
Therefore, by Propositions 5.12(ii), 5.13(ii) and Lemma 5.10

DY < Kq [e*%m‘(‘s) + 6rR+e’mc} + Ky df[v]lr RS

+20 (O (Dile, + Dallen) + ([Pilo, | + [Pl

)

< Ky 261y Ry v+ 2° (705 1 507)
by (F.3b), (F.4b),(F.4c). Also
DD =D = (69 = 5V) = (v = 3V) |,

(D1 = D)@,z + 0f's) = (D1 = Di)(ow, 25 + a5’ )
+(D2 — D) (246 + 55, B ) — (Do — Do) (245 + 55, B; )

QC

Qc

Therefore, the desired estimate on |[D®) — DM)||s follows from Proposition
5.13.ii and Lemma 5.10.
By Propositions 5.12(ii), 5.13(ii) and Lemma 5.10

I£slle = ||’

Qella
< Kq [e‘%m‘(‘” + 5rR+e‘mc} + Kvdl[lof|tRE + 2% Difle, + 2° D2,
< Ky26r;R30 +2%%p
by (F.3b), (F.4b), (F.4c). Furthermore,
D' —D
=6V — 0V + (D1 — D1)(as, 25+ oS @, 1)
+(Dy — Do) (2e5 05, B; @, , G )

The desired bound on || £} — L ||¢ now follows from Proposition 5.13(ii) and
Lemma 5.10. O
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5.5. The Fluctuation Integral: Proofs of Theorems 3.26 and 3.28
Recall from Lemma 5.4 that
Ia*.8) = Y Isa-p bi(a” a5 g) ba(eg, B, oiv) xos (R v, B)

hjerarchies
S for scale 2§
(61,62)<6

Zas (X)=25(X)"
for x€As\R

In this section, we perform the fluctuation integral to give the proofs of The-
orems 3.26 and 3.28.

For each hierarchy & preceded by &; and G4, by Proposition 5.14 and
Lemma 2.7,

210 * oL =Lk
z20% /dMQG,r(Z*aZ) e (0 555z 2)
_ _ (1) ’ 2 Q:, L= R
_ e~Qe Vet WLy 2 cl/dm&r(z*,z) (P B 732 P (o s 32

(Z*, Z) e]“[(a*,ﬁ;ﬁ;z)+_7‘—7»(a*,ﬁ;ﬁ;2*)

deJQG,r(Z*, Z)
By Proposition 5.14.i and the hypotheses of Theorem 3.26,
|17, + Frllaner < 2Ky 60rR3 4 28700 53, 4 98 (5
1
< —
— 40
by (F.4c) and (F.6a). So we can apply Theorem (3.14) with w = wgyet and
f = Fi+ F,. It gives the existence of a function D) (e, 3; 7') such that

* Fi(aw,B; p52)+Fr (s, 0; 052"
[ dpas (2%, 2) e 1( 7i2)+Fr(os,fB; 0327) — D (w,Bi7) (5.41)
[ dpae (2%, 2)
since F;(0,0; 0;2) = F,.(0,0; 0;2*) = 0. The estimate (3.5) in Theorem 3.14
applies and
IDD s = DD [laues < 1600 (| Fi + Fr |lfuet)?

<40 <2KV SorR3 4 28~ me(0) 5, 4 98 Z;SF)) (5.42)

— o QetVe+DW L Z;?G‘ Jdpoe x

(5.40)

by (5.40). As [F; + F,]

=0, also D(2)‘QC = 0. We set
Qc
De = DY + DA
By Proposition 5.14(ii) and (5.42)
IDsllg < 27Ky (20) 1+ R o + 2 e ™ (@ xp 4 21 £
By Corollary 5.7,
Ds

0 = Ras (Vas(e -); Di(+50)|g, Da(-50)],)

The desired bound on L was proven in Proposition 5.14. Since Kp > 28 Ky,
and Ky > 2Ky the proof of Theorem 3.26 is now complete.
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_ We now move on to the proof of Theorem 3.28. The functions D@ and
Dg are constructed as above and obey the corresponding estimates. By Prop-
osition 5.14(i) and the hypotheses of Theorem 3.28,

I(Fi+ Fo) = (Fi + ) e < 2Ky e0roRE + 256770 Ap 498 AGH)

- 1

=28

by (F;4C) a~nd (F.6a). We apply [4, Corollary II1.6] with f = F; + F,. and
/= F. + F,. Since

(5.43)

- - 1 1 1
— < —4+ =< —
||.¢‘l + frHﬂuct + ||(.¢‘l + -7:7‘) (fl +f7“)||HUCt — 40 + 28 — 34

it shows that
ID® — D5 < 4(34) (2KV ebo TR + 28e7me) Ap 4 98 A§§F>)
We combine this with the estimate of Proposition 5.14(ii) to give
[Pe =P
S
< [(4)(34)(2) + Ky 0o rRY. + [(4)(34) + 1]2° (7@ Ap + AF™)
< 29Ky £(200) 1, R34 216 Ap 4 216 AGH)

The desired bound on || £ — L le was proven in Proposition 5.14(iii). Since
Kp > 29Ky and K > 2Ky the proof of Theorem 3.28 is now complete too.
O

6. Large Field Bounds

In this section, we prove the large field bounds stated in Propositions 3.36,
3.37 and 3.38 and Lemma 3.40. Fix a 0 < 6 < O and an integer m > 0 and set
€ = 27", as in Theorem 3.35. We shall assume that € is small enough that
lest — 1| < £. For notational compactness, we set

R, =R(2") R, =R/(2"¢) r, =1(2") o, = ¢(2%)

as well a5 xn (€ 0, B) = xane( @, B) and Fu() = Fyee ().

Fix a hierarchy & for scale 6 = 2"¢ with depth at most m. For a decima-
tion interval J C [0, d], write Q(J) = Qs(J) and A(J) = As(J). Similarly,
Lig(msat,a") = Iu(m;a”,d"), Te(7:d, f) = I'(7:d,8) and © = Qs([0,0]),
A = As(]0,9]). Recall that, for each decimation interval J = [t_,t4] C [0, 4],
with midpoint ¢, J~ = [t_,t] and JT = [t,t,]. Also recall, from Nota-
tion 2.5, that Ag = As = 0 and, for each 7 € eZ N (0,6), A, = A(T;) =
A ([r — 272§, 7 4+ 272(1)§]), where 7, is the unique decimation interval cen-
tred on 7 and the decimation index 9(7) is the smallest integer k& > 0 such
that 7 € % Z.
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We shall consistently use the notation

a* if =0 « if =0
Yor = § Tu(7; o*, @) if 7€ (0,0) v = (r; @,08) if 7 €(0,9)
B ifr=24¢ J6; ifr=19
(6.1)
Using this notation
1 2 * e oy L 2
1 . 1
= Z _5 <’7*Ta77’> + <'7*T7](5)’V‘r+e> - 5 <’Y*T+€)7‘I’+E> (62)
T€€ZN[0,5)
and
Ve (e;a®, B; d*,d) = —¢ Z (YerVrter UV VerVre) (6.3)
r€€ZN[0,5)

Throughout this section, we assume that the field o, is compatible with & in
the sense of Definition E.1, as is the case in the domain of the integral operator
I(s,e50+,5)- In particular,

|ar ()| < min{rr (%), kar (x)} ()| <kao(x) 8] < Rs(x) (6:4)

for all 7 € €¢Z N (0,9) and x € X. We also assume that h = 1, as we did in
Sect. 3.7 and, in particular, in Theorem 3.35.

In Propositions 3.36 and 3.37, we introduced restricted large fields regions
Po(TJ),...,Q(J). The reason for introducing these smaller large field sets is
the following. When we are decimating at time ¢, the centre of 7, we need to
extract a small factor for certain points in A(J)¢ that are not in A(J )¢ U
A(JT)c. Small factors were already extracted from the latter regions in pre-
vious decimation steps. Each time we extract a small factor associated with a
point x we will distribute it amongst all nearby points y. As a result, when
we are decimating at time ¢, it is not necessary to extract small factors from
points that are within a distance 2¢(|7*|) of A(J ~)°UA(J)¢. So, for example,
P, (J) consists of those points of P, (7) whose distance from A(J ™) UA(J )¢
is greater than 2¢(|J%*]).

Remark 6.1. For each decimation interval J = [t_,t4],

Py (J) = {x € N(J) ‘ e (x)| > R(T])

d(x,A(T))> <(51T1) }
d(x , AT ) UNIT))>2¢(5]T))

Py (7) = {x € () | |ar, ()] > R(T)).

d(b,A(T))>c(31T]) }
d(b , AT 7)UAMITT))>2¢(51T))
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P = {b e ()" | [(Va )] > R

d(,A(7))>e (51T }
(b, A(T ) UAMIT ) > 2e(51T1)

Ph(7) = {b e Q)" | |(Var,)®)] > R(T]) ,

d(b,A(7))>e (31T }
(b, A(T ) UAT ) > 2e(51T1)

Q) = {x € ()" | Jar. () = ar_(x)| > r(T)

d(x,A(T))>c(5|T]) }
d(x, A(T7)°UATT)®) >2¢(3]T])

where Qo(J) = Q(J7) NQITH).

6.1. Extracting Small Factors from the Quadratic Form
In this subsection, we prove Proposition 3.36. The main ingredient is
Lemma 6.2. Set j(¢) = e~ j(e) = e and ¢; . = |1 —j(e)||. Assume that

1
Ge<g- Then

Re Z |:_; (Vars ¥r) + (Yary J(E)Vrte) — : (Yeres ’77'+E>:|

2
T€eZN[0,9)
1
<7 Z ||’Y*T 'YT+6HA°UA§+E + Z (7 [L=i(E)]vr)
76[0,6) 7€(0,6]
+ Z 7*7’7 - ]7*T>
7€[0,6)
1 . .
+3 [(Ver = 755 Ar (97 = G(E)Vrte))]
7€(0,6)
1 N )
+§ |<7¢ = Vaers Ar (7*7’ - .](5)'7*7——5»‘
7€(0,6)
1 * 2
+3 D MG =P+l =11 D [l + e ]
7€(0,6) T€1[0,0]

where, for each subset S C X, |lul|§ = Y g lu(x)|* = (Su*, Su).

Proof. Recall that ||o||* = (a*, ) and 7.0 = 7§, Ys6 = 75 so that (y.0,7) =

170lI> = (7% lI* and (v.5,75) = [[7s]|*. The real part of
1 . 1
> =5 (rersym) + (e J(E)174e) = 5 (Varbes Yrve)

7€[0,6)

1 1 .
:_5”70”2_ Z <’7*Ta77’>_§”75H2+ Z (Vers J(E)Vrte)

7€(0,6) 7€[0,6)
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1 1
= _5”70”2 - Z <'7*T777'> - 5”75H2+ Z <’Y*7'777'+8>

’TE(O 6) TE[O,&)
- Z '7*7'7 - )]7‘1’+€>
7€[0,6)
S [w* 12 = (rs e + 1||%||2]
2 *T 9 2
7€(0,6)

1, ., 1
+ 3 |5 Il + Geriraed = Gl
T€[0,6)

= Y [ §E)yre)

7€[0,9)
is

1 , 1
Re [—2<W*T,%>+<%T7J(€)%+s>—2<%r+sv%+s>}

T€[0,6)
1 * 2 1 * 2
1D D AR L i S
7€(0,6) T€[0,6)
- Z Re 'Y*'ra - ()]'VT+E>
T€[0,6)
1 * 2 1 * 2 .
= > SI7er =77 l7 = Slver = rell” = Re {yar, [1 = j(€)]7re)
T€[0,6)

because |la — B[1? = [|a* + ||B8]]* — 2Re (o, 8). Now
v = lIA, = 17 = vreellis
= A7z = Ard(€Vprae = Ar (1r = 5 7m4) |” = I — Ar4el3,
= |A72 — Arj(e)rtel® = Ve — Yrtellr,
A (3 = 3(€)ve4) |* = 2Re (var — 577 ser Ar (3 — 5(E)7r4))
= A+ (V7 = Yrae) + AL = G vrtell” = 17er = vr1e i,
HAr (7 = 3 )rrse) |” = 2Re (Yar — G0V pes Ar (37 — §(E)1r4e))
=2Re (Ar (Yur — Viye) s [1 = 5(E)¥rte) + 1A [L—=5(E)yr4e
HIAr (=) 7r+e) |
—2Re (Yar =5 + 75 =3 (E)Vrses Ar (V7 =3 (E)Vr4e))
=2Re (Ar (Yor — Viye) s [1 = 5(E)vrte) + 1A [1 = 5(&)]yreel?
—lIAs (3 = §(Evrse) [I” = 2Re (var = 73 Ar (7 = 5(2)7r42))
so that

1, . 1, . .
5”’7*7 - ’77'”2 - 5”7*7 - 77'—0—6”2 —Re (yur, [1 = j(&)]vrae)
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= 2l = FrsellRe — Re (sl e + AS7r, (1 — 5)rse)
43 1AL = 5yl
~ 51 (e = §(Drse) | = Re (rar =5 Ay (37 = (e)r2))
5l —ele
1. , . ‘ 1 . )
= =5l = rellRe = (74e (L= 3(@vrre) = 17 = () 1reli,
“Re (A8 (Yer = ise) (L = Oree) + 1 1471 = (0 e
“Re {11 =95 Ar (7 — 31 + 5l — I3
= —3 It = rsellds = ¢ ity (L= 3 rse)

. 1 )
—e“"Re <A$— (’7*7’ - '7:+a) (1= ](5)]%—+5> + ) [A-[1 — J(E)]%'Jrsllz
(™ = 1)llyrael® + (€7 = DRe (A7 (var — ¥74e) s Yre)

1 . 2 % .
_§H’77 - ](5)’77+5"AT —Re <'7*-r — T AT ('V‘r - .7(5)77'+5)>

1 *

Using Cauchy—Schwarz and [AB| < 3(A? + B?),
[(AS (Yar = Vre) s [L = 3(E)]7rte) |
< I = vrellag 12 =3I |12 =5 2
1 * * :
< Vaie 5 (05 = Arsellis + (e [ = (@) rse))
‘(ew —1)Re <Afcr ('V*T_'Y;k+a) a’Y‘r+£>|
1 L *
< Sl =1l (102, = ek + e )
1 . 2
5 A (L = e
< 0 =@ re I + 1) = i) vr4ell
2
. . 1 .
< 1= |50 yrse | +le =12 (s

* : 2
< Ge <7T+5’ []l - ](5)]%—+5> + [eEM - 1]2 ”'Y‘r+6||

Thus we have

1 ) 1
Re Z l:_2 <’Y*7—7'77> + <’7*Ta](€)77+6> - 5 <7*T+5’77+5>
T€[0,6)
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< ¥

7€[0,6)

1 *

B (1—e*/Ge — et = 1)) e, — %+e||?\;~
( - *66# Cje — Cj,e) <'Y:+s7 []1 - j(g)]77+5>
( o =1+ e = 1) e
1
2

e =3 vetelly. = D Re (hur — 5 Ar (9 — () ¥r1e))

76[0,5) T€[0,6)
+§ > g = el
T€[0,6)
and hence, since 1 — e, /g;c — [e** — 1| > 1 and e — e /G . — ¢ > 1,
1 1
Re Z 9 (Vers Yr) + (Yers J(E)Vrte) — 3 (Verter Yrte)
7€[0,6)
1 * 2 1 * :
< - Z 1”%7 — Yraellae + 3 (Vrger L =j(E)]Yrse)
7€[0,8)
Z Re (yer =77 Ar (v — §(E)Vr4e)) + 2] —1] Z ”77'”2
7€(0,0) T7€[0,0]
1 *
s Y -l
7€(0,6)
The bound
1 . 1
Re Z D) (Vers V) + (Var s J(E)Vre) — 5 (Virter Vrte)
T€[0,8)

1 1 '
<=3 {4H%fm Sl )

7€(0,6]

Z Re '7*7-_ ( )'7*7' 5) ’YT_P)/:T>

7€(0,9)
+20e =1 > [yl
7€[0,6]
1 * 2
+§ Z ||7*7'_77'||A$
7€(0,6)

is proven similarly. Taking the average of these two bounds and using

1 * 2 1 1 *
g”f}/*T - ,}/T+E||A§ + gH’Y*T ’YT+8||AC = 7”7*7’ - rYT"rE'

2
T+e A;UAEI‘;+E

gives the bound of the Lemma. O
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The first line of the right hand side of the conclusion of Lemma 6.2, con-
sists of terms that are invariably negative. The first can be thought of as a time
derivative term and the other two as space derivative terms. These three terms
are responsible for the contributions r(|7|)2{|Q(J)| + |P.(J)| + |]5,é(j)\} to
Proposition 3.36. See (6.8) a,b,c.

The terms on the other two lines are all positive. The terms on the sec-
ond line will be controlled using the “smallness” of v, — j(€)yr4e and Yur —
J(€)Yer—e. See Lemma E.17. The first term on the third line is controlled in
Proposition E.11(ii), using the smallness of v — 7. The small field part of
the second term in the third hne is bounded in the following lemma and gives
the small field regulator Reg (Q a, B) in Proposition 3.36. The large field
part is left explicitly in Prop051t10n 3.36. In the proof of Theorem 3.35, it is
canceled by quartic contributions.

Lemma 6.3.

. 1
€ =11 [l + e 3] < Ko 2l [l + 1813] + = 0]
T€[0,6]

with the K,y of Definition 2.17.

Proof. Write, using the notation of Definition E.3,

Yo lhla= Y Y Fan)(x) (MPay) (x)

7€(0,6) 7€(0,8) x€Q
71,72€7,(7,9)

We bound the terms with (71, 72) # (d,0) using

] > > Fan) () (Fas) (x)

T7€(0,6) x€EQ
71,72€7T,.(7,9)
(11,72)#(6,6)

< Y Yo TPy sn (y) [T2(x,2)] 6y (2)
7€(0,9) x€N
71,72 €T, (T,8) yeA‘rl ’ZEA-,—Q
(11,72)#(8,9)

§ No (F:l; % d(x,A)’ "fn) N, (F?; e d(x,A)7 KJQ)
7€(0,6)
71,72€7,(T,0)
(11,72)#(8,9)

x min {A¢,|,A%, ]}

] 3| D No (T BN k)
7/€(0,6

7€(0,6) ,0]

IN

IN

< g|QC| (16€KjR(6))2 by Lemma E.13
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and we bound the term with 7 = 75 = § using

> Mas) (x) (Mas) (x)

7€(0,0) xEN

= 3 3 Iixy)Bly) Ii(x,2)5(2)

7€(0,6) XEQ
eX

< > ) Tixy)BY) T(x,2)8(2) + 207

TE(O §) x,y,z€R

. 2
x50 N (1IN, )

7€(0,8)

< Y N (5 L1 8+ 200 Y No (15 4 )

7€(0,6) 7€(0,9)

) 0
< 2e? |83 + 2210 (16¢"7R(5))”
We used that the operator on L?(Q) with kernel ' (x,y) has norm at most
No (T2 1,1).
We have also used that [e?# — 1| < §. Consequently |e?# — 1| < 2e|u| and,
all together,

e =11 D [l + e l1]
T€[0,4]

d ok, 0 oK.
<16 = 11 {2fall, + 2081 + 27 lalf + 2 917

0 e : 2
+6-12 | (16e"7R(9)) }

< (4+2e259)6 || [lalid + 18I1E] +2'2e*55 6]u|R(8)* (2]
By Hypothesis F.7.i, (2.19) and (2.17),

21262K; §|u[R(6)2 = 212¢2K0 K, §1-2er—2erpen—2en—2er < 116

The claim now follows from Remark D.3. O
Proof of Proposition 3.36. Define, for each ¢ € (0,0) N eZ,
A N A N A ©5)
Observe that, for all ¢t € (0,d) NeZ,
supp P, (J;) C By
supp Pﬂ Ji) C By

(
(-.7t)CBt
B:NBy =0 forallt#t € J°
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where J° = J;\{t £ 1| 7|} is the interior of the interval ;. To see the last
line, observe that if ¢’ is strictly between ¢ and ¢+ §|7;|, then A(TE) € Ay so
that B; C A(J) cannot intersect By C AS.

Now fix any 0 < p,p’ < m. Suppose that ¢,t € €Z N (0, 4] have 0(t) = p,
0(t') = p’ and t # t’ and suppose that B; N By # (. We claim that

{reeZ|red, r#t)n{reeZ|red,, 7#t'} =0

6.7
[rect|redt, retin{ret|regt, r#th=0 O

To see the upper claim, first consider p = p/, so that | 75| = |Jf| = 556. Then
either ¢ =t or (6.7) is satisfied. So, without loss of generality, we may assume
that p < p’ so that |7, | < |7y |. If the upper claim of (6.7) is to be violated,
then it is necessary that ¢ be in the interior of J,~. But then (6.6) provides
the contradiction that B; N By = 0.

By Lemma D.4,

> (=i

7€(0,6]

— Z <7i7[1_6_sv*th/r>ZCH€_4DCH Z ‘EHV’YTHQ

7€(0,6] 7€(0,6]

= Cne PG Z Z |V’77'

beX* re(0,0]

Applying (6.7),

t+| 7|
S n =@l Zene > YT Y e[V (b)
7€(0,9] beX* te(0,6) T=t+e
supp bC By
t+| 7.t

= e iPCn Z Z Z €|Vy-(b)

te(0,6) T=t+e beX™

supp bC B¢
> e OS2 LTI RN B
te(o,a)
(6.8a)
by Lemma E.12(ii). Similarly
> G [ = i)
7€[0,6)
> cne —4pC'x Z Z Z |V’Y*T 2
t€(0,0) r=t—|7, | Sugg{fC*Bt
1 -
> e 37 LTI R [P (6.8b)

t€(0,6)
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and

Z 2|lver— %+a||AruAg+E
T€[0,6)

> > It = verelBsons,. + 10ie = 7R _uae )

7€(0,6)

= 3 { = verellsung,. + 17— = %5 ons |
t€(0,9)

> 3 {HVL — vl + ieme = W50 }
t€(0,9)

> Y S ila)? Q) (6.50)

te(0,6)

Hence, by Lemmas 6.2 and E.17 and Proposition E.11(ii),

1 ‘ 1
Re Y [—§<’Y*-r,%—>+<’Y=«'ra](5)’7‘r+6>_§<7*T+5”YT+E>]
T€[0,8)

1 1 AT
<_4{ Z 5”7*1— ’VT+€HACL"A$’+E+ Z <’YT7[1_J(E)]WT>

7€[0,8) 7€(0,5]

+ Y (v [1—i(5)]%r>}

7€[0,8)

+ >0 e G AL e =1 Y (el o+ e ]

7€(0,6) T€[0,6]

1
S 16 Z llver — ’Yr+s|\AcuA;+E—KL2
T€[0,6)

< 3 {r15D? QW] +IZIR(G)? || +|ZI R (0* |Ph(70)|}

te(0,9)
4SBT g e 1) Y [|WT||2+H%W||2}
re(0.6) T€[0,9]

where Kro = 55 L min{cye 400, 3%} with ¢y and Cx being the smallest

and largest eigenvalues of H, respectively. The claim follows from (F.4c),
(F.7a),(F.7b) and Lemma 6.3. O

6.2. Extracting Small Factors from the Quartic Form

In this section, we prove Proposition 3.37. Recall that

Ve = —¢ Z (YarVrtes UV VarYrie)
T€eZN|0,5)
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If we could replace 7., by v and v,4. by 7., we would have

— > v <—e Y ullwliix
T€eZN[0,5) T€ZN[0,5)
4
=—eor Y )
T€eZN[0,5)
xeX

which is very negative when some x’s are in large field regions. The following
lemma expresses the error introduced by such a replacement as a sum of two
terms, 84 s and V@ The first, 84 o is a pure small field contribution, which
will be bounded by the “small field regulator” RegSF. See Lemma 6.7. The

second, 17@, is a large field contribution and is bounded by the two terms in
the third line of the right hand side in Proposition 3.37.

Lemma 6.4.

JE— 1 * * * *
VG (a*7ﬁa Qe CY) = _5 Z € <'Y*T’Y*T’ U’Y*T’V*T> - Z € <rYT,YTa UrYTrYT>
7€[0,6) 7€(0,0]

+g4,6(a7ﬁ) + 9G(a*7ﬁ; 62*70_2)

N =

where ]76(04*,@ @y, d) is defined in (6.14) and bounded in Lemma 6.6 and

Ess(a, B) is defined in (6.12) and bounded in Lemma 6.7. The first two terms
on the right hand side are bounded in Lemma 6.5.

Proof. We start with the difference

1 i 1
Ve — | —5 > (Ve ers VYarYer) = 5 > e (v v

7€[0,0) 7€(0,9]

between Vg and the expressions which are manifestly large and negative in
the large field region. (See Lemma 6.5). From this, we successively pull off
four controllable pieces, ]71,6, . ,174,6, leaving the small field contribution
54,6(01,[3). The first step is

- = 1 * * 1 * *
VG (Oé*, ﬁ7 ey Oé) + 5 Z € <’Y*T,Y*Ta U’Y*T’Y*T> + 5 Z € <7777’7 ,U’YT,YT>
7€[0,9) 7€(0,9]

13 * * *
=—3 E {{er (e = Vir )s VVsr Yrte) + VoerViers Vs (Yre — Yar )
7€[0,0)

_g Z {<(’Y*T - ’Y:ﬂ?)fy‘ﬂr&’ U'V*T'YT+8>
T€[0,6)
* <7:+87T+E’ ’U(’Y*T - 7:+s)77+6>}

= V/G(Ol*,ﬂ,&*,&) + Vl,G(a*;/g;&*,&)
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where
Ve (o, B ds, @)
< *
= *5 Z {<A’Y*T(7‘r+s - ’7*,-), UA7*777+5>
7€[0,6)
+ (Al 0 A (e =700}
E *
B §Z {<A(/7*T _77+€)’VT+57 v A’Y*T’77+€>
7€[0,6)
+ <A’Y:+6ry‘l'+€a v A(’V*T _’Y:-Q—a)’%'-i-& >}
and
9176 (CY*, 67 O_Z*’ O_Z)
€ . .
= 3 Z {<A '7*7('77’+6 - ’Y*T), ’U’y*T’yT+€>
7€[0,9)
+ <’Y*T’7:T’ v AC’V*T(%'JrE - 'Y:T»}
€ *
_5 Z {<AC(’Y*T - ’yT+5)’YT+E? U’Y*T’YT+E>
7€1[0,0)
+ (Ve Vrter VA (Yar = V71 )¥r1e) )
€ ] )
_5 Z {<AfY*T('YT+5 - 'Y*.,.), v A ’}/*T’}/T_,'_E)
7€[0,0)
+ (Al 0 s (e = 7000}
g . .
75 Z {<A(PY*"—7’YT+€)’VT+€3 vA 7*777+6>
T€[0,6)
+ Ay VA =)} (69)
Next write

Ve (@, f; G, @) = V(s §; 6, @) + Vo (0, 5 G @)
where, in the notation of Definition 2.9 and Lemma E.4(i),

€

V(o B @0, @) = =5 3 (A(1%a%) (yree = 75) vA (I0") (T5,.6))
7€[0,9)
—5 3 (A (%a) (Ta) v A (12,07) (e = 5,)
7€[0,6)
5 Y (A=) (TB) s 0A (T0%) (1,.9))
T€[0,6)
= 3 A (T408) 0 A —2s0) (T5)
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and, using the notation of Definition E.3,
Va,e (o, B i, @)

g
=-- Y > (A(TThar,) (Yrte — i), vA (T7205,) (TT3 Lary))
7€(0,8) T1,72€T(T,5)
T3€T(7+¢,8)
(71,72,73)#(0,0,0)

€ >
- Z Z <A (F:%—O‘:—l) (TMZar,),vA (FE—O‘:E,) (Yr4e — 7:7)>
7€[0,6) T1,72,73€T;(T,9)
(71,72,73)#(0,0,0)

EY Y (A i) (an) oA (TRa%,) (1T an))
7€[0,6) 71,72€ T (T+¢€,6)
T3€7;(T,9)
(11,72,73)#(6,6,0)
3 . )
-5 X > (AT ak)) (P22 oy ) s 0A (yer — iy o) (T cary))

7€[0,6) 71,72,73€ T (T+¢,5)
(71,72,73)#(6,6,8)

(6.10)
Next write
Vi (aw, B; Go, @) = VY (i, B; @s, &) + Vs, (i, B @, @)
where
Vél(a*7ﬁ7 0_2*70_2)
=5 Y (AN%00) Grse = 75), v A (19.90%) (1%,.95))
7€[0,96)
—g ST (A (r2,00%) (I2,9a) , vA (I%,Q0%) (112 —77,))
7€[0,6)
=5 2 (Al =910 (13,.98) v (18 00°) (12,.05))
7€[0,6)
2N (A0 (T0,.98) v Al — 724.) (10,.99))
T€[0,6)

and, using Q© = Q and Q) = Q°,
Vae (o, B; ., @)

=2 Y Y (A(1%990") (e =),

7€[0,8) 1,5,k€{0,1}
(1,3,k)#(0,0,0)

x v A (FETQ(j)a*) (ri+69<’f>ﬁ)>

=3 Y (a(r%e0e) (1),

7€[0,6) 1i,5,k€{0,1}
(4,5,k)#(0,0,0)
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x v A (FSTQ(“&*) (Yrte — %"ST)>

€ . ,
_5 Z Z <A<’Y*T - ’YT+E) (F£+6Q(Z)/6)7
T7€[0,8) i,5,ke{0,1}
(4,3,k)#(0,0,0)
x vA (FQTQU)@*) (Fi+EQ(")ﬁ)>
£ ) 1) o% ) j
_5 Z Z <A (FT+EQ( )B ) (FT+EQ(J)/8>7
7€[0,8) i,5,k€{0,1}
(4,3,k)#(0,0,0)
X 0 A(er = 754e) (T0,.0008) ) (6.11)
Finally substitute, in V¥ (o, 8; &y, @),
'Y:fr — VYr4e = %/'r,s + ’77(-,15) + ’77(—,25)
where
%‘r,e :j(T)QO‘_j<5 -7 E)Qﬁ '7(1) = YVir = Vrte = Vre ( 5) = Yre %‘ne
where ) the set of all point in X that are within a distance ¢(d) of Q and 7, .
was defined in Corollary E.9, and write

VE (., B; @, @) = Exs(, B) + Voo (o, B; @, @)

where
Ee(a = Z A(T2.9a%) 3,0, vA (T0.Q0%) (T2,.08))
7'606)
+ Z A (T2 .Qa%) (T2.9a), vA (T2,.Q0%) 7r.c)
7'6 [0,5)
£ *
_5 Z <A,YTE( T+EQB)’ ’UA(FSTQO[ )( T+€Qﬁ)>
7€[0,9)
€ ..
—2 T (AR08 (15,.98), vAT;, (1..00)) (6.12)
T€[0,6)
and

I Y (A%007) GU 4 ), v (1%,00%) (1%,.05))
42 Y (A(r0.00%) (I2,00), v (1800) (G +52))
(A (31 +52) (13,.8), v A (1%,907) (19,.05))

-5 Z <A( 2" ) (T T+595) ( (1)+’7(2)) (r i+gﬂﬁ)> (6.13)
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Of course

4
Vs (as, B; Z s(ay, B; ., d) (6.14)

Lemma 6.5. We have
ST et v 240 > 1 (TN #Ps(T)

7€(0,6] decimation
1;tel[6/a§]s
C

Z € <’y;:7"y*7'7 /U’Y::TIY*T> 2 4CL Z (|J|)2 #pa(j)

T€[0,6) decimation
intervals

JCl0,0]
with the Cp, of Lemma F.5.
Proof. We again use, for each t € (0,d) N eZ, the notation
= AZ)* N A7) 0 A(T)
of (6.5). Since v is repulsive, its smallest eigenvalue v; > 0, so that

> e v

7€(0,6]
>eor Y vinllP=)" Y enhn(x)
7€(0,9] xEX 7€(0,4]
t+| T,

Y D enn(x by (6.7)

xeX te(0,6) T=t+e
xe€ By

%

-+ T,

D DR PR

te(0,8) T=t+e x€EB;

zﬁ > TR (AT #P5(7) by Lemma E.12(v)

t€(0,9)
Similarly
> (Vi VYY) > — Z T |0 R (1) #Pa((7:)
T€[0,6) te(o 8)
By Hypothesis 2.14, 16|‘-7t lvg > f%|jf||”v\|| > %ﬂjf\n, and the claim now
follows from (F.7c). 0

Lemma 6.6. Recall that ]71,6, 1727@, 1737@5 and ]74,6 were defined in (6.9), (6.10),
(6.11) and (6.13) respectively.
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Pro(an i) < 30 2960 oREP 2, el
T€[0,6)

+ Z (2'e*MicoR(e)?
7€(0,0)

+ 228645 | 7 or (1)) R(:D®) A%)
Voo (o, B:d.,d)| < 2760 Gor(d)R(0)* A7

2
ASUAS

Vas (o, B, @)| < 217" sor(@)R(5)" |60

Vrs(an, 8., @) < 2% dor(@)R(6)* |0°]

Proof. We prove that

€ Z | <AC(A~Cr UAZ L) (Ver = Vrge)Vrtes UV*T’YT+6> }

7€[0,6)
. * 2
< Z 2'%e*5 coR(e)® |vi, — 'Yr+sHAguAg+E
T€[0,6)
+ ) 22063 coR(e)® AL (6.15)
7€(0,6)
and
€ Z |<ACATAT+E('Y*T = Vrge) Vrte U'Y*T’Y‘r+s>|
T€ZN|0,5)
< Y 2% | Tufo r (DR (D) 1A% (6.16)
7'€(0,0)
and
e > [(AGr = Vi) rrres VA1) | < 2M6H5 G0 1(O)R(9)* A
T€[0,6)
(6.17)
and
€ Z Z |<A(7*‘r — Vrte) (F?—&-san) ,UA (FI?%OZZ) (F?-i—eaT2)>|
7€[0,6) T1,72€T,(7+¢,5)
T3€T;(T,9)
(7'1,7'2,7'3)75((57570)
< 210645 5u 1 (§)R(5) |A°| (6.18)
and

e Y KAlr = 77l (D2.920181) s v A (T a]) (T,.161))]
T€[0,6)

< 215 5o r(8)R(6)? Q) (6.19)
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and
e > [(A(r%0a") 30, 0A (12,007) (12,.06) )|
7€[0,6)
< 21465 Sor(6)R(8)3 |A°] (6.20)
and
ey )<A (1% 0a*) 32, v A (12, Q0”) (r£+595)>‘ < %e—m@an\m
T€[0,6)

(6.21)

Four copies of (minor variants of) $[(6.15)+(6.16)] bounds the first two lines of
the definition of V; slay, B; d,,a ) (6.9). Four copies of (minor variants of)
1(6.17) bounds the last two lines of the definition of 171 &lay, B; dy,d)in (6.9).

Four copies of (minor variants of) 1(6.18) bounds V2 6(04*,6, Qls, @), which
was defined in (6.10). Twelve copies of (minor variants of) 1(6.19) bounds

17376(0@, 0; d.,d), which was defined in (6.11). Four copies of (minor variants
of) £1[(6.20) + (6.21)] bounds V4 & (cv, B; @, @), which was defined in (6.13).

Proof of (6.15). By Proposition E.11(i,ii) with J = J,, and (6.4),
()], [rer (v)] < 2%€R(e)  forally € X

for all 7 € Z N[0, 6]. Hence, since }_ v [v(x,y)| < v,

€ Z AC AT UAZL ) (Ver — Vrge)Vres U'Y*T'Y‘r+6>|

7€[0,6)
<Y BERREP () — e X))
T€[0,6)
x€(ASUAS,)NA
< Y 2B e () () + 1]
7€[0,9)
xE(ASUAS, )NA®
18 3K, 3 * 2 c c c
< 30 286 coR(e) Il — VrrelReunc,, + A5 N AGIHIAS . N A1}
T€[0,6)
< Y 286 coR()’ 100 — raellpeine, T Y 270 evR(e)® AT]
T7€[0,6) 7€(0,9)
0
Proof of (6.16). We actually prove that
€ Z |<ACATAT+5(’7*T_7:+5)’YT+57U’Y*T'77+6>|
T€[0,6)
TE2eZ
< 3 2B | Tofo r (T R(THDPAL] (6.22a)

7/€(0,0)
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The proof that

€ Z |<ACATAT+E (V*T - 7:—+5)77+57 v 7*777+5>‘

7€[0,9)
TEEL\2€eZ

=€ Z |<ACATAT—E(’Y*T—5 - ’)/:)’)/7-7 U’Y*T—E"YT>|

7€(0,6]
TE2eZ

< 3 25 |7 o (170 ) R (70 AL (6.22b)
7/€(0,0)
is similar.

Now for (6.22a). For any 7 € 2¢Z N (0,6), we necessarily have J,. =

[1,7 4+ 2¢] C J-, so that A;4. D A,. Hence, by Lemma E.4(ii), and recalling
that AQ = (Z),

< Z ‘<ACATAT+6 (Ver = Vre)Vrtes U7*7—77+5>|
TE€2eZN[0,6)

=€ Z ’<ACAT(’7*T - 'yi+6)77+€7 U'V*T'VT+E>’
TE2eZN|0,6)

S
T7€2eZN(0,0) Tr€T,(T,9)
T €T (T,6)
X |<ACA7T(T,,»)A7C'TAO'(TL)A$7 (7*7’ - 7:-&-8)77'-‘1-6’ U'Y*T’YT+E>|

<e ) 2

7€2eZN(0,8) [7r,71]€T1r(T,0)
X CAA([71, 7)) AS NS, (Yer = Vige)Vrter VarVrie)|

where 7;,.(7, ) is the set of all decimation intervals (in the sense of Notation 2.2
(11, 7] with 7 € Ty(7,0), 7 € To(7,6) and Ar(r ) VA N Agry NAS # 0. If
[, 7] € Ty (7,6), then 7 € (7, 7) so, given any decimation interval [r, 7],
the number of 7 € 2¢Z N (0,0) with [r, 7] € 7;,-(7) is less than T and

e Y AN D) AL AL (ar — Vi) Vrtes VYerVrte))]
TE€2eZN(0,6)

[r1,7]€Tir(7,6)
< T
- 2

sup ’<ACA ([m, 7)) A?r, A% (Yer — 7;k+e)’7T+6a UPY*T’VT+6>‘
T€2eZN(0,0)

(70,7 ]€T1r-(7,9)

We now fix any decimation interval |1, 7] and any 7 € 2¢Z N (0,6) for
which [r, 7] € T;(7,d) and bound

Tr — T

’<ACA ([7, 7)) A'Crl AS—T. (Yer — 7:+5)'77+87 v ’Y*T’Y‘r+5>‘

2
Tr — T c c c i
< AN AL, NAS | (4€™ + 3)r(r — 7)
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Sip > e ()0, Y)Yar (V) Ve (¥))]
XEA([TI,TT])yeX

Tr — T c c c
< LAC N AL NAS [(4e™9 + 3)r(r — 7)ol
2
| 5 (e v )
K ’€(0,0]
« Z No( . %d(x,A([n,n]))’nw,)
L7’ €[0,0)

by Corollary E.9(b). Since 7 is in the interior of [r;, 7] and 7 + ¢ is its neigh-
bour and has 0(7+¢) = m > 9(7,.), 7+¢ is also in the interior of [r;, 7,.]. Hence
by Lemma E.13,

Tr — T

[(AA ([0, 70]) AL NS (Yar — Vig ) Vrtes U YarVrte )]

< TS AT NAL NAS | (4657 4+ 3)x(r—m) ol 40°€* IR ()

< 22045 (1. — 7)o r(7 —7)R(1. —7)3 |AC NAS NAL |
and

€ Z ‘<ACATAT+E (Yar — ’7:+s)77-+5a v ’Y*T’Y'r+s>|
r€€27n[0,8)

< Z 2204 K5 (7. — 7)o r(7, —7)R(1. —7)? |A N AL NAL |
decimation

intervals
T, Tr

< Y 22 | r ()R (T 1A

7/€eZn(0,8)

For the last inequality, each decimation interval |1, 7,.] was assigned to a 7’ €
eZ N (0,8) by

o if [r,7,] = [0,6], the assigned 7’ is 3.
o if [r, 7] # [0,4], then [Tl,Tr] is an interval of length 558 for some scale
1 < p < m. In this case 7’ is assigned to the unique end point, 7; or T,

whose decimation index is p.

At most 3 < 22 intervals are assigned to each 7/ and, for each decimation
interval,

(7 =m)o 2 —m)R(7 —1)* [A°NAS NAS | <2 o v (1T )R (1T ) (A%
0



278 T. Balaban et al. Ann. Henri Poincaré

Proof of (6.17).

€ Z |<A(’}/*7— - W;+5)7T+E7 v AC'Y*T’YT+5>‘

T€[0,6)
< 5 *T x T ) AC *T [T
- Trél[g)g) ‘< v WT*FE)V +er VA Yar? +5>‘
< Trél[gg)ﬂf\ | sup D (er (%) = Y210 (5)) Vo (U Y)Yar (¥) V42 (7))
xeA
2
< S|IA°| (4eKi + 3)r(s N( 5 d(cA) T,)
< max J|A%] (4™ + 3)r(0) [l > N (T7,.(8); e K
7/€(0,0]
x| 30 No (TT(); B 1 .

7'€[0,0)
< 6(4¢%5 4 3)r(0) g (24eSR(5))° A9
< 211K §u r(0)R(0)3 |AC|
by Corollary E.9(b) and Lemma E.13 (When 7 + ¢ = §, use I'{(&) = 1 and

7 (&) = 0 for 7/ € (0,0), and when 7 = 0, use 1'% (&) = 1 and I'],(&) = 0
for 7" € (0,0). In both cases, apply Lemma B.1). O

Proof of (6.18). We are to sum over (71,72,73) excluding (d,0,0). We treat
the case 73 # 0. The other cases are similar.

e Y Y A ) ((Fan) A (T2al,) (T2 a)]

7€[0,0) 71,72 €7, (T+¢€,9)
T3€71(7,6)\{0}

< Iél[%f’g)é Z |<A('Y*T*’Y:+s) (le—i-eaﬁ) vA (FE} 7—3) (F::-saTz)M
el 71,72 €7, (T4€,0)
T3€7;(7,8)\{0}

<maxd 30 D0 (0 +3p(0)[(Taan) (O] ok y)|
71,72€T,(T4¢€,8) X, yEA
T3 €Ty (T,6)\{0} 2E€AS,

X |F$'(y7 Z)' K*Ts( ) ’(F?«keaﬁ) (}’)’

< (465 N 3 d(x,A)
< (4" +3)5(0) max [lol] | - No (I7i(®); e o)

7€(0,0]
x| D71 NG (T (8); ¥ ) e, )
73€(0,9)
< (4eKi 1 3)&(5)% (24 eFR(5))° |A
< 21645 §ur(5)R(S)? |A°]
by Lemma E.13 and Corollary E.9(b). O
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Proof of (6.19). By Corollary E.9(b) and Lemma E.13,
e Y [(Alyr = 974l (T25209181), v A (T2 ) (T7,4.151))

T€[0,6)
< o §(Aler = 72c] (P10, 0 A (T fal) (T%,.190)|
< max d S (4R 4 3)(8) |1 (x,2)| ks(2) [o(x,y)
7€[0,6) Xy A
zeQ°
z' .z € X

x T2, (y,2)] (@) [T7.c(y.2")| s (2")

< (45 c 5 . o2 d(x,A)
< (4" +3)0r(8) max JJol] [|0°INo (T2.(); e 4 )

x [NO (FQT(G); e deeA)) ﬁ*o)] [NO (FT L(&); eF ) m)]

< (4e55 4 3)50(8) = (2°e"IR(6))” |0°]

v
2
< 2165 Sur(6)R(6) Q)
Proof of (6.20). By Corollary E.9.c

e > [(A (%0073, va (19,00%) (1F,.08) )|

7€[0,6)

< max 83 |(Yre = i +Fr) ()] |(02,9207) ()] [o(x,¥)
7€[0,9) —
X |(F27_Qa ) | ’ T+6 ) |

m 2
< 03¢%50(8)|A°] max JJof| [No (T2,(&); e 10 ey )|
7€[0,6)

x Ny (FT+E(G); e% dxA) Ks)
< 3eKior(5)0 (2*SIR(5))” |A°]
< 2165 5o r(8)R(S)? |A°]

by Lemma E.13. g
Proof of (6.21). By Corollary E.9(c)

€ Z ’< A (I Qo 'y_(ng,vA(FgTQa*)( T+EQﬁ)>‘

T€[0,6)
—4md(x,Q) ‘ (’S"r, = )(X) } e4md(x,Q) ’

< max ¢ e — Vre

~ 7€[0,9) xyeh

x (P2:007) ()] Jo(x, y)| [(T5Q07) (v)] [ (T2,-98) ()]
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1 ~ m
<6 2e @10 max o] Na (T2(8); e 4,0
8 T€[0,6)

XN (19, (8); €% 1N 1g) N (T8.(8); 3 100, s )
é —3me(9) 5y (24eK-fR(5))3 1Q°|

1 om
< - <(9) 5p|Q2°
> 8 | |

IN

by Lemma E.13, followed by (F.6b). O
Lemma 6.7.
E16(a, )] < Reg) (@ 9)

with the & &(a, B) defined in (6.12) and the Reg (Q a, 3) and Kyeg of Def-
ination 2.17.

Proof. Applying that
(Frog) < Mol 1A 2y lgllzacx)

and that
< —5m d(x,92) ‘ H 5m d(x,Q) ‘
1 f9llz>x) H f i) )g L)
< Hef)md(x,ﬁ)f‘ HeE}md(x,Q) ‘
LA(X) LA(X)
we have
g 7 ‘<25 H —smd(x )3
Euo(a.8)] < 20 ma o] e s

3
X max He5m A0 On* ,
LA(X)

omd(x, Q)FiJre ﬁ‘

-

Next use the fact [8, Theorem 9.5.1] that, for any function A : X x X — C, the
norm of the operator f € L*(X) — (Af)(x) = X, cx Alx,¥)f(y) € L*(X) is
bounded by

max { max E |A(x,y)]| , max E |A(x,y)]|
xeX
yex x€X

and the trivial observation that, for y € €, |e5md(x’Q)A(x,y)‘ < ’esm d(xy)
A(x,y)]. Consequently

e Qac | <UD allzso < € flallzao

LH(X

Hem“’mriﬁ STl 18lay < % 1Bl

To bound [|e~5™ 405 5||L4 , write

Are = Q(a—ﬁ)+(j(7) ~1)Qa—(j(6—7—¢)—1)Q3
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Set
BO = {b: (u,v) € Q |u,ve Q}
By = {b: (u,v) e ¥ |ueQ, VEQC}
By = {b:(u,v) cQ* | ueQ°, VEQ}

and write

er” /dT' ([B_TIV*HVV*HV} Qa) (x) = a1(x) + az(x) + az(x)
0
with

a) = Y e / dr' ="V HY (x 7) (V*H)(2,b) (Va)(b)
bé%)(%) 0

T

ax)= Y e /dT’ e TV MY (x,2) (V¥H)(2,b) {—a(u)}

zeX
b=(u,v)€Bs1

T

az(x) = Y e /dT’ eV (x,2) (V*H)(2,0) {a(v)}

zeX
b=(u,v)EBy2

H(l — e‘”)fla‘

< 6 K/ ~
Lax) = |ulde™s ||04HL4(Q)

By (D.3), and the corresponding bounds with the sup over the right argument
and the sum over the left argument,
larllacx) < 6K7eX? V0l agae,
||e—5md(x,Q)a2||L4(X) < e_Smd(Q’QC)(SK;.eKJ Ha”L‘l(Q)

||675md(x,§2) 75md(Q,QC)5

asll o) < ¢ KleX ol
All together, using (D.2),

e 4D 1y < [l — Bllpacx)

+2K;,6Kj {6 [u—ke*smd(g’gc)] [H@”m(ﬁ)""”ﬂuﬁ(ﬂ)}

L4(Q*):| }

+6 {Hw) Lam IV
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and

‘54,6(0%5)‘ < §o 2K3HK; maX{Ha||3i4(Q)a ||5||i4(9)}

x {na = Bllzacx) + 6 [a+e™™ O] [a a1l o

L%Q*J }

The lemma now follows by Remark D.3. 0

40 {nw‘

Lan +98]

Proof of Proposition 3.37. It suffices to apply Lemmas 6.4, 6.5, 6.6 and 6.7
and the observations, from (F.6a), that

2193KicoR () <

1 5

221€3KjEUR(5)3 T (228€4Kj + 21964Kj) |j|tl I‘(|j|) R(|j|)3

IN

O

Remark 6.8. Since Proposition 3.37 is an upper bound, rather than an equal-
ity, the specific choice of Reggll)D (a, B) that we have made is far from the only
possibility. We have chosen it to be relatively simple.

6.3. Extracting Small Factors from the Stokes’ Cylinder

Proof of Proposition 3.38. In this section we prove the required bounds involv-
ing the Stokes’ cylinder C(x; o*, 3) introduced in Definition 2.8. For simplicity
of notation, write

r=r(s) R=R(s) R =R'(s) rp=1(2s) Ry =R(2s) R’} =R/(2s)
and
D =QJ ) B=QJ") =0UnN0 A=AT) P=Pu(J)

As pointed out in Definition 2.8, we may choose for this cylinder any two real
dimensional surface in

{(z*,z) e (? | |24, 2] < R}

whose boundary is the union of the circle {(z,,z) € C? | z; =z, |2| =1} and
the curve bounding

D:{(Z*,Z)G(Dz‘ |Z*70*| <r, |270—‘ <r, Z*ZI:[)}
where
o= ([1—jc(s)]B) (x)
o = ([1 = je(s)]a”) (x)
p = (Je(s)[ = B]) (%)

For the estimates, we make the special choice suggested by [5, Example A.2].
We introduce the interpolating set B = | <,y D; where

Dy = {(2,2) € ? | |2« — tou| <1, |z —to| <1, 2 — 2] =tp}
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Set Cs(x;0%,8) = Upcper 0D¢. Obviously, Cy(x;a*,3) has the required
boundary.
We start by proving

|0-*‘7 ‘O—| < 562[{;8 ([|/l| + 675mc] R+ + R/+) <r
lpl <1y + o] + [ou]
For the first bound, by Corollary D.2,

o] = ([T = je(8)]a™) (x)]

(6.23)

IN

K Kis —5mec Valb
sKGes® | [|p] 4 e7>m] max |o(y)|+ max [Va(b)|
d(x.y)<c d(xb)<e

se2Kjs ([M + 675mc] Ri+Ry) <r

IN

The second inequality follows from the observations that |a(y)| < Ry for all y
within a distance ¢ of A and |Va(b)] < R, for all bonds b within a distance ¢
of A. When y € A, this is enforced by the characteristic function xo,(A; v, 3).
When y is not in A, but is within a distance ¢ of A, this is enforced by the fac-
tor of xr, (Q0\(PoUA), @) in the characteristic function xa(,s (21, Q2; o, ¢, ).
(Recall that d(A, P,UQ§) > ¢(s) > ¢, by (F.4a).) When b € A*, this is enforced
by the characteristic function yas(A; a, 3). When b is not in A*, but is within
a distance ¢ of A, this is enforced by the factor of xr/, (Q5\ (P, UA*), Va) in
the characteristic function xes(1,Q2; @, ¢, 5). The third inequality follows
immediately from (F.7d).
For the bound on p observe

ol < 1B() — a(x)[ + (1 = je(s)][6 — a]) (X)] <14 + [ou] + o]

Since Cs(x;a*, 8) C Ug<<y D, part (i) follows from (6.23) and (F.3f).
By [5, Remark A.3], on Cs(x;a*, ),

1
Re(2.2) > 5 (1~ [pf2) ~ v (lo] + o)
1 «
> 50712 = (e + T ) o1
1
> L) () e (Jo] 4 o)
3 /
> Ve (r —ry) — 6rse®™s ([|u| + e ™Ry +R'S)
> (Y, r2 (6.24)

The second and third inequality follow from (6.23), the fourth inequality from
(F.3b) and (6.23) and the last from (F.7d).
By [5, Remark A.3], the area of Cs(x;a*, ) is bounded by

8t [|o| + |o.| + |p]] < 4071?
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6.4. Relative Sizes of Large Field Sets

In this subsection, we prove Lemma 3.40, which is used in the proof of The-
orem 3.35. As in the part of the proof of Theorem 3.35 where Lemma 3.40 is
used, we fix a hierarchy for scale § = 2"¢. By way of preparation, we have

Lemma 6.9. Let J be a decimation interval of length 2Pe, for some 0 < p <mn,
and x € QJ)°. Then there is a decimation interval J' C J, of length 2%¢,
with 1 < q < p, such that

d(x . QI') Usupp P4 (J") Usupp PY(I) U Pu(J) U Po(T) U R(T))

p—1

<4 Z c(2%e)

k=g—1

Proof. The proof is by induction on p. If p = 0, then Q(7)¢ = 0 and the state-
ment is vacuous. Assume that the statement is satisfied for some p > 0. Let
J be a decimation interval of length 2P*le and x € Q(J)¢. By Definition 2.4,
there is a point y; € QJ ) U QI ) U Po(J) U Ps(J) Usupp P.(J) U
supp P5(J) U Q(J) U R(J) such that d(x,y1) < ¢(2Pe).

o Ify; € QI 7)°UQIT)e then by the induction hypothesis, there is a
decimation interval J’ of length 2%, with 1 < ¢ < p, that is contained
either in J~ or J7, such that

p—1
d(y1, QU UB(ITVURIT)) 4 Y el2be)
k=q—1
As d(x,y1) < ¢(2P¢), we are finished.

o Ifys € Po(J)UP3(J)Usupp P, (J) Usupp P5(T)UQ(JT) U R(T), we set
J' = J and are finished.

o Ify, € X(J)\X(J), for some X € {Pa, Pg,supp Py, supp Ps, Q}, then
there is a yo € A(J7)CUA(TT) C UT ) UQIT )¢ with d(y1,y2) <
2¢(2Pe) + 1 < 3¢(2P¢). By the induction hypothesis, there is a decimation
interval J' of length 2%, with 1 < ¢ < p, that is contained either in 7~ or
J T, such that

|
—

d()’z ) Q(j/)u'“upﬁ(j/)UR(J/)) <4 3 c(2%¢)

k=q—1
As d(x,y2) < 4¢(2P¢), we are finished. O

Proof of Lemma 3.40. By Lemma 6.9, for each decimation interval 7 of length
2Pe, with 1 <p < n,

UDT<D D

g=1 decimation
intervals J'CJ
of length 29¢

+ [P5(T)] + [Pa(T)] + [Pa(T")] + IR(J’)I}

{volume of ball of radius

e } {101 +1P4()]
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Since, for each g < p, any decimation interval J’ of length 2% is contained in
a unique decimation interval of length 2Pe¢,

YooY W+ 10J)

p=1 decimation
intervals
of length 2P¢

< X @@ ma)

1 decimation
intervals J’
of length 2%

volume of balll of radius}

XZ (2Pe) + 1) { 1+4ZZ; 71c(2ks)
<Z 3 ch(2q5)2{|Q(j’)|+---+\R(J’)I}

q=1 decmlatlon
intervals J'
of length 2%¢

by (F.7e). O

Appendix A. Large/Small Field Characteristic Functions

The representation of the effective density given in Theorem 2.16 involves
the “large field integral operator” introduced in Definition 2.8. In part (i)
of this definition we associate to a hierarchy & and a decimation interval J
an integral operator Z( 7, 4= ). Its definition involves a characteristic function
x7(o, o, B) = x7.6(a, ar, §) implementing large and small field conditions.
Here, we are going to define this characteristic function.

For this definition, we use the notation that, for 0 < r < R, z € C, any
set Y and any complex valued function f on Y

) 1 itz <r ) 1 ifr<|z| <R
r\%) = R =
X 0 otherwise XrR 0 otherwise

:HXr(f(m)) XTRYf HXTR

€Y zeY

and

As pointed out in the leadup to Definition 3.2, the data associated to
an interval in a hierarchy naturally split into two parts, the “first kind” of
natural large/small field conditions and the “second kind” associated to the
stationary phase construction. The following definition collects the conditions
of the “first kind” that arise in Lemma A.3, below.

Definition A.1. Let Q1,0 C X, § > 0 and let & = (A, Py, P, Py, P4, Q) €
F5(21 N Q2) be a choice of “small/large field sets of the first kind” as in
Definition 3.2. The characteristic function for the small/large field sets of the
first kind is

Xaus (1, Qo5 0, ¢, 8) = x D (Q, Qs a, 6, 8) X (e, B) X, 6, 8)
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where
XM (4, Qs a,¢,8)
= Xr(s) (1 \Q0, @) xr(5) (22\Q0,8) Xr(5) (21U Q22)\Q0o, 0)
XR’((S)( 1205, Va) xre(s) (252, VB) xre(s) (27 UQSNG, V)
Xe(s) (\Q5, @ = @) Xu(s) (23\25, 0 — B)
and
xéf)(a, B) = xr(25)(Q20\(Pa UA), @) XR(26),R(5) (P, @)
Xr(26)(Q0\(P5 UA), B) XR(20),R(5)(P3, B)
Xr(25) (W \(Pa UA™), Va)  xri(28),R/(5) (Pas Va¥)
Xr(26) (W \(Ps UA"), VB)  Xri(20),r(5)( P, V)
Xe26) QN QUAY), o = B)  Xu(26),00 (@ = 3)
and

XD (@, 6, 8) = xrs) (Q0\N, 0) xr(s) (U\A*, Vo)
Xr (s ( O\A7 o — (b) Xr(8) (QS\A7 (b - ﬁ)
with QO = Ql N QQ.

If 2 is part of the data associated to a decimation interval of length 29
in a hierarchy &, and Q; = Q(J ), Q1 = Q(J ), then

o x imposes the “old” small field conditions on «, B and ¢ in
QI VAT N\ (T T)NQTT))

o X; imposes the “new” small and large field conditions on « and ( in the
region (Q(J ) NQITT)) \A(T), the complement of the “small field region
of the first kind” for 7 in the previous “small field regions”

o X&) imposes small field conditions on ¢ in (2(J ) N QT H)) \A(T)
Observe that xos does not depend on the values of the fields on the set A.
For the small/large field conditions of the second kind, we use (as in Theo-
rem 2.16 the characteristic function x5(Y; a, 8) (defined for 6 > 0, a subset
Y C X and fields «, 3) which takes the value one if

la(x)], |B(x)| < R(6) for all x € Y and
[Va(b)],|VB(b)| < R/(4) for all bonds b on X that have at least one end
in Y and
|a(x) — B(x)] < r(d) for all x within a distance one of YV’
and which takes the value zero otherwise.

Definition A.2. Let G be a hierarchy in the sense of Definition 2.4, and let J
be a decimation interval for & of scale 2t. Define

xg (¢, 8) = xa (AT ), UTF); a,0,8) xae (MI)\QUT) 5 @, )
where
A= (M), Pa(T), Ps(T), Pa(T), P5(T),Q(T)) € Fs (AT ) NQUITT))

The second factor imposes the small field conditions in the difference between
the small field regions of “the first and the second” kind for 7.
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Lemma A.3. Let 1,9 C X and § > 0. Then
Xo (S5 0, 8) x6(22; 0, B)
= Z x2s(Aats @, B) Xr(s) (A, — @)
ACF5(2,N0)
X Xr(s) (A, @ = B) xa,6(S,Q2; o, 8, )
Proof. Again set Q¢ = Q1 N Qy. By definition,
X5 (3 0, @) x6(Q23 0, B)
= xr(s) (1,2) Xr(s) (1, 9) Xr(s) (22, 90) Xr(s) (22, 6)
xre(5) (21, Va) xrs) (21, Vo) xr(5) (23, V@) xrr(s) (€23, VD)
Xe(s) (27,0 — ) Xx(s) (25,6 — )
=X (0,5 @, 6,8) - xre) (Q,a)  Xre) (Q0,8) xr6) (2, Va)
XR/(8) (an Vﬂ)

5) (925, a—9) xu(s) (25, 0—5)

“Xr(5) (0,9) Xr(5) (2, V)
(A1)

The first factor, x(V(Q1,Qs; a, ¢, #), in (A.1) was defined in Definition A.1,
and involves only fields at points of (QFUQ3)\Qp. The next four factors involve
only the external fields a and [ at points x € QF. To introduce the more
restrictive small field conditions of scale 26, we expand

Xr@) (Q0,0) = [] [xres) (@(x) + Xre@s).Re6) ((X))]

x€Q
> Xreo) (20\Par @) Xr28).1(5) (Pas @)
P,CQo
Xre) (,8) = D Xres)(Q0\Ps, 8) Xr(26),r() (Ps: B)
PﬁCQo
Xres) (2, Va) = > xres) (2\Ph, Va) Xrr(26).r(6) (Pas Vo)
PO
xr(s) (20, VB) = Z Xr(26) (2\Ps, VB) Xrr(25),r(5) (P, VI3)
PLCQf
1= Z Xr(?zY)(QS\Qu o — 5) Xr(26),00 (Q7 o — ﬁ)
QCQg

and get, for the product of the four factors in (A.1) that depend only on the
external fields on €,
r(s) (R0, @) Xr(s) (Q0,8) xwei5) (2, Va) xree) (2, VB)
= Z Xr(25)(Q20\Pa, @) XR(26),R(8) (P, @)
(A,Po,Pg,PL,Pj,Q)EF;5(Q)
Xr(25)(220\Ps; 3) XRr(25),R(5) (P35 )
Xre(26) (20\Phs V@) Xwr(26), 1/ (5) (Pars Va¥)
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Xr(26) (2\P5, VB)  Xrr(20),r/(6) (P, VI3)
Xr(25)(QS\Qv o — ﬂ) Xr(26),00 (Qv o — 6)
= Y xF(eB) xas(Auia, ) (A2)

A€ F5(Q0)

For each 20 = (A, P,, P, P, Pé, Q) € F5(Qg) we write the last four fac-
tors of (A.1)

Xr(5) (20,0) xr5) (2, V) Xu(s) (25,0 — @) Xus) (25,0 — B)
= x5 (,6,8) - xne) (A ) Xwis) (A, V0) Xu(o) (A, — 6)
XXr(s) (A, 6 — B) (A.3)
Inserting (A.2) and (A.3) into (A.1) we get

Xs(Q150,0) x5(Q250,8) = Z x5 (A @, B) Xe(s) (A, 0 — @)
Ae A

Xe(5) (Mg, ©—B) Xr(s) (A, @) Xrr(s) (Mg, VO) xa,6(21, Q25 v, 9, B)
(A.4)

In Lemma A.5 below we show that

x2s(As @, B) xr(s) (A, @) xrr(5) (A", V) xus) (A = @) Xus) (AT 0 — )
= X2§(A; avﬁ) Xr(9) (A*v o — (Z)) Xr(5) (A*7¢ - ﬁ)

If we insert this into (A.4) we get

X5 (5, 0) x5(Q2; 0, 6)

= Z X25(A2l504,ﬁ) Xr(6) (AEUO‘ - ¢) Xr(8) (Aglv(b - /6)
Ac A

XXQ[,J(QD QQ; «, ¢7ﬂ)

= Z X6 (Aat; @, B) Xesy (Ao, @ — @) Xa(s) (Aar, & — B)
A A

XXQ[,J(QD Q?; «, d)aﬂ)

We were free to drop the factors x,(5)(Ag\Aa, & — @)xr5)(Ay\ A2, @ — )
from the term x,(5)(Ay, @ — @)xr(s5)(Ay, @ — ) because they also appear in
Xa,6(021, 825 o, 6, B). O

Lemma A.4. Let & be a hierarchy for scale 26. Set ¢ = 279Pth(S)(25),

(a) Let J be a decimation interval centred on 7. If ‘aT(x)| > R(e), for some
x € X\A(J), then

H X7 (aTl’aTc7a7'r):O
decimation intervals

J=[r,m]CT

where T, = 0L
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(b) If |as(x)| > R(e), for some x € X\Ag, then
xas (2([0,61), ([0, 26]); v, a5, 9) I1 Xg (an;ar,az.) =0

decimation intervals
T=[r,7,]£0,26]

where A = (As, Po([0,26]),...,Q([0,24])), 7o = Z5T=.

Proof. We prove part (a). In the event that x € (Q(J ) UQ(TT))\A(J), the

factor x 7 (e, , ar, @, ) vanishes

o when x € (UIJT)UQIT)\(QT ) NQTT)) because of the xgs) (1 U
QQ)\QOa¢) in X(l)(Ql,QQ;a,qsvﬂ)a with 0 = Q(j7)7 Qy = Q(jJr)’ Qo =
QAT )NUITY), 6= 31T], ¢ = oy

o when x € (QJ7)NQ(IT))\A(T) because of the factor xg(s)(Q0\A, ¢) in
X§ (0,6, 8), with Qo = QT ) AT, A= A(T), §= 3|7, 6 = ar
Observe that, in these two cases A(J) # X, so that we necessarily have
6 > e. In the event that x € X\(QJ ) UQJTY)), there is a unique deci-
mation interval J = |7, 7] C J having 7 = 7 with x € Q(J7)\Q(J). In
this case, the factor x ;7(ar,, ar,, -, ) vanishes

o when x € QI NH\(QT)NQ(I)) because of the factor Xr(s)(22\Q0, 3)
in xM(Qy,Q9; , b, B3), with Qo = Q(T 1), Qo = QUIT )NQITT), § = %|._7|,
ﬁ = Qr

o whenx e (QJ7)NQUITN\AT ) because of the factors xr(25)(Q20\(Ps U
A), B) and Xr(25),r(5)(P3, 6) in Xm N0, 8), with Qo = Q(T7) N QJTH),
Py =P3(J), A=ANJ),0=3|T|, B=a-

o when x € A(J)\Q(J) because of the factor x2:(A(T)\(T); v, B) in the

X7 (a, ¢, ) of Definition A.2, with J replaced by J, 2t = | 7|, 5 = a,.

Observe that, in these three cases Q(J) # X, so that we necessarily have

t,0 > e. O
Lemma A.5. Let § > 0 be sufficiently small and A C Qy. Assume that
lafa, |84 < R(20) IVala-, VB < R'(20)
la = ¢|ar <1(d) |6 — Bla- <1(5)
Then
[6la <R(9), [Vola- <R'()

Proof. Tt follows from our assumptions that
Vo —Vala < |IV][ [¢ = ala- <[IV]| 1(5)
where ||V]| is the operator norm of the gradient. Consequently, by (F.3d,e),
[#la < R(20) +1(5) < R(9)

and
[Vo[a- <R(26) +[[V] () <R'(9)
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Appendix B. Bounds on Weight Factors

Lemma B.1. Let G be a hierarchy for scale § and e = 27§ with n > depth(S).
Let T € eZN0,8] and 7" € eZ N (0,9).

(i)

sup ef%d(x,y) K*T(Y) < 2 , sup ef%d(x,y) HT(Y) < 9
x,yeX Rsr (X) x,yeX Rt (X)
twr (¥) <00 tir (y)<oo
(ii) Let 0 < k <mn and set
[/, 7" +27%4] if k>0o(r)
J«k = { the unique decimation interval
of length 27%§ that contains 7/ if k < 0(7)
[T/ —27k6, 7' if k>0o(r)
Jr = { the unique decimation interval

of length 27%§ that contains 7/ if k < 0(7)
Then
Foarr (y) < 43 AMTRIR(27F6)  and
ki (y) < 4e3UAMITDR(27F8)  for all y € A,

The kyur (y) bound also applies when 7/ = 0 if we take 9(0) = 0 and
Ao = 0. The k. (y) bound also applies when 7/ = § if we take As = (.

Proof. (1) We prove the first inequality. Let x,y € X. It suffices to consider
the case that k., (x) and k.,(y) are both finite. Let J = [r,7 + 2¥¢] and
J" = [r, 7 + 2%] be the maximal decimation intervals with 7 as left endpoint
such that x € A(J), y € A(J"). Then k., (x) = R(2¥¢) and k.. (y) = R(2%)
if 7# 0 and k. (x) = 2R(2%¢) and k.. (y) = 2R(2%) if 7 = 0. If k < £+ 1
then H”g{; giz)) < Rl?z(?if)s) <2by (F.3a). If £ > £+ 1, then x € A(J),
while y € A(J')° for J' = [r,7 + 2"'e] C J. Hence, in this case, we have
13

v = rrg < €370 by (F.5).

(ii) Again, we prove the first inequality. Let J” = [7/, 7' 4 ] be the max-
imal decimation interval with 7" as left hand end point such that y e ANT").
We automatically have t > e, since A([7/, 7" +¢]) = X, and ¢ < an) , since no
decimation interval having 7/ as an endpoint has length longer than 20(7,) By
definition, k., (y) = R(t) if 7/ # 0 and k.. (y) = 2R(¢) if 7/ = 0. The desired
bound is trivial if 27%§ < 2¢, so assume that 27§ > 2¢. Set

j,:{[T',T'+2t} ift<ﬁ
(7 —t, 7+t =T if t = 52
Then y € A(J’)¢ and J’ ; J«k, S0 that
Farr(y) < 2R(t) < 2e345VIR(27F6)
for all x € A(Jur), by (F.5). O
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Appendix C. Normalization Constants
In this appendix, we prove

Lemma C.1. There is a unique function 6 € (0,1) — Zs € (0,1) that obeys
dz* ANdz o212

2
225 == Z& 3
X

[z<r(5)

1
lim —logZs; =0
s, Vo8 2

Furthermore,
[In Z5] < er(0)’

Proof. Define, for all 0 < 6 < 1,

. 1 dz* Ndz |22
i) = g5lon [ ST e
|2|<r ()

and observe that ¢(d) < 0. The condition relating Z25 to Zs is equivalent to

% 1og Zo5 = 5 log Zs +1i(9)

Iterating gives
log Z5 =

log Z9-ng + Z

5 =1

5

Existence and wuniqueness will follow from convergence of the series
> oo, i(2745), which we now prove.

Since
dz* /\’dz o1z dx dy o—@)
2mi us
[z]<r(5) [(z,y)|=r(5)
o] 27 e}
1 _p2 _
zl—f/dr/dﬁre T=1- / dse™*
T
r(6) 0 r(6)?
=1— e’

and |In(1 —z)| < 1‘931' < 2|z for all |z < &, we have |i(0)] < $e77C )*. Hence
the series

r(2746)? = x(0)> = > (x(2770) — r(277T4)?)



292 T. Balaban et al. Ann. Henri Poincaré

14
> "3 L(270) > 3¢
=1

so the series

5er)? — S 2/e?

=1
does indeed converge and

> ad dz* Ndz 2
log Z§ = (5 ZZ (2725) = Z 2271 lOg / T 67‘Z|
- |z[<r(2-¢5)

is bounded in absolute value by e~T(9)?, O

Appendix D. Bounds on the Propagator

Throughout this appendix we assume that h = 1. Then Recall that X =
ZP/LZ". In (2.16), we assumed that the one-particle operator h = V*HV
where H : L?(X*) — L?(X*) is a translation invariant, self-adjoint operator
all of whose eigenvalues lie between ¢y > 0 and C'y > 0 and for which

D= 37 o) 3 (b;(0), by(x)] < o0
xeX
1<ij<p
Here, for each 1 <i < D and x € X, b;(x) = (x,x+¢;) denotes the bond with
base point x and direction e;. Under this hypothesis, the kernel of h is
h(x,y) = > [Hbi(x—e),bi(y —e;) —H (bi(x — e:),bi(y))
1<i,j<p
— (0,00, by (3 — ) + H (0:6), b ()
The norm [|[h]| < Ngm(h;1,1) < 4e'?™ Dy and the constant K; = Ngm(h —
u;1,1) of Lemma 3.21 obeys

K < 4¢"™ Dy + |y (D.1)
Furthermore, we have the following bounds.

Lemma D.1. Set K = max {|u|+4DDye'™ 1}. Let S C X and A :

L*(X) — L*(X). For allT >0 and x € X,
A ([ = j(7)]Sa) ()
< 1 KT —5md(x,5)
< T KT A ([m e | max ja(y)| + max|Va(b)|

Forallt>0and S’ C X,

> 1AL = j(r)Sa) ()|

xeSs’

< rige Sl ([l + o5 maxla(y)] + sl V() ) 19
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Proof. Write

([1—j(r)]Sa) (y)
— (1 - ¢T) Sa(y) + e ([11 - e—TV*W]sa) (y)
=(1—-e")Saly)+e'" /dT’ ({e_T,V*HVV*’HV} Sa) (y) (D.2)
0
As above

< 647_/DH610111

Z eSmd(x,z) (A(;/*T,V*HV) (x, z) < |A|”

e (D.3)
sup Z e5m[d(z,b)+1] |(V*H)(Z, b)| < 2D'H€10m
2€X pexx

For any bond b = (y,y’)

V(Sa)(b) = Sy )aly') — S(y)a(y)
=[S(y') = S(y)]aly’) + S(y)ay’) — aly)]
= a(y")(VS)(b) + S(y)(Va)(b)

The second term is nonzero only for y € S and hence for b € S*. The first
term is bounded in magnitude by |a(y’)| and is nonzero only if b connects a
point of S to a point of S°. In this case, possibly replacing b by —b, we can
always arrange that y’ is in S.

The part of (A[1 — j(7)]Sa)(x) in which the last V of (D.2), multiplied
on the left by A, acts on « is bounded by

7 (Al TP 2Dy ™ max [Va(b)| < 7K Al max | Va(b)

The part in which the last V of (D.2) acts on the characteristic function is
bounded by

Om

et H|AH|64TD’H€1 2DH€10m 675md(x,SC) max \a(y’)\

y'es
d(y',5¢)<1
< 7K | Afle* %) max [a(y)|
yES
The first bound now follows from
1= 7| < el < |ujreSST (D.4)
The proof of the second bound is similar. O

Corollary D.2. Let ¢/ > 0 and recall, from (3.2), that

. _)in(xy) ifd(x,y) <¢
Je(r)(xy) = {0 otherwise
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Forall™>0 and x € X,

(1= el (<75 [lu+e=] max Ja(y)l+ max [Va(b)
yex beX™
d(x,y)<c d(x,b)<c’

Proof. Just apply the previous lemma with A being the identity operator and
S the set of points y € X that are within a distance ¢’ of x. O

Remark D.3. Recall, from 2.17, that Kee = 2% exp{20e'*™pDy}. In Lem-
mas 6.3 and 6.7, we used

4+ 2255 < 4 4 262 exp {4612mDH} < 2% exp {4612mDH} < Kreg
and
2KJ/»63KJ+KJ/' < 2e3Ki+2K; < 2¢° exp {20D€12mDH} < Kieg
Here, we have used that |u| < 1.
Lemma D.4. For all a € L*(X) and all 0 < e <1,

cne P ¢ |Va? < <oz*, []l - eiEV*HV] a> < Cy e ||Val?

Proof. We have
1 1

1 — sV HY _ _ /dt %e—stv*Hv _ /dt SVEPHY oStV Y
0 ! 0
Since e ¢tV MV commutes with e V*HV and all of the eigenvalues of e ==tV 7V
lie between e~ tCHIIVII® > ¢=4etpCr and one
1
<a*, []l _ efev*Hv] a> > /dt ce4E0CR (0F V)
0
> ee 4P (o, V¥HV 0
> exee” O | Val |
Similarly,
1
<a*, []l - e‘EV*HV} a> < /dt e (a*, V*"HVa) < Cye ||Val?
0
O

Appendix E. Bounds on the Background Field

In this appendix we provide both pointwise and norm bounds on the back-
ground field as well as comparisons between the background field and the
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original field .. Throughout Sects. E.1-E.4 of the appendix, we fix a hierar-
chy & for scale 6 and write

o if =0 « if =0
Yor = S Tug (75 s, @) if 7€ (0,0) p v» =< Ts(r; @, 8) if 7€ (0,0)
G* ifr=9 I} ifr=94§

We also fix an integer n > depth& and set ¢ = 27"§. Recall, from Notation 2.2,
that, for each decimation point 7 € N(0, d),

o the decimation index, d(7), of 7 is determined by 7 € 2D(T)Z\za(,)Z By
convention, we also set 9(0) = 9(d) = 0 and, if 7 is not a decimation point,
(1) = 0.

o Jr= [T*%,T+ 20‘27 ] J = [772;%,7'] and JF = [T,TJrZ;%]

o A, = A(r - 20‘? 7 T+ 5 s0-]). By convention, we also set Ag = As = (0,
and, if 7 is not a decimation point AS = 0.

o In this appendix, we use ¢, = QDM = 2|‘7T| = |J | = |J;| to denote the
lattice spacing of the coarsest lattice o 2.7 that contains 7. By convention,
we set g9 = g5 = 9.

In Sect. E.5, we fix a hierarchy & for scale 25. We further assume, throughout

this appendix, that the field o, is compatible with & in the following sense.

(In the integral operator Zg, the field ., is compatible with &.)

Definition E.1. A field configuration «.,(x) is said to be compatible with the
hierarchy & if, for each decimation interval [7_, 7],

lor_ (x)], |ar, (x)| < R(rq—7-)for all x € A([7—,74])
|Va,_(b)|, (b)| < R'(mq—7)for all b € A([r—,74])*
oz, (%) — ar_ (x)| < (74 —7-)for all x € A([r_, 74])"

where we recall that, for each S C X, S* is the set of bonds with at least one
end in S and S* is the set of points in X that are connected to some point of
S by some bond.

Remark E.2. Compatibility implies

|ar (x)] < min{rr (%), er ()} J(X)] < Ruo(x) 8] < Ks(x)

for all T € eZN(0,6) and x € X.

E.1. Additional Descriptions

We now rewrite the definition, Definition 2.9, of the background field (still with
j(t) being interpreted as the h-operator of (3.1)) in a way that makes more clear
which coefficients I'T' (&), I'T (&) are nonzero. The coefficients I'T, (&) = ',
and T'7 (&) =TT were defined as follows. For 7 € (0,0),

o Forrt=1,

I, =TT =AC
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o For 7 # 7/, TT. = 0 unless 7 > 7/ and [/, 7] is strictly contained in a
decimation interval with 7/ as its left endpoint. If 7 is the smallest such
decimation interval and 4’ its length, then

rf =i (v ) A () A

o Similarly for 7 # 7/, I = 0 unless 7 < 7/ and [r, 7'] is strictly contained
in a decimation interval with 7/ as its right endpoint. If 7 is the smallest
such interval and ¢’ its length, then

e )5

Observe that if J is a decimation interval, with 7/ as right hand endpoint
and which contains 7 in its interior, then 9(7) > 9(7') and 7’ is the smallest
element of £,/Z that is above 7. Also observe that if 9(7') > n, then AS, =
so that T7. =TT = 0.

Definition E.3. For each 7 € (0, 4), set
T.(7,9) = {7’ € (1,0] ﬂeZ‘D <o(r), 7 =min{r" €e.Z | 7" > T}}
T(1,9) = {T €0, ﬂeZ‘D <o(r), 7 =max {7’ € Z | 7" < T}}

The figure below provides an example. In it, ¢ = 1, n = 5 so that § = 32¢,
= 14¢ so that o(7) = 4, e, = 2¢, 7,.(1,9) = {16¢, 32¢} and 7;(7,0) =
{12¢, 8¢, 0}.

Asd € 7.(1,6) and 0 € T;(7, ) both 7,.(r,0) and 7;(7, ) are always nonempty.
When 7 and § are clear from the context, we drop them from the notation.
Also, for each 7" € 7, let 7(7') denote the predecessor element of 7" in 7.,
which is the largest element of 7, that is strictly smaller than 7/. When 7/
is the smallest element of 7., set w(7') = 7. Similarly, for each 7" € 7;, let
o(7") be the successor element of 7/, which is the smallest element of 7; that
is strictly larger than 7. When 7/ is the largest element of 7;, o(7') = 7.

Lemma E.4. Let 7 € eZ N (0,9).
(i)
Ve =Aar+ Y G () = 7) Arey § (7 = w(7) Ay
7' €T, (1,0)

=Aal Z (1 —0(1) Mgz j (o(7") = 7") AL ol
7' €T (T,0)

U Aﬂ.(T/) NAS, A= U AU(T/) NAS

7' €T, T'eT;
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provides two partitions of A, into disjoint subsets. Let T € T, and 1, € 7T;.
Then we have o(T)) — €4(7,) = T and 7(T;) + €x(r,) = Tr. If

A.,r(.,.r) N Af_T N Aa(n) N A,c,_l #* 1]
then |11, 7] is a decimation interval of length min{e,,, e, } and
An(r) A7 Ao AT, = A([m, 72 ]) AT AT
as well.

In the figures below, the partitions of A, stated in Lemma E.4(ii), are
illustrated for the example inside Definition E.3.

A= Aa(12s) A= A'fr(lﬁe)
A12s

AlGE

ASE

In the proof of Lemma E.4 we need

Remark E.5. (i) If 7,7 € 7,(7,0) and 7" < 7’ then 2(7') > 0(7).
If 7,7 € Ty(7,6) and 7/ < 7/ then o(7’) < o(7).
For each 0 < ? < 0(7) there is exactly one 7" € 7;(7,0) U 7,.(7,d) with
(') =0.
(ii) I 7,7 € 7(1,6) UT.(7,6) and 2(7’) > 9(7’), then

A,;/ C AT/ C AT

Proof. (i) Let 7 < 7 both be in 7,.(7, §) and suppose that 9(7") < 9(7’). Then
both 7 and 7/ are in €7 Z and 7' cannot be the element of €z 7Z closest to T,
which is a contradiction.

Let 7/ € 7;(1,0)\{0} and 7" € 7.(7,6)\{0} and suppose that d(7’) =
(7). Then [7/ —e,r, 7" +¢,/] and [/ — €7/, 7' + €5/] are both decimation inter-
vals of length 2z, and both contain 7 in their interiors. So they must be
identical. That’s impossible since 7/ < 7 < 7/ forces 7 # 7.

Let 0 <o < 9(7). There is exactly one decimation interval of length 2%
that contains 7. Call it [7/,7/]. If 0 > 0, then exactly one of 7/, 7 has decima-
tion index 9. If » = 0, then both of 7/, 7/ have decimation index d. If 2(7') = 0,
then 7/ € 7;. If 9(7') = 0, then 7’ € 7.

(if) Allof [t —er, T+e,], [T —er, 7' +ep] and [T — ez, 7 +e#] are dec-
imation intervals that contain 7 in their interiors. Since 2(7) > 2(7') > 2(7),
the first is contained in the second, which, in turn is contained in the third.
Consequently,

A7 —ez, 7 +ex]) CA(7 —er, T +e0]) CA([F — 7,7 +e7])
(If 9(7") = 0, drop consideration of [7/ — 7, 7' +¢7] and use that Az =0.) O



298 T. Balaban et al. Ann. Henri Poincaré

Proof of Lemma E.4. (i) We give the proof for ~,. We have already observed
that T'7" may be nonzero only for 7/ = 7 or 7 € 7.

Now fix any 7/ € 7,.. Then [r,7'] is strictly contained in a decimation
interval with 7/ as its right endpoint, namely [7/ — e/, 7']. Denote by J the
smallest such interval and by ¢’ its length, so that

/ /
F:/ =3 (7/ . — (;) A =87 ((;) S

If 7/ — %/ = 7, then all elements of (7, 7’) have decimation index strictly larger

than 9(7) and 7’ is the smallest element of 7.
If ' — %/ > 7, then 7 is contained in the interior of the decimation inter-

val [t/ =o', 7/ — %/] so that 7/ — % is the smallest element of %/Z above 7. As
T — % has the same decimation index as %,, we have 7/ — %/ € 7,.. All elements
of (' — %/,7" ) have decimation index strictly larger than that of %, and so

cannot be in 7, (because 7/ — %/ has smaller decimation index and is closer

to ), we have 7(7") =1/ — %/. In both cases, A([7" — ', 7']) = Ay (- so that
I7 =j(m(7") = 7) Apey 5 (7 = w(7")) AL

as desired.

If 7' — & < 7, then [/ — &, 7'] is a decimation interval that contains 7 in
its interior, contradicting the assumption that [ — §’, 7] is the shortest such
decimation interval.

The proof for ~,, is similar.

(ii) Observe that Ay C Ay for all 7/ € 7, and As C Ay for all
7/ € 7, and that 7/ = § € 7, has AS = X and 7/ = 0 € 7; has A = X.
Consequently

Ar= | Aeey NAS Ar= [ Aoy NAS
T'eT, T'eT;

provides two partitions of A, into disjoint subsets.

We have already shown, in part (i), that 7(7.) + m = 7, for all
7 € T,

Now fix any 7. € 7, and 7; € 7; and assume that

X € Aﬂ'("’r) N Af_r N Aa(n) N A% #+ 1]
Write, as in part (i),

Both

|:7T(’Tr) — %5;, (1) + ;54 = [r — 0., 7]

1 1
|:O'(Tl) — 56{, o(n)+ 25{} = [, 7 + 0]
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are decimation intervals that contain 7 in their interiors. Hence one must be

contained in the other. Say that §. < 5{ so that the first is contained in

the second and Ay ;) C Ag(s, ). To prove the claim, it suffices to show that

T+ 5{ = 7,—i.e. that the right hand ends of the two intervals coincide—since

then [7;, 7,.] is a decimation interval and A([r, 7,]) = As(r) C Ax(
Suppose that they do not coincide. That is,

)"

1 1 1 1
o(m) — 55{ <mu(r)— 552 <m(r)+ 554 <o(m)+ 55{
or equivalently,
<1 —0.<T<T. <7+
Since 7, € (7,7 +6}), we have T, C [1, 7 + §]] leading to the contradiction
A7 N Ag(ry = M(T7) VA ([ m +61]) =0

The argument that the left hand ends of the intervals coincide when 6] > ¢;
is similar. O
E.2. Comparison to the Case “j(7) = §”

Recall, from (2.16), that j(7) = e~ "™~ with h = V*HV where H : L*(X*) —
L?(X*) is a translation invariant, self-adjoint operator all of whose eigenvalues
lie between ¢y > 0 and Cy > 0 and for which

D=3 e (bi(0), b ()| < o0

xeX
1<i,j<d

Here, for each 1 <i < dand x € X, b;(x) = (x, x + ¢;) denotes the bond with
base point x and direction e;.
If j(7) were the j(0) = b, the background field would reduce to

Definition E.6. Define, for each 0 < 7 < 4,

'3/*7_ = A_(I:_a;k_ + Z AG-(T/) Ai/ba:/
7' €T (T,0)

Yr=Aar+ D> Ary Alboy
7' €T, (1,0)

We now prove some bounds on the difference between ., and %), and
derive some consequences of the bounds.

Proposition E.7. Assume thath=1. Let 0 < 7 < 4. If x € AS, then

—mec(e,)

. . 1
[rar (%) = Fur ()], |7 (%) =37 (x)] < e
If J is a decimation interval that contains T and x € A(J), then
Yar (%) = Aur ()], (%) = A (x)] < (259 + 1) 1(|T])
The proof of this proposition uses'®

Lemma ES8. Let0<7<é and T, ={m <1 <--- <71 =6}.

16 In Lemma E.8, we do not assume that b is identically one.
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(a) Ifx € AS, then
(%) = ar(x) + By (1, %) with |Ea(1,%)| < %e—mqer)
IfxeA
then

(b) when d(x,A;,) > 3c(er,) (automatic for { = p) and d(x,AS, ) >
%C(2€7—[71),

’Y‘F(X) = han ( Te — T [ﬂ ATe 1Ana‘l’z) (X) + Eb(Ta X)
with |Eb(7' x)| < 2e7meEr)

re1 NAS,, for some 1 < € < p (with the convention that 7o = 7),

V- (%)

= bar, (%) = (§ (re1 = 7) A5, A, 7)o, =, ]) (0
+({l e =) = 8] =5 (e =) A, L (e —7e-1) — B]}
XA ([re-1,7e]) A 0, ) (%)
+E(1,x) with |EBe(1,x)| < 2e7™m¢(En)

(d) when £ < p and d(x,A,,) < Le(er,)

¥r(x)
= bar, (x) + ([j (e = 7) = BJA ([72, Te41]) A7, e, — ary,]) (%)
+ ({[j (7e =7) =0l + 5 (70 = 7) Ar, [ (o2 — 72) = I} A ([72, e41])
X AL, 0, ) (%)
+ E4(7,x) with |Eq(r,x)| < 2e7™¢(Ex)

A([TZ,TZ—H])
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For x running over A = A([0,9]), we also have that
(e) if0<T <3, then

PN it ) T L P
() a (5 o-n)on+ 50

with Y o [Eve(Xx)] < e <) |AC| and Y owen | Ee(x)] < e melO)| A
() ifr= %, then
Yer(x) = (J(T)a") (x) + Esp(x)
V- (x) = (§(6 — 7)B) (%) + Er(x)

with 3 e [Bap (%) < e O|A and 3o,y |Ep(x)| <e ™ O]A°]
(g) if% <7 <0, then

= (ron (o] (-£) (8o (o))
02 (o2 oo

¥r(x) = (0 = 7)B) (%) + E4(x)
with Y o [Eig(x)] < e‘m°(5)|AC| and Y cp |Eg(x)] < e‘m‘(5)|Ac|

Proof. Recall from Lemma E.4 that
P
Ve =Aar+ > §(h1—7) Ay, § (7 — Tho1) AS 0, (E.1)
k=1

For each 1 < k <p,

|(G (Tee1 = 7) Apy_y J (T — Toe1) AS ar,) ()]
< No (Xxpd (Th1 = 7) Ay, (T — T6m1) AS, 5 1,60,
<AR(2e,,,) e BmmaddCa n ) oA ON G () || 1 (=)

< de JR(&,C/) e 2mmax{d(x,ATkil) , d(x, "k)} (EQ)

where X 5 is the characteristic function of the set {x} and &’ is the maximum
of k — 1 and the largest ¢ with x € A,,,. If x € A?, then ¥’ = k — 1. For the
second inequality we used Lemma G.5(ii) with

o L; being the single point set {x}, Ly = A, _, = A([Tk *257%,1,7'1@]),
Lz = AS,,

with d replaced by 0, & =0, § = 2d, § = Jmd, d = 5md,

Oy = A;,,, K = Ky, and R = 4R(2¢,,,). This choice of R is justified by

Lemma B.1.ii.
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(a) First consider the case that x € AS (which forces 7 € €Z). Then, the k = 1
term in (E.1) vanishes so that

7 (x) — ar (x)]

I
M=

(j (kal - T) ATk_l j (Tk - Tk*l) A‘Cl‘kaTk) (X)
2

9
4e%iR(e,,_,) e~ 2 md0x Any_y)

IN

4e%iR(e,, ) e=2m¢(5r)  (put £ =1 in the figure below)

IN

IN
M= 1M I §

=

e 4meZer)  py (F.6b)

>
U
N

P
< 1 —2meee,) 3 etz )
4 k=2
1
< 5 e (e by (F.da,d)

(b, ¢, d) Now we consider the case x € A
x € A;. Set

ey NAY, with 1 < ¢ < p. In particular,
{¢} in case (b)

K=<{6,¢—1} in case (¢)
{{,0+1} in case (d)

As in the last paragraph

Yr(x) — Z §(Ther = 7) Mgy G (T — 1) MG ap | < @)
keK

In case (b), when d(x,AS, ) > 3¢(2e-,_,) and d(x,A-,) > ic(er,), we
write the k = ¢ term as

J(Te1—7) Ary_ J (10 — Te-1) AT, ar,
=j(re—7) A8 ar, —j (Te—1 —7) A, § (10— Tem1) AS,ar,
= Ar, A5 bas, + [ (70— 7) = Bl A, AS,an,
+j(re—7) NS, o, —j(Te1 —7) AS, G (10— Tem1) AS, o,

Te—1 Te—1
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and bound, as in (E.2),
(7 res =) Ap 3 (= 7e1) A 0, ) (39)
< 4efiR(2¢,, ) e~ ame(2er,_,)
<L meer, )

(7 (e =) A%, 0 ) ()

For case (c), when d(x,AS, ) < 1c(2e,, ,) and hence d(x,A;) >

Te—1

—mc(awfl)

<

N»—

3¢(2e4,_,), we first observe that
ATz S A.,-F1 =A ([Tg_l —Ero_1> Td) S A([Tg_l, Tg])

Here the symbol A € B signifies that A is a proper subset of B unless B = X.
So the k = ¢ term is

J(Te—1 = 7) Ary G (70 — Tem1) AS r,
= (1e = 7) A[re—1, 7)) A7, 0,
—j (Te—1 =) AL, 5 (7e — Te—1) A([me—1,7e])
XAS, o, 5 (Te1 —7) Mpy_y J (70— To—1) A([T0-1, 7)) ar,
= A([re—1, 7)) A7 par, — j (Te—1 — 7) AT, A([re—1, 7)) AT, ar,
{0 (re=7) =81~ (e =7) A%, [ (re=7e-1) =B} A ([re-1, 7)) AS,
4+ (re—1 = 7) Ary_ § (76 — Te—1) A ([Te—1,7¢]) 0r,
and the k = ¢ — 1 term, which is only present when ¢ > 2, is
J(mee —7) Ary ,J (Teo1 —Te—2) A, ar
=J(m—1 —7) AL, A([re—1, 7))
—J (T —7) NS, (T —Te—2) A, A([Te—1, 7)) or,

+5 (Te—2 = 7) Ary 5 J (Te—1 — T0—2) A([e—1, 7)) rp,
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As in (E.2),

74mc(57_1)

IN

|(7 (re—1 =) Ay 5 (70 = =) A ([re—1, 7)) ar, ) (%)] < e

G (re2=m) A, s s —re2) A, A el o) ()

672mc(57[_2)

e—4mc(57e71)

IN

IA
N S RSN e

|(G (o2 = 7) Ary_ud (To—1 — Te—2) A ([To—1, 7)) 07, ) (%)
Adding the representations of the k = £ and k = £ — 1 terms and using the

fact that A7, Af, = Af, , we see that—up to an error of at most 2e~me(er,)

() = B, (%) = (j (e = 7) A%, Al 7) [, — ar,,]) (%)
({7 (re = 1)=b1 = j (e = 7) A, L (7o = 7o) b1}
XA ([re-1, 7)) A%, a7, ) (%)
(When £ =1, (§(re—1 — 7) A, A([re—1, 7¢]))(x) = 0, since x € A;.)

Te—1

For case (d), when ¢ < p and d(x,A,,) < ic(er,) so that d(x,AS, ) >
1c(2e,, ,), we first observe that x € A([ry, T¢41]) and that
AT£+1 S A”Fe =A ([TZ — &7y 7—5+1]) €A ([7—27 7—4+1])
So the k£ = ¢ term is
J(me1 —7) Ay (70— Te-1) AT 0,
= j (1 = 1) A[7e, Tes1]) AS ar, + 5 (e = 7) A([72, Te41])  ar,
—j (-1 —7) AS,_ G (T0—Te1) AT,
and the k = ¢+ 1 term is
j (TZ_T) ATE j (T€+1_Tl) A‘Cr“_larwrl
=J (Tf—T) AT@ A ([7—47 T€+1]) A‘Cf'g+1a7'2+1
+j (1o = 7) Ary (G (Te1 — 70) = 0) A[7e, 1)) AT, ar s
+Jj (Té - T) ATe J (T€+1 - Tf) A ([va Tf-‘rlDCO‘T@H
Asin (E.2)

—2me(er,)

|G (e = 7) Al[re, 7e41]) 0r,) ()| < €

(5 e =) A8 G (1= 7em0) A%, ) ()

—mec(er, ;)

IN
N N R N

@

—2me(er,)

|(G (e = 7) Ary 5 (g1 — 70) A([7e, 7e41]) @) (X)| < = 6

Adding the representations of the k& = £ and k = £+ 1 terms and using the fact
that AZ A7, = A7, we see that—up to an error at x of at most 2eme(er,)
Yr=1J (Tf - T) A ([va 7’@-&-1]) Af’zaTl +j(7—€ - T) ATZA([TZ’ T@+1]) AiHlaTsz

+Jj (Tf - T) AT@ (.7 (T€+1 - T@) - b) A ([Tb T€+1]) Af’g+1a72+l



Vol. 11 (2010) The Temporal Ultraviolet Limit 305

= j (e = 1) [A (e 7e4a]) A%, @y + A ([7es 7o) A% for, — ]|
+j (1o —7) Ary (G (Te1 — 70) = b) A[7e, Te1]) AT, ar s

Writing, in the first term, j(7, — 7) = b + [j(7¢ — 7) — b] and evaluating at x,
we have

(%) = b, () + ([ (m = 7) = BIA (70, 7041)) AS,, 0y, ) ()
+ (I (7 = ) = DA (17, 7)) A% for, — ) (%)
(3 (e = 1) Ay 1 (e = 70) = ] A (72, 7o) A, 0, ) (%)

up to an error of at most 2e™(=7) (e, f, g) We give the proof for ~,,. Recall
from Lemma E.4(i), that, on A,

Vo= D G =0(T) Ao i (o) = 7') Ao
7' €T (T,0)
Asin (E.2),if 0 < 7 < 0 (otherwise 7;(7,0) is empty),
Y | =a(™) Aoy i (o) =) Abvarr) (%)
xeA
€T (,6)\{0, 3}

< Y No (A (7= 0(7) A G (0(7) = 7) A 5 1) [AS)

T/E'E(T,é)
' £0,3
< Z 4€K-7R(5) e—%md(A,Aﬁ/) ‘Ac|
T'eTi(1,9)
7'/750,%
< Z 4€KjR((5) e—%mc(2£7_/) |Ac|

7' €T, (7,0)\{0}

Z 1 674mc(2€7/) |AC| by (F6b)
reTi(7,6)\{0}

1
<7 e O A by (PAd)

IA
> =

Case 0 < 7 < g
contribution to v;_
) Ao(0) 5 (0(0)) a=j(T)a —j (T —0(0)) Ag gy (a(0)) a

g, o(0) = 7 and the second term vanishes on A. For 0 < 7 < %, by
Lemma B.1(i),

In thls case 7/ = & ¢ T;(7,0) and the 7' = 0 € T(7,6)

j(r—=o(0

< Y i =0(0) (x,¥)] 17 (0(0)) (. 2)| £o(2)
xEAA,%GX
YEAs(0)



306 T. Balaban et al. Ann. Henri Poincaré

< 4R(5)e 24N A 0)

. 9 md(x. . Imd(x,z

3 (= 0(0) (. y)] €2 | (0(0)) (y,2)] e3™00®)
x€EN,zeX
yeAf,(O)

S 4R(6)67%md(A7 A(;(O))

A§<o>’ g (= () Il fl7 () I

0 )
< 4eKjR(5)€7%mc(6/2) Ag(o)‘ since 7 < 37 %0 that o(0) < 3 and £,y <

e~ 4me) |AC| by (F.6b) (E.

Case § < 7 < §: In this case 7/ = § € 7j(7,6). The 7/ = 0 term is

§ (7= 7(0) Auo) 4 (0(0)) a=j ( - g) Aj (g) o
s (B o) (b))
S V@B
cson(of -2 ) o)

< 674mc(§/2)|Ac‘

( : '
S‘j (= (3) M (= (3) - 3) e (

IR

w
=
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2|6 (5) 2es (1 (3) =2 ([p2]) s) 0

xEA
< 1€—4mc(6/2)|Ac‘
8

O

Proof of Proposition E.7. For x € A%, 4:(x) = a,(x) and 4., = a,(x)* and
the desired bound follows immediately from Lemma E.8 and its analog for 7.
For the rest of the proof we restrict to x € A.

We prove the bound on |v;(x) — 4, (x)|. The bound on |y, (X) — Hur (X)|
is proven similarly. Write 7, = {m < 7o <--- <7, =d} and fix any 1 < ¢ < p,
any decimation interval J containing 7 and any x € A,,_, NAS, NA(J). Note
that A¢, N A(J) is empty unless | 7| < &, and that 2e ™) < L < L1r(| 7))
by (F.4c).

For case (b) of Lemma E.8, it suffices to bound

|([.7 (TZ_T) ]ATZ 1A a‘re) (X)‘

S (7'[ _ T)KjleKJ, <|:|u|+€5md(X,Aac-g—1UA'rg):| max |O(7—2( )|+b€I¥\1?X ‘VQU (b)|>

yGAUZ B S
< 257271K;6KJI' ([|M| + e_gmc(ffz)} R(2e,,_,) + R'(?Enfl))
< eaneKé ([IuI +e ™ R(e,,) +R'(e,)) by (F.3ae), (F.da)
1
. by (F.6¢), (F.3b
In the first inequality, we used Lemma D.1. In the second inequality we used
that both 7 and 7 are in [7p—1 —€,,_,,7¢—1 +&5,_,] to bound 7o — 7 by 2¢,,_,.
In the third inequality we repeatedly used tR()(t) < 2¢tR()(2t), which gives
tRO(t) < (2°4) RU)(2%) for all £ € N.
For case (c), we use the bounds

|1 (2 =) = 1A (I, m]) AS,00,) ()] < 2ex(171)

. . . c 1
‘(J (re—1r —7) AS, 17 (7e = Te—1) — L] A ([70-1, 7e]) Anan) (X)’ < 33T(|j|)
which are proven as above, together with

(5 (o1 =) A%, A, 7)) [, — ) ()

—md(A(T),AS
< ¢ MDA 1>|||j (re—1 —7) | sup |, () = @, (7))

yEA;[ 101\([7’571, Tg])

—md(A AS .
<e md(A(T), Ty 1) eK_7 (57'2 1)

<e

K, fr(er_,) < 20(|T)) if | 7| <25, ,
e ™ r(e,, ) < 2, v1(er, ) S1<1(|T]) i |T|> 2,
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by (F.3b), (F.4c) and (F.6a). For case (d) of Lemma E.8, it suffices to bound

(17 (re = 7) = LA ([0, Te4]) AF, [0, = any]) (%) < er(er,)

(1 (e = 7) = 00A (e, 7ea]) A%, 0y, ) (9] < r(en)
(52 = 7) Ant 1 (o1 = 70) =~ 1A (e, 7)) K50 ) (9] < gsr(ers)

since, as we have observed, |J| < e,,. These bounds are proven as above. [

Corollary E.9. Assume that h = 1.
(a) Let0<7 <. Ifx €S, then

e () — 72 ()°] < (E")
Let J be a decimation interval of that contains 7. If x € A(J), then

[Yer (%) =77 ()| < (4e"9 +3) 1(|T))
(b) LetO<7<d. IfT €2Z and x € A(T), then

[er (%) = Y7 ()] < (4€™ +3) 1(|T])
e (%) = Yo (%)) < (4 +33) x(1T)
IfT+e€{0,0} and x € A(J), then

(" +1) x(|T)

Y (X) = Yrae (%)*] < 2
(x)* | <2(e +1) x(|T))

97 (%) = Yo e
(¢) Let0<7 <6 and set

j(a—j(0—7—e)A([5,6])3 if0<T<i—¢

Fre =1 (D)o~ (6 —7—e)p ifr=2_c1

JOA([0,8])a—j6—T—e)f if §<T<3$

"l

B

and
Yre = (1)~ j(6 — 7 — )20
where Q0 the set of all point in X that are within a distance c(9) of

Q([0,4]). Then
D e (0)F = Are (%) = Are ()] < 3¢9 1(8) A7
xEA

and
Zef4md(xQ ‘fy ’Y‘rs )| Sé 73mt(5)|Qc|
xEA

Proof. (a) The result for x € A¢ follows immediately from Proposition E.7, so
we restrict to x € A, for the rest of the proof.
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To prove the bound on |y, (x) —7,(x)*| it suffices to prove that |y, (x)—
- (x)*] < 1(]J|), which we now proceed to do. By Definition E.6 and
Lemma E.4.ii, for x € A(J) C A,,

Fur(X) =4 ()= Y Ay (AL () Ao () ()AL, (%) a7, (%) = ar, (x)7]
7 €T (T,8)
T €T (T,06)

and furthermore, since | Jr, ez, Ar(r,) NAS N Ay NAS is a partition of A,
T €T,
into disjoint subsets, at most one term in this sum is nonzero and it is

Al 7)) (AT (X)AL (%) [ar, (%) = ar, ()]

This term is bounded by r(7,. — 7). If |J| > 7 — 71, then at least one of 7, 7,
must be in the interior of 7. If, for example, 7; is in the interior of J, then
[ —en,m +er] C T sothat A(J) C A, and our one potentially nonzero
term is in fact zero for all x € A(J). Hence the one possibly nonzero term is
bounded by r(|7]).

(b) To prove the bound on |v.,(x) — v,+<(x)*| in the case that T € 2¢Z,
we prove that [f.,(x) —Yr1c(x)*| < r(|J]). Again, by Definition E.6 and
Lemma E.4(ii), for x € A(J) C Ar C Arie,

/}\/*T(X) — Yrte (X)*

= D M) (AL (A (X)AS (%) [ar, (%) = ar, (x)7]
€T, (T£e,0)
T €T (7,9)

o If 7. € 7.(r £ ¢,0) happens to have e, < &,, then, A, has 7 as an end
point and is properly contained in [t —e,,7 4+ ¢,]. Hence A, C A, and
AS Ag(ryy = 0 for all 7 € Ty(7,6).

o No 7. € 7,(7 +¢,0) can have e, = &,, because the first element of ¢, Z =
e+Z above T + ¢ is T + €., which does not satisfy e;4._ =¢e,.

o If 7. € T.(1 —¢,6) happens to have e, = ¢, then 7. = 7 and Af Ay, =
ASA (7 = 0 for all 7 € Ty(7,0).

o If 1. € 7T.(t£e, ) happens to have e, > e,, then, because T+¢ is a nearest
neighbour of 7 and is in €Z\2¢Z, it is necessary that 7. > 7 and indeed
7, is the smallest element of ¢, Z above 7 too so that 7. € 7,.(7,0) too.
Conversely, every 7, € 7,(7,0) is also in 7,.(7 £ ¢, ). Denote by 7'(7,-) and
7(7,) the predecessor elements of 7. in 7,.(7+¢,0) and 7,.(7, §) respectively.
If exr(r,) 2 €n(r,), then 7'(7.) = 7(7.). If €107y < €x(r,y, then 7(7) = 7
and Aﬂ/(ﬂ)(x) = AW(,,.T)(X) =1.

Hence, once again,
’3/*7' (X) - ;Y‘rie (X)*

= D A (AL () Ao (XA (X) [ ()7 — a7, ()]
€T (T,0)
T €T (T,6)

= Yur () =47 (%)7
and the desired result follows from |9.,(x) — 4, (x)*| < r(|T]).
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Finally, we prove the bound on |y, (x) — vr+-(x)*| in the case that 7+e €
{0,0}. In this case, either 7 = € so that v, 1.(x)* = ap(x)* = a(x)* or 7 =J—¢
so that v,1.(x)* = as(x)* = B(x)*. We prove that |[H.,(X) — aric(x)*| <
r(|J|). Again, by Definition E.6 and Lemma E.4(ii), for x € A(J) C A,

'AY*T(X) - ﬁrie (X)* = Z Aa(n) (X)Af—l (X) [aTz (X)* - O‘Tiﬁ(x)*]
T €T (T,5)

In the case that 7 = ¢, 7;(7,J) contains exactly one element, namely 7, = 0 =
T + &, and the right hand side is exactly zero. In the case that 7 = § — ¢,
Ti(7,0) = {(5—2j5 | 1<j< n} so that

Fur (%) = Arze ()" =D Asai-1o(X)AG 5. (%) [5-25¢ (%) — as(x)"]
j=1

|

A ([(5 - 2j<€7 6]) (X) Ag_QJ'E(X) [046—21'8()()* - Oé(;(X)*]

<
Il
—_

Since U?=1 As_oi-1.A§_,;_ is a partition of As_. = A; into disjoint subsets,
at most one term in this sum is nonzero. If this term is the jth, it is bounded
by r(27¢). If | J| > 27¢, then A(J) C As_g. and our one potentially nonzero
term is in fact zero for all x € A(J). Hence the one possibly nonzero term is
bounded by r(]7]).

(¢, first bound) It suffices to combine parts (e), (f) and (g) of Lemma E.8

with the bounds
(5 (-

D
< X i(5ore) e flos - o)

xEA
xEA

yer a([2.9)

< 5 e

XEA
ven’s((3.)

- 6 c 6 i (&
<lli(3-7-2) Har (5) < 265 v(0) ¢

and, using Lemma D.1,

[0 o) m ()
i(5-m—<) e |{u (5)-ua([59]) o} )

>

xEA
yEeA©
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5 (e o

xEA
x([lme5md<y’A“3’“”} max |+ max _[VA()

) s
eomd(x.y) ng’_eK} % o—bmd(A,y)

yEA®
zeA([$,9]) beA([S,0])*
e el 0 ok —5md(A,A([2,8))%) J
- [ 0 ok AL, 9
<l (§ - —e) i 3628 ([i 4 eomeriz ] v
)
R (=
w0 (3))
) / ) )
< ¢ K; 2K —5mc(6/2) - I c
< efe Qm+e ]RQ>+R<J>A|
1

:Hr(g>|Aﬂg_;rw)Aﬂ by (F.4a), (F.6c), (F.3b)

when 0 < 7 < % — ¢ and the similar bounds

(-5 (b))

xEA
) ) )
il7T—=)A°|jl=)—1] A -
S RIORIR(CIDIE
when g < 7 < . We have used the compatibility assumption of Definition E.1.
Since (2ef7 +2e7m®) 4 LY 1(6) |A¢| < 3e5 1(5) [A|, by (F.4c), the desired

results follow.
(¢, second bound) We have

J(M)Qa— (0 —1-e)QA([,0])8  f0o<T<i-¢

< 2e59 1(8) |A°

D

xEA

< =1(0) [A7]

S
16

]IS}

Vre = e = 1 §(T)Q%Q = j(8 — 7 — £)Q°p ifr=5-e
FJOQA([0,8])a—j(6—T—e)B i S<T<

All terms are bounded in the same way. For example, by Lemma B.1(i) and
Definition 2.13,

Z o—Amad(x,2) ‘ (j(T)QCa) (X)‘

XEA

< 37 e A (1) (x, )] aoy)

XEA
yeQs©

<AR(D) 3 [j(r)(x,y)| ¢ B0ty o dmi(y.9)

xEA
yeQs

< 4lj(7)[le~mIR2IR(8) |2
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< 46Kj 674mc(6)R(5)|QC|

1 ~
S T6€—3111c(5)‘ﬂc| by (F6b)

Lemma E.10. Assume that h = 1.
(i) LetteeZn(0,9) and x € A with
d(x, M) >ce(ee) d(xA([t—eet]))>ce(er) dx At +e]))>e(er)

(If t ¢ 2eZ, then A ([t — e, t])° = A([t — &4, t])° = 0 and the conditions
d(x, A ([t —&,1])°) > c(er) and d (x, A ([t,t +&4])°) > ¢(et) are vacuous.)
Then

[vr (%)= (j(t + et —7) B e, Afye, aie,) (x)| Sem™E) if t<r<t+g
|vr (%) = (§(t—7)Bx,e, Af o) (x)| <e —me(e:) if t—e<7<t
(

I /\

[Yar (x) = (J(T—1) xstAc 1) (@) <e —me(ee) if t<T<t+e
W*T(x)—(j(T—t—i—et)Bx,gtAHtat,at) (x)‘ <emE)  f pog <1<t

for any set

BxstD{yeX

I\/—

(ii) Let x € X obey d(x,A([0,6])°) > ¢(6). Then
17 (%) = (§(8 = 7)Bx,sB) (x)| < e7™) if 0<7 <4
Y (%) = (J(T) Bxesa™) (x)| < e7™0) if 0 <7 <4

for any set
Byxs D {y €T | d(x,y) <¢(d)}
Proof. (i) We prove the first bound. The proofs of the other three bounds are
very similar. Fix any 7 € ¢Z obeying t < 7 < t+¢&;. By Definition 2.9, v, (x) =
Yorisn (F:,aT/) (x). Fix any 7 < 7/ < § with I'7 # 0. By Lemma E.4.i,
7’ 67{7} U7Z.(7,9). Set
Ly ={xe X |d} (x,Ar) > c(er), d(x,A([t — &1, 1)) > c(es),
d(x,A([t,t+e4])°) > c(er)
when t € 2¢Z and L, = {x € X ’ d(x,A;) > ¢(¢)} when t ¢ 2e7Z.
Case 1: 7 < 7/ < t + &;. In this case e+ < &, (as is true for all times in
(t,t 4+ ¢e¢)) so that any x € L, obeys
x € A([t,t +ei]) C A

By our rules for constructing small field sets, either AS, = 0, or A([t,t +
e¢]) = A, (in which case e,/ = %st and the distance from x to A¢, is at least
c(er) = ¢(2e40)) or d(A([t, t +&1]), AS,) > ¢(2e,/). So the distance from L, to
AS, is at least ¢(2e,/), unless AS, = 0. Therefore, for 7 = 7/, (T'7 a/)(x) = 0
and for 7 < 7/,
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(r7'ar) ()

= [(J (m(1') = 7) Anrryj (7" = (7)) AS a7 (x)]
< No (Laj (m(7") = 7) My (7 — 7 (7')) AL 5 1, krr)
< 4R(5t) e—4mc(2&.,./)eKj(T’—‘r)

by Lemma G.5(ii) with k = k., R = 4R(e¢), L1 = Ly C A([t,t + &¢]) = O,
Ly = A7y and L3 = Af,. For this and all other applications of the lemma in
this proof, d is replaced by 0, 41 = 0, d2 = F'd, § = 4md and d = 5md.

Case 2: 7" > t + &;. In this case 2e; < 2e,(,) < & (since all times t' €
(7" = 2e5(zy,7'), including t + &, have ey < 2e(;)). Now t —&; is the element
of 2¢;7Z below t + ¢; that is nearest t + &;. As 7/ — 2e,(71) is an element of
247 that is below t + &, we have 7/ — 2e, () <t —&; < t+¢&; < 7'. Hence
Arzy = M([7" = 2e(7), T']) C Ay. So the distance from L, to Ay () is at least
c(e¢). Therefore,
(17 ar) 00| = |G (7(7) = 7) Ay (77 = (7)) Avrrr) (x)]

< No (Laj (m(7") = 7) Agenyd (7' = (7)) AL 5 1, k7)

< 4R(2€7T(T/))€_4mc(st)€Kj (r'—7)
by Lemma G.5(ii) with R=4R(2¢(;)), L1 = Ly, Oo=Lo=Ay(r/y and L3 =A$,.

Case 3: 7' =t +&;. If T =t + &; too, then
(17 ar ) (0) = (A2ar) (0) = (3t 450 = 7) B, g 4, ) ()

In general e,/ > 2e,(;/) and €+ > 2¢;. Furthermore, since t = - <
T < 7', we have 2e,(;) < eq. Hence A([t,t + &;]) C A([7" — 2e,(+),7]) =
Az(r). So the distance from x to A7, is at least ¢(e;). As well, by defini-
tion, the distance from x to By ., is at least c(e¢). Therefore, setting L; =

{y € X | dly, A(lt,t +2])%) = c(e), dly, Be,) = <20},
(17 ar) () = (it + 2 = 7) Bre, Ao, 1) (%)]
= ({5 (7(7") = 7) Ay (7' = 7(7)) = (7' = 7) B, } M) ()]
= ({3 = PBge, =i (7(7) = 1) N (77 = (7)) } A ) ()
< No (Luj(r' = 7)BS A% 5 Lry)
+No (L1 (7)) = 7) S (7' = 7 (7)) A5 1)
< 8R(Et)e_4m‘(5‘)eKj(T/_T)
by Lemma G.5(ii) with R = 4R(e¢), Lz = A%,
Oy =A([7 —ei, 7)) =A([t,t +e¢]) D Ly

and Ly being By _, for the first bound and A7 ) for the second bound.

We have now shown that |v,(x) — (j(t + &t — 7)Bx e, Afy., qrre,)(X)| is
bounded by
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Z SR(st)efélmc(min{et,2571})61{]-
7' e{T}UT,.(7,0)
< ) 1 2 me(minfe, 2¢,.))
7' e{T}UT.(7,0)
< emeler) S emEmeen) < oomele) Zn: o~ Hme('e)
7' e{T}UT.(7,6) /=0
< emmeler) (E.4)

by (F.6b) and (F.4a,d).
(ii) We prove the first bound. The proof of the second bound is similar.
Fix any 7 € €Z obeying 0 < 7 < ¢. By definition ~,(x) = ZT,ZT(F:/O[T/)(X).
Fix any 7 < 7/ < § with I'7’ # 0. By Lemma E.4(i), 7/ € {7} U T,(7, ). Set
Ly ={xe X |d(xA([0,0])°) >c(5)}
Casel: 7 < 7/ < §. By our rules for constructing small field sets, either A%, = (),
or A([0,8]) = A (in which case e, = 3) or d(A([0,4]), AS,) > ¢(22,/). Conse-
quently, if AS, # (), the distance from L, to AS, is at least ¢(2e,/). Therefore,
for 7 =7/, (U7 o )(x) = 0 and for 7 < 7/,
(17 0w ) (0| = |G (7(7) = 7) Ay (77 = (7)) Avarr) (x)]
< No (Laoj (m(7") = 7) Agenyd (7' = w(7")) AL 5 1, k7)
< 4R(6)e—4mc(25.,_/)eKj (' =)

by Lemma G.5(ii) with x = k., R = 4R(J), O2 = A([0,¢]) D L, = L,
L2 = AW(T/) and L3 = A,,C_/

Case 2: 7" = 0. As A([0,0]) C A([6 — 2ex(),0]) = Ar(7) the distance from L,
to A7 ) is at least ¢(d). We are assuming that the distance from x to By ; is

also at least ¢(d) so that, setting L1 = {y €L, | d(y,Bg 5) > c(é)}, we have
|(T28) (%) = ((8 = 7) Bxs3) ()]

= |({J(n(r) = T)An(oj (7" = 7(1") = j(6 = 7)Bxs } B) (x)]

= |({i60 = mBgs = ix(r) = )AL (i (7 = 7)) } B} ()]

< Ny (Llj(é — T)B;(; 01, /{5)

+No (Lij(m(r) = DA% (7' = 7(7)) 5 1,k5)

< 8R(§)e4me() oK (0-7)

by Lemma G.5(ii) with R =4R(4), L3 = X
02 =A([0,9]) D Ly

and Ly being By ; for the first bound and A7 ) for the second bound.
The desired bound now follows from (E.4) with ¢; = 4. O




Vol. 11 (2010) The Temporal Ultraviolet Limit 315

E.3. The Size of the Background Field

In this subsection, we show that the background fields 7.,(x), v,(x) obey
roughly the same bounds as the large and small field conditions impose on the
integration variables o, (x).

Proposition E.11. Assume that h = 1.

(i) Let T € €Zn(0,9) and J be a decimation interval that contains T in its
interior. If x € A(J), then

er ()], b= (x)] < 40 R(T])
(ii) ForallT € eZN(0,9) and x € AS

—mec(er)

Fer () — (9 e () — ()] < g

Proof. (i) The proof follows Lemma E.13, below.
(ii) follows immediately from Proposition E.7. O

Lemma E.12. Assume that ) = 1. Let [t_,t.] be a decimation interval in [0, 6]
with centre t = $(ty +t_). Recall that the sets Pl(J), P4(J), Q(J) were

defined in Proposition 3.36 and that the sets Po(J), P3(J) were defined in
Proposition 3.37.

() Ifbe P.([t_,ty]), then
[Vyir (b)] > %R’(mr —t_) forall t— <71<t
(i) If b € Pj([t—,t4]), then
[VA-(b)] > %R’(t+ —t_) forall t<7 <ty
(iii) If x € Q([t—,t4]), then
75t (%)™ = Yot (X)] 4 [t - (%)* = 2e(x)| = ir(u —t)
(iv) If x € Po([t_,t4]), then
e ()] > %Rm —t.)  forall t_<r<t
(v) Ifx € Ps([t_,ty]), then
[yr (x)] = %R(ur —t)  foral t<t<t,
Proof. Set ¢y =¢(t —t_) =c(t4 —t) and

JN(x,y) ifdx,y) <cg

JT ) =7 ? = i
+(X,y) = Jeu (T)(%,Y) {0 otherwise

Recall that j(7) = e™e "V "V with H obeying (2.16).
(1), (ii) We give the proof for part (ii). The proof of part (i) is similar. Let
t <7<ty Asbe Pg([t-,t1]), both end points x € b satisfy the hypotheses,
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d(x, A([t—,t4])), d (% At 1)), d (%, A([E, £4])%) > ex
of Lemma E.10(i). (Again, when t; —t_ < 2¢, A([t—,t]) = A([t,t4] = X
and the conditions d(x, A([t—,])¢),d(x, A([t,t4])¢) > ci are vacuous.) Fur-
thermore, all points y within a distance ¢y of either end point x € b, are in
Af C A7, . Hence, by Lemma E.10.i, with By, = {y € X | d(x,y) < i},

[V (9 = (rotn,)) ()] < 2max e (x) = (i, —r e, )(%)] < 26775

Write b = (X, x+e;) = bi(x). As Jy, -4 is translation invariant
Y% ((Jt+fr7iat+)) (b)
= (Joy—rrap, )(x+e) = (Jop —rray, ) (%)

= Z Jt+77',:i:(x + e, y) Qg (Y) - Z Jt_*_fr,:l:(xv y) Q. (y)
Yy

y

= Z Jry—rx(Xy —ei) s (y) — Z iy 7 (x,y) s, (y)

y
= Z Jty—rx(X,y)ar, (¥ +ei) — Z i —r (%) iz, (y)

y y

=Y T e (x,y) (Var, ) (bi(y)) (E.5)

y

Since b € ﬁé([t_,tJr]) we have |[Vay, (b)] > R/(ty —t_) and

VY (0)] = [(Jey Ve, ) (0) + V (3 = Ji, -7z, ) (B)]
\(Jt+ riVCM) (b)| — 2e7m*

Ve, 0)] = |((1 = Ji,—rs)Vay,) (5)] — 2e7
R/(t ( +—to) = ’( (1 - Jt+7r7i)VOzt+) (b)| — Q¢ mex
g

where we are using (Jy, —r+Vay, )(b) to refer to the last line of (E.5). By
Lemma 3.21(ii),

‘((1 - Jt+*7xi>vat+) (b)|
<L =gt =Dl sup {|Var, (bi(y))| | d(x,y) < i}
< (ty — t)KjeKj(tJr*t) sup{|V04t+ (bl(y))| | d(x,y) < ci}
For all y with d(x,y) < ¢4, b;(y) is necessarily in A([t,¢4])*. Hence,
[Vay, (bi(y))] < R'(t+ — 1)

vV v oIV

so that
(L = Jiy 7 )V, ) (b)] < K;e 070 (1 — )R/ (4 — 1)
and
(Ve ()] = R (b4 — ) — Kot =0 (1 — R (£ — ) — 2™
> %R’(m —t)

by (F.3e), (F.4c) and Hypothesis F.7(i).
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(iii) Since x € Q([t—,t4]), we have |a, (x) — . (x)| > r(t; —t_). Hence
at least one of |y, (x) — au(x)|, | (x) — i (x)| must be at least 2r(ty —¢_).
We prove that in the former case |v.(x)* — y4<(x)| > fr(t4 —t_). The proof
that in the latter case [ys¢—-(x)* — 7(x)| > r(t4 — t_) is similar. So assume
that |y, (x) — ay(x)| > 3r(t4 —t-). As in the proof of part (ii), using the
third and first bounds of Lemma E.10(i),

[yt (%) = Yeqe (%))
= Jou(x) = ap, (%) + (vi — o) (%) + (L= Joy —4—cx) ap, (%)
- (’Vt+s - Jt+7t75,ﬁ:0lt+) (X)’
1
Z 5r(t+ - tf) - |(]]. - Jt_*_ft,g’i) O[t+ (X)| — Qe ME

since Ay, C A; so that d(x,Ay) > ¢y implies that d(x,A;,) > ¢4 too. By
Lemma D.1 with S = {y € X | d(x,y) <1}

’ (]1 - Jt+7t7€,i) at+ (X)’

< (t_,_ft)K;-eK;(Hit) (“M + 675mCi] I)I,leag‘( |at+ (y)\ + ilé%i( |V04t+ (b)|>

Again, any y within a distance cx of x € Q([t_,t]) is necessarily in A([t,t4]).
Hence

max |, (y)| < R(t4 — 1) max Vag, (b)| < R(ty —t)

yeS
so that
|(]1 — Jt+—t—6,p) Or, (X)|
< KR53 (1 —4) (|plR(ty —t)+e "Rty —t) +R/(t4 —1))

< %r(br—t) by (F.6¢) and (F.4a)

and

* 1 1 —m
[yt (%) = e (X)| 2 Sr(t4 — 1) — Sty —t) — 2™

2 32
1
> Zr(t+ —t_) by (F.3b) and (F.4c)

(iv, v) We give the proof for part (v). The proof of part (iv) is similar. Let
t <7<ty Asxe Ps([t_,t4]), it satisfies the hypotheses

d(X)A([t—)t-‘r])) ’ d(X)A([t—at])c) ,d(va([t7t+])c) >t

of Lemma E.10(i) (again, when ¢ty —t_ < 2e, A([t—,t]) = A([t,t4+] = X and
the conditions d (x, A([t—,t])°), d (x, A([t,t4])) > ¢4 are vacuous). As well, all
points y within a distance ¢y of x, are in Af C A§+. Hence, by Lemma E.10.i,

with Bx,sf, - {y €X | d(X, y) < c:i:}a

—mcy

|77(X) - (Jt+7'r,:|:at+)(x)‘ <e
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Since x € Pg([t_,t+]) we have |ay, (x)| > R(t4 —t_) and

"Y‘r ’(Jt+ Tiat+ (x) + ( — Jt+_77iat+) (X)’
’( t+ raae, ) (x |—e e
()| = (0 = Je, r)as, ) (%)] — e

o
R(tJr —t) = [((0 = T —r ), ) (x)] — €7

vV v IV

By Corollary D.2,
’((]l - Jt+—Tai)O‘t+) (X)|

K (ty—t —bHm
< (ty = ORGSO [lul + e 4] mag o, ()4 max [Var, (0)
d(x,y)<czx d(x,b)<cx

Ally € X with d(x,y) < ¢, are necessarily in A([t,¢,]) and all bonds b with
d(x,b) < cq, are necessarily in A([¢,%1])*. Hence,

|, (v)] <R+ — 1) and [Vay, (b)| <R'(t4 —t)
so that, by (F.4a), (F.6¢) and (F.3b),

|((IL - Jt+—"'7i)at+) (X)’
< KM ety — 1) ([Jul + e "™ Rty — t) + R/ (t4 — 1))
1
< TGr(t+ —t)
and, by (F.3d) and (F.4c),

e (B)] = Rty — 1) = zr(t — 1) — ™™= > LR(t, —1.)

16
O

Lemma E.13. Let 7 € eZN(0,0) and J be a decimation interval that contains
T n its interior. Then

mg 40e55m R(1T|) ifT S [0,0]
- eB A A(T) < S0,
Tez():a)N4m< o o ) B {166KJT R(9) ifJ =10,6]

Z N4m (FT/- m d x A(J)) ) S 40611;]'(2_7') R(|j‘) ij ; [0,5}
V& 1665567 R()  ifT = [0,8
Proof. We prove the first bound. The proof of the second is virtually identical.
Write J = [r_, 73] and let 74 — 7— = L6, We first consider the case that
7' € Ty(t,6) with 9(c(7")) > p. We claim that J is exactly the decimation
interval J., of Lemma B.1.

o Ifo(7’) > p, then, since 7’ is the largest element of £,/Z below 7 and 7_
is an element of /7 below 7, we have 7_ < 7/ < 7 < 7'+ so that J the
unique decimation interval of length 55 L6 that contains 7/.
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o Ifo(r ) < p <0(a(r")), then 7_ < (1), since o(7’) is the largest element
of WZ below 7. And 7_ > 7/, since 7_ is the largest element of Q%Z
below 7. And it is impossible to have 7' < 7_ < o(7’) since then 7_ would
be in 7;(7,d) and o(7') would not be the successor of 7. So 7 = 7’ and
J=[r7+Z]

Consequently,

N4m( T e deAW) n*f,)
=N4m(( o)) Aot (0 (7)) =7 NG5 €3 4D e )
d(

<AR(|T)) e FHNDAD N (j(r = o (7)); 1,1) Now (0 (7) = 7); 1,1)
<AR(|T)) e FADAD (o (TN (o (') = )]

2T i |7
S 481(_7‘(7' T’ (|j){ 1 ‘jT | < |‘7‘

T
_mg
| (E.6)
otherwise
For the first inequality we used Lemma G.5((i)c) with d replaced by 4md,

Ly =X, Ly =MA,(71y, Ly =A%, O1=02=A(T)

5 = %d, 5y = %d, 5= %d, d=5md, k= k., R=A4R(T|)
and Do > 6(L3,01) = $md(A(J),AS). (The hypothesis that r(x) =
Fapr (X) < ReP(x02) — 4R(\j|)esd("A ) for all x € X is fulfilled by
Lemma B.1(ii), since, as we observed above, J is the decimation interval 7,
of that Lemma). The last inequality follows from Lemma 3.21(i).

We next consider the case that 7' € 7;(7,0) with p > 0(o(7)). In this
case A,y C A(J) and

Niw (p;;; ¢ Ao, K*T,>
< Nam (§(1=0(7) Mg 5 (0 (7') =T )AL5 1, Kir)
AR (|To(r)|) Nom (G(1 = (7)) 1,1) Now (i(o(7') = 7); 1,1)
< AR (|To () i (r = a (TN (@ () = )
<4 TTIR (1T 1)) (E.7)
by Lemma G.5(ii) with d replaced by 4md,
Ly =X, Ly = Ay(rry, =A%, O2= A,
m ,
§=06=0, 6= 5 d=>5md, K=k, R= AR (| To())
Finally, as I',. = A |
N (FIT; /2 d(x,A(J))’H*T> = N, (Ai; 1,K*Te—m/2d(x,A(J))>
< AR (|T]) Nam (AS; 1,1)
=4R(|71) (E.8)

Again we used Lemma B.1(ii).
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Using (F.4d) to sum (E.6) over 7" € 7;(7,d) with 9(7") > p+ 1 (so that
|Tr| < |TJI), using (E.6) up to twice more for the cases ?(7') = p+ 1 (so
that | J| = |TJ|), and 2(7") < p < ?(o(7’)), using (F.3¢) to sum (E.7) over
7 € Tj(1,6) with 9(c(7’)) < p and finally adding (E.8) gives the bound for
J £ 10,6]. When J = [0,4], the case d(o(7')) < p is absent. O

Proof of Proposition E.11(i). For all x € A(J)

Nar (%)] < Z(r*faf) (x)* <ZN0(FT- FARAD) o )

/<7- I<7—
by Remark E.2 and the assumption that d(x, A(J)) = 0. Now just apply
Lemma E.13. The proof of the bound on 7, (x) is similar. O

E.4. Comparison of v, and j(e)v-
Lemma E.14. (a) Let 7,7 € (0,6] and t > 0. If [T —t,7) NeZ = 0, then

7, =jt)T7  T(r—td,p)=jt)(r;dp)
(b) Let 7,7 €10,6) and t > 0. If (1,7 +t]NeZ =0, then
[T, =it)T5  D(r+to.,d.) =jt)D(ria.,d)

Proof. We prove part (a). It suffices to prove the 7’ formula, since the other
one follows from it. Since A%, = () for all 7/ with ?(7’) > n, it suffices to con-
sider 7/ € eZN(0,6]. If 7 > 7/, then 7 — ¢ > 7/ too, so that I'7_, =7 = 0. So
it suffices to consider 7 < 7’.

Case 7' —7 > Let [r' — 2, 7] be the shortest decimation interval with 7/

as right hand end point that properly contains [7,7']. (If no such decimation

interval exists, then I'7, = I'7 = 0.) Since 7/ — 7 > &, we have d < n and
)

7/ — & € eZ. Hence [7' — 2, 7] also properly contains [r —t,7'] and

" . 1) 0 . 1) .
7 ]<T/T2d+1)A({T,2d,T/}> <2d+1)A
. 5 5N (5N e
=i (7t ) ([ g0 ]) 9 () 2 =ar

Case 0 < 7/ —7 < & In this case 7/ — 7 +t < € too, since otherwise
7' — & would be an element of €Z in [r —t, 7). Let J; and J,_; be the shortest
decimation intervals with 7/ as right hand end point that properly contain
[7,7'] and [r — t,7’], respectively. Both are contained in [r' — e,7]. Hence

AT;) =A(Tr—+) = X and
/ 1 1
r7 = (v = 7= ) M (511) A =it =) A
, 1 1 o .
17 = (7o = 510 ) MG 3 (51904l ) A5 = -4 0A

—J)T]
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Lemma E.15. (i) Let 7 € cZnN(0,0). Ifo(r) = n (that is, T € €Z\2eZ), then
A7 [Yir = J(E)ver—e] = Ar [yr — j(E)Yr4e] = 0
If 0 <o(7) < n (that is, T € 2¢Z), then
Z NSIH ( *7' - ( )FIT 5]7 ]-a/f*’r’) < e—mc(e.r)

7/€[0,6)

Z NSm( T 7- ‘](5)1—‘::’_6]’ 1,/{7_/) < e*mC(ET)

7/€(0,6]
(ii) Let O C Qe =([0,0]), r > 0 and define the weight factor

/\(X){r if xeO

oo ifx¢0
Then
Y Nom ([FQT —j(ere, ] O; e a0, A) < 4l g 2md(0.92)
7€(0,4]
> Mom ([Fi — @] O; e 0, )\) < 4l g 2 A(0:926)
T€[0,6)

Here we set 1'% = T3 = j(§) and T, =T¢ = 1.

Proof. (i) The vanishing when 9(7) = n is proven in Lemma E.16, below. Now
assume that 0 < ?(7) < n and write e, = 2°%. (That is, @ = n — 9(7).) The
same Lemma gives

S Naw (A[TT =TT L)

7'€[0,0)
(1 e. (1
:N3H1 (AT] <2€T> A([T_STvTD J (2ET> AT e 1 y Roger — 87—>
-1
+ZN3m (AT] (2Z71€)A([T72£€7T]) (22 ! ) T—2Le 17’1*7—228)
(=1

+MNsm (Arj(e)AS_ 5 1, Kur—e)
For each 1 < ¢ <0 — 1, we apply Lemma G.5((i)a), with d replaced by 3md,
Li=Ar, Lo=A([r—2%,7]), Ly =A% 5., O1=X, Oy =A,
3 ~
51 =0, 0y = Eaz, 5= de, d=>5md, K=k, g, R=4R(2,)

and Dy > 3md(A;,AS_,, ) > Sme(27e), to get

Nam (Arj (2571e) A([7 — 0, 7)) (2@ LEYAS_ i K 2,)
§4R(25 )6 Smd(Ar AL Ee) |H.7 16) H| H|J (2é 1 )H|
5

< 46K 2R (2e,) e~ 3meCTIe) < o fme2tle)

1
4
by (F.Gb).
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For the last term, we again apply Lemma G.5(i(a)), this time with

Li=A., Ly=Ls;=A° O1=X, Os=A

T—e"
5 =0, 0= %d, 5= %md, d=5md, #=r._., R=A4R(2¢,)

and Dy > 3md(A, AS_,) > 2mc(2e), to get

—_

Ngm( 'r]( )A‘r . 1, Fowr E) < 4R(2€7—) jE —Emc(2a) <z —2me(2e)

;J;

For the first term, the same Lemma gives

1 e .1
N (A (I = 20, 71)" G000 1)
< AR(2e,) eI AT=£ D) el e

< 4efi° R (2e,) e~ 2meler)

1
< Zefgmc(s.,.)

Using (F.4d) to bound the sum over 1 < ¢ <9 —1 and adding the bounds on

the first and last terms gives the desired bound for A,[T'7. — j(e)I'T.__]. The
proof of the other bound is similar.

(ii) We prove the first bound. If 7 # 2% for all £ € {0,...,n}, then
% —j(e)I'% _. =0 by Remark 3.5.iv. If 7 = 2% for some £ € {1,...,n — 1},
then

I —i(er, . =A([0 271e]) j(2'% ) 7 (27T A([0,2%]) 5 (2 e)
—A ([0,2Fe])“ j(2%) + 7 (2°7te) A ([0,2%]) 5 (257 Le)

Therefore,

N (12, = (TS, ] O3 7400 )
< Nom (4(0,2%1€])%j(2%2) O e 7m0, ))
+N2m< (QZ ' )A([OJZE])CJ (27'e) O; e_md("’o),A)
< e 2O M2 of )| 4 e 2mAO AW D) 5 (2 Te) |2

< 9peki2'e e—2m[d(o,9%)+c(2“la)] if1<l<n-—2
" ¢~ 2md(0.95) ifl=n—1

In the second inequality we applied Lemma G.5.ii with d replaced by 2md,

L1=X, L3201202=O, dlzmd, (52:07
§=2md, d=5md,k=\ R=r
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and

I A ([0,21€])®  for the first summand
27\ ([o, 225])C for the second summand

Similarly, for 7 = ¢,
Nom ([Fge — j(s)Fgo] O; e ™dx0) A)

= Now (A(10,22])° ()05 €90 )

< Tef2m[d(O,Q%)+c(25)]eKj6

and, for 7 = 4,
Now ([ng —j(e)T%_.] O; e mdx0), )\)
]

— A (i()A84(5)0: 15,0

< pe—2md(0.9%) K8

Summing up the last three bounds, using (F.4d), gives
> Now ([T, = (] 0 e, 1)

*T—€
7€(0,9]
n—2
< eKi p e—2md(0.9%) [Z 26—2mc(2’f+15) +92 4+ 1
£=0
K, .. —2md(0,0%) =1, (2'+1e)
< etipeTtmaEiie Z%ng me Y+ 24+ 1
£=0
< 4eKi g p—2md(0,Q%)
which is the desired result. O

Lemma E.16. Let 7 € eZ N (0,9). Recall that € = 27™0 with the integer n >
depthGS.

(i) Ifo(r) =n (that is, T € eZ\2eZ), then Ar(vr — j(€)Yr+e) = 0.
If0 < o(7) <n (that is, T € 2¢Z), then

. (1 c. (1 ¢
A1y = (s = A {i (5o ) AT + 1) (50 ) A aree,
n—0o(r)—1

_ (2€_ls> A ([7—, T+ 225]> j (28_16) A g 0 g0,

£=1
- j(E)Ai-&-aa‘ﬁLs}
where, if T =0 — e, then ar1. = .

(ii) Ifo(r) =n (that is, T € eZ\2¢Z), then Ar(vVer — j(€)Yar—e) = 0.
If 0 <o(7) < n (that is, T € 2¢Z), then
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Ar (Yer = J(€)Yar—c) = Ar {] ( ) 5T7T])cj (; )Aﬂc— 570‘7'767—
e 1] (22 16) A ([7‘—2[8,7'])]' (25715)

c * . c
X AT _ge 00 g0, — J(E)AT- N 6}

=1

*

where, if T =¢e,, then ar_., = a*.

Proof. We give the proof for part (ii). The proof of part (i) is similar. For
€ (g,9) and 7’ € [0,9), directly from Definition 2.9,

AT — 0 ifré¢ (7,7 +e)
C | Ari(r =T =2l A([, T 4 2me])j(2m e AL,
if 7€ [r' +2m e, 7 +2Me)
with m > 1, 2Me < e
(so that, in particular, ATI‘I; # 0 only for e, < g,/) and
0 if 7¢ (7,7 +e.]
Jj(e )FIT _e = S Jle)As, ifr=7"+¢
G =7 =27 A ([, 7 4 27 e]) (27 T Le) A,
if 7 e (' 42" " le, 7 + 27
with m’ > 1, 2™e <&,
(so that, in particular, j()['T, . # 0 only for e, < e or 7 =7/ + £,/).
o If 7 =7"+¢ with 7/ € eZ\2¢Z so that e, = ¢, then

AT, =TT = —Arj(e)As

This gives the last term in the statement, for the case 7 € 2¢Z.
o Ifr=7"+4¢ withe, > e, then m =1 and

A {TT =TT = AA (7 + 26]) ()AL — Arj(E)AS, =0

since A, = A([7/, 7' +2¢]). This (together with the last o) gives the d(7) = n
case in the statement.
o If 7 =7+ 2%¢ for some k > 0 with 2¥¢ < ./, then m =k + 1 and m’ = k.
As g, = 2%¢, we have A, = A([7/, 7' + 2FF1e]) and
AT {FI;— - ( )F:T E}
= A7, 74251 {i(2%) — 52O, 7+ 2k (2 )L A,
= A j(2F L) A([7, 7 + 2Re])e j (2R e)AS,
In this case € < 2F¢ = £,. This gives the first term in the statement, for
the case 7 € 2¢Z.
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o If7=17"+¢e,, with e, > ¢, then FI'T =0 and 2™¢ = £,/ so that
T’ T (1 e (1 c
AT {F*T - ( )F*T a} = _A‘r] 557" A([T s T + 57/])] 567" Aq—/

In this case e, > e,. This gives the /" term in the statement, with ¢

determined by 2 = e, for the case 7 € 2¢7.
o If 7€ (7,7 +¢em) but 7 # 7 + 2%¢ for all k& > 0 with 2¥¢ < £,/, then

m=m' > 1 with 27 = 2"'e < e, and I']. = j(e)['T, __.
Finally, we consider 7 = ¢. Then

e = ial + 100" = AZal + A ([0, 2¢]) j(e)a”
so that
Acvie = A([0,2¢]) ji(e)™  Acj(e)yso = A([0,2¢]) j(e)a”

and

Ar (Yar — J(E)Ver—e) =0

Lemma E.17. Assume that b = 1. Then

* ) 1 (e, .
Do e =75 Ar (3 = G4} < i Z e |AS|
7€(0,9)
* . 1 (e .
Z [y = Yiers A (Ver — J(E)Yar—e))| < 1 Z ¢(err) [AS]
7€(0.9) 7/€(0,9)

Proof. We prove the first bound. Write e, = 2%. (That is, 9 = n — 9(7).) By
Lemma E.16(i), for 0 > 0,

. (1 .. (1 .
Ar (v = §(E)Vrae) = Ar {J (257> A([r,m+e-])" 5 (257> Al e,
-1

J (24715) A(fr, 7+ 225}) J (22715) AL peoar e,
=1

- j(s)Ai+saT+s}

and, if 0 = 0, then A (vr — j(€)yr4e) = 0.
For most terms that result from inserting this into the left hand side of
the first claim, we shall use the bound
|(ver =775 A+ AAZ )| < Sup [Yer (¥) =22 (3)"] No(A+AAZ; 1, k00) |AZ]
y T

< 80 eXIR(2e,) No(ArAAS: 1, k) |AS|

by Proposition E.11(i). Using this bound, we have, for each 7 € (0,¢) with
T€2Zandeach 1 </<0—-1,
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(Y =7, Mg (27 1) A ([, 7+ 2%]) (27 e) AT e pone)|
< 80e"IR(2e,) No(A-j (277 ) A ([r, 7 + 2%]) j (27 1¢)
X AT oo L Kirgore) [AT oe |
< 320 /R (2e,)? 92 e MmN AL ) £

< 320 R(e,)2e2ie—4me(2"e) | pc

totel
T+2¢te |

< Leme(2e) A e | by (F.4a) and (F.6b)

OO\)—‘

by Lemma G.5(ii) with d replaced by 0, §; = 0, d2 = %d, § = 4md, 6 = 5md,
K = Kryote, R = 4R(2€7-), 02 - A‘r = L17 L2 = A([T7 T+2Z€D and L3 = Ai+255.
We also have, for each 7 € 2¢Z N (0,0),

|<7*7' - 7:7 ATj(s)Af—+saT+s>|
< 80€"R(2e,) No(Arj(e)AS i1 hirye) NG|
< 320 MR (2¢,)? efifem4me(e) A |
1

S ge—mc(s) |AT+€|
by Lemma G.5(ii) with d replaced by 0, §; = 0, é2 = %d, § = 4md, 6 = 5md,
K = Kryes R = 4R(2¢;), O = A = Ly = Ly and Lz = AS,_, followed by
(F.4a) and (F.6b).

We still have the “A([r, 7+¢e,])¢ = A°

T+3 le
we use

* - 1 c 1 c
‘<7*T - fYraAT] (2 > AT+ er ] <25‘F) AT+67—aT+sT>‘

< X I A0 (5 ) oAy, 03 (550 ) (02)

x,y,z€X

” terms to deal with. For these,

XA, (2) e, (2)]

m 1
< > 320eMR(e,)? 51PN (%)) (257> (x,5)

x,y,z€X
c - 1 (&3
<AL 00 (20 ) @) (2)
by Proposition E.11(i), and the fact, from Lemma B.1(ii), that
e ()] < tirpe (2) < AR(e,)e BUEAITTHD < 4R () H 02

when x € A C A([7, 7 +¢,]). For all x, y, z for which the summand does not
vanish,

2d(x2) < e*4md<A*’Af+ =) Amd(x,y) B d(x.2)

e
< 674md(A A ) 5md( )65md(y,z)
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and we have

* (1 c (1 c
<7*7— - ’Yq—vAT.] <2€T> AT+%5T] <267—> AT+ETO‘T+ET>’

) —4md(A-,AS 1) (1] et
< Y 30O M g (G As . 01 (5 )

yeX
K7‘ 2 KJ‘ T —4m T (&

<320e"R(g;)%e™ e o) T+3er

1 1

—mec(5er) ¢
<ge T AL,
by (F.4a) and (F.6b). All together

Z |(Ver — 77 Ar (9 — J(E)r42))

7€(0,6)
1 n—o(r)—1 1
—me(ie, c —me(2° c
P VRR Tl L D DI S

r€2eZN(0,5) (=0

]‘7mca/ C 1
< D g™ AL [#{TE(O,5)’T+2€TT'}

7'€(0,9)

+#{(T,€) ‘ TE(0,5),0<£<’n—0(7’)—1,7’+2é€=7'/}:|

Here, we have used that 7 + 2% € (0,6) for all 7 € (0,6) and £ < n — d(7).
On the other hand, given any 7/ € (0, ) there is at most one 7 € (0,9) with
7+ 3, = 7' (because it is necessary that e, = e,/), and there is at most one
pair (7,£) with 7 € (0,6), 0 < £ <n—0(7) — 1 and 7 + 2% = 7/ (because it is
necessary that 2‘c = ¢,+). So we end up with

* N ]' —mec(E s c
Z [(Ver =775 Ar (9 — J(E)r4e))| < Z 1€ (er) |AZ/]

7€(0,9) 7/€(0,6)

E.5. Error Terms in the Recursive Construction

Now assume that & is a hierarchy for scale 24, preceded by hierarchies (&1, S3)
for scale 0. Let € = 270 with n > max{depth(&;), depth(&3)}. For simplicity
we again write A = Ag. As in (5.19) we set

0 if 7€10,0) or 7 =20
OLsr = ¢ Ajs if r=9

Ol +T0 _(S2)Ajs if 7€ (6,20)

o, +T° (&) Ajs if 7€ (0,0)
AT = Ajs if r=9

0 if 7€ (6,20) or 7=0
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with js = j(8) — jc(0) and, as in Proposition 3.6,

Oy = j(7—6—-2""1e)A ([, 54+2™e)) j (2™ Le)Aj (6)
for 7 € [§4+2™ e, 64+2™e)

o, = j(6—2m"te—7)A ([6—27¢,8))° (2™ 1e)Aj(6)
for 7 € (6—2™M¢e,6—2m"1¢]

with 1 <m <n.

Lemma E.18.
Nom (&F*T; e*%md(x’A), n*o) < 4e2Ki R(29) (567“” + e*mc(‘;))
Nom (&FT; e_%md(x’A), /@25) < 4e*Ki R(26) (Je_mc + e_mc(5))

Proof. We prove the first bound.

In the case 7 =9 we use Remark G.4(i), Lemma B.1(i) and Lemma 3.21(iii)
to see that

NQm (8CF*5; efgmd(x,A)y K*O)

. —3md(x .
= Nom (Ays; e amd( ’A),n*o) = Nam (Ajs; 1, ko)

< sl 2R(20) sup (e 00
X, yEX K*O(X)

<45 K R(26)ef%eme

Now let 7 € (4,28). There is a unique 1 < m < n such that 7 € [§ +
2m—lg §42me). We estimate Noy, (OT 4 ; e~ smd(x,A) kx0) and Nom (T9__ <(S5)

Ajs; em2mdead) o ) separately. v
By [4, (IV.1)]
Nom (8F*T ;e 3mdlA) m*o)
=N (J(r == 277 Le) (15, 6+27e]) G2 Aj(6) 5 e HmAN) )
< N (J(7 = 8 = 27 le); ¢ 3mdted) o dmdix))
N (A ([6,8 + 27me]) §(2mLe)Aj(6) ; e~ BmdCe), H*o) (E.9)

Using Remark G.4(i), we bound the first factor on the right hand side of (E.9)
by

Nom (j(T —§— 2" le); emamdA) e—gmd<x,A)>

—3md(y,A)
i(r_§_9om-l —dmdxy) € 2 7T
<|li(r =6 —2""e)l Jup e o~ Zmd(x.A)

S eKj (77672’”’15)
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The second factor on the right hand side of (E.9) is bounded by
Now (B (18,8 +27<])° j(27 1) Aj(8); ™30 o)
< 4R(26) e IMAWOERTEDD Y 52m e | ]5(8)])
< 4@K7‘(5+2771715)R(26) e~ me(2"e)
Here we used Lemma G.5(ii) with d replaced by 2md and
Ly =A([5,6+2™e])°, La=A, L3y=X, O;=0,=A
5 = %nd, 5y = %d, §=md, d="5md, k= r., R=4R(20)
Putting the last two estimates together we get
Nom (GI‘*T; e*%md(x’/\), m*o) < 462KJ5R(25)e*m°(2m5) < 4efi R(25)e*m‘(5)
Similarly
Nom (Fgffs(gz)f\jé; fgmd(x’A)Mi*o)
=MNom (j(T—5—2m_15) A([6,6 +2™e]) (2™ te) Ajs; e~ amd(xA) /s*o)
< Mon (](T —5—2m"1gy; efgmd(x’A), efgmd(x’A))
X Nom (A ([6,8 + 27e]) j(2mLe) Ajs ; e~ BmdCed) ﬁ*o)
< M TmmOAR(20) (G2 e | sl < 4e’TR(26) 6K e
< 4K ;e R(20) de ™€
0

Remark E.19. (a) Let 7 € (0,6] and ¢t > 0. If [7 —¢,7) NeZ = (), then
ar,_, — j(t) T,
(b) Let 7 €0,8) and ¢t > 0. If (,7 +¢]NeZ =0, then Olwryy = j(t) Ol .

Proof. For all T € (0, 4]
- p=Te(r;d,p) —T's, (1:01, Asj(6)8 + Agas)
Apply Lemma E.14. O
Lemma E.20. Write 0;T.; = 0.Ts; — j(€)0.sr—c.
(i) OTwr =0if 7€ (0,20\{6,6 +¢,6 +e1,...,6+ 3,25}

Furthermore
ajr*é = A]5
IiTse = A([0,0 +2¢])° j(£)Aje(d)
OiTs10ec = A ([6,6 +22€])7 j(2%)Ajc(8) — j (2°71¢)
XA ([6,6 +2%]))° 7 (2571) Aje(6) foré=1,...,n—1

05705 = ~i(0)is 3 (3 ) A (0.20)° 5 (3 ) 460
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Z NSm (ajl—‘*r; 6_% d(x,A), H*O)

r€(58,25)

+Nam (8]-1“*25 +5(0)Ajs ;e % AN, n*o) < em2me(®)

Proof. (1) If 7 € (4,26) and m = min {m' | 76,0+ 2’”/5)} then, by con-

struction
Ol s = 0Ty + T, 5(S2)A js
=j(r—38—2""1e) A([6,0 +2™¢e])° j(2™ te)Aj(6)
+j(r—6—2m"1e) A([5,6 +2™¢€]) j(2™ e) Ajs
= j(r = 0)Aj(0) = j(r =8 —2"71e) A([6,8 +2™e]) j(2"e)Aj(9)
+j(r =6 —2m"1e) A([5,6 +2™€]) j(2™e) Ajs
= j(r = 0)Aj(8) — j(r —§ — 2" e) A([6,6 +2Me]) j(2m ') Aje(d)

Consequently, if 7 € (4,20) is not of the form 6 + 2°¢ for any £=0,...,n, then
Ol sy —§(8)O T sr_c = 0. If 7 = § + 2% for some £ = 1,. 1then

0L 7 — j()0cTur—c = —A ([0,6 + 2"V e]) j(2£a)Ajc(5)
+5 (27 %) A ([0,6 +2%]) 7 (257 ) Ajie(9)
= A (6,6 +21€]) 5(2%) A4 ()
—j (2°7e) A([6,0 +2%])° j (2" e) Aje(9)
If 7 € (0,6), both 8., and j(£)d.,r_. are zero.

For 7 = ¢, we have 0. x5 — j(€)O T ws—c = AJs.
For 7 =0 +¢,

&F*(He - j(E)acF*é = j(E)A]((s) —A ([67 d + 26]) J(E>A]C(6) o j(E)AJ6
= A([0,0 + 22])° j(e)Aje(0)

For T = 26,
00T 25— J(EOTas« = ~i(ONI(0) 43 () 25280 7§ ) Aic)
——jomis 3 () A2 5 (3) 40
(i) By part (i),
Z N3 (@T*T; efémd(x’A),Iiw)

T€(6,20)

+Nam (OjF*25 +7(0)Ajs e~ 3mdA) Ii*o)
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n—1
1
<3 Nam (A (18,5 +2716]) j(2'e)Aje(6) 5 e Fm N )
£=0

Y N (5(27%6) A ([8,042°))° 5 (271 Ajel0); eI e )
(=1

(E.10)

To bound the terms of the first sum on the right hand side of (E.10), we
use Lemma G.5.ii with d replaced by 3md and
Li=A([6,6 +2%))°, Lo=A, L3=X, O1=05=A
5 = %d, 5y = %d, §=md, d=>5md, K=*r., R=A4R(20)
to get
N (A (18,5 +21€])" (20 Aje(0) ; e 3m 0N o)

< 4R(20)e A 2TED D Y 52l || ]17(8)])
< 4K+ )R (95)eme(2 ) (B.11)

To bound the terms of the second sum on the right hand side of (E.10),
we use [4, (IV.1)] to see that

Nm (j (2¢72e) A (0,5 +2%])° j(2e) Ajie(6); e—%md("v“,m)
< Nap (j (2e—15) , e—%md(x,A)76—%md(x,A))
XN (A (16,64 2"])" j (27 1e) Ajie(6); e 410 e o)
Remark G.4(i) gives the bound
N, (j (21—15) ;e—%md(x,A)7 e—%md(x,A))

67%m d(y,A)

. feol— —1md
<7 (2 ) I sup e bmeon St

x,yeX
< eKj2271€

for the first factor on the right hand side. (E.11), with ¢ replaced by ¢ — 1,
shows that the second factor is bounded by 4¢Ki(0+2" "R (25)e=mc(2°) Con-
sequently

N (7 (2°712) A(16,6+2"])" j (271) A je(6) s e 4m el oo
< 4K0H2OR (25) e me(2'e) (E.12)
Inserting (E.11) and (E.12),

n—1 n
(E.lO) < 46K126R(25) {Ze—mc(QHIE) + Ze—mc(ﬂa)} < e—%mc(é)
=0 (=1

by (F.4d) and (F.6b). O
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Appendix F. Properties of the Various Constants

The model under consideration is determined by the kinetic energy h = V*HV,
the two-body potential 2v(x,y), the temperature 7' > 0, and the chemical
potential . We are assuming that both H and v are exponentially decaying.
That is, there is a “mass” m > 0 such that

D=y "m0 3 (b;(0), b;(x))]

xeX
1<i,j<d

llofl = sup >~ &™) jo(x, )]
xeX yex

are finite. See (2.16) and (2.5). We have also assumed that there are constants
0 < ¢y < Oy such that all of the eigenvalues of H lie between ¢y and Cpy.
In Lemmas 3.21 and D.1, we introduced constants K, K} (depending only on
Dy, m and p) for bounds on the semigroup j(t) = e *"=#) Our bounds are
uniform for two-body potentials lying in the annulus o < [[o]| < v and
for which the lowest eigenvalue obeys v; > ¢,||v|||. See Hypothesis 2.14. The
constant b > 0 must be sufficiently small and the constant ¢, € (0,1) is arbi-
trary. The chemical potential y is required to obey |u| < max{K, v, 1} with
strictly positive K, and £ < e, < 1.

For the bounds and the construction of the large field/small field decom-
position, we introduced, in (2.17)—(2.20), the cutoff functions

- () ro-(5) w0 vo=(7) 0

, 1 , 1 1\
¢ =log " c(t) = log o ot) = o (F.1)

with strictly positive exponents e,, er, egs and e, that obey

Ber +4e, <1 1<der+2e 2er+e)<e, <1

1
ers +er <1 3 <er e <2e (F.2)
€R
1/3
1/4 (0.1,0.2)

| 1) 4 1)2 €r
Our main results Theorems 2.16 and 2.18 apply when v and the time
interval length 6 are sufficiently small. The precise restrictions are determined
by a number of technical conditions that are specified in Hypothesis F.7 at the
end of this appendix.
Clearly

R(2t) < R(t) < 2R(2t) (F.3a)
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r(2t) < r(t) < 21(2¢) (F.3b)

i R(2"t) < 6R(t) (F.3¢)

n=1

Lemma F.1. There is a constant tymax > 0, depending only on e,, er and eg
such that, for all 0 <t <tmax and 0 < v <1,

R(2t) +r(t) < R(t) (F.3d)
R/(2t) + ||V r(t) < R/() < 2R'(2t) (F.3e)
r(t) 1
< F.3f
R(t) = 210 (E-30)
Proof. These all follow directly from the definitions (F.1) and conditions (F.2).
O

Lemma F.2. There is a constant 0 < vpmax < 1, depending only on m, such
that, for all 0 <t < % and 0 < 0 < Bypax,

¢ < ¢(2t) < c(t) < 2¢(2t) (F.4a)
emE<p (F.4b)

—im(t) < mi i
e 1 < min {tn, 32} (F.4c)

=1 !
> 2_kte*%m‘<2’ < (F.4d)

k=0

Proof. Parts (F.5a—c) are obvious. For (F.4d),
— 1

2 7—mc(2 kg E elog—f—mlog e
2-kt"
k=0
ot oS S8

= 2tU

For the first inequality we used %mlog % > 2 and for the second inequality we
used v < 1. O

Lemma F.3. There are constants tmax > 0 and 0 < vpax < 1, depending only
on m, such that the following is true for all 0 < 6 < tpax and 0 < 0 < Oypax.
Let & be a hierarchy for scale § and let J' ; J be decimation intervals for &,
with lengths t' and t, respectively. For all x € A(J) andy € A(J')¢ we have

R (’;) < e3AYIR(t) (F.5)

Proof. Recall from (F.3a) that R(t) < 2R(2t).So
R <t) < 2R

2 t
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and, by Definition 2.4,

2
1 2t 1 2t 3 2t
/ 2
d(x,y) > c(t') = log Vo = (logt, —|-log2tn) 210g—10g? > Elog?
assuming 2log -1- 515 = % O

The next Proposition involves the constant K4 = supy¢ y D oxex e~ 1Y) > 1,
which is a characteristic quantity of the spatial lattice X alone and was defined
in the proof of Lemma 3.42.

Lemma F.4. There are constants tmax > 0 and vmax > 0 (depending only on
€R, €R/, r, €1, Ka, Ky, K} and K;), such that

P 155 1o r(t) R(1)® < % (F.6a)

96 ™5 R(t)e~ 3™t < 1 (F.6b)

PRI IR (1) + e ™ R(0) + [ulR(1)} < 3—12r(t) (F.6c)
19+ 4 + 10log R(t) < ié(Qt) (F.6d)

for all 0 < t < tpmax and 0 < 0 < Vppax.

Proof. For (F.6a), just recall that tor(¢t)R(t)% = (tv)}=3¢r=e and 3eg-+4de, < 1.
By (F.4c), R(t)e~ ™) < to R(t) = (tv)!~“" ¢ tends to zero as to — 0
and (F.6b) follows.
Since (F.4b)

G IR (1) + e ™R(t) + [u[R(t)}
/ 1
S 62Kj+Kj {tl—eR/ +(tU)1 eRr +K tl eRUe“_ER} 37 (t)

and the constraint (F.6¢) is satisfied if ¢ is small enough.
The inequality (F.6d) is satisfied since the ratio between log R(t) = (er +
e:)log & and £(2t) = (557)° converges to zero as tv tends to zero. O

As in the proof of Proposition 3.36, set K72 = 5> min{cye "7, L1

Lemma F.5. There are constants'” Cp and tmayx such that, setting L(t) =

CL ’I"(t)Q,

%KLgtR’(t) > L(t) (F.7a)

Kror(t)? > L(1) (F.7b)

552 (t)* > L(t) (F.7¢)

6e25 (¢ [|u| + e ™ R(2t) + R/ (1)) < f((f)) %( (t) —r(2t)) (F.7d)

17 The constant C, depends only on ¢y, Cy, ¢y, egs and e;. The constant tmax depends
only on Cp, K}, Ky, ey, eR, er, .
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3
p—1

oM zn:wpe) > e(2Fe) | < L(2%) (F.7e)

k=q—1

for all 0 <t < tmax, 0 < 0 < bax (with the Vmax of Lemma F.2 and all e > 0
and n € N with 2" < typax-

Proof. Using (F.4Db), the constraint (F.7d) will be satisfied if

662[(; (tlfeR, [K#Ue“ieR + U576R] + tlfeR/) I‘(t)

L(t) B 1 1
<1 Crr(t) < 2(1= 5o)(t)

As long as v is smaller than the v, of Lemma F.2 and ¢ is small enough,
we may choose L(t) to be a small constant times r(¢)2. We may also choose
this constant to be smaller than %KLQ and £35. Then constraints (F.8a,b,c)
are also satisfied.

Observe that, for any 0 < 2tv < 1 and real b > 1,

N l b+1
gtn

1\ 1\ ! 1\?
= <log2 + log 2750) > (log ) +(b+1)(log2) (log )

2tv 2tv

1 b+1 1 b

Iterating, we have, for all e > 0 and 0 < m < n with 0 < 20 < 1 and any
real b > 1,

1 b+1 1 b+1 n 1 b
1 > |1 1 ,
( 8 2men) - ( 8 2”50) * Z ( 8 2%:0)

j=m+1
n 1 b b+1
— ) <2 —
— 5 () =2z
and hence
3
n p—1 n 1 9
211 D k < 14 'g
doure) | D c(@be) | <2M ) u(2re) (log SiTog
p=q k=q—1 pP=q
1 9 n
23 P
<2 <1og 2%0) ;e@ £)

Since, for any e, > 0,

n 1 €y 1 ey n 1 1 1 €y
p;} <2psn) B (en) 2 2pec 12~ <2q50)

=q

3
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the left hand side of (F.7e)

" n p—1 . 223 1 9 1 ey
P
2 Zé(Q €) Z c(2%) | < o <log 2‘1;50) (2%‘0)
p=q k=q—1
is indeed smaller that L(2%) = CL(g7=)%" if e, < 2¢; and 2"ev is small
enough. O

During the construction, we introduced the auxiliary constants

Kp=2"K? and Kp = 2** in Theorem 3.24,

Kp = 2%¢%% and K = 2%8¢5%i in Theorem 3.26,

KA = 2%0¢19%; in Theorem 3.27 and

Kq = 2%*Ki and Ky = 2%5¢%K5 in Propositions 5.12 and 5.13, respectively.

O O O O

Lemma F.6. There is a constant tmax > 0 (depending only on er, e, and K;),
such that, for all 0 < t < tmax and 0 < v <1, we have

tK; K2e2K; t K te—me 95ter [ Kt 2
S A Y74 Y L ot S L — i <1
21728r KR 217€R726r (tn)eRJrZer \/K7R

(F.8a)
e2tK] 16Kj€8Kjte—mc 1
—2°1(2to)r(2t)R(2t)*
91— (2er+4e;) + Kpr(2t)2R(2t)2v + Kg (2to)r(2t)R(2t)
21067%mc 920
= T - <1 F.8b
T RpoR202 T Kp (F.8b)
27 2er 2K L 9B (to)r(HR(2)3 < 1 (F.8c¢)
: 1
Proof. (a) Since e; < 15,
. o N 2
etKJ i 25+ rKjeK]t < 1 i 1 €2Kjt < z€2K]‘t
91—2er \/E — \ 21—2e: 22—2e; =8

By (F.4b), all remaining contributions may be made arbitrarily small by
choosing t,.x small enough.
(b) Since 1 —(2er +4e;) = 1—(3er +4e;) +er > er > 1, by (2.17), we have

62tKj 1 51 3 220 1
m + E2 (2tb)r(2t)R(2t) + K7E <1l- 278
by (F.6a), if ¢ is small enough. Using (F.4b) and (2.17), the remaining
two terms can be made arbitrarily small.
(c) is obvious. O
The precise smallness assumptions on # and v in Theorems 2.16 and 2.18
are
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Hypothesis F.7. (i) 0 is smaller than

1
Cy 1_2—2(736R~4€x-) 12erp—er
248555 (14 K3) 217¢10K;
and each of the tya.x’s of Lemmas F.1 to F.6.
S S
(ii) v is smaller than (212?%;9) 1=2er~1er and each of the Vmax s of Lemmas F.1

to F.5.

These are also all of the restrictions that we put on the constants © and vg of
Theorems 3.24, 3.26 and Proposition 3.29.

Appendix G. Changes of Variables and Estimates of Operator
Norms

The basic change of variables formula for the operator norms of Definition 3.18
is Proposition 3.19. It, and consequences of it, are proven in [4, §IV]. For the
purposes of our construction, we need variants of these results for special sit-
uations, namely that the operators implementing the change of variables have
restricted ranges or that the functions to which the change of variables is
applied are polynomials. The first is treated in Proposition G.1 and the sec-
ond in Lemma G.2 and Corollary G.3. Also, in Remark G.4 and Lemma G.5,
we develop tools to bound the operator norms of Definition 3.18.

We work in the same abstract environment as in [4, §IV]. We are given
weight factors k1, ..., ks on an abstract metric space X with metric d. We con-
sider analytic functions f(aq,...,as;h) of the complex fields ay,...,as and
the additional “history” field h. Denote by w the weight system with metric
d that associates the weight factor x; to the field o, and the constant weight
factor 1 to the history field § (see Definition 3.12).

Proposition G.1. Let I';, 1 < j < r, be h-operators on C¥. Let A C X and,
foreach 1 < j <7, Aj be either A or A°. Set

f(ala"wasflaﬁlwn aﬁ'r‘ab) = f ala"wanl?ZAijﬁj;h
j=1

Furthermore let Ry, 1 <i < s—1and \j, 1 < j <r be weight factors. Let 0 be
the weight system with metric d that associates the weight factor k; to the field
aj, for 1 <1i < s —1, the weight factor \; to the field B;, for 1 < j <r, and
the constant weight factor 1 to the history field b. Assume that 7;(x) < ki(x)
foralll <i<s—1 and x € X and that there is a v > 1 such that

1 1
> Na(AjTys 60, 0) < = and > Na(A T s Aj) <

1<j<r v 1<j<r
K;=A A;=A°
Then
(eﬁliyy)g Zf v<e
Iflla < Collfllw — with G, = {4 if e<v<4
1 if v>4
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Proof. We introduce auxiliary fields {ﬂ;} and {71,7v2} and define

1<j<r

f/ (Oél,...,Oés_l,’Yl,’}/Q;[')) = f(al,...,Oés_l,A’}/l +A6725b)

f//(ala'"aas—laﬂiv"wﬂy/";b):.f, A1y, g1, E 6_;7 § ﬂ;vb
1<j<r 1<5<r
Aj=A Aj=A°

Then

f(alw-'aasfhﬁh"wﬁr;b) = f// (ala"'7a5717A1F1617”'7Arrrﬂr;h)

Set, for each 1 < j < r, t; = Ng(A;T';; ks, A;) and introduce the auxiliary

weight system w’ with metric d that associates the weight factor one to the

history field,

o the weight factor ; to the field «;, for each 1 <i <5 —1,

o the weight factor \)(x) = t;rs(x) to the field 3}, for each 1 < j <r, and

o the weight factors x(x) = Zl<]<rt Ks(x) and khH(x) = D 1<j<r tjRs(X),
=A A;=A°

respectively, to the fields v, and Y.
By [4, Proposition IV .4],

||f~(041, s 7as—1761,' . '3/67’; h)”ﬁl < ||f” (alv' . >as—17ﬂ17' .. 3/6:”; h)”w/
since

1
Nd(A]‘F]’; )\;7>\J) = Nd(Aij; tj/fsa)\j) = ?Nd(A]F], Rg, )‘j) =1
J

By [4, Lemma IV.5.i], applied twice,

||f/l (ala s 7048—1’6:/[7 sy 7/‘1 h)”wl S ||f/ (ala ey 015,715,725 h)”w'
since,
X X
O L
1<5<r X 1<;<r X
Aj=A Aj=A°

By part (iii) of [4, Lemma IV.5], with r replaced by 2,
£ (s a1, 71,725 0) Ly < Ol f(an, ..o as b)),

since C, = Cl, 5 and

1 Ky (x) 1
Z t; < — and sup 1( ) Z t; ;

x ( 1<j<r 1<j<r
A=A A;=A°

A

O

In Sect. 5, we use a refinement of [4, Proposition IV.4] for functions of
low degree in the fields that exploits exponential decay of operators away from
a given subset L of X. This estimate is contained in
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Lemma G.2. Let Ay, ..., Ay be h-operators on C~ and let &}, ... K., be weight
factors. Furthermore, let f(aq,...,as;h) be a polynomial in the fields
Qai,...,05 and set

fllaa,. o ash) = f(Araa, ... Asas; b)

(a) Assume that f(aq,...,as;h) is homogeneous of degree d; in «; for each
1<j<s. Then

1 e < I fllo [T Na(Ags 55, 57)%

Jj=1

where w is the weight system with metric d that associates the weight
factor n; to the field a; and the constant weight factor 1 to the history

field .
(b) Letty,...,ts € R witht; +---+ts < 0. Also, Let d' and § be metrics
that obey

S
d > d+ Z ti | o
i=1
t; >0
Denote by w' the weight system with metric d’ that associates the weight
factor H; to the field a; and the constant weight factor 1 to the history

field b.
Assume that f(ay,...,as;h) is homogeneous of degree one in each
of the fields o, ..., as. Then, for any subset L of X,

1w < 0l TT N (453 sge20, 1)

j=1

Proof. (a) follows from [4, Proposition IV.4] by scaling.
(b) Denote by wauy the weight system with metric d’ that associates the
weight factor fijetf‘s(x’L) to the field a;;. We claim that

[ lwaue < 111w (G.1)
The claim follows from (G.1), since, by part (a),

S
1 o < 1 TT N (A gets200), )
j=1

To prove (G.1) we may assume that there is > 0 such that ¢1,--- ,¢,. >0
and t,41,...,ts < 0. By hypothesis, >5/_, ¢, < >>°_ . (~t;). Therefore there
are a;; >0, i=1,...,r, j=7r+1,...,s such that

ti= Y ay fori=1,...r (G.2)
j=r+1
,
(—tj)ZZaij forj=r+1,...,s (G.3)

i=1
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Now fix x1,...,xs € X, £>0 and z € X*t. Let T be a tree whose set of
vertices contains x1,...,Xs,21,...,2¢. Denote by lengths(7") the length of T
with respect to the metric 0. For each 1 < 4,5 < s, the points x; and x; can
be connected by a path in T'. Therefore

§(x;, L) < 6(x;, L) + lengths(T')

Consequently
S
Z tid(xi, L
i=1
S

=33 aydxi L)+ Y tid(xi, L)

i=1 j=r+1 i=r+1

< Z Z a;; 6(x;,L) + Z Z a;; lengthgs(T') + Z t;6(x;, L)
=1 j=r+1 =1 j=r+1 Jg=r+1

= Z (tj + Z aij> 5(Xj, L) + Z t; length(;(T)
j=r+1 i=1 i=1

<Zt> lengths(T")

by (G.2). Therefore
length, (T') + Z t;0(x;, L) < length,(T)

This holds for any tree T', whose set of vertices contains x1,...,Xs, 21, ..., Zs,
so that

Ta (X1, .., Xs,Z) + Ztié(xi,L) < 71a(x1y...,Xs,Z)
If we expand
f(al""’as;h)
= Z Z ap(X1,...,Xs3Z) ap(X1) - as(xs) h(z1) -+ b(ze)

020 X1,..., xpeX

and apply Definition 3.12, we get (G.1) O

Corollary G.3. Let h(y1,...,7; b) be a multilinear form in the fields y1, . . ., V.
Furthermore, let

Fg, f‘z, Aj and Aj
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1,...,r; j=1,...,8) be h-operators on C¥. Set

filar,...,ash) =h ZF{aj,...,ZFZaj;b
j=1 j=1
falar,...,ash) =h ZF{aj,...,ZFZaj;b
j=1 j=1
—h Zf‘jllaj,“',Zf‘iaj;f)
Jj=1 j=1
fslon,... o) = (D Ail{ag,.... ) Allayh
j=1 j=1
—h (Y AiMay,.... Y ATiash
j=1 j=1

—h Z Alf\jllOéj, ey ZATf“Z;Oéj; f)
Jj=1 j=1

+h Z fllf‘{aj, ey ZATf“Z;CVj; h
Jj=1 j=1

Let \1,..., )\ be weight factors. Let w' be the weight system with some metric
d’ that associates the weight factor k; to the field a;; and let wy be the weight
system with metric d that associates the weight factor X\; to the field ;. Let §
either be 0 or a metric which obeys

d>d +(r—1)6

and let L C X. Then

(iii)

”le“" < Hh”“u H;;:1(Z;:1 Nar (1“3; Ai eti‘s(x’L), lij))

where each t;, 1 <i <r, is either 1 or —(r—1) and at least one of them
is —(r—1)

[ f2llw <7 Hh”wA oso” !

where

0 = max max ZNd/ (T75 N 2090 ), Z Ny (f‘i, Ai 200D )

j=1 j=1
hd l‘{/ . ~
05 = max » |17 - 17|
z:l,...,rj:l )\2

I £5llwr < 72 [[Alluwy o505 (00)™
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where
o= nllax maX{Nd/ (A \i REICHD) e t5(x, L)) N, (A A REICND) e 5 (x, L))}

as = max Ny (A; — Ai; /\ieté(x’m,/\iew(x’m)

Proof. (i) It suffices to prove that, for each choice of 1 < jq,...,j. < s,
the || » norm of h(T)'a,,...,Diray ;b) is bounded by [|Allw, [Ti—; Nar
(D75 Ay et#005L) g ). This follows from Lemma G.2(b) and [4, Lemma TV.5.ii]
(when two or more of the j;’s happen to be the same).

(ii) Write the telescoping sum

S

falag,...,as) =h Z(F] F] QJ,ZFQQJ,...,Z‘;:F{;C@
; =

Jj=1 J=1
S S S
+h ZF{O&]‘,Z(F% _F%)O‘Jv ’ZFTQJ
Jj=1 j=1 j=1
s
-+ h ZflaJ,ZF2a],...,Z(FJ. M)a;
Jj=1

and apply part (i) to each of the summands. For term number iy, which con-
tains I} — T | choose t;, = —(r — 1) and ¢; = 1 for all i # ig. (We have

i0?
5upprebbed the argument b and will do so for the rest of the proof.)
(iii) Write the telescoping sum

fg(al, .. .,Ozs)

=h ZAll“ —T)ay,.. .,ZsjArrg;aj
j=1

—h ZAl O[j, .y iATI‘z‘aj
Jj=1

+oth iAlf‘{aj,...7iAr(F]—
j=1

j=1
—h Zﬁlf‘{aj7...,ZAT(F] —
j=1 j=1

We claim that the || - ||, norm of each of the r lines is bounded by 7 ||h|w, 0sas
(0a)"~1. We prove this for the first line. The proof for the other lines is similar.
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We again write a telescoping sum

ZAl (T —Tay, . .. ZA Mo

~h ZAll“ —Tay,... ZA o,

j=1

S

=h Z(Al —1211)(1"{ —f{)aj7ZA2F%Olj,...,ZATFiO[j
j=1

j=1 j=1

S S

+h ZAl FJ f )aj,Z<A2 —Ag)rgam...,ZATanj

Jj=1 j=1 Jj=1

+ +h Zfll(l“{ —f‘{)a]‘,ZAQFgO{j,...,Z(AT —AT)FZO(]‘

7j=1 Jj=1 j=1

By the first bound, the || - ||, norm of the first term is bounded by

llus | D2 Nar (A1 =A0)(T] = F)s h =000 s )

j=1
X H Z Nd’ (Azl—‘i» )\ieé(x’L), lﬁj)
=2 \j=1

< ||hHwANd' (Al _AM )\le—(r—l)é(x,L)) Ale—(r—l)é(x,L))
SN e

X H Nd’ (A,“ )\ieé(x,L), )\ieé(x,L)) Z Nd/(Fg, )\ieé(x’L), I'ij)

i=2 j=1

S
< NAllus | as Y Nar(Df =T Are™ 700008 )
j=1

X H ZaNd/ F] )\ 65(x L) )
=2 =

< |l o505(00)" !
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by [4, Remark IV.3.ii]. The norm of the second term is bounded by

(17 lwx <Z Na (/L(F{ - TY); /\1€<Tl)5(x’L>»/€j>>

j=1
X <zS: Nd/ ((AQ — AQ)F';; )\2€5<X’L)7 Kj)) ﬁ <zs: Nd/ (A,FZ, )\ieé(x'L), /ij))
j=1 i=3 \j=1

< |17, (05a) (oas)(oa)"
Similarly, one bounds the norms of each of the other r — 2 terms by ||h||w, 0sas

(ga) 1.

In order to apply Proposition 3.19, [4, Corollary IV.6] or Lemma G.2 we
need techniques to estimate operator norms. They are given in Remark G.4
and Lemma G.5, below.

Remark G.4. Let A be an b-linear map from C~ to CX. Let dy, d> be metrics
with dy — dy > d. Furthermore let k, x’ be weight factors.

(i)

! /
NaA:s ki) € Nay (i 11) | sup et DN |y, 200
x,y€X K (x xex k()
A(x,y)#0 A(x,-)#0
!
Na(A; mo i) < Nap(A; 1,1) [ sup e B0 gy, K
x,yeX "{(X) yeX K’(Y)
A(x,y)#0 A(-y)#0

(ii) Let ¢ > 0 and define the h-linear operator A, by

Adxizy) = {g‘(’“ wy) oy Ziiii 9
Then
Ng(A. — A; k, k') < e Ny, (4; k, k)
(iii) Denote
K= sup @e*dz(x,y)

x,yeX H(X
A(x; - 5y)#0

Then
Na(A; k") < KNy, (4; 1,1)
(iv) Let J be a linear operator on CX. Then
Ny (exph(J); kK, k) < eNalJir k)
Ny (exph(J) — bk, k) < Ny(J; K, K) eNa(J3k,K)
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Proof. To prove parts (i) and (ii), observe that, for all x,y € X and allZ € X )

/ /!
eTd(supp (x7i»y))|A<X; z;y)| K () < e~ d2(xY) g7y (supp (x,Z“7y))|A(X; z;y)| r ((y))
K(x

This immediately gives part (ii). The two inequalities of part (i) follow by
writing

Rly) _Flly) () _ sly) K(y)
r(x) (X)) w(x) k(X)) k()
Similarly, part (iii) follows from

¢ralsubn (<230 | A (x: 71 )| “'((Y)) < Ktz 0oy) gralsupp (223) | A 7 y )|
R{X

< KeTar (9P (X230 A(x: 7 )|

Part (iv) follows from the expansion

and [4, (IV.1)]. O
In Appendix E, we use a more sophisticated

Lemma G.5. Let

o Li,L9,L3,01,0, C X

o A, A, bg h—linear operators on cX

o 041,09,6,d metrics on X

o R >0 and rk a weight factor such that k(x) < Re®®02) for allx € Ls.
Set

DL — max {(5(L1,L2), (5([127113)7 (S(Lg,Ll)}
-DO = Inax {DLv 5(L1a01)3 5(L2701)7 5(L3701)}

(i) Assume that d+ 0y +6 < d. If
(a) Lj C Oy for at least one j € {1,2,3} and D = Dy,
or if
(b) L; C Oz for at least one j € {1,2,3} , 01 > and D = Do
or if
(¢) O1COs,6>0+0dy and D = Do then

< Re P NJ(LlAlLQ; 1,1) NJ(L2A2L3; 1’1)

(d) Assume that d+ §1 + 02 + 6 < d and that L; C O1, Lj C Oy for
some 1 <1i,5 <3. Then

Nd <L1A1L2A2L3; 6_61 (x,Ol)’ KZ)
<Re PPN;(L1A1Ly;1,1) Nj(LoAsL3;1,1)
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Proof. We may assume that R = 1 and that x(x) = e?292). We write the
kernel of the operator Ly AyLsAsL3 as

(LA L2 As L) (i Zy) = ) (LnAiLs) (x;715u) (LaAsLs) (w;Zs3y)
il;*lzeeL)z((”
Z10(u)ozy =7
(i) Fix x € Li,u € Ly,y € Ls, 71,70 € X(!). Then
—01(x,01) + 74 (Supp (X; Z1 owo Zz;y)) + d2(y, O2)
< 74 (supp (x; Z1; ) + 74 (supp (u; Z2;y)) + d(x, u) +d(u,y) + d2(y, O2)
—61(x,01) — 0(x,u) — 6(u,y)
< 7 (supp (x;Z1;u))+7; (supp (; Z2;y)) —d2(x, u) —d2(u,y) +d2(y, O2)
—01(x,01) — 0(x,u) — 6(u,y)
Asx e Ly,ue€ Lyy € L3
6(x,u) +d(u,y) = D
0(x,01) + d(x,u) + d(u,y) > Do
If L; C O, for at least one j € {1,2,3} then
—da(x,u) — d2(u,y) + d2(y,02) <0
Therefore
—b2(x,u) — d2(u,y) + 02(y, O2) —61(x,01) —d(x,u) — 6(u,y)

—Dj,  in case a)
—Do in case b)

<

In case (c), 01(x,071) > da(x,02) + §(x,01) so that
—da(x,u) — da(u,y) + d2(y, O2) — d1(x,01) — d(x,u) — 6(u,y)
< —da(x,u) =2 (u,y) + d2(y, O2) —d2(x,02) —0(x,01) —d(x,u) = (u,y)
< —-Do
Consequently, in all three cases
—01(x,01) + 74 (supp (x; Z1 oo Z2;y)) + d2(y, O2)
< =D + 7 (supp (x;Z1; 1)) + 74 (supp (u; Z23y))
so that
e 01000 gra(supp (xZiowoLey)) | () Ay L) (x; Z1;u) (Lo AaLs) (w; Zo; y)| £(y)
< e~ Deralsupp (xi71;u)) |(L1A1Ly) (x;Z1; )] eTa(supp (uiZ2;y))
X [(L2A2L3) (u; Za;y)|
If we define the auxiliary h-linear operators A; and A, by
Ay(xiziy) = e 055 | A, (x: 2 y)|
Ay(xiziy) = eTawop 055 | Ay (x: 2 y)|
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we now have, by [4, (IV.1)],
Ni (LiAiLaAsLs; ™00, k) < Re™P No (LidiLadaLy; 1,1)
S ReiD NO (lezilLQ; 17 1) N() (LQAQLB; 1, 1)
=Re P N;j(L1A1Ly; 1,1)Ng(LoAsLs; 1,1)
(ii) As in part (i), fix x € Ly, u € Lo,y € L3, 71,7, € X" and bound
01(x,01) 4 74 (supp (x; Z1 cuoZy;y)) + d2(y, O2)
< 7q (supp (x;Z1; 1)) + 74 (supp (w;Z2; y)) + d(x,u) + d(u,y) + d1(x,01)
+62(y, O2) — 6(x,u) — 6(u,y)
<7; (supp (x; Z1; 1)) +7; (supp (u; Z2;y)) — (01 (x, u) +61 (u,y) — 01 (x, 01))
- (52()(7 u) + 62(11’ Y) - 62()’7 02)) - (6(){7 u) + 5(“7 Y))
< —Dp + 7 (supp (x;Z1;u)) + 75 (supp (u; Z2; y))

Appendix H. Symbol Table

Notation Definition Comments
v (VH ((x,y) = fly) — f(x) discrete gradient
vl Subxex D €Y [u(x,y)| (2.5)
1Al Nim (A;51,1) Definition 3.20
x0(; o, B) Theorem 2.16 small field conditions
S Definition 2.4 hierarchy
dpa (27, 2) ern w before (2.1)
e *0 y (J2(x)] < 1)
Da.o(g; s, B) before (2.2) part of effective action
Dayo(as, B) limp,— oo Da;m (2770; as, B) (2.2)
d(x,y) standard metric on X
o(7) Notation 2.2(iii) decimation index of 7
exph (J) ehhp Definition 3.4(iii)
Iis, I's Definition 2.9 background field
FI;(G), FI,(G) Definition 2.9 coefficients
h V*HV kinetic energy
H kernel in kinetic energy see beginning

of Appendix D

Iy(a*, B) limpm—oo Im (2770; o™, B) Theorem 2.16
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I,(g;a7, B) (1.3), (1.10) effective density
I(s:a*,8) Definition 2.8(ii) large field
integral operator
L(7:0%.8) Definition 2.8(i) large field
integral operator
T~ Notation 2.2(iii) decimation interval
centred on 7
T Notation 2.2(iii) left half of J-
Jx Notation 2.2(iii) right half of J-
3(®) exph (—t(h — p)) 3.1)
Dy) | i y)- {(1) : Zg g - (3.2)
Ka sup Y. e~ d5¥) in proof of Lemma 3.42
yeX xeX
Kp 23566K; Theorem 3.26
Ka 940 10K, Theorem 3.27
Kg 2% Theorem 3.24
Kr, 248 6K; Theorem 3.26
Ko %2 min {cHef4DCH, %} in proof of
Proposition 3.36
Koq 292K Proposition 5.12
Kr 212KJ2 Theorem 3.24
Ky 225 0K, Proposition 5.13
AT) Definitions 2.4, A.1, Sect. 5.1 small field set
Ns(A; kv, k) Definition 3.18 weighted L'-L*>°
operator norm
QT) Definitions 2.4, Sect. 5.3 small field set
Po(J), Ps(T) Definitions 2.4, A.1, Sect. 5.1 large field sets
PL(TJ),P5(J) | Definitions 2.4, A.1, Sect. 5.1 large field sets
Q) Definitions 2.4, A.1, Sect. 5.1 large field set
Q:5(a, B; 7, 7) (2.10) dominant quadratic part
Qo (e, B; @ar@) | Qe (e BT (-5 ), (2.9), (3.3)
I's(-;a,3))
R(J) Definitions 2.4, Sect. 5.3 Stokes’ large field sets
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Raost before (2.1) renormalization

group operator

Va,s(g; ax, B) (2.1) principal interaction
Voo (o, B) limpm— oo Voi0(27™0; as, B) (2.4)
Ve (o, B; Gy, @) (2.11) dominant quartic part
v(X,y) two-body potential see Hypothesis 2.14
X ZP/Lz® space
Y™ bonds with at least just before Notation 2.2

one end in Y

Y™ points within just before Notation 2.2
distance one of Y
Zs Lemma 2.7 normalization constant
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