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The Temporal Ultraviolet Limit
for Complex Bosonic Many-body Models
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Abstract. We consider the partition function for a many-body model
consisting of a weakly coupled gas of bosons at any temperature T > 0
and any chemical potential μ, but with both infrared and ultraviolet cut-
offs imposed in both temporal and spatial directions. We take the limit
as the ultraviolet cutoff in the temporal direction is removed and develop
a representation for the limit that, hopefully, provides a suitable starting
point for controlling the limit as the infrared cutoffs are removed.

1. Introduction

We are developing a set of tools and techniques for analyzing the large dis-
tance/infrared behaviour of a system of identical bosons, as the temperature
tends to zero. In this paper we retain an infrared cutoff. That is, we consider
bosons moving in the discrete torus X = Z

D/LZ
D, endowed with the standard

Euclidean metric d(x,y). Our long term goal is to rigorously treat the infrared
limit L → ∞. See the introduction of [1].

The total energy of our many boson systems has two sources. First, each
particle in the system has a kinetic energy. We shall denote the corresponding
quantum mechanical observable by h. The most common is − 1

2mΔ, but, in this
paper, more general operators are allowed. We assume that h = ∇∗H∇ where
H : L2(X∗) → L2(X∗) is a translation invariant, real, strictly positive, opera-
tor, X∗ is the set of all bonds (ordered pairs of nearest neighbour points of X,
but with the pair (y,x) viewed as −(x,y)) and the gradient (∇f)((x,y)) =
f(y) − f(x). Second, the particles interact with each other through a two–
body potential, 2v(x,y), which is assumed to be real, symmetric, translation
invariant and exponentially decaying. For stability, v is also required to be
repulsive, in the sense that, viewed as the kernel of a convolution operator, it
is strictly positive.
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We assume that the system is in thermodynamic equilibrium and that
expectations of observables are given by the grand canonical ensemble at tem-
perature T = 1

kβ > 0 and chemical potential μ. We concentrate on the partition

function Tr e− 1
kT (H−μN). Here, H is the Hamiltonian and N is the number

operator. The techniques developed here can also be applied to correlations
functions. See (1.8).

In [2], we developed a functional integral representation for the partition
function. See (1.2) below. The integration variable of this functional integral
is a complex field ατ (x) depending on position x ∈ X and time/temperature
τ ∈ (0, 1

kT ]. Here, we have periodic boundary conditions, that is α0 = α 1
kT

.
The representation of [2] can be viewed as a rigorous version of the formal
representation

Tr e− 1
kT (H−μN) =

∫
· · ·
∫ ∏

x∈X
0≤τ≤ 1

kT

dα∗
τ (x) dατ (x)

2πi
eAX(α∗,α)

where

AX(α∗, α)

=

1
kT∫

0

dτ
∫

X

dx
{
ατ (x)∗ ∂

∂τ
ατ (x) − ατ (x)∗(hατ )(x) + ματ (x)∗ατ (x)

}

−

1
kT∫

0

dτ
∫∫

X2

dxdy ατ (x)∗ατ (y)∗v(x,y)ατ (x)ατ (y) (1.1)

This formal representations is frequently used in the physics literature. See
[11, (2.66)]. The ultraviolet problem is to integrate out, in this representation,
all variables ατ (x) except for those having τ in a lattice with spacing of order
one. In this paper, we treat the ultraviolet problem for our rigorous version of
the formal representation above.

As pointed out in the introduction to [1], it is not possible to give rigor-
ous mathematical meaning to the functional integral above in a straightforward
way. For this reason, we derived (in Theorem 2.2 of [2]) the representation

Tr e− 1
kT (H−μN)

= lim
ε→0

∫ ∏
τ∈εZ∩(0, 1

kT ]

[
dμR(ε)(α∗

τ , ατ )ζε(ατ−ε, ατ )

×e〈α∗
τ−ε,j(ε)ατ〉−ε〈α∗

τ−εατ v α∗
τ−εατ〉

]
(1.2)

Here, for any r > 0,

dμr(α∗, α) =
∏
x∈X

dα∗(x) ∧ dα(x)
2πı

e−α∗(x)α(x) χ (|α(x)| < r)
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denotes the unnormalized Gaussian measure, cut off at radius r, and ζε(α, β)
is the characteristic function of{

α, β : CX → C
∣∣ ‖α− β‖∞ < p0(ε)

}
The cutoffs R(ε) > 0 and p0(ε) ≥ ln 1

ε are decreasing functions of ε defined for
all 0 < ε ≤ 1 that obey

R(ε) ≥ 1
4
√
ε
p0(ε) and lim

ε→0

√
εR(ε) = 0

Furthermore, for any t > 0, the operator j(t) = e−t(h−μ). We write the (R–
style) scalar product, 〈f, g〉 =

∑
x∈X f(x)g(x) for any two fields f, g : X → C.1

In this paper, we treat the ultraviolet problem in the representation (1.2).
The final result is to write the partition function as a functional integral which
involves ατ for only finitely many values of τ , independent of ε. To achieve
this, we have to integrate out all but a fixed number of fields ατ in the repre-
sentation (1.2). For n ≥ 1 and ε > 0, set

In(ε;α∗, β)

=
∫ ∏

τ∈εZ∩(0,2nε)

dμR(ε)(α∗
τ , ατ )

×
∏

τ∈εZ∩(0,2nε]

[
ζε(ατ−ε, ατ ) e〈α∗

τ−ε,j(ε)ατ〉−ε 〈α∗
τ−εατ v α∗

τ−εατ〉
]

(1.3)

with α0 = α and α2nε = β. If ε = 1
2m

1
pkT , for m, p ∈ N, then∫ ∏

τ∈εZ∩(0, 1
kT ]

[
dμR(ε)(α∗

τ , ατ ) ζε(ατ−ε, ατ )

×e〈α∗
τ−ε,j(ε)ατ〉−ε 〈α∗

τ−εατ v α∗
τ−εατ〉

]

=
∫ p∏

n=1

[
dμR(ε)(φ∗

n, φn) Im(ε;φ∗
n−1, φn)

]
(1.4)

with the convention φ0 = φp. Combining (1.2) and (1.4) we get

Tr e− 1
kT (H−μN) = lim

m→∞

∫ p∏
n=1

[
dμR( 1

2mpkT )(φ
∗
n, φn) Im

(
1

2mpkT
;φ∗

n−1, φn

)]

(1.5)

For a treatment of the ultraviolet problem in some related models, see
[6,7,9,10].

In this paper we show that, that for all sufficiently small2 θ > 0,

Iθ(α∗, β) = lim
m→∞

Im(2−mθ; α∗, β) (1.6)

1 Thus the usual scalar product over C|X| is 〈f∗, g〉.
2 The smallness condition on θ does not depend on the interaction v.
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exists and we also exhibit properties of Iθ that we deem useful for a potential
infrared analysis. If θ was chosen sufficiently small, we will write Iθ as the sum
of a dominant part (which is shown to have a logarithm) and terms indexed
by proper subsets of X and which are exponentially small in the size of the
subsets.

The partition function can be written as

Tr e− 1
kT (H−μN) =

∫ p∏
n=1

[∏
x∈X

dφn(x)∗φn(x)
2πı

e−φn(x)∗φn(x)

]
Iθ(φ∗

n−1, φn)

More generally, one also gets a representation for the Green’s functions3

Tr e− 1
kT (H−μN)

T

∏�

j=1
ψ(†)(βj ,xj)

Tr e− 1
kT (H−μN)

(1.7)

with x1, . . . ,x� ∈ X and 0 ≤ β1, . . . , β� ≤ 1
kT . To this end, choose a sufficiently

fine partition, 0 = τ0 < τ1 < · · · < τp = 1
kT that contains β1, . . . , β�. It follows

from [2, Theorem 3.7] that the numerator of (1.7) is equal to
∫ p∏

n=1

{[∏
x∈X

dφτn
(x)∗φτn

(x)
2πı

e−φτn (x)∗φτn (x)

]
Iτn−τn−1(φ

∗
τn−1

, φτn
)

}

×
�∏

j=1

φβj
(xj)(∗) (1.8)

with φ0 = φ 1
kT

.
The functions In(ε; α∗, β) can also be defined recursively by

I1(ε; α∗, β) =
∫

dμR(ε)(φ∗, φ) ζε(α∗, φ) e〈α∗, j(ε)φ〉+〈φ∗, j(ε)β〉

×e−ε(〈α∗φ, v α∗φ〉+〈φ∗β, v φ∗β〉) ζε(φ∗, β) (1.9)

and

In+1(ε; α∗, β) =
∫

dμR(ε)(φ∗, φ) In(ε; α∗, φ)In(ε; φ∗, β) (1.10)

This recursive definition is called decimation, because we successively integrate
out every second field. The description of and estimates on In will be obtained
inductively.

The integrals (1.9) and (1.10) are oscillatory. Their dominant contribu-
tions are extracted by stationary phase. In [5], we describe the construction and
estimates that one obtains if, in (1.9) and (1.10), one always ignores contribu-
tions far away from the critical point of the (“free part”) of the exponent. We
call this the “stationary phase approximation”. To be somewhat more precise,
fix a suitable (see [5, Hypothesis I.1]) non negative decreasing function r(t),
and assume that one keeps in (1.9) and (1.10) only the integral over fields that

3 Here ψ(βj ,xj) and ψ†(βj ,xj) are annihilation and creation operators, conjugated by

eβj(H−μN), and T denotes time ordering.
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are within distance r(2nε) from the critical point of the exponent, evaluated
at v ≡ 0. Then the dominant contribution to In(ε; α∗, β) is

I(SP)
n (ε; α∗, β) = Z2nε(ε)|X| e〈α∗, j(2nε)β〉+V2nε(ε; α∗,β)+E2nε(ε; α∗,β)

where, for every δ that is an integer multiple of ε,

Vδ(ε; α∗, β)

= −ε
∑

τ∈εZ∩[0,δ)

〈 [j(τ)α∗] [j(δ − τ − ε)β] , v [j(τ)α∗] [j(δ − τ − ε)β]〉

and the functions Eδ are recursively defined by

Eε(ε; α∗, β) = 0
E2δ(ε; α∗, β) = Eδ(ε; α∗, j(δ)β) + Eδ(ε; j(δ)α∗, β)

+ log

∫
dμr(δ)(z∗, z) e∂Aδ(ε; α∗,β;z∗,z)∫

dμr(δ)(z∗, z)
(1.11)

with

∂Aδ(ε; α∗, β; z∗, z) = [Vδ(ε; α∗, j(δ)β + z) − Vδ(ε; α∗, j(δ)β)]
+ [Vδ(ε; j(δ)α∗ + z∗, β) − Vδ(ε; j(δ)α∗, β)]
+ [Eδ(ε; α∗, j(δ)β + z) − Eδ(ε; α∗, j(δ)β)]
+ [Eδ(ε; j(δ)α∗ + z∗, β) − Eδ(ε; j(δ)α∗, β)]

The normalization constant Zδ(ε), which is extremely close to one, is chosen
so that Eδ(ε; 0, 0) = 0. See (1.7), (1.8) and (1.9) in [5]. The motivation for
this recursion relation comes from a stationary phase construction and is given
below and also in the section 2 of [5]. Theorem I.4 of [5] shows that, under
suitable assumptions on the function r(t) and the number θ, the logarithm in
(1.11) always exists as an analytic function of the fields, and that one can get
a good estimate on

Eθ(α∗, β) = lim
m→∞

Eθ

(
2−mθ; α∗, β

)

To motivate the recursive definition (1.11) of Eδ(ε; α∗, β) we replace In
by

I(SP)
n (ε; α∗, β) = Zεn

(ε)|X| e〈α∗, j(εn)β〉+Vεn (ε; α∗,β)+Eεn (ε; α∗,β)

in the recursion relation (1.10). Here, εn = 2nε. The resulting integral∫
dμR(ε)(φ∗, φ) I(SP)

n (ε; α∗, φ) I(SP)
n (ε; φ∗, β)

= Zεn
(ε)2|X|

∫
dμR(ε)(φ∗, φ) e〈α∗, j(εn)φ〉+〈φ∗, j(εn)β〉eVεn (ε; α∗,φ)+Vεn (ε; φ∗,β)

× eEεn (ε; α∗,φ)+Eεn (ε; φ∗,β)

= Zεn
(ε)2|X|

∫ [∏
x∈X

dφ∗(x)dφ(x)
2πı

χ (|φ(x)| < R(ε))

]
eA(α∗,β ; φ∗,φ)

(1.12)



156 T. Balaban et al. Ann. Henri Poincaré

with

A(α∗, β ; φ∗, φ) = −〈φ∗, φ〉 + 〈α∗, j(εn)φ〉 + 〈φ∗, j(εn)β〉
+Vεn

(ε; α∗, φ)+Vεn
(ε; φ∗, β)+Eεn

(ε; α∗, φ)+Eεn
(ε; φ∗, β)

Here we have written A as a function of four independent complex fields
α∗, β, φ∗ and φ. The activity in (1.12) is obtained by evaluating A(α∗, β;φ∗, φ)
with φ∗ = φ∗, the complex conjugate of φ. The reason for introducing inde-
pendent complex fields φ∗ and φ lies in the fact that the critical point (with
respect to the variables φ∗, φ) of the quadratic part

−〈φ∗, φ〉 + 〈j(εn)α∗, φ〉 + 〈φ∗, j(εn)β〉
= −〈φ∗ − j(εn)α∗, φ− j(εn)β〉 + 〈α∗, j(εn+1)β〉

of A is “not real”. Precisely, the critical point is

φcrit
∗ = j(εn)α∗ φcrit = j(εn)β (1.13)

and in general (φcrit
∗ )∗ �= φcrit.

It is reasonable to expect that the dominant contribution to the integral
in (1.12) comes from the fields φ(x) in a neighbourhood of the critical point.
We now sketch, approximately, the strategy that we use to verify that this is
indeed the case. We decompose, for each x ∈ X, the domain of integration
{|φ(x)| < R(ε)} into the “small field region”, where φ∗(x) is close to φcrit

∗ (x)
and φ(x) is close to φcrit(x), and the “large field region” where this is not the
case. Precisely, write

χ (|φ(x)| < R(ε)) = χx, small (φ(x), φ∗(x)) + χx, large (φ(x))

where

χx, small (φ, φ∗) =

⎧⎪⎨
⎪⎩

1 if φ∗ = φ∗, |φ| < R(ε)
and

∣∣φ∗ − φcrit
∗ (x)

∣∣ < r(εn),
∣∣φ− φcrit(x)

∣∣ < r(εn)
0 otherwise

and

χx, large(φ) = χ (|φ| < R(ε)) (1 − χx, small (φ, φ∗))

We multiply out the products of sums of characteristic functions and get that
(1.12) is equal to

∑
Λ⊂X

Zεn
(ε)2|X|

[∏
x∈Λ

∫
dφ∗(x) ∧ dφ(x)

2πı
χx, small (φ(x), φ∗(x))

]

×

⎡
⎣ ∏

x∈X\Λ

∫
dφ∗(x) ∧ dφ(x)

2πı
χx, large (φ(x))

⎤
⎦ eA(α∗,β ; φ∗,φ)

∣∣∣∣φ∗(x)=φ∗(x)
for x∈X\Λ

(1.14)

Select a term of (1.14), that is, a subset Λ of X. For points x ∈ Λ, we introduce
the “fluctuation variables” z∗(x), z(x) by the change of variables

φ∗(x) = φcrit
∗ (x) + z∗(x), φ(x) = φcrit(x) + z(x)
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For points outside Λ, we do not perform any change of variables. So the fluc-
tuation fields z∗, z are supported on Λ, and the change of variables is

φ∗ = Λφcrit
∗ + z∗ + Λcφ∗ = Λj(εn)α∗ + z∗ + Λcφ∗

φ = Λφcrit + z + Λcφ = Λj(εn)β + z + Λcφ
(1.15)

Here, we also denote by Λ the operator “multiplication by the characteristic
function of the set Λ”. Under this change of variables the domain of integration{

(φ(x), φ∗(x))
∣∣ χx, small (φ(x), φ∗(x)) = 1

}
is transformed into

D(x) =
{

(z∗(x), z(x))
∣∣∣(φcrit

∗ (x) + z∗(x)
)∗

= φcrit(x) + z(x),
∣∣φcrit(x) + z(x)

∣∣ < R(ε) and |z∗(x)| ≤ r(εn), |z(x)| ≤ r(εn)
}

(1.16)

Observe that for (z∗(x), z(x)) ∈ D(x), in general z∗(x) �= z∗(x).
The quadratic part of the effective action

A
(
α∗, β; Λφcrit

∗ + z∗ + Λcφ∗, Λφcrit + z + Λcφ
)

in the new variables is

−〈Λj(εn)α∗ + z∗ + Λcφ∗, Λj(εn)β + z + Λcφ〉
+ 〈α∗, j(εn) (Λj(εn)β + z + Λcφ)〉 + 〈j(εn) (Λj(εn)α∗ + z∗ + Λcφ∗) , β〉

= −〈z∗, z〉 − 〈Λcφ∗, Λcφ〉 +QΛ(α∗, β; Λcφ∗,Λcφ)

where

QΛ(α∗, β; Λcφ∗,Λcφ)
= 〈Λj(εn)α∗, Λj(εn)β〉 + 〈α∗, j(εn)Λcφ〉 + 〈j(εn)Λcφ, β〉 (1.17)

Observe that the terms linear in z∗, z cancelled, because we centered the change
of variables at the critical point. Inserting this change of variables in (1.14),
we see that (1.12) is equal to

Zεn
(ε)2|X|

∑
Λ⊂X

⎡
⎢⎣∏

x∈Λ

∫

D(x)

dz∗(x) ∧ dz(x)
2πı

e−z∗(x)z(x)

⎤
⎥⎦

×
[ ∏
x∈Λc

∫
dφ∗(x) dφ(x)

2πı
e−φ∗(x)φ(x) χx, large (φ(x))

]
eÃΛ(α∗,β; φ,z∗,z)

(1.18)

where

ÃΛ(α∗, β; φ, z∗, z) = QΛ(α∗, β; Λcφ∗,Λcφ)

+Vεn
(ε; α∗,Λφcrit + z + Λcφ)

+Vεn
(ε; Λφcrit

∗ + z∗ + Λcφ∗, β)
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+Eεn
(ε; α∗,Λφcrit + z + Λcφ)

+Eεn
(ε; Λφcrit

∗ + z∗ + Λcφ∗, β) (1.19)

If we apply Stokes’ Theorem (Lemma A.1 of [5]) with X replaced by Λ, r =
r(εn), σ = σ∗ = 0 and ρ = (φcrit

∗ )∗ − φcrit to (1.18) we see that (1.12) is equal
to

Zεn
(ε)2|X|

∑
Ω⊂Λ⊂X

⎡
⎢⎣∏

x∈Ω

∫

|z(x)|≤r(εn)

dz∗(x)dz(x)
2πı

e−|z(x)|2

⎤
⎥⎦

×

⎡
⎢⎣ ∏

x∈Λ\Ω

∫

C(x)

dz∗(x) ∧ dz(x)
2πı

e−z∗(x)z(x)

⎤
⎥⎦

×
[ ∏
x∈Λc

∫
dφ∗(x)dφ(x)

2πı
e−|φ(x)|2χx,large (φ(x))

]
eÃΛ(α∗,β;φ,z∗,z)

∣∣∣z∗(x)=z∗(x)
for x∈Ω

(1.20)

where, for each x ∈ X, C(x) is a two real dimensional submanifold of C2 whose
boundary is the union of “circles” ∂D(x) and {(z∗(x), z(x))∈C2

∣∣∣z∗
∗(x)=z(x),

|z(x)| = r(εn)}. For points x ∈ Ω, the domain of integration has been moved
“back to the reals”.

Whenever χx, large(φ(x)) = 1 or (z∗(x), z(x)) ∈ C(x) for some x ∈ X,
then ÃΛ(α∗, β; φ, z∗, z) or −z∗(x)z(x) has extremely large negative real part
and the contribution to the integral is very small. (See the discussion fol-
lowing Theorem 3.35.) For this reason we kept only the term of (1.20) with
Ω = Λ = X for the “stationary phase approximation” in [5]. In this case,
QX(α∗, β; Λcφ∗,Λcφ) = 〈α∗, j(εn+1)β〉 . Thus, the stationary phase approxi-
mation to ∫

dμR(ε)(φ∗, φ) I(SP)
n (ε; α∗, φ) I(SP)

n (ε; φ∗, β)

is

Zεn
(ε)2|X|e〈α∗,j(εn+1)β〉

×

⎡
⎢⎣∏

x∈X

∫

|z(x)|<r(εn)

dz∗(x) ∧ dz(x)
2πı

e−|z(x)|2

⎤
⎥⎦ eÃ(α∗,β;z∗,z)

= Z2|X|
n e〈α∗,j(εn+1)β〉

∫
dμr(εn)(z∗, z) eÃX(α∗,β;z∗,z)

where

ÃX(α∗, β; z∗, z) = Vεn
(ε; α∗, φcrit + z) + Vεn

(ε; φcrit
∗ + z∗, β)

+Eεn
(ε; α∗, φcrit + z) +Eεn

(ε; φcrit
∗ + z∗, β)
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By construction

Vεn
(ε; α∗, φcrit) + Vεn

(ε; φcrit
∗ , β)

= Vεn
(ε; α∗, j(εn)β) + Vεn

(ε; j(εn)α∗, β)
= Vεn+1(ε; α

∗, β)

so that

Vεn
(ε; α∗, φcrit + z) + Vεn

(ε; φcrit
∗ + z∗, β)

= Vεn+1(ε; α
∗, β) + [Vεn

(ε; α∗, j(εn)β + z) − Vεn
(ε; α∗, j(εn)β)]

+ [Vεn
(ε; j(εn)α∗ + z∗, β) − Vεn

(ε; j(εn)α∗, β)]

Consequently, the stationary phase approximation to∫
dμR(ε)(φ∗, φ) I(SP)

n (ε; α∗, φ) I(SP)
n (ε; φ∗, β)

can also be written as

Zεn
(ε)2|X|e〈α∗,j(εn+1)β〉+Vεn+1 (ε; α∗,β)

× eEεn (ε; α∗,j(εn)β) +Eεn (ε; j(εn)α∗,β)

∫
dμr(εn)(z∗, z) e∂Aεn (ε; α∗,β;z∗,z)

This is compatible with (1.11) if we take

Zεn+1(ε) = Zεn
(ε)2

∫

|z|<r(εn)

dz∗ ∧ dz
2πi

e−|z|2 (1.21)

It turns out that, for each fixed Ω ⊂ X, the sum over all sets Λ with
Ω ⊂ Λ ⊂ X in (1.20) can be written in the form

Zεn+1(ε)
|X|e〈α∗,j(εn+1)β〉ΩeVΩ;εn+1 (ε; α∗,β)+EΩ;εn+1 (ε; α∗,β) ϕΩ;εn+1(ε; α

∗, β)
(1.22)

where VΩ;εn+1 and EΩ;εn+1 depend only on α∗(x) and β(x) with x ∈ Ω, and
are given by the same formulae as Vεn+1 and Eεn+1 but with the total space
X replaced by Ω everywhere, and where ϕΩ;εn+1 is a very small function that
encapsulates the sum over Λ and various integral operators.

The sets Λ, resp. Ω, introduced above are called “small field sets” of the
first, resp. second, kind. The discussion of the previous paragraph shows that
(1.20) is equal to∫

dμR(ε)(φ∗, φ) I(SP)
n (ε; α∗, φ) I(SP)

n (ε; φ∗, β)

and it indicates that I(SP)
n+1 (ε; α∗, φ) is its dominant contribution. The next

decimation step would be to consider∫
dμR(ε)(φ∗, φ)

[∫
dμR(ε)(φ∗

1, φ1) I(SP)
n (ε; α∗, φ1) I(SP)

n (ε; φ∗
1, φ)

]

×
[∫

dμR(ε)(φ∗
1, φ2) I(SP)

n (ε; φ∗, φ2) I(SP)
n (ε; φ∗

2, β)
]
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Inserting (1.20) and (1.22) for the two integrals in brackets gives a normaliza-
tion constant times a sum over small field sets Ω1 and Ω2 of integrals

∫ [∏
x∈X

dφ∗(x) dφ(x)
2πı

χ (|φ(x)) < R(ε))

]

×eA′(α∗,β;φ∗,φ) ϕΩ1;εn+1(ε; α
∗, φ) ϕΩ2;εn+1(ε; φ

∗, β) (1.23)

with

A′(α∗, β;φ∗, φ) = −〈φ∗, φ〉 + 〈α∗, j(εn+1)φ〉Ω1
+ 〈φ∗, j(εn+1)β〉Ω2

+VΩ1;εn+1(ε; α
∗, φ) + VΩ2;εn+1(ε; φ∗, β)

+EΩ1;εn+1(ε; α
∗, φ) + EΩ2;εn+1(ε; φ∗, β)

This oscillatory integral is similar to (1.12). The small factors for points x ∈
(X\Ω1)∪(X\Ω2) mentioned above are so strong that we only have to perform
a stationary phase argument for points inside Ω1 ∩ Ω2. That is, we would, as
in (1.18), write (1.23) as

∑
Λ′⊂Ω1∩Ω2

⎡
⎢⎣∏

x∈Λ′

∫

D′(x)

dz∗(x) ∧ dz(x)
2πı

e−z∗(x)z(x)

⎤
⎥⎦

×

⎡
⎣ ∏

x∈X\Λ′

∫
dφ∗(x)dφ(x)

2πı
e−|φ(x)|2 χ′

x,large (φ(x))

⎤
⎦eÃ′(α∗,β;z∗,z)f ′(α∗, β; z∗, z)

where D′(x) and χ′
x, large are defined as were D(x) and χx, large, but with

εn replaced by εn+1, and where A′(α∗, β;φ, z∗, z) and f ′(α∗, β;φ, z∗, z) are
obtained using the change of variables around the critical point of the qua-
dratic form.

The next step would be to again apply Stokes’ Theorem for the variables
z∗(x), z(x) with x ∈ Λ. Here, a small technical difficulty arises. Namely, the
factor f ′(α∗, β; z∗, z) in the integrand need not be analytic in z∗, z and the
version of Stokes’ Theorem presented in Appendix A of [5] cannot be applied
directly. To circumvent this difficulty, we introduce a constant c > 0 and define
the cut-off propagator

jc(τ)(x,y) = j(τ)(x,y) ·
{

1 if d(x,y) ≤ c

0 if d(x,y) > c
(1.24)

where d(x,y) is the distance on the torus X, replace j(t) by jc(t) in the for-
mulae above and control the error terms. We apply Stokes’ theorem only for
points x ∈ Λ′ that have distance at least c from (X\Ω1) ∪ (X\Ω2). That is,
we apply Stokes’ theorem only in

Λ =
{
1x ∈ Λ′ ∣∣ d(x,y) ≥ c for all y ∈ (X\Ω1) ∪ (X\Ω2)

}
With this construction, the analogue of f ′(α∗, β; z∗, z) will not depend on the
variables z∗(x), z(x) with x ∈ Λ. The integrals for points in the “corridor”{

x ∈ Λ′ ∣∣ d(x,y) ≤ c for some y ∈ (X\Ω1) ∪ (X\Ω2)
}
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can again be controlled by the small factors from the points y ∈ X\Λ′. This
modification leads to the somewhat more involved formulae described in Sect. 2
below.

Obviously we want to iterate the procedure described above, starting with
n = 1. In this way one creates a “hierarchy” of small field sets of the first and
second kind. In Definition 2.4, this is made more precise, and enriched with
more sets that are used to describe the various “large field conditions”.

The main results of this paper are estimates on all of the functions
appearing in the functional integral representation of the partition function.
For these estimates we use the norms developed in [3,4]. One of the simplest
versions of such a norm is defined as follows. Let κ,m > 0. We define the norm
of the power series

f(α∗, β) =
∑

k,�≥0

∑
x1,...,xk∈X
y1,...,y�∈X

× a(x1, . . . ,xk ; y1, . . . ,y�) α(x1)∗ · · ·α(xk)∗ β(y1) · · ·β(y�)

(with the coefficients a(x1, . . . ,xk ; y1, . . . ,y�) invariant under permutations
of x1, . . . ,xk and of y1, . . . ,y�) to be

‖f(α∗, β)‖κ,m =
∑

k,�≥0

max
x∈X

max
1≤i≤k+�

∑
(�x,�y)∈Xk×X�

(�x,�y)i=x

κk+� emτ(�x,�y)) |a(�x ; �y)|

(1.25)

where τ(�x, �y) is the minimal length of a tree which contains vertices at the
points of the set {x1, . . . ,xk,y1, . . . ,y�}.

Our main results, the description of and bounds on Iθ, are stated in
Sect. 2.6 (Theorems 2.16 and 2.18). The subsections of Sect. 2 introduce the
notation used in these Theorems. Section 3 gives an outline of the proof and
contains discussions which might illuminate the concepts introduced in Sect. 2.
The proof of Theorem 2.16 is split over Sects. 3–5. The proof of Theorem 2.18
is split over Sects. 3 and 6.

2. Formulation of the Main Theorem

Our main result is a representation of the “effective density” Iθ of (1.6) as a
sum over subsets Ω of X. For each Ω ⊂ X the corresponding summand is the
product of

• the exponential of a function that is analytic in the fields and that depends
only on Ω.

• A function that involves all possible “hierarchies” (collections of large and
small field sets—see Definition 2.4) that lead to Ω, which is not necessarily
analytic, but can be proven to be very small (unless Ω = X). Indeed, if
Ωc �= ∅, this function is O(|||v|||n) (this norm will be defined in (2.5)) for
all n ∈ N and also decreases exponentially quickly with |Ωc|.
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The first factor will be called the “small field part”. It is described in Sect. 2.1
below.

2.1. The Small Field Parts

Let Ω be a subset of X. For any kernel w(x,y) on X denote by

wΩ(x,y) =

{
w(x,y) if x,y ∈ Ω
0 otherwise

its truncation to Ω. For any t > 0, set

j(Ω)(t) = 1Ω +
∞∑

�=1

1
�!
(

− t(h − μ)Ω)�

= e−t(h−μ)Ω − 1X\Ω

and

j(Ω),c(t)(x,y) =

{
j(Ω)(t)(x,y) if d(x,y) ≤ c

0 if d(x,y) > c

For each 0 < t ≤ 1
2kT and each analytic function V (α∗, β), that depends

only on the variables α∗(x), β(x) with x ∈ Ω, consider the formal renormal-
ization group operator RΩ;t(V ; ·, · ) at scale t with “principal interaction V ”
that is defined as the following generalization of (1.11). It associates to any
two analytic functions4 f1(α∗, β), f2(α∗, β) that depend only on the variables
α∗(x), β(x) with x ∈ Ω the function

RΩ;t(V ; f1, f2)(α∗, β)

= f1
(
α∗, j(Ω),c(t)β

)
+ f2

(
j(Ω),c(t)α∗, β

)
+ log

∫
dμΩ,r(t)(z∗, z) eA(α∗,β;z∗,z)∫

dμΩ,r(t)(z∗, z)

−
〈
[j(Ω)(t) − j(Ω),c(t)]α∗, [j(Ω)(t) − j(Ω),c(t)]β

〉
+V

(
α∗, j(Ω),c(t)β

)
− V

(
α∗, j(Ω)(t)β

)
+V

(
j(Ω),c(t)α∗, β

)
− V

(
j(Ω)(t)α∗, β

)
where A(α∗, β; z∗, z) is[

f1
(
α∗, z + j(Ω),c(t)β

)
− f1

(
α∗, j(Ω),c(t)β

)]
+
[
f2
(
z∗ + j(Ω),c(t)α∗, β

)
− f2

(
j(Ω),c(t)α∗, β

)]
+
〈
[j(Ω)(t) − j(Ω),c(t)]α∗, z

〉
+
〈
z∗, [j(Ω)(t) − j(Ω),c(t)]β

〉
+
[
V
(
α∗, z + j(Ω),c(t)β

)
− V

(
α∗, j(Ω),c(t)β

)]
+
[
V
(
z∗ + j(Ω),c(t)α∗, β

)
− V

(
j(Ω),c(t)α∗, β

)]
and

dμΩ,r(z∗, z) =
∏
x∈Ω

dz(x)∗ ∧ dz(x)
2πı

e−z(x)∗z(x) χ (|z(x)| < r)

4 We introduce the complex field α∗ in order to clarify the analyticity properties of the
functions f1, f2. We shall usually evaluate α∗ at α∗.
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As “principal interaction” V in the renormalization group map, we use the
dominant part of the interaction at the corresponding scale. Precisely, for every
δ that is an integer multiple of ε, define

VΩ,δ(ε; α∗, β)

=−ε
∑

τ∈εZ∩[0,δ)

〈 [
j(Ω)(τ)α∗

] [
j(Ω)(δ−τ−ε)β

]
, vΩ

[
j(Ω)(τ)α∗

] [
j(Ω)(δ−τ−ε)β

]〉

(2.1)

Define recursively

DΩ;0(ε;α∗, β) = 0
DΩ;n+1(ε;α∗, β) = RΩ;2nε (VΩ;2nε(ε; ·, · ); DΩ;n(ε; ·, · ), DΩ;n(ε; ·, · ))

If θ is small enough, this recursion defines analytic functions DΩ;n(ε;α∗, β),
when 2nε ≤ θ, and furthermore

DΩ;θ(α∗, β) = lim
m→∞

DΩ;m(2−mθ;α∗, β) (2.2)

exists and fulfills the estimates of Proposition 2.1 and Theorem 2.16 below.
Our representation of the effective density will be of the form

Iθ(α∗, β)

=
∑
Ω⊂X

Z |Ω|
θ e〈α∗, j(Ω)(θ)β〉+VΩ;θ(α∗,β)+DΩ;θ(α∗,β) χθ(Ω;α, β) ϕΩ;θ(α∗, β)

(2.3)

where the normalization constant Zθ, which will be defined in Lemma 2.7, is
very close to one,

VΩ;θ(α∗, β)

= lim
m→∞

VΩ;θ(2−mθ;α∗, β)

= −
θ∫

0

dt
〈 [
j(Ω)(t)α∗

] [
j(Ω)(θ − t)β

]
, vΩ

[
j(Ω)(t)α∗

] [
j(Ω)(θ − t)β

]〉

(2.4)

and χθ(Ω;α, β) implements the small field conditions for the set Ω (see Theo-
rem 2.16).

For our construction to work, we need exponential decay of the interac-
tion v. Precisely, we assume that there is a “mass” m > 0 such that

|||v||| = sup
x∈X

∑
y∈X

e5m d(x,y) |v(x,y)| (2.5)

is finite.

Proposition 2.1. There are constants const , κ > 0 such that for all sufficiently
small θ and interactions v, and all Ω ⊂ X, the function DΩ;θ(α∗, β) of (2.2)
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is well defined,5 and obeys

‖DΩ;θ‖κ,m ≤ const |||v|||
Here, we use the norm (1.25).

The proof of this Proposition is much the same as the proof of [5, Theorem
I.4]. It is also a consequence of our complete analysis of Iθ in Theorem 2.16.
There, we shall also state more properties of DΩ;θ.

2.2. Decomposition of Space into Large and Small Field Subsets

As indicated in the introduction, the functions ϕΩ of (2.3) are expressed in
terms of “hierarchies” of large and small field subsets of X. Recall that we
have chosen a function r(t) that measures the size of the neighbourhood of
a critical point at scale t in which Stokes’ argument is applied to move the
domain of integration “back to the reals”.

We fix, in addition to the functions R(t) and r(t) of Sect. 1, another
decreasing positive function R′(t). If we are at scale t and, for some point x,
one of the fields α∗(x) or β(x) is larger than R(t) we shall get a controllable
small factor. This leads us to introduce a further decomposition of X where the
corresponding large field sets will be denoted by Pα and Pβ , respectively. Also
large values of the spatial gradients of the fields give rise to small factors. Spa-
tial gradients are controlled in terms of the function R′(t). The corresponding
large field sets will be sets P ′

α and P ′
β of bonds in the lattice X. Similarly, large

time derivatives cause small factors. The corresponding large field sets will be
denoted by the letter Q. The sets where, in the application of Stokes’ theorem,
the “side” C(x) of the cylinder is chosen as the domain of integration, will be
labelled by R.

All the sets in our construction should be separated by corridors. The
width of these corridors is scale dependent and will be measured by a function
c(t). Later, in (2.18), we will make specific choices of all these functions. Their
properties will be proven in Appendix F. Here, we concentrate on the purely
set theoretic picture.

As indicated above, we will have to deal with bonds of the lattice X. We
denote by X∗ the set of all bonds (i.e. pairs of neighbouring points). Further-
more, for a subset Y of X, we set

Y  =
{
x ∈ X

∣∣ x is connected by a bond to a point of Y
}

Y ∗ =
{
b ∈ X∗ ∣∣ b has at least one end point in Y

}
For P ′ ⊂ X∗, we denote by suppP ′ the set of all end points of all bonds in P ′.

The large and small field sets will be conveniently indexed by intervals
whose length is related to the scale at which they were created.

Notation 2.2. (i) A decimation point for the interval [0, δ] is a point τ = p
2k δ

with integers k ≥ 0 and 0 ≤ p ≤ 2k.
(ii) A decimation interval in [0, δ] is an interval of the form J = [ p

2k δ,
p+1
2k δ]

with k ≥ 0 and 0 ≤ p ≤ 2k − 1.

5 That is, it is possible to take the logarithms involved and the limit.
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(iii) For a decimation point τ �= 0, δ, there is a unique k ≥ 1 such that
τ ∈ δ

2k Z\ δ
2k−1 Z. This number k is called the decimation index d(τ) of τ

in [0, δ]. We also set d(0) = d(δ) = 0. We call s = 2−d(τ)δ the scale of τ .
The unique decimation interval that has τ as its midpoint is

Jτ = [τ − s, τ + s]

Its left and right halves

J −
τ = [τ − s, τ ], J +

τ = [τ, τ + s]

are also decimation intervals.

Example 2.3. For example, if τ = 3
16δ, then τ ∈ δ

24 Z\ δ
23 Z so that d(τ) = 4,

s = δ
16 , Jτ = [ 2

16δ,
4
16δ], J −

τ = [ 2
16δ,

3
16δ] and J +

τ = [ 3
16δ,

4
16δ].

If τ is a decimation point, then the field ατ appears as an integration
variable in the construction of Im

(
2−mδ;α∗, β) for all m ≥ d(τ). When this

variable is integrated, large and small field sets are introduced. We choose to
label them by Jτ , because Jτ carries the information about τ , and through
its length, also about the scale 2−d(τ)δ.

Definition 2.4 (Hierarchy). A hierarchy, S, for scale 0 < δ ≤ 1
kT , of large and

small field sets is a collection
◦ Pα(J ), Pβ(J ), Q(J ) of subsets of X, called large field sets of the first kind
◦ P ′

α(J ), P ′
β(J ) of subsets of X∗, also called large field sets of the first kind

◦ R(J ) of subsets of X, called large field sets of the second kind
◦ Λ(J ),Ω(J ) of subsets of X, called the small field sets of the first and

second kind respectively.
These sets

◦ are indexed by all decimation intervals J in [0, δ],
◦ and obey the following “large/small field set” compatibility conditions. Let

J be a decimation interval in [0, δ], and J − and J + be its left and right
halves. Let t = length(J +) = length(J −) = 1

2 length(J ). Then
� Pα(J ), Pβ(J ) ⊂ Ω(J −) ∩ Ω(J +) and P ′

α(J ), P ′
β(J ) ⊂ (Ω(J −) ∩

Ω(J +))∗ and Q(J ) ⊂ (Ω(J −) ∩ Ω(J +)).
� Λ(J ) =

{
x ∈ X

∣∣∣ d (x, Pα(J ) ∪ Pβ(J ) ∪Q(J )) > c(t),

d
(
x, suppP ′

α(J ) ∪ suppP ′
β(J )

)
> c(t),

d (x, Ω(J −)c ∪ Ω(J +)c) > c(t)
}

� R(J ) ⊂ Λ(J )
� Ω(J ) = {x ∈ Λ(J )

∣∣∣ d (x, R(J )) > c(t)}
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◦ There is a non-negative integer k0 such that Λ(J ) = Ω(J ) = X, and con-
sequently Pα(J ) = Pβ(J ) = P ′

α(J ) = P ′
β(J ) = Q(J ) = R(J ) = ∅, for all

decimation intervals of lengths 2−kδ with k ≥ k0. The smallest such k0 is
called depth(S).

The following figure schematically illustrates the set relations amongst the var-
ious large and small field sets at a single scale, but is not metrically accurate.

Notation 2.5. Let S be a hierarchy of scale δ.
(i) We also denote, for example, Λ(J ) by ΛS(J ), when we wish to emphasize

its dependence on the hierarchy S.
(ii) The “summits” ΩS([0, δ]) and ΛS([0, δ]) are also denoted ΩS and ΛS,

respectively.
(iii) The decimation points, resp. intervals, in [0, δ] are called the decimation

points, resp. intervals, for the hierarchy S.
(iv) For a decimation point τ , we set

Λτ =

{
Λ(Jτ ) if τ �= 0, δ
∅ if τ = 0, δ

Here, Jτ is the unique decimation interval centered on τ . See Nota-
tion 2.2. Observe that

Λτ = X if d(τ) > depth(S)

Remark 2.6. It follows from the definition that, for decimation intervals
J ′

� J
◦ Λ(J ′) ⊃ Ω(J ′) ⊃ Λ(J ) ⊃ Ω(J )
◦ Ω(J ′)c ∪ Pα(J ) ∪ Pβ(J ) ∪ suppP ′

α(J ) ∪ suppP ′
β(J ) ∪ Q(J ) ⊂ Λ(J )c

and Λ(J )c ∪R(J ) ⊂ Ω(J )c and indeed if, ∅ �= Ω(J ′) �= X, then d(Ω(J ′)c,
Ω(J )) ≥ d(Ω(J ′)c,Λ(J )) > c(|J ′|). Since X is a finite set and c(t) ≥ 1 for
all t, it then follows that there is a natural number kX with the property
that

◦ if J ′ is a decimation interval with Ω(J ′) �= X, then Ω(J ) = Λ(J ) =
Pα(J ) = Pβ(J ) = P ′

α(J ) = P ′
β(J ) = Q(J ) = R(J ) = ∅ for all decima-

tion intervals J � J ′ with |J |
|J ′| ≥ 2kX .
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In particular, for each δ > 0, there are only finitely many hierarchies S for
scale δ that have ΩS([0, δ]) �= ∅. Each such hierarchy has depth at most kX .

2.3. The Large Field Integral Operator

The functions ϕΩ;θ(α∗, β) of (2.3) will be written as a sum

ϕΩ;θ =
∑

S hierarchy for scale θ
ΩS([0,θ])=Ω

ϕS;θ (2.6)

Each of the functions ϕS;θ(α∗, β) will be an integral over variables in the large
field regions determined by the hierarchy S.

As we saw in the discussion of the stationary phase approximation in
Sect. 1, we shall need normalization constants in the representation (2.3) of
the effective densities. They should obey the recursion relation (1.21). We
make a particular choice of normalization constants Zδ, by prescribing their
asymptotic behaviour as δ → 0. This choice is made to simplify the proof that
limm→∞ Im(2−mθ; · · · ) exists.

Lemma 2.7. There is a unique function δ ∈ (0, 1) → Zδ ∈ (0, 1) that obeys

Z2δ = Z2
δ

∫

|z|≤r(δ)

dz∗ ∧ dz
2πi

e−|z|2 lim
ε→0+

1
ε

log Zε = 0

Furthermore,

|ln Zδ| ≤ e−r(δ)2

This lemma is proven in Appendix C.
The large field integral operator arises from the “left over” fields in the

decimation procedure outlined in and after (1.12). The decimation steps are
indexed by decimation points τ ∈ (0, δ). When the field φ is being integrated
out in such a step, one gets, as in (1.20), a sum over pairs of small field sets
Ω(Jτ ) ⊂ Λ(Jτ ) and

(i) the fluctuation integral with variables |z(x)| ≤ r
(

1
2 |Jτ |

)
for x ∈ Ω(Jτ )

(ii) the integral over the Stokes’ cylinders C(x), x ∈ Λ(Jτ )\Ω(Jτ ), with the
variables z∗(x), z(x)

(iii) the “large field integral of the first kind” for points x ∈ Λ(Jτ )c, with
variables φ(x) which violated at least one of the small field conditions of
the first kind.

In the decimation step, the fluctuation integral (i) is performed, while the
integrals (ii) and (iii) are are not performed explicitly and form part of the
large field integral operator. For labelling purposes, the integration variables
of (ii) are renamed z∗τ (x) and zτ (x), and the integration variables of (iii)
are renamed ατ (x). We call the fields ατ (x), x ∈ Λ(Jτ )c, and z∗τ (x), zτ (x),
x ∈ Λ(Jτ )\Ω(Jτ ), the residual fields. The integral operator associated to a
full hierarchy, S, is the concatenation of all integral operators associated to all
decimation points τ for the hierarchy with decimation index d(τ) < depth(S).

The definition of the integral operators involves the constant c and the
cut-off propagator jc(τ) of (1.24).
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Definition 2.8. (Large field integral operator). Let S be a hierarchy for scale
δ > 0.

(i) Let τ be a decimation point for S with d(τ) ≤ depth(S). The scale of
τ is s = 2−d(τ)δ, and its corresponding decimation interval is J = Jτ =
[τ�, τr] with τ� = τ − s and τr = τ + s. The integral operator associated
to the decimation point τ is

I(J ; α∗,β) = I(J ,S ; α∗,β)

=

⎛
⎜⎝ ∏

x∈Λ(J )\(R(J )∪Ω(J ))

∫

|zτ (x)|≤r(s)

dzτ (x)∗ ∧ dzτ (x)
2πi

e−zτ (x)∗zτ (x)

⎞
⎟⎠

×

⎛
⎜⎝ ∏

x∈R(J )

∫

Cs(x;α∗,β)

dz∗τ (x) ∧ dzτ (x)
2πi

e−z∗τ (x)zτ (x)

⎞
⎟⎠

×

⎛
⎝ ∏

x∈X\Λ(J )

∫
dατ (x)∗ ∧ dατ (x)

2πi

⎞
⎠ χJ (α, ατ , β)

×Z |Ω(J −)\Ω(J )|
s Z |Ω(J +)\Ω(J )|

s

Here, for each x ∈ R(J ), Cs(x;α∗, β) is a two real dimensional surface
in {

(z∗, z) ∈ C2
∣∣ |z∗|, |z| < R(s)

}

whose boundary is the union of the circle
{
(z∗, z)∈C2

∣∣∣z∗
∗ = z, |z| = r(s)

}
and the curve bounding6

{
(z∗, z) ∈ C2

∣∣∣ |z∗−([1−jc(s)]α∗) (x)|≤r(s),

|z−([1−jc(s)]β) (x)|≤r(s), z∗
∗ − z = (jc(s)[β − α]) (x)

}
(2.7)

Analyticity and Stokes’ theorem ensures the action of the integral oper-
ator is independent of the choice of the surfaces Cs(x;α∗, β). See [5, §II
and Lemma A.1]. We choose Cs(x;α∗, β) to depend only on the values
of the fields α and β at points y ∈ X with d(x,y) ≤ c. This is possi-
ble because the boundary curves have the same property, since jc(s) has
range c.

The characteristic function χJ (α, ατ , β) implementing the large and
small field conditions of the first kind is given in Appendix A.

If Ω(J ) = X, we set I(J ; α∗,β) = 1.
(ii) The integral operator associated to the hierarchy S is

I(S;α∗,β) =
∏

n=0,··· ,depth(S)

∏
decimation intervals

J =[τl,τr ]⊂[0,δ]

of length 2−nδ

I(J ; α∗
τ�

,ατr )

6 The set (2.7) is a technically precise variant of (1.16).
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Observe that the arguments α∗
τl
, ατr

in each I(J ; α∗
τ�

,ατr ) are the integra-
tion variables for an integral appearing to its left. This is the reason for
ordering the product

∏
n=0,...,depth(S) with larger values of n to the right.

(iii) We will bound, in Theorem 2.18, the “absolute value”

|I(S;α∗,β)| =
∏

n=0,...,depth(S)

∏
time intervals

J =[τl,τr ]⊂[0,δ]

of length 2−nδ

∣∣∣I(J ; α∗
τ�

,ατr )

∣∣∣

of the integral operator. Here
∣∣I(J ;α∗,β)

∣∣ is constructed by replacing∫

Cs(x;α∗,β)

dz∗τ (x) ∧ dzτ (x)
2πi

e−z∗τ (x)zτ (x)

by ∫

Cs(x;α∗,β)

∣∣∣∣dz∗τ (x) ∧ dzτ (x)
2πi

∣∣∣∣ e−Re z∗τ (x)zτ (x)

in the formula for I(J ;α∗,β) of part (i).

The integral operator IS integrates over the fields ατ , z∗τ , zτ with τ ∈
εZ ∩ (0, δ), where ε = 2−depth(S)δ. We introduce the shorthand notation

�α =
(
ατ )τ∈εZ∩(0,δ), �z =

(
zτ )τ∈εZ∩(0,δ), �z∗ =

(
z∗τ )τ∈εZ∩(0,δ) (2.8)

for these “residual” fields.
In Theorem 2.18, we give an estimate on the integral operators IS.

2.4. The Background Field

In (1.17), we described the change of the quadratic part of the effective inter-
action after one decimation step. We iterate this procedure and are led to
explicit, but relatively complicated expressions for the quadratic part of the
effective action at a given scale. To organize the description of the quadratic
part and also of the dominant quartic part, we introduce “background fields”.
The effective action depends on the fields ατ both directly and through their
complex conjugates, but is an analytic function if we treat the complex conju-
gates as independent variables. Consequently we introduce new complex fields
α∗τ that will often be evaluated at α∗

τ .

Definition 2.9 (The background field). Let S be a hierarchy for scale δ. Set ε =
2−nδ with the integer n ≥ depth(S). Given fields α∗, β, �α∗ =(α∗τ (x))τ∈εZ∩(0,δ)

x∈X

and �α = (ατ (x))τ∈εZ∩(0,δ)
x∈X

, we define the background fields7 for S by

Γ∗S(τ ; α∗, �α∗) = Γ0
∗τ (S)α∗ +

∑
τ ′∈εZ∩(0,δ)

Γτ ′
∗τ (S)α∗τ ′

7 For each fixed τ ∈ (0, δ), α∗ and �α∗, the background field Γ∗S(τ ; α∗, �α∗) is a function of
x ∈ X.
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ΓS(τ ; �α, β) =
∑

τ ′∈εZ∩(0,δ)

Γτ ′
τ (S)ατ ′ + Γδ

τ (S)β

For τ ∈ (0, δ) and decimation points τ ′ ∈ [0, δ], the coefficients Γτ ′
∗τ (S) = Γτ ′

∗τ ,
with τ ′ �= δ, and Γτ ′

τ (S) = Γτ ′
τ , with τ ′ �= 0, are defined as follows:

◦ For τ = τ ′ ∈ (0, δ),

Γτ
∗τ = Γτ

τ = Λc
τ

Here, we use the following notation. If Y is a subset of X, the operator
“multiplication by the characteristic function of Y ” is also denoted by Y .

◦ For τ �= τ ′, Γτ ′
∗τ = 0 unless τ > τ ′ and [τ ′, τ ] is strictly contained in a

decimation interval with τ ′ as its left endpoint.8 If J is the smallest such
decimation interval and δ′ its length, then

Γτ ′
∗τ = j

(
τ − τ ′ − δ′

2

)
Λ(J ) j

(
δ′

2

)
Λc

τ ′

◦ Similarly for τ �= τ ′, Γτ ′
τ = 0 unless τ < τ ′ and [τ, τ ′] is strictly contained

in a decimation interval with τ ′ as its right endpoint. If J is the smallest
such interval and δ′ its length, then

Γτ ′
τ = j

(
τ ′ − τ − δ′

2

)
Λ(J ) j

(
δ′

2

)
Λc

τ ′

Remark 2.10. The Definition 2.9, of the background field, is independent of
the choice of integer n ≥ depth(S). To see this, let εS = 2−depth(S)δ. The
only place in the definition where ε appears is in the range of summation∑

τ ′∈εZ∩(0,δ). If τ ′ ∈ (εZ\εSZ) ∩ (0, δ), then d(τ ′) > depth(S) so that Λc
τ ′ = ∅

and Γτ ′
τ (S) = Γτ ′

∗τ (S) = 0.

The dominant contributions to the quadratic part of the effective action
associated to the hierarchy S for scale δ will be

QS(α∗, β; �α∗, �α) = Qε,δ (α∗, β; Γ∗S( · ;α∗, �α∗) , ΓS( · ; �α, β) ) (2.9)

with ε = 2−depth(S)δ, where

Qε,δ(α∗, β;�γ∗, �γ)

=
∑

τ∈εZ∩(0,δ)

〈γ∗τ , γτ 〉 − 〈α∗, j(ε)γε〉 −
∑

τ∈εZ∩(0,δ−ε)

〈γ∗τ , j(ε) γτ+ε〉

− 〈γ∗ δ−ε, j(ε)β〉

8 This implies that d(τ) > d(τ ′) whenever τ is a decimation point. Observe that there is a

maximal decimation interval with τ ′ as its left endpoint. If τ ′ �= 0, it is [τ ′, τ ′ + 2−d(τ ′)δ].
If τ ′ = 0 it is [0, δ].
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= −〈α∗, j(ε)γε〉 +
∑

τ∈εZ∩(0,δ−ε)

〈γ∗τ , γτ − j(ε) γτ+ε〉

+ 〈γ∗ δ−ε, γδ−ε − j(ε)β〉
= 〈γ∗ε − j(ε)α∗, γε〉 +

∑
τ∈εZ∩(ε,δ)

〈γ∗τ − j(ε) γ∗τ−ε, γτ 〉

− 〈γ∗ δ−ε, j(ε)β〉 (2.10)

The dominant part to the quartic part of the effective action will be

VS(α∗, β; �α∗, �α)

=−
δ∫

0

dτ 〈Γ∗S(τ ; α∗, �α∗)ΓS(τ ; �α, β), v Γ∗S(τ ; α∗, �α∗)ΓS(τ ; �α, β)〉

(2.11)

The contributions characteristic of the small field set ΩS([0, δ]) are not being
integrated over. Therefore we set

Qres
S (α∗, β; �α∗, �α) = QS(α∗, β; �α∗, �α) − 〈α∗, j(Ω)(δ)β〉

Vres
S (α∗, β; �α∗, �α) = VS(α∗, β; �α∗, �α) − VΩ;δ(α∗, β)

(2.12)

2.5. Norms

Our main result will be, that for sufficiently small 0 < θ ≤ 1
kT , the effective

density can be represented in the form

Iθ(α∗, β) =
∑
Ω⊂X

Z |Ω|
θ e〈α∗, j(Ω)(θ)β〉+VΩ;θ(α∗,β)+DΩ;θ(α∗,β) χθ(Ω;α, β)

×
∑

S hierarchy for scale θ
ΩS=Ω

I(S;α∗,β)

×
(
e−Qres

S (α∗,β; �α∗,�α)+Vres
S (α∗,β; �α∗,�α) eBS(α∗,β; �ρ� )+LS(α∗,β; �ρ� )

)

(2.13)

In this formula, VΩ;θ, Qres
S and Vres

S are explicit functions; their definitions
have been given in (2.4), (2.10), (2.11) and (2.12). Observe that they are eval-
uated with α∗ = α∗. The pure small field part DΩ;θ has been constructed in
(2.2). The functions LS and BS depend on the “residual fields” �α, �z∗, �z that
are the integration variables of IS. Again we choose to write them as analytic
functions of

�ρ = (�α∗, �α, �z∗, �z)

as well as α∗ and β. When they appear inside the integral operator we evaluate
them at

�ρ� = (�α∗, �α, �z∗, �z)
∣∣∣ �α∗=�α∗
z∗τ (x)=zτ (x)∗ for x∈Λ(Jτ )\(R(Jτ )∩Ω(Jτ ))

The function LS(α∗, β; �ρ ) will be analytic in the fields and depends only on
the values of the fields α∗τ (x), ατ (x) for points x ∈ X\Ω. It is called the “pure
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large field contribution”. The function BS(α∗, β; �ρ ) depends on the fields at
points x both inside and outside Ω and is called the “boundary contribution”.

In Proposition 2.1, we gave estimates on DΩ;θ, expressed in terms of the
norms (1.25). The norms that we use to measure LS and BS are similar to
the ones introduced in (1.25), but are more sophisticated. They weight the
variables α∗τ (x), ατ (x) so as to take into account their maximum possible
magnitudes on IS’s domain of integration. The abstract framework for these
norms was developed in [4, §II]. For the convenience of the reader, we review
it. In Definition 2.13, we introduce the concrete weight factors used in this
paper.

Definition 2.11. (i) A weight factor on X is a function κ : X → (0,∞].
(ii) Let n1, . . . , ns be nonnegative integers and �x1 ∈ Xn1 , . . . , �xs ∈ Xns . If δ

is any metric on X, we define the tree size τδ(�x1, . . . , �xs) as the length
(with respect to the metric δ) of the shortest tree in X whose set of
vertices contains x1,1,x1,2, . . . ,x1,n1 , . . . ,xs,ns

.
(iii) For any subset Ω of X we construct a metric dΩ on X as follows: Denote

by Ω̄ the union of closed unit cubes centered at the points of Ω. For a
curve γ in R

n we set

lengthΩ(γ) = 2 · length(γ ∩ Ω̄) + length
(
γ ∩ (Rn\Ω̄)

)
where length is the ordinary length in X.

For any two points x,y ∈ X define

dΩ(x,y) = inf
{
mlengthΩ(γ)

∣∣ γ a curve joining x to y
}

where m is the “mass” introduced just before (1.25). Clearly,

m d ≤ dΩ ≤ 2m d (2.14)

Recall that d is the standard metric on X.
If Ω ⊂ Ω′ ⊂ X and the set S = {x1,1,x1,2, . . . ,x1,n1 , . . . ,xs,ns

} contains
both a point of Ω and of X\Ω′ then

τdΩ(�x1, . . . , �xs) ≤ τdΩ′ (�x1, . . . , �xs) − mdist(Ω̄, R
n\Ω̄′) (2.15)

where, for subsets U, V of R
n

dist(U, V ) = inf
{
length(γ)

∣∣ γ a curve joining a point of U to a point of V
}

Definition 2.12. Let φ1, . . . , φs be a collection of fields on X.
(i) Let f(φ1, . . . , φs) be a function which is defined and analytic on a neigh-

bourhood of the origin in Cs|X|. Then f has a unique expansion of the
form

f(φ1, . . . , φs) =
∑

n1,...,ns≥0

∑
(�x1,...,�xs)∈Xn1×···×Xns

a(�x1, . . . , �xs) φ1(�x1) · · ·φs(�xs)

with the coefficients a(�x1, . . . , �xs) invariant under permutations of the
components of each vector �xj . The functions a(�x1, . . . , �xs) are called the
(symmetric) coefficient system for f .

(ii) For any n1, . . . , ns ≥ 0 and any function b(�x1, . . . , �xs) on Xn1 ×· · ·×Xns ,
we define the norm ‖b‖n1,...,ns

as follows:
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◦ If there is at least one field, that is if
∑s

j=1 nj �= 0, then

‖b‖n1,...,ns
= max

x∈X
max

1≤j≤s
nj �=0

max
1≤i≤nj

∑
�x�∈Xn�

1≤�≤s
(�xj)i=x

|b(�x1, . . . , �xs)|

◦ For the constant term, that is if
∑s

j=1 nj = 0,

‖b‖n1,...,ns
= |b(−, · · · ,−)|

(iii) Given weight factors κ1, . . . , κs, and a metric δ on X, the weight system
with metric δ that associates the weight factor κj to the field φj is defined
by

wδ(�x1, . . . , �xs) = eτδ(�x1,...,�xs)
s∏

j=1

nj∏
�=1

κj (xj,�)

for all (�x1, . . . , �xs) ∈ Xn1 × · · · × Xns and all nonnegative integers
n1, . . . , ns.
If Ω is a subset of X, the weight system with core Ω that associates the
weight factor κj to the field φj (and the weight factor one to the history
field) is wdΩ .

(iv) Let f(φ1, . . . , φs) be a function which is defined and analytic on a neigh-
bourhood of the origin in Cs|X| and a the symmetric coefficient system
of f . We define the norm, with weight w, of f to be

‖f‖w =
∑

n1,...,ns≥0

‖w(�x1, . . . , �xs) a(�x1, . . . , �xs)‖n1,...,ns

The functions BS(α∗, β; �ρ ) and LS(α∗, β; �ρ ) in (2.13) depend on the
fields α∗, β and, in addition, on the residual fields �ρ = (�α∗, �α, �z∗, �z) that
are integrated over in the large field integral operator IS. The weight factors
that we associate to these variables depend on the functions r(t) and R(t)
introduced before. Recall that r(t) measures the size of the region close to a
critical point where the stationary phase construction at scale t is performed
(see the Introduction just after (1.10)). R(t) is the threshold between “large”
and “small” fields for scale t, see the beginning of Sect. 2.2.

Definition 2.13 (Weight factors). Let S be a hierarchy for scale δ.
(i) We define the weight factor κ∗S,0 for the field α∗ by

κ∗S,0(x)

= min
{

2R(t)
∣∣∣ x ∈ Λ ([0, t]) such that [0, t] is a decimation interval

}

and, for τ a decimation point in (0, δ), the weight factor κ∗S,τ for the
field α∗τ by

κ∗S,τ (x)

=

{∞ if x∈Λτ

min
{
R(t)

∣∣∣x∈Λ([τ, τ +t]), [τ, τ +t] a decimation interval
}

otherwise
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Similarly we define the weight factor κS,δ for the field β by

κS,δ(x)=min
{

2R(t)
∣∣∣ x∈Λ ([δ − t, δ]) , [δ−t, δ]a decimation interval

}

and, for τ a decimation point in (0, δ), the weight factor κS,τ for the
field ατ by

κS,τ (x)

=

{∞ if x ∈ Λτ

min
{
R(t)

∣∣∣x∈Λ([τ −t, τ ]), [τ −t, τ ]a decimation interval
}

otherwise

The significance of the “∞” lines is the following. If d(τ) ≤ depth(S) and
x ∈ Λτ , then the integration variables α∗τ (x), ατ (x) have been replaced
by the integration variable z∗τ (x), zτ (x) during the decimation step for τ .
Thus α∗τ (x), ατ (x) no longer appear as arguments. If d(τ) > depth(S),
that is if α∗τ and ατ do not appear as integration variables in IS at all,
then Λτ = X and κ∗,τ (x) = κτ (x) = ∞ for all x.
The spatial decay of these weight factors is discussed in Appendix B.

(ii) We define weight factors λτ for the “residual” fields z∗τ , zτ , τ a deci-
mation point in (0, δ) by

λS,τ (x) =

{
32 r(2−d(τ)δ) if x ∈ Λτ\Ω(Jτ )
∞ otherwise

(iii) We denote by wS the weight system with core ΩS that associates the
weight factor κ∗S,0 to the field α∗, the weight factor κS,δ to the field β,
and, for τ ∈ (0, δ), the weight factors κ∗S,τ , κS,τ , λS,τ and λS,τ to the
fields α∗τ , ατ , z∗τ and zτ , respectively. We will generally write ‖ · ‖S in
place of ‖ · ‖wS

.

Our main result (Theorem 2.16 below) states, that, under suitable ass-
umptions on the functions R(t) and r(t) the decomposition (2.13) of Iθ exists,
and gives bounds on ‖BS‖S and ‖LS‖S.

2.6. Summary and Statement of the Main Theorems

We are studying many particle systems of Bosons on the finite lattice X whose
single particle Hamiltonianh is of the form h = ∇∗H∇ with a translation
invariant, strictly positive operator H : L2(X∗) → L2(X∗). For our construc-
tion, we assume that there are constants 0 < cH < CH such that all of its
eigenvalues lie between cH and CH. Also we assume that

DH =
∑
x∈X

1≤i,j≤d

e6 md(x,0) |H (bi(0), bj(x))| < ∞ (2.16)

where m is the mass used in (2.5). Here, for each 1 ≤ i ≤ D and x ∈ X,
bi(x) =

(
x,x + ei) denotes the bond with base point x and direction ei. The

interactions v(x,y) we allow are assumed to be translation invariant, repulsive
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and exponentially decaying in that the norm

|||v||| = sup
x∈X

∑
y∈X

e5m d(x,y) |v(x,y)|

introduced in (2.5), is sufficiently small. We discuss the system at temperature
T = 1

kβ > 0 and chemical potential μ.
The representation (2.13) of the effective density that we want to achieve

depends on

• the functions R(t) and R′(t) that implement the large field conditions at
scale t.

• the function r(t) that gives the size of the region near the critical point at
scale t where stationary phase is applied.

• the function c(t) that measures the size of the “corridors” in the hierarchies.
• the constant c that measures the size of the cut off of the single particle

operator that is needed for the analyticity in Stokes’ argument (see (1.24)).
• a constant v > 0 that measures, roughly speaking, the size of the interac-

tion v. The precise conditions relating v and v are given in Hypothesis 2.14,
below.

• a constant cv > 0 that, roughly speaking, imposes a lower bound on the
smallest eigenvalue, v1, of v, viewed as the kernel of a convolution operator
acting on L2(X). Again, see Hypothesis 2.14, below. Clearly v1 ≤ ‖v‖ ≤
|||v|||.

• the chemical potential μ

Hypothesis 2.14. The two-body potential v(x,y) is a real, symmetric, transla-
tion invariant function on X ×X that obeys

1
4
v ≤ |||v||| ≤ 1

2
v and v1 ≥ cv|||v|||

For our construction, we fix strictly positive exponents er, eR, eR′ and eμ that
obey

3eR + 4er < 1 1 ≤ 4eR + 2er 2(eR + er) < eμ ≤ 1

eR′ + er < 1
1
2

≤ eR′ (2.17)

and a constant Kμ > 0. We make the particular, v–dependent, choices

r(t) =
(

1
tv

)er

R(t) =
(

1
tv

)eR

r(t) R′(t) =
(

1
t

)eR′

r(t)

c = log2 1
v

c(t) = log2 1
tv

(2.18)

and assume that

|μ| ≤ Kμveμ (2.19)

Example 2.15. Natural choices for eR and eR′ are eR = 1
4 , eR′ = 1

2 . It is also
natural to choose eμ bigger than, but close to 1

2 .
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We are working with a Riemann sum approximation to the quartic term
in (1.1) which is, roughly speaking, (−2 times) a sum over τ ∈ εZ ∩

[
0, 1

kT

]
of

ε 〈α∗
τατ , v α

∗
τατ 〉 ≥ εv1

∑
x∈X

|ατ (x)|4 ≥ εv1R(ε)4
∣∣{x ∈ X

∣∣ |ατ (x)| > R(ε)
}∣∣

The coefficient εv1R(ε)4 = v1
v εvR(ε)4 would be exactly v1

v , which is of order
one, for the choice eR = 1

4 , if er were zero. We think of er as being small.
Similarly, the h term in (1.1) is, roughly speaking, a sum over τ ∈ εZ ∩

[0, 1
kT ] of (minus)

ε‖∇ατ‖L2(X∗) ≥ εR′(ε)2
∣∣{b ∈ X∗ ∣∣ |∇ατ (b)| > R′(ε)

}∣∣
The coefficient εR′(ε)2 would be exactly one, for the choice eR′ = 1

2 , if er were
zero.

The combined v and μ terms in (1.1) are, roughly speaking, a sum over
τ ∈ εZ ∩

[
0, 1

kT

]
of (−ε times)

1
2

〈α∗
τατ , v α

∗
τατ 〉 − μ‖ατ‖2 ≥

∑
x∈X

[1
2
v1|ατ (x)|4 − μ|ατ (x)|2

∣∣

=
∑
x∈X

[1
2
v1

(
|ατ (x)|2 − μ

v1

)2

− μ2

2v1

∣∣

≥ −
∑
x∈X

μ2

2v1

With this choice of eμ, the right hand side is small. Making eμ larger would
make the right hand side smaller, but would also make the critical value, μ

v1
,

of |ατ (x)| smaller too. This is not desirable for generating symmetry breaking
in the infrared regime.

With these choices, (2.17) is satisfied if er > 0 is small enough.

Our main theorems are Theorems 2.16 and 2.18, below. They are proven
in Sect. 3.8.

Theorem 2.16. There is a constant K, such that for all sufficiently9 small
v, θ > 0, the limit Iθ(α∗, β) = limm→∞ Im(2−mθ; α∗, β) exists and has the
representation

Iθ(α∗, β) =
∑
Ω⊂X

Z |Ω|
θ e〈α∗, j(Ω)(θ)β〉+VΩ;θ(α∗,β)+DΩ;θ(α∗,β) χθ(Ω; α, β)

×
∑

S hierarchy for scale θ
ΩS=Ω

I(S;α∗,β)

×
(
e−Qres

S (α∗,β; �α∗,�α)+Vres
S (α∗,β; �α∗,�α) eBS(α∗,β; �ρ� )+LS(α∗,β; �ρ� )

)

with the following properties.

9 See Hypothesis F.7.
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◦ VΩ;θ and DΩ;θ are the functions defined in (2.4) and (2.2). Furthermore,
DΩ;θ can be decomposed in the form

DΩ;θ(α∗, β) = RΩ;θ(α∗, β) + EΩ;θ(α∗, β)

with a function RΩ;θ(α∗, β) that is bilinear in α∗ and β, is independent10

of the interaction v, and fulfills the estimate

‖RΩ;θ‖2R(θ), 2m ≤ K e−2mc θ2 r(θ)2 R(θ)2 ≤ K θ vm log 1
v

and a function EΩ;θ(α∗, β) that has degree at least two11 both in α∗ and in
β and fulfills the estimate

‖EΩ;θ‖2R(θ), 2m ≤ K θ2 |||v|||2 r(θ)2 R(θ)6 ≤ K

(
|||v|||
v

)2

◦ χθ(Ω;α, β) is the characteristic function imposing the small field condi-
tions. It is one if
� |α(x)|, |β(x)| ≤ R(θ) for all x ∈ Ω and
� |∇α(b)|, |∇β(b)| ≤ R′(θ) for all bonds b on X that have at least one end

in Ω and
� |α(x) − β(x)| ≤ r(θ) for all x within a distance one from Ω
and it is zero otherwise

◦ For each hierarchy S for scale θ, BS(α∗, β; �ρ ) is an analytic function of
its arguments and fulfills the estimate

‖BS‖S ≤ K θ |||v||| r(θ)R(θ)3 ≤ K
|||v|||
v

◦ For each hierarchy S for scale θ, LS has the decomposition

LS(α∗, β; �ρ ) =
∑

decimation
intervals
J ⊂[0,θ]

LS(J ;α∗, β; �ρ )

where, for each decimation interval J ⊂ [0, θ], the function LS(J ;α∗, β; �ρ )
is an analytic function of its arguments that
� is “large field with respect to the interval J ” (that is, it depends only

on values of the fields at points x ∈ X\ΩS(J ) and depends only on
the variables α∗τ , ατ , z∗τ , zτ with τ ∈ J . (If τ = 0 ∈ J , then replace
α∗0(x) by α∗(x). If τ = θ ∈ J , then replace αθ(x) by β(x) )

� and fulfills the estimate

‖LS(J ; · )‖S ≤ K δ |||v||| r(δ)R(δ)3 = K
|||v|||
v

(vδ)1−3eR−4er

where δ is the length of the time interval J .
◦ The functions RΩ;θ, EΩ;θ, BS and LS(J ) are all invariant under α∗ →

e−iθα∗, β → eiθβ, �ρ = (�α∗, �α, �z∗, �z) → (e−iθ�α∗, e
iθ�α, e−iθ�z∗, e

iθ�z).
◦ For each hierarchy S for scale θ, IS is the integral operator of

Definition 2.8. Its properties are described in Theorem 2.18, below.

10 RΩ;θ is constructed like DΩ;θ, but with v = 0.
11 By this we mean that every monomial appearing in the power series expansion of these

functions contains a factor of the form α∗(x1)α∗(x2)β(x3)β(x4).
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Definition 2.17. Let Ω ⊂ X and θ, v > 0. We define the technical small field
regulator

RegSF (Ω;α, β) = Reg(2)
SF (Ω;α, β) + Reg(4)

SF (Ω;α, β)

with

Reg(2)
SF (Ω;α, β) = Kreg θ|μ|

[
‖α‖2

Ω + ‖β‖2
Ω

]
Reg(4)

SF (Ω;α, β) = Kreg θv
{
‖α‖3

L4(Ω) + ‖β‖3
L4(Ω)

} {
‖α− β‖L4(Ω̃)

+ θ
[
μ+e−5mc(θ)

] [
‖α‖L4(Ω̃)

+ ‖β‖L4(Ω̃)

]
+ θ

[
‖∇α

∥∥
L4(Ω̃∗)

+‖∇β
∥∥

L4(Ω̃∗)

]}

Here Ω̃ is the set of points of X that are within a distance c(θ) of Ω, and
Kreg = 29 exp

{
20e12mDDH

}
.

In addition to the constants of (2.17), we choose 0 < e� < 2er and set

�(t) =
(

1
tv

)e�

(2.20)

Theorem 2.18. Let Ω ⊂ X and assume that α and β obey the small field
conditions χθ(Ω;α, β) = 1. Then,

e− 1
2 ‖α‖2− 1

2 ‖β‖2
eRe (〈α∗, j(Ω)(θ)β〉+VΩ;θ(α∗,β))e−RegSF (Ω;α,β)

×
∑

hierarchies S
for scale θ

with ΩS=Ω

∣∣I(S;α∗,β)

∣∣ (eRe (−Qres
S +Vres

S )+|BS|+|LS|
)

≤ e− 1
4 �(θ)|Ωc|

[ ∏
x∈Ωc

1
1 + |α(x)|3

1
1 + |β(x)|3

]

In the above theorem,
◦ the factor

∏
x∈Ωc

1
1+|α(x)|3

1
1+|β(x)|3 on the right hand side ensures the left

hand side, which is a function of {α(x), β(x)}x∈X is integrable,
◦ the factor e−�(θ)|Ωc| on the right hand side tells us that when the large field

region Ωc is large, then the left hand side is small and
A stronger bound than that of Theorems 2.18 is given in (3.22).

3. Strategy of the Proof

Our proof of Theorem 2.16 goes roughly as follows. In a first step, we fix
ε = 2−kθ for some k ∈ N and show that there is a representation for Ik(ε;α∗, β)
similar to (2.13), but with a sum over hierarchies for scale θ which have depth
at most k. In a second step we compare the resulting representations for
Ik(2−kθ;α∗, β) and Ik+1(2−(k+1)θ;α∗, β) in order to take the limit k → ∞.

For the first step, we use the decimation strategy sketched in the introduc-
tion. We construct, for n = 1, 2, . . . , k a representation of In(ε;α∗, β) similar
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to (2.13), but with a sum over hierarchies for scale 2nε = 2n−kθ. In the step
(1.10) from n to n+ 1,

In+1(ε; α∗, β) =
∫

dμR(ε)(φ∗, φ) In(ε; α∗, φ)In(ε; φ∗, β)

write the representation of In(ε;α∗, φ) resp. In(ε;φ∗, β) as a sum over such
hierarchies S1 resp. S2 and write the integral as a sum of integrals, indexed
by (S1,S2). One such integral leads to the sum of terms in the representation
of In+1 that are associated to the hierarchies for scale 2n+1ε = 2n−k+1θ that
are preceded by (S1,S2) in the following sense.

Definition 3.1. A pair (S1,S2) of hierarchies for scale δ is said to precede the
hierarchy S for scale 2δ if

SS(J ) = SS1(J ) and SS(δ + J ) = SS2(J )

for all S = Λ,Ω, Pα, Pβ , P
′
α, P

′
β , Q,R and all decimation intervals J in [0, δ].

In this case, we write

(S1,S2) ≺ S

We also denote, for any field �α = (ατ (x))τ∈εZ∩(0,2δ)
x∈X

, the left and right half

fields to be

�αl = (ατ (x))τ∈εZ∩(0,δ)
x∈X

�αr = (ατ+δ(x))τ∈εZ∩(0,δ)
x∈X

Given hierarchies S1,S2 for scale δ, the choice of a hierarchy S with
(S1,S2) ≺ S amounts to the choice of
(i) the small/large field sets of the first kind

Pα ([0, 2δ]) , Pβ ([0, 2δ]) ⊂ ΩS1 ∩ ΩS2

P ′
α ([0, 2δ]) , P ′

β ([0, 2δ]) ⊂ (ΩS1 ∩ ΩS2)
∗

Q ([0, 2δ]) ⊂ (ΩS1 ∩ ΩS2)


By Definition 2.4, these sets determine Λ ([0, 2δ]).
(ii) the large field set of the second kind R([0, 2δ]) ⊂ Λ([0, 2δ]). Again, by

Definition 2.4, this set determines the new small field set of the second
kind Ω([0, 2δ]).

In a decimation step as outlined above, we start with two hier-
archies S1,S2 for scale δ. Then we first decompose ΩS1 ∩ ΩS2 into
large/small field sets of the first kind, and afterwards decompose the
resulting small field sets Λ according to the choice of the regions where
“stationary phase” is applied. To formalize the first step, we use

Definition 3.2. Let Ω0 ⊂ X and δ > 0. We denote by Fδ(Ω0) the set of all
choices of “small/large field sets of the first kind”

A = (Λ, Pα, Pβ , P
′
α, P

′
β , Q)

with
◦ Λ, Pα, Pβ ⊂ Ω0, P ′

α, P
′
β ⊂ Ω∗

0 and Q ⊂ Ω
0
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◦ Λ =
{

x ∈ X
∣∣∣ d

(
x, Pα ∪ Pβ ∪Q ∪ suppP ′

α ∪ suppP ′
β ∪ Ωc

0

)
> c(δ)

}

3.1. History Fields

As described in the previous section, the decimation step from scale δ to scale
2δ involves integrals of products of pairs of terms like in (2.13), indexed by two
hierarchies of S1,S2 for scale δ. The result of this integral will be represented
as a sum over all hierarchies S of scale 2δ that are preceded by (S1,S2). Each
such term should contain a factor

e〈α∗, j(ΩS)(2δ)β〉+VΩS;2δ(ε; α∗,β)+DΩS;2δ(ε; α∗,β)

For the construction of DΩS;2δ(ε; ·, · ) out of DΩS1 ;δ(ε; ·, · ) and DΩS2 ;δ(ε; ·, · )
we need to know which contributions to DΩSi

;δ(ε; ·, · ) involved points outside
the new small field region ΩS.

To keep track of precisely which points were involved in the construction
of each contribution, we introduce the concept of a history field. This is a field
on X that takes only the values 0 and 1. In particular

h2 = h

The history field is never integrated over. We put in a history field at each
point where some construction is performed. That is, we shall always work
with “history complete” functions in the following sense.

Definition 3.3. (i) A function f(φ1, . . . , φs; h) in the fields φ1, . . . , φs, h is
called history complete if it is in fact a function of φ1h, · · · , φsh, h. If
f is a history complete analytic function, any non trivial monomial in
its power series expansion that contains a factor φi(x) automatically also
contains a factor h(x).

(ii) Given a power series f(φ1, . . . , φs; h) and a subset Ω of X we set

f
∣∣
Ω

= f(φ1, . . . , φs; h)
∣∣∣
h(x)=0 for x∈X\Ω
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If f is history complete, f
∣∣
Ω

depends only on the fields φ1(x), . . . , φs(x),
h(x) with x ∈ Ω.

The starting points of our construction are the single particle Hamilto-
nian h = ∇∗H∇ and the interaction v. Already at this point, we have to
monitor the points in space involved in the construction, for example in the
exponential j(t) = et(h−μ). This is the motivation for the notion of h-operator
introduced in [4, Definition IV.1]. For the convenience of the reader, we repeat
some of the concepts introduced in [4].

Definition 3.4. (i) An h-operator or h-linear map A on CX is a linear oper-
ator on CX whose kernel is of the form

A(x,y) =
∞∑

�=0

∑
(x1,...,x�)∈X�

A(x;x1, . . . ,x�;y) h(x) h(x1) · · · h(x�) h(y)

(ii) The composition A ◦ B of two h–operators A,B on CX is by definition
the h–operator with kernel

(A ◦B)(x,y) =
∑
z∈X

A(x, z)B(z,y)

=
∑
z∈X

∑
�,�′≥0

∑
x1,...,x�
y1,...y�′

A(x;x1, . . . ,x�; z)B(z;y1, . . . ,y�′ ;y)

×h(x) h(x1) · · · h(x�) h(z) h(y1) · · · h(y�′) h(y)

Here we used that h2 = h.
(iii) For an “ordinary” linear operator J on CX with kernel J(x,y), we define

the associated h–operator by

J̄(x,y) = h(x)J(x,y) h(y)

and the associated h-exponential as

exph (J) = h +
∞∑

�=1

1
�!
J̄� = hehJh = ehJhh

The h-exponential obeys the product rule exph (J1) exph (J2)=exph (J1+
J2), provided the operators J̄1 and J̄2 commute.

(iv) If φ is any field on X and A an h-operator, we set

(Aφ)(x) =
∑
y∈X

A(x,y)φ(y)

=
∞∑

�=0

∑
x1,...,x�,y

A(x;x1, . . . ,x�;y) h(x) h(x1) · · · h(x�) h(y) φ(y)

To keep the notation simple, we shall frequently use the same symbol for
a history complete function or h-operator as we used in Sect. 2 for the function
or operator one gets if one sets h(x) = 1 for all x ∈ X. So we shall again write
v for the operator v̄, and set

j(t) = exph (−t(h − μ)) (3.1)
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Observe that

j(t)
∣∣∣h(x)=0 for x∈X\Ω

h(x)=1 for x∈Ω

= j(Ω)(t)

with the operator j(Ω)(t) introduced at the beginning of Sect. 2.1. Again we
define

jc(τ)(x,y) = j(τ)(x,y) ·
{

1 if d(x,y) ≤ c

0 if d(x,y) > c
(3.2)

3.2. Properties of the Background Fields

Here, and through the rest of the paper, use the same definition as before for
background fields (that is Definition 2.9, just with j(t) being interpreted as
the h–operator of (3.1). Here, we want to study some of their properties. In
particular, we develop a recursion relation (Proposition 3.6).

Remark 3.5. (The structure of the background fields) Let S be a hierarchy
for scale δ.

(i) When the history field is identically zero, the background field becomes

Γ∗S(τ ; α∗, �α∗)
∣∣
h=0

= Λc
τα∗τ ΓS(τ ; �α, β)

∣∣
h=0

= Λc
τατ

The differences Γ∗S(τ ; α∗, �α∗) − Λc
τα∗τ and ΓS(τ ; �α, β) − Λc

τατ are his-
tory complete. Their restrictions to the small field region ΩS are

Γ∗S(τ ; α∗, �α∗)
∣∣∣
ΩS

− Λc
τα∗τ = j(τ)α∗

∣∣∣
ΩS

,

ΓS(τ ; �α, β)
∣∣∣
ΩS

− Λc
τατ = j(δ − τ)β

∣∣∣
ΩS

(ii) Let τ = δ
∑d(τ)

k=1
ak

2k , ak ∈ {0, 1}, be the “binary expansion” of the deci-
mation point τ ∈ (0, δ), and let τ ′ ∈ (0, δ) be another decimation point
different from τ . Then Γτ ′

∗τ = 0 unless τ ′ is one of the “binary approx-
imations” δ

∑d
k=1

ak

2k (1 ≤ d < d(τ), ad = 1) of τ . In this case, let
d′ = min

{
k > d

∣∣ ak = 1
}
. Then

Γτ ′
∗τ = j

(
τ − τ ′ − δ

2d′

)
Λ
(

[τ ′, τ ′ +
δ

2d′−1
]
)
j

(
δ

2d′

)
Λc

τ ′

In particular, Γτ ′
∗τ = 0 whenever τ ′ > τ or d(τ ′) > d(τ).

Analogous statements hold for Γτ ′
τ , in terms of the binary expansions of

δ − τ and δ − τ ′. In particular, Γτ ′
τ = 0 whenever τ ′ < τ or d(τ ′) > d(τ).

(iii) If τ �= τ ′, then Γτ ′
∗τ and Γτ ′

τ are always of the form j(τ1)Λ1j(τ2)Λc
2 with

τ1, τ2 ≥ 0, τ1 + τ2 = |τ − τ ′| and Λ1 and Λc
2 being (possibly trivial)

characteristic functions.
(iv) Let τ ∈ (0, δ) and τ ′ ∈ [0, δ] be decimation points with d(τ) > d(τ ′). (For

τ ′ = 0, δ, set d(τ ′) = 0.) Furthermore let 0 < t ≤ δ
2d(τ) . If τ is not of
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the form τ ′ + δ
2d for any d(τ ′) ≤ d ≤ depth(S), then Γτ ′

∗τ = j(t) Γτ ′
∗τ−t.

If τ is not of the form τ ′ − δ
2d for any d(τ ′) ≤ d ≤ depth(S), then

Γτ ′
τ = j(t) Γτ ′

τ+t. For more information, see Lemma E.16.
(v) If d(τ ′) > depth(S) then Γτ ′

∗τ = Γτ ′
τ = 0 for all τ ∈ (0, δ).

Proof. (i) Since j(t) vanishes when h is identically zero, Γτ ′
∗τ |h=0 = Γτ ′

τ |h=0 =
0 for all τ ′ �= τ . For all τ ′ ∈ (0, δ), ΩS ∩ Λc

τ ′ = ∅ and hence Γτ ′
∗τ |ΩS

=
Γτ ′

τ |ΩS
= 0 whenever τ ′ �= τ . Finally,

Γ0
∗τ

∣∣
ΩS

=j
(
τ− δ′

2

)
ΩS j

(
δ′

2

) ∣∣
ΩS

=j
(
τ− δ′

2

)
j

(
δ′

2

) ∣∣
ΩS

=j(τ)
∣∣
ΩS

and Γδ
τ

∣∣
ΩS

= j(δ − τ)
∣∣
ΩS

.

(ii) Assume that Γτ ′
∗τ �= 0. Denote by J the smallest decimation interval with

τ ′ as its left endpoint that strictly contains [τ ′, τ ]. As J is a decima-
tion interval, there is d′ ≥ d(τ ′) + 1 such that J = [τ ′, τ ′ + δ

2d′−1 ]. Since
[τ ′, τ ′ + δ

2d′ ] is also a decimation interval, but does not contain τ in its
interior, we have τ ′ + δ

2d′ ≤ τ < τ ′ + δ
2d′−1 .

Set d = d(τ ′) < d(τ) and let τ ′ = δ
∑d

k=1
bk

2k , bk ∈ {0, 1} be the “binary
expansion” of τ ′. As δ

2d′ ≤ τ − τ ′ < δ
2d′−1 and d′ > d we have

ak = bk for k = 1, . . . , d, ad = 1, ad+1 = · · · = ad′−1 = 0, ad′ = 1

So τ ′ is a binary approximation of τ . The remaining claims follow directly
from the Definition 2.9 of the background fields.

(iii) follows by inspection. Recall that j(0) = h.
(iv) We consider Γτ ′

∗τ . By part (ii) we may assume that τ > τ ′. Observe that
[τ ′, τ ′+ δ

2d(τ′) ] is the maximal decimation interval with τ ′ as left endpoint.
If τ does not lie in this interval, then τ − t ≥ τ − δ

2d(τ) ≥ τ ′ + δ
2d(τ′) , and

consequently Γτ ′
∗τ = Γτ ′

∗τ−t = 0. So we may assume that τ ∈ (τ ′, τ ′+ δ
2d(τ′) ).

Let J = [τ ′, τ ′+ δ
2d−1 ], d > d(τ ′) be the smallest decimation interval with

τ ′ as left endpoint such that [τ ′, τ ] � J . Then τ ′ + δ
2d ≤ τ < τ ′ + δ

2d−1 .
If τ �= τ ′ + δ

2d then, again, τ − t ≥ τ − δ
2d(τ) ≥ τ ′ + δ

2d and consequently

Γτ ′
∗τ −j(t) Γτ ′

∗τ−t =

[
j

(
τ −τ ′− δ

2d

)
−j(t)j

(
τ −t−τ ′− δ

2d

)]
Λ(J ) j

(
δ

2d

)
Λc

τ ′

= 0

If τ = τ ′ + δ
2d , but d > depth(S), then Λ(J ) = X and

Γτ ′
∗τ = Λ(J ) j

(
δ

2d

)
Λc

τ ′ = j(τ − τ ′) Λc
τ ′ , Γτ ′

∗τ−t = j(τ − t− τ ′) Λc
τ ′

(v) In this case Λc
τ ′ = ∅. �

In the decimation step from scale δ to scale 2δ, we are passing from the
product of the terms indexed by hierarchies S1, S2 for scale δ to a sum of
terms indexed by hierarchies S that are preceded by (S1,S2) in the sense of
Definition 3.1. For this reason, we need
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Proposition 3.6. (Recursion relation for the background fields) Let (S1,S2)
be a pair of hierarchies for scale δ that precede the hierarchy S for scale 2δ.
Let τ ∈ (0, 2δ) be a decimation point. Then

Γ∗S(τ ; α∗, �α∗)

=

⎧⎪⎨
⎪⎩

Γ∗S1(τ ; α∗, �α∗l) if τ ∈ (0, δ)
ΛSj(δ)α∗ + Λc

Sα∗δ if τ = δ

Γ∗S2(τ−δ; ΛSj(δ)α∗+Λc
Sα∗δ, �α∗r) + ∂Γ∗τ α∗ if τ ∈ (δ, 2δ)

Here, for τ ∈ (δ, 2δ), the difference operator ∂Γ∗τ is defined as follows. Let J
be the smallest decimation interval for S with left endpoint δ such that [δ, τ ]
is strictly contained in J , and let δ′ be the length of J . Then

∂Γ∗τ = j

(
τ − δ − δ′

2

)
ΛS(J )c j

(
δ′

2

)
ΛS j(δ)

Similarly,

ΓS(τ ; �α, β) =

⎧⎪⎨
⎪⎩

ΓS1(τ ; , �αl,ΛSj(δ)β + Λc
Sαδ) + ∂Γτβ if τ ∈ (0, δ)

ΛSj(δ)β + Λc
Sαδ if τ = δ

ΓS2(τ − δ; �αr, β) if τ ∈ (δ, 2δ)

Here, for τ ∈ (0, δ), the difference operator ∂Γτ is defined as follows. Let J
be the smallest decimation interval for S with right endpoint δ such that [τ, δ]
is strictly contained in J , and let δ′ be the length of J . Then

∂Γτ = j

(
δ − τ − δ′

2

)
ΛS(J )c j

(
δ′

2

)
ΛS j(δ)

Proof. If τ ∈ (0, δ) and 0 ≤ τ ′ ≤ τ is a decimation point, then Γτ ′
∗τ (S) =

Γτ ′
∗τ (S1) by Definition 2.9. By Remark 3.5(ii), Γτ ′

∗τ (S) = 0 and Γτ ′
∗τ (S1) = 0

whenever τ ′ > τ .
If τ = δ then Γ∗S(τ ; α∗, �α∗) = ΛSj(δ)α∗ + Λc

Sα∗δ directly by Defini-
tion 2.9.

Now let τ ∈ (δ, 2δ). Directly from Definition 2.9,

Γτ ′
∗τ (S) =

⎧⎪⎨
⎪⎩

Γ0
∗τ−δ(S2) Λc

S if τ ′ = δ

Γτ ′−δ
∗τ−δ(S2) if δ < τ ′ < 2δ

0 if 0 < τ ′ < δ

so that

Γ∗S(τ ; α∗, �α∗) − Γ∗S2(τ−δ; ΛSj(δ)α∗ + Λc
Sα∗δ, �α∗r)

= Γ0
∗τ (S)α∗ − Γ0

∗τ−δ(S2)ΛSj(δ)α∗

Let J be the interval defined in the Proposition, and set J ′ =
{
t− δ

∣∣ t ∈ J
}
.

Then ΛS(J ) = ΛS2(J ′) and

Γ0
∗τ (S) − Γ0

∗τ−δ(S2) ΛS j(δ)

= j(τ − δ) ΛSj(δ) − j

(
τ − δ − δ′

2

)
ΛS2(J ′) j

(
δ′

2

)
ΛS j(δ)
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= j

(
τ − δ − δ′

2

)
ΛS2(J ′)c j

(
δ′

2

)
ΛS j(δ) = ∂Γ∗τ

Here, we used j(τ − δ) = j(τ − δ − δ′
2 ) (ΛS2(J ′)c + ΛS2(J ′)) j( δ′

2 ).
The recursion representation for ΓS is proven similarly. �

Further properties and alternative definitions of the background fields are
given in Appendix E.

3.3. The Explicit Quadratic and Quartic Terms in the Effective Action

In (2.9), we defined the prospective dominant contribution to the quadratic
part of the effective action associated to a hierarchy S for scale δ to be

QS(α∗, β; �α∗, �α) = Qε,δ (α∗, β; Γ∗S( · ;α∗, �α∗) , ΓS( · ; �α, β) ) (3.3)

where Qε,δ was defined in (2.10) and ε was chosen to be 2−depth(S)δ. Here, and
through the rest of the paper, we use the same definition but with j(t) being
interpreted as the h-operator of (3.1) and with the background fields Γ∗S, ΓS

of Sect. 3.2.
Part (i) of the following Lemma shows that, in (3.3), we could have cho-

sen ε = 2−nδ for any n ≥ depth(S). Part (ii) isolates the pure small field part
and the history–independent part. Part (iii) gives a recursion relation.

Lemma 3.7. (i) Let S be a hierarchy at scale δ. For all k, n ≥ depth(S)

Q δ

2k ,δ (α∗, β; Γ∗S( · ;α∗, �α∗) , ΓS( · ; �α, β) )

= Q δ
2n ,δ (α∗, β; Γ∗S( · ;α∗, �α∗) , ΓS( · ; �α, β) )

(ii) Let S be a hierarchy at scale δ. When the history field is identically zero,

QS(α∗, β; �α∗, �α)
∣∣
h=0

=
∑

τ∈εZ∩(0,δ)

〈Λc
τα∗τ , Λc

τατ 〉

where ε=2−depth(S)δ. The difference QS(α∗, β; �α∗, �α)−
∑

τ 〈Λc
τα∗τ ,Λc

τατ〉
is history complete. Its restriction to the small field region ΩS is

QS(α∗, β; �α∗, �α)
∣∣
ΩS

−
∑

τ∈εZ∩(0,δ)

〈Λc
τα∗τ , Λc

τατ 〉 = −〈α∗, j(δ)β〉
∣∣
ΩS

(iii) Let S1,S2 be hierarchies of scale δ such that (S1,S2) ≺ S, where S is
a hierarchy of scale 2δ. Then

QS(α∗, β; �α∗, �α)
= QS1 (α∗, Λj(δ)β + Λcαδ; �α∗l, �αl)

+QS2 (Λj(δ)α∗ + Λcα∗δ, β; �α∗r, �αr)
+ 〈Λj(δ)α∗, Λj(δ)β〉 + 〈Λcα∗δ, Λcαδ〉
+

∑
τ∈εZ∩[0,δ)

〈Γ∗S1(τ ; α∗, �α∗l), (∂Γτ − j(ε)∂Γτ+ε) β〉

+
∑

τ∈εZ∩(0,δ]

〈(∂Γ∗δ+τ − j(ε)∂Γ∗δ+τ−ε)α∗, ΓS2(τ ; �αr, β)〉



186 T. Balaban et al. Ann. Henri Poincaré

where Λ = ΛS, ε = 2−depth(S) and the differences ∂Γ∗τ , ∂Γτ were defined
in Proposition 3.6 for τ ∈ (δ, 2δ) and τ ∈ (0, δ), respectively. Here, we
have also set ∂Γ∗δ = ∂Γ∗2δ = ∂Γ0 = ∂Γδ = 0 and Γ∗S1(0; ·) = α∗,
ΓS2(δ; ·) = β.

(iv) Let S be a hierarchy of scale δ. Then for any fields φ∗, φ

QS (α∗, Λj(δ)β + Λcφ ; �α∗, �α) −QS (α∗, Λjc(δ)β + Λcφ; �α∗, �α)

=
∑

τ∈εZ∩[0,δ)

〈
Γ∗S(τ ; α∗, �α∗),

(
Γδ

τ − j(ε)Γδ
τ+ε

)
Λ (j(δ) − jc(δ))β

〉

QS (Λj(δ)α∗ + Λcφ∗, β; �α∗, �α) −QS (Λjc(δ)α∗ + Λcφ∗, β; �α∗, �α)

=
∑

τ∈εZ∩(0,δ]

〈(
Γ0

∗τ − j(ε)Γ0
∗τ−ε

)
Λ (j(δ) − jc(δ))α∗, ΓS(τ ; �α, β)

〉

where Λ = ΛS and, again, ε = 2−depth(S). Here, we have also set Γ0
∗δ =

Γδ
0 = 0 and Γ∗S(0; · ) = α∗, ΓS(δ; · ) = β and, correspondingly, Γ0

∗0 =
Γδ

δ = 1.

Proof. (i) It suffices to prove this in the case that k > depth(S) and n =
k − 1. To simplify notation, set ε = 2−kδ,

γ∗τ =

{
Γ∗S(τ ; α∗, �α∗) if τ �= 0
α∗ if τ = 0

γτ =

{
ΓS(τ ; �α, β) if τ �= δ

β if τ = δ

If τ, τ ′ are decimation points with d(τ) = k and d(τ ′) ≤ depth(S), then
by Remark 3.5(iv), Γτ ′

∗τ = j(ε) Γτ ′
∗τ−ε. Combining this with Remark 3.5(v),

we see that

γ∗τ = j(ε) γ∗τ−ε if d(τ) = k

So by (2.10)

Qε,δ(α∗, β;�γ∗, �γ)

=
∑

τ∈εZ∩(0,δ)

〈γ∗τ − j(ε) γ∗τ−ε, γτ 〉 − 〈γ∗ δ−ε, j(ε)β〉

=
∑

τ∈2εZ∩(0,δ)

〈γ∗τ − j(ε) γ∗τ−ε, γτ 〉 − 〈j(ε) γ∗ δ−2ε, j(ε)β〉

=
∑

τ∈2εZ∩(0,δ)

〈γ∗τ − j(ε)j(ε) γ∗τ−2ε, γτ 〉 − 〈γ∗ δ−2ε, j(ε)j(ε)β〉

= Q2ε,δ(α∗, β;�γ∗, �γ)

(ii) Define γ∗τ and γτ as above. By Remark 3.5(i),

j(ε)γ∗τ−ε

∣∣
h=0

= 0 j(ε)γ∗τ−ε

∣∣
ΩS

= j(τ)α∗
∣∣
ΩS

Both equations follow from the definition (2.10) and Remark 3.5(i).
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(iii) Let ε = 2−depth(S)(2δ) = 2−(depth(S)−1)δ. Define γ∗τ and γτ as above,
but with δ replaced by 2δ. By Proposition 3.6

γ∗τ =

⎧⎪⎨
⎪⎩
γ

(1)
∗τ if τ ∈ (0, δ)

Λj(δ)α∗ + Λcα∗δ if τ = δ

γ
(2)
∗τ−δ + ∂Γ∗τ α∗ if τ ∈ (δ, 2δ)

γτ =

⎧⎪⎨
⎪⎩
γ

(1)
τ + ∂Γτ β if τ ∈ (0, δ)

Λj(δ)β + Λcαδ if τ = δ

γ
(2)
τ−δ if τ ∈ (δ, 2δ)

where Λ = ΛS and

γ
(1)
∗τ = Γ∗S1 (τ ; α∗, �α∗l) γ(1)

τ = ΓS1 (τ ; �αl,Λj(δ)β + Λcαδ)

γ
(2)
∗τ = Γ∗S2 (τ ; Λj(δ)α∗+Λcα∗δ, �α∗r) γ(2)

τ = ΓS2 (τ ; �αr, β)

Then

QS =
∑

τ∈εZ∩(0,δ)

〈γ(1)
∗τ − j(ε) γ

(1)
∗ τ−ε, γ(1)

τ + ∂Γτ β〉

+ 〈Λj(δ)α∗ + Λcα∗δ − j(ε) γ
(1)
∗ δ−ε, Λj(δ)β + Λcαδ〉

+
〈
γ

(2)
∗ε + ∂Γ∗δ+εα∗ − j(ε)(Λj(δ)α∗ + Λcα∗δ), γ(2)

ε

〉

+
∑

τ∈εZ∩(ε,δ)

〈
γ

(2)
∗τ + ∂Γ∗δ+τα∗ − j(ε)(γ

(2)
∗τ−ε + ∂Γ∗δ+τ−εα∗), γ(2)

τ

〉

−
〈
γ

(2)
∗ δ−ε + ∂Γ∗ 2δ−εα∗, j(ε)β

〉

=
∑

τ∈εZ∩(0,δ)

〈γ(1)
∗τ −j(ε) γ

(1)
∗ τ−ε, γ(1)

τ 〉 − 〈j(ε) γ
(1)
∗ δ−ε, Λj(δ)β + Λcαδ〉

+
〈
γ

(2)
∗ε − j(ε)(Λj(δ)α∗ + Λcα∗δ), γ(2)

ε

〉

+
∑

τ∈εZ∩(ε,δ)

〈
γ

(2)
∗τ −j(ε)γ

(2)
∗τ−ε, γ(2)

τ

〉
−

〈
γ

(2)
∗ δ−ε, j(ε)β

〉

+〈Λj(δ)α∗, Λj(δ)β〉 + 〈Λcα∗δ, Λcαδ〉

+
∑

τ∈εZ∩(0,δ)

〈γ(1)
∗τ −j(ε) γ

(1)
∗ τ−ε, ∂Γτ β〉

+
〈
∂Γ∗δ+εα∗, γ(2)

ε

〉
+

∑
τ∈εZ∩(ε,δ)

〈∂Γ∗δ+τα∗ −j(ε)∂Γ∗δ+τ−εα∗, γ(2)
τ

〉

− 〈∂Γ∗ 2δ−εα∗, j(ε)β〉
= QS1 (α∗, Λj(δ)β+Λcαδ; 
α∗l, 
αl)+QS2 (Λj(δ)α∗+Λcα∗δ, β; 
α∗r, 
αr)

+〈Λj(δ)α∗, Λj(δ)β〉 + 〈Λcα∗δ, Λcαδ〉
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+
∑

τ∈εZ∩[0,δ)

〈
γ

(1)
∗τ , (∂Γτ − j(ε)∂Γτ+ε) β

〉

+
∑

τ∈εZ∩(0,δ]

〈
(∂Γ∗δ+τ − j(ε)∂Γ∗δ+τ−ε) α∗, γ(2)

τ

〉

with ∂Γ0 = ∂Γδ = ∂Γ∗δ = ∂Γ∗2δ = 0.
(iv) The first equality follows from (2.10) and the fact that

ΓS(τ ; �α,Λj(δ)β + Λcφ ; �α) − ΓS(τ ; �α,Λjc(δ)β + Λcφ ; �α)

= Γδ
τΛ (j(δ) − jc(δ))β

The second equality follows from (2.10) and the fact that

Γ∗S(τ ; Λj(δ)α∗ + Λcφ∗ ; �α∗) − Γ∗S(τ ; Λjc(δ)α∗ + Λcφ∗ ; �α∗)
= Γ0

∗τΛ (j(δ) − jc(δ))α∗

�
The quartic part of the interaction for a given decimation step depends

on the scale at which the process has been started. To keep track of this we
need the Riemann sums approximating (2.11).

Definition 3.8. (i) Let S be a hierarchy for scale δ, and let ε = 2−nδ with
n ≥ depth(S). We define

VS(ε;α∗, β; �α∗, �α) = εVn (α∗, β; Γ∗S( · ;α∗, �α∗) , ΓS( · ; �α, β) )

where

Vn(α∗, β;�γ∗, �γ) = −

⎡
⎣〈α∗ γε, v α∗ γε〉 +

∑
τ∈εZ∩(0,δ−ε)

〈γ∗τγτ+ε, v γ∗τγτ+ε〉

+ 〈γ∗ δ−ε β, v γ∗ δ−ε β〉

⎤
⎦

and Γ∗S(τ ; α∗, �α∗), ΓS(τ ; �α, β) are the background fields.
(ii) In the remark below we shall identify the small field part of VS. For that

purpose, we define for any subset Ω of X and every δ that is an integer
multiple of ε

VΩ,δ(ε; α∗, β)

= −ε
∑

τ∈εZ∩[0,δ)

〈 [j(τ)α∗] [j(δ − τ − ε)β] , v [j(τ)α∗] [j(δ − τ − ε)β]〉
∣∣∣
Ω

(Evaluating this at h = 1 gives the VΩ,δ(ε; α∗, β) of (2.1).)

Clearly, VS is history complete (in particular VS

∣∣
h=0

= 0). It follows
from Remark 3.5(i) that

Remark 3.9. (i) If ε = 2−nδ with n ≥ depth(S) then VS(ε;α∗, β; �α∗, �α)
∣∣
Ω

=
VΩ,δ(ε; α∗, β) for all Ω ⊂ ΩS.

(ii) VΩ,δ(ε; α∗, j(δ)β) + VΩ,δ(ε; j(δ)α∗, β) = VΩ,2δ(ε; α∗, β)
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3.4. Properties of the Large Field Integral Operator

In our representation of In(ε;α∗, β), we persist in using the integral oper-
ator I(S;α∗,β) of Definition 2.8, except that the surface Cs(x;α∗, β) is now
h–dependent through the operators jc(s) of (2.7). Note that the characteristic
functions χJ (α, ατ , β) and the cutoff Gaussian measures do not depend on h.

Lemma 3.10. (i) Let (S1,S2) be a pair of hierarchies for scale δ that precede
the hierarchy S for scale 2δ. We have the recursion relation

I(S;α∗,β) [dμ(�α, �z∗, �z)]
= I([0,2δ],S ; α∗,β) I(S1;α∗,αδ) [dμ(�αl, �z∗l, �zl)] I(S2;α∗

δ ,β) [dμ(�αr, �z∗r, �zr)]

(ii) Let S be a hierarchy for scale δ and set ε = 2−depth(S)δ. The large
field operator I(S;α∗,β) [dμ(�α, �z∗, �z)] depends on α(y) and β(y) only for
y ∈ Ωc

S.

Proof. Part (i) is trivial. To prove part (ii) by induction, it suffices to show that
I([0,2δ],S;α∗,β) depends on α(y) and β(y) only for y ∈ Ω([0, 2δ])c. The depen-
dence of I([0,2δ],S;α∗,β) on α(y) and β(y) arises only through two mechanisms.
First, through the integration domain Cδ(x;α∗, β) with x ∈ R([0, 2δ]). By con-
struction, this integration domain depends only on α(y) and β(y) for y within
a distance c of R([0, 2δ]). Since Ω([0, 2δ]) is the set of all points of Λ([0, 2δ])
whose distance from R([0, 2δ]) is at least c(δ), any such y is in Ω([0, 2δ])c. The
second dependence is through the characteristic function χ[0,2δ](α, αδ, β). One
sees by direct inspection of its definition in Appendix A that this characteristic
function is independent of α(y) and β(y) for all y ∈ Ω([0, 2δ]). �

Remark 3.11. Let S be a hierarchy for scale δ and set ε = 2−depth(S)δ. The
integral operator I(S;α∗,β)[dμ(�α, �z∗, �z)] acts on the space of functions that are
defined and measurable in the variables

zτ (x) x ∈ Λ(J )\ (R(J ) ∪ Ω(J )) with|zτ (x)| ≤ r(s)
z∗τ (x), zτ (x) x ∈ R(J ) with|z∗τ (x)|, |zτ (x)| ≤ R(s)
ατ (x) x ∈ Λ(J )c with|ατ (x)| ≤ R(ε)

and analytic in the variables z∗τ (x), zτ (x), x ∈ R(Jτ ). Here J = Jτ runs over
all decimation intervals in [0, δ] of length 2ε ≤ 2s ≤ δ.

Proof. The first two restrictions appear explicitly in the limits of integration
in Definition 2.8. The restriction |ατ (x)| ≤ R(ε) is an immediate consequence
of Lemma A.4(a). �

We shall prove a bound on these large field integral operators, with h ≡
1, in Theorem 2.18. To obtain a good bound, we make a specific choice of
Cs(x;α∗, β). Roughly speaking, each point x ∈ R(J ) will provide a very small
factor for the size of the integral over Cs(x;α∗, β) which arises from the factor
e−z∗τ (x)zτ (x). This will be established in Proposition 3.38, below.
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3.5. Norms and the Renormalization Group Map

In our description of the effective density in Theorem 2.16, the non-explicit
quantities DΩS

, BS and LS are estimated with the help of the norms ‖ · ‖S.
These norms were defined abstractly in Definition 2.12 and then made con-
crete by the choice of the weight factors in Definition 2.13. In the construction
itself, all functions involve history fields. For this reason, we extend, in Def-
inition 3.12 below, the abstract definition of norms to the case of functions
that depend on a history field too. In this abstract setting, we recall the main
theorem from [4, §II] that will allow us to control the fluctuation integrals
(Theorem 3.14. A fluctuation integral is performed for every triple S1, S2, S
of hierarchies with (S1,S2) ≺ S. (See the discussion before Definition 3.1.)
Therefore, we discuss, in Remark 3.17, how the weight factors for S1, S2 and
S are related.

In each decimation step, the fluctuation integral is introduced through
coordinates that are centred on the critical point of the quadratic part of the
effective interaction. This change of variables affects our norms and is con-
trolled using the operator norm of Definition 3.18, below.

Definition 3.12. Let φ1, . . . , φs be a collection of fields on X and let h be a
history field on X.

(i) Let f(φ1, . . . , φs; h) be a function which is defined and analytic on a
neighbourhood of the origin in C(s+1)|X|. Then f has a unique expansion
of the form

f(φ1, . . . , φs; h) =
∑

n1,...,ns+1≥0

∑
(�x1,...,�xs+1)∈Xn1×···×Xns+1

×a(�x1, . . . , �xs;�xs+1)φ1(�x1) · · ·φs(�xs)h(�xs+1)

with the coefficients a(�x1, . . . , �xs;�xs+1) invariant under permutations of
the components of each vector �xj . The functions a(�x1, . . . , �xs;�xs+1) are
called the (symmetric) coefficient system for f .

(ii) For any n1, . . . , ns+1 ≥ 0 and any function b(�x1, . . . , �xs;�xs+1) on Xn1 ×
· · · ×Xns+1 , we define the norm ‖b‖n1,...,ns+1 as follows:
◦ If there is at least one nonhistory field, that is if

∑s
j=1 nj �= 0, then

‖b‖n1,...,ns+1 = max
x∈X

max
1≤j≤s
nj �=0

max
1≤i≤nj

∑
�x�∈Xn�

1≤�≤s+1
(�xj)i=x

|b(�x1, . . . , �xs;�xs+1)|

Here (�xj)i is the ith component of the nj-tuple �xj .
◦ If there are only history fields, that is if

∑s
j=1 nj = 0, but ns+1 �= 0,

then we take the pure L1 norm

‖b‖n1,...,ns+1 =
∑

�xs+1∈Xns+1

|b(−, · · · ,−;�xs+1)|

◦ Finally, for the constant term, that is if
∑s+1

j=1 nj = 0,

‖b‖n1,...,ns+1 = |b(−, · · · ,−)|
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(iii) Given weight factors κ1, . . . , κs, and a metric d on X, the weight system
with metric d that associates the weight factor κj to the field φj (and the
weight factor one to the history field) is defined by

wd(�x1, . . . , �xs;�xs+1) = eτd(�x1,...,�xs+1)
s∏

j=1

nj∏
�=1

κj (xj,�)

for all (�x1, . . . , �xs;�xs+1) ∈ Xn1 × · · · ×Xns ×Xns+1 and all nonnegative
integers n1, . . . , ns+1.
If Ω is a subset of X, the weight system with core Ω that associates the
weight factor κj to the field φj (and the weight factor one to the history
field) is wdΩ . The metric dΩ was specified in Definition 2.11(iii).

(iv) Let f(φ1, . . . , φs; h) be a function which is defined and analytic on a
neighbourhood of the origin in C(s+1)|X| and a the symmetric coefficient
system of f . We define the norm, with weight w, of f to be

‖f‖w =
∑

n1,...,ns+1≥0

‖w(�x1, . . . , �xs, �xs+1) a(�x1, . . . , �xs, �xs+1)‖n1,...,ns+1

Remark 3.13. Let f(φ1, . . . , φs; h) be a power series and Ω a subset of X.

(i) For any weight system w∥∥∥f(φ1, . . . , φs; h)
∣∣∣ h(x)=1 for x∈Ω
h(x)=0 for x∈X\Ω

∥∥∥
w

≤
∥∥f ∣∣

Ω

∥∥
w

≤ ‖f‖w

(ii) For any measure dμ(φs) that is independent of h,
∫

dμ(φs)
(
f(φ1, . . . , φs; h)

∣∣
Ω

)
=
[∫

dμ(φs) f(φ1, . . . , φs; h)
] ∣∣∣∣

Ω

Theorem III.4 of [4, §II] uses norms as in Definitions 2.12 and 3.12 to
control a renormalization group step. For the reader’s convenience, we repeat
its statement as well as the main result of [4, Corollary III.5] here.

Theorem 3.14. Let f(φ1, . . . , φs; z∗, z; h) be a function which is defined and
analytic on a neighbourhood of the origin in C(s+3)|X|. Let r ≥ 0 and denote
by dμ(z∗, z) the measure

dμ(z∗, z) =
∏
x∈X

χ (|z(x)|) ≤ r) e−z(x)∗z(x) dz
∗(x) ∧ dz(x)

2πı

Furthermore let κ1, . . . , κs+2 be weight factors such that κs+1(x), κs+2(x) ≥ 4r
for all x ∈ X, and let m ≥ 0 and Ω ⊂ X. Denote by w the weight system with
core Ω that associates the weight factor κj to the field φj, and the weight
factors κs+1, κs+2 to the fields z∗ and z respectively.

If ‖f‖w < 1
16 , then there is an analytic function g(φ1, . . . , φs) such that
∫
ef(φ1,...,φs;z∗,z) dμ(z∗, z)∫
ef(0,...,0;z∗,z) dμ(z∗, z)

= eg(φ1,...,φs) (3.4)
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and

‖g‖w ≤ ‖f‖w

1 − 16‖f‖w

If, in addition, ‖f‖w < 1
32 and the symmetric coefficient system a(�x1, . . . , �xs;

�y∗, �y;�x) of f obeys a(�x1, . . . , �xs; �y∗, �y;�x) = 0 whenever �y = �y∗, then

‖g‖w ≤
(

‖f‖w
1
20 − ‖f‖w

)2

(3.5)

Definition 3.15. (i) We also use the weight system wS of Definition 2.13(iii)
for functions that depend on the history field, giving weight one to the
history field as in Definition 3.12(iii). We again write ‖ · ‖S for ‖ · ‖wS

.
(ii) For any κ,m > 0, we use wκ,m to denote the weight system with metric

md the associates the constant weight factor κ to the fields α∗ and β and
the weight factor 1 to the history field. The norm ‖f(α∗, β ; h)‖κ,m =
‖f‖wκ,m

.

Remark 3.16. For a function f(α∗, β) that depends only on α∗(x) and β(x)
with x ∈ ΩS,

‖f‖2R(δ), m ≤ ‖f‖S ≤ ‖f‖2R(δ), 2m

For the decimation step, we need

Remark 3.17 (Weight factor recursion relation). Let (S1,S2) be a pair of
hierarchies for scale δ that precede the hierarchy S for scale 2δ. Then weight
factors of Definition 2.13 obey

κ∗S,τ (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

2R(2δ) = R(2δ)
R(δ) κ∗S1,0(x) if τ = 0,x ∈ ΛS

κ∗S1,0(x) if τ = 0,x /∈ ΛS

κ∗S1,τ (x) if 0 < τ < δ

∞ if τ = δ,x ∈ ΛS

1
2κ∗S2,0(x) if τ = δ,x /∈ ΛS

κ∗S2,τ−δ(x) if δ < τ < 2δ

and

κS,τ (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

2R(2δ) = R(2δ)
R(δ) κS2,δ(x) if τ = 2δ,x ∈ ΛS

κS2,δ(x) if τ = 2δ,x /∈ ΛS

κS2,τ−δ(x) if δ < τ < 2δ
∞ if τ = δ,x ∈ ΛS

1
2κS1,δ(x) if τ = δ,x /∈ ΛS

κS1,τ (x) if 0 < τ < δ
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and

λS,τ (x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

λS1,τ (x) if 0 < τ < δ

32 r(δ) if τ = δ,x ∈ ΛS\ΩS

∞ if τ = δ,x /∈ ΛS\ΩS

λS2,τ−δ(x) if δ < τ < 2δ

We will deal with linear changes in the φ-fields which may be composi-
tions of several such changes of variables. For the convenience of the reader
we repeat the [4, Definition IV.2] of the operator norms we use.

Definition 3.18 (Weighted L1–L∞ operator norms). Let κ, κ′ : X → (0,∞] be
weight factors and δ an arbitrary metric and let A be an h-linear map on CX .
We define the operator norm

Nδ(A; κ, κ′) =
∥∥∥ ∑

x,y∈X

�x∈X(1)

A(x;�x;y) h(x)βl(x) h(�x) h(y)βr(y)
∥∥∥

ω

where ω is the weight system with metric δ that associates the weight 1
κ to βl,

the weight κ′ to βr and the weight 1 to h.
For an ordinary operator J on CX , we set Nδ(J ; κ, κ′) = Nδ(J̄ ; κ, κ′).

Observe that if J is multiplication by the characteristic function of a set Y ,
then

Nδ(J ; κ, κ′) = sup
x∈Y

κ′(x)
κ(x)

(3.6)

In [4, Remark IV.3], we gave a more explicit reformulation of the defini-
tion of Nδ(A; κ, κ′).

The main change of variables formula [4, Proposition IV.4] is

Proposition 3.19. Let Aj, 1 ≤ j ≤ s, be h-operators on CX , and let f(φ1, . . . ,

φs; h) be an analytic function on a neighbourhood of the origin in C(s+1)|X|.
Define f̃ by

f̃(φ1, . . . , φs; h) = f(A1φ1, . . . , Asφs; h)

Let κ1, . . . κs, κ̃1, . . . κ̃s be weight factors. Denote by w and w̃ the weight sys-
tems with metric δ that associate to the field φj the weight factor κj and κ̃j

respectively.
If Nδ(Aj ; κj , κ̃j) ≤ 1 for 1 ≤ j ≤ s, then

‖f̃‖w̃ ≤ ‖f‖w

In [4] and Appendix G, we also state variants and corollaries of this
Proposition.

Most of the times, the metric δ used in Definition 3.18 will be a multiple
of the standard metric d. Therefore we introduce the notation

Nμ (A; κ, κ′) = Nμd (A; κ, κ′)
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for any μ ≥ 0, any h–operator A and any weight factors κ, κ′. By (2.14), for
any Ω ⊂ X

NdΩ (A; κ, κ′) ≤ N2m (A; κ, κ′) (3.7)

Specifically, we shall use

Definition 3.20.

|||A||| = N5m (A; 1, 1)

This is consistent with the definition of |||v||| of (2.5).

The most important operators for our considerations are the propagator

j(t) = exph (−t(h − μ))

introduced in (3.1), and the cutoff propagator

jc(t)(x,y) = j(t)(x,y) ·
{

1 if d(x,y) ≤ c

0 if d(x,y) > c

introduced in (3.2). They fulfill the estimates

Lemma 3.21. Set Kj = N6m(h − μ; 1, 1) For all t ≥ 0,

(i) |||j(t)||| ≤ N6m (j(t); 1, 1) ≤ eKjt

(ii) |||j(t) − h||| ≤ N6m (j(t) − h; 1, 1) ≤ tKje
Kjt

(iii) |||jc(t) − j(t)||| ≤ tKje
Kjte−m c.

Proof. These estimates follow directly from parts (ii), with A = j(t) − h, and
(iv) of Remark G.4. �

Further estimates on j(t) are given in Appendix D.

3.6. Decimation

The first step in our proof of Theorem 2.16 is the construction of the “large
field/ small field” decomposition of In(ε;α∗, β)(n = 0, 1, . . . , [log2 θ/ε]) for
fixed ε > 0. The recursion step for this construction is Theorem 3.26, below.
Recall that we are assuming that the two–body potential v satisfies Hypothe-
sis 2.14, and in particular that |||v||| ≤ 1

2v.
As in Sect. 2.1, the small field parts of the term associated to a hierarchy

will depend only on the small field set, not on the hierarchy. Its description is
similar to that in Sect. 2.1. First, we introduce the analogue of the renormal-
ization group map RΩ,δ for history complete functions:

Definition 3.22. Let Ω ⊂ X. If f1(α∗, β; h), f2(α∗, β; h), V (α∗, β; h) are history
complete functions that are supported in Ω (i.e.fi

∣∣
Ω

= fi) we define
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R̄Ω;t(V ; f1, f2)(α∗, β; h)

=

{
f1 (α∗, jc(t)β) + f2 (jc(t)α∗, β) + log

∫
dμΩ,r(t)(z∗, z) eA(α∗,β;z∗,z)∫

dμΩ,r(t)(z∗, z)

−〈[j(t) − jc(t)]α∗, [j(t) − jc(t)]β〉

+ V (α∗, jc(t)β) − V (α∗, j(t)β) + V (jc(t)α∗, β) − V (j(t)α∗, β)

}∣∣∣∣
Ω

where A(α∗, β; z∗, z) is

[f1 (α∗, z + jc(t)β) − f1 (α∗, jc(t)β)] + [f2 (z∗ + jc(t)α∗, β) − f2 (jc(t)α∗, β)]
+ 〈[j(t) − jc(t)]α∗, z〉 + 〈z∗, [j(t) − jc(t)]β〉
+ [V (α∗, z + jc(t)β) − V (α∗, jc(t)β)]
+ [V (z∗ + jc(t)α∗, β) − V (jc(t)α∗, β)]

Since j(t)
∣∣
Ω

∣∣
h=1

= j(Ω)(t) and jc(t)
∣∣
Ω

∣∣
h=1

= j(Ω),c(t),

R̄Ω;t(V ; f1, f2)
∣∣∣
h=1

= RΩ;t

(
V
∣∣
h=1

; f1
∣∣
h=1

, f2
∣∣
h=1

)

Remark 3.23. If Ω′ ⊂ Ω

R̄Ω′;t
(
V
∣∣
Ω′ ; f1

∣∣
Ω′ , f2

∣∣
Ω′
)

= R̄Ω;t(V ; f1, f2)
∣∣∣
Ω′

We control the small field part in one decimation step by the following

Theorem 3.24. Set KR = 212K2
j and KE = 223. There are constants Θ, v0 > 0

such that, for all δ ≤ 1
2Θ and v ≤ v0, the following holds for all Ω ⊂ X:

Let R1(α∗, β; h ), R2(α∗, β; h ) and E1(α∗, β; h ), E2(α∗, β; h ) be history
complete functions that are supported on Ω (that is Ri

∣∣
Ω

= Ri, Ei

∣∣
Ω

= Ei for
i = 1, 2) with the following properties
◦ R1 and R2 are both bilinear in α∗ and β and fulfill the estimates

‖Ri‖2R(δ),2m ≤ KR δ
2 r(δ)2 R(δ)2 e−2m c

◦ E1 and E2 both have degree at least two both in α∗ and in β and fulfill the
estimates

‖Ei‖2R(δ),2m ≤ KE (δv)2 r(δ)2 R(δ)6

◦ All four of these functions are invariant under α∗ → e−iθα∗, β → eiθβ.
Let ε be a divisor of δ. Then there are history complete functions

R(α∗, β; h) and E(α∗, β; h) that are supported on Ω such that

R̄Ω;δ (VΩ,δ(ε; · ); R1 + E1,R2 + E2) = R + E
and which have the following properties:

◦ R is bilinear in α∗ and β and fulfills the estimates

‖R‖2R(2δ),2m ≤ KR (2δ)2 r(2δ)2 R(2δ)2 e−2m c

Furthermore R is the quadratic part of R̄Ω;δ (0; R1,R2) and, in particular,
is independent of VΩ,δ(ε; · ), E1 and E2.
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◦ E has degree at least two both in α∗ and in β and fulfills the estimates

‖E‖2R(2δ),2m ≤ KE (2δv)2 r(2δ)2 R(2δ)6

◦ Both functions are invariant under α∗ → e−iθα∗, β → eiθβ.

The proof of Theorem 3.24 is similar to that of [5, Proposition III.3] and
is given in Sect. 4.

Remark 3.25. By the definitions (2.18)

δ2 r(δ)2 R(δ)2e−2m c = (δv)2(1−eR−2er)
e−2m c

v2

(δv)2 r(δ)2 R(δ)6 = (δv)2(1−3eR−4er)

Both quantities go to zero with δ by (2.17).

The last Theorem allows us to recursively control the “small field parts”.
We now consider the full model.

Theorem 3.26. Set KD = 235e6Kj and KL = 248e6Kj . There are constants
Θ, v0 > 0 such that, for all δ ≤ 1

2Θ and v ≤ v0, the following holds:
Let S1 and S2 be hierarchies for scale δ with summits Ω1 = ΩS1 and

Ω2 = ΩS2 . Let ε = 2−nδ with n ≥ max{depth(S1), depth(S2)}.
Furthermore let D1(α∗, β; �ρ; h), D2(α∗, β; �ρ; h), b1(α∗, β; �ρ; h) and b2(α∗,

β; �ρ; h) be history complete functions with the following properties

◦ For i = 1, 2, Di(0, 0; �0; 0) = 0 and

‖Di‖Si
≤ 1

∥∥Di

∣∣
Ωi

∥∥
Si

≤ 2−20

◦ The “pure large field parts” D1

∣∣
Ωc

1
and D2

∣∣
Ωc

2
vanish. On the other hand,

b1 and b2 are purely large field. That is, b1 = b1
∣∣
Ωc

1
and b2 = b2

∣∣
Ωc

2
.

◦ D1, D2 are invariant under α∗ → e−iθα∗, β → eiθβ, �ρ = (�α∗, �α, �z∗, �z) →
(e−iθ�α∗, e

iθ�α, e−iθ�z∗, e
iθ�z)

Set, for i = 1, 2,

Ii(α∗, β) = Z |Ωi|
δ χδ(Ωi;α, β)I(Si;α∗,β)

×
(
e−QSi

(α∗,β;�α∗,�α)+VSi
(ε;α∗,β;�α∗,�α)+Di(α

∗,β;�ρ�)bi(α∗, β; �ρ�)
)

where χδ(Ωi;α, β) is the characteristic function introduced in Theorem 2.16.
Also set

I(α∗, β) =
∫

dμR(ε)(φ∗, φ) I1(α∗, φ) I2(φ∗, β)

Then

I(α∗, β) =
∑

hierarchies
S for scale 2δ
(S1,S2)≺S

Z |ΩS|
2δ χ2δ(ΩS;α, β) I(S;α∗,β)
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×
(
e−QS(α∗,β; �α∗,�α)+VS(ε; α∗,β; �α∗,�α) eDS(α∗,β; �ρ� )

b1(α∗, αδ; �ρ�l ) b2(α∗
δ , β; �ρ�r ) eL′

S(α∗,β;�ρ� )
)

where, for each hierarchy S that is preceded by (S1,S2) as in Definition 3.1,
DS and L′

S are analytic history complete functions that fulfill
◦ The “pure large field part” DS

∣∣
Ωc

S
of DS vanishes. Also,

‖DS‖S ≤ 1
2
KD (2δv) r(2δ)R(2δ)3 + 214e−mc(δ) (‖D1‖S1 + ‖D2‖S2)

+214
(
‖D1|Ω1‖S1

+ ‖D2|Ω2‖S2

)
The “pure small field part” DS

∣∣
ΩS

is determined by D1

∣∣
ΩS

and D2

∣∣
ΩS

through

DS

∣∣
ΩS

= R̄ΩS;δ

(
VΩS;δ(ε; · ); D1

∣∣
ΩS
, D2

∣∣
ΩS

)

◦ L′
S is “pure large field” (that is L′

S = L′
S

∣∣
Ωc

S
) and fulfills the estimate

‖L′
S‖S ≤ 1

2
KL (2δv) r(2δ)R(2δ)3 + 28 (‖D1‖S1 + ‖D2‖S2)

◦ DS and L′
S are invariant under α∗ → e−iθα∗, β → eiθβ, �ρ = (�α∗, �α,

�z∗, �z) → (e−iθ�α∗, e
iθ�α, e−iθ�z∗, e

iθ�z)

This Theorem allows the construction of Im(2−mθ; ·, · ) for each fixed m,
and Theorem 3.24 provides control of its small field parts. See Propositions 3.32
and 3.29, with n = m, below. The second step in the proof of Theorem 2.16
is the comparison of Im(2−mθ; ·, ·) and Im+1(2−(m+1)θ; ·, ·), leading to the
limit m → ∞. To do this, we compare In(2−mθ; ·, ·) and In+1(2−(m+1)θ; ·, ·)
for 1 ≤ n ≤ m.

For the pure small field part the essential comparison step is

Theorem 3.27. Under the hypotheses of Theorem 3.24, assume that there is a
second set R̃1(α∗, β; h ), R̃2(α∗, β; h ) and Ẽ1(α∗, β; h ), Ẽ2(α∗, β; h ) of history
complete functions that have similar properties to R1, R2, E1, E2 and are close
to these functions. Precisely, we assume that
◦ R̃1 and R̃2 are both bilinear in α∗ and β and fulfill the estimates

‖R̃i‖2R(δ),2m ≤ KR δ
2 r(δ)2 R(δ)2 e−2m c

◦ E1 and E2 both have degree at least two both in α∗ and in β and fulfill the
estimates

‖Ẽi‖2R(δ),2m ≤ KE (δv)2 r(δ)2 R(δ)6

Let

R̄Ω;δ

(
VΩ,δ

(ε
2
; ·
)

; R̃1 + Ẽ1, R̃2 + Ẽ2

)
= R̃ + Ẽ

be the decomposition of Theorem 3.24. Then

‖R̃ − R‖2R(2δ),2m ≤ 2ΔR
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‖Ẽ − E‖2R(2δ),2m ≤ ΔE +KΔ(2δv) r(2δ)2 R(2δ)2
(
ΔR + ε(2δv)R(2δ)4

)
where KΔ = 240e10Kj and

ΔR =
1
2

(
‖R̃1 − R1‖2R(δ),2m + ‖R̃2 − R2‖2R(δ),2m

)

ΔE =
1
2

(
‖Ẽ1 − E1‖2R(δ),2m + ‖Ẽ2 − E2‖2R(δ),2m

)

For the full model the essential comparison step is

Theorem 3.28. Under the hypotheses of Theorem 3.26, assume that there is a
second set D̃1(α∗, β; �ρ; h ), D̃2(α∗, β; �ρ; h ), b̃1(α∗, β; �ρ; h ) and b̃2(α∗, β; �ρ; h ) of
history complete functions such that ‖D̃i‖Si

≤ 1 and ‖D̃i

∣∣
Ωi

‖Si
≤ 2−20. Set

Ĩi(α∗, β) = Z |Ωi|
δ χδ(Ωi;α, β) I(Si;α∗,β)

(
e−QSi

+VSi
(ε/2; · )+D̃i b̃i

)

Ĩ(α∗, β) =
∫

dμR( ε
2 )(φ∗, φ) Ĩ1(α∗, φ) Ĩ2(φ∗, β)

and let

Ĩ(α∗, β)

=
∑

hierarchies
S for scale 2δ
(S1,S2)≺S

Z |ΩS|
2δ χ2δ(ΩS;α, β) I(S;α∗,β)

(
e−QS+VS(ε/2; · ) eD̃S b̃1 b̃2 e

L̃′
S

)

be its representation as in Theorem 3.26. Then∥∥∥DS − D̃S

∥∥∥
S

≤ 1
2
KD ε(2δv)r(2δ)R(2δ)3 + 216e−mc(δ)

(
‖D1 − D̃1‖S1

+ ‖D2 − D̃2‖S2

)

+216

(∥∥∥(D1−D̃1)
∣∣
Ω1

∥∥∥
S1

+
∥∥∥(D2−D̃2)

∣∣
Ω2

∥∥∥
S2

)

∥∥∥L′
S − L̃′

S

∥∥∥
S

≤ 1
2
KL ε(2δv) r(2δ)R(2δ)3

+ 28
(
‖D1 − D̃1‖S1 + ‖D2 − D̃2‖S2

)

Theorems 3.24 and 3.27 will be proven in Sect. 4. Theorems 3.26 and 3.28
will be proven in Sect. 5.

In the proof of Theorem 2.16, the analysis of the “pure small field part”
can be treated almost independently from the rest. To do this, we define, as
in Sect. 2.1 (but now with history complete functions)

DΩ;0(ε;α∗, β) = 0
DΩ;n+1(ε;α∗, β) = R̄Ω;2nε (VΩ;2nε(ε; ·, · ); DΩ;n(ε; ·, · ), DΩ;n(ε; ·, · ))

(3.8)

By Remark 3.23

DΩ′;n(ε; · ) = DΩ;n(ε; · )
∣∣∣
Ω′

when Ω′ ⊂ Ω (3.9)
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Proposition 3.29. There are constants Θ, v0 > 0 such that, for all θ ≤ Θ and
v ≤ v0, the following holds for all Ω ⊂ X:

For each ε > 0 and each integer 1 ≤ n ≤ log2
θ
ε the function DΩ;n(ε; · )

is the sum of a function RΩ;n(ε; · ) that is bilinear in α∗ and β and an analytic
function EΩ;n(ε; · ) that has degree at least two both in α∗ and in β. They fulfill
the estimates

‖RΩ;n(ε; · )‖2R(2nε),2m ≤ KR (2nε)2 r(2nε)2 R(2nε)2 e−2m c

‖EΩ;n(ε; · )‖2R(2nε),2m ≤ KE (2nε v)2 r(2nε)2 R(2nε)6

Furthermore∥∥∥RΩ;n(ε; · ) − RΩ;n+1

(ε
2
; ·
)∥∥∥

2R(2nε),2m
≤ KR 2nε2 r(ε)2 R(ε)2 e−2m c

∥∥∥EΩ;n(ε; · ) − EΩ;n+1

(ε
2
; ·
)∥∥∥

2R(2nε),2m
≤ 2KE (εv)2 r(ε)2 R(ε)6

(3.10)

Proof. We first prove, by induction on n, the statement of the Proposition but
with the second line of (3.10) replaced by∥∥∥EΩ;n(ε; ·) − EΩ;n+1

(ε
2
; ·
)∥∥∥

2R(2nε),2m

≤ KE (εv)2r(ε)2 R(ε)6

+KΔ ε
1−2eR−4er

(
n∑

k=1

(2kεv)2 r(2kε)2 R(2kε)6
)

(3.11)

This induction argument is similar to that of Theorems I.3 and I.4 in [5].
The induction starts with n = 0. Observe that

RΩ;0(ε; · ) = EΩ;0(ε; · ) = 0

while

RΩ;1

(ε
2
; ·
)

+ EΩ;1

(ε
2
; ·
)

= R̄Ω; ε
2

(
VΩ, ε

2

(ε
2
; ·
)

; 0, 0
)

By Theorem 3.24, with δ = ε
2 ,∥∥∥RΩ;1

(ε
2
; ·
)∥∥∥

2R(ε),2m
≤ KR ε

2 r(ε)2 R(ε)2 e−2m c

∥∥∥EΩ;1

(ε
2
; ·
)∥∥∥

2R(ε),2m
≤ KE (εv)2 r(ε)2 R(ε)6

For the induction step from n to n+ 1 we apply Theorems 3.24 and 3.27
with δ = 2nε

R1 = R2 = RΩ;n(ε; ·, · ) R̃1 = R̃2 = RΩ;n+1

(ε
2
; ·, ·

)

E1 = E2 = EΩ;n(ε; ·, · ) Ẽ1 = Ẽ2 = EΩ;n+1

(ε
2
; ·, ·

)

By the inductive hypothesis and Theorem 3.24,

DΩ;n+1(ε;α∗, β) = R̄Ω;2nε (VΩ;2nε(ε; ·, · ); RΩ;n(ε; ·, · ) + EΩ;n(ε; ·, · ),
RΩ;n(ε; ·, · ) + EΩ;n(ε; ·, · ))
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has the decomposition

DΩ;n+1(ε;α∗, β) = RΩ;n+1(ε;α∗, β) + EΩ;n+1(ε;α∗, β)

where RΩ;n+1(ε; · ) and EΩ;n+1(ε; · ) have all of the required properties.
Furthermore, by Theorem 3.27,∥∥∥RΩ;n+1(ε; · ) − RΩ;n+2

(ε
2
; ·
)∥∥∥

2R(2n+1ε),2m

≤ 2
∥∥∥RΩ;n(ε; · ) − RΩ;n+1

(ε
2
; ·
)∥∥∥

2R(2nε),2m

≤ KR 2n+1ε2 r(ε)2 R(ε)2 e−2m c

and∥∥∥EΩ;n+1(ε; · ) − EΩ;n+2

(ε
2
; ·
)∥∥∥

2R(2n+1ε),2m

≤
∥∥∥EΩ;n(ε; · ) − EΩ;n+1

(ε
2
; ·
)∥∥∥

2R(2nε),2m

+KΔ(2δv) r(2δ)2 R(2δ)2
(∥∥∥RΩ;n(ε; · ) − RΩ;n+1

(ε
2
; ·
)∥∥∥

2R(2nε),2m

+ ε(2δv)R(2δ)4
)

≤
∥∥∥EΩ;n(ε; · ) − EΩ;n+1

(ε
2
; ·
)∥∥∥

2R(2nε),2m

+KΔ(2δv) r(2δ)2 R(2δ)2
(
KR δε r(ε)2 R(ε)2 e−2m c + ε(2δv)R(2δ)4

)

≤
∥∥∥EΩ;n(ε; · ) − EΩ;n+1

(ε
2
; ·
)∥∥∥

2R(2nε),2m

+KΔ ε (2δv)2 r(2δ)2 R(2δ)2
(

1
2
KR r(ε)2 R(ε)2

e−2m c

v
+ R(2δ)4

)

≤
∥∥∥EΩ;n(ε; · ) − EΩ;n+1

(ε
2
; ·
)∥∥∥

2R(2nε),2m

+KΔ ε (2δv)2 r(2δ)2 R(2δ)2
(

1
ε2eR+4er

+ R(2δ)4
)

≤ KE (εv)2 r(ε)2 R(ε)6 +KΔ ε
1−2eR−4er

(
n∑

k=1

(2kεv)2 r(2kε)2 R(2kε)6
)

+KΔ ε
1−2eR−4er (2δv)2 r(2δ)2 R(2δ)6

= KE (εv)2 r(ε)2 R(ε)6 +KΔ ε
1−2eR−4er

(
n+1∑
k=1

(2kεv)2 r(2kε)2 R(2kε)6
)
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For the fourth inequality, we used that, by (F.4b) and Hypothesis F.7(ii),

1
2
KR r(ε)2 R(ε)2

e−2m c

v
=

1
ε2eR+4er

1
2
KR v1−2eR−4er

e−2m c

v2
≤ 1
ε2eR+4er

This completes the induction argument.
It remains only to prove that (3.11) implies the second line of (3.10).

Summing the geometric series in (3.11) gives∥∥∥EΩ;n(ε; · ) − EΩ;n+1

(ε
2
; ·
)∥∥∥

2R(2nε),2m

≤ KE (εv)2−6eR−8er +
KΔ

1 − 2−(2−6eR−8er)
ε1−2eR−4er(2nεv)2−6eR−8er

= (εv)2−6eR−8er

(
KE +

217e10KjKE

1 − 2−(2−6eR−8er)
ε1−2eR−4er(2n)2−6eR−8er

)

≤ (εv)2−6eR−8erKE

(
1 +

217e10Kj

1 − 2−(2−6eR−8er)
(2nε)1−2eR−4er

)

≤ 2KE(εv)2−6eR−8er

by (2.17) and Hypothesis F.7(i). �

Corollary 3.30. For each subset Ω of X

DΩ,θ(α∗, β) = lim
m→∞

DΩ,m(2−mθ; α∗, β)

exists.12 It has a decomposition

DΩ,θ = RΩ,θ + EΩ,θ

where
◦ RΩ;θ(α∗, β) is bilinear in α∗ and β and fulfills the estimate

‖RΩ;θ

∥∥
2R(θ),2m

≤ KR θ
2 r(θ)2 R(θ)2 e−2m c

◦ EΩ;θ(α∗, β) has degree at least two both in α∗ and in β and fulfills the esti-
mate

‖EΩ;θ‖2R(θ),2m ≤ KE (θv)2 r(θ)2 R(θ)6

Proof. As

2nε2 r(ε)2 R(ε)2 e−2m c = 2n(εv)2−2eR−4er
e−2m c

v2

(εv)2 r(ε)2 R(ε)6 = (εv)2−6eR−8er

and the exponents 2 − 2eR − 4er and 2 − 6eR − 8er are strictly positive, Prop-
osition 3.29, with n = m, implies that the limits

lim
m→∞

RΩ;m(2−mθ; · ) lim
m→∞

EΩ;m(2−mθ; · )

exist. �

12 The convergence is with respect to the norm ‖ · ‖2R(θ),2m.
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We now describe the construction of the functions DΩ;θ, BS and LS of
Theorem 2.16 from Theorems 3.24, 3.26, 3.27 and 3.28.

In each of the four theorems mentioned above we assert the existence of
constants v0 and Θ such that for all interactions and “times” bounded by v0

resp. Θ, the conclusions are true. Now choose v0 and Θ as the smallest of the
constants from the three theorems.

Fix an interaction v obeying Hypothesis 2.14. For each 0 < ε < Θ/2
and each natural number 1 ≤ n ≤ log2

Θ
ε define, for each α and β obeying

|α(x)|, |β(x)| ≤ R(ε) for all x ∈ X, the effective density I•
n(ε; α∗, β) recursively

by

I
•
1(ε; α∗, β) = Z2|X|

ε

∫
dμR(ε)(φ∗, φ) ζε(α∗, φ) e〈α∗, j(ε)φ〉+〈φ∗, j(ε)β〉

×e−ε(〈α∗φ, v α∗φ〉+〈φ∗β, v φ∗β〉) ζε(φ∗, β) (3.12)

I
•
n+1(ε; α

∗, β) =
∫

dμR(ε)(φ∗, φ) I•
n(ε; α∗, φ) I•

n(ε; φ∗, β)

with the Zε of Lemma 2.7.

Remark 3.31. For each n ≥ 1 we have

I
•
n(ε;α∗, β) = Z2n|X|

ε

∫ ∏
τ∈εZ∩(0,2nε)

dμR(ε)(α∗
τ , ατ )

∏
τ∈εZ∩(0,2nε]

×
[
ζε(ατ−ε, ατ ) e〈α∗

τ−ε,j(ε)ατ〉−ε 〈α∗
τ−εατ v α∗

τ−εατ〉
]

with α0 = α and α2nε = β. Comparing this with (1.3), we see that

I
•
n(ε;α∗, β)

∣∣
h=1

= Z2n|X|
ε In(ε;α∗, β)

In Sect. 3.7, we shall prove that

I
•
θ(α∗, β) = lim

m→∞
I

•
m(2−mθ;α∗, β)

∣∣
h=1

exists. Using the initial condition in Lemma 2.7, it will then follow that
Iθ(α∗, β) = limm→∞ Im(2−mθ;α∗, β) also exists and

Iθ(α∗, β) = I
•
θ(α∗, β)

Theorem 3.26 allows us to recursively construct a representation of
I•
n(ε; · ) similar to that of Theorem 2.16. To do so, fix v ≤ v0 and an interaction
v obeying Hypothesis 2.14. In the following, we use the constants KD and KL

of Theorem 3.26.

Proposition 3.32. For each ε, sufficiently small, and integer n ≥ 0 with 2nε ≤
Θ, the effective density I•

n(ε;α∗, β) has, for all α, β obeying supx∈X |α(x)|,
supx∈X |β(x)| ≤ R(ε), a representation

I
•
n(ε; α∗, β) =

∑
S hierarchy
for scale 2nε

of depth at most n

Z |ΩS|
2nε χ2nε(ΩS; α, β)

I(S;α∗,β)

(
e−QS(α∗,β; �α∗,�α)+VS(ε; α∗,β; �α∗,�α) eDS(ε; α∗,β; �ρ�)+LS(ε; α∗,β; �ρ�)

)
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Here, for each ε > 0, sufficiently small, and hierarchy S for scale 2nε ≤ Θ,
with depth at most n, DS(ε; α∗, β; �ρ) and LS(ε; α∗, β; �ρ) are analytic func-
tions that have the following properties

◦ The “pure large field part of DS(ε; · ) vanishes, that is DS

∣∣
Ωc

S
= 0. The

“pure small field part”

DS(ε; · )
∣∣∣
ΩS

= DΩS,n(ε; · )

as in (3.8) and Proposition 3.29. Also

‖DS(ε; · )‖S ≤ KD (2nε v) r(2nε)R(2nε)3

◦ The “pure large field part” LS has the decomposition

LS(ε; α∗, β; �ρ ) =
∑

decimation intervals J
for [0,2nε] of length

at least 2n−depth(S)+1ε

LS(J , ε; α∗, β; �ρ )

where, for each decimation interval J in the sum, the function
LS(J , ε; α∗, β; �ρ ) is an analytic function of its arguments that
� is “large field with respect to the interval J ” (that is, it depends only

on values of the fields at points x ∈ X\ΩS(J ) and depends only on the
variables α∗τ , ατ , z∗τ , zτ with τ ∈ J ∩ (2−depth(S)θ) Z.

� and fulfills the estimate

‖LS(J , ε; · )‖S ≤ KL δ v r(δ)R(δ)3

where δ is the length of the time interval J .
◦ The functions DS and LS(J ) are all history complete and invariant under

α∗ → e−iθα∗, β → eiθβ, �ρ = (�α∗, �α, �z∗, �z) → (e−iθ�α∗, e
iθ�α, e−iθ�z∗,

eiθ�z)
Furthermore, for each hierarchy S for scale 2nε, of depth at most n,

and each decimation interval J ⊂ [0, 2nε], of length at least
2n−depth(S)+1ε,∥∥∥DS(ε; · ) − DS

(ε
2
; ·
)∥∥∥

S
≤
(
ε2v

)1−3eR−4er

∥∥∥LS(J , ε; · ) − LS(J , ε
2
; · )

∥∥∥
S

≤ 210
(
ε2v

)1−3eR−4er

Proof of Proposition 3.32 from Theorems 3.24, 3.26, 3.27 and 3.28. We intro-
duce, in addition to the effective densities I1, I2, · · · of (3.12), the initial effec-
tive density

I
•
0(ε; α∗, β) = Z |X|

ε χR(ε)(X,α)χR(ε)(X,β)ζε(α∗, β) e〈α∗, j(ε)β〉e−ε〈α∗β, v α∗β〉

where χR(X,α) is the characteristic function which restricts |α(x)| ≤ R for
each x ∈ X. Then the recursion relation of (3.12) still holds for the step from
n = 0 to n = 1.

We prove the Proposition by induction on n, starting with n = 0. There
is only a single hierarchy S of scale ε and depth 0, namely that with ΩS = X.
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For ε sufficiently small, the initial effective density I0 may also be written

I
•
0(ε; α∗, β) = Z |X|

ε χε(X;α, β) e〈α∗, j(ε)β〉e−ε〈α∗β, v α∗β〉

because |∇α(b)|, |∇β(b)| ≤ 2R(ε) ≤ R′(ε) for all b ∈ X∗. It satisfies the con-
clusions of the Proposition, with DS(ε) = LS(ε) = 0 and I(S;α∗,β) the identity
operator. Since ΩS = X, we have LS( ε

2 ) = 0 and, in the notation of Proposi-
tion 3.29,

DS

(ε
2

)
= DX,1

(ε
2

)
= RX,1

(ε
2

)
+ EX,1

(ε
2

)

so that

‖DS(ε) − DS

(ε
2

)
‖S

=
∥∥∥DS

(ε
2

)∥∥∥
2R(ε),2m

≤ KR ε
2 r(ε)2R(ε)2e−2mc +KE (εv)2 r(ε)2R(ε)6

= KR (εv)2−2eR−4er
e−2mc

v2
+KE (εv)2−6eR−8er

≤
(
ε2v

)1−3eR−4er

by (F.6a) and (F.4b), if ε is small enough.
For the induction step from n to n + 1, set δ = 2nε. By definition and

the induction hypothesis

I
•
n+1(ε; α

∗, β) =
∑

S1,S2 hierarchies
for scale δ and

depth at most n

∫
dμR(ε)(φ∗, φ) IS1(ε; α

∗, φ) IS2(ε; φ
∗, β)

where

ISi
(ε; α∗, β) = Z |ΩSi

|
δ χδ(ΩSi

; α, β)

I(Si; α∗,β)

(
e−QSi

(α∗,β; �α∗,�α)+VSi
(ε; α∗,β; �α∗,�α)+DSi

(ε; α∗,β; �ρ�)eLSi
(ε; α∗,β; �ρ�)

)

By the induction hypothesis, Remark 3.16, Proposition 3.29, (F.4b) and (F.6a),

‖DSi
(ε; · )‖Si

≤ KD (δ v) r(δ)R(δ)3 ≤ 1∥∥∥DSi
(ε; · )

∣∣
ΩSi

∥∥∥
Si

≤
∥∥∥DΩSi

,n(ε; · )
∥∥∥

2R(δ),2m

≤
∥∥∥RΩSi

,n(ε; · )
∥∥∥

2R(δ),2m
+
∥∥∥EΩSi

,n(ε; · )
∥∥∥

2R(δ),2m

≤ KR δ
2 r(δ)2 R(δ)2 e−2m c +KE (δ v)2 r(δ)2 R(δ)6

≤ 2−17KD (2δv) r(2δ)R(2δ)3 ≤ 2−20

Hence, for each pair of hierarchies S1 and S2, we may apply Theorem 3.26
to the integral

∫
dμR(ε)(φ∗, φ) IS1(ε; α

∗, φ) IS2(ε; φ
∗, β). We apply it with

Di = DSi
and bi = eLi . It gives the representation

I
•
n+1(ε; α

∗, β) =
∑

S1,S2 hierarchies
for scale δ and

depth at most n

∑
hierarchies S
for scale 2δ

with (S1,S2)≺S

Z |ΩS|
2δ χ2δ(ΩSi

; α, β)
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I(S; α∗,β)

(
e−QS(α∗,β; �α∗,�α)+VS(ε; α∗,β; �α∗,�α)+DS(ε; α∗,β; �ρ�)

eL′
S(ε; α∗,β; �ρ�)+LS1 (ε; α∗,αδ; �ρ�l)+LS2 (ε; α∗

δ ,β; �ρ�r)
)

The resulting functions DS fulfill DS(ε; · )
∣∣
Ωc

S
= 0,

DS(ε; · )
∣∣
ΩS

= R̄ΩS;δ

(
VΩS;δ(ε; · ); DΩS1 ,n(ε; · )

∣∣
ΩS
, DΩS2 ,n(ε; · )

∣∣
ΩS

)

= R̄ΩS;δ (VΩS;δ(ε; · ); DΩS,n(ε; · ), DΩS,n(ε; · ))
= DΩS,n+1(ε; · )

by the inductive hypothesis, (3.9) and (3.8), and

‖DS(ε; ·)‖S

≤ 1
2
KD(2δv)r(2δ)R(2δ)3 + 214e−mc(δ) (‖DS1(ε; ·)‖S1 + ‖DS2(ε; ·)‖S2)

+ 214
(∥∥DS1(ε; · )|ΩS1

∥∥
S1

+
∥∥DS2(ε; · )|ΩS2

∥∥
S2

)

≤ 1
2
KD (2δv) r(2δ)R(2δ)3 + 215e−mc(δ)KD (δ v) r(δ)R(δ)3

+
1
4
KD (2δv) r(2δ)R(2δ)3

≤ KD (2δv) r(2δ)R(2δ)3

by (F.4c). The resulting functions L′
S fulfill L′

S = L′
S

∣∣
Ωc

S
and

‖L′
S‖S ≤ 1

2
KL(2δv) r(2δ)R(2δ)3 + 28 (‖D1‖S1 + ‖D2‖S2)

≤ 1
2
KL(2δv) r(2δ)R(2δ)3 + 29KD (δ v) r(δ)R(δ)3

≤ KL(2δv) r(2δ)R(2δ)3

since KL ≥ 213KD. If J is a decimation interval for S, we set

LS(J , ε; α∗, β; �ρ ) =

⎧⎪⎨
⎪⎩

LS1(J , ε; α∗, αδ; �ρl ) if J ⊂ [0, δ]
LS2(J − δ, ε; α∗δ, β; �ρr ) if J ⊂ [δ, 2δ]
L′

S(ε; α, β; �ρ ) if J = [0, 2δ]

Now let S, S1 and S2 be hierarchies with (S1,S2) ≺ S. By the induc-
tion hypothesis and Proposition 3.29,∥∥∥DSi

(ε; · ) − DSi

(ε
2
; ·
)∥∥∥

Si

≤
(
ε2v

)1−3eR−4er

∥∥∥∥DSi
(ε; · )

∣∣∣ΩSi
− DSi

(ε
2
; ·
)∣∣∣

ΩSi

∥∥∥∥
Si

≤
∥∥∥RΩSi

,n(ε; · ) − RΩSi
,n

(ε
2
; ·
)∥∥∥

2R(δ),2m

+
∥∥∥EΩSi

,n(ε; · ) − EΩSi
,n

(ε
2
; ·
)∥∥∥

2R(δ),2m
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≤ KR εδ r(ε)2 R(ε)2 e−2m c + 2KE (ε v)2 r(ε)2 R(ε)6

= KR δ (εv)1−2eR−4er
e−2m c

v
+ 2KE (ε v)2−6eR−8er

≤ 3KE (ε v)2−6eR−8er

if ε is small enough. We apply Theorem 3.28 with Di = DSi
(ε; · ), D̃i =

DSi

(
ε
2 ; ·

)
, bi = eLSi

(ε; · ) and b̃i = eLSi
( ε
2 ; · ). It gives∥∥∥DS(ε; · ) − DS

(ε
2
; ·
)∥∥∥

S

≤ 1
2
KD ε(2δv)r(2δ)R(2δ)3 + 217e−mc(δ)

(
ε2v

)1−3eR−4er

+217
(
3KE (ε v)2−6eR−8er

)

=
1
2
KD (2δ)1−3eR−4er ε v1−3eR−4er + 217e−mc(δ)

(
ε2v

)1−3eR−4er

+3 · 217KE v1−3eR−4er (ε2 v)1−3eR−4er

≤
(
ε2v

)1−3eR−4er

by (F.4c) and (F.6a), if ε is small enough, and∥∥∥LS([0, 2δ], ε; · ) − LS([0, 2δ],
ε

2
; · )

∥∥∥
S

≤ 1
2
KL ε(2δv) r(2δ)R(2δ)3 + 29

(
ε2v

)1−3eR−4er

≤ 210
(
ε2v

)1−3eR−4er

if ε is small enough. �

Corollary 3.33. Let S be a hierarchy of scale θ. Then the limit

DS(α∗, β; �ρ) = lim
m→∞

DS;m(2−mθ; α∗, β; �ρ)

exists.13 Its “pure large field part” vanishes, that is DS

∣∣
Ωc

S
= 0. The “pure

small field part”

DS

∣∣
ΩS

= DΩS,θ

as in Corollary 3.30. Also

‖DS‖S ≤ KD (θ v) r(θ)R(θ)3

For each decimation interval J in [0, θ], the limit

LS(J ;α∗, β; �ρ) = lim
m→∞

LS;m(J , 2−mθ; α∗, β; �ρ)

exists(2). The function LS(J ; α∗, β; �ρ ) is an analytic function of its arguments
that
� is “large field with respect to the interval J ” (that is, it depends only on val-

ues of the fields at points x ∈ X\ΩS(J ) and depends only on the variables
α∗τ , ατ , z∗τ , zτ with τ ∈ J ∩ (2−depth(S)θ) Z.

13 The convergence is with respect to the norm ‖ · ‖S.



Vol. 11 (2010) The Temporal Ultraviolet Limit 207

� and fulfills the estimate

‖LS(J ; · )‖S ≤ KL δ |||v||| r(δ)R(δ)3

where δ is the length of the time interval J .
The functions DS and LS(J ) are all history complete and invariant under
α∗ → e−iθα∗, β → eiθβ, �ρ = (�α∗, �α, �z∗, �z) → (e−iθ�α∗, e

iθ�α, e−iθ�z∗, e
iθ�z).

The remaining ε dependent term in the representation of Proposition 3.32
is VS(ε; α∗, β; �α∗, �α). We now show that its limit as ε tends to zero is the inter-
action

VS(α∗, β; �α∗, �α)

= −
δ∫

0

dτ 〈Γ∗S(τ ; α∗, �α∗)ΓS(τ ; �α, β), v Γ∗S(τ ; α∗, �α∗)ΓS(τ ; �α, β)〉

This agrees with (2.11), though of course v now implicitly depends on h.

Lemma 3.34. Let S be a hierarchy for scale θ. Then, for each α∗, β, �α∗, �α,

lim
m→∞

VS(2−mθ; α∗, β; �α∗, �α) = VS(α∗, β; �α∗, �α)

The convergence is uniform on compact sets. Furthermore

VS(α∗, β; �α∗, �α)
∣∣
ΩS

= VΩS;θ(α∗, β)

where VΩ;θ(α∗, β) is defined as in (2.4), but with history fields included.

Proof. We use the shorthand notations

γ∗τ =

{
Γ∗S(τ ; α∗, �α∗) if τ ∈ (0, θ)
α∗0 = α∗ if τ = 0

}
γτ =

{
ΓS(τ ; �α, β) if τ ∈ (0, θ)
αθ = β if τ = θ

}

Set ε = 2−mθ and write

VS(α∗, β; �α∗, �α) − VS(ε; α∗, β; �α∗, �α)

= −
θ∫

0

dτ 〈γ∗τγτ , v γ∗τγτ 〉 + ε
∑

τ∈εZ∩[0,θ)

〈γ∗τγτ+ε, v γ∗τγτ+ε〉

=
∑

τ∈εZ∩[0,θ)

ε∫

0

dt [〈γ∗τγτ+ε, v γ∗τγτ+ε〉 − 〈γ∗τ+tγτ+t, v γ∗τ+tγτ+t〉]

Consequently

|VS(α∗, β; �α∗, �α) − VS(ε; α∗, β; �α∗, �α)|
≤ θ sup

τ∈εZ∩[0,θ)
0≤t≤ε

|〈γ∗τγτ+ε, vγ∗τγτ+ε〉 − 〈γ∗τ+tγτ+t, vγ∗τ+tγτ+t〉|

≤ θ sup
τ∈εZ∩[0,θ)

0≤t≤ε

{
|〈(γ∗τ − γ∗τ+t)γτ+ε, vγ∗τγτ+ε〉|
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+
∣∣〈γ∗τ+t(γτ+ε − γτ+t

)
, vγ∗τγτ+ε

〉∣∣+ |〈γ∗τ+tγτ+t, v(γ∗τ − γ∗τ+t)γτ+ε〉|

+
∣∣〈γ∗τ+tγτ+t, vγ∗τ+t(γτ+ε − γτ+t

)〉∣∣ }

We bound the first term. The bounds on the remaining three terms are virtu-
ally identical. For all τ ∈ ε ∩ [0, θ),

|〈(γ∗τ − γ∗τ+t)γτ+ε, v γ∗τγτ+ε〉|
= |〈([j(t) − h]γ∗τ ) γτ+ε, v γ∗τγτ+ε〉|
≤ Kjte

Kjt|||v||| |X| max
x∈X

|γ∗τ (x)|2 max
x∈X

|γτ+ε(x)|2

by Lemmas E.14 and 3.21(ii), and

max
x∈X

|γτ+ε(x)| ≤ Kα ≡ 2 + 5eKj max
τ ′∈∩(0,θ]

max
x∈Λc

τ′
|ατ ′(x)|

max
x∈X

|γ∗τ (x)| ≤ Kα∗ ≡ 2 + 5eKj max
τ ′∈∩[0,θ)

max
x∈Λc

τ′
|α∗τ ′(x)|

by Lemma E.8. Hence

|VS(α∗, β; �α∗, �α) − VS(ε; α∗, β; �α∗, �α)| ≤
(
4θe2Kj |||v||| |X|K2

αK
2
α∗
)
ε

clearly converges to zero, uniformly on compacta, as ε → 0. �

3.7. Bounds on the Large Field Integral Operator

In this section, we bound the large field integral operators I(S;α∗,β) when the
history field is identically one. So we set h ≡ 1 throughout this section. Recall
that I(S;α∗,β) and its absolute value |I(S;α∗,β)| were defined in Definition 2.8.

Proposition 3.32 gives a representation for I•
m(2−mθ;α∗, β) that is analo-

gous to the representation for Iθ(α∗, β) = limm→∞ I•
m(2−mθ;α∗, β)

∣∣
h=1

given
in our main Theorem 2.16. To take the limit and prove Theorem 2.16, we
shall apply the dominated convergence theorem to the sum over hierarchies
in Proposition 3.32. To do so, we apply a result, Theorem 3.35, below, that is
slightly more general than Theorem 2.18.

Fix 0 < θ ≤ Θ. Let m ∈ N and set ε = 2−mθ. Assume that α and β obey
the small field conditions χθ(Ω;α, β) = 1.

Theorem 3.35. For any bounded measurable function f(α, β; �ρ) and subset
Ω ⊂ X,

e− 1
2 ‖α‖2− 1

2 ‖β‖2
e−RegSF (Ω;α,β)

m∑
k=1

e�(2−k+1θ)

×
∑

hierarchies S
for scale θ
of depth k
with ΩS=Ω

eωS
∣∣I(S;α∗,β)

∣∣ eRe (−QS+VS(ε)) |f |

≤ e− 1
4 �(θ)|Ωc|

[ ∏
x∈Ωc

1
1 + |α(x)|3

1
1 + |β(x)|3

]
sup |f |
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with the RegSF (Ω;α, β) of Definition 2.17 and

ωS =
∑

decimation
intervals
J ⊂[0,θ]

1
2
|Ω(J )c|

The small factors that lead to Theorem 3.35 arise from three sources.
◦ For each decimation interval J , there is a large positive contribution to

the main quadratic part of the action, QS(α∗, β; �α∗, �α), for each point of
the “large field sets of the first kind” P ′

α(J ), P ′
β(J ) and Q(J ) that were

introduced in the Definition 2.4 of a hierarchy. This is made precise in
Proposition 3.36, below.

◦ For each decimation interval J , there is a large negative contribution to the
main quartic part of the action, VS(ε;α∗, β; �α∗, �α), for each point of the
“large field sets of the first kind” Pα(J ) and Pβ(J ), that were introduced
in the Definition 2.4 of a hierarchy. This is made precise in Proposition 3.37,
below.

◦ For each decimation interval J of length 2s, the integral operator
I(J ,S ; α∗,β), of Definition 2.8, includes an integral∫

Cs(x;α∗,β)

dz∗τ (x) ∧ dzτ (x)
2πi

e−z∗τ (x)zτ (x)

for each point x in the “large field set of the second kind” R(J ). Prop-
osition 3.38, below, shows that we may choose the domain of integration
Cs(x;α∗, β) in such a way that Re z∗τ (x)zτ (x) is large on the entire surface
Cs(x;α∗, β).

At the end of this section, we show how Theorem 3.35 is deduced from these
three propositions, which, in turn, will be proven in Sect. 6. The three propo-
sitions involve a constant CL > 0, that is defined in Lemma F.5 and depends
only on h and the constants of Hypothesis 2.14, (2.18), (2.19) and (2.20). For
these three propositions, we fix an integer 0 ≤ n ≤ m and a hierarchy S for
scale δ = 2nε of depth at most n and write

γ∗τ =

⎧⎪⎨
⎪⎩
α∗ if τ = 0
Γ∗S(τ ; α∗, �α∗) if τ ∈ (0, δ)
β∗ if τ = δ

⎫⎪⎬
⎪⎭ γτ =

⎧⎪⎨
⎪⎩
α if τ = 0
ΓS(τ ; �α, β) if τ ∈ (0, δ)
β if τ = δ

⎫⎪⎬
⎪⎭

Proposition 3.36.

−Re
[
1
2
‖α‖2 +QS(α∗, β; �α∗, �α) +

1
2
‖β‖2

]

≤ −CL

∑
decimation
intervals
J ⊂[0,θ]

r(|J |)2
{

|Q̃(J )| + |P̃ ′
α(J )| + |P̃ ′

β(J )|
}

− 1
16

∑
τ∈[0,δ)

‖γ∗
∗τ − γτ+ε‖2

Λc
τ ∪Λc

τ+ε
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+
∑

decimation
intervals
J ⊂[0,δ]

1
8
|Ω(J )c| + |eεμ − 1|

∑
τ∈[0,δ]

[
‖γτ‖2

Ωc + ‖γ∗τ‖2
Ωc

]

+ Reg(2)
SF (Ω;α, β)

where Reg(2)
SF (Ω;α, β) is given in Definition 2.17 and, for each decimation

interval J ,

P̃ ′
α (J ) =

{
b ∈ P ′

α (J )
∣∣ d (b, Λ(J −)c ∪ Λ(J +)c

)
> 2c

(
|J ±|

)}
P̃ ′

β (J ) =
{
b ∈ P ′

β (J )
∣∣ d (b, Λ(J −)c ∪ Λ(J +)c

)
> 2c

(
|J ±|

)}
Q̃ (J ) =

{
x ∈ Q (J )

∣∣ d (x, Λ(J −)c ∪ Λ(J +)c
)
> 2c

(
|J ±|

)}

Proposition 3.37.

Re
[
VS(ε;α∗, β; �α∗, �α) − Reg(4)

SF (α, β)
]

≤ − CL

∑
decimation
intervals
J ⊂[0,δ]

r(|J |)2
{

|P̃α(J )| + |P̃β(J )|
}

−1
4

∑
τ∈[0,δ)

ε 〈γ∗
∗τγ∗τ , v γ

∗
∗τγ∗τ 〉 − 1

4

∑
τ∈(0,δ]

ε 〈γ∗
τγτ , v γ

∗
τγτ 〉

+
∑

decimation
intervals
J ⊂[0,δ]

1
8
|Ω(J )c| +

∑
τ∈[0,δ)

1
16

‖γ∗
∗τ − γτ+ε‖2

Λc
τ ∪Λc

τ+ε

where Reg(4)
SF (α, β) is given in Definition 2.17 and, for each decimation interval

J ,

P̃α (J ) =
{
x ∈ Pα (J )

∣∣ d (x , Λ(J −)c ∪ Λ(J +)c
)
> 2 c

(
1
2
|J |

)}

P̃β (J ) =
{
x ∈ Pβ (J )

∣∣ d (x , Λ(J −)c ∪ Λ(J +)c
)
> 2 c

(
1
2
|J |

)}

Proposition 3.38. Let J be a decimation interval for S with length 2s and
centre τ , and x ∈ Λ(J ). We may choose the surface Cs(x;α∗, β) of Defini-
tion 2.8 so that the following holds. Assume that α and β are such that the
characteristic functions χ2s(Λ(J );α, β) and χJ (α, ατ , β) are nonzero. Then

(i) Cs(x;α∗, β) ⊂
{
(z∗, z) ∈ C2

∣∣ |z∗|, |z| ≤ 2r(s)
}
.

(ii) For all (z∗, z) ∈ Cs(x;α∗, β),

Re (z∗z) ≥ CL r(s)2

(iii) The area of Cs(x;α∗, β) is bounded by 40π r(s)2.

Proof of Theorem 3.35. We still fix a hierarchy S for scale δ = 2nε. For bound-
ing the “absolute value” |IS| = |I(S;α∗,β)|, we introduce the auxiliary integral
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operator

ĪS =
∏

k=0,...,depth(S)

∏
decimation intervals

J =[τl,τr]⊂[0,δ]

of length 2−kδ

Ī(J ; α∗
τ�

,ατr )

where Ī(J ;α∗,β) is constructed by replacing∫

Cs(x;α∗,β)

dz∗τ (x) ∧ dzτ (x)
2πi

e−z∗τ (x)zτ (x) by
∫

Cs(x;α∗,β)

∣∣∣∣dz∗τ (x) ∧ dzτ (x)
2πi

∣∣∣∣

in the formula for I(J ;α∗,β) in Definition 2.8. Then,

|IS| = ĪS

∏
decimation intervals

J ⊂[0,δ] with centre τ

∏
x∈R(J )

e−Re z∗τ (x)zτ (x) (3.13a)

By Proposition 3.38,∏
decimation intervals

J ⊂[0,δ] with centre τ

∏
x∈R(J )

e−Re z∗τ (x)zτ (x) ≤
∏

decimation
intervals
J ⊂[0,δ]

e−CL|R(J )| r( 1
2 |J |)2

(3.13b)

on the domain of integration. �

Lemma 3.39.

Re
[
−1

2
‖α‖2 −QS(α∗, β; �α∗, �α) − 1

2
‖β‖2 + VS(ε;α∗, β; �α∗, �α)

]

−RegSF (Ω;α, β)

≤−CL

∑
decimation
intervals
J ⊂[0,δ]

r(|J |)2
{
|Q̃(J )|+|P̃ ′

α(J )|+|P̃ ′
β(J )|+|P̃α(J )|+|P̃β(J )|

}

+
∑

decimation
intervals
J ⊂[0,δ]

1
2
|Ω(J )c|

Proof. We assume that ε is sufficiently small that |eεμ − 1| ≤ 1
8 , which implies

that |eεμ − 1| ≤ 2ε|μ|. It suffices to apply Propositions 3.36 and 3.37 together
with

−1
4
εv1

∑
τ∈(0,δ]

‖γ∗
τγτ‖2

Ωc + 2|eεμ − 1|
∑

τ∈(0,δ]

‖γτ‖2
Ωc

= −1
4
εv1

∑
τ∈(0,δ]

∑
x∈Ωc

{
|γτ (x)|4 − 8

|eεμ − 1|
εv1

|γτ (x)|2
}

= −1
4
εv1

∑
τ∈(0,δ]

∑
x∈Ωc

{[
|γτ (x)|2 − 4

|eεμ − 1|
εv1

]2

− 16
|eεμ − 1|2
ε2v2

1

}
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≤ 4εv1
∑

τ∈(0,δ]

∑
x∈Ωc

|eεμ − 1|2
ε2v2

1

= 4δ
|eεμ − 1|2
ε2v1

|Ωc| ≤ 16δ
μ2

v1
|Ωc|

≤ 64
K2

μ

cv
δv2eμ−1|Ωc| by Hypothesis II(14)

≤ 1
8
|Ωc| by Hypothesis F.7(i) and the fact that eμ >

1
2

and

−1
4
εv1

∑
τ∈[0,δ)

‖γ∗
∗τγ∗τ‖2

Ωc + 2|eεμ − 1|
∑

τ∈[0,δ)

‖γ∗τ‖2
Ωc

≤ 4δ
|eεμ − 1|2
ε2v1

|Ωc| ≤ 1
8
|Ωc|

�

Consequently, by (3.13) and Lemma 3.39,

e− 1
2 ‖α‖2− 1

2 ‖β‖2
e−RegSF (Ω;α,β)eωS

∣∣I(S;α∗,β)

∣∣ eRe (−QS+VS(ε)) |f |
≤ e−L(S)ĪS|f | (3.14)

where

L(S) = CL

∑
decimation
intervals
J ⊂[0,δ]

r(|J |)2

×
{

|Q̃(J )| + |P̃ ′
α(J )| + |P̃ ′

β(J )| + |P̃α(J )| + |P̃β(J )| + |R(J )|
}

−
∑

decimation
intervals
J ⊂[0,δ]

|Ω(J )c|

The quantity L(S) is defined in terms of the number of points at which
there are violations of the various small field conditions (the sets Q(J ), etc.).
Lemma 3.40, which is proven in Sect. 6, provides a lower bound for L(S)
purely in terms of the large field sets Ω(J )c.

Lemma 3.40. We have

CL

∑
decimation
intervals
J ⊂[0,δ]

r(|J |)2
{

|Q̃(J )|+|P̃ ′
α(J )|+|P̃ ′

β(J )|+|P̃α(J )|+|P̃β(J )|+|R(J )|
}

≥ �(S) +
∑

decimation
intervals
J ⊂[0,δ]

|Ω(J )c|

where

�(S) =
∑

decimation
intervals
J ⊂[0,δ]

�(|J |) |Ω(J )c|
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Applying (3.14) and Lemma 3.40, we have

e− 1
2 ‖α‖2− 1

2 ‖β‖2
e−RegSF (Ω;α,β)eωS

∣∣I(S;α∗,β)

∣∣ eRe (−QS+VS(ε)) |f |
≤ e−�(S)ĪS|f | (3.15)

Theorem 3.35 is an immediate consequence of (3.15) and

Proposition 3.41. For any (small field) subset Ω ⊂ X, any 0 ≤ n ≤ m, and
any bounded function f(α, β; �ρ),

∑
hierarchies S
for scale 2nε

with ΩS=Ω and
0<depth(S)≤n

eλSe−�(S)ĪS|f |

≤ e− 1
4 �(2nε)|Ωc|

[ ∏
x∈Ωc

1
1 + |α(x)|3

1
1 + |β(x)|3

]
sup |f |

where

λS =

{
�(2n−depth(S)+1ε) if depth (S) > 0
0 if depth (S) = 0

Here 2n−depth(S)+1ε is the length of the shortest decimation interval J with
ΩS(J ) �= X.

Proof. The proof is by induction on n. The case n = 0 is trivial as is the case
that Ωc = ∅.

Assume that the statement holds for some 0 ≤ n < m and that Ωc �= ∅.
Set δ = 2nε. Given subsets Ω1,Ω2,Λ of X containing Ω and hierarchies S1,
S2 for scale δ with ΩS1 = Ω1 and ΩS2 = Ω2, a hierarchy S with ΛS = Λ,
ΩS = Ω and (S1,S2) ≺ S is specified by the sets

Pα, Pβ ⊂ Ω1 ∩ Ω2 ∩ Λc P ′
α, P

′
β ⊂ (Ω1 ∩ Ω2 ∩ Λc)∗ Q ⊂ (Ω1 ∩ Ω2) ∩ Λc

and R ⊂ Λ ∩ Ωc

See Definition 2.4. There are at most

22|Ω1∩Ω2∩Λc| 24D|Ω1∩Ω2∩Λc| 22|Ω�
1∩Ω�

2∩Λc| 2|Λ∩Ωc| ≤ e(5+4D) |Ωc| (3.16)

(where D is the dimension of space) such choices. For each hierarchy S as
above (see Definition 2.8 and Appendix A)

ĪS|f | =

⎛
⎜⎝ ∏

x∈Λ\(R∪Ω)

∫

|zδ(x)|≤r(δ)

dzδ(x)∗ ∧ dzδ(x)
2πi

e−zδ(x)∗zδ(x)

⎞
⎟⎠

×

⎛
⎜⎝∏

x∈R

∫

Cδ(x;α∗,β)

∣∣∣∣dz∗δ(x) ∧ dzδ(x)
2πi

∣∣∣∣
⎞
⎟⎠
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×

⎛
⎜⎝ ∏

x∈X\Λ

∫

|αδ(x)|≤R(ε)

dαδ(x)∗ ∧ dαδ(x)
2πi

⎞
⎟⎠ χ[0,2δ] (α, αδ, β)

×Z |Ω1\Ω|
δ Z |Ω2\Ω|

δ ĪS1 ĪS2 sup |f |

≤ (40πr(δ)2)
|R|

χR(δ)(Ω1 ∩ Λc, α)χR(2δ)(Λ ∩ Ωc, α)
×χR(δ)(Ω2 ∩ Λc, β)χR(2δ)(Λ ∩ Ωc, β)

×

⎛
⎜⎝ ∏

x∈X\Λ

∫

|αδ(x)|≤R(ε)

dαδ(x)∗ ∧ dαδ(x)
2πi

⎞
⎟⎠

×χR(δ) ((Ω1 ∪ Ω2) ∩ Λc, αδ) ĪS1 ĪS2 sup |f | (3.17)

Here we used Lemma A.4.a, which ensures that the integral over αδ(x) is
restricted to |αδ(x)| ≤ R(ε). For the inequality, we used that

∫
C

dzδ(x)∗∧dzδ(x)
2πi

e−zδ(x)∗zδ(x) = 1, that the area of Cδ(x;α∗, β) is at most 40πr(δ)2 (by
Lemma 3.38(iii)), that Zδ ≤ 1, and the definition of χ[0,2δ](α, αδ, β) (given
in Appendix A).

Since

λS − �(S) = −�(2δ)|Ωc|−�(S1)−�(S2)

+

{
max {λS1 , λS2} if depth (S) > 1
�(2δ) if depth (S) = 1

≤ −�(2δ) [|Ωc| − 1] + λS1 − �(S1) + λS2 − �(S2)

(3.16), (3.17) and the induction hypothesis give that

∑
S1,S2

ΩS1=Ω1
ΩS2=Ω2

∑
S

(S1,S2)≺S
ΩS=Ω, ΛS=Λ

eλS−�(S)ĪS|f |

≤ e−�(2δ)[|Ωc|−1]e(5+4D) |Ωc|(40πr(δ)2)
|R|

×χR(δ)(Ω1 ∩ Λc, α)χR(2δ)(Λ ∩ Ωc, α) χR(δ)(Ω2 ∩ Λc, β)χR(2δ)(Λ ∩ Ωc, β)

×

⎛
⎜⎝ ∏

x∈X\Λ

∫

|αδ(x)|≤R(ε)

dαδ(x)∗ ∧ dαδ(x)
2πi

⎞
⎟⎠ χR(δ) ((Ω1 ∪ Ω2) ∩ Λc, αδ)

×

⎧⎪⎪⎨
⎪⎪⎩

∑
S1

ΩS1=Ω1

eλS1−�(S1)ĪS1

⎫⎪⎪⎬
⎪⎪⎭

⎧⎪⎪⎨
⎪⎪⎩

∑
S2

ΩS2=Ω2

eλS2−�(S2)ĪS2

⎫⎪⎪⎬
⎪⎪⎭

sup |f |

≤ e−�(2δ)[|Ωc|−1]e(5+4D) |Ωc|e[5+2 ln r(δ)]|Ωc|

χR(δ)(Ω1 ∩ Λc, α)χR(2δ)(Λ ∩ Ωc, α) χR(δ)(Ω2 ∩ Λc, β)χR(2δ)(Λ ∩ Ωc, β)
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×

⎛
⎜⎝ ∏

x∈X\Λ

∫

|αδ(x)|≤R(ε)

dαδ(x)∗ ∧ dαδ(x)
2πi

⎞
⎟⎠ χR(δ) ((Ω1 ∪ Ω2) ∩ Λc, αδ)

×e− 1
4 �(δ)|Ωc

1|

⎡
⎣ ∏

x∈Ωc
1

1
1 + |α(x)|3

1
1 + |αδ(x)|3

⎤
⎦ e− 1

4 �(δ)|Ωc
2|

×

⎡
⎣ ∏

x∈Ωc
2

1
1 + |αδ(x)|3

1
1 + |β(x)|3

⎤
⎦ sup |f | (3.18)

For any t > 1,

χt(α) ≤ (1 + t)3

1 + |α|3 ≤ 8t3

1 + |α|3 ≤ eln 8+3 ln t 1
1 + |α|3

which yields the bound

χR(δ)(Ω1 ∩ Λc, α)χR(2δ)(Λ ∩ Ωc, α)
∏

x∈Ωc
1

1
1 + |α(x)|3

≤ χR(δ)(Ω1 ∩ Ωc, α)
∏

x∈Ωc
1

1
1 + |α(x)|3

≤ e[ln 8+3 ln R(δ)] |Ωc|
∏

x∈Ωc

1
1 + |α(x)|3

Similarly

χR(δ)(Ω2 ∩ Λc, β)χR(2δ)(Λ ∩ Ωc, β)
∏

x∈Ωc
2

1
1 + |β(x)|3

≤ e[ln 8+3 ln R(δ)] |Ωc|
∏

x∈Ωc

1
1 + |β(x)|3

To bound the αδ integrals, we use
⎛
⎜⎝ ∏

x∈Λc

∫

|αδ(x)|≤R(ε)

dαδ(x)∗ ∧ dαδ(x)
2πi

⎞
⎟⎠χR(δ) ((Ω1 ∪ Ω2) ∩ Λc, αδ)

×
∏

x∈Ωc
1

1
1 + |αδ(x)|3

∏
x∈Ωc

2

1
1 + |αδ(x)|3

≤
∏

x∈(Ω1∩Ω2)
c

1
π

∫
d2αδ(x)

1 + |αδ(x)|3
∏

x∈Ω1∩Ω2∩Λc

1
π

∫

|αδ(x)|≤R(δ)

d2αδ(x)

≤ 3|(Ω1∩Ω2)
c| R(δ)2|Ω1∩Ω2∩Λc|

≤ e[ln 3+2 ln R(δ)] |Λc|
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Inserting the last estimates into (3.18) gives∑
S

ΩS=Ω, ΛS=Λ
ΩS([0,δ])=Ω1
ΩS([δ,2δ])=Ω2

eλS−�(S)ĪS|f |

≤ e−�(2δ)[|Ωc|−1]e(5+4D) |Ωc|e[5+2 ln r(δ)]|Ωc|e2[ln 8+3 ln R(δ)] |Ωc|

×
∏

x∈Ωc

1
1 + |α(x)|3

1
1 + |β(x)|3 e[ln 3+2 ln R(δ)] |Λc| sup |f |

≤ e− 1
2 �(2δ)|Ωc|e[16+4D+10 ln R(δ)] |Ωc|

∏
x∈Ωc

1
1 + |α(x)|3

1
1 + |β(x)|3 sup |f |

Summing over the subsets Ωc
1,Ω

c
2,Λ

c ⊂ Ωc,∑
S

ΩS=Ω

eλS−�(S)ĪS|f | ≤ e− 1
2 �(2δ)|Ωc|e[19+4D+10 ln R(δ)] |Ωc|

×
∏

x∈Ωc

1
1 + |α(x)|3

1
1 + |β(x)|3 sup |f |

≤ e− 1
4 �(2δ)|Ωc|

∏
x∈Ωc

1
1 + |α(x)|3

1
1 + |β(x)|3 sup |f |

by (F.6d). �

3.8. Proof of Theorems 2.16 and 2.18

As we saw in Remark 3.31, it suffices, for the proof of Theorems 2.16, to prove
the convergence of I•

m (2−mθ; · )
∣∣
h=1

to the desired limit. By Proposition 3.32,
with ε = 2−mθ and n = m,

I
•
m(2−mθ; α∗, β) =

∑
Ω⊂X

Z |Ω|
θ e〈α∗, j(θ)β〉|Ω+VΩ,θ(ε;α∗,β)+DΩ,m(ε;α∗,β) χθ(Ω; α, β)

×
∑

S hierarchy
for scale θ

depth(S)≤m
with ΩS=Ω

I(S;α∗,β)

(
e−Qres

S (α∗,β; �α∗,�α)+Vres
S (ε; α∗,β; �α∗,�α)

× eBS(ε; α∗,β; �ρ�)+LS(ε; α∗,β; �ρ�)
) ∣∣∣

ε=2−mθ
(3.19)

where

Qres
S (α∗, β; �α∗, �α) = QS(α∗, β; �α∗, �α) + 〈α∗, j(θ)β〉

∣∣
ΩS

Vres
S (ε; α∗, β; �α∗, �α) = VS(ε; α∗, β; �α∗, �α) − VΩS,θ(ε;α∗, β)

BS(ε; α∗, β; �ρ) = DS(ε; α∗, β; �ρ) − DΩS,m(ε;α∗, β)

with the VΩ,θ(ε; · ) of Definition 3.8.ii and the DΩ,m(ε; · ) of (3.8).
By (2.4) and Corollary 3.30, for any fixed Ω ⊂ X,

lim
m→∞

χθ(Ω; α, β)eVΩ,θ(2−mθ;α∗,β)+DΩ,m(2−mθ;α∗,β)

= χθ(Ω; α, β) eVΩ;θ(α∗,β)+DΩ,θ(α∗,β) (3.20)
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uniformly in α and β. Fix any hierarchy S for scale θ with ΩS = Ω and set

Vres
S (α∗, β; �α∗, �α) = VS(α∗, β; �α∗, �α) − VΩS,θ(α∗, β)

BS(α∗, β; �ρ) = DS(α∗, β; �ρ) − DΩS,θ(α∗, β)

By Lemma 3.34 and Corollary 3.33,

χθ(Ω; α, β) eVres
S (2−mθ; α∗,β; �α∗,�α)eBS(2−mθ; α∗,β; �ρ)+LS(2−mθ; α∗,β; �ρ)

converges as m → ∞ to

χθ(Ω; α, β) eVres
S (α∗,β; �α∗,�α)eBS(α∗,β; �ρ)+LS(α∗,β; �ρ)

uniformly for �ρ in the domain of integration of I(S;α∗,β) and (α, β) in the sup-
port of χθ(Ω; α, β). By Remark 3.11, the domain of integration for I(S;α∗,β)

is compact. Consequently, as Qres
S is a polynomial,

lim
m→∞

χθ(Ω; α, β) I(S;α∗,β)

(
e−Qres

S (α∗,β; �α∗,�α)+Vres
S (2−mθ; α∗,β; �α∗,�α)

× eBS(2−mθ; α∗,β; �ρ�)+LS(2−mθ; α∗,β; �ρ�)
)

= χθ(Ω; α, β) I(S;α∗,β)

(
e−Qres

S (α∗,β; �α∗,�α)+Vres
S (α∗,β; �α∗,�α)

×eBS(α∗,β; �ρ�)+LS(α∗,β; �ρ�)
)

(3.21)

uniformly for (α, β) in the support of χθ(Ω; α, β).
By (3.20) and (3.21), the (Ω,S) term on the right hand side of (3.19)

converges to

Z |Ω|
θ e〈α∗, j(θ)β〉|Ω+VΩ,θ(α∗,β)+DΩ,θ(α∗,β) χθ(Ω; α, β)

×I(S;α∗,β)

(
e−Qres

S (α∗,β; �α∗,�α)+Vres
S (α∗,β; �α∗,�α)eBS(α∗,β; �ρ�)+LS(α∗,β; �ρ�)

)

as m → ∞. Setting h = 1 gives the (Ω,S) term on the right hand side of the
representation of Iθ(α∗, β) in Theorem 2.16. The properties and estimates of
the various functions in Theorem 2.16 follow from Corollaries 3.30 and 3.33.
It remains to prove the convergence of the sum over Ω and S.

Recall that X is a finite set. We saw in Remark 2.6 that, for any ∅ �= Ω ⊂
X, the corridor condition in the definition of a hierarchy ensures that there
are only finitely many hierarchies S with ΩS = Ω. If Ω = ∅, then Qres

S = QS,
Vres

S = VS and BS = DS = 0. Therefore it suffices to prove the convergence,
as m → ∞, of

m∑
k=1

Fk,m(α∗, β)

where

Fk,m(α∗, β) =
∑

S hierarchy
for scale θ

depth(S)=k
with ΩS=∅

×I(S;α∗,β)

(
e−QS(α∗,β;�α∗,�α)+VS(2−mθ;α∗,β;�α∗,�α)eLS(2−mθ;α∗,β;�ρ�)

) ∣∣∣
h=1
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We already know the convergence, for each fixed k, of Fk,m(α∗, β) as m → ∞.
By Theorem 3.35 and Lemma 3.42, below,

|Fk,m(α∗, β)| ≤ e
1
2 ‖α‖2+ 1

2 ‖β‖2
e−�(2−k+1θ)

As this bound is summable in k, the dominated convergence theorem gives the
desired limit. This completes the proof of Theorems 2.16. �

Lemma 3.42. Let S be a hierarchy for scale θ. Then, on the domain of inte-
gration for IS,

|BS| + |LS| ≤ ωS

where ωS was defined in Theorem 3.35.

Proof. Let ε = 2−depth(S)θ. On the domain of integration,

|ατ (x)| ≤ min{κS,τ (x), κ∗S,τ (x)} |α(x)| ≤ κ∗S,0(x) |β(x)| ≤ κS,θ(x)

for all τ ∈ εZ ∩ (0, θ) and x ∈ X. By Proposition 3.32 and [4, Lemma B.1],

|BS| ≤ KdKD (θv) r(θ)R(θ)3 |Ωc
S|

|LS| ≤
∑

decimation
intervals
J ⊂[0,θ]

KdKL (|J |v) r(|J |)R(|J |)3 |ΩS(J )c|

where Kd = supy∈X

∑
x∈X e−d(x,y). The result now follows by (F.6a). �

Proof of Theorem 2.18. Set h = 1 and let f be any bounded measurable func-
tion. First consider any fixed hierarchy S for scale θ with ΩS = Ω. By
Remark 3.11, the domain of integration for the large field integral operator∣∣I(S;α∗,β)

∣∣ is compact. By Lemma 3.34, VS(2−mθ; α∗, β; �α∗, �α) converges uni-
formly on this domain to

VS(α∗, β; �α∗, �α) = VΩ;θ(α∗, β) + Vres
S (α∗, β; �α∗, �α)

as m → ∞. Consequently,

lim
m→∞

∣∣I(S;α∗,β)

∣∣ eRe (−QS+VS(2−mθ))|f |

= eRe (〈α∗, j(Ω)(θ)β〉+VΩ;θ(α∗,β))
∣∣I(S;α∗,β)

∣∣ eRe (−Qres
S +Vres

S )|f |
For any natural number k, there are only finitely many hierarchies for scale θ
of depth k. So, by Theorem 3.35,

e− 1
2 ‖α‖2− 1

2 ‖β‖2
e−RegSF (Ω;α,β)

k0∑
k=1

e�(2−k+1θ)

×
∑

hierarchies S
for scale θ
of depth k
with ΩS=Ω

eωS eRe (〈α∗, j(Ω)(θ)β〉+VΩ;θ(α∗,β))
∣∣I(S;α∗,β)

∣∣ eRe (−Qres
S +Vres

S ) |f |

≤ e− 1
4 �(θ)|Ωc|

[ ∏
x∈Ωc

1
1 + |α(x)|3

1
1 + |β(x)|3

]
sup |f |
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for all k0 ∈ N. As all terms on the left hand side are nonnegative,

e− 1
2 ‖α‖2− 1

2 ‖β‖2
eRe (〈α∗, j(Ω)(θ)β〉+VΩ;θ(α∗,β))e−RegSF (Ω;α,β)

×
∞∑

k=1

e�(2−k+1θ)
∑

hierarchies S
for scale θ
of depth k
with ΩS=Ω

∣∣I(S;α∗,β)

∣∣ eRe (−Qres
S +Vres

S )+ωS |f |

≤ e− 1
4 �(θ)|Ωc|

[ ∏
x∈Ωc

1
1 + |α(x)|3

1
1 + |β(x)|3

]
sup |f | (3.22)

The theorem now follows by setting f ≡ 1 and applying Lemma 3.42. �

4. The “Small Field” Part of the Decimation Step

The “small field decimation step” is formulated in Theorems 3.24 and 3.27,
which we are going to prove in this section. It deals with the “stationary phase
approximation” to the construction on a fixed subset Ω of X. As the estimates
do not depend on Ω, we may, for simplicity of notation, assume that Ω = X.
We shall write R̄δ in place of R̄Ω;δ and Vδ in place of VΩ,δ. Also write

r = r(δ) R = R(δ)
r+ = r(2δ) R+ = R(2δ)

Observe that, by (2.18)

r+
r

=
1

2er

R+

R
=

1
2eR+er

(4.1)

We also write ‖ · ‖δ for ‖ · ‖2R(δ),2m.
The proofs of Theorem 3.24 and 3.27 are similar to [5]. The main tech-

nical differences are the presence of the history field and the additional terms
created by the fact that the cut off propagator jc(t) of (3.2) is not a semi-
group—in contrast to the original propagator j(t) = exph(−t(h − μ)).

It turns out that the dominant contribution to R̄δ (Vδ(ε; · ); f1, f2) in
Definition 3.22 is f1 (α∗, jc(t)β) + f2 (jc(t)α∗, β) To estimate it, we use

Lemma 4.1. Let f(α∗, β; h) be an analytic function. Let δ ≤ Θ.

(i) If f is bilinear in α∗, β then

‖f (α∗, jc(δ)β)‖2δ , ‖f (jc(δ)α∗, β)‖2δ ≤ eδKj

(
R+

R

)2

‖f‖δ

(ii) If f has degree at least two both in α∗ and β

‖f (α∗, jc(δ)β)‖2δ , ‖f (jc(δ)α∗, β)‖2δ ≤ e2δKj

(
R+

R

)4

‖f‖δ
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Proof. Both in cases (i) and (ii), we prove the first inequality. To do so, we
introduce the auxiliary weight system waux with metric 2md that associates
the constant weight factor 2R to the field α∗ and the constant weight factor
2e−δKj R to the field β. To control the change of variables from f(α∗, β) to
f (α∗, jc(δ)β), we use the weighted L1–L∞ operator norm N2md(jc(δ);
2R, 2e−δKj R) of [4, Definition IV.2]. In the notation of this paper,

N2md

(
j(δ); 2R, 2e−δKj R

)
≤ e−δKj |||j(δ)||| ≤ 1

by Lemma 3.21.i. Hence, by [4, Proposition IV.4]

‖f (α∗, jc(δ)β)‖waux
≤ ‖f‖δ

If f is bilinear in α∗, β then

‖f (α∗, jc(δ)β)‖2δ

=
(

2R+

2R

)(
2R+

2e−δKj R

)
‖f (α∗, jc(δ)β)‖waux

≤ eδKj

(
R+

R

)2

‖f‖δ

If f has degree at least two both in α∗ and β

‖f (α∗, jc(δ)β)‖2δ ≤
(

2R+

2R

)2( 2R+

2e−δKj R

)2

‖f (α∗, jc(δ)β)‖waux

≤ e2δKj

(
R+

R

)4

‖f‖δ

since e−δKj ≥ R+
R = 1

2eR+er by Hypothesis F.7(i). �
To treat the fluctuation integral in Definition 3.22, we introduce a second

auxiliary weight system wfluct with metric 2md that gives weight 2R+ both to
α∗ and β, and weight 32r to the fields z∗ and z. We write ‖ · ‖fluct for ‖ · ‖wfluct .
If f(α∗, β, z∗, z) happens to be independent of z∗ and z, then ‖f‖fluct = ‖f‖2δ.
For the first two terms in the effective action A of Definition 3.22, we have

Lemma 4.2. For any history complete analytic function f(α∗, β)

‖f (α∗, z + jc(δ)β) − f (α∗, jc(δ)β)‖fluct ≤ ‖f‖δ

‖f (z∗ + jc(δ)α∗, β) − f (jc(δ)α∗, β))‖fluct ≤ ‖f‖δ

for all δ ≤ Θ.

Proof. We prove the first inequality. By [4, Corollary IV.6],

‖f(α∗, z + jc(δ)β) − f(α∗, jc(δ)β)‖fluct

≤ ‖f(α∗, z + jc(δ)β)‖fluct ≤ ‖f(α∗, β)‖δ

since, by Lemma 3.21(i)

N2md (1; 2R, 32 r) +N2md (jc(δ); 2R, 2R+)

≤ |||1|||32r
2R

+ |||jc(δ)|||
R+

R

≤ 16r
R

+ eδKj
R+

R
= 16(δv)eR +

eδKj

2eR+er
≤ 1

by Hypothesis F.7(i). �
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The remaining summands in Definition 3.22 are explicit quadratic and
quartic terms. The quadratic terms all involve the difference jc(δ) − j(δ) and
are consequently exponentially small with c.

Lemma 4.3.

‖〈[j(δ) − jc(δ)]α∗, [j(δ) − jc(δ)]β〉‖2δ ≤ 4δ2K2
j e

2KjδR2
+e

−2m c

‖〈[j(δ) − jc(δ)]α∗, z〉‖fluct , ‖〈z∗, [j(δ) − jc(δ)]β〉‖fluct

≤ 64 δ Kje
Kjδ r R+e

−m c

Proof. By definition

‖〈α∗, β〉‖2δ = 4R2
+

Therefore, by Lemma G.2(a),

‖〈[j(δ) − jc(δ)]α∗, [j(δ) − jc(δ)]β〉‖2δ ≤ 4R2
+N2md(j(δ) − jc(δ); 2R+, 2R+)2

= 4R2
+N2md(j(δ) − jc(δ); 1, 1)2

≤ 4R2
+ |||j(δ) − jc(δ)|||2

≤ 4δ2K2
j e

2KjδR2
+e

−2m c

In the last line, we used Lemma 3.21(iii). Similarly

‖〈[j(δ) − jc(δ)]α∗, z〉‖fluct ≤ 64R+ r N2md(j(δ) − jc(δ); 2R+, 2R+)

≤ 64 δ Kje
Kjδ r R+e

−m c

�

The explicit quartic terms in R̄δ (Vδ(ε; · ); R1 + E1,R2 + E2) are

[Vδ (ε; α∗, jc(δ)β) − Vδ (ε; α∗, j(δ)β)] + [Vδ (ε; jc(δ)α∗, β) − Vδ (ε; j(δ)α∗, β)]

“downstairs”, and

[Vδ (ε; α∗, z + jc(δ)β) − Vδ (ε; α∗, jc(δ)β)]
+ [Vδ (ε; z∗ + jc(δ)α∗, β) − Vδ (ε; jc(δ)α∗, β)]

as a contribution to the effective action. The term “downstairs” again involves
the difference jc(δ) − j(δ) and is exponentially small with c.

Lemma 4.4. If δ ≤ Θ, then

‖Vδ (ε; α∗, jc(δ)β) − Vδ (ε; α∗, j(δ)β)‖2δ ≤ 64Kje
8Kjδ δ2|||v|||R4

+ e
−m c

∥∥Vδ (ε; jc(δ)α∗, β) − Vδ (ε; j(δ)α∗, β) ‖2δ ≤ 64Kje
8Kjδ δ2|||v|||R4

+ e
−m c

and

‖Vδ (ε; α∗, z + jc(δ)β) − Vδ (ε; α∗, jc(δ)β)‖fluct ≤ 211 δ|||v||| r R3
+

‖Vδ (ε; z∗ + jc(δ)α∗, β) − Vδ (ε; jc(δ)α∗, β)‖fluct ≤ 211 δ|||v||| r R3
+
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Proof. We prove the first in each pair of inequalities. By Definition 3.8

Vδ(ε; α∗, β) = −ε
∑

τ∈εZ∩[0,δ)

〈 γ∗τγτ+ε, v γ∗τγτ+ε〉

with

γ∗τ = j(τ)α∗ γτ = j(δ − τ)β

For the first inequality, we write

Vδ (ε; α∗, jc(δ)β) − Vδ (ε; α∗, j(δ)β)

= ε
∑

τ∈εZ∩[0,δ)

[〈 γ∗τgτ+ε, v γ∗τgτ+ε〉 − 〈 γ∗τ g̃τ+ε, v γ∗τ g̃τ+ε〉]

with

gτ = j(δ − τ)j(δ)β g̃τ = j(δ − τ)jc(δ)β

By definition

‖〈α∗β, v α∗β〉‖2δ ≤ 16|||v|||R4
+

We apply Corollary G.3.ii, with d and d′ both replaced by 2md, δ = 0, r = 4,
s = 2, h(γ1, . . . , γ4) = 〈γ1γ2, v γ3γ4〉, α1 = α∗, α2 = β and

Γ1
1 = Γ1

3 = j(τ) Γ2
1 = Γ2

3 = 0 Γ1
2 = Γ1

4 = 0 Γ2
2 = Γ2

4 = j(δ − τ − ε)j(δ)

Γ̃1
1 = Γ̃1

3 = j(τ) Γ̃2
1 = Γ̃2

3 = 0 Γ̃1
2 = Γ̃1

4 = 0 Γ̃2
2 = Γ̃2

4 = j(δ − τ − ε)jc(δ)

As

σ = max {N2md(j(τ); 2R+, 2R+), N2md(j(δ − τ − ε)j(δ); 2R+, 2R+),
N2md(j(δ − τ − ε)jc(δ); 2R+, 2R+)}

≤ max {|||j(τ)|||, |||j(δ − τ − ε)j(δ)|||, |||j(δ − τ − ε)jc(δ)|||}
≤ e2Kjδ (4.2)

σδ = N2md (j(δ − τ − ε)[j(δ) − jc(δ)]; 2R+, 2R+)
≤ |||j(δ − τ − ε)||| |||j(δ) − jc(δ)|||
≤ δKje

2Kjδe−m c

by Lemma 3.21, it gives, for each τ ∈ εZ ∩ [0, δ)

‖〈 γ∗τgτ+ε, v γ∗τgτ+ε〉 − 〈 γ∗τ g̃τ+ε, v γ∗τ g̃τ+ε〉‖2δ

≤ 64|||v|||R4
+ σδ σ

3

≤ 64|||v|||R4
+ δKje

8Kjδe−m c

Summing over τ and multiplying with ε gives the desired estimate.
For the third inequality, we write

Vδ (ε; α∗, z + jc(δ)β) − Vδ (ε; α∗, jc(δ)β)

= −ε
∑

τ∈εZ∩[0,δ)

[〈 γ∗τ ĝτ+ε, v γ∗τ ĝτ+ε〉 − 〈 γ∗τ g̃τ+ε, v γ∗τ g̃τ+ε〉]

with

ĝτ = j(δ − τ) (z + jc(δ)β) = j(δ − τ)z + j(δ − τ)jc(δ)β
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This time, we apply Corollary G.3(ii), with d and d′ both replaced by 2md,
δ = 0, r = 4, s = 3, h(γ1, . . . , γ4) = 〈γ1γ2, v γ3γ4〉, α1 = α∗, α2 = β, α3 = z
and

Γ̂1
1 = Γ̂1

3 = j(τ) Γ̂2
2 = Γ̂2

4 = j(δ − τ − ε)jc(δ) Γ̂3
2 = Γ̂3

4 = j(δ − τ − ε)
ˆ̃Γ1

1 = ˆ̃Γ1
3 = j(τ) ˆ̃Γ2

2 = ˆ̃Γ2
4 = j(δ − τ − ε)jc(δ)

ˆ̃Γ3
2 = ˆ̃Γ3

4 = 0 (4.3)

with all other Γ̂j
i ’s and ˆ̃Γj

i ’s being zero. Then

σ̂ = max {N2md(j(τ); 2R+, 2R+), N2md(j(δ − τ − ε)jc(δ); 2R+, 2R+),
N2md (j(δ − τ − ε); 2R+, 32r) +N2md(j(δ − τ − ε)jc(δ); 2R+, 2R+)}

≤ max
{

|||j(τ)|||, |||j(δ − τ − ε)jc(δ)|||,

16
r

R+
|||j(δ − τ − ε)||| + |||j(δ − τ − ε)jc(δ)|||

}

≤ (1 + 16(δv)eR) e2Kjδ

σ̂δ = N2md (j(δ − τ − ε); 2R+, 32r)

≤ 16
r

R+
|||j(δ − τ − ε)|||

≤ 16
r

R+
eKjδ (4.4)

So, as before, for each τ ∈ εZ ∩ [0, δ)

‖〈 γ∗τ ĝτ+ε, v γ∗τ ĝτ+ε〉 − 〈 γ∗τ g̃τ+ε, v γ∗τ g̃τ+ε〉‖fluct ≤ 64|||v|||R4
+ σ̂δσ̂

3

≤ 211|||v||| r R3
+

by Hypothesis F.7(i). Summing over τ gives the desired result. �

Proof of Theorem 3.24. Set

R(1)(α∗, β) = R1 (α∗, jc(δ)β) + R2 (jc(δ)α∗, β)
−〈[j(δ) − jc(δ)]α∗, [j(δ) − jc(δ)]β〉

E(1)(α∗, β) = E1 (α∗, jc(δ)β) + E2 (jc(δ)α∗, β) + Vδ (ε; α∗, jc(δ)β)
−Vδ (ε; α∗, j(δ)β) + Vδ (ε; jc(δ)α∗, β) − Vδ (ε; j(δ)α∗, β)

and

Rl(α∗, z) = R1(α∗, z) + 〈[j(δ) − jc(δ)]α∗, z〉
Rr(α∗, z) = R2(z∗, β) + 〈z∗, [j(δ) − jc(δ)]β〉

El(α∗, β, z) = [E1(α∗, z + jc(δ)β) − E1(α∗, jc(δ)β)]
+ [Vδ (ε; α∗, z + jc(δ)β) − Vδ (ε; α∗, jc(δ)β)]

Er(z∗, α∗, β) = [E2(z∗ + jc(δ)α∗, β) − E2(z∗ + jc(δ)α∗, β)]
+
[
Vδ (ε; z∗ + jc(δ)α∗, β) − Vδ

(
ε; jc(δ)α∗, β

]
Clearly, R(1)(α∗, β) is bilinear in α∗, β and E(1)(α∗, β) has degree at least two
both in α∗ and β. Furthermore, by Lemmas 4.1, 4.3 and 4.4
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‖R(1)‖2δ ≤ eδKj

(
R+

R

)2

(‖R1‖δ + ‖R2‖δ) + 4δ2K2
j e

2KjδR2
+ e

−2m c

‖E(1)‖2δ ≤ e2δKj

(
R+

R

)4

(‖E1‖δ + ‖E2‖δ) + 128Kje
8Kjδ δ2|||v|||R4

+ e
−m c

(4.5)

Also, Rl is bilinear in α∗, z, and Rr is bilinear in z∗, β. By Lemma 4.2 and
Lemma 4.3

‖Rl‖fluct ≤ ‖R1‖δ + 64 δ Kje
Kjδ r R+e

−m c

‖Rr‖fluct ≤ ‖R2‖δ + 64 δ Kje
Kjδ r R+e

−m c
(4.6)

Furthermore, El(α∗, β, z) has degree at least two in the variable α∗ ; and
the sums of the degrees of the variables β and z in each monomial of its power
series expansion is also at least two. Also, by Lemmas 4.2 and 4.4

‖El‖fluct ≤ ‖E1‖δ + 211δ|||v||| r R3
+ (4.7)

There is the analogous statement for Er.
By construction, the effective density in Definition 3.22 in the situation

of Theorem 3.24 is

A(α∗, β; z∗, z) = Rl(α∗, z) + El(α∗, β, z) + Rr(z∗, β) + Er(z∗, α∗, β)

so that

R̄δ (Vδ(ε; · ); R1 + E1,R2 + E2)

= R(1) + E(1) + log
1
Z

∫
dμr(z∗, z) eRl(α∗,β,z)+El(α∗,β,z)+Rr(z∗,β)+Er(z∗,α∗,β)

where Z =
∫

dμr(z∗, z). Set

R(2)(α∗, β) =
1
Z

∫
dμr(z∗, z) Rl(α∗, z)Rr(z∗, β)

By [4, Remark III.3.ii]∥∥∥R(2)
∥∥∥

2δ
=
∥∥∥R(2)

∥∥∥
fluct

≤ ‖Rl‖fluct ‖Rr‖fluct

Expanding the exponential in Definition 3.22 and using the fact that the
dμr(z∗, z) integral is zero unless there are the same number of z’s and z∗’s,
one sees that

E(2)(α∗, β) = log
1
Z

∫
dμr(z∗, z) eA(α∗,β;z∗,z) − R(2)(α∗, β)

has degree at least two both in α∗ and in β. By [4, Corollary III.5], with n = 2,
there is a function E ′(α∗, β) such that

log
1
Z

∫
dμr(z∗, z) eA(α∗,β;z∗,z)

= E ′(α∗, β) +
1

2Z

∫
dμr(z∗, z) [Rl + El + Rr + Er]

2

= E ′(α∗, β) + R(2)(α∗, β) +
1
Z

∫
dμr(z∗, z) [RlEr + ElRr + ElEr]
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and

‖E ′‖2δ ≤
(

‖A‖fluct
1
20 − ‖A‖fluct

)3

(4.8)

(The hypothesis that ‖A‖fluct <
1
32 is verified below.) Clearly

E(2) = E ′ +
1
Z

∫
dμr(z∗, z) [RlEr + ElRr + ElEr]

and, by [4, Remark III.3.ii]

‖E(2)‖2δ ≤ ‖E ′‖2δ + ‖Rl‖fluct ‖Er‖fluct + ‖El‖fluct ‖Rr‖fluct + ‖El‖fluct ‖Er‖fluct

We set

R = R(1) + R(2), E = E(1) + E(2)

By construction

R̄δ (Vδ(ε; · ); R1 + E1,R2 + E2) = R + E

Furthermore, R(α∗, β) is bilinear in α∗, β, and E(α∗, β) has degree at least two
both in α∗ and β. Hence R is the quadratic part of R̄δ(Vδ(ε; · ); R1 +E1,R2 +
E2), which coincides with the quadratic part of R̄δ(0; R1,R2). Also

‖R‖2δ ≤ ‖R(1)‖2δ + ‖R(2)‖2δ

≤ ‖R(1)‖2δ + ‖Rl‖fluct ‖Rr‖fluct

≤ eδKj

(
R+

R

)2

(‖R1‖δ + ‖R2‖δ) + (2δ)2K2
j e

2KjδR2
+ e

−2m c

+
(
‖R1‖δ + 64 δ Kje

Kjδ r R+e
−m c

) (
‖R2‖δ + 64 δ Kje

Kjδ r R+e
−m c

)
The hypotheses on ‖R1‖δ and ‖R2‖δ imply that

‖R‖2δ ≤ 2 eδKj

(
R+

R

)2

KR δ
2 r2R2 e−2m c + (2δ)2K2

j e
2KjδR2

+ e
−2m c

+
(
KR δ

2 r2R2 e−2m c + 64 δ Kje
Kjδ r R+e

−m c
)2

≤ KR (2δ)2r2+R2
+e

−2m c

[
eδKj

21−2er
+
K2

j e
2Kjδ

KR
(2δv)2er

+
( √

KR

21−eR−2er

δ e−mc

(δv)eR+2er
+

25+erKje
Kjδ

√
KR

)2
]

≤ KR (2δ)2r2+R2
+ e

−2m c

by (F.8a). Similarly

‖E‖2δ ≤ ‖E(1)‖2δ + ‖E(2)‖2δ

≤ ‖E(1)‖2δ + ‖E ′‖2δ + ‖Rl‖fluct ‖Er‖fluct

+‖El‖fluct‖Rr‖fluct + ‖El‖fluct ‖Er‖fluct (4.9)
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By (4.5) and the hypotheses in Theorem 3.24

‖E(1)‖2δ ≤ 2 e2δKj

(
R+

R

)4

KE (δv)2 r2 R6 + 64Kje
8Kjδ δ2v R4

+ e
−m c

≤ (2δv)2 r2+ R6
+

(
KE

e2δKj

21−(2eR+4er)
+

16Kje
8Kjδe−mc

r2+R2
+v

)

By (4.6), (4.7) and the hypotheses of the Theorem

‖Rl‖fluct, ‖Rr‖fluct ≤ KR δ
2 r2R2 e−2m c + 64 δ Kje

Kjδ r R+e
−m c

≤ δ r+R+e
−m c

(
2eR+2erKR

δ e−mc

(δv)eR+2er
+ 64Kj 2er eδKj

)

≤ δ r+R+e
− 1

2m c

‖El‖fluct, ‖Er‖fluct ≤ KE (δv)2 r2 R6 + 211δ|||v||| r R3
+

≤ (2δv) r+R3
+

(
KE 23eR+4er−1(δv) r R3 + 29eer

)
≤ 210(2δv) r+R3

+

by (F.4b), Hypothesis F.7(i,ii), (F.6a) and the fact that er ≤ 0.1. Consequently,
by (F.4b),

‖A‖fluct = ‖Rl + Rr + El + Er‖fluct ≤ (2δv) r+R3
+

(
e− 1

2m c

vR2
+

+ 211

)

≤ 212(2δv) r+R3
+ (4.10)

By (F.6a), this number is smaller than 1
60 . Therefore, by (4.8),

‖E ′‖2δ ≤ (30)3‖A‖3
fluct ≤ 251(2δv)3 r3+R9

+

Inserting all these estimates into (4.9) gives

‖E‖2δ ≤ (2δv)2r2+R6
+

[
KE

e2δKj

21−(2eR+4er)
+

16Kje
8Kjδe−mc

r2+R2
+v

+ 251(2δv)r+R3
+ +

210e− 1
2mc

vR2
+

+ 220

]

≤ KE (2δv)2 r2+ R6
+

by (F.8b). �

The additional ingredient that we need for the proof of Theorem 3.27 is

Lemma 4.5. Set

W (α∗, β) = Vδ (ε; α∗, β) − Vδ

(ε
2
; α∗, β

)

Then

‖W (α∗, j(δ)β) −W (α∗, jc(δ)β)‖2δ ≤ 28e10Kj εδ2|||v|||R4
+ e−m c

‖W ( j(δ)α∗, β) −W ( jc(δ)α∗, β) ‖2δ ≤ 28e10Kj εδ2|||v|||R4
+ e−m c
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and

‖W (α∗, z + jc(δ)β) −W (α∗, jc(δ)β)‖fluct ≤ 212e9Kj εδ|||v|||rR3
+

‖W (z∗ + jc(δ)α∗, β) −W (jc(δ)α∗, β)‖fluct ≤ 212e9Kj εδ|||v|||rR3
+

Proof. We prove the first of each of the two pairs of inequalities and use the
same notation as in Lemma 4.4. By definition

W (α∗, β) = W1(α∗, β) +W2(α∗, β)

with

W1(α∗, β) =
ε

2

∑
τ∈εZ∩[0,δ)

[〈
γ∗τγτ+ ε

2
, vγ∗τγτ+ ε

2

〉
− 〈γ∗τγτ+ε, vγ∗τγτ+ε〉

]

W2(α∗, β) =
ε

2

∑
τ∈εZ∩[0,δ)

[〈
γ∗τ+ ε

2
γτ+ε, vγ∗τ+ ε

2
γτ+ε

〉
− 〈γ∗τγτ+ε, vγ∗τγτ+ε〉

]

Now, using the gτ and g̃τ of Lemma 4.4,

W1 (α∗, j(δ)β) −W1 (α∗, jc(δ)β)

=
ε

2

∑
τ∈εZ∩[0,δ)

[〈
γ∗τgτ+ ε

2
, v γ∗τgτ+ ε

2

〉
− 〈 γ∗τgτ+ε, v γ∗τgτ+ε〉

−
〈
γ∗τ g̃τ+ ε

2
, v γ∗τ g̃τ+ ε

2

〉
+ 〈 γ∗τ g̃τ+ε, v γ∗τ g̃τ+ε〉

]
=
ε

2

∑
τ∈εZ∩[0,δ)

[〈
γ∗τ j

(ε
2

)
gτ+ε, v γ∗τ j

(ε
2

)
gτ+ε

〉
− 〈 γ∗τgτ+ε, v γ∗τgτ+ε〉

−
〈
γ∗τ j

(ε
2

)
g̃τ+ε, v γ∗τ j

(ε
2

)
g̃τ+ε

〉
+ 〈 γ∗τ g̃τ+ε, v γ∗τ g̃τ+ε〉

]

We apply Corollary G.3(iii), with the metrics d and d′ both replaced by 2md,
the metric δ = 0, and with the same substitutions as in the first bound on
Lemma 4.4, namely,

Γ1
1 = Γ1

3 = j(τ) Γ2
1 = Γ2

3 = 0 Γ1
2 = Γ1

4 = 0 Γ2
2 = Γ2

4 = j(δ − τ − ε)j(δ)

Γ̃1
1 = Γ̃1

3 = j(τ) Γ̃2
1 = Γ̃2

3 = 0 Γ̃1
2 = Γ̃1

4 = 0 Γ̃2
2 = Γ̃2

4 = j(δ − τ − ε)jc(δ)

and, in addition,

A1 = Ã1 = A3 = Ã3 = 1 A2 = A4 = j
(ε

2

)
Ã2 = Ã4 = h (4.11)

The Corollary bounds the ‖ · ‖2δ norm of the τ term in terms of the σ and
σδ of (4.2) and

a ≤ max
{

|||1|||, |||j
(ε

2

)
|||
}

≤ eKj
ε
2

aδ = N2md

(
j
(ε

2

)
− h; 2R+, 2R+

)
≤ |||j

(ε
2

)
− h||| ≤ ε

2
Kje

Kj
ε
2

(4.12)

by Lemma 3.21. Summing over τ and multiplying by ε
2 , we get

‖W1 (α∗, jc(δ)β) −W1 (α∗, j(δ)β)‖2δ ≤ ε

2
δ

ε
42 16|||v|||R4

+ σδaδ(σa)3

≤ 27e10Kj εδ2|||v|||R4
+ e−m c

The same estimate holds for ‖W2(α∗, jc(δ)β) −W2(α∗, j(δ)β)‖2δ.
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For the first of the second pair of inequalities, write, using the ĝτ and g̃τ

of Lemma 4.4,

W1 (α∗, z + jc(δ)β) −W1 (α∗, jc(δ)β)

=
ε

2

∑
τ∈εZ∩[0,δ)

[〈
γ∗τ ĝτ+ ε

2
, v γ∗τ ĝτ+ ε

2

〉
− 〈 γ∗τ ĝτ+ε, v γ∗τ ĝτ+ε〉

−
〈
γ∗τ g̃τ+ ε

2
, v γ∗τ g̃τ+ ε

2

〉
+ 〈 γ∗τ g̃τ+ε, v γ∗τ g̃τ+ε〉

]
=
ε

2

∑
τ∈εZ∩[0,δ)

[〈
γ∗τ j

(ε
2

)
ĝτ+ε, v γ∗τ j

(ε
2

)
ĝτ+ε

〉
− 〈 γ∗τ ĝτ+ε, v γ∗τ ĝτ+ε〉

−
〈
γ∗τ j

(ε
2

)
g̃τ+ε, v γ∗τ j

(ε
2

)
g̃τ+ε

〉
+ 〈 γ∗τ g̃τ+ε, v γ∗τ g̃τ+ε〉

]

This time, we apply Corollary G.3(iii) using the Γ̂j
i ’s and ˆ̃Γj

i ’s of (4.3) together
with the Ai’s and Ãi’s of (4.11). By (4.4) and (4.12)

‖W1 (α∗, z + jc(δ)β) −W1 (α∗, jc(δ)β)‖fluct ≤ ε

2
δ

ε
42 16|||v|||R4

+ σ̂δaδ(σ̂a)3

≤ 211e9Kj εδ|||v|||rR3
+

The same estimate holds for ‖W2(α∗, z + jc(δ)β) −W2(α∗, jc(δ)β)‖fluct. �

Proof of Theorem 3.27. We use the same notation as in the proof of Theo-
rem 3.24. Define R̃(1), Ẽ(1), R̃l, R̃r, Ẽl, Ẽr and Ã in the same way as the
corresponding “untitled” quantities were defined at the beginning of the proof
of Theorem 3.24. They fulfill the same bounds as their untitled siblings. Fur-
thermore∥∥∥R̃(1) − R(1)

∥∥∥
2δ

≤
∥∥∥(R̃1 − R1) (α∗, jc(δ)β)

∥∥∥
2δ

+
∥∥∥(R̃2 − R2) (jc(δ)α∗, β)

∥∥∥
2δ

≤ 2eδKj

(
R+

R

)2

ΔR
∥∥∥Ẽ(1) − E(1)

∥∥∥
2δ

≤
∥∥∥(Ẽ1 − E1) (α∗, jc(δ)β)

∥∥∥
2δ

+
∥∥∥(Ẽ2 − E2) (jc(δ)α∗, β)

∥∥∥
2δ

+ ‖W (α∗, jc(δ)β) −W (α∗, j(δ)β)‖2δ

+ ‖W (jc(δ)α∗, β) −W (j(δ)α∗, β)‖2δ

≤ 2e2δKj

(
R+

R

)4

ΔE + 29e10Kj εδ2|||v|||R4
+ e−m c

by Lemmas 4.1 and 4.5. Also∥∥∥R̃l − Rl

∥∥∥
fluct

=
∥∥∥R̃1 (α∗, z) − R1 (α∗, z)

∥∥∥
fluct

=
R+

R
16r
R

∥∥∥R̃1 (α∗, β) − R1 (α∗, β)
∥∥∥

δ
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∥∥∥Ẽl − El

∥∥∥
fluct

≤
∥∥∥(Ẽ1 − E1) (α∗, z + jc(δ)β) − (Ẽ1 − E1) (α∗, jc(δ)β)

∥∥∥
fluct

+ ‖W (α∗, z + jc(δ)β) −W (α∗, j(δ)β)‖fluct

≤
∥∥∥Ẽ1 − E1

∥∥∥
δ
+ 212e9Kj εδ|||v|||rR3

+

by Lemmas 4.2 and 4.5. Similarly∥∥∥R̃r − Rr

∥∥∥
fluct

=
R+

R
16r
R

∥∥∥R̃2 − R2

∥∥∥
δ∥∥∥Ẽr − Er

∥∥∥
fluct

≤
∥∥∥Ẽ2 − E2

∥∥∥
δ
+ 212e9Kj εδ|||v|||rR3

+

Consequently∥∥∥Ã − A
∥∥∥

fluct
≤ 32r

R
ΔR + 2ΔE + 213e9Kj εδ|||v|||rR3

+

For the fluctuation integral, we have

R̃(2) − R(2)

=
1
Z

∫
dμr(z∗, z)

[
(R̃l−Rl)(α∗, z) R̃r(z∗, β)+Rl(α∗, z) (R̃r−Rr)(z∗, β)

]

By [4, Remark III.3.ii] and (4.6),∥∥∥R̃(2) − R(2)
∥∥∥

2δ
=
∥∥∥R̃(2) − R(2)

∥∥∥
fluct

≤ ‖R̃l − Rl‖fluct ‖R̃r‖fluct + ‖Rl‖fluct ‖R̃r − Rr‖fluct

≤
(
KRδ

2r2R2e−2mc + 64 δ Kje
Kjδ r R+e

−m c
) 32r

R
ΔR

≤ 212e2Kj δ r2+ e
−m c ΔR

by (F.4b) and (F.6a). Furthermore(
Ẽ(2) − E(2)

)
(α∗, β)

= log
1
Z

∫
dμr(z∗, z) eÃ(α∗,β;z∗,z) − log

1
Z

∫
dμr(z∗, z) eA(α∗,β;z∗,z)

−(R̃(2) − R(2))(α∗, β)

We apply [4, Corollary III.6] to the difference of the two logarithms of inte-
grals. Since each monomial of A and Ã contains either only z’s or only z∗’s,
and hence integrates to zero, the first hypothesis of this corollary is satisfied.
For the second hypothesis, we have, by (4.10),

‖A‖fluct + ‖Ã − A‖fluct

≤ 212(2δv)r+R3
+ +

16r
R

(
‖R̃1 − R1‖δ + ‖R̃2 − R2‖δ

)

+
(
‖Ẽ1 − E1‖δ + ‖Ẽ2 − E2‖δ

)
+ 213e9Kj εδ|||v|||rR3

+

≤ 213(2δv)r+R3
+ +

16r
R

(
‖R̃1‖δ + ‖R1‖δ + ‖R̃2‖δ + ‖R2‖δ

)
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+
(
‖Ẽ1‖δ + ‖E1‖δ + ‖Ẽ2‖δ + ‖E2‖δ

)

≤ 214(2δv)r+R3
+ ≤ 1

34

by Hypothesis F.7(i) and (F.6a). The corollary gives
∥∥∥Ẽ(2) − E(2)

∥∥∥
2δ

≤ 4(34)2
(
214(2δv)r+R3

+

) (32r
R

ΔR + 2ΔE + 213e9Kj εδ|||v|||rR3
+

)

+
∥∥∥R̃(2) − R(2)

∥∥∥
2δ

≤ 233e2Kj (2δv)r2+R2
+ ΔR + 228(2δv)r+R3

+ ΔE + 239e9Kj ε(2δv)2r2+R6
+

Combining the above bounds, we have∥∥∥R̃ − R
∥∥∥

2δ
≤
∥∥∥R̃(1) − R(1)

∥∥∥
2δ

+
∥∥∥R̃(2) − R(2)

∥∥∥
2δ

≤
(

2eδKj

(
R+

R

)2

+ 212e2Kj δ r2+ e
−m c

)
ΔR

≤ 2ΔR∥∥∥Ẽ − E
∥∥∥

2δ
≤
∥∥∥Ẽ(1) − E(1)

∥∥∥
2δ

+
∥∥∥Ẽ(2) − E(2)

∥∥∥
2δ

≤
(

2e2δKj

(
R+

R

)4

+228(2δv)r+R3
+

)
ΔE +233e2Kj (2δv)r2+R2

+ ΔR

+29e10Kj εδ2|||v|||R4
+ e−m c + 239e9Kj ε(2δv)2r2+R6

+

≤ ΔE + 233e2Kj (2δv)r2+R2
+ ΔR + 240e10Kj ε(2δv)2r2+R6

+

by (F.4b), (F.6a), Hypothesis F.7(i) and (F.8c). �

5. The Decimation Step in all of Space

The “decimation step” for all large and small field regions is formulated in
Theorems 3.26 and 3.28. We shall prove them in this section. As in Sect. 4,
write

r = r(δ) R = R(δ) R′ = R′(δ)
r+ = r(2δ) R+ = R(2δ) R′

+ = R′(2δ)

Recall that, by (2.18),

r+
r

=
1

2er

R+

R
=

1
2eR+er

R′
+

R′ =
1

2eR′+er
(5.1)

The hierarchies S1 and S1 of Theorem 3.26 each specify the large and small
field sets for decimation intervals of length at most δ. For a decimation interval
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J of length at most δ contained in [0, 2δ], we set, for X = Λ,Ω, Pα, Pβ , P
′
α,

P ′
β , Q,R

X (J ) =

{
XS1(J ) if J ⊂ [0, δ]
XS2(J − δ) if J ⊂ [δ, 2δ]

Then X (J ) = XS(J ) for all hierarchies S of scale 2δ with (S1,S2) ≺ S and
all J contained in either [0, δ] or [δ, 2δ].

We also set Ω0 = Ω1 ∩ Ω2.

5.1. The New Small Field/Large Field Decomposition of the First Kind

By hypothesis, the integrand of the integral defining I(α∗, β) in Theorem 3.26
contains the product χδ(Ω1;α∗, φ)χδ(Ω2;φ∗, β) of characteristic functions.
These characteristic functions impose small field conditions for the decima-
tion intervals [0, δ] and [δ, 2δ]. For example, the first characteristic function
contains a factor which vanishes unless |α(x)| ≤ R(δ) for each x ∈ Ω1. The
representation for I(α∗, β) in the conclusion of Theorem 3.26 contains the
characteristic function χ2δ(ΩS;α, β) which imposes small field conditions for
the decimation interval [0, 2δ]. For example, it vanishes unless |α(x)| ≤ R(2δ)
for each x ∈ ΩS.

The first step in the proof of Theorem 3.26 builds χ2δ(ΩS;α, β) from the
product χδ(Ω1;α∗, φ)χδ(Ω2;φ∗, β). To illustrate the construction procedure,
we consider the conditions on |α(x)|. We expand the existing conditions on
|α(x)|, for x ∈ Ω0 = Ω1 ∩ Ω2, to

χR(δ) (Ω0, α) =
∏

x∈Ω0

χR(δ) (α(x))

=
∏

x∈Ω0

[
χR(2δ) (α(x)) + χR(2δ),R(δ) (α(x))

]

=
∑

Pα⊂Ω0

χR(2δ)(Ω0\Pα, α) χR(2δ),R(δ)(Pα, α)

where we are using

Notation 5.1. Set, for 0 < r < R, t ∈ C, any set Y and any complex valued
function f on Y

χr(t) =

{
1 if |t| ≤ r

0 otherwise

}
χr,R(t) =

{
1 if r < |t| ≤ R

0 otherwise

}

and

χr(Y, f) =
∏
x∈Y

χr (f(x)) χr,R(Y, f) =
∏
x∈Y

χr,R (f(x))

The characteristic function χR(2δ)(Ω0\Pα, α) successfully imposes the
new small field condition of scale 2δ on |α(x)| at each point of Ω0\Pα. The char-
acteristic function χR(2δ),R(δ)(Pα, α) says that |α(x)| violates the new small
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field condition at each x ∈ Pα. In Lemma A.3, we perform a similar expansion
for the other small field conditions as well. The conclusion of that Lemma is

χδ(Ω1;α, φ) χδ(Ω2;φ, β)

=
∑

A∈Fδ(Ω0)

χ2δ(ΛA;α, β) χr (ΛA, α− φ) χr (ΛA, φ− β)

×χA,δ(Ω1,Ω2; α, φ, β) (5.2)

where Fδ(Ω0) is the set of possible configurations of large field/small field sets
for the decimation interval [0, 2δ] that are compatible with (S1,S2) (see Def-
inition 3.2) and the associated characteristic function χA,δ(Ω1,Ω2; α, φ, β) is
given in Definition A.1. Note, for future reference, that the factor χA,δ(Ω1,Ω2;
α, φ, β) does not depend on the values of the fields α, φ and β at points of Λ.

Recall, from Definition 3.1, the notation

�αl = (ατ (x))τ∈εZ∩(0,δ)
x∈X

�αr = (ατ+δ(x))τ∈εZ∩(0,δ)
x∈X

for a system �α = (ατ (x))τ∈εZ∩(0,2δ)
x∈X

of fields.

As an immediate consequence of (5.2) we have that the I(α∗, β) of The-
orem 3.26 is

I(α∗, β) =
∑

A∈Fδ(Ω0)

Z2|ΛA|
δ

∫ ∏
x∈ΛA

dφ(x)∗ ∧ dφ(x)

2πi
Int(A;α∗,β) e−〈φ∗,φ〉

×χ2δ(ΛA; α, β)χr(ΛA, α − φ)χr(ΛA, φ − β)

×e−QS1 (α∗,φ; 	α∗
l ,	αl)−QS2 (φ∗,β; 	α∗

r ,	αr) eVS1 (ε; α∗,φ; 	α∗
l ,	αl)+VS2 (ε; φ∗,β; 	α∗

r ,	αr)

×eD1(α∗,φ; 	ρ�l )+D2(φ∗,β; 	ρ�r )b1(α
∗, φ ; 
ρ�l )b2(φ

∗, β; 
ρ�r)

where Int(A;α∗,β) is the integral operator

Int(A;α∗,β) [dμ(φ∗, φ; �α, �z∗, �z)]

= Z |Ω1\ΛA|
δ Z |Ω2\ΛA|

δ

∫ ∏
x∈X\ΛA

dφ(x)∗ ∧ dφ(x)
2πi

χR(ε) (φ(x))χA,δ(Ω1,Ω2;α, φ, β)

×I(S1;α∗,φ)[dμ(�αl, �z∗l, �zl)] I(S2;φ∗,β)[dμ(�αr, �z∗r, �zr)]

= Z |Ω1\ΛA|
δ Z |Ω2\ΛA|

δ

∫ ∏
x∈X\ΛA

dφ(x)∗ ∧ dφ(x)
2πi

χA,δ(Ω1,Ω2; α, φ, β)

×I(S1;α∗,φ)[dμ(�αl, �z∗l, �zl)] I(S2;φ∗,β)[dμ(�αr, �z∗r, �zr)]

by Lemma A.4(b) By Lemma 3.10(ii), I(S1;α∗,φ) and I(S2;φ∗,β) are indepen-
dent of φ(x) for all x ∈ ΛA. Inspection of the definition of χA,δ(Ω1,Ω2;α, φ, β)
in Definition A.1 shows that it is also independent of φ(x) for all x ∈ ΛA. By
hypothesis, b1(α∗, φ; �ρl ) and b2(φ∗, β; �ρr) are pure large field and thus inde-
pendent of φ∗(x), φ(x) for all x ∈ ΛA. Therefore we may move the integral∫ ∏

x∈ΛA

dφ(x)∗∧dφ(x)
2πi to the right to give



Vol. 11 (2010) The Temporal Ultraviolet Limit 233

Corollary 5.2.

I(α∗, β) =
∑

A∈Fδ(Ω0)

Int(A;α∗,β) b1(α
∗, φ ; 
ρ�l )b2(φ

∗, β; 
ρ�r) χ2δ(ΛA; α, β)

×Z2|ΛA|
δ

∫ ∏
x∈ΛA

dφ(x)∗ ∧ dφ(x)

2πi
e−〈φ∗,φ〉χr(ΛA, α − φ)χr(ΛA, φ − β)

×e−QS1 (α∗,φ; 	α∗
l ,	αl)−QS2 (φ∗,β; 	α∗

r ,	αr) eVS1 (ε; α∗,φ; 	α∗
l ,	αl)+VS2 (ε; φ∗,β; 	α∗

r ,	αr)

×eD1(α
∗,φ; 	ρ�l )+D2(φ

∗,β; 	ρ�r )

Observe that the integrand above is independent of the variables z∗δ, zδ

and α∗δ, αδ. We will shortly introduce z∗ = z∗δ and z = zδ as the fluctuation
fields associated to φ∗, φ, and α∗δ, αδ as the values of φ∗, φ in the new large
field region of the second kind where no fluctuation fields are introduced.

5.2. Approximate Diagonalization of the Quadratic Form

In this subsection, we fix A ∈ Fδ(Ω0) and study the small field integral, that is
the integral over the variables φ(x), x ∈ ΛA, in the conclusion of Corollary 5.2.
To simplify notation, write Λ = ΛA. So, we study the integral

JA(α∗, β; �ρl, �ρr; Λcφ∗,Λcφ )

=
∫ ∏

x∈Λ

dφ(x)∗ ∧ dφ(x)
2πi

χr(Λ, α− φ)χr(Λ, φ− β)

× e−QS1 (α∗,φ; �α∗l,�αl)−〈φ∗,φ〉−QS2 (φ∗,β; �α∗r,�αr)

× eVS1 (ε; α∗,φ; �α∗l,�αl)+VS2 (ε; φ∗,β; �α∗r,�αr) eD1(α∗,φ; �ρl )+D2(φ
∗,β; �ρr ) (5.3)

To “compute” this integral, we use “stationary phase” in many complex
variables as discussed in Sect. 1. As we saw there, if we treat φ∗ and φ as
independent variables, the critical value of φ∗ for the quadratic part of the
effective action is not the complex conjugate of the critical value of φ. To pro-
duce a mathematically rigorous argument we introduce independent complex
variables φ∗(x), φ(x) in CΛ and write (5.3) as

JA =
∫

D(α∗,β)

∏
x∈Λ

dφ∗(x) ∧ dφ(x)
2πi

e−QS1 (α∗,φ;�α∗l,�αl)−〈φ∗,φ〉−QS2 (φ∗,β;�α∗r,�αr)

×eVS1 (ε;α∗,φ;�α∗l,�αl)+VS2 (ε;φ∗,β;�α∗r,�αr)eD1(α∗,φ;�ρl)+D2(φ∗,β;�ρr) (5.4)

where the domain of integration is D(α∗, β) = Xx∈ΛD(x;α∗, β) with

D(x;α∗, β) =
{

(φ∗(x), φ(x)) ∈ C2

∣∣∣∣ φ∗
∗(x) = φ(x)

|φ∗(x) − α∗(x)| ≤ r, |φ(x) − β(x)| ≤ r
}

(5.5)

A good approximation to the critical point of the bilinear form

QS1(α∗, φ; �α∗l, �αl) + 〈φ∗, φ〉 +QS2(φ∗, β; �α∗r, �αr)



234 T. Balaban et al. Ann. Henri Poincaré

(in the variables φ∗, φ, with α∗, �α∗, �α, β considered as parameters) is14

φcr
∗ = Λjc(δ)α∗ φcr = Λjc(δ)β

where the cut off propagator jc was defined in (1.24). We shall expand around
the approximate critical point. Therefore we make a change of variables from
φ∗(x), φ(x), x ∈ Λ to variables z∗(x), z(x) with x ∈ Λ by

φ∗(x)=z∗(x) + [jc(δ)α∗](x), φ(x) = z(x) + [jc(δ)β](x) when x ∈ Λ

Under this change of variables, we have, on Λ,

φ∗
∗ − φ = z∗

∗ − z + jc(δ) [α∗
∗ − β]

φ∗ − α∗ = z∗ − [1 − jc(δ)]α∗

φ− β = z − [1 − jc(δ)]β

Thus the change of variables transforms the domain D(x;α∗, β) of (5.5) into

D′(x;α∗, β) =
{

(z∗(x), z(x)) ∈ C2
∣∣∣ |z∗(x) − ([1 − jc(δ)]α∗) (x)| ≤ r,

|z(x) − ([1 − jc(δ)]β) (x)| ≤ r,

z(x) − z∗(x)∗ = (jc(δ)[α∗
∗ − β]) (x)

}
(5.6)

Observe that D′(x;α∗, β) depends only on the values of the fields α∗ and β at
points y ∈ X with d(x,y) ≤ c. Also D′(x;α∗, β) depends on h through jc(δ).

For convenience, we rename φ(x) = αδ(x) and φ∗(x) = α∗δ(x) when
x ∈ Λc, and also define z(x) = z∗(x) = 0 for all x ∈ Λc and α∗δ(x) = αδ(x) = 0
for x ∈ Λ.

To this point, we have obtained the following expression for the function
JA of (5.3).

Lemma 5.3. Set D′(α∗, β) = Xx∈ΛD
′(x;α∗, β). Then

JA(α∗, β; �ρl, �ρr, α∗δ, αδ)

=
∫

D′(α∗,β)

∏
x∈Λ

[
dz∗(x) ∧ dz(x)

2πi
e−z∗(x)z(x)

]
efA(α∗,β; �ρ ; z∗,z)

where

fA(α∗, β; �ρ ; z∗, z) = fA(α∗, β; �α∗, �α, �z∗, �z ; z∗, z)
= −〈z∗, Λjc(δ)β〉 − 〈Λjc(δ)α∗, z〉 − 〈αcr

∗δ, α
cr
δ 〉

−QS1(α∗, z + αcr
δ ; �α∗

l , �αl ) −QS2(z∗ + αcr
∗δ, β; �α∗r, �αr )

+VS1(ε;α∗, z+αcr
δ ; �α∗

l , �αl ) + VS2(ε; z∗+αcr
∗δ, β; �α∗r, �αr )

+D1(α∗, z + αcr
δ ; �ρl ) + D2(z∗ + αcr

∗δ, β; �ρr )

and

αcr
∗δ = αcr

∗δ(α∗, α∗δ) = Λjc(δ)α∗ + Λcα∗δ αcr
δ = αcr

δ (αδ, β) = Λjc(δ)β + Λcαδ

14 If one approximated QS1 (α∗, φ; · ) and QS2 (φ∗, β; · ) by their pure small field parts
− 〈α∗, j(δ)φ〉 and − 〈φ∗, j(δ)β〉, respectively (see Lemma 3.7(ii)), the critical point would
be exactly φcrit

∗ = j(δ)α∗, φcrit = j(δ)β as in (1.13). The cutoff jc(δ) was motivated near
(1.24). See also Lemma 3.10(ii), which was used to give Corollary 5.2.



Vol. 11 (2010) The Temporal Ultraviolet Limit 235

By Lemma 3.7(ii),

fA

∣∣
h=0

= −
∑

τ∈εZ∩(0,2δ)

〈Λc
τα∗τ , Λc

τατ 〉

Furthermore, fA +
∑

τ 〈Λc
τα∗τ , Λc

τατ 〉 is history complete.

5.3. Stokes’ Theorem and the Small Field/Large Field Decomposition of the
Second Kind

We apply [5, Lemma A.1] to the integral in Lemma 5.3 with X replaced by
Λ, with ρ(x) = (jc(δ)[α∗

∗ − β])(x), σ∗(x) = ([1 − jc(δ)]α∗)(x), σ(x) = ([1 −
jc(δ)]β)(x) and with r = r. We block the resulting sum over R into

∑
R⊂Λ

=
∑
Ω⊂Λ

∑
R⊂Λ

Ω=Λ\L(c(δ),R)

where L(c(δ), R) is the set of points of X that are within a distance c(δ) of R.
This gives

JA =
∑
Ω⊂Λ

∑
R⊂Λ

Ω=Λ\L(c(δ),R)

∏
x∈R

⎛
⎜⎝

∫

C(x;α∗,β)

dz∗(x) ∧ dz(x)
2πi

e−z∗(x)z(x)

⎞
⎟⎠

×
∏

x∈Λ\R

⎛
⎜⎝

∫

|z(x)|≤r

dz(x)∗ ∧ dz(x)
2πi

e−z(x)∗z(x)

⎞
⎟⎠efA(α∗,β; �ρ ; z∗,z)

∣∣∣z∗(x)=z(x)∗

for x∈Λ\R

(5.7)

with, for each x ∈ Λ, C(x;α∗, β) a two real dimensional surface in

P(x) =
{
(z∗(x), z(x)) ∈ C2

∣∣ |z∗(x)|, |z(x)| < R
}

whose boundary is the union of the circle {(z∗(x), z(x)) ∈ C2| z∗
∗(x) = z(x),

|z(x)|=r} and the curve bounding D′(x;α∗, β).
We now verify the hypotheses of [5, Lemma A.1], for arguments that

appear in the integral operator. For this, we must show that the function
fA(α∗, β; �ρ� ; z∗, z) is analytic in Xx∈Λ P(x), for all allowed (α∗, β; �ρ�), and
that, for each x ∈ Λ, the two boundary curves are contained in P(x).

◦ As ‖Di‖Si
, i = 1, 2 are finite, Xx∈Λ P(x) will be contained in the domain

of analyticity of fA(α∗, β; �ρ ; z∗, z) provided

|z∗(x) + αcr
∗δ(x)| < κ∗S2,0(x) = 2R |z(x) + αcr

δ (x)| < κS1,δ(x) = 2R

for all x ∈ Λ and (z∗(x), z(x)) ∈ P(x). This is the case because

|αcr
∗δ(x)| = |(jc(δ)α∗) (x)|

≤ |||jc(δ)||| sup
y∈X

d(x,y)≤c

|α(y)| ≤ |||jc(δ)|||R+ ≤ eKjδR+ < R
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The second inequality follows from the observation that |α(y)| ≤ R+ for all
y within a distance c of Λ. When y ∈ Λ, this is enforced by the characteris-
tic function χ2δ(ΛA;α, β) in Corollary 5.2. When y is not in Λ, but is within
a distance c of Λ, this is enforced by the factor of χR2δ

(Ω0\(Pα ∪ Λ), α)
in the characteristic function15 χA,δ(Ω1,Ω2; α, αδ, β) appearing in the def-
inition of IntA,ε in Corollary 5.2. (Recall that d(Λ, Pα ∪ Ωc

0) > c(δ) ≥ c.
The third inequality follows from Lemma 3.21(i). The fourth is implied by
Hypothesis F.7(i).

◦ Since r < R, the boundary circle {z∗
∗(x) = z(x), |z(x)| = r} ⊂ P(x).

◦ The boundary of D′(x;α∗, β) is contained in P(x) provided

|([1 − jc(δ)]α∗) (x)| + r , |([1 − jc(δ)]β) (x)| + r < R

If h(x) = 0, this condition reduces to |α(x)| + r < R and |β(x)| + r < R.
Since x ∈ Λ, both follow from R+ + r < R. See (F.3d) in Appendix F. If
h(x) = 1,

|([1−jc(δ)]α∗) (x)| ≤ |||h − jc(δ)||| sup
y∈X

d(x,y)≤c

|α∗(y)| ≤ δKje
KjδR+ < R − r

by Lemma 3.21(ii), (F.3d) and Hypothesis F.7(i).
Under Stokes’ theorem we may choose any surface C(x;α∗, β) that has the
specified boundary and lies in the domain of analyticity of the integrand. We
choose C(x;α∗, β) to depend only on the values of the fields α and β at points
y ∈ X with d(x,y) ≤ c. This is possible because D′(x;α∗, β) has the same
property.

Combining Corollary 5.2, (5.3), and (5.7) gives

I(α∗, β) =
∑

A∈Fδ(Ω0)

Int(A;α∗,β) b1(α∗, αδ, �ρ�l) b2(α∗
δ , β, �ρ�r) χ2δ(ΛA;α, β)

×Z2|ΛA|
δ

∑
Ω⊂ΛA

∑
R⊂ΛA

Ω=ΛA\L(c(δ),R)

∏
x∈R

⎛
⎜⎝

∫

C(x;α∗,β)

dz∗(x)∧dz(x)
2πi

e−z∗(x)z(x)

⎞
⎟⎠

×
∫

dμ(ΛA\R),r (z∗, z) efA(α∗,β; �ρ� ;z∗,z)
∣∣∣z∗(x)=z(x)∗

for x∈ΛA\R

with, for each x ∈ X\ΛA, the integration variable φ(x) of Int(A;α∗,β) renamed
to αδ(x). Renaming the fields z∗(x), z(x) with x ∈ ΛA\Ω to z∗δ(x), zδ(x),

I =
∑

A∈Fδ(Ω0)

∑
Ω⊂ΛA

∑
R⊂ΛA

Ω=ΛA\L(c(δ),R)

Int(Ω,R,A;α∗,β)

×b1(α∗, αδ, �ρ�l)b2(α∗
δ , β, �ρ�r)χ2δ(Ω;α, β)

×Z2|Ω|
δ

∫
dμΩ,r (z∗, z)ef(Ω,R,A)(α

∗,β; �ρ� ;z∗,z)
∣∣∣z∗δ(x)=zδ(x)∗

for x∈ΛA\R

15 The characteristic function χA,δ(Ω1,Ω2; α, αδ , β) is defined in Definition A.1.
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where

Int(Ω,R,A;α∗,β) = Int(A;α∗,β) Z2|ΛA\Ω|
δ χ2δ(ΛA\Ω;α, β)

×
∏
x∈R

⎛
⎜⎜⎝

∫

C(x;α∗,β)

dz∗δ(x) ∧ dzδ(x)

2πi
e−z∗δ(x)zδ(x)

⎞
⎟⎟⎠
∫

dμΛA\(R∪Ω), r (z∗
δ , zδ)

and f(Ω,R,A) is obtained from the function fA of Lemma 5.3 by

f(Ω,R,A)(α∗, β; �ρ ; z∗, z) = fA (α∗, β; �ρ ; (Λ\Ω)z∗δ + Ωz∗, (Λ\Ω)zδ + Ωz)
(5.8)

z∗δ(x), zδ(x) with x ∈ Λ\Ω are also “residual variables” and subsumed in �ρ.
The fields z∗(x), z(x) with x ∈ Ω are the “fluctuation fields” to be integrated
out.

For each Ω, R, A = (Λ, Pα, · · · , Q) in the above sum, we define the hier-
archy S with (S1,S2) < S by setting X ([0, 2δ]) = X for X = Ω, R, Λ, . . .,
Q. Using the recursion relation of Lemma 3.10(i), we have Int(Ω,R,A;α∗,β) =
I(S; α∗,β) . We set fS = f(Ω,R,A). Then

Lemma 5.4.

I(α∗, β) =
∑

hierarchies
S for scale 2δ
(S1,S2)≺S

I(S;α∗,β) b1(α∗, αδ, �ρ�l) b2(α∗
δ , β, �ρ�r)χ2δ(ΩS;α, β)

×Z2|ΩS|
δ

∫
dμΩS,r(z∗, z) efS(α∗,β; �ρ� ;z∗,z)

∣∣∣z∗δ(x)=zδ(x)∗

for x∈ΛS\R

where fS is given by (5.8).

Under the hypotheses of Theorem 3.28, we have the analogous represen-
tation

Ĩ(α∗, β) =
∑

hierarchies
S for scale 2δ
(S1,S2)≺S

I(S;α∗,β) b̃1(α∗, αδ, �ρ�l) b̃2(α∗
δ , β, �ρ�r)χ2δ(ΩS;α, β)

×Z2|ΩS|
δ

∫
dμΩS,r(z∗, z) ef̃S(α∗,β; �ρ� ;z∗,z)

∣∣∣z∗δ(x)=zδ(x)∗

for x∈ΛS\R

(5.9)

In Remark 5.5, below, we give explicit descriptions of fS and f̃S.

5.4. Preparing for the Analysis of the Fluctuation Integral

Fix a hierarchy S of scale 2δ. If J is a decimation interval for S, write Ω(J ) =
ΩS(J ) and Λ(J ) = ΛS(J ). Again, we use the notation Ω = ΩS([0, 2δ]),
Λ = ΛS([0, 2δ]). We will sometimes also shorten Ωz∗ + (Λ\Ω)z∗δ to z∗ + z∗δ

and Ωz + (Λ\Ω)zδ to z + zδ.

Remark 5.5. The function fS(α∗, β; �ρ ; z∗, z) of (5.8) that appears in
Lemma 5.4 is the sum of
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(i) the quadratic part

−〈z∗ + z∗δ, Λjc(δ)β〉 − 〈Λjc(δ)α∗, z + zδ〉 − 〈αcr
∗δ, α

cr
δ 〉

−QS1(α∗, z + zδ + αcr
δ ; �α∗l

, �αl ) −QS2(z∗ + z∗δ + αcr
∗δ, β; �α∗r

, �αr )

which, by the bilinearity of Q and the observation that

Γ∗S2( · ; z∗ + z∗δ + αcr
∗δ, �α∗r) = Γ∗S2( · ; z∗, 0) + Γ∗S2( · ; z∗δ + αcr

∗δ, �α∗r)
ΓS1( · ; �αl, z + zδ + αcr

δ ) = ΓS1( · ; 0, z) + ΓS1( · ; �αl, zδ + αcr
δ )

can be written in the form

−QS(α∗, β; 
α∗, 
α )+δQ(α∗, β; 
ρ )

− [〈z∗, Ωjc(δ)β〉 + QS2(z∗, β; 0, 
αr)] − [〈Ωjc(δ)α∗, z〉 + QS1(α∗, z; 
α∗l , 0)]

where

δQ(α∗, β; 
ρ)

= QS(α∗, β; 
α∗, 
α)−QS1(α∗, zδ + αcr
δ ; 
α∗l , 
αl)−QS2(z∗δ + αcr

∗δ, β; 
α∗r , 
αr)

− 〈αcr
∗δ, α

cr
δ 〉 − 〈z∗δ, (Λ\Ω)jc(δ)β〉 − 〈(Λ\Ω)jc(δ)α∗, zδ〉

= [QS(α∗, β; 
α∗, 
α) − QS1(α∗, αcr
δ ; 
α∗l , 
αl)

− QS2(α
cr
∗δ, β; 
α∗r , 
αr) − 〈αcr

∗δ, α
cr
δ 〉]

− [〈z∗δ, (Λ\Ω)jc(δ)β〉 + QS2(z∗δ, β; 0, 
αr)]

− [〈(Λ\Ω)jc(δ)α∗, zδ〉 + QS1(α∗, zδ; 
α∗l , 0)] (5.10)

(ii) the quartic part VS1(ε;α∗, z + zδ + αcr
δ ; �α∗l

, �αl ) + VS2(ε; z∗ + z∗δ +
αcr

∗δ, β; �α∗r
, �αr ) and

(iii) D1(α∗, z + zδ + αcr
δ ; �ρl ) + D2(z∗ + z∗δ + αcr

∗δ, β; �ρr ) from the non large
field terms.

Remark 5.6.

fS

∣∣
Ω

= 〈α∗, j(2δ)β〉
∣∣
Ω

− 〈[j(δ) − jc(δ)]α∗, [j(δ) − jc(δ)]β〉
∣∣
Ω

+ 〈z∗, [j(δ) − jc(δ)]β〉
∣∣
Ω

+ 〈[j(δ) − jc(δ)]α∗, z〉
∣∣
Ω

−
∑

τ∈εZ∩(0,2δ)

〈Λc
τα∗τ , Λc

τατ 〉

+ [VΩ,δ(ε; α∗, z + jc(δ)β) + VΩ,δ(ε; z∗ + jc(δ)α∗, β)]
∣∣
Ω

+ [D1(α∗, z + jc(δ)β; 0 ) + D2(z∗ + jc(δ)α∗, β; 0 )]
∣∣
Ω

Proof. By its definition in Lemma 5.3

αcr
∗δ

∣∣
Ω

= jc(δ)α∗|Ω + Λcα∗δ αcr
δ

∣∣
Ω

= jc(δ)β|Ω + Λcαδ (5.11)

By Lemma 3.7(ii), the quadratic part of fS

∣∣
Ω

is equal to

−〈z∗, jc(δ)β〉
∣∣
Ω

− 〈jc(δ)α∗, z〉 |Ω − 〈jc(δ)α∗, jc(δ)β〉|Ω − 〈Λcα∗δ, Λcαδ〉

+ 〈α∗, j(δ) (z + jc(δ)β)〉
∣∣
Ω

−
∑

τ∈(0,δ)

〈Λc
τα∗τ , Λc

τατ 〉

+
〈
z∗ + jc(δ)α∗, j(δ)β

)〉 ∣∣
Ω

−
∑

τ∈(δ,2δ)

〈Λc
τα∗τ , Λc

τατ 〉
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= 〈α∗, j(2δ)β〉
∣∣
Ω

− 〈[j(δ) − jc(δ)]α∗, [j(δ) − jc(δ)]β〉
∣∣
Ω

+〈z∗, [j(δ) − jc(δ)]β〉
∣∣
Ω

+〈[j(δ) − jc(δ)]α∗, z〉
∣∣
Ω

−
∑

τ∈(0,2δ)

〈Λc
τα∗τ ,Λc

τατ 〉

By Remark 3.9.i and (5.11), the restriction of the explicit quartic part in
Remark 5.5(ii) is [VΩ,δ(ε; α∗, z+ jc(δ)β)+VΩ,δ(ε; z∗ + jc(δ)α∗, β)]

∣∣
Ω

, and the
restriction of the term in Remark 5.5.iii is obvious. �

This enables us to control the small field part in Lemma 5.4.

Corollary 5.7.∫
dμΩ,r(z∗, z) efS(α∗,β; �ρ ;z∗,z)

∣∣∣
Ω

= e〈α∗, j(2δ)β〉|Ω+VΩ,2δ(ε; α∗,β) eD(α∗,β)
∏

τ∈(0,2δ)

e−〈Λc
τ α∗τ , Λc

τ ατ 〉

where

D = R̄Ω;δ (VΩ,δ(ε; · ); D1( · ; 0) |Ω, D2( · ; 0)|Ω)

Proof. By Remark 5.6 and Definition 3.22,∫
dμΩ,r(z∗, z) efS(α∗,β;�ρ;z∗,z)

∣∣∣
Ω

=e〈α∗,j(2δ)β〉|Ω+VΩ,δ(ε;α∗,j(δ)β)+VΩ,δ(ε;j(δ)α∗,β) eD(α∗,β)
∏

τ∈(0,2δ)

e−〈Λc
τ α∗τ , Λc

τ ατ 〉

Now apply Remark 3.9(ii). �

From the contributions in Remark 5.5, we shall split off the part that
is independent of the fluctuation fields z∗, z. The remaining parts, that truly
contain fluctuation fields, will be integrated out. Proposition 5.14 below gives
the decomposition just mentioned and thus prepares for the fluctuation inte-
gral. Lemmas 5.10 and 5.11 and Propositions 5.12 and 5.13 below are used in
the proof of Proposition 5.14.

To estimate the fluctuation integral we shall apply Theorem 3.14 with
the weight system of the following definition.

Definition 5.8 (Fluctuation integral weight systems). Let wfluct be the weight
system with core Ω that associates
◦ the weight factors (κ∗τ )τ∈[0,2δ) to the fields α∗, �α∗, the weight factors

(κτ )τ∈(0,2δ] to the fields �α, β,
◦ the weight factors λτ to the fields z∗τ and zτ with τ ∈ (0, 2δ), and
◦ to the fluctuation fields z∗, z the weight factor

λ̃(x) =

{
32 r if x ∈ Ω
∞ otherwise

(5.12)

◦ and the constant weight factor 1 to the history field h.
We write ‖f‖fluct instead of ‖f‖wfluct .
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Remark 5.9. wfluct extends the weight system wS of Definition 3.15.i by weight
factors for the fluctuation fields. Thus, for a function h that is independent of
the fluctuation fields, ‖h‖fluct = ‖h‖S. Also, it is an extension of the weight
system wfluct introduced just before Lemma 4.2.

The following Lemma shall be applied with gi = Di or gi = Di − D̃i.

Lemma 5.10. Let g1(α∗, β; �ρl) and g2(α∗, β; �ρr) be history complete analytic
functions. Then ∥∥g1(α∗, zδ + αcr

δ ; �ρl)
∣∣
Ωc

∥∥
S

≤ 28‖g1‖S1∥∥g2(z∗δ + αcr
∗δ, β; �ρr )

∣∣
Ωc

∥∥
S

≤ 28‖g2‖S2

and ∥∥g1(α∗, zδ + αcr
δ ; �ρl) − g1(α∗, zδ + αcr

δ ; �ρl)
∣∣
Ωc

∥∥
S

≤ 28

(
e−mc(δ) ‖g1‖S1 +

∥∥∥g1∣∣Ω1

∥∥∥
S1

)
∥∥∥g2(z∗δ + αcr

∗δ, β; �ρr ) − g2(z∗δ + αcr
∗δ, β; �ρr )

∣∣
Ωc

∥∥∥
S

≤ 28

(
e−mc(δ) ‖g2‖S2 +

∥∥∥g2∣∣Ω2

∥∥∥
S2

)

Also

‖g1(α∗, z + zδ + αcr
δ ; �ρl ) − g1(α∗, zδ + αcr

δ ; �ρl)‖fluct

≤ 28

(
e−mc(δ) ‖g1‖S1 +

∥∥∥g1∣∣Ω1

∥∥∥
S1

)

‖g2(z∗ + z∗δ + αcr
∗δ, β; �ρr ) − g2(z∗δ + αcr

∗δ, β; �ρr )‖fluct

≤ 28

(
e−mc(δ) ‖g2‖S2 +

∥∥∥g2∣∣Ω2

∥∥∥
S2

)

Proof. We estimate the g2-terms. Observe that g2(z∗ + z∗δ + αcr
∗δ, β; �ρr ) is

obtained from g2(α∗, β; �ρr ) by substituting

h [Ωz∗ + (Λ\Ω)z∗δ + Λ jc(δ)α∗ + Λc α∗δ]

for α∗. Introduce the auxiliary weight system w̃aux that has the same weight
factors as wfluct, but core Ω2 instead of Ω = ΩS. We shall apply Proposi-
tion G.1, with ν = 20

19 and Cν = 4ν
(e ln ν)2 < 28, to prove

‖g2(z∗ + z∗δ + αcr
∗ , β; �ρr )‖w̃aux

≤ 28‖g2‖S2 (5.13)

The weight factors for the fields β, �ρr in w̃aux (namely κS,2δ and κ∗S,τ , κS,τ ,
λS,τ with δ < τ < 2δ) are smaller than the weight factors for the correspond-
ing fields in wS2 (namely κS2,δ and κ∗S2,τ , κS2,τ , λS2,τ with 0 < τ < δ).
Consequently, the hypothesis of Proposition G.1 is satisfied if

NdΩ2
(Ω ; κ∗S2,0, λ̃) +NdΩ2

(Λ\Ω ; κ∗S2,0, λS,δ)

+NdΩ2
(Λ jc(δ) ; κ∗S2,0, κ∗S,0) ≤ 19

20
(5.14)
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NdΩ2
(Λc; κ∗S2,0, κ∗S,δ) ≤ 19

20

Since λ̃(x) = 32r for all x ∈ Ω, κ∗S2,0(x) = 2R for all x ∈ ΩS2 , λS,δ =
32r for all x ∈ Λ\Ω, κ∗S,0(x) = 2R+ for all x ∈ Λ and, by Remark 3.17,
κ∗S,δ(x) = 1

2κ∗S2,0(x) for all x ∈ Λc, (3.6) yields

N2m(Ω ; κ∗S2,0, λ̃) ≤ 32r
2R

N2m (Λ\Ω ; κ∗S2,0, λS,δ) ≤ 32r
2R

N2m (Λh; κ∗S2,0, κ∗S,0) ≤ R+

R
N2m(Λc; κ∗S2,0, κ∗S,δ) ≤ 1

2
By Remark G.4(iii), Lemma B.1(i) and Lemma 3.21(ii),

N2m (Λ (jc(δ) − h) ; κ∗S2,0, κ∗S,0) =
R+

R
N2m (Λ (jc(δ) − h) ; κ∗S,0, κ∗S,0)

≤ 2
R+

R
N 7

3m (Λ (jc(δ) − h) ; 1, 1)

≤ 2
R+

R
Kjδ e

Kjδ

Since dΩ2 ≤ 2md, the left hand side of the top inequality in (5.14) is bounded
by

16r
R

+
16r
R

+ N2m (Λh; κ∗S2,0, κ∗S,0) + N2m (Λ (jc(δ) − h) ; κ∗S2,0, κ∗S,0)

≤ 32r
R

+
R+

R
+ 2

R+

R
Kjδ e

Kjδ

≤ 19
20

by (F.3f) and Hypothesis F.7(i), since R+
R = 1

2eR+er ≤ 1
4√2

< 19
20 − 1

16 , by (2.17).
The left hand side of the bottom inequality in (5.14) is bounded by 1

2 <
19
20 .

This proves (5.13).
Since dΩ ≤ dΩ2 , (5.13) gives that∥∥∥g2(z∗δ + αcr

∗δ, β; �ρr )
∣∣∣
Ωc

∥∥∥
S

=
∥∥∥g2(z∗ + z∗δ + αcr

∗δ, β; �ρr )
∣∣∣
Ωc

∥∥∥
fluct

≤ ‖g2(z∗ + z∗δ + αcr
∗δ, β; �ρr )‖w̃aux

≤ 28‖g2‖S2

As

‖g2(z∗ + z∗δ + αcr
∗δ, β; �ρr ) − g2(z∗δ + αcr

∗δ, β; �ρr )‖fluct

+
∥∥∥g2(z∗δ + αcr

∗δ, β; �ρr ) − g2(z∗δ + αcr
∗δ, β; �ρr )

∣∣∣
Ωc

∥∥∥
fluct

=
∥∥∥g2(z + z∗δ + αcr

∗δ, β; �ρr ) − g2(z∗δ + αcr
∗δ, β; �ρr )

∣∣∣
Ωc

∥∥∥
fluct

it now suffices to prove that∥∥∥g2(z∗ + z∗δ + αcr
∗δ, β; �ρr ) − g2(z∗δ + αcr

∗δ, β; �ρr )
∣∣∣
Ωc

∥∥∥
fluct

≤ 28

(
e−mc(δ) ‖g2‖S2 +

∥∥∥g2∣∣Ω2

∥∥∥
S2

)
(5.15)
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Write

g2 = B + S
with B = g2 − g2

∣∣
Ω2

its “S2–boundary part” and S = g2
∣∣
Ω2

“its “S2–small
field part”. Each nonzero monomial in the power series expansion of B con-
tains at least one factor h(x) with x ∈ Ωc

2. Also, each nonzero monomial in
the power series expansion of B(z∗ + z∗δ +αcr

∗δ, β; �ρr )−B(z∗δ +αcr
∗δ, β; �ρr )

∣∣∣
Ωc

contains at least one factor h(y) with y ∈ Ω. Therefore, by (2.15) and (5.13)∥∥∥B(z∗ + z∗δ + αcr
∗δ, β; �ρr ) − B(z∗δ + αcr

∗δ, β; �ρr )
∣∣∣
Ωc

∥∥∥
fluct

≤ e−m d(Ω̄,Ω̄c
2)
∥∥∥B(z∗ + z∗δ + αcr

∗δ, β; �ρr ) − B(z∗δ + αcr
∗δ, β; �ρr )

∣∣∣
Ωc

∥∥∥
w̃aux

≤ e−m d(Ω̄,Ω̄c
2) ‖B(z∗ + z∗δ + αcr

∗δ, β; �ρr )‖w̃aux

≤ e−m d(Ω̄,Ω̄c
2) ‖g2(z∗ + z∗δ + αcr

∗δ, β; �ρr )‖w̃aux

≤ 28e−mc(δ) ‖g2‖S2

Finally ∥∥∥S(z∗ + z∗δ + αcr
∗δ, β; �ρr ) − S(z∗δ + αcr

∗δ, β; �ρr )
∣∣∣
Ωc

∥∥∥
fluct

≤ ‖S(z∗ + z∗δ + αcr
∗δ, β; �ρr )‖waux

≤ 28‖S‖S2

by (5.13), with g2 replaced by S. �

Parts (i) and (ii) of Remark 5.5 (quadratic and quartic terms) implicitly
involve the substitution of the critical fields αcr

δ , α
cr
∗δ (defined in Lemma 5.3)

in the concrete background fields Γ∗S1 ,ΓS1 and Γ∗S2 ,ΓS2 . To control it, set

Γ̃∗(τ ; α∗, �α∗) =

⎧⎪⎨
⎪⎩

Γ∗S1(τ ; α∗, �α∗l) if τ ∈ εZ ∩ (0, δ)
αcr

∗δ if τ = δ

Γ∗S2(τ − δ; αcr
∗δ, �α∗r) if τ ∈ εZ ∩ (δ, 2δ)

(5.16)

Γ̃(τ ; �α, β) =

⎧⎪⎨
⎪⎩

ΓS1(τ ; , �αl, α
cr
δ ) if τ ∈ εZ ∩ (0, δ)

αcr
δ if τ = δ

ΓS2(τ − δ; �αr, β) if τ ∈ εZ ∩ (δ, 2δ)

Observe that (5.16) is very similar to the recursion relation of Proposition 3.6.
Indeed, replacing αcr

∗δ and αcr
δ by

Λj(δ)α∗ + Λcα∗δ = αcr
∗δ + Λ[j(δ) − jc(δ)]α∗

and Λj(δ)β + Λcαδ = αcr
δ + Λ[j(δ) − jc(δ)]β

respectively, in (5.16) gives the recursion relation of Proposition 3.6, except
for the ∂Γ∗τα∗ and ∂Γτβ terms. For convenience, we set

jδ = j(δ) − jc(δ) (5.17)
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Lemma 3.21(iii) gives the estimate |||jδ||| ≤ δKje
Kjδe−mc. This discussion

shows that

Γ∗S(τ ; α∗, �α∗) − Γ̃∗(τ ; α∗, �α∗) = ∂cΓ∗τ α∗

ΓS(τ ; �α, β) − Γ̃(τ ; �α, β) = ∂cΓτ β
(5.18)

where we set

∂cΓ∗τ =

⎧⎪⎨
⎪⎩

0 if τ ∈ [0, δ) or τ = 2δ
Λ jδ if τ = δ

∂Γ∗τ + Γ0
∗τ−δ(S2)Λ jδ if τ ∈ (δ, 2δ)

(5.19)

∂cΓτ =

⎧⎪⎨
⎪⎩
∂Γτ + Γδ

τ (S1)Λ jδ if τ ∈ (0, δ)
Λ jδ if τ = δ

0 if τ ∈ (δ, 2δ] or τ = 0

Under the conventions of parts (iii) and (iv) of Lemma 3.7, we may also write
∂cΓ∗τ = ∂Γ∗τ + Γ0

∗τ−δ(S2)Λ jδ for τ = δ, 2δ and ∂cΓτ = ∂Γτ + Γδ
τ (S1)Λ jδ for

τ = 0, δ. The operators ∂cΓ∗τ , ∂cΓτ are estimated in Lemma E.18.
We use the shorthand notations

γ∗τ =

{
Γ∗S(τ ; α∗, �α∗) if τ ∈ (0, 2δ)
α∗ if τ = 0

}
γτ =

{
ΓS(τ ; �α, β) if τ ∈(0, 2δ)
β if τ = 2δ

}

(5.20)

By the recursion relation Proposition 3.6,

Γ∗S1(τ ; α∗, �α∗) = γ∗τ ΓS2(τ ; �α, β) = γτ+δ for all 0 < τ < δ (5.21)

Bound on the Quadratic Part of the Fluctuation Action
In part (i) of Remark 5.5 we wrote the “quadratic part” as the sum of

−QS, δQ,

−〈z∗, Ωjc(δ)β〉 −QS2(z∗, β; 0, �αr)
= 〈z∗, Ω jδ β〉 − 〈z∗, Ωj(δ)β〉 −QS2(z∗, β; 0, �αr)

and

−〈Ωjc(δ)α∗, z〉 −QS1(α∗, z; �α∗l
, 0)

= 〈Ω jδ α∗, z〉 − 〈Ωj(δ)α∗, z〉 −QS1(α∗, z; �α∗l
, 0)

We bound these quantities in Proposition 5.12, below. By way of preparation
for the bound on δQ, recall from (5.10) that

δQ

= QS(α∗, β; �α∗, �α)−QS1(α∗, α
cr
δ ; �α∗l

, �αl)−QS2(α
cr
∗δ, β; �α∗r

, �αr)−〈αcr
∗δ, α

cr
δ 〉

− [〈z∗δ, (Λ\Ω)j(δ)β〉 +QS2(z∗δ, β; 0, �αr)] + 〈z∗δ, (Λ\Ω)jδ(δ)β〉
− [〈(Λ\Ω)j(δ)α∗, zδ〉 +QS1(α∗, zδ; �α∗l

, 0)] + 〈(Λ\Ω)jδ(δ)α∗, zδ〉 (5.22)

We start by rewriting the first line of the right hand side.
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Lemma 5.11.

QS(α∗, β; �α∗, �α )−QS1(α∗, α
cr
δ ; �α∗l

, �αl )−QS2(α
cr
∗δ, β; �α∗r

, �αr ) − 〈αcr
∗δ, α

cr
δ 〉

×
∑

τ∈(0,2δ]

〈∂jΓ∗τ α∗, γτ 〉 +
∑

τ∈[0,2δ)

〈γ∗τ , ∂jΓτβ〉 − 〈Λjδ α∗, Λjδβ〉

where

∂jΓ∗τ = ∂cΓ∗τ − j(ε)∂cΓ∗τ−ε ∂jΓτ = ∂cΓτ − j(ε) ∂cΓτ+ε

Proof. By parts (iii) and (iv) of Lemma 3.7 and (5.21),

QS(α∗, β; �α∗, �α) −QS1(α∗, α
cr
δ ; �α∗l

, �αl) −QS2(α
cr
∗δ, β; �α∗r

, �αr) − 〈αcr
∗δ, α

cr
δ 〉

= QS1 (α∗,Λj(δ)β + Λcαδ; �α∗l, �αl) −QS1(α∗,Λjc(δ)β + Λcαδ; �α∗l
, �αl)

+QS2 (Λj(δ)α∗ + Λcα∗δ, β; �α∗r, �αr)−QS2(Λjc(δ)α∗ + Λcα∗δ, β; �α∗r
, �αr)

+ 〈Λj(δ)α∗,Λj(δ)β〉 + 〈Λcα∗δ,Λcαδ〉
− 〈Λjc(δ)α∗ + Λcα∗δ,Λjc(δ)β + Λcαδ〉
+

∑
τ∈εZ∩[0,δ)

〈γ∗τ , (∂Γτ − j(ε)∂Γτ+ε)β〉

+
∑

τ∈εZ∩(0,δ]

〈(∂Γ∗δ+τ − j(ε)∂Γ∗δ+τ−ε)α∗, γδ+τ 〉

=
∑

τ∈εZ∩[0,δ)

〈
γ∗τ ,

(
Γδ

τ (S1) − j(ε)Γδ
τ+ε(S1)

)
Λjδβ

〉

+
∑

τ∈εZ∩(0,δ]

〈(
Γ0

∗τ (S2) − j(ε)Γ0
∗τ−ε(S2)

)
Λjδα∗, γδ+τ

〉

+ 〈Λj(δ)α∗,Λj(δ)β〉 − 〈Λjc(δ)α∗,Λjc(δ)β〉
+

∑
τ∈εZ∩[0,δ)

〈γ∗τ , (∂Γτ − j(ε)∂Γτ+ε)β〉

+
∑

τ∈εZ∩(0,δ]

〈(∂Γ∗δ+τ − j(ε)∂Γ∗δ+τ−ε)α∗, γδ+τ 〉

=
∑

τ∈εZ∩[0,δ)

〈γ∗τ , (∂cΓτ − j(ε)∂cΓτ+ε)β〉

+
∑

τ∈εZ∩(δ,2δ]

〈(∂cΓ∗τ − j(ε)∂cΓ∗τ−ε)α∗, γτ 〉

+ 〈Λj(δ)α∗,Λj(δ)β〉 − 〈Λjc(δ)α∗,Λjc(δ)β〉

This is the desired equation, since

∂jΓ∗τ =

{
0 if 0 < τ < δ

Λjδ if τ = δ

}
∂jΓτ =

{
0 if δ < τ < 2δ
Λjδ if τ = δ

}

γδ = Λcαδ + Λj(δ)β γ∗δ = Λcα∗δ + Λj(δ)α∗
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so that

〈∂jΓ∗τα∗, γτ 〉 =

{
0 if 0 < τ < δ

〈Λjδα∗,Λj(δ)β〉 if τ = δ

}

(5.23)

〈γ∗τ , ∂jΓτβ〉 =

{
0 if δ < τ < 2δ
〈Λj(δ)α∗,Λjδβ〉 if τ = δ

}

�

Proposition 5.12. Set KQ = 29e2Kj .

(i)

‖〈z∗, Ωjc(δ)β〉 +QS2(z∗, β; 0, �αr)‖fluct ≤ KQ

[
e−mc(δ) + δ rR+e

−m c
]

‖〈Ωjc(δ)α∗, z〉 +QS1(α∗, z; �α∗l, 0)‖fluct ≤ KQ

[
e−mc(δ) + δ rR+e

−m c
]

(ii)

‖δQ(α∗, β; �ρ )‖S ≤ KQ

[
e− 1

4mc(δ) + δ rR+e
−m c

]

Proof. (i) We prove the second inequality. The proof of the first is analogous.
Observe that, by the definition (3.3),

QS1(α∗, z; �α∗l, 0) = Qε,δ (α∗, z; Γ∗S1( · ;α∗, �α∗l),ΓS1( · ; 0, z))

with the Qε,δ of (2.10). Since z is supported in Ω,

〈jδ α∗, z〉 + [〈Ωjc(δ)α∗, z〉 +Qε,δ (α∗, z; Γ∗S1( · ;α∗, �α∗l),ΓS1( · ; 0, z))]
= 〈Ωj(δ)α∗, z〉 +Qε,δ (α∗, z; Γ∗S1( · ;α∗, �α∗l),ΓS1( · ; 0, z))
=

∑
τ∈[0,δ)

〈
γ∗τ ,

(
Γδ

τ (S1) − j(ε)Γδ
τ+ε(S1)

)
Ωz
〉

evaluated at

γ∗τ

=

{
α∗ if τ = 0
Γ∗S1( τ ;α∗, �α∗l) = Γ0

∗τ (S1)α∗ +
∑

τ ′∈(0,τ ]∩εZ
Γτ ′

∗τ (S1)α∗τ ′ if τ ∈ (0, δ)

and with the conventions that Γδ
0(S1) = j(δ) and Γδ

δ(S1) = h.
To bound this, we first claim that for any two h–operators A and A′

‖〈A′α∗τ ′ , A z〉‖fluct ≤ NdΩ

(
A′ ; em d(x,Ω), κ∗τ ′

)
NdΩ

(
A ; e−m d(x,Ω), λ̃

)

(5.24)

As 〈A′α∗τ ′ , A z〉 is obtained from 〈ϕ,ψ〉 by the substitution ϕ = A′α∗τ ′ ,
ψ = Az, this inequality follows Lemma G.2.a with s = 2, d = dΩ, κ′

1 = κ∗τ ,
κ′

2 = λ̃, κ1(x) = emd(x,Ω) and κ2(x) = e−md(x,Ω).
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Applying the estimates (5.24) and (3.7) we get

‖〈Ωj(δ)α∗, z〉 +Qε,δ (α∗, z; Γ∗S1( · ;α∗, �α∗l),ΓS1( · ; 0, z))‖fluct

≤
∑

τ∈[0,δ)

aτ N2m

((
Γδ

τ (S1) − j(ε)Γδ
τ+ε(S1)

)
Ω ; e−m d(x,Ω), λ̃

)

where

aτ =

{
N2m

(
1 ; em d(x,Ω), κ∗0

)
if τ = 0∑

τ ′∈[0,δ) N2m

(
Γτ ′

∗τ (S1) ; em d(x,Ω), κ∗τ ′
)

if τ ∈ (0, δ)

By Lemma B.1(ii), Lemma E.13 and the observation that e−md(x,Ω) ≤
e− m

2 d(x,Ω) ≤ e− m
2 d(x,ΛS1 ), we have aτ ≤ 16eKj R, for all τ ∈ [0, δ). There-

fore, by Lemma E.15(ii) with λ = λ̃, O = Ω and ΩS replaced by Ω1

‖〈jδα∗, z〉 + [〈Ωjc(δ)α∗, z〉 +Qε,δ (α∗, z; Γ∗S1(·;α∗, �α∗l),ΓS1(·; 0, z))]‖fluct

≤ 16eKj R
∑

τ∈[0,δ)

N2m

((
Γδ

τ (S1) − j(ε)Γδ
τ+ε(S1)

)
Ω ; e−m d(x,Ω), λ̃

)

≤ 211e2Kj rRe−2md(Ω,Ωc
1)

≤ e−mc(δ)

since 8 ≤ 16eKj r ≤ 16eKj R ≤ e
1
4mc(δ), by (F.6b), and d(Ω,Ωc

1) ≥ c(δ).
The function 〈jδ α∗, z〉 is obtained from 〈ϕ, z〉 by the linear substitu-

tion ϕ = Ω jδ α∗. Let ω be the weight system with core Ω that associates the
constant weight factor 1 to the fields ϕ and z. Clearly, ‖ 〈ϕ, z〉 ‖ω = 1 . It
follows from Lemma G.2.a (with s = 2, w̃ = wfluct, w = ω) that

‖ 〈jδ α∗, z〉 ‖fluct = ‖ 〈Λ jδ α∗,Ω z〉 ‖fluct ≤ NdΩ (Λ jδ ; 1, κ∗S,0) NdΩ

(
Ω ; 1, λ̃

)

≤ 4Kje
Kjδ δR+ e

−m c 32r

since, by (3.7), Remark G.4(i), Lemma B.1(i) and Lemma 3.21(iii),

NdΩ (Λ jδ ; 1, κ∗S,0) ≤ N2m (Λ jδ ; 1, κ∗S,0)

≤ 4||| jδ |||R+ ≤ 4Kje
Kjδ δR+ e

−m c

This completes the proof of the second inequality.
As in part (i) one shows that

‖〈z∗δ, (Λ\Ω)jδβ〉‖S ≤ 27Kje
Kj δ rR+ e

−m c

‖〈z∗δ, (Λ\Ω)j(δ)β〉 +QS2(z∗δ, β; 0, �αr)‖S ≤ e−m c(δ) (5.25)

‖〈(Λ\Ω)jδα∗, zδ〉‖S ≤ 27Kje
Kj δ rR+ e

−m c

‖〈(Λ\Ω)j(δ)α∗, zδ〉 +QS1(α∗, zδ; �α∗l
, 0)‖S ≤ e−m c(δ)

This bounds the last four terms of (5.22).
It remains to bound the first four terms of (5.22), which form the left

hand side of Lemma 5.11. By (5.23), the first sum on the right hand side of
Lemma 5.11 is
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∑
τ∈(0,2δ]

〈∂jΓ∗τ α∗, γτ 〉 = 〈j(δ)Λjδ α∗, β〉

+
∑

τ∈(δ,2δ)

〈∂jΓ∗τ α∗, γτ 〉 + 〈∂jΓ∗2δ α∗, γ2δ〉

=
∑

τ∈(δ,2δ)

〈∂jΓ∗τ α∗, γτ 〉

+ 〈(∂jΓ∗2δ + j(δ)Λjδ) α∗, γ2δ〉 (5.26)

As in (5.24) one sees for all h–operators A and B

‖〈Aα∗, B ατ ′〉‖S ≤ NdΩ

(
A ; e− m

2 d(x,Λ), κ∗0

)
NdΩ

(
B ; e

m
2 d(x,Λ), κτ ′

)

Hence, ∥∥∥∥∥∥
∑

τ∈(δ,2δ)

〈∂jΓ∗τ α∗, γτ 〉 + 〈(∂jΓ∗2δ + j(δ)Λjδ) α∗, γ2δ〉

∥∥∥∥∥∥
S

≤
∑

τ∈(δ,2δ)

aτ N2m

(
∂jΓ∗τ ; e− m

2 d(x,Λ), κ∗0

)

+ a2δ N2m

(
∂jΓ∗2δ + j(δ)Λjδ ; e− m

2 d(x,Λ), κ∗0

)

where

aτ =

{
N2m

(
1 ; e

m
2 d(x,Λ), κ2δ

)
if τ = 2δ∑

τ ′∈(0,2δ] N2m

(
Γτ ′

τ ; e
m
2 d(x,Λ), κτ ′

)
if τ ∈ (δ, 2δ)

By Lemma B.1(ii) and Lemma E.13, we have aτ ≤ 16eKj R+ for all τ ∈ (0, 2δ].
Therefore, by (5.26), and Lemma E.20(ii), the first sum on the right hand side
of Lemma 5.11 is bounded by∥∥∥∥∥∥

∑
τ∈(0,2δ]

〈∂jΓ∗τ α∗, γτ 〉

∥∥∥∥∥∥
S

≤ 16eKj R+e
− 1

2mc(δ) ≤ e− 1
4mc(δ)

by (F.6b). The second sum is bounded in the same way. Combining this with
(5.22) and (5.25) gives

‖δQ(α∗, β; �ρ) + 〈Λjδ α∗,Λjδβ〉‖S

≤ 2
{
e− 1

4mc(δ) + e−mc(δ) + 27Kje
Kjδ rR+e

−mc
}

(5.27)

As 〈Λjδα∗,Λjδβ〉 is obtained from 〈ϕ,ψ〉 by the substitution ϕ = Λjδα∗,
ψ = Λjδβ, an application of Lemma G.2(a) with s = 2, d = dΩ, κ′

1 = κ∗0,
κ′

2 = κ2δ, and κ1(x) = κ2(x) = 1 yields

‖〈Λjδα∗,Λjδβ〉‖S ≤ NdΩ (Λjδ ; 1, κ∗0)NdΩ (Λjδ ; 1, κ2δ)

≤ (4R+|||jδ|||)2 ≤ 16K2
j e

2Kj δ2e−2mcR2
+ (5.28)

by (3.7), Remark G.4(i), Lemma B.1(i) and Lemma 3.21(iii).



248 T. Balaban et al. Ann. Henri Poincaré

Combining (5.27) and (5.28), we have

‖δQ(α∗, β; �ρ)‖S ≤ 4 e− 1
4mc(δ) +

{
28Kje

Kj + 16K2
j e

2KjδR+e
−mc

}
δ rR+e

−mc

≤ 4 e− 1
4mc(δ) +

{
28Kje

Kj +
1
40

}
δ rR+e

−mc

by (F.4b) and (F.6a). �

Bound on the Quartic Part of the Fluctuation Action. Finally, we treat the
quartic contribution to fS(α∗, β; �ρ ; z∗, z) identified in Remark 5.5(ii). We
write it as

VS1(ε;α∗, z + zδ + αcr
δ ; �α∗l

, �αl) + VS2(ε; z∗ + z∗δ + αcr
∗δ, β; �α∗r

, �αr)
= VS(ε;α∗, β; �α∗, �α) + δV(ε;α∗, β; �ρ) + Vl(ε;α∗, β; �ρ; z)

+Vr(ε;α∗, β; �ρ; z∗) (5.29)

where

δV = −VS(ε;α∗, β; �α∗, �α ) + VS1(ε;α∗, zδ + αcr
δ ; �α∗l

, �αl )
+VS2(ε; z∗δ + αcr

∗δ, β; �α∗r
, �αr )

Vl = VS1(ε;α∗, z + zδ + αcr
δ ; �α∗l

, �αl ) − VS1(ε;α∗, zδ + αcr
δ ; �α∗l

, �αl )
Vr = VS2(ε; z∗ + z∗δ + αcr

∗δ, β; �α∗r
, �αr ) − VS2(ε; z∗δ + αcr

∗δ, β; �α∗r
, �αr )

Similarly,

VS1

(ε
2
;α∗, z + zδ + αcr

δ ; · · ·
)

+ VS2

(ε
2
; z∗ + z∗δ + αcr

∗δ, β; · · ·
)

= VS

(ε
2

)
+ δ̃V + Ṽl + Ṽr

where

δ̃V = −VS

(ε
2
;α∗, β; �α∗, �α

)
+ VS1

(ε
2
;α∗, zδ + αcr

δ ; �α∗l
, �αl

)

+VS2

(ε
2
; z∗δ + αcr

∗δ, β; �α∗r
, �αr

)

Ṽl = VS1

(ε
2
;α∗, z + zδ + αcr

δ ; �α∗l
, �αl

)
− VS1

(ε
2
;α∗, zδ + αcr

δ ; �α∗l
, �αl

)

Ṽr = VS2

(ε
2
; z∗ + z∗δ + αcr

∗δ, β; �α∗r
, �αr

)
− VS2

(ε
2
; z∗δ + αcr

∗δ, β; �α∗r
, �αr

)

Proposition 5.13. Set KV = 225e6Kj .

(i)

‖Vl ‖fluct , ‖Vr ‖fluct ≤ KV δ|||v||| r R3
+

‖Vl − Ṽl ‖fluct , ‖Vr − Ṽr ‖fluct ≤ KV εδ|||v||| r R3
+

(ii)

‖ δV ‖S ≤ KV δ|||v||| r R3
+

‖ δV − δ̃V ‖S ≤ KV εδ|||v||| rR3
+
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Proof. (i) We treat Vl. By (5.16), (5.18) and (5.20)

Γ∗S1(τ ;α∗, �α∗l) = Γ̃∗(τ ;α∗, �α∗) = Γ∗S(τ ;α∗, �α∗) = γ∗τ

ΓS1(τ ; �αl, z + zδ + αcr
δ ) = Γδ

τ (S1)z + Γδ
τ (S1)zδ + ΓS1 (τ ; �αl, α

cr
δ )

= Γδ
τ (S1)z + Γδ

τ (S1)zδ + Γ̃(τ ; �α, β)

= Γδ
τ (S1)z + Γδ

τ (S1)zδ + ΓS(τ ; �α, β) − ∂cΓτβ

= Γδ
τ (S1)z + Γδ

τ (S1)zδ + γτ − ∂cΓτβ

for all τ ∈ (0, δ). When τ = 0, the right hand side γ∗τ = α∗ and, with the
convention Γδ

δ(S1) = 1, when τ = δ the right hand side Γδ
τ (S1)z+Γδ

τ (S1)zδ +
Γ̃(δ; �α, β) = z + zδ + αcr

δ . Similarly,

Γ∗S2(τ − δ; z∗+z∗δ+αcr
∗δ, �α∗r) = Γ0

∗τ−δ(S2)z∗+Γ0
∗τ−δ(S2)z∗δ+γ∗τ −∂cΓ∗τα∗

ΓS2(τ − δ; �αr, β) = γτ

for all τ ∈ (δ, 2δ). So, by the Definition 3.8.i of VS1 ,

VS1(ε;α∗, z + zδ + αcr
δ ; �α∗l

, �αl )

= −ε
∑

τ∈εZ∩[0,δ)

〈
γ∗τ

(
Γδ

τ+ε(S1)z + gτ+ε

)
, v γ∗τ

(
Γδ

τ+ε(S1)z + gτ+ε

)〉

where
gτ = Γδ

τ (S1)zδ + γτ − ∂cΓτβ

g∗τ = Γ0
∗τ−δ(S2)z∗δ + γ∗τ − ∂cΓ∗τα∗

(5.30)

Consequently,

Vl = −ε
∑

τ∈εZ∩[0,δ)

[〈
γ∗τ

(
Γδ

τ+ε(S1)z + gτ+ε

)
, v γ∗τ

(
Γδ

τ+ε(S1)z + gτ+ε

)〉

− 〈γ∗τ gτ+ε, v γ∗τ gτ+ε〉] (5.31)

To each term, we apply Corollary G.3(ii), r = 4,

h(γ1, . . . , γ4) = 〈γ1γ2, v γ3γ4〉 λ1 = λ2 = λ3 = λ4 = 1

and the s fields α1, . . . , αs being z, zδ, β, α∗, α∗ε, . . . , α∗δ−ε, αε, . . . , α2δ−ε.
Recalling that

γ∗τ = Γ0
∗τ (S)α∗ +

∑
τ ′∈εZ∩(0,δ)

Γτ ′
∗τ (S)α∗τ ′

gτ+ε = Γδ
τ+ε(S1) zδ +

∑
τ ′′∈εZ∩(0,2δ)

Γτ ′′
τ+ε(S)ατ ′′ + Γ2δ

τ+ε(S)β − ∂cΓτ+εβ

we have, as coefficients for the substitution,

Γα∗
1 = Γα∗

3 = Γ0
∗τ (S) = Γ̃α∗

1 = Γ̃α∗
3

Γα∗τ′
1 = Γα∗τ′

3 = Γτ ′
∗τ (S) = Γ̃α∗τ′

1 = Γ̃α∗τ′
3

Γz
2 = Γz

4 = Γδ
τ+ε(S1)Ω Γ̃z

2 = Γ̃z
4 = 0

Γzδ
2 = Γzδ

4 = Γδ
τ+ε(S1) (Λ\Ω) = Γ̃zδ

2 = Γ̃zδ
4

Γβ
2 = Γβ

4 = Γ2δ
τ+ε(S) − ∂cΓτ+ε = Γ̃β

2 = Γ̃β
4

Γατ′′
2 = Γατ′′

4 = Γτ ′′
τ+ε(S) = Γ̃ατ′′

2 = Γ̃ατ′′
4
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with τ ′ ∈ εZ ∩ (0, δ), τ ′′ ∈ εZ ∩ (0, 2δ) and with all other Γj
i ’s and Γ̃j

i ’s being
zero. We apply Corollary G.3(ii) with L = Λ, d replaced by 4md, d′ = dΩ and
δ = m

2 d. The Corollary gives∥∥∥ 〈γ∗τ

(
Γδ

τ+ε(S1)z + gτ+ε

)
, v γ∗τ

(
Γδ

τ+ε(S1)z + gτ+ε

)〉

−〈γ∗τ gτ+ε, v γ∗τ gτ+ε〉
∥∥∥

fluct
≤ 4 |||v|||σδ σ

3

where

σ ≤ max {σ∗τ , στ+ε}
σδ ≤ NdΩ

(
Γδ

τ+ε(S1)Ω ; e− 3
2m d(x,Λ), λ̃

)

with

σ∗τ =
∑

τ ′∈[0,δ)

NdΩ

(
Γτ ′

∗τ (S); e
m
2 d(x,Λ), κ∗τ ′

)

στ = NdΩ

(
Γδ

τ (S1)Ω ; e
m
2 d(x,Λ), λ̃

)
+NdΩ

(
Γδ

τ (S1) (Λ\Ω) ; e
m
2 d(x,Λ), λδ

)

+NdΩ

(
∂cΓτ ; e

m
2 d(x,Λ), κ2δ

)
+
∑

τ ′′∈(0,2δ]

NdΩ

(
Γτ ′′

τ (S); e
m
2 d(x,Λ), κτ ′′

)

Below we prove that

σδ ≤ 32eKj r
σ∗τ ≤ 16eKjτ R+ (5.32)

στ ≤ 32eKj R+

Consequently, the fluctuation norm of each term in (5.31) is bounded by

4 |||v|||
(
32eKj r

) (
32eKj R+

)3 ≤ 222e4Kj |||v||| r R3
+

Summing over τ and multiplying by ε gives the desired bound on Vl.
By (5.31),

Vl − Ṽl = W1 + W2

where

W1 = −ε

2

∑
τ∈εZ∩[0,δ)

[〈
γ∗τ

(
Γδ

τ+ε(S1)z + gτ+ε

)
, v γ∗τ

(
Γδ

τ+ε(S1)z + gτ+ε

)〉

−
〈
γ∗τ

(
Γδ

τ+ ε
2
(S1)z + gτ+ ε

2

)
, v γ∗τ

(
Γδ

τ+ ε
2
(S1)z + gτ+ ε

2

)〉

− 〈γ∗τ gτ+ε, v γ∗τ gτ+ε〉 +
〈
γ∗τ gτ+ ε

2
, v γ∗τ gτ+ ε

2

〉]
and

W2 = −ε

2

∑
τ∈εZ∩[0,δ)

[〈
γ∗τ

(
Γδ

τ+ε(S1)z + gτ+ε

)
, v γ∗τ

(
Γδ

τ+ε(S1)z + gτ+ε

)〉

−
〈
γ∗τ+ ε

2

(
Γδ

τ+ε(S1)z + gτ+ε

)
, v γ∗τ+ ε

2

(
Γδ

τ+ε(S1)z + gτ+ε

)〉
− 〈γ∗τ gτ+ε, v γ∗τ gτ+ε〉 +

〈
γ∗τ+ ε

2
gτ+ε, v γ∗τ+ ε

2
gτ+ε

〉]
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By Lemma E.14, (5.30), (5.19) and Remark E.19,

Γδ
τ+ ε

2
(S1) = j

(ε
2

)
Γδ

τ+ε(S1) gτ+ ε
2

= j
(ε

2

)
gτ+ε γ∗τ+ ε

2
= j

(ε
2

)
γ∗τ

for all τ ∈ εZ ∩ [0, δ). Therefore the τ term of W1 is〈
γ∗τ

(
Γδ

τ+ε(S1)z + gτ+ε

)
, v γ∗τ

(
Γδ

τ+ε(S1)z + gτ+ε

)〉
−
〈
γ∗τ

(
j
(ε

2

)
Γδ

τ+ε(S1)z + j
(ε

2

)
gτ+ε

)
,

v γ∗τ

(
j
(ε

2

)
Γδ

τ+ε(S1)z + j
(ε

2

)
gτ+ε

)〉

−〈γ∗τ gτ+ε, v γ∗τ gτ+ε〉 +
〈
γ∗τ j

(ε
2

)
gτ+ε, v γ∗τ j

(ε
2

)
gτ+ε

〉

We again apply Corollary G.3, this time part (iii), but with the same metrics,
h, Γj

i ’s and Γ̃j
i ’s as before and with, in addition,

A1 = Ã1 = A3 = Ã3 = 1 A2 = A4 = h Ã2 = Ã4 = j
(ε

2

)

The corollary bounds the fluctuation norm of the τ term by 16 |||v|||σδaδ (σa)3

where

a ≤ max
{

|||1|||, |||j
(ε

2

)
|||
}

≤ eKj
ε
2

aδ ≤ |||j
(ε

2

)
− h||| = Kj

ε

2
eKj

ε
2 (5.33)

by Lemma 3.21. By this and (5.32)

16 |||v|||σδaδ (σa)3 ≤ 16 |||v|||
(
32eKj r

) (
Kj

ε

2
eKj

ε
2

) (
32eKj R+ eKj

ε
2
)3

≤ 223e6Kj ε|||v||| r R3
+

Summing over τ and multiplying by ε
2 shows that

‖W1‖fluct ≤ 222e6Kj εδ|||v||| r R3
+

The same bound applies to ‖W2‖fluct. This gives the desired bound on Vl −Ṽl.
Finally, we prove (5.32). By (3.7) and Lemma E.13,∑

τ ′∈[0,2δ)

NdΩ

(
Γτ ′

∗τ (S); e
m
2 d(x,Λ), κ∗τ ′

)
≤ 16eKjτ R+

∑
τ ′∈(0,2δ]

NdΩ

(
Γτ ′

τ (S); e
m
2 d(x,Λ), κτ ′

)
≤ 16eKjτ R+

(5.34)

This gives the second line of (5.32).
If J is the smallest decimation interval that strictly contains [τ, δ] and

has δ as its right endpoint and if τJ denotes the midpoint of J , then

NdΩ

(
Γδ

τ (S1)Ω ; e− 3
2m d(x,Λ), λ̃

)

= NdΩ

(
j(τJ − τ) Λ(J ) j(δ − τJ )Ω ; e− 3

2m d(x,Λ), λ̃
)

≤ 32r |||j(τJ − τ)||| |||j(δ − τJ )|||
≤ 32 eKj r (5.35)
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by (3.7) and Lemma G.5(ii) with d replaced by dΩ, R replaced by 32r and

L1 = X, L2 = Λ(J ), L3 = Ω, O1 = Λ, O2 = X

δ1 =
3
2
md, δ2 = 0, δ = 0, d̃ = 4md, κ = λ̃

(The hypothesis that κ(x) = λ̃(x) ≤ R = 32r for all x ∈ L3 = Ω is fulfilled by
the definition (5.12) of λ̃). This gives the first line of (5.32).
Similarly

NdΩ

(
Γδ

τ (S1) (Λ\Ω) ; e
m
2 d(x,Λ), λδ

)

≤ NdΩ

(
Γδ

τ (S1) (Λ\Ω) ; e− 3
2m d(x,Λ), λδ

)
≤ 32 eKj r (5.36)

By Lemma E.18

NdΩ

(
∂cΓτ ; e

m
2 d(x,Λ), κ2δ

)
≤ NdΩ (∂cΓτ ; e− 3

2m d(x,Λ), κ2δ

)

≤ 4 e2Kj R+

(
δ e−m c + e−mc(δ)

)
(5.37)

Combining these two bounds with (5.34) and (5.35) gives

στ ≤ 32 eKj r + 32 eKj r + 4 e2Kj R+

(
δ e−m c + e−mc(δ)

)
+ 16eKjτ R+

≤ 32eKj R+

This completes the proof of part (i) of the proposition.
(ii) With the notation (5.30) we have

δV = δV1(ε) + δV2(ε)

where

δV1(ε) = ε
∑

τ∈[0,δ)

{〈γ∗τ γτ+ε, v γ∗τ γτ+ε〉 − 〈γ∗τ gτ+ε, v γ∗τ gτ+ε〉}

δV2(ε) = ε
∑

τ∈[δ,2δ)

{〈γ∗τ γτ+ε, v γ∗τ γτ+ε〉 − 〈g∗τ γτ+ε, v g∗τ γτ+ε〉}

We bound δV1. To treat the τ th term, we again apply Corollary G.3.ii with
r = 4,

h(γ1, . . . , γ4) = 〈γ1γ2, v γ3γ4〉 λ1 = λ2 = λ3 = λ4 = 1

This time the s fields α1, . . . , αs are zδ, β, α∗, α∗ε, . . . , α∗δ−ε, αε, . . ., α2δ−ε.
Recalling that

γ∗τ = Γ0
∗τ (S)α∗ +

∑
τ ′∈εZ∩(0,δ)

Γτ ′
∗τ (S)α∗τ ′

γτ+ε =
∑

τ ′∈εZ∩(0,2δ)

Γτ ′
τ+ε(S)ατ ′ + Γ2δ

τ+ε(S)β

gτ+ε = Γδ
τ+ε(S1) zδ +

∑
τ ′∈εZ∩(0,2δ)

Γτ ′
τ+ε(S)ατ ′ + Γ2δ

τ+ε(S)β − ∂cΓτ+εβ
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we have, as coefficients for the substitution,

Γα∗
1 = Γα∗

3 = Γ0
∗τ (S) = Γ̃α∗

1 = Γ̃α∗
3

Γα∗τ′
1 = Γα∗τ′

3 = Γτ ′
∗τ (S) = Γ̃α∗τ′

1 = Γ̃α∗τ′
3

Γzδ
2 = Γzδ

4 = 0 Γ̃zδ
2 = Γ̃zδ

4 = Γδ
τ+ε(S1) (Λ\Ω)

Γβ
2 = Γβ

4 = Γ2δ
τ+ε(S) Γ̃β

2 = Γ̃β
4 = Γ2δ

τ+ε(S) − ∂cΓτ+ε

Γατ′′
2 = Γατ′′

4 = Γτ ′′
τ+ε(S) = Γ̃ατ′′

2 = Γ̃ατ′′
4

(5.38)

with τ ′ ∈ εZ ∩ (0, δ), τ ′′ ∈ εZ ∩ (0, 2δ) and with all other Γj
i ’s and Γ̃j

i ’s being
zero. We apply Corollary G.3(ii) with L = Λ, d replaced by 4md, d′ = dΩ and
δ = m

2 d. The Corollary gives

‖〈 γ∗τγτ+ε, v γ∗τγτ+ε〉 − 〈 γ∗τgτ+ε, v γ∗τgτ+ε〉‖fluct ≤ 4 |||v|||σ′
δ σ

′3

where

σ′ ≤ max
{
σ′

∗τ , σ
′
τ+ε

}
σ′

δ = NdΩ

(
Γδ

τ+ε(S1) (Λ\Ω) ; e− 3
2m d(x,Λ), λδ

)
+NdΩ

(
∂cΓτ ; e− 3

2m d(x,Λ), κ2δ

)

≤ 32eKj r + 4e2Kj R+

(
δe−mc + e−mc(δ)

)
by (5.36) and (5.37)

with

σ′
∗τ =

∑
τ ′∈[0,δ)

NdΩ

(
Γτ ′

∗τ (S); e
m
2 d(x,Λ), κ∗τ ′

)
= σ∗τ ≤ 16eKjτR+

σ′
τ = NdΩ

(
Γδ

τ (S1) (Λ\Ω) ; e
m
2 d(x,Λ), λδ

)
+NdΩ

(
∂cΓτ ; e

m
2 d(x,Λ), κ2δ

)

+
∑

τ ′′∈(0,2δ]

NdΩ

(
Γτ ′

τ (S); e
m
2 d(x,Λ), κτ ′′

)

≤ στ ≤ 32eKj R+

by (5.32), twice. Hence

‖〈 γ∗τγτ+ε, v γ∗τγτ+ε〉 − 〈 γ∗τgτ+ε, v γ∗τgτ+ε〉‖fluct

≤ 4 |||v|||
[
32eKj r + 4e2Kj R+

(
δe−mc + e−mc(δ)

)] [
32eKj R+

]3

≤ 222e4Kj |||v|||
[
r + eKj R+

(
δe−mc + e−mc(δ)

)]
R3

+

≤ 223e4Kj |||v||| rR3
+ (5.39)

by (F.4b), (F.6a) and (F.6b). Summing over τ and multiplying by ε bounds
‖δV1‖fluct by 223e4Kj δ|||v||| rR3

+. The δV2 contribution obeys the same bound.
We now move onto the bound of ‖ δV − δ̃V ‖S. Then

δV − δ̃V = δV1(ε) − δV1

(ε
2

)
+ δV2(ε) − δV2

(ε
2

)

Write

δV1(ε) − δV1

(ε
2

)
= δW1 + δW2
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where

δW1(α∗, β; �α∗, �α)

=
ε

2

∑
τ∈εZ∩[0,δ)

[〈γ∗τγτ+ε, v γ∗τγτ+ε〉

−
〈
γ∗τγτ+ ε

2
, v γ∗τγτ+ ε

2

〉
−〈γ∗τgτ+ε, v γ∗τgτ+ε〉+

〈
γ∗τgτ+ ε

2
, v γ∗τgτ+ ε

2

〉]
δW2(α∗, β; �α∗, �α)

=
ε

2

∑
τ∈εZ∩[0,δ)

[
〈γ∗τγτ+ε, v γ∗τγτ+ε〉 −

〈
γ∗τ+ ε

2
γτ+ε, v γ∗τ+ ε

2
γτ+ε

〉

− 〈g∗τγτ+ε, v g∗τγτ+ε〉 +
〈
g∗τ+ ε

2
γτ+ε, v g∗τ+ ε

2
γτ+ε

〉]
We estimate δW1. The term of δW1 with index τ is[

〈 γ∗τγτ+ε, v γ∗τγτ+ε〉 −
〈
γ∗τ j

(ε
2

)
γτ+ε, v γ∗τ j

(ε
2

)
γτ+ε

〉

− 〈 γ∗τgτ+ε, v γ∗τgτ+ε〉 +
〈
γ∗τ j

(ε
2

)
gτ+ε, v γ∗τ j

(ε
2

)
gτ+ε

〉]

since, by Lemma E.14, (5.30), (5.19) and Remark E.19,

γτ+ ε
2

= j
(ε

2

)
γτ+ε gτ+ ε

2
= j

(ε
2

)
gτ+ε

We again apply Corollary G.3 with the Γj
i ’s and Γ̃j

i ’s of (5.38). This time we
use part (iii) with

A1 = Ã1 = A3 = Ã3 = 1 A2 = A4 = h Ã2 = Ã4 = j
(ε

2

)

as coefficients for the substitution. The Corollary, with L = Λ, d replaced by
4md, d′ = dΩ and δ = m

2 d, gives∥∥∥ 〈 γ∗τγτ+ε, v γ∗τγτ+ε〉 −
〈
γ∗τ j

(ε
2

)
γτ+ε, v γ∗τ j

(ε
2

)
γτ+ε

〉

−〈 γ∗τgτ+ε, v γ∗τgτ+ε〉 +
〈
γ∗τ j

(ε
2

)
gτ+ε, v γ∗τ j

(ε
2

)
gτ+ε

〉∥∥∥
fluct

≤ 16 |||v|||σ′
δaδ (σ′a)3

where, by Lemma 3.21,

a ≤ max
{

|||1|||, |||j
(ε

2

)
|||
}

≤ eKj
ε
2

aδ ≤ |||j
(ε

2

)
− h||| = Kj

ε

2
eKj

ε
2

Thus

‖δW1‖fluct ≤ ε

2
δ

ε
16 |||v|||σ′

δaδ (σ′a)3

≤ εδKje
2Kjε 4 |||v|||σ′

δ σ
′3 ≤ 223e6Kj εδ|||v||| rR3

+

since the right hand side of (5.39) is a bound on 4 |||v|||σ′
δ σ

′3. The bounds on
δW1 and the two corresponding terms of δV2(ε) − δV2

(
ε
2

)
are the same. �
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The Structure of the Fluctuation Integrand

Proposition 5.14. The function fS(α∗, β; �ρ ; z∗, z) of (5.8) that appears in
Lemma 5.4 and the function f̃S of (5.9) can be written in the form

fS(α∗, β; �ρ ; z∗, z) = −QS(α∗, β; �α∗, �α) + VS(ε;α∗, β; �α∗, �α)

+Fl(α∗, β; �ρ ; z) + Fr(α∗, β; �ρ ; z∗) + D(1)(α∗, β; �ρ) + L′
S(α∗, β; �ρ )

and

f̃S = −QS + VS

(ε
2
; · · ·

)
+ F̃l + F̃r + D̃(1) + L̃′

S

respectively, with history complete analytic functions Fl,Fr,D(1),L′
S, F̃l, F̃r,

D̃(1), L̃′
S that have the following properties.

(i) Fl(α∗, β; �ρ ; 0) = Fr(α∗, β; �ρ ; 0) = 0 and

‖Fl‖fluct ≤ KV δv rR3
+ + 28

(
e−mc(δ) ‖D1‖S1

+
∥∥∥D1

∣∣
Ω1

∥∥∥
S1

)

‖Fr‖fluct ≤ KV δv rR3
+ + 28

(
e−mc(δ) ‖D2‖S2

+
∥∥∥D2

∣∣
Ω2

∥∥∥
S2

)

Similarly, F̃l(α∗, β; �ρ ; 0) = F̃r(α∗, β; �ρ ; 0) = 0 and

‖F̃l‖fluct ≤ KV δv rR3
+ + 28

(
e−mc(δ)

∥∥∥D̃1

∥∥∥
S1

+
∥∥∥D̃1

∣∣
Ω1

∥∥∥
S1

)

‖F̃r‖fluct ≤ KV δv rR3
+ + 28

(
e−mc(δ)

∥∥∥D̃2

∥∥∥
S2

+
∥∥∥D̃2

∣∣
Ω2

∥∥∥
S2

)

Furthermore

‖Fl − F̃l‖fluct

≤ KV εδv rR3
+ + 28

(
e−mc(δ)

∥∥∥D1 − D̃1

∥∥∥
S1

+
∥∥∥(D1 − D̃1)

∣∣
Ω1

∥∥∥
S1

)

‖Fr − F̃r‖fluct

≤ KV εδv rR3
+ + 28

(
e−mc(δ)

∥∥∥D2 − D̃2

∥∥∥
S2

+
∥∥∥(D2 − D̃2)

∣∣
Ω2

∥∥∥
S2

)

(ii) D(1)
∣∣∣Ωc = D̃(1)

∣∣∣
Ωc

= 0 and

‖D(1)‖S ≤ KV (2δv) r+R3
+ + 28e−mc(δ)ΣD + 28 Σ(SF )

D

‖D̃(1)‖S ≤ KV (2δv) r+R3
+ + 28e−mc(δ)Σ̃D + 28 Σ̃(SF )

D

where

ΣD = ‖D1‖S1 + ‖D2‖S2 Σ(SF )
D =

∥∥∥D1

∣∣
Ω1

∥∥∥
S1

+
∥∥∥D2

∣∣
Ω2

∥∥∥
S2

Σ̃D = ‖D̃1‖S1 + ‖D̃2‖S2 Σ̃(SF )
D =

∥∥∥D̃1

∣∣
Ω1

∥∥∥
S1

+
∥∥∥D̃2

∣∣
Ω2

∥∥∥
S2

Furthermore

‖D(1) − D̃(1)‖S ≤ KV εδv r R3
+ + 28e−mc(δ)ΔD + 28Δ(SF )

D
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where

ΔD = ‖D1 − D̃1‖S1 + ‖D2 − D̃2‖S2

Δ(SF )
D =

∥∥∥(D1 − D̃1)
∣∣
Ω1

∥∥∥
S1

+
∥∥∥(D2 − D̃2)

∣∣
Ω2

∥∥∥
S2

(iii) L′
S

∣∣
Ωc = L′

S and L̃′
S

∣∣
Ωc = L̃′

S and

‖L′
S‖S ≤ KV (2δv) r+ R3

+ + 28 ΣD

‖L̃′
S‖S ≤ KV (2δv) r+ R3

+ + 28 Σ̃D

and ∥∥∥L′
S − L̃′

S

∥∥∥
S

≤ KV εδv r R3
+ + 28 ΔD

Proof. We set

Fl(α∗, β; �ρ; z) = − [〈Ωjc(δ)α∗, z〉 +QS1(α∗, z; �α∗l
, 0)] + Vl(ε;α∗, β; �ρ; z)

+D1(α∗, z + zδ + αcr
δ ; �ρl ) − D1(α∗, zδ + αcr

δ ; �ρl )
Fr(α∗, β; �ρ; z∗) = − [〈z∗, Ωjc(δ)β〉 +QS2(z∗, β; 0, �αr)] + Vr(ε;α∗, β; �ρ; z∗)

+D2(z∗ + z∗δ + αcr
∗δ, β; �ρr ) − D2(z∗δ + αcr

∗δ, β; �ρr )
D′(α∗, β; �ρ) = δQ(α∗, β; �ρ ) + δV(ε;α∗, β; �ρ )

+D1(α∗, zδ+ αcr
δ ; �α∗l

, �αl ) + D2(z∗δ+ αcr
∗δ, β; �α∗r

, �αr )

and

L′
S = D′∣∣

Ωc , D(1) = D′ − L′
S

The fact that fS = −QS + VS + Fl + Fr + D(1) + L′
S is immediate from

Remark 5.5 and (5.29). Similarly, we set

F̃l(α∗, β; �ρ; z) = − [〈Ωjc(δ)α∗, z〉 +QS1(α∗, z; �α∗l
, 0)] + Vl

(ε
2
;α∗, β; �ρ; z

)

+D̃1(α∗, z + zδ + αcr
δ ; �ρl ) − D̃1(α∗, zδ + αcr

δ ; �ρl )

F̃r(α∗, β; �ρ; z∗) = − [〈z∗, Ωjc(δ)β〉 +QS2(z∗, β; 0, �αr)] + Vr

(ε
2
;α∗, β; �ρ; z∗

)

+D̃2(z∗ + z∗δ + αcr
∗δ, β; �ρr ) − D̃2(z∗δ + αcr

∗δ, β; �ρr )

D̃′(α∗, β; �ρ) = δQ(α∗, β; �ρ ) + δ̃V
(ε

2
;α∗, β; �ρ

)

+D̃1(α∗, zδ+ αcr
δ ; �α∗l

, �αl ) + D̃2(z∗δ+ αcr
∗δ, β; �α∗r

, �αr )

and L̃′
S = D̃′∣∣

Ωc , D̃(1) = D̃′ − L̃′
S.

(i) By Propositions 5.12(i), 5.13(i) and Lemma 5.10, with g1 = D1,

‖Fl‖fluct ≤ KQ

[
e−mc(δ) + δrR+e

−m c
]

+KV δ|||v|||rR3
+

+28

(
e−mc(δ) ‖D1‖S1

+
∥∥∥D1

∣∣
Ω1

∥∥∥
S1

)

≤ KV δrR3
+v + 28

(
e−mc(δ) ‖D1‖S1

+
∥∥∥D1

∣∣
Ω1

∥∥∥
S1

)
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by (F.4b), (F.4c) and the hypothesis that |||v||| ≤ v
2 . Also, by construction,

Fl − F̃l = Vl(ε;α∗, β; �ρ; z) − Vl

(ε
2
;α∗, β; �ρ; z

)

+(D1 − D̃1)(α∗, z + zδ + αcr
δ ; �ρl ) − (D1 − D̃1)(α∗, zδ + αcr

δ ; �ρl )

By Proposition 5.13(i) and Lemma 5.10, with g1 = D1 − D̃1,
∥∥∥Fl − F̃l

∥∥∥
fluct

≤KV εδv rR3
++28

(
e−mc(δ)

∥∥∥D1−D̃1

∥∥∥
S1

+
∥∥∥(D1 − D̃1)

∣∣
Ω1

∥∥∥
S1

)

D(1) and L′
S are constructed so that D(1)

∣∣
Ωc = 0 and L′

S = L′
S

∣∣
Ωc . Also

D(1) = δQ− δQ
∣∣
Ωc + δV − δV

∣∣
Ωc + D1(α∗, zδ + αcr

δ ; ·) − D1(α∗, zδ + αcr
δ ; ·)

∣∣
Ωc

+D2(z∗δ + αcr
∗δ, β; ·) − D2(z∗δ + αcr

∗δ, β; ·)
∣∣
Ωc

Therefore, by Propositions 5.12(ii), 5.13(ii) and Lemma 5.10

‖D(1)‖S ≤ KQ

[
e− 1

4mc(δ) + δrR+e
−m c

]
+KV δ|||v||| r R3

+

+28

(
e−mc(δ) (‖D1‖S1 + ‖D2‖S2) +

(∥∥∥D1

∣∣
Ω1

∥∥∥
S1

+
∥∥∥D2

∣∣
Ω2

∥∥∥
S2

))

≤ KV 2δr+ R3
+ v + 28

(
e−mc(δ)ΣD + Σ(SF )

D

)

by (F.3b), (F.4b),(F.4c). Also

D(1) − D̃(1) =
(
δV − δ̃V

)
−
(
δV − δ̃V

) ∣∣
Ωc

+(D1 − D̃1)(α∗, zδ + αcr
δ ; ·) − (D1 − D̃1)(α∗, zδ + αcr

δ ; ·)
∣∣
Ωc

+(D2 − D̃2)(z∗δ + αcr
∗δ, β; ·) − (D2 − D̃2)(z∗δ + αcr

∗δ, β; ·)
∣∣
Ωc

Therefore, the desired estimate on ‖D(1) − D̃(1)‖S follows from Proposition
5.13.ii and Lemma 5.10.

By Propositions 5.12(ii), 5.13(ii) and Lemma 5.10

‖L′
S‖S =

∥∥D′∣∣
Ωc

∥∥
S

≤ KQ

[
e− 1

4mc(δ) + δrR+e
−mc

]
+KVδ|||v|||rR3

+ + 28‖D1‖S1 + 28‖D2‖S2

≤ KV2δr+R3
+v + 28ΣD

by (F.3b), (F.4b), (F.4c). Furthermore,

D′ − D̃′

= δV − δ̃V + (D1 − D̃1)(α∗, zδ+ αcr
δ ; �α∗l

, �αl )

+(D2 − D̃2)(z∗δ+ αcr
∗δ, β; �α∗r

, �αr )

The desired bound on ‖L′
S − L̃′

S‖S now follows from Proposition 5.13(ii) and
Lemma 5.10. �
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5.5. The Fluctuation Integral: Proofs of Theorems 3.26 and 3.28

Recall from Lemma 5.4 that

I(α∗, β) =
∑

hierarchies
S for scale 2δ
(S1,S2)≺S

I(S;α∗,β) b1(α∗, αδ, �ρ�l) b2(α∗
δ , β, �ρ�r)χ2δ(ΩS;α, β)

×Z2|ΩS|
δ

∫
dμΩS,r(z∗, z) efS(α∗,β; �ρ� ;z∗,z)

∣∣∣z∗δ(x)=zδ(x)∗

for x∈ΛS\R

In this section, we perform the fluctuation integral to give the proofs of The-
orems 3.26 and 3.28.

For each hierarchy S preceded by S1 and S2, by Proposition 5.14 and
Lemma 2.7,

Z2|ΩS|
δ

∫
dμΩS,r(z∗, z) efS(α∗,β; �ρ ;z∗,z)

= e−QS+VS+D(1)+L′
S Z2|ΩS|

δ

∫
dμΩS,r(z∗, z) eFl(α∗,β; �ρ ;z)+Fr(α∗,β; �ρ ;z∗)

= e−QS+VS+D(1)+L′
S Z |ΩS|

2δ

∫
dμΩS,r(z∗, z) eFl(α∗,β; �ρ ;z)+Fr(α∗,β; �ρ ;z∗)∫

dμΩS,r(z∗, z)

By Proposition 5.14.i and the hypotheses of Theorem 3.26,

‖Fl + Fr‖fluct ≤ 2KV δv rR3
+ + 28e−mc(δ) ΣD + 28 Σ(SF )

D

≤ 1
40

(5.40)

by (F.4c) and (F.6a). So we can apply Theorem (3.14) with w = wfluct and
f = Fl + Fr. It gives the existence of a function D(2)(α∗, β; �ρ ) such that∫

dμΩS,r(z∗, z) eFl(α∗,β; �ρ ;z)+Fr(α∗,β; �ρ ;z∗)∫
dμΩS,r(z∗, z)

= eD(2)(α∗,β;�ρ ) (5.41)

since Fl(0, 0; �0 ; z) = Fr(0, 0; �0 ; z∗) = 0. The estimate (3.5) in Theorem 3.14
applies and

‖D(2)‖S = ‖D(2)‖fluct ≤ 1600 (‖Fl + Fr‖fluct)
2

≤ 40
(
2KV δv rR3

+ + 28e−mc(δ) ΣD + 28 Σ(SF )
D

)
(5.42)

by (5.40). As [Fl + Fr]
∣∣∣
Ωc

= 0, also D(2)
∣∣
Ωc = 0. We set

DS = D(1) + D(2)

By Proposition 5.14(ii) and (5.42)

‖DS‖S ≤ 27KV (2δ) r+R3
+ v + 214e−mc(δ)ΣD + 214 Σ(SF )

D

By Corollary 5.7,

DS

∣∣
Ω

= R̄Ω;δ

(
VΩ,δ(ε; · ); D1( · ; 0)

∣∣
Ω
, D2( · ; 0)

∣∣
Ω

)
The desired bound on L′

S was proven in Proposition 5.14. Since KD ≥ 28KV
and KL ≥ 2KV the proof of Theorem 3.26 is now complete.
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We now move on to the proof of Theorem 3.28. The functions D̃(2) and
D̃S are constructed as above and obey the corresponding estimates. By Prop-
osition 5.14(i) and the hypotheses of Theorem 3.28,

‖(Fl + Fr) − (F̃l + F̃r)‖fluct ≤ 2KV εδrv R3
+ + 28e−mc(δ) ΔD + 28 Δ(SF )

D

≤ 1
28

(5.43)

by (F.4c) and (F.6a). We apply [4, Corollary III.6] with f = Fl + Fr and
f ′ = F̃r + F̃r. Since

‖Fl + Fr‖fluct + ‖(Fl + Fr) − (F̃l + F̃r)‖fluct ≤ 1
40

+
1
28

≤ 1
34

it shows that

‖D(2) − D̃(2)‖S ≤ 4(34)
(
2KV εδv rR3

+ + 28e−mc(δ) ΔD + 28 Δ(SF )
D

)

We combine this with the estimate of Proposition 5.14(ii) to give∥∥∥DS − D̃S

∥∥∥
S

≤ [(4)(34)(2) + 1]KV εδv rR3
+ + [(4)(34) + 1]28

(
e−mc(δ) ΔD + Δ(SF )

D

)

≤ 29KV ε(2δv) r+R3
+ + 216e−mc(δ) ΔD + 216 Δ(SF )

D

The desired bound on ‖L′
S − L̃′

S‖S was proven in Proposition 5.14(iii). Since
KD ≥ 210KV and KL ≥ 2KV the proof of Theorem 3.28 is now complete too.

�

6. Large Field Bounds

In this section, we prove the large field bounds stated in Propositions 3.36,
3.37 and 3.38 and Lemma 3.40. Fix a 0 < δ ≤ Θ and an integer m ≥ 0 and set
ε = 2−mδ, as in Theorem 3.35. We shall assume that ε is small enough that
|eεμ − 1| ≤ 1

8 . For notational compactness, we set

Rn = R(2nε) R′
n = R′(2nε) rn = r(2nε) cn = c(2nε)

as well as χn(Ω;α, β) = χ2nε(Ω;α, β) and Fn(Ω0) = F2nε(Ω0).
Fix a hierarchy S for scale δ = 2mε with depth at most m. For a decima-

tion interval J ⊂ [0, δ], write Ω(J ) = ΩS(J ) and Λ(J ) = ΛS(J ). Similarly,
Γ∗S(τ ;α∗, �α∗) = Γ∗(τ ;α∗, �α∗), ΓS(τ ; �α, β) = Γ(τ ; �α, β) and Ω = ΩS([0, δ]),
Λ = ΛS([0, δ]). Recall that, for each decimation interval J = [t−, t+] ⊂ [0, δ],
with midpoint t, J − = [t−, t] and J + = [t, t+]. Also recall, from Nota-
tion 2.5, that Λ0 = Λδ = ∅ and, for each τ ∈ εZ ∩ (0, δ), Λτ = Λ(Jτ ) =
Λ
(
[τ − 2−d(τ)δ, τ + 2−d(τ)δ]

)
, where Jτ is the unique decimation interval cen-

tred on τ and the decimation index d(τ) is the smallest integer k ≥ 0 such
that τ ∈ δ

2k Z.
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We shall consistently use the notation

γ∗τ =

⎧⎪⎨
⎪⎩
α∗ if τ = 0
Γ∗(τ ; α∗, �α∗) if τ ∈ (0, δ)
β∗ if τ = δ

⎫⎪⎬
⎪⎭ γτ =

⎧⎪⎨
⎪⎩
α if τ = 0
Γ(τ ; �α, β) if τ ∈ (0, δ)
β if τ = δ

⎫⎪⎬
⎪⎭
(6.1)

Using this notation

−
[
1
2
‖α‖2 +QS(α∗, β; �α∗, �α) +

1
2
‖β‖2

]

=
∑

τ∈εZ∩[0,δ)

[
−1

2
〈γ∗τ , γτ 〉 + 〈γ∗τ , j(ε)γτ+ε〉 − 1

2
〈γ∗τ+ε, γτ+ε〉

]
(6.2)

and

VS(ε;α∗, β; �α∗, �α) = −ε
∑

τ∈εZ∩[0,δ)

〈γ∗τγτ+ε, v γ∗τγτ+ε〉 (6.3)

Throughout this section, we assume that the field ατ is compatible with S in
the sense of Definition E.1, as is the case in the domain of the integral operator
I(S,ε;α∗,β). In particular,

|ατ (x)| ≤ min{κτ (x), κ∗τ (x)} |α(x)| ≤ κ∗0(x) |β(x)| ≤ κδ(x) (6.4)

for all τ ∈ εZ ∩ (0, δ) and x ∈ X. We also assume that h ≡ 1, as we did in
Sect. 3.7 and, in particular, in Theorem 3.35.

In Propositions 3.36 and 3.37, we introduced restricted large fields regions
P̃α(J ), . . . , Q̃(J ). The reason for introducing these smaller large field sets is
the following. When we are decimating at time t, the centre of J , we need to
extract a small factor for certain points in Λ(J )c that are not in Λ(J −)c ∪
Λ(J +)c. Small factors were already extracted from the latter regions in pre-
vious decimation steps. Each time we extract a small factor associated with a
point x we will distribute it amongst all nearby points y. As a result, when
we are decimating at time t, it is not necessary to extract small factors from
points that are within a distance 2c(|J ±|) of Λ(J −)c∪Λ(J +)c. So, for example,
P̃α(J ) consists of those points of Pα(J ) whose distance from Λ(J −)c∪Λ(J +)c

is greater than 2c(|J ±|).

Remark 6.1. For each decimation interval J = [t−, t+],

P̃α (J ) =
{
x ∈ Ω0(J )

∣∣∣ ∣∣αt−(x)
∣∣ > R(|J |) ,

d(x,Λ(J ))> c( 1
2 |J |)

d(x , Λ(J −)c∪Λ(J +)c)> 2 c( 1
2 |J |)

}

P̃β (J ) =
{
x ∈ Ω0(J )

∣∣∣ ∣∣αt+(x)
∣∣ > R(|J |),

d(b,Λ(J ))>c( 1
2 |J |)

d(b , Λ(J −)c∪Λ(J +)c)> 2 c( 1
2 |J |)

}
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P̃ ′
α (J ) =

{
b ∈ Ω0(J )∗

∣∣∣ ∣∣(∇αt−)(b)
∣∣ > R′(|J |) ,

d(b,Λ(J ))>c( 1
2 |J |)

d(b, Λ(J −)c∪Λ(J +)c) > 2 c( 1
2 |J |)

}

P̃ ′
β (J ) =

{
b ∈ Ω0(J )∗

∣∣∣ ∣∣(∇αt+)(b)
∣∣ > R′(|J |) ,

d(b,Λ(J ))>c( 1
2 |J |)

d(b, Λ(J −)c∪Λ(J +)c) > 2 c( 1
2 |J |)

}

Q̃ (J ) =
{
x ∈ Ω0(J )

∣∣∣ ∣∣αt+(x) − αt−(x)
∣∣ > r(|J |) ,

d(x,Λ(J ))>c( 1
2 |J |)

d(x, Λ(J −)c∪Λ(J +)c) > 2 c( 1
2 |J |)

}

where Ω0(J ) = Ω(J −) ∩ Ω(J +).

6.1. Extracting Small Factors from the Quadratic Form

In this subsection, we prove Proposition 3.36. The main ingredient is

Lemma 6.2. Set j(ε) = e−εμj(ε) = e−εh and cj,ε = ‖1 − j(ε)‖. Assume that
cj,ε ≤ 1

9 . Then

Re
∑

τ∈εZ∩[0,δ)

[
−1

2
〈γ∗τ , γτ 〉 + 〈γ∗τ , j(ε)γτ+ε〉 − 1

2
〈γ∗τ+ε, γτ+ε〉

]

≤ −1
4

⎧⎨
⎩

∑
τ∈[0,δ)

1
2
‖γ∗

∗τ −γτ+ε‖2
Λc

τ ∪Λc
τ+ε

+
∑

τ∈(0,δ]

〈γ∗
τ , [1−j(ε)]γτ 〉

+
∑

τ∈[0,δ)

〈γ∗
∗τ , [1−j(ε)]γ∗τ 〉

⎫⎬
⎭

+
1
2

∑
τ∈(0,δ)

|〈γ∗τ − γ∗
τ ,Λτ (γτ − j(ε)γτ+ε)〉|

+
1
2

∑
τ∈(0,δ)

|〈γτ − γ∗
∗τ ,Λτ (γ∗τ − j(ε)γ∗τ−ε)〉|

+
1
2

∑
τ∈(0,δ)

‖Λc
τ (γ∗

∗τ − γτ )‖2 + |eεμ − 1|
∑

τ∈[0,δ]

[
‖γτ‖2 + ‖γ∗τ‖2

]

where, for each subset S ⊂ X, ‖u‖2
S =

∑
x∈S |u(x)|2 = 〈Su∗, Su〉.

Proof. Recall that ‖α‖∗ = 〈α∗, α〉 and γ∗0 = γ∗
0 , γ∗δ = γ∗

δ so that 〈γ∗0, γ0〉 =
‖γ0‖2 = ‖γ∗

∗0‖2 and 〈γ∗δ, γδ〉 = ‖γδ‖2. The real part of

∑
τ∈[0,δ)

[
−1

2
〈γ∗τ , γτ 〉 + 〈γ∗τ , j(ε)γτ+ε〉 − 1

2
〈γ∗τ+ε, γτ+ε〉

]

= −1
2
‖γ0‖2 −

∑
τ∈(0,δ)

〈γ∗τ , γτ 〉 − 1
2
‖γδ‖2 +

∑
τ∈[0,δ)

〈γ∗τ , j(ε)γτ+ε〉
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= −1
2
‖γ0‖2 −

∑
τ∈(0,δ)

〈γ∗τ , γτ 〉 − 1
2
‖γδ‖2 +

∑
τ∈[0,δ)

〈γ∗τ , γτ+ε〉

−
∑

τ∈[0,δ)

〈γ∗τ , [1 − j(ε)]γτ+ε〉

=
∑

τ∈(0,δ)

[
1
2
‖γ∗

∗τ‖2 − 〈γ∗τ , γτ 〉 +
1
2
‖γτ‖2

]

+
∑

τ∈[0,δ)

[
−1

2
‖γ∗

∗τ‖2 + 〈γ∗τ , γτ+ε〉 − 1
2
‖γτ+ε‖2

]

−
∑

τ∈[0,δ)

〈γ∗τ , [1 − j(ε)]γτ+ε〉

is

Re
∑

τ∈[0,δ)

[
−1

2
〈γ∗τ , γτ 〉 + 〈γ∗τ , j(ε)γτ+ε〉 − 1

2
〈γ∗τ+ε, γτ+ε〉

]

=
1
2

∑
τ∈(0,δ)

‖γ∗
∗τ − γτ‖2 − 1

2

∑
τ∈[0,δ)

‖γ∗
∗τ − γτ+ε‖2

−
∑

τ∈[0,δ)

Re 〈γ∗τ , [1 − j(ε)]γτ+ε〉

=
∑

τ∈[0,δ)

{
1
2
‖γ∗

∗τ − γτ‖2 − 1
2
‖γ∗

∗τ − γτ+ε‖2 − Re 〈γ∗τ , [1 − j(ε)]γτ+ε〉
}

because ‖α− β‖2 = ‖α‖2 + ‖β‖2 − 2Re 〈α∗, β〉. Now

‖γ∗
∗τ − γτ‖2

Λτ
− ‖γ∗

∗τ − γτ+ε‖2
Λτ

= ‖Λτγ
∗
∗τ − Λτ j(ε)γτ+ε − Λτ (γτ − j(ε)γτ+ε)

∥∥2 − ‖γ∗
∗τ − γτ+ε‖2

Λτ

= ‖Λτγ
∗
∗τ − Λτ j(ε)γτ+ε‖2 − ‖γ∗

∗τ − γτ+ε‖2
Λτ

+‖Λτ (γτ − j(ε)γτ+ε)
∥∥2 − 2Re

〈
γ∗τ − j(ε)γ∗

τ+ε,Λτ (γτ − j(ε)γτ+ε)
〉

= ‖Λτ (γ∗
∗τ − γτ+ε) + Λτ [1 − j(ε)]γτ+ε‖2 − ‖γ∗

∗τ − γτ+ε‖2
Λτ

+‖Λτ (γτ − j(ε)γτ+ε)
∥∥2 − 2Re

〈
γ∗τ − j(ε)γ∗

τ+ε,Λτ (γτ − j(ε)γτ+ε)
〉

= 2Re
〈
Λτ

(
γ∗τ − γ∗

τ+ε

)
, [1 − j(ε)]γτ+ε

〉
+ ‖Λτ [1−j(ε)]γτ+ε‖2

+‖Λτ (γτ −j(ε)γτ+ε)
∥∥2

−2Re
〈
γ∗τ −γ∗

τ + γ∗
τ −j(ε)γ∗

τ+ε,Λτ (γτ −j(ε)γτ+ε)
〉

= 2Re
〈
Λτ

(
γ∗τ − γ∗

τ+ε

)
, [1 − j(ε)]γτ+ε

〉
+ ‖Λτ [1 − j(ε)]γτ+ε‖2

−‖Λτ (γτ − j(ε)γτ+ε)
∥∥2 − 2Re 〈γ∗τ − γ∗

τ ,Λτ (γτ − j(ε)γτ+ε)〉

so that
1
2
‖γ∗

∗τ − γτ‖2 − 1
2
‖γ∗

∗τ − γτ+ε‖2 − Re 〈γ∗τ , [1 − j(ε)]γτ+ε〉
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= −1
2
‖γ∗

∗τ − γτ+ε‖2
Λc

τ
− Re

〈
Λτγ

∗
τ+ε + Λc

τγ∗τ , [1 − j(ε)]γτ+ε

〉

+
1
2

‖Λτ [1 − j(ε)]γτ+ε‖2

−1
2
‖Λτ (γτ − j(ε)γτ+ε)

∥∥2 − Re 〈γ∗τ − γ∗
τ ,Λτ (γτ − j(ε)γτ+ε)〉

+
1
2
‖γ∗

∗τ − γτ‖2
Λc

τ

= −1
2
‖γ∗

∗τ − γτ+ε‖2
Λc

τ
−
〈
γ∗

τ+ε, [1 − j(ε)]γτ+ε

〉
− 1

2
‖γτ − j(ε)γτ+ε‖2

Λτ

−Re
〈
Λc

τ

(
γ∗τ − γ∗

τ+ε

)
, [1 − j(ε)]γτ+ε

〉
+

1
2

‖Λτ [1 − j(ε)]γτ+ε‖2

−Re 〈γ∗τ − γ∗
τ ,Λτ (γτ − j(ε)γτ+ε)〉 +

1
2
‖γ∗

∗τ − γτ‖2
Λc

τ

= −1
2
‖γ∗

∗τ − γτ+ε‖2
Λc

τ
− eεμ

〈
γ∗

τ+ε, [1 − j(ε)]γτ+ε

〉

−eεμRe
〈
Λc

τ

(
γ∗τ − γ∗

τ+ε

)
, [1 − j(ε)]γτ+ε

〉
+

1
2

‖Λτ [1 − j(ε)]γτ+ε‖2

+(eεμ − 1)‖γτ+ε‖2 + (eεμ − 1)Re
〈
Λc

τ

(
γ∗τ − γ∗

τ+ε

)
, γτ+ε

〉

−1
2
‖γτ − j(ε)γτ+ε

∥∥2

Λτ
− Re 〈γ∗τ − γ∗

τ ,Λτ (γτ − j(ε)γτ+ε)〉

+
1
2
‖γ∗

∗τ − γτ‖2
Λc

τ

Using Cauchy–Schwarz and |AB| ≤ 1
2 (A2 +B2),

∣∣〈Λc
τ

(
γ∗τ − γ∗

τ+ε

)
, [1 − j(ε)]γτ+ε

〉∣∣
≤ ‖γ∗

∗τ − γτ+ε‖Λc
τ

‖1 − j(ε)‖1/2
∥∥∥[1 − j(ε)]1/2γτ+ε

∥∥∥
≤ √

cj,ε
1
2

(
‖γ∗

∗τ − γτ+ε‖2
Λc

τ
+
〈
γ∗

τ+ε, [1 − j(ε)]γτ+ε

〉)
∣∣(eεμ − 1)Re

〈
Λc

τ

(
γ∗τ −γ∗

τ+ε

)
, γτ+ε

〉∣∣
≤ 1

2
|eεμ − 1|

(
‖γ∗

∗τ − γτ+ε‖2
Λc

τ
+ ‖γτ+ε‖2

)

1
2

‖Λτ [1 − j(ε)]γτ+ε‖2

≤ ‖[1 − j(ε)]γτ+ε‖2 + ‖[j(ε) − j(ε)]γτ+ε‖2

≤ ‖1−j(ε)‖
∥∥∥[1−j(ε)]

1
2 γτ+ε

∥∥∥2

+[eεμ−1]2 ‖j(ε)γτ+ε‖2

≤ cj,ε
〈
γ∗

τ+ε, [1 − j(ε)]γτ+ε

〉
+ [eεμ − 1]2 ‖γτ+ε‖2

Thus we have

Re
∑

τ∈[0,δ)

[
−1

2
〈γ∗τ , γτ 〉 + 〈γ∗τ , j(ε)γτ+ε〉 − 1

2
〈γ∗τ+ε, γτ+ε〉

]
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≤ −
∑

τ∈[0,δ)

1
2
(
1 − eεμ√

cj,ε − |eεμ − 1|
)
‖γ∗

∗τ − γτ+ε‖2
Λc

τ

−
∑

τ∈[0,δ)

(
eεμ − 1

2
eεμ√

cj,ε − cj,ε

)〈
γ∗

τ+ε, [1 − j(ε)]γτ+ε

〉

+
∑

τ∈[0,δ)

(
3
2
|eεμ − 1| + [eεμ − 1]2

)
‖γτ+ε‖2

−
∑

τ∈[0,δ)

1
2
‖γτ − j(ε)γτ+ε

∥∥2

Λτ
−

∑
τ∈[0,δ)

Re 〈γ∗τ − γ∗
τ ,Λτ (γτ − j(ε)γτ+ε)〉

+
1
2

∑
τ∈[0,δ)

‖γ∗
∗τ − γτ‖2

Λc
τ

and hence, since 1 − eεμ√
cj,ε − |eεμ − 1| ≥ 1

2 and eεμ − 1
2e

εμ√
cj,ε − cj,ε ≥ 1

2 ,

Re
∑

τ∈[0,δ)

[
−1

2
〈γ∗τ , γτ 〉 + 〈γ∗τ , j(ε)γτ+ε〉 − 1

2
〈γ∗τ+ε, γτ+ε〉

]

≤ −
∑

τ∈[0,δ)

{
1
4
‖γ∗

∗τ − γτ+ε‖2
Λc

τ
+

1
2
〈
γ∗

τ+ε, [1 − j(ε)]γτ+ε

〉}

−
∑

τ∈(0,δ)

Re 〈γ∗τ − γ∗
τ ,Λτ (γτ − j(ε)γτ+ε)〉 + 2 |eεμ − 1|

∑
τ∈[0,δ]

‖γτ‖2

+
1
2

∑
τ∈(0,δ)

‖γ∗
∗τ − γτ‖2

Λc
τ

The bound

Re
∑

τ∈[0,δ)

[
−1

2
〈γ∗τ , γτ 〉 + 〈γ∗τ , j(ε)γτ+ε〉 − 1

2
〈γ∗τ+ε, γτ+ε〉

]

≤ −
∑

τ∈(0,δ]

{
1
4
‖γ∗

∗τ−ε − γτ‖2
Λc

τ
+

1
2
〈
γ∗

∗τ−ε, [1 − j(ε)]γ∗τ−ε

〉}

−
∑

τ∈(0,δ)

Re 〈Λτ (γ∗τ − j(ε)γ∗τ−ε), γτ − γ∗
∗τ 〉

+ 2 |eεμ − 1|
∑

τ∈[0,δ]

‖γ∗τ‖2

+
1
2

∑
τ∈(0,δ)

‖γ∗
∗τ − γτ‖2

Λc
τ

is proven similarly. Taking the average of these two bounds and using

1
8
‖γ∗

∗τ − γτ+ε‖2
Λc

τ
+

1
8
‖γ∗

∗τ − γτ+ε‖2
Λc

τ+ε
≥ 1

8
‖γ∗

∗τ − γτ+ε‖2
Λc

τ ∪Λc
τ+ε

gives the bound of the Lemma. �
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The first line of the right hand side of the conclusion of Lemma 6.2, con-
sists of terms that are invariably negative. The first can be thought of as a time
derivative term and the other two as space derivative terms. These three terms
are responsible for the contributions r(|J |)2{|Q̃(J )| + |P̃ ′

α(J )| + |P̃ ′
β(J )|} to

Proposition 3.36. See (6.8) a,b,c.
The terms on the other two lines are all positive. The terms on the sec-

ond line will be controlled using the “smallness” of γτ − j(ε)γτ+ε and γ∗τ −
j(ε)γ∗τ−ε. See Lemma E.17. The first term on the third line is controlled in
Proposition E.11(ii), using the smallness of γ∗

∗τ − γτ . The small field part of
the second term in the third line is bounded in the following lemma and gives
the small field regulator Reg(2)

SF (Ω;α, β) in Proposition 3.36. The large field
part is left explicitly in Proposition 3.36. In the proof of Theorem 3.35, it is
canceled by quartic contributions.

Lemma 6.3.

|eεμ − 1|
∑

τ∈[0,δ]

[
‖γτ‖2

Ω + ‖γ∗τ‖2
Ω

]
≤ Kreg δ|μ|

[
‖α‖2

Ω + ‖β‖2
Ω

]
+

1
16

|Ωc|

with the Kreg of Definition 2.17.

Proof. Write, using the notation of Definition E.3,
∑

τ∈(0,δ)

‖γτ‖2
Ω =

∑
τ∈(0,δ)

τ1,τ2∈Tr(τ,δ)

∑
x∈Ω

(Γτ1
τ ατ1) (x) (Γτ2

τ ατ2) (x)

We bound the terms with (τ1, τ2) �= (δ, δ) using
∣∣∣∣

∑
τ∈(0,δ)

τ1,τ2∈Tr(τ,δ)
(τ1,τ2) �=(δ,δ)

∑
x∈Ω

(Γτ1
τ ατ1) (x) (Γτ2

τ ατ2) (x)
∣∣∣∣

≤
∑

τ∈(0,δ)
τ1,τ2∈Tr(τ,δ)
(τ1,τ2) �=(δ,δ)

∑
x∈Ω

y∈Λc
τ1

,z∈Λc
τ2

|Γτ1
τ (x,y)|κτ1(y) |Γτ2

τ (x, z)|κτ2(z)

≤
∑

τ∈(0,δ)
τ1,τ2∈Tr(τ,δ)
(τ1,τ2) �=(δ,δ)

N0

(
Γτ1

τ ; e
m
2 d(x,Λ), κτ1

)
N0

(
Γτ2

τ ; e
m
2 d(x,Λ), κτ2

)

×min
{
|Λc

τ1
|, |Λc

τ2
|
}

≤ |Ωc|
∑

τ∈(0,δ)

⎡
⎣ ∑

τ ′∈(0,δ]

N0

(
Γτ ′

τ ; e
m
2 d(x,Λ), κτ ′

)⎤⎦
2

≤ δ

ε
|Ωc|

(
16eKj R(δ)

)2
by Lemma E.13
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and we bound the term with τ1 = τ2 = δ using∑
τ∈(0,δ)

∑
x∈Ω

(Γδ
ταδ) (x)

(
Γδ

ταδ

)
(x)

=
∑

τ∈(0,δ)

∑
x∈Ω

y,z∈X

Γδ
τ (x,y)β(y) Γδ

τ (x, z)β(z)

≤
∑

τ∈(0,δ)

∑
x,y,z∈Ω

Γδ
τ (x,y)β(y) Γδ

τ (x, z)β(z) + 2|Ωc|

×
∑

τ∈(0,δ)

N0

(
Γδ

τ ; e
m
2 d(x,Λ), κδ

)2

≤
∑

τ∈(0,δ)

N0

(
Γδ

τ ; 1, 1
)2 ‖β‖2

Ω + 2|Ωc|
∑

τ∈(0,δ)

N0

(
Γδ

τ ; e
m
2 d(x,Λ), κδ

)2

≤ δ

ε
e2Kj ‖β‖2

Ω + 2
δ

ε
|Ωc|

(
16eKj R(δ)

)2

We used that the operator on L2(Ω) with kernel Γδ
τ (x,y) has norm at most

N0

(
Γδ

τ ; 1, 1
)
.

We have also used that |eεμ − 1| ≤ 1
8 . Consequently |eεμ −1| ≤ 2ε|μ| and,

all together,

|eεμ − 1|
∑

τ∈[0,δ]

[
‖γτ‖2

Ω + ‖γ∗τ‖2
Ω

]

≤ |eεμ − 1|
{

2‖α‖2
Ω + 2‖β‖2

Ω +
δ

ε
e2Kj ‖α‖2

Ω +
δ

ε
e2Kj ‖β‖2

Ω

+ 6
δ

ε
|Ωc|

(
16eKj R(δ)

)2}

≤ (4 + 2e2Kj )δ|μ|
[
‖α‖2

Ω + ‖β‖2
Ω

]
+ 212e2Kj δ|μ|R(δ)2 |Ωc|

By Hypothesis F.7.i, (2.19) and (2.17),

212e2Kj δ|μ|R(δ)2 = 212e2KjKμ δ
1−2eR−2erveμ−2eR−2er ≤ 1

16
The claim now follows from Remark D.3. �

Proof of Proposition 3.36. Define, for each t ∈ (0, δ) ∩ εZ,

Bt = Λ(Jt)c ∩ Λ
(
J −

t

)
∩ Λ

(
J +

t

)
(6.5)

Observe that, for all t ∈ (0, δ) ∩ εZ,

supp P̃ ′
α (Jt) ⊂ Bt

supp P̃ ′
β (Jt) ⊂ Bt

Q̃ (Jt) ⊂ Bt

Bt ∩Bt′ = ∅ for all t �= t′ ∈ J ◦
t

(6.6)
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where J ◦
t = Jt\{t ± 1

2 |Jt|} is the interior of the interval Jt. To see the last
line, observe that if t′ is strictly between t and t± 1

2 |Jt|, then Λ(J ±
t ) ⊂ Λt′ so

that Bt ⊂ Λ(J ±
t ) cannot intersect Bt′ ⊂ Λc

t′ .
Now fix any 0 ≤ p, p′ < m. Suppose that t, t′ ∈ εZ ∩ (0, δ] have d(t) = p,

d(t′) = p′ and t �= t′ and suppose that Bt ∩Bt′ �= ∅. We claim that{
τ ∈ εZ

∣∣ τ ∈ J −
t , τ �= t

}
∩
{
τ ∈ εZ

∣∣ τ ∈ J −
t′ , τ �= t′

}
= ∅{

τ ∈ εZ
∣∣ τ ∈ J +

t , τ �= t
}

∩
{
τ ∈ εZ

∣∣ τ ∈ J +
t′ , τ �= t′

}
= ∅

(6.7)

To see the upper claim, first consider p = p′, so that |J ±
t | = |J ±

t′ | = 1
2p δ. Then

either t = t′ or (6.7) is satisfied. So, without loss of generality, we may assume
that p < p′ so that |J −

t′ | < |J −
t |. If the upper claim of (6.7) is to be violated,

then it is necessary that t′ be in the interior of J −
t . But then (6.6) provides

the contradiction that Bt ∩Bt′ = ∅.
By Lemma D.4,∑

τ∈(0,δ]

〈γ∗
τ , [1 − j(ε)]γτ 〉

=
∑

τ∈(0,δ]

〈
γ∗

τ , [1 − e−ε∇∗H∇]γτ

〉
≥ cHe

−4DCH
∑

τ∈(0,δ]

ε ‖∇γτ‖2

= cHe
−4DCH

∑
b∈X∗

∑
τ∈(0,δ]

ε |∇γτ (b)|2

Applying (6.7),

∑
τ∈(0,δ]

〈γ∗
τ , [1 − j(ε)]γτ 〉 ≥ cHe

−4DCH
∑

b∈X∗

∑
t∈(0,δ)

supp b⊂Bt

t+|J +
t |∑

τ=t+ε

ε |∇γτ (b)|2

= cHe
−4DCH

∑
t∈(0,δ)

t+|J +
t |∑

τ=t+ε

∑
b∈X∗

supp b⊂Bt

ε |∇γτ (b)|2

≥ cHe
−4DCH

∑
t∈(0,δ)

1
8
|Jt| R′(|Jt|)2

∣∣∣P̃ ′
β(Jt)

∣∣∣
(6.8a)

by Lemma E.12(ii). Similarly∑
τ∈[0,δ)

〈γ∗
∗τ , [1 − j(ε)]γ∗τ 〉

≥ cHe
−4DCH

∑
t∈(0,δ)

t−ε∑
τ=t−|J −

t |

∑
b∈X∗

supp b⊂Bt

ε |∇γ∗τ (b)|2

≥ cHe
−4DCH

∑
t∈(0,δ)

1
8
|Jt| R′(|Jt|)2

∣∣∣P̃ ′
α(Jt)

∣∣∣ (6.8b)
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and ∑
τ∈[0,δ)

2‖γ∗
∗τ −γτ+ε‖2

Λc
τ ∪Λc

τ+ε

≥
∑

τ∈(0,δ)

{
‖γ∗

∗τ − γτ+ε‖2
Λc

τ ∪Λc
τ+ε

+ ‖γ∗
∗τ−ε − γτ‖2

Λc
τ−ε∪Λc

τ

}

=
∑

t∈(0,δ)

{
‖γ∗

∗t − γt+ε‖2
Λc

t∪Λc
t+ε

+ ‖γ∗
∗t−ε − γt‖2

Λc
t−ε∪Λc

t

}

≥
∑

t∈(0,δ)

{
‖γ∗

∗t − γt+ε‖2
Q̃(Jt)

+ ‖γ∗
∗t−ε − γt‖2

Q̃(Jt)

}

≥
∑

t∈(0,δ)

1
32

r(|Jt|)2
∣∣∣Q̃(Jt)

∣∣∣ (6.8c)

Hence, by Lemmas 6.2 and E.17 and Proposition E.11(ii),

Re
∑

τ∈[0,δ)

[
−1

2
〈γ∗τ , γτ 〉 + 〈γ∗τ , j(ε)γτ+ε〉 − 1

2
〈γ∗τ+ε, γτ+ε〉

]

≤ −1

4

⎧⎨
⎩

∑
τ∈[0,δ)

1

2
‖γ∗

∗τ −γτ+ε‖2
Λc

τ ∪Λc
τ+ε

+
∑

τ∈(0,δ]

〈
γ∗

τ , [1−j(ε)]γτ

〉

+
∑

τ∈[0,δ)

〈
γ∗

∗τ , [1−j(ε)]γ∗τ

〉
⎫⎬
⎭

+
∑

τ∈(0,δ)

e−2mc( 1
2 |Jτ |) |Λc

τ | + |eεμ − 1|
∑

τ∈[0,δ]

[
‖γτ‖2 + ‖γ∗τ‖2

]

≤ − 1

16

∑
τ∈[0,δ)

‖γ∗
∗τ − γτ+ε‖2

Λc
τ ∪Λc

τ+ε
− KL2

×
∑

t∈(0,δ)

{
r(|Jt|)2

∣∣∣Q̃(Jt)
∣∣∣+ |Jt| R′(Jt)

2
∣∣∣P̃ ′

α(Jt)
∣∣∣+ |Jt| R′(Jt)

2
∣∣∣P̃ ′

β(Jt)
∣∣∣
}

+
∑

τ∈(0,δ)

e−2mc( 1
2 |Jτ |) |Λc

τ | + |eεμ − 1|
∑

τ∈[0,δ]

[
‖γτ‖2 + ‖γ∗τ‖2

]

where KL2 = 1
32 min{cHe−4DCH , 1

32} with cH and CH being the smallest
and largest eigenvalues of H, respectively. The claim follows from (F.4c),
(F.7a),(F.7b) and Lemma 6.3. �

6.2. Extracting Small Factors from the Quartic Form

In this section, we prove Proposition 3.37. Recall that

VS = −ε
∑

τ∈εZ∩[0,δ)

〈γ∗τγτ+ε, v γ∗τγτ+ε〉
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If we could replace γ∗τ by γ∗
τ and γτ+ε by γτ , we would have

−ε
∑

τ∈εZ∩[0,δ)

〈γ∗
τγτ , v γ

∗
τγτ 〉 ≤ −ε

∑
τ∈εZ∩[0,δ)

v1‖γτ‖2
L4(X)

= −εv1
∑

τ∈εZ∩[0,δ)
x∈X

|γτ (x)|4

which is very negative when some x’s are in large field regions. The following
lemma expresses the error introduced by such a replacement as a sum of two
terms, Ẽ4,S and V̂S. The first, Ẽ4,S is a pure small field contribution, which
will be bounded by the “small field regulator” Reg(4)

SF . See Lemma 6.7. The
second, V̂S, is a large field contribution and is bounded by the two terms in
the third line of the right hand side in Proposition 3.37.

Lemma 6.4.

VS(α∗, β; �α∗, �α) = −1
2

∑
τ∈[0,δ)

ε 〈γ∗
∗τγ∗τ , v γ

∗
∗τγ∗τ 〉 − 1

2

∑
τ∈(0,δ]

ε 〈γ∗
τγτ , v γ

∗
τγτ 〉

+ Ẽ4,S(α, β) + V̂S(α∗, β; �α∗, �α)

where V̂S(α∗, β; �α∗, �α) is defined in (6.14) and bounded in Lemma 6.6 and
Ẽ4,S(α, β) is defined in (6.12) and bounded in Lemma 6.7. The first two terms
on the right hand side are bounded in Lemma 6.5.

Proof. We start with the difference

VS −

⎡
⎣−1

2

∑
τ∈[0,δ)

ε 〈γ∗
∗τγ∗τ , v γ

∗
∗τγ∗τ 〉 − 1

2

∑
τ∈(0,δ]

ε 〈γ∗
τγτ , v γ

∗
τγτ 〉

⎤
⎦

between VS and the expressions which are manifestly large and negative in
the large field region. (See Lemma 6.5). From this, we successively pull off
four controllable pieces, V̂1,S, . . . , V̂4,S, leaving the small field contribution
Ẽ4,S(α, β). The first step is

VS(α∗, β; �α∗, �α) +
1
2

∑
τ∈[0,δ)

ε 〈γ∗
∗τγ∗τ , vγ

∗
∗τγ∗τ 〉 +

1
2

∑
τ∈(0,δ]

ε 〈γ∗
τγτ , vγ

∗
τγτ 〉

= −ε

2

∑
τ∈[0,δ)

{〈γ∗τ (γτ+ε − γ∗
∗τ ), vγ∗τγτ+ε〉 + 〈γ∗τγ

∗
∗τ , vγ∗τ (γτ+ε − γ∗

∗τ )〉}

−ε

2

∑
τ∈[0,δ)

{〈
(γ∗τ − γ∗

τ+ε)γτ+ε, vγ∗τγτ+ε

〉

+
〈
γ∗

τ+εγτ+ε, v(γ∗τ − γ∗
τ+ε)γτ+ε

〉}
= V ′

S(α∗, β; �α∗, �α) + V̂1,S(α∗, β; �α∗, �α)



270 T. Balaban et al. Ann. Henri Poincaré

where

V ′
S(α∗, β; �α∗, �α)

= −ε

2

∑
τ∈[0,δ)

{〈Λγ∗τ (γτ+ε − γ∗
∗τ ), vΛγ∗τγτ+ε〉

+ 〈Λγ∗τγ
∗
∗τ , vΛγ∗τ (γτ+ε − γ∗

∗τ )〉}
−ε

2

∑
τ∈[0,δ)

{〈
Λ(γ∗τ −γ∗

τ+ε)γτ+ε, vΛγ∗τγτ+ε

〉

+
〈
Λγ∗

τ+εγτ+ε, vΛ(γ∗τ −γ∗
τ+ε)γτ+ε

〉}

and

V̂1,S(α∗, β; �α∗, �α)

= −ε

2

∑
τ∈[0,δ)

{〈Λcγ∗τ (γτ+ε − γ∗
∗τ ), v γ∗τγτ+ε〉

+ 〈γ∗τγ
∗
∗τ , vΛcγ∗τ (γτ+ε − γ∗

∗τ )〉}
−ε

2

∑
τ∈[0,δ)

{〈
Λc(γ∗τ − γ∗

τ+ε)γτ+ε, v γ∗τγτ+ε

〉

+
〈
γ∗

τ+εγτ+ε, vΛc(γ∗τ − γ∗
τ+ε)γτ+ε

〉}
−ε

2

∑
τ∈[0,δ)

{〈Λγ∗τ (γτ+ε − γ∗
∗τ ), vΛcγ∗τγτ+ε〉

+ 〈Λcγ∗τγ
∗
∗τ , vΛγ∗τ (γτ+ε − γ∗

∗τ )〉}
−ε

2

∑
τ∈[0,δ)

{〈
Λ(γ∗τ −γ∗

τ+ε)γτ+ε, vΛcγ∗τγτ+ε

〉

+
〈
Λcγ∗

τ+εγτ+ε, vΛ(γ∗τ −γ∗
τ+ε)γτ+ε

〉}
(6.9)

Next write

V ′
S(α∗, β; �α∗, �α) = V ′′

S(α∗, β; �α∗, �α) + V̂2,S(α∗, β; �α∗, �α)

where, in the notation of Definition 2.9 and Lemma E.4(i),

V ′′
S(α∗, β; �α∗, �α) = −ε

2

∑
τ∈[0,δ)

〈
Λ
(
Γ0

∗τα
∗) (γτ+ε − γ∗

∗τ ), vΛ
(
Γ0

∗τα
∗) (Γδ

τ+εβ
)〉

−ε

2

∑
τ∈[0,δ)

〈
Λ
(
Γ0

∗τα
∗) (Γ0

∗τα
)
, vΛ

(
Γ0

∗τα
∗) (γτ+ε − γ∗

∗τ )
〉

−ε

2

∑
τ∈[0,δ)

〈
Λ(γ∗τ − γ∗

τ+ε)
(
Γδ

τ+εβ
)
, vΛ

(
Γ0

∗τα
∗) (Γδ

τ+εβ
)〉

−ε
2

∑
τ∈[0,δ)

〈
Λ
(
Γδ

τ+εβ
∗) (Γδ

τ+εβ
)
, vΛ(γ∗τ −γ∗

τ+ε)
(
Γδ

τ+εβ
)〉
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and, using the notation of Definition E.3,

V̂2,S(α∗, β; �α∗, �α)

= − ε

2

∑
τ∈[0,δ)

∑
τ1,τ2∈Tl(τ,δ)

τ3∈Tr(τ+ε,δ)

(τ1,τ2,τ3) 	=(0,0,δ)

〈
Λ
(
Γτ1∗τα

∗
τ1

)
(γτ+ε − γ∗

∗τ ), vΛ
(
Γτ2∗τα

∗
τ2

) (
Γτ3

τ+εατ3

)〉

− ε

2

∑
τ∈[0,δ)

∑
τ1,τ2,τ3∈Tl(τ,δ)

(τ1,τ2,τ3) 	=(0,0,0)

〈
Λ
(
Γτ1∗τα

∗
τ1

)
(Γτ2∗τατ2 ) , vΛ

(
Γτ3∗τα

∗
τ3

)
(γτ+ε − γ∗

∗τ )
〉

− ε

2

∑
τ∈[0,δ)

∑
τ1,τ2∈Tr(τ+ε,δ)

τ3∈Tl(τ,δ)

(τ1,τ2,τ3) 	=(δ,δ,0)

〈
Λ(γ∗τ − γ∗

τ+ε)
(
Γτ1

τ+εατ1

)
, vΛ

(
Γτ3∗τα

∗
τ3

) (
Γτ2

τ+εατ2

)〉

− ε

2

∑
τ∈[0,δ)

∑
τ1,τ2,τ3∈Tr(τ+ε,δ)

(τ1,τ2,τ3) 	=(δ,δ,δ)

〈
Λ
(
Γτ1

τ+εα
∗
τ1

) (
Γτ2

τ+εατ2

)
, vΛ(γ∗τ − γ∗

τ+ε)
(
Γτ3

τ+εατ3

)〉

(6.10)

Next write

V ′′
S(α∗, β; �α∗, �α) = V ′′′

S (α∗, β; �α∗, �α) + V̂3,S(α∗, β; �α∗, �α)

where

V ′′′
S (α∗, β; �α∗, �α)

= −ε

2

∑
τ∈[0,δ)

〈
Λ
(
Γ0

∗τΩα∗) (γτ+ε − γ∗
∗τ ), vΛ

(
Γ0

∗τΩα∗) (Γδ
τ+εΩβ

)〉

−ε

2

∑
τ∈[0,δ)

〈
Λ
(
Γ0

∗τΩα∗) (Γ0
∗τΩα

)
, vΛ

(
Γ0

∗τΩα∗) (γτ+ε − γ∗
∗τ )
〉

−ε

2

∑
τ∈[0,δ)

〈
Λ(γ∗τ − γ∗

τ+ε)
(
Γδ

τ+εΩβ
)
, vΛ

(
Γ0

∗τΩα∗) (Γδ
τ+εΩβ

)〉

−ε

2

∑
τ∈[0,δ)

〈
Λ
(
Γδ

τ+εΩβ
∗) (Γδ

τ+εΩβ
)
, vΛ(γ∗τ − γ∗

τ+ε)
(
Γδ

τ+εΩβ
)〉

and, using Ω(0) = Ω and Ω(1) = Ωc,

V̂3,S(α∗, β; �α∗, �α)

= −ε

2

∑
τ∈[0,δ)

∑
i,j,k∈{0,1}

(i,j,k) �=(0,0,0)

〈
Λ
(
Γ0

∗τΩ(i)α∗
)

(γτ+ε − γ∗
∗τ ),

× vΛ
(
Γ0

∗τΩ(j)α∗
)(

Γδ
τ+εΩ

(k)β
)〉

−ε

2

∑
τ∈[0,δ)

∑
i,j,k∈{0,1}

(i,j,k) �=(0,0,0)

〈
Λ
(
Γ0

∗τΩ(i)α∗
)(

Γ0
∗τΩ(j)α

)
,
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× vΛ
(
Γ0

∗τΩ(k)α∗
)

(γτ+ε − γ∗
∗τ )
〉

−ε

2

∑
τ∈[0,δ)

∑
i,j,k∈{0,1}

(i,j,k) �=(0,0,0)

〈
Λ(γ∗τ − γ∗

τ+ε)
(
Γδ

τ+εΩ
(i)β

)
,

× vΛ
(
Γ0

∗τΩ(j)α∗
)(

Γδ
τ+εΩ

(k)β
)〉

−ε

2

∑
τ∈[0,δ)

∑
i,j,k∈{0,1}

(i,j,k) �=(0,0,0)

〈
Λ
(
Γδ

τ+εΩ
(i)β∗

)(
Γδ

τ+εΩ
(j)β

)
,

× vΛ(γ∗τ − γ∗
τ+ε)

(
Γδ

τ+εΩ
(k)β

)〉
(6.11)

Finally substitute, in V ′′′
S (α∗, β; �α∗, �α),

γ∗
∗τ − γτ+ε = ˜̃γτ,ε + γ̃(1)

τ,ε + γ̃(2)
τ,ε

where
˜̃γτ,ε =j(τ)Ω̃α−j(δ − τ − ε)Ω̃β γ̃(1)

τ,ε = γ∗
∗τ − γτ+ε − γ̃τ,ε γ̃(2)

τ,ε = γ̃τ,ε − ˜̃γτ,ε

where Ω̃ the set of all point in X that are within a distance c(δ) of Ω and γ̃τ,ε

was defined in Corollary E.9, and write

V ′′′
S (α∗, β; �α∗, �α) = Ẽ4,S(α, β) + V̂4,S(α∗, β; �α∗, �α)

where

Ẽ4,S(α, β) =
ε

2

∑
τ∈[0,δ)

〈
Λ
(
Γ0

∗τΩα∗) ˜̃γτ,ε, vΛ
(
Γ0

∗τΩα∗) (Γδ
τ+εΩβ

)〉

+
ε

2

∑
τ∈[0,δ)

〈
Λ
(
Γ0

∗τΩα∗) (Γ0
∗τΩα

)
, vΛ

(
Γ0

∗τΩα∗) ˜̃γτ,ε

〉

−ε

2

∑
τ∈[0,δ)

〈
Λ˜̃γ∗

τ,ε

(
Γδ

τ+εΩβ
)
, vΛ

(
Γ0

∗τΩα∗) (Γδ
τ+εΩβ

)〉

−ε

2

∑
τ∈[0,δ)

〈
Λ
(
Γδ

τ+εΩβ
∗) (Γδ

τ+εΩβ
)
, vΛ˜̃γ∗

τ,ε

(
Γδ

τ+εΩβ
)〉

(6.12)

and

V̂4,S(α∗, β; �α∗, �α)

=
ε

2

∑
τ∈[0,δ)

〈
Λ
(
Γ0

∗τΩα∗) (γ̃(1)
τ,ε + γ̃(2)

τ,ε), vΛ
(
Γ0

∗τΩα∗) (Γδ
τ+εΩβ

)〉

+
ε

2

∑
τ∈[0,δ)

〈
Λ
(
Γ0

∗τΩα∗) (Γ0
∗τΩα

)
, vΛ

(
Γ0

∗τΩα∗) (γ̃(1)
τ,ε + γ̃(2)

τ,ε)
〉

−ε

2

∑
τ∈[0,δ)

〈
Λ
(
γ̃(1)

τ,ε + γ̃(2)
τ,ε

)∗ (
Γδ

τ+εβ
)
, vΛ

(
Γ0

∗τΩα∗) (Γδ
τ+εΩβ

)〉

−ε

2

∑
τ∈[0,δ)

〈
Λ
(
Γδ

τ+εΩβ
∗) (Γδ

τ+εΩβ
)
, vΛ

(
γ̃(1)

τ,ε + γ̃(2)
τ,ε

)∗(
Γδ

τ+εΩβ
)〉

(6.13)
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Of course

V̂S(α∗, β; �α∗, �α) =
4∑

i=1

V̂i,S(α∗, β; �α∗, �α) (6.14)

�

Lemma 6.5. We have∑
τ∈(0,δ]

ε 〈γ∗
τγτ , v γ

∗
τγτ 〉 ≥ 4CL

∑
decimation
intervals
J ⊂[0,δ]

r (|J |)2 #P̃β(J )

∑
τ∈[0,δ)

ε 〈γ∗
∗τγ∗τ , v γ

∗
∗τγ∗τ 〉 ≥ 4CL

∑
decimation
intervals
J ⊂[0,δ]

r (|J |)2 #P̃α(J )

with the CL of Lemma F.5.

Proof. We again use, for each t ∈ (0, δ) ∩ εZ, the notation

Bt = Λ(Jt)c ∩ Λ
(
J −

t

)
∩ Λ

(
J +

t

)
of (6.5). Since v is repulsive, its smallest eigenvalue v1 > 0, so that

∑
τ∈(0,δ]

ε 〈γ∗
τγτ , v γ

∗
τγτ 〉

≥ εv1
∑

τ∈(0,δ]

∥∥γ∗
τγτ‖2 =

∑
x∈X

∑
τ∈(0,δ]

εv1 |γτ (x)|4

≥
∑
x∈X

∑
t∈(0,δ)
x∈Bt

t+|J +
t |∑

τ=t+ε

εv1 |γτ (x)|4 by (6.7)

=
∑

t∈(0,δ)

t+|J +
t |∑

τ=t+ε

∑
x∈Bt

εv1 |γτ (x)|4

≥ 1
16

∑
t∈(0,δ)

|J +
t | v1R (|Jt|)4 #P̃β(Jt) by Lemma E.12(v)

Similarly
∑

τ∈[0,δ)

ε 〈γ∗
∗τγ∗τ , v γ

∗
∗τγ∗τ 〉 ≥ 1

16

∑
t∈(0,δ)

|J −
t | v1R (|Jt|)4 #P̃α([Jt)

By Hypothesis 2.14, 1
16 |J ±

t |v1 ≥ cv

16 |J ±
t ||||v||| ≥ cv

64 |J ±
t |v, and the claim now

follows from (F.7c). �

Lemma 6.6. Recall that V̂1,S, V̂2,S, V̂3,S and V̂4,S were defined in (6.9), (6.10),
(6.11) and (6.13) respectively.
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∣∣∣V̂1,S(α∗, β; �α∗, �α)
∣∣∣ ≤

∑
τ∈[0,δ)

219e3Kj εvR(ε)3 ‖γ∗
∗τ − γτ+ε‖2

Λc
τ ∪Λc

τ+ε

+
∑

τ∈(0,δ)

(
221e3KjεvR(ε)3

+ 228e4Kj |Jτ | v r (|Jτ |) R (|Jτ |)3
)

|Λc
τ |∣∣∣V̂2,S(α∗, β; �α∗, �α)

∣∣∣ ≤ 217e4Kj δv r(δ)R(δ)3 |Λc|∣∣∣V̂3,S(α∗, β; �α∗, �α)
∣∣∣ ≤ 217e4Kj δv r(δ)R(δ)3 |Ωc|∣∣∣V̂4,S(α∗, β; �α∗, �α)
∣∣∣ ≤ 216e4Kj δv r(δ)R(δ)3 |Ωc|

Proof. We prove that

ε
∑

τ∈[0,δ)

∣∣ 〈Λc(Λc
τ ∪ Λc

τ+ε)(γ∗τ − γ∗
τ+ε)γτ+ε, v γ∗τγτ+ε

〉 ∣∣

≤
∑

τ∈[0,δ)

218e3Kj εvR(ε)3 ‖γ∗
∗τ − γτ+ε‖2

Λc
τ ∪Λc

τ+ε

+
∑

τ∈(0,δ)

220e3Kj εvR(ε)3 |Λc
τ | (6.15)

and

ε
∑

τ∈εZ∩[0,δ)

∣∣〈ΛcΛτΛτ+ε(γ∗τ − γ∗
τ+ε)γτ+ε, v γ∗τγτ+ε

〉∣∣

≤
∑

τ ′∈(0,δ)

226e4Kj |Jτ ′ |v r (|Jτ ′ |) R (|Jτ ′ |)3 |Λc
τ ′ | (6.16)

and

ε
∑

τ∈[0,δ)

∣∣〈Λ(γ∗τ − γ∗
τ+ε)γτ+ε, vΛcγ∗τγτ+ε

〉∣∣ ≤ 214e4Kj δv r(δ)R(δ)3 |Λc
δ
2
|

(6.17)

and

ε
∑

τ∈[0,δ)

∑
τ1,τ2∈Tr(τ+ε,δ)

τ3∈Tl(τ,δ)
(τ1,τ2,τ3) �=(δ,δ,0)

∣∣〈Λ(γ∗τ − γ∗
τ+ε)

(
Γτ1

τ+εατ1

)
, vΛ

(
Γτ3

∗τα
∗
τ3

) (
Γτ2

τ+εατ2

)〉∣∣

≤ 216e4Kj δv r(δ)R(δ)3 |Λc| (6.18)

and

ε
∑

τ∈[0,δ)

∣∣〈Λ|γ∗τ − γ∗
τ+ε|

(
Γδ

τ+εΩ
c|β|

)
, vΛ

(
Γ0

∗τ |α|
) (

Γδ
τ+ε|β|

)〉∣∣

≤ 214e4Kj δv r(δ)R(δ)3 |Ωc| (6.19)
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and

ε
∑

τ∈[0,δ)

∣∣∣
〈
Λ
(
Γ0

∗τΩα∗) γ̃(1)
τ,ε , vΛ

(
Γ0

∗τΩα∗) (Γδ
τ+εΩβ

)〉∣∣∣
≤ 214e4Kj δvr(δ)R(δ)3 |Λc| (6.20)

and

ε
∑

τ∈[0,δ)

∣∣∣
〈
Λ
(
Γ0

∗τΩα∗) γ̃(2)
τ,ε , vΛ

(
Γ0

∗τΩα∗) (Γδ
τ+εΩβ

)〉∣∣∣ ≤ 1
8
e−2mc(δ)δv|Ω̃c|

(6.21)

Four copies of (minor variants of) 1
2 [(6.15)+(6.16)] bounds the first two lines of

the definition of V̂1,S(α∗, β; �α∗, �α) in (6.9). Four copies of (minor variants of)
1
2 (6.17) bounds the last two lines of the definition of V̂1,S(α∗, β; �α∗, �α) in (6.9).
Four copies of (minor variants of) 1

2 (6.18) bounds V̂2,S(α∗, β; �α∗, �α), which
was defined in (6.10). Twelve copies of (minor variants of) 1

2 (6.19) bounds
V̂3,S(α∗, β; �α∗, �α), which was defined in (6.11). Four copies of (minor variants
of) 1

2 [(6.20) + (6.21)] bounds V̂4,S(α∗, β; �α∗, �α), which was defined in (6.13).

Proof of (6.15). By Proposition E.11(i,ii) with J = Jτ , and (6.4),

|γτ (y)| , |γ∗τ (y)| ≤ 26eKj R(ε) for all y ∈ X

for all τ ∈ εZ ∩ [0, δ]. Hence, since
∑

y∈X |v(x,y)| ≤ v,

ε
∑

τ∈[0,δ)

∣∣〈Λc(Λc
τ ∪ Λc

τ+ε)(γ∗τ − γ∗
τ+ε)γτ+ε, v γ∗τγτ+ε

〉∣∣

≤
∑

τ∈[0,δ)
x∈(Λc

τ ∪Λc
τ+ε)∩Λc

εv 218e3Kj R(ε)3 |γ∗
∗τ (x) − γτ+ε(x)|

≤
∑

τ∈[0,δ)
x∈(Λc

τ ∪Λc
τ+ε)∩Λc

218e3Kj εvR(ε)3
{

|γ∗
∗τ (x) − γτ+ε(x)|2 + 1

}

≤
∑

τ∈[0,δ)

218e3Kj εvR(ε)3
{

‖γ∗
∗τ − γτ+ε‖2

Λc
τ ∪Λc

τ+ε
+ |Λc

τ ∩ Λc
δ
2
|+|Λc

τ+ε ∩ Λc
δ
2
|
}

≤
∑

τ∈[0,δ)

218e3Kj εvR(ε)3 ‖γ∗
∗τ − γτ+ε‖2

Λc
τ ∪Λc

τ+ε
+

∑
τ∈(0,δ)

220e3KjεvR(ε)3 |Λc
τ |

�

Proof of (6.16). We actually prove that

ε
∑

τ∈[0,δ)
τ∈2εZ

∣∣〈ΛcΛτΛτ+ε(γ∗τ − γ∗
τ+ε)γτ+ε, v γ∗τγτ+ε

〉∣∣

≤
∑

τ ′∈(0,δ)

225e4Kj |Jτ ′ |v r (|Jτ ′ |) R (|Jτ ′ |)3 |Λc
τ ′ | (6.22a)



276 T. Balaban et al. Ann. Henri Poincaré

The proof that

ε
∑

τ∈[0,δ)
τ∈εZ\2εZ

∣∣〈ΛcΛτΛτ+ε(γ∗τ − γ∗
τ+ε)γτ+ε, v γ∗τγτ+ε

〉∣∣

= ε
∑

τ∈(0,δ]
τ∈2εZ

|〈ΛcΛτΛτ−ε(γ∗τ−ε − γ∗
τ )γτ , v γ∗τ−εγτ 〉|

≤
∑

τ ′∈(0,δ)

225e4Kj |Jτ ′ |v r (|Jτ ′ |) R (|Jτ ′ |)3 |Λc
τ ′ | (6.22b)

is similar.
Now for (6.22a). For any τ ∈ 2εZ ∩ (0, δ), we necessarily have Jτ+ε =

[τ, τ + 2ε] ⊂ Jτ , so that Λτ+ε ⊃ Λτ . Hence, by Lemma E.4(ii), and recalling
that Λ0 = ∅,

ε
∑

τ∈2εZ∩[0,δ)

∣∣〈ΛcΛτΛτ+ε(γ∗τ − γ∗
τ+ε)γτ+ε, v γ∗τγτ+ε

〉∣∣

= ε
∑

τ∈2εZ∩[0,δ)

∣∣〈ΛcΛτ (γ∗τ − γ∗
τ+ε)γτ+ε, v γ∗τγτ+ε

〉∣∣

≤ ε
∑

τ∈2εZ∩(0,δ)

∑
τr∈Tr(τ,δ)
τl∈Tl(τ,δ)

×
∣∣〈ΛcΛπ(τr)Λc

τr
Λσ(τl)Λ

c
τl

(γ∗τ − γ∗
τ+ε)γτ+ε, v γ∗τγτ+ε

〉∣∣
≤ ε

∑
τ∈2εZ∩(0,δ)

∑
[τr,τl]∈Tlr(τ,δ)

×
∣∣〈ΛcΛ([τl, τr])Λc

τr
Λc

τl
(γ∗τ − γ∗

τ+ε)γτ+ε, v γ∗τγτ+ε

〉∣∣
where Tlr(τ, δ) is the set of all decimation intervals (in the sense of Notation 2.2
[τl, τr] with τl ∈ Tl(τ, δ), τr ∈ Tr(τ, δ) and Λπ(τr) ∩ Λc

τr
∩ Λσ(τl) ∩ Λc

τl
�= ∅. If

[τl, τr] ∈ Tlr(τ, δ), then τ ∈ (τl, τr) so, given any decimation interval [τl, τr],
the number of τ ∈ 2εZ ∩ (0, δ) with [τl, τr] ∈ Tlr(τ) is less than τr−τl

2ε and

ε
∑

τ∈2εZ∩(0,δ)
[τl,τr]∈Tlr(τ,δ)

∣∣〈ΛcΛ ([τl, τr]) Λc
τl

Λc
τr

(γ∗τ − γ∗
τ+ε)γτ+ε, vγ∗τγτ+ε

〉∣∣

≤ τr − τl
2

sup
τ∈2εZ∩(0,δ)

[τl,τr]∈Tlr(τ,δ)

∣∣〈ΛcΛ ([τl, τr]) Λc
τl

Λc
τr

(γ∗τ − γ∗
τ+ε)γτ+ε, vγ∗τγτ+ε

〉∣∣

We now fix any decimation interval [τl, τr] and any τ ∈ 2εZ ∩ (0, δ) for
which [τl, τr] ∈ Tlr(τ, δ) and bound

τr − τl
2

∣∣〈ΛcΛ ([τl, τr]) Λc
τl

Λc
τr

(γ∗τ − γ∗
τ+ε)γτ+ε, v γ∗τγτ+ε

〉∣∣
≤ τr − τl

2
|Λc ∩ Λc

τl
∩ Λc

τr
| (4eKj + 3)r(τr − τl)
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× sup
x∈Λ([τl,τr])

∑
y∈X

|γτ+ε(x)v(x,y)γ∗τ (y)γτ+ε(y)|

≤ τr − τl
2

|Λc ∩ Λc
τl

∩ Λc
τr

|(4eKj + 3)r(τr − τl)|||v|||

×

⎡
⎣ ∑

τ ′∈(0,δ]

N0

(
Γτ ′

τ+ε(S); e
m
2 d(x,Λ([τl,τr])), κτ ′

)⎤⎦
2

×

⎡
⎣ ∑

τ ′∈[0,δ)

N0

(
Γτ ′

∗τ (S); e
m
2 d(x,Λ([τl,τr ])), κ∗τ ′

)⎤⎦

by Corollary E.9(b). Since τ is in the interior of [τl, τr] and τ + ε is its neigh-
bour and has d(τ+ε) = m > d(τr), τ+ε is also in the interior of [τl, τr]. Hence
by Lemma E.13,

τr − τl
2

∣∣〈ΛcΛ ([τl, τr]) Λc
τl

Λc
τr

(γ∗τ − γ∗
τ+ε)γτ+ε, v γ∗τγτ+ε

〉∣∣

≤ τr − τl
2

|Λc ∩ Λc
τl

∩ Λc
τr

| (4eKj + 3)r(τr−τl) |||v||| 403e3Kj R(τr−τl)3

≤ 220e4Kj (τr−τl)v r(τr−τl)R(τr−τl)3 |Λc ∩ Λc
τl

∩ Λc
τr

|

and

ε
∑

τ∈ε2Z∩[0,δ)

∣∣〈ΛcΛτΛτ+ε(γ∗τ − γ∗
τ+ε)γτ+ε, v γ∗τγτ+ε

〉∣∣

≤
∑

decimation
intervals

τl,τr

220e4Kj (τr−τl)v r(τr−τl)R(τr−τl)3 |Λc ∩ Λc
τl

∩ Λc
τr

|

≤
∑

τ ′∈εZ∩(0,δ)

225e4Kj |Jτ ′ |v r (|Jτ ′ |) R (|Jτ ′ |)3 |Λc
τ ′ |

For the last inequality, each decimation interval [τl, τr] was assigned to a τ ′ ∈
εZ ∩ (0, δ) by

◦ if [τl, τr] = [0, δ], the assigned τ ′ is δ
2 .

◦ if [τl, τr] �= [0, δ], then [τl, τr] is an interval of length 1
2p δ for some scale

1 ≤ p < m. In this case τ ′ is assigned to the unique end point, τl or τr,
whose decimation index is p.

At most 3 ≤ 22 intervals are assigned to each τ ′ and, for each decimation
interval,

(τr−τl)v r(τr−τl)R(τr−τl)3 |Λc ∩ Λc
τl

∩ Λc
τr

|≤23|Jτ ′ |v r (|Jτ ′ |) R (|Jτ ′ |)3 |Λc
τ ′ |

�
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Proof of (6.17).

ε
∑

τ∈[0,δ)

∣∣〈Λ(γ∗τ − γ∗
τ+ε)γτ+ε, vΛcγ∗τγτ+ε

〉∣∣

≤ max
τ∈[0,δ)

δ
∣∣〈Λ(γ∗τ − γ∗

τ+ε)γτ+ε, vΛcγ∗τγτ+ε

〉∣∣
≤ max

τ∈[0,δ)
δ|Λc| sup

y∈Λc

∑
x∈Λ

∣∣(γ∗τ (x) − γ∗
τ+ε(x)

)
γτ+ε(x)v(x,y)γ∗τ (y)γτ+ε(y)

∣∣

≤ max
τ∈[0,δ)

δ|Λc| (4eKj + 3)r(δ) |||v|||

⎡
⎣ ∑

τ ′∈(0,δ]

N0

(
Γτ ′

τ+ε(S); e
m
2 d(x,Λ), κτ ′

)⎤⎦
2

×

⎡
⎣ ∑

τ ′∈[0,δ)

N0

(
Γτ ′

∗τ (S); e
m
2 d(x,Λ), κ∗τ ′

)⎤⎦

≤ δ(4eKj + 3)r(δ)
v

2
(
24eKj R(δ)

)3 |Λc|

≤ 214e4Kj δv r(δ)R(δ)3 |Λc|
by Corollary E.9(b) and Lemma E.13 (When τ + ε = δ, use Γδ

δ(S) = 1 and
Γτ ′

δ (S) = 0 for τ ′ ∈ (0, δ), and when τ = 0, use Γ0
∗0(S) = 1 and Γτ ′

∗0(S) = 0
for τ ′ ∈ (0, δ). In both cases, apply Lemma B.1). �
Proof of (6.18). We are to sum over (τ1, τ2, τ3) excluding (δ, δ, 0). We treat
the case τ3 �= 0. The other cases are similar.

ε
∑

τ∈[0,δ)

∑
τ1,τ2∈Tr(τ+ε,δ)
τ3∈Tl(τ,δ)\{0}

∣∣〈Λ(γ∗τ − γ∗
τ+ε)

(
Γτ1

τ+εατ1

)
, vΛ

(
Γτ3

∗τα
∗
τ3

) (
Γτ2

τ+εατ2

)〉∣∣

≤ max
τ∈[0,δ)

δ
∑

τ1,τ2∈Tr(τ+ε,δ)
τ3∈Tl(τ,δ)\{0}

∣∣〈Λ(γ∗τ −γ∗
τ+ε)

(
Γτ1

τ+εατ1

)
, vΛ

(
Γτ3

∗τα
∗
τ3

) (
Γτ2

τ+εατ2

)〉∣∣

≤ max
τ∈[0,δ)

δ
∑

τ1,τ2∈Tr(τ+ε,δ)
τ3∈Tl(τ,δ)\{0}

∑
x,y∈Λ
z∈Λc

τ3

(4eKj + 3)r(δ)
∣∣(Γτ1

τ+εατ1

)
(x)

∣∣ |v(x,y)
∣∣

× |Γτ3
∗τ (y, z)|κ∗τ3(z)

∣∣(Γτ2
τ+εατ2

)
(y)

∣∣

≤ (4eKj + 3)δr(δ) max
τ∈[0,δ)

|||v|||

⎡
⎣ ∑

τ ′∈(0,δ]

N0

(
Γτ ′

τ+ε(S); e
m
2 d(x,Λ), κτ ′

)⎤⎦
2

×

⎡
⎣ ∑

τ3∈(0,δ)

|Λc
τ3

|N0

(
Γτ3

∗τ (S); e
m
2 d(x,Λ)), κ∗τ3

)⎤⎦

≤ (4eKj + 3)δr(δ)
v

2
(
24eKj R(δ)

)3 |Λc|

≤ 214e4Kj δvr(δ)R(δ)3 |Λc|
by Lemma E.13 and Corollary E.9(b). �
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Proof of (6.19). By Corollary E.9(b) and Lemma E.13,

ε
∑

τ∈[0,δ)

∣∣〈Λ|γ∗τ − γ∗
τ+ε|

(
Γδ

τ+εΩ
c|β|

)
, vΛ

(
Γ0

∗τ |α|
) (

Γδ
τ+ε|β|

)〉∣∣

≤ max
τ∈[0,δ)

δ
∣∣〈Λ|γ∗τ − γ∗

τ+ε|
(
Γδ

τ+εΩ
c|β|

)
, vΛ

(
Γ0

∗τ |α|
) (

Γδ
τ+ε|β|

)〉∣∣

≤ max
τ∈[0,δ)

δ
∑

x,y∈Λ

z∈Ωc

z′,z′′∈X

(4eKj + 3)r(δ)
∣∣Γδ

τ+ε(x, z)
∣∣κδ(z) |v(x,y)|

×
∣∣Γ0

∗τ (y, z′)
∣∣κ∗0(z′)

∣∣Γδ
τ+ε(y, z

′′)
∣∣κδ(z′′)

≤ (4eKj + 3) δr(δ) max
τ∈[0,δ)

|||v|||
[
|Ωc|N0

(
Γδ

τ+ε(S); e
m
2 d(x,Λ), κδ

)]

×
[
N0

(
Γ0

∗τ (S); e
m
2 d(x,Λ)), κ∗0

)] [
N0

(
Γδ

τ+ε(S); e
m
2 d(x,Λ)), κδ

)]

≤ (4eKj + 3)δr(δ)
v

2
(
24eKj R(δ)

)3 |Ωc|

≤ 214e4Kj δvr(δ)R(δ)3 |Ωc|
�

Proof of (6.20). By Corollary E.9.c

ε
∑

τ∈[0,δ)

∣∣∣
〈
Λ
(
Γ0

∗τΩα∗) γ̃(1)
τ,ε , vΛ

(
Γ0

∗τΩα∗) (Γδ
τ+εΩβ

)〉∣∣∣

≤ max
τ∈[0,δ)

δ
∑

x,y∈Λ

|(γτ+ε − γ∗
∗τ + γ̃τ,ε)(x)|

∣∣(Γ0
∗τΩα∗) (x)

∣∣ |v(x,y)|

×
∣∣(Γ0

∗τΩα∗) (y)
∣∣ ∣∣(Γδ

τ+εΩβ
)
(y)

∣∣
≤ δ 3eKj r(δ) |Λc| max

τ∈[0,δ)
|||v|||

[
N0

(
Γ0

∗τ (S); e
m
2 d(x,Λ), κ∗0

)]2

×N0

(
Γδ

τ+ε(S); e
m
2 d(x,Λ)), κδ

)
≤ 3eKjδr(δ)v

(
24eKj R(δ)

)3 |Λc|
≤ 214e4Kj δv r(δ)R(δ)3 |Λc|

by Lemma E.13. �

Proof of (6.21). By Corollary E.9(c)

ε
∑

τ∈[0,δ)

∣∣∣
〈
Λ
(
Γ0

∗τΩα∗) γ̃(2)
τ,ε , vΛ

(
Γ0

∗τΩα∗) (Γδ
τ+εΩβ

)〉∣∣∣

≤ max
τ∈[0,δ)

δ
∑

x,y∈Λ

e−4md(x,Ω)
∣∣(γ̃τ,ε − ˜̃γτ,ε)(x)

∣∣ e4md(x,Ω)
∣∣

×
(
Γ0

∗τΩα∗) (x)
∣∣ |v(x,y)|

∣∣(Γ0
∗τΩα∗) (y)

∣∣ ∣∣(Γδ
τ+εΩβ

)
(y)

∣∣
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≤ δ
1
8
e−3mc(δ) |Ω̃c| max

τ∈[0,δ)
|||v||| N4m

(
Γ0

∗τ (S); e
m
2 d(x,Λ), κ∗0

)

×N0

(
Γ0

∗τ (S); e
m
2 d(x,Λ), κ∗0

)
N0

(
Γδ

τ+ε(S); e
m
2 d(x,Λ)), κδ

)

≤ 1
8
e−3mc(δ)δv

(
24eKj R(δ)

)3 |Ω̃c|

≤ 1
8
e−2mc(δ)δv|Ω̃c|

by Lemma E.13, followed by (F.6b). �

Lemma 6.7. ∣∣∣Ẽ4,S(α, β)
∣∣∣ ≤ Reg(4)

SF (α, β)

with the Ẽ4,S(α, β) defined in (6.12) and the Reg(4)
SF (Ω;α, β) and Kreg of Def-

inition 2.17.

Proof. Applying that

〈f, vg〉 ≤ |||v||| ‖f‖L2(X) ‖g‖L2(X)

and that

‖fg‖L2(X) ≤
∥∥∥e−5m d(x,Ω)f

∥∥∥
L4(X)

∥∥∥e5m d(x,Ω)g
∥∥∥

L4(X)

≤
∥∥∥e5m d(x,Ω)f

∥∥∥
L4(X)

∥∥∥e5m d(x,Ω)g
∥∥∥

L4(X)

we have∣∣∣Ẽ4,S(α, β)
∣∣∣ ≤ 2δ max

τ∈[0,δ)
|||v|||

∥∥∥e−5m d(x,Ω) ˜̃γτ,ε

∥∥∥
L4(X)

×max
{∥∥∥e5m d(x,Ω)Γ0

∗τΩα∗
∥∥∥3

L4(X)
,
∥∥∥e5m d(x,Ω)Γδ

τ+εΩβ
∥∥∥3

L4(X)

}

Next use the fact [8, Theorem 9.5.1] that, for any function A : X×X → C, the
norm of the operator f ∈ L4(X) �→ (Af)(x) =

∑
y∈X A(x,y)f(y) ∈ L4(X) is

bounded by

max

⎧⎨
⎩max

x∈X

∑
y∈X

|A(x,y)| , max
y∈X

∑
x∈X

|A(x,y)|

⎫⎬
⎭

and the trivial observation that, for y ∈ Ω,
∣∣e5m d(x,Ω)A(x,y)

∣∣ ≤
∣∣e5m d(x,y)

A(x,y)|. Consequently∥∥∥e5m d(x,Ω)Γ0
∗τΩα∗

∥∥∥
L4(X)

≤ |||Γ0
∗τ ||| ‖α‖L4(Ω) ≤ eKjδ ‖α‖L4(Ω)∥∥∥e5m d(x,Ω)Γδ

τ+εΩβ
∥∥∥

L4(X)
≤ |||Γδ

τ+ε||| ‖β‖L4(Ω) ≤ eKjδ ‖β‖L4(Ω)

To bound ‖e−5m d(x,Ω) ˜̃γτ,ε‖L4(X), write

˜̃γτ,ε = Ω̃(α− β) + (j(τ) − 1) Ω̃α− (j(δ − τ − ε) − 1) Ω̃β
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Set

B(0) =
{
b = (u,v) ∈ Ω̃∗ ∣∣ u,v ∈ Ω̃

}

Bb1 =
{
b = (u,v) ∈ Ω̃∗ ∣∣ u ∈ Ω̃, v ∈ Ω̃c

}

Bb2 =
{
b = (u,v) ∈ Ω̃∗ ∣∣ u ∈ Ω̃c, v ∈ Ω̃

}

and write

eμτ

τ∫

0

dτ ′
([
e−τ ′∇∗H∇∇∗H∇

]
Ω̃α

)
(x) = a1(x) + a2(x) + a3(x)

with

a1(x) =
∑
z∈X

b∈B(0)

eμτ

τ∫

0

dτ ′ e−τ ′∇∗H∇(x, z) (∇∗H)(z, b) (∇α)(b)

a2(x) =
∑
z∈X

b=(u,v)∈Bb1

eμτ

τ∫

0

dτ ′ e−τ ′∇∗H∇(x, z) (∇∗H)(z, b) {−α(u)}

a3(x) =
∑
z∈X

b=(u,v)∈Bb2

eμτ

τ∫

0

dτ ′ e−τ ′∇∗H∇(x, z) (∇∗H)(z, b) {α(v)}

By (D.4)
∥∥∥(1 − eμτ )Ω̃α

∥∥∥
L4(X)

≤ |μ|δeK′
j ‖α‖L4(Ω̃)

By (D.3), and the corresponding bounds with the sup over the right argument
and the sum over the left argument,

‖a1‖L4(X) ≤ δK ′
je

K′
j ‖∇α‖L4(Ω̃∗)

‖e−5md(x,Ω)a2‖L4(X) ≤ e−5md(Ω,Ω̃c)δK ′
je

K′
j ‖α‖L4(Ω̃)

‖e−5md(x,Ω)a3‖L4(X) ≤ e−5md(Ω,Ω̃c)δK ′
je

K′
j ‖α‖L4(Ω̃)

All together, using (D.2),

‖e−5md(x,Ω) ˜̃γ‖L4(X) ≤ ‖α− β‖L4(X)

+2K ′
je

K′
j

{
δ
[
μ+e−5md(Ω,Ω̃c)

] [
‖α‖L4(Ω̃)+‖β‖L4(Ω̃)

]

+ δ

[
‖∇α

∥∥∥L4(Ω̃∗)+‖∇β
∥∥∥

L4(Ω̃∗)

]}
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and∣∣∣Ẽ4,S(α, β)
∣∣∣ ≤ δv 2K ′

je
3Kj+K′

j max
{

‖α‖3
L4(Ω), ‖β‖3

L4(Ω)

}

×
{

‖α− β‖L4(X) + δ
[
μ+e−5mc(δ)

] [
‖α‖L4(Ω̃)+‖β‖L4(Ω̃)

]

+ δ

[
‖∇α

∥∥∥L4(Ω̃∗)+‖∇β
∥∥∥

L4(Ω̃∗)

]}

The lemma now follows by Remark D.3. �

Proof of Proposition 3.37. It suffices to apply Lemmas 6.4, 6.5, 6.6 and 6.7
and the observations, from (F.6a), that

219e3KjεvR(ε)3 ≤ 1
16

221e3KjεvR(ε)3 +
(
228e4Kj + 219e4Kj

)
|J |v r (|J |) R (|J |)3 ≤ 1

8
�

Remark 6.8. Since Proposition 3.37 is an upper bound, rather than an equal-
ity, the specific choice of Reg(4)

SF (α, β) that we have made is far from the only
possibility. We have chosen it to be relatively simple.

6.3. Extracting Small Factors from the Stokes’ Cylinder

Proof of Proposition 3.38. In this section we prove the required bounds involv-
ing the Stokes’ cylinder Cs(x;α∗, β) introduced in Definition 2.8. For simplicity
of notation, write

r = r(s) R = R(s) R′ = R′(s) r+ = r(2s) R+ = R(2s) R′
+ = R′(2s)

and

Ω1 = Ω(J −) Ω2 = Ω(J +) Ω0 = Ω1 ∩ Ω2 Λ = Λ(J ) Pα = Pα(J ) · · ·
As pointed out in Definition 2.8, we may choose for this cylinder any two real
dimensional surface in {

(z∗, z) ∈ C2
∣∣ |z∗|, |z| < R

}
whose boundary is the union of the circle

{
(z∗, z) ∈ C2

∣∣ z∗
∗ = z, |z| = r

}
and

the curve bounding

D =
{

(z∗, z) ∈ C2
∣∣∣ |z∗ − σ∗| ≤ r, |z − σ| ≤ r, z − z∗

∗ = ρ
}

where

σ = ([1 − jc(s)]β) (x)
σ∗ = ([1 − jc(s)]α∗) (x)
ρ = (jc(s)[α− β]) (x)

For the estimates, we make the special choice suggested by [5, Example A.2].
We introduce the interpolating set B =

⋃
0≤t≤1Dt where

Dt =
{
(z∗, z) ∈ C2

∣∣ |z∗ − tσ∗| ≤ r, |z − tσ| ≤ r, z − z∗
∗ = tρ

}
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Set Cs(x;α∗, β) =
⋃

0<t<1 ∂Dt. Obviously, Cs(x;α∗, β) has the required
boundary.

We start by proving

|σ∗|, |σ| ≤ se2K′
js
([

|μ| + e−5mc
]
R+ + R′

+

)
≤ r

|ρ| ≤ r+ + |σ| + |σ∗|
(6.23)

For the first bound, by Corollary D.2,

|σ∗| = |([1 − jc(s)]α∗) (x)|

≤ sK ′
je

K′
js

⎛
⎝[|μ| + e−5mc

]
max
y∈X

d(x,y)≤c

|α(y)| + max
b∈X∗

d(x,b)≤c

|∇α(b)|

⎞
⎠

≤ se2K′
js
([

|μ| + e−5mc
]
R+ + R′

+

)
≤ r

The second inequality follows from the observations that |α(y)| ≤ R+ for all y
within a distance c of Λ and |∇α(b)| ≤ R′

+ for all bonds b within a distance c
of Λ. When y ∈ Λ, this is enforced by the characteristic function χ2s(Λ;α, β).
When y is not in Λ, but is within a distance c of Λ, this is enforced by the fac-
tor of χR+(Ω0\(Pα ∪Λ), α) in the characteristic function χA,s(Ω1,Ω2; α, φ, β).
(Recall that d(Λ , Pα∪Ωc

0) > c(s) > c, by (F.4a).) When b ∈ Λ∗, this is enforced
by the characteristic function χ2s(Λ;α, β). When b is not in Λ∗, but is within
a distance c of Λ, this is enforced by the factor of χR′+(Ω∗

0\(P ′
α ∪ Λ∗),∇α) in

the characteristic function χA,s(Ω1,Ω2; α, φ, β). The third inequality follows
immediately from (F.7d).

For the bound on ρ observe

|ρ| ≤ |β(x) − α(x)| + |([1 − jc(s)][β − α]) (x)| ≤ r+ + |σ∗| + |σ|

Since Cs(x;α∗, β) ⊂
⋃

0≤t≤1Dt, part (i) follows from (6.23) and (F.3f).
By [5, Remark A.3], on Cs(x;α∗, β),

Re (z∗z) ≥ 1
2
(
r2 − |ρ|2

)
− r (|σ| + |σ∗|)

≥ 1
2
(
r2 − r2+

)
−
(

r+ +
|σ| + |σ∗|

2
+ r

)
(|σ| + |σ∗|)

≥ 1
2

(r − r+) (r + r+) − 3r (|σ| + |σ∗|)

≥ 3
4
r (r − r+) − 6rse2K′

j
([

|μ| + e−5mc
]
R+ + R′

+

)
≥ CL r2 (6.24)

The second and third inequality follow from (6.23), the fourth inequality from
(F.3b) and (6.23) and the last from (F.7d).

By [5, Remark A.3], the area of Cs(x;α∗, β) is bounded by

8πr [|σ| + |σ∗| + |ρ|] ≤ 40πr2

�
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6.4. Relative Sizes of Large Field Sets

In this subsection, we prove Lemma 3.40, which is used in the proof of The-
orem 3.35. As in the part of the proof of Theorem 3.35 where Lemma 3.40 is
used, we fix a hierarchy for scale δ = 2nε. By way of preparation, we have

Lemma 6.9. Let J be a decimation interval of length 2pε, for some 0 ≤ p ≤ n,
and x ∈ Ω(J )c. Then there is a decimation interval J ′ ⊂ J , of length 2qε,
with 1 ≤ q ≤ p, such that

d
(
x , Q̃(J ′) ∪ supp P̃ ′

α(J ′) ∪ supp P̃ ′
β(J ′) ∪ P̃α(J ′) ∪ P̃β(J ′) ∪R(J ′)

)

≤ 4
p−1∑

k=q−1

c(2kε)

Proof. The proof is by induction on p. If p = 0, then Ω(J )c = ∅ and the state-
ment is vacuous. Assume that the statement is satisfied for some p ≥ 0. Let
J be a decimation interval of length 2p+1ε and x ∈ Ω(J )c. By Definition 2.4,
there is a point y1 ∈ Ω(J −)c ∪ Ω(J +)c ∪ Pα(J ) ∪ Pβ(J ) ∪ suppP ′

α(J ) ∪
suppP ′

β(J ) ∪Q(J ) ∪R(J ) such that d(x,y1) ≤ c(2pε).

• If y1 ∈ Ω(J −)c ∪ Ω(J +)c, then by the induction hypothesis, there is a
decimation interval J ′ of length 2qε, with 1 ≤ q ≤ p, that is contained
either in J − or J +, such that

d
(
y1, Q̃(J ′) ∪ · · · ∪ P̃β(J ′) ∪R(J ′)

)
≤ 4

p−1∑
k=q−1

c(2kε)

As d(x,y1) ≤ c(2pε), we are finished.
• If y1 ∈ P̃α(J ) ∪ P̃β(J ) ∪ supp P̃ ′

α(J ) ∪ supp P̃ ′
β(J ) ∪ Q̃(J ) ∪R(J ), we set

J ′ = J and are finished.
• If y1 ∈ X (J )\X̃ (J ), for some X ∈ {Pα, Pβ , suppP ′

α, suppP ′
β , Q}, then

there is a y2 ∈ Λ(J −)c ∪ Λ(J +)c ⊂ Ω(J −)c ∪ Ω(J +)c with d(y1,y2) ≤
2c(2pε) + 1 ≤ 3c(2pε). By the induction hypothesis, there is a decimation
interval J ′ of length 2qε, with 1 ≤ q ≤ p, that is contained either in J − or
J +, such that

d
(
y2 , Q̃(J ′) ∪ · · · ∪ P̃β(J ′) ∪R(J ′)

)
≤ 4

p−1∑
k=q−1

c(2kε)

As d(x,y2) ≤ 4c(2pε), we are finished. �

Proof of Lemma 3.40. By Lemma 6.9, for each decimation interval J of length
2pε, with 1 ≤ p ≤ n,

|Ω(J )c| ≤
p∑

q=1

∑
decimation

intervals J ′⊂J
of length 2qε

{
volume of ball of radius

1+4

∑p−1

k=q−1
c(2kε)

}{
|Q̃(J ′)| + |P̃ ′

α(J ′)|

+ |P̃ ′
β(J ′)| + |P̃α(J ′)| + |P̃β(J ′)| + |R(J ′)|

}
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Since, for each q ≤ p, any decimation interval J ′ of length 2qε is contained in
a unique decimation interval of length 2pε,

n∑
p=1

∑
decimation
intervals J

of length 2pε

(�(2pε) + 1) |Ω(J )c|

≤
n∑

q=1

∑
decimation
intervals J ′
of length 2qε

{
|Q̃(J ′)| + · · · + |R(J ′)|

}

×
n∑

p=q

(�(2pε) + 1)
{

volume of ball of radius

1+4

∑p−1

k=q−1
c(2kε)

}

≤
n∑

q=1

∑
decimation
intervals J ′
of length 2qε

CLr (2qε)2
{

|Q̃(J ′)| + · · · + |R(J ′)|
}

by (F.7e). �

Appendix A. Large/Small Field Characteristic Functions

The representation of the effective density given in Theorem 2.16 involves
the “large field integral operator” introduced in Definition 2.8. In part (i)
of this definition we associate to a hierarchy S and a decimation interval J
an integral operator I(J ; α∗,β). Its definition involves a characteristic function
χJ (α, ατ , β) = χJ ,S(α, ατ , β) implementing large and small field conditions.
Here, we are going to define this characteristic function.

For this definition, we use the notation that, for 0 < r < R, z ∈ C, any
set Y and any complex valued function f on Y

χr(z) =

{
1 if |z| ≤ r

0 otherwise

}
χr,R(t) =

{
1 if r ≤ |z| ≤ R

0 otherwise

}

and

χr(Y, f) =
∏
x∈Y

χr (f(x)) χr,R(Y, f) =
∏
x∈Y

χr,R (f(x))

As pointed out in the leadup to Definition 3.2, the data associated to
an interval in a hierarchy naturally split into two parts, the “first kind” of
natural large/small field conditions and the “second kind” associated to the
stationary phase construction. The following definition collects the conditions
of the “first kind” that arise in Lemma A.3, below.

Definition A.1. Let Ω1,Ω2 ⊂ X, δ > 0 and let A = (Λ, Pα, Pβ , P
′
α, P

′
β , Q) ∈

Fδ(Ω1 ∩ Ω2) be a choice of “small/large field sets of the first kind” as in
Definition 3.2. The characteristic function for the small/large field sets of the
first kind is

χA,δ(Ω1,Ω2; α, φ, β) = χ(1)(Ω1,Ω2; α, φ, β) χ(2)
A (α, β) χ(3)

A (α, φ, β)
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where

χ(1)(Ω1,Ω2; α, φ, β)
= χR(δ) (Ω1\Ω0, α) χR(δ) (Ω2\Ω0, β) χR(δ) ((Ω1 ∪ Ω2)\Ω0, φ)
χR′(δ) (Ω∗

1\Ω∗
0,∇α) χR′(δ) (Ω∗

2\Ω∗
0,∇β) χR′(δ) ((Ω∗

1 ∪ Ω∗
2)\Ω∗

0,∇φ)
χr(δ) (Ω

1\Ω
0, α− φ) χr(δ) (Ω

2\Ω
0, φ− β)

and

χ
(2)
A (α, β) = χR(2δ)(Ω0\(Pα ∪ Λ), α) χR(2δ),R(δ)(Pα, α)

χR(2δ)(Ω0\(Pβ ∪ Λ), β) χR(2δ),R(δ)(Pβ , β)

χR′(2δ)(Ω∗
0\(P ′

α ∪ Λ∗),∇α) χR′(2δ),R′(δ)(P ′
α,∇α)

χR′(2δ)(Ω∗
0\(P ′

β ∪ Λ∗),∇β) χR′(2δ),R′(δ)(P ′
β ,∇β)

χr(2δ)(Ω
0\(Q ∪ Λ), α− β

)
χr(2δ),∞ (Q, α− β)

and

χ
(3)
A (α, φ, β) = χR(δ) (Ω0\Λ, φ) χR′(δ) (Ω∗

0\Λ∗,∇φ)
χr(δ) (Ω

0\Λ, α− φ) χr(δ) (Ω
0\Λ, φ− β)

with Ω0 = Ω1 ∩ Ω2.

If A is part of the data associated to a decimation interval of length 2δ
in a hierarchy S, and Ω1 = Ω(J −), Ω1 = Ω(J +), then
◦ χ(1) imposes the “old” small field conditions on α, β and φ in

(Ω(J −) ∪ Ω(J +)) \ (Ω(J −) ∩ Ω(J +))
◦ χ

(2)
A imposes the “new” small and large field conditions on α and β in the

region (Ω(J −) ∩ Ω(J +)) \Λ(J ), the complement of the “small field region
of the first kind” for J in the previous “small field regions”

◦ χ
(3)
A imposes small field conditions on φ in (Ω(J −) ∩ Ω(J +)) \Λ(J )

Observe that χA,δ does not depend on the values of the fields on the set Λ.
For the small/large field conditions of the second kind, we use (as in Theo-
rem 2.16 the characteristic function χδ(Y ;α, β) (defined for δ > 0, a subset
Y ⊂ X and fields α, β) which takes the value one if
· |α(x)|, |β(x)| ≤ R(δ) for all x ∈ Y and
· |∇α(b)|, |∇β(b)| ≤ R′(δ) for all bonds b on X that have at least one end

in Y and
· |α(x) − β(x)| ≤ r(δ) for all x within a distance one of Y
and which takes the value zero otherwise.

Definition A.2. Let S be a hierarchy in the sense of Definition 2.4, and let J
be a decimation interval for S of scale 2t. Define

χJ (α, φ, β) = χA,t

(
Ω(J −),Ω(J +); α, φ, β

)
χ2t (Λ(J )\Ω(J ) ;α, β)

where

A =
(
Λ(J ), Pα(J ), Pβ(J ), P ′

α(J ), P ′
β(J ), Q(J )

)
∈ Fδ

(
Ω(J −) ∩ Ω(J +)

)
The second factor imposes the small field conditions in the difference between
the small field regions of “the first and the second” kind for J .
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Lemma A.3. Let Ω1,Ω2 ⊂ X and δ > 0. Then

χδ(Ω1;α, φ) χδ(Ω2;φ, β)

=
∑

A∈Fδ(Ω1∩Ω2)

χ2δ(ΛA;α, β) χr(δ) (ΛA, α− φ)

×χr(δ) (ΛA, φ− β) χA,δ(Ω1,Ω2; α, φ, β)

Proof. Again set Ω0 = Ω1 ∩ Ω2. By definition,

χδ(Ω1;α, φ) χδ(Ω2;φ, β)
= χR(δ) (Ω1, α) χR(δ) (Ω1, φ) χR(δ) (Ω2, φ) χR(δ) (Ω2, β)
χR′(δ) (Ω∗

1,∇α) χR′(δ) (Ω∗
1,∇φ) χR′(δ) (Ω∗

2,∇φ) χR′(δ) (Ω∗
2,∇β)

χr(δ) (Ω
1, α− φ) χr(δ) (Ω

2, φ− β)

= χ(1)(Ω1,Ω2; α, φ, β) · χR(δ) (Ω0, α) χR(δ) (Ω0, β) χR′(δ) (Ω∗
0,∇α)

χR′(δ) (Ω∗
0,∇β)

· χR(δ) (Ω0, φ) χR′(δ) (Ω∗
0,∇φ) χr(δ) (Ω

0, α−φ) χr(δ) (Ω
0, φ−β)

(A.1)

The first factor, χ(1)(Ω1,Ω2; α, φ, β), in (A.1) was defined in Definition A.1,
and involves only fields at points of (Ω

1∪Ω
2)\Ω0. The next four factors involve

only the external fields α and β at points x ∈ Ω
0. To introduce the more

restrictive small field conditions of scale 2δ, we expand

χR(δ) (Ω0, α) =
∏

x∈Ω0

[
χR(2δ) (α(x)) + χR(2δ),R(δ) (α(x))

]

=
∑

Pα⊂Ω0

χR(2δ)(Ω0\Pα, α) χR(2δ),R(δ)(Pα, α)

χR(δ) (Ω0, β) =
∑

Pβ⊂Ω0

χR(2δ)(Ω0\Pβ , β) χR(2δ),R(δ)(Pβ , β)

χR′(δ) (Ω∗
0,∇α) =

∑
P ′

α⊂Ω∗
0

χR′(2δ)(Ω∗
0\P ′

α,∇α) χR′(2δ),R′(δ)(P ′
α,∇α)

χR′(δ) (Ω∗
0,∇β) =

∑
P ′

β⊂Ω∗
0

χR′(2δ)(Ω∗
0\P ′

β ,∇β) χR′(2δ),R′(δ)(P ′
β ,∇β)

1 =
∑

Q⊂Ω�
0

χr(2δ)(Ω
0\Q, α− β

)
χr(2δ),∞ (Q, α− β)

and get, for the product of the four factors in (A.1) that depend only on the
external fields on Ω

0,

χR(δ) (Ω0, α) χR(δ) (Ω0, β) χR′(δ) (Ω∗
0,∇α) χR′(δ) (Ω∗

0,∇β)

=
∑

(Λ,Pα,Pβ ,P ′
α,P ′

β ,Q)∈Fδ(Ω0)

χR(2δ)(Ω0\Pα, α) χR(2δ),R(δ)(Pα, α)

χR(2δ)(Ω0\Pβ , β) χR(2δ),R(δ)(Pβ , β)

χR′(2δ)(Ω∗
0\P ′

α,∇α) χR′(2δ),R′(δ)(P ′
α,∇α)
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χR′(2δ)(Ω∗
0\P ′

β ,∇β) χR′(2δ),R′(δ)(P ′
β ,∇β)

χr(2δ)(Ω
0\Q, α− β

)
χr(2δ),∞ (Q, α− β)

=
∑

A∈Fδ(Ω0)

χ
(2)
A (α, β) χ2δ(ΛA;α, β) (A.2)

For each A = (Λ, Pα, Pβ , P
′
α, P

′
β , Q) ∈ Fδ(Ω0) we write the last four fac-

tors of (A.1)

χR(δ) (Ω0, φ) χR′(δ) (Ω∗
0,∇φ) χr(δ) (Ω

0, α− φ) χr(δ) (Ω
0, φ− β)

= χ
(3)
A (α, φ, β) · χR(δ) (Λ, φ) χR′(δ) (Λ∗,∇φ) χr(δ) (Λ, α− φ)

×χr(δ) (Λ, φ− β) (A.3)

Inserting (A.2) and (A.3) into (A.1) we get

χδ(Ω1;α, φ) χδ(Ω2;φ, β) =
∑
A∈A

χ2δ(ΛA;α, β) χr(δ) (Λ
A, α− φ)

χr(δ) (Λ
A, φ−β)χR(δ) (ΛA, φ) χR′(δ) (Λ∗

A,∇φ) χA,δ(Ω1,Ω2; α, φ, β)
(A.4)

In Lemma A.5 below we show that

χ2δ(Λ;α, β) χR(δ) (Λ, φ) χR′(δ) (Λ∗,∇φ) χr(δ) (Λ, α− φ) χr(δ) (Λ, φ− β)
= χ2δ(Λ;α, β) χr(δ) (Λ, α− φ) χr(δ) (Λ, φ− β)

If we insert this into (A.4) we get

χδ(Ω1;α, φ) χδ(Ω2;φ, β)

=
∑
A∈A

χ2δ(ΛA;α, β) χr(δ) (Λ
A, α− φ) χr(δ) (Λ

A, φ− β)

×χA,δ(Ω1,Ω2; α, φ, β)

=
∑
A∈A

χ2δ(ΛA;α, β) χr(δ) (ΛA, α− φ) χr(δ) (ΛA, φ− β)

×χA,δ(Ω1,Ω2; α, φ, β)

We were free to drop the factors χr(δ)(Λ
A\ΛA, α − φ)χr(δ)(Λ

A\ΛA, φ − β)
from the term χr(δ)(Λ

A, α − φ)χr(δ)(Λ
A, φ − β) because they also appear in

χA,δ(Ω1,Ω2; α, φ, β). �

Lemma A.4. Let S be a hierarchy for scale 2δ. Set ε = 2−depth(S)(2δ).

(a) Let J be a decimation interval centred on τ . If
∣∣ατ (x)| > R(ε), for some

x ∈ X\Λ(J ), then
∏

decimation intervals
J̃ =[τl,τr]⊂J

χJ̃ (ατl
, ατc

, ατr
) = 0

where τc = τl+τr

2 .
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(b) If
∣∣αδ(x)| > R(ε), for some x ∈ X\ΛS, then

χA,δ (Ω([0, δ]),Ω([δ, 2δ]); α, αδ, β)
∏

decimation intervals
J̃ =[τl,τr]�[0,2δ]

χJ̃ (ατl
, ατc

, ατr
) = 0

where A = (ΛS, Pα([0, 2δ]), . . . , Q([0, 2δ])), τc = τl+τr

2 .

Proof. We prove part (a). In the event that x ∈ (Ω(J −) ∪ Ω(J +))\Λ(J ), the
factor χJ (ατl

, ατ , ατr
) vanishes

◦ when x ∈ (Ω(J −) ∪ Ω(J +))\(Ω(J −) ∩ Ω(J +)) because of the χR(δ)(Ω1 ∪
Ω2)\Ω0, φ) in χ(1)(Ω1,Ω2;α, φ, β), with Ω1 = Ω(J −), Ω2 = Ω(J +), Ω0 =
Ω(J −) ∩ Ω(J +), δ = 1

2 |J |, φ = ατ

◦ when x ∈ (Ω(J −)∩Ω(J +))\Λ(J ) because of the factor χR(δ)(Ω0\Λ, φ) in
χ

(3)
A (α, φ, β), with Ω0 = Ω(J −) ∩ Ω(J +), Λ = Λ(J ), δ = 1

2 |J |, φ = ατ

Observe that, in these two cases Λ(J ) �= X, so that we necessarily have
δ ≥ ε. In the event that x ∈ X\(Ω(J −) ∪ Ω(J +)), there is a unique deci-
mation interval J̃ = [τl, τr] ⊂ J having τr = τ with x ∈ Ω(J̃ +)\Ω(J̃ ). In
this case, the factor χJ̃ (ατl

, ατc
, ατr

) vanishes
◦ when x ∈ Ω(J̃ +)\(Ω(J̃ −)∩Ω(J̃ +)) because of the factor χR(δ)(Ω2\Ω0, β)

in χ(1)(Ω1,Ω2;α, φ, β), with Ω2 = Ω(J̃ +), Ω0 = Ω(J̃ −)∩Ω(J̃ +), δ = 1
2 |J̃ |,

β = ατ

◦ when x ∈ (Ω(J̃ −) ∩ Ω(J̃ +))\Λ(J̃ ) because of the factors χR(2δ)(Ω0\(Pβ ∪
Λ), β) and χR(2δ),R(δ)(Pβ , β) in χ

(2)
A (α, β), with Ω0 = Ω(J̃ −) ∩ Ω(J̃ +),

Pβ = Pβ(J̃ ), Λ = Λ(J̃ ), δ = 1
2 |J̃ |, β = ατ

◦ when x ∈ Λ(J̃ )\Ω(J̃ ) because of the factor χ2t(Λ(J )\Ω(J );α, β) in the
χJ (α, φ, β) of Definition A.2, with J replaced by J̃ , 2t = |J̃ |, β = ατ .

Observe that, in these three cases Ω(J̃ ) �= X, so that we necessarily have
t, δ ≥ ε. �

Lemma A.5. Let δ > 0 be sufficiently small and Λ ⊂ Ω0. Assume that

|α|Λ, |β|Λ ≤ R(2δ) |∇α|Λ∗ , |∇β|Λ∗ ≤ R′(2δ)
|α− φ|Λ� ≤ r(δ) |φ− β|Λ� ≤ r(δ)

Then

|φ|Λ ≤ R(δ), |∇φ|Λ∗ ≤ R′(δ)

Proof. It follows from our assumptions that

|∇φ− ∇α|Λ∗ ≤ ‖∇‖ |φ− α|Λ� ≤ ‖∇‖ r(δ)

where ‖∇‖ is the operator norm of the gradient. Consequently, by (F.3d,e),

|φ|Λ ≤ R(2δ) + r(δ) ≤ R(δ)

and

|∇φ|Λ∗ ≤ R′(2δ) + ‖∇‖ r(δ) ≤ R′(δ)

�
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Appendix B. Bounds on Weight Factors

Lemma B.1. Let S be a hierarchy for scale δ and ε = 2−nδ with n ≥ depth(S).
Let τ ∈ εZ ∩ [0, δ] and τ ′ ∈ εZ ∩ (0, δ).

(i)

sup
x,y∈X

κ∗τ (y)<∞

e− m
3 d(x,y) κ∗τ (y)

κ∗τ (x)
≤ 2 , sup

x,y∈X
κτ (y)<∞

e− m
3 d(x,y) κτ (y)

κτ (x)
≤ 2

(ii) Let 0 ≤ k ≤ n and set

J∗k =

⎧⎪⎨
⎪⎩

[τ ′, τ ′ + 2−kδ] if k ≥ d(τ ′)
the unique decimation interval
of length 2−kδ that contains τ ′ if k < d(τ ′)

Jk =

⎧⎪⎨
⎪⎩

[τ ′ − 2−kδ, τ ′] if k ≥ d(τ ′)
the unique decimation interval
of length 2−kδ that contains τ ′ if k < d(τ ′)

Then

κ∗τ ′(y) ≤ 4e
m
3 d(y,Λ(J∗k))R(2−kδ) and

κτ ′(y) ≤ 4e
m
3 d(y,Λ(Jk))R(2−kδ) for all y ∈ Λc

τ ′

The κ∗τ ′(y) bound also applies when τ ′ = 0 if we take d(0) = 0 and
Λ0 = ∅. The κτ ′(y) bound also applies when τ ′ = δ if we take Λδ = ∅.

Proof. (i) We prove the first inequality. Let x,y ∈ X. It suffices to consider
the case that κ∗τ (x) and κ∗τ (y) are both finite. Let J = [τ, τ + 2kε] and
J ′′ = [τ, τ + 2�ε] be the maximal decimation intervals with τ as left endpoint
such that x ∈ Λ(J ), y ∈ Λ(J ′′). Then κ∗τ (x) = R(2kε) and κ∗τ (y) = R(2�ε)
if τ �= 0 and κ∗τ (x) = 2R(2kε) and κ∗τ (y) = 2R(2�ε) if τ = 0. If k ≤ � + 1
then κ∗τ (y)

κ∗τ (x) = R(2�ε)
R(2kε)

≤ R(2�ε)
R(2�+1ε)

≤ 2 by (F.3a). If k > � + 1, then x ∈ Λ(J ),
while y ∈ Λ(J ′)c for J ′ = [τ, τ + 2�+1ε] � J . Hence, in this case, we have
κ∗τ (y)
κ∗τ (x) = R(2�ε)

R(2kε)
≤ e

m
3 d(x,y) by (F.5).

(ii) Again, we prove the first inequality. Let J ′′ = [τ ′, τ ′ + t] be the max-
imal decimation interval with τ ′ as left hand end point such that y ∈ Λ(J ′′).
We automatically have t ≥ ε, since Λ([τ ′, τ ′ + ε]) = X, and t ≤ δ

2d(τ′) , since no
decimation interval having τ ′ as an endpoint has length longer than δ

2d(τ′) . By
definition, κ∗τ ′(y) = R(t) if τ ′ �= 0 and κ∗τ ′(y) = 2R(t) if τ ′ = 0. The desired
bound is trivial if 2−kδ ≤ 2t, so assume that 2−kδ > 2t. Set

J ′ =

{
[τ ′, τ ′ + 2t] if t < δ

2d(τ′)

[τ ′ − t, τ ′ + t] = Jτ ′ if t = δ
2d(τ′)

Then y ∈ Λ(J ′)c and J ′
� J∗k, so that

κ∗τ ′(y) ≤ 2R(t) ≤ 2e
m
3 d(x,y)R(2−kδ)

for all x ∈ Λ(J∗k), by (F.5). �
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Appendix C. Normalization Constants

In this appendix, we prove

Lemma C.1. There is a unique function δ ∈ (0, 1) → Zδ ∈ (0, 1) that obeys

Z2δ = Z2
δ

∫

|z|≤r(δ)

dz∗ ∧ dz
2πi

e−|z|2 lim
δ→0+

1
δ

log Zδ = 0

Furthermore,

|ln Zδ| ≤ e−r(δ)2

Proof. Define, for all 0 < δ < 1,

i(δ) =
1
2δ

log
∫

|z|≤r(δ)

dz∗ ∧ dz
2πi

e−|z|2

and observe that i(δ) < 0. The condition relating Z2δ to Zδ is equivalent to
1
2δ

log Z2δ =
1
δ

log Zδ + i(δ)

Iterating gives

1
δ

log Zδ =
1

2−nδ
log Z2−nδ +

n∑
�=1

i
(
2−�δ

)

Existence and uniqueness will follow from convergence of the series∑∞
�=1 i(2

−�δ), which we now prove.
Since∫

|z|≤r(δ)

dz∗ ∧ dz
2πi

e−|z|2 = 1 −
∫

|(x,y)|≥r(δ)

dxdy
π

e−(x2+y2)

= 1 − 1
π

∞∫

r(δ)

dr

2π∫

0

dθ re−r2
= 1 −

∞∫

r(δ)2

ds e−s

= 1 − e−r(δ)2

and |ln(1 − x)| ≤ |x|
1−|x| ≤ 2|x| for all |x| ≤ 1

2 , we have |i(δ)| ≤ 1
δ e

−r(δ)2 . Hence
the series

δer(δ)
2

∞∑
�=1

∣∣i (2−�δ
)∣∣ ≤

∞∑
�=1

2�e−(r(2−�δ)2−r(δ)2)

By (F.7d),

r(2−�δ)2 − r(δ)2 =
�∑

p=1

(
r(2−pδ)2 − r(2−p+1δ)2

)

≥
�∑

p=1

r(2−pδ)
(
r(2−pδ) − r(2−p+1δ)

)
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≥
�∑

p=1

3L(2−pδ) ≥ 3�

so the series

δer(δ)
2

∞∑
�=1

∣∣i (2−�δ
)∣∣ ≤

∞∑
�=1

2�e−3� =
2/e3

1 − 2/e3
≤ 1

does indeed converge and

log Zδ = δ
∞∑

�=1

i
(
2−�δ

)
=

∞∑
�=1

2�−1 log
∫

|z|≤r(2−�δ)

dz∗ ∧ dz
2πi

e−|z|2

is bounded in absolute value by e−r(δ)2 . �

Appendix D. Bounds on the Propagator

Throughout this appendix we assume that h ≡ 1. Then Recall that X =
Z

D/LZ
D. In (2.16), we assumed that the one-particle operator h = ∇∗H∇

where H : L2(X∗) → L2(X∗) is a translation invariant, self–adjoint operator
all of whose eigenvalues lie between cH > 0 and CH > 0 and for which

DH =
∑
x∈X

1≤i,j≤D

e6md(x,0) |H (bi(0), bj(x))| < ∞

Here, for each 1 ≤ i ≤ D and x ∈ X, bi(x) =
(
x,x+ ei) denotes the bond with

base point x and direction ei. Under this hypothesis, the kernel of h is

h(x,y) =
∑

1≤i,j≤D

[H (bi(x − ei), bj(y − ej)) − H (bi(x − ei), bj(y))

− H (bi(x), bj(y − ej)) + H (bi(x), bj(y))]

The norm |||h||| ≤ N6m(h; 1, 1) ≤ 4e12mDH and the constant Kj = N6m(h −
μ; 1, 1) of Lemma 3.21 obeys

Kj ≤ 4e12mDH + |μ| (D.1)

Furthermore, we have the following bounds.

Lemma D.1. Set K ′
j = max

{
|μ| + 4DDHe

10m, 1
}
. Let S ⊂ X and A :

L2(X) → L2(X). For all τ ≥ 0 and x ∈ X,

|A ([1 − j(τ)]Sα) (x)|

≤ τK ′
je

K′
jτ |||A|||

([
|μ| + e−5md(x,Sc)

]
max
y∈S

|α(y)| + max
b∈S∗

|∇α(b)|
)

For all τ ≥ 0 and S′ ⊂ X,∑
x∈S′

|A ([1 − j(τ)]Sα) (x)|

≤ τK ′
je

K′
jτ |||A|||

([
|μ| + e−5md(S′,Sc)

]
max
y∈S

|α(y)| + max
b∈S∗

|∇α(b)|
)

|S|
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Proof. Write

([1 − j(τ)]Sα) (y)

= (1 − eμτ )Sα(y) + eμτ
(
[1 − e−τ∇∗H∇]Sα

)
(y)

= (1 − eμτ )Sα(y) + eμτ

τ∫

0

dτ ′
([
e−τ ′∇∗H∇∇∗H∇

]
Sα
)

(y) (D.2)

As above ∑
z∈X

e5md(x,z)
∣∣∣
(
Ae−τ ′∇∗H∇

)
(x, z)

∣∣∣ ≤ e4τ ′DHe10m |||A|||

sup
z∈X

∑
b∈X∗

e5m[d(z,b)+1] |(∇∗H)(z, b)| ≤ 2DHe
10m

(D.3)

For any bond b = (y,y′)

∇(Sα)(b) = S(y′)α(y′) − S(y)α(y)
= [S(y′) − S(y)]α(y′) + S(y)[α(y′) − α(y)]
= α(y′)(∇S)(b) + S(y)(∇α)(b)

The second term is nonzero only for y ∈ S and hence for b ∈ S∗. The first
term is bounded in magnitude by |α(y′)| and is nonzero only if b connects a
point of S to a point of Sc. In this case, possibly replacing b by −b, we can
always arrange that y′ is in S.

The part of (A[1 − j(τ)]Sα)(x) in which the last ∇ of (D.2), multiplied
on the left by A, acts on α is bounded by

eμτ τ |||A|||e4τDHe10m
2DHe

10m max
b∈S∗

|∇α(b)| ≤ τK ′
je

K′
jτ |||A|||max

b∈S∗
|∇α(b)|

The part in which the last ∇ of (D.2) acts on the characteristic function is
bounded by

eμτ τ |||A|||e4τDHe10m
2DHe

10m e−5md(x,Sc) max
y′∈S

d(y′,Sc)≤1

|α(y′)|

≤ τK ′
je

K′
jτ |||A|||e−5md(x,Sc) max

y∈S
|α(y)|

The first bound now follows from

|1 − eμτ | ≤ |μ|τe|μ|τ ≤ |μ|τeK′
jτ (D.4)

The proof of the second bound is similar. �

Corollary D.2. Let c′ > 0 and recall, from (3.2), that

jc′(τ)(x,y) =

{
j(τ)(x,y) if d(x,y) ≤ c′

0 otherwise
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For all τ ≥ 0 and x ∈ X,

|([1 − jc′(τ)]α) (x)|≤τK ′
je

K′
jτ

⎛
⎝[|μ|+e−5mc′]

max
y∈X

d(x,y)≤c′

|α(y)|+ max
b∈X∗

d(x,b)≤c′

|∇α(b)|

⎞
⎠

Proof. Just apply the previous lemma with A being the identity operator and
S the set of points y ∈ X that are within a distance c′ of x. �

Remark D.3. Recall, from 2.17, that Kreg = 29 exp{20e12mDDH}. In Lem-
mas 6.3 and 6.7, we used

4 + 2e2Kj ≤ 4 + 2e2 exp
{
4e12mDH

}
≤ 25 exp

{
4e12mDH

}
≤ Kreg

and

2K ′
je

3Kj+K′
j ≤ 2e3Kj+2K′

j ≤ 2e5 exp
{
20De12mDH

}
≤ Kreg

Here, we have used that |μ| ≤ 1.

Lemma D.4. For all α ∈ L2(X) and all 0 ≤ ε ≤ 1,

cHe
−4DCH ε ‖∇α‖2 ≤

〈
α∗,

[
1 − e−ε∇∗H∇

]
α
〉

≤ CH ε ‖∇α‖2

Proof. We have

1 − e−ε∇∗H∇ = −
1∫

0

dt
d
dt
e−εt∇∗H∇ =

1∫

0

dt ε∇∗H∇ e−εt∇∗H∇

Since e−εt∇∗H∇ commutes with ε∇∗H∇ and all of the eigenvalues of e−εt∇∗H∇

lie between e−εtCH‖∇‖2 ≥ e−4εtDCH and one

〈
α∗,

[
1 − e−ε∇∗H∇

]
α
〉

≥
1∫

0

dt εe−4εtDCH 〈α∗,∇∗H∇α〉

≥ εe−4εDCH 〈α,∇∗H∇α〉
≥ cHεe

−4εDCH ‖∇α‖2

Similarly,

〈
α∗,

[
1 − e−ε∇∗H∇

]
α
〉

≤
1∫

0

dt ε 〈α∗,∇∗H∇α〉 ≤ CHε ‖∇α‖2

�

Appendix E. Bounds on the Background Field

In this appendix we provide both pointwise and norm bounds on the back-
ground field as well as comparisons between the background field and the
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original field ατ . Throughout Sects. E.1–E.4 of the appendix, we fix a hierar-
chy S for scale δ and write

γ∗τ =

⎧⎪⎨
⎪⎩
α∗ if τ = 0
Γ∗S(τ ; α∗, �α∗) if τ ∈ (0, δ)
β∗ if τ = δ

⎫⎪⎬
⎪⎭ γτ =

⎧⎪⎨
⎪⎩
α if τ = 0
ΓS(τ ; �α, β) if τ ∈ (0, δ)
β if τ = δ

⎫⎪⎬
⎪⎭

We also fix an integer n ≥ depthS and set ε = 2−nδ. Recall, from Notation 2.2,
that, for each decimation point τ ∈ ∩(0, δ),

◦ the decimation index, d(τ), of τ is determined by τ ∈ δ
2d(τ) Z\ 2δ

2d(τ) Z. By
convention, we also set d(0) = d(δ) = 0 and, if τ is not a decimation point,
d(τ) = ∞.

◦ Jτ = [τ − δ
2d(τ) , τ + δ

2d(τ) ], J −
τ = [τ − δ

2d(τ) , τ ] and J +
τ = [τ, τ + δ

2d(τ) ]
◦ Λτ = Λ([τ − δ

2d(τ) , τ + δ
2d(τ) ]). By convention, we also set Λ0 = Λδ = ∅,

and, if τ is not a decimation point, Λc
τ = ∅.

◦ In this appendix, we use ετ = δ
2d(τ) = 1

2 |Jτ | = |J −
τ | = |J +

τ | to denote the
lattice spacing of the coarsest lattice δ

2k Z that contains τ . By convention,
we set ε0 = εδ = δ.

In Sect. E.5, we fix a hierarchy S for scale 2δ. We further assume, throughout
this appendix, that the field ατ is compatible with S in the following sense.
(In the integral operator IS, the field ατ is compatible with S.)

Definition E.1. A field configuration ατ (x) is said to be compatible with the
hierarchy S if, for each decimation interval [τ−, τ+],∣∣ατ−(x)

∣∣ , ∣∣ατ+(x)
∣∣ ≤ R(τ+−τ−)for all x ∈ Λ([τ−, τ+])∣∣∇ατ−(b)

∣∣ , ∣∣∇ατ+(b)
∣∣ ≤ R′(τ+−τ−)for all b ∈ Λ([τ−, τ+])∗

∣∣ατ+(x) − ατ−(x)
∣∣ ≤ r(τ+−τ−)for all x ∈ Λ([τ−, τ+])

where we recall that, for each S ⊂ X, S∗ is the set of bonds with at least one
end in S and S is the set of points in X that are connected to some point of
S by some bond.

Remark E.2. Compatibility implies

|ατ (x)| ≤ min{κτ (x), κ∗τ (x)} |α(x)| ≤ κ∗0(x) |β(x)| ≤ κδ(x)

for all τ ∈ εZ ∩ (0, δ) and x ∈ X.

E.1. Additional Descriptions

We now rewrite the definition, Definition 2.9, of the background field (still with
j(t) being interpreted as the h-operator of (3.1)) in a way that makes more clear
which coefficients Γτ ′

τ (S), Γτ ′
τ (S) are nonzero. The coefficients Γτ ′

∗τ (S) = Γτ ′
∗τ

and Γτ ′
τ (S) = Γτ ′

τ were defined as follows. For τ ∈ (0, δ),

◦ For τ = τ ′,

Γτ
∗τ = Γτ

τ = Λc
τ
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◦ For τ �= τ ′, Γτ ′
∗τ = 0 unless τ > τ ′ and [τ ′, τ ] is strictly contained in a

decimation interval with τ ′ as its left endpoint. If J is the smallest such
decimation interval and δ′ its length, then

Γτ ′
∗τ = j

(
τ − τ ′ − δ′

2

)
Λ(J ) j

(
δ′

2

)
Λc

τ ′

◦ Similarly for τ �= τ ′, Γτ ′
τ = 0 unless τ < τ ′ and [τ, τ ′] is strictly contained

in a decimation interval with τ ′ as its right endpoint. If J is the smallest
such interval and δ′ its length, then

Γτ ′
τ = j

(
τ ′ − τ − δ′

2

)
Λ(J ) j

(
δ′

2

)
Λc

τ ′

Observe that if J is a decimation interval, with τ ′ as right hand endpoint
and which contains τ in its interior, then d(τ) > d(τ ′) and τ ′ is the smallest
element of ετ ′Z that is above τ . Also observe that if d(τ ′) > n, then Λc

τ ′ = ∅
so that Γτ ′

∗τ = Γτ ′
τ = 0.

Definition E.3. For each τ ∈ (0, δ), set

Tr(τ, δ) =
{
τ ′ ∈ (τ, δ] ∩ εZ

∣∣∣d(τ ′) < d(τ), τ ′ = min
{
τ ′′ ∈ ετ ′Z

∣∣ τ ′′ > τ
}}

Tl(τ, δ) =
{
τ ′ ∈ [0, τ) ∩ εZ

∣∣∣d(τ ′) < d(τ), τ ′ = max
{
τ ′′ ∈ ετ ′Z

∣∣ τ ′′ < τ
}}

The figure below provides an example. In it, ε = 1, n = 5 so that δ = 32ε,
τ = 14ε so that d(τ) = 4, ετ = 2ε, Tr(τ, δ) = {16ε, 32ε} and Tl(τ, δ) =
{12ε, 8ε, 0}.

As δ ∈ Tr(τ, δ) and 0 ∈ Tl(τ, δ) both Tr(τ, δ) and Tl(τ, δ) are always nonempty.
When τ and δ are clear from the context, we drop them from the notation.
Also, for each τ ′ ∈ Tr, let π(τ ′) denote the predecessor element of τ ′ in Tr,
which is the largest element of Tr that is strictly smaller than τ ′. When τ ′

is the smallest element of Tr, set π(τ ′) = τ . Similarly, for each τ ′ ∈ Tl, let
σ(τ ′) be the successor element of τ ′, which is the smallest element of Tl that
is strictly larger than τ ′. When τ ′ is the largest element of Tl, σ(τ ′) = τ .

Lemma E.4. Let τ ∈ εZ ∩ (0, δ).
(i)

γτ = Λc
τατ +

∑
τ ′∈Tr(τ,δ)

j (π(τ ′) − τ) Λπ(τ ′) j (τ ′ − π(τ ′)) Λc
τ ′ατ ′

γ∗τ = Λc
τα

∗
τ +

∑
τ ′∈Tl(τ,δ)

j (τ − σ(τ ′)) Λσ(τ ′) j (σ(τ ′) − τ ′) Λc
τ ′α∗

τ ′

(ii)

Λτ =
⋃

τ ′∈Tr

Λπ(τ ′) ∩ Λc
τ ′ Λτ =

⋃
τ ′∈Tl

Λσ(τ ′) ∩ Λc
τ ′
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provides two partitions of Λτ into disjoint subsets. Let τr ∈ Tr and τl ∈ Tl.
Then we have σ(τl) − εσ(τl) = τl and π(τr) + επ(τr) = τr. If

Λπ(τr) ∩ Λc
τr

∩ Λσ(τl) ∩ Λc
τl

�= ∅

then [τl, τr] is a decimation interval of length min {ετl
, ετr

} and

Λπ(τr)Λc
τr

Λσ(τl)Λ
c
τl

= Λ ([τl, τr]) Λc
τl

Λc
τr

as well.

In the figures below, the partitions of Λτ , stated in Lemma E.4(ii), are
illustrated for the example inside Definition E.3.

In the proof of Lemma E.4 we need

Remark E.5. (i) If τ ′, τ̃ ′ ∈ Tr(τ, δ) and τ ′ < τ̃ ′ then d(τ ′) > d(τ̃ ′).
If τ ′, τ̃ ′ ∈ Tl(τ, δ) and τ ′ < τ̃ ′ then d(τ ′) < d(τ̃ ′).
For each 0 < d < d(τ) there is exactly one τ ′ ∈ Tl(τ, δ) ∪ Tr(τ, δ) with
d(τ ′) = d.

(ii) If τ ′, τ̃ ′ ∈ Tl(τ, δ) ∪ Tr(τ, δ) and d(τ ′) > d(τ̃ ′), then

Λτ̃ ′ ⊂ Λτ ′ ⊂ Λτ

Proof. (i) Let τ ′ < τ̃ ′ both be in Tr(τ, δ) and suppose that d(τ ′) ≤ d(τ̃ ′). Then
both τ ′ and τ̃ ′ are in ετ̃ ′Z and τ̃ ′ cannot be the element of ετ̃ ′Z closest to τ ,
which is a contradiction.

Let τ ′ ∈ Tl(τ, δ)\{0} and τ̃ ′ ∈ Tr(τ, δ)\{δ} and suppose that d(τ ′) =
d(τ̃ ′). Then [τ ′ − ετ ′ , τ ′ + ετ ′ ] and [τ̃ ′ − ετ̃ ′ , τ̃ ′ + ετ̃ ′ ] are both decimation inter-
vals of length 2ετ ′ and both contain τ in their interiors. So they must be
identical. That’s impossible since τ ′ < τ < τ̃ ′ forces τ ′ �= τ̃ ′.

Let 0 ≤ d < d(τ). There is exactly one decimation interval of length δ
2d

that contains τ . Call it [τ ′, τ̃ ′]. If d > 0, then exactly one of τ ′, τ̃ ′ has decima-
tion index d. If d = 0, then both of τ ′, τ̃ ′ have decimation index d. If d(τ ′) = d,
then τ ′ ∈ Tl. If d(τ̃ ′) = d, then τ̃ ′ ∈ Tr.

(ii) All of [τ − ετ , τ + ετ ], [τ ′ − ετ ′ , τ ′ + ετ ′ ] and [τ̃ ′ − ετ̃ ′ , τ̃ ′ + ετ̃ ′ ] are dec-
imation intervals that contain τ in their interiors. Since d(τ) > d(τ ′) > d(τ̃ ′),
the first is contained in the second, which, in turn is contained in the third.
Consequently,

Λ ([τ̃ ′ − ετ̃ ′ , τ̃ ′ + ετ̃ ′ ]) ⊂ Λ ([τ ′ − ετ ′ , τ ′ + ετ ′ ]) ⊂ Λ ([τ̃ ′ − ετ̃ ′ , τ̃ ′ + ετ̃ ′ ])

(If d(τ̃ ′) = 0, drop consideration of [τ̃ ′ − ετ̃ ′ , τ̃ ′+ετ̃ ′ ] and use that Λτ̃ ′ =∅.) �
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Proof of Lemma E.4. (i) We give the proof for γτ . We have already observed
that Γτ ′

τ may be nonzero only for τ ′ = τ or τ ′ ∈ Tr.
Now fix any τ ′ ∈ Tr. Then [τ, τ ′] is strictly contained in a decimation

interval with τ ′ as its right endpoint, namely [τ ′ − ετ ′ , τ ′]. Denote by J the
smallest such interval and by δ′ its length, so that

Γτ ′
τ = j

(
τ ′ − τ − δ′

2

)
Λ([τ ′ − δ′, τ ′]) j

(
δ′

2

)
Λc

τ ′

If τ ′ − δ′
2 = τ , then all elements of (τ, τ ′) have decimation index strictly larger

than d(τ) and τ ′ is the smallest element of Tr.
If τ ′ − δ′

2 > τ , then τ is contained in the interior of the decimation inter-
val [τ ′ − δ′, τ ′ − δ′

2 ] so that τ ′ − δ′
2 is the smallest element of δ′

2 Z above τ . As
τ ′ − δ′

2 has the same decimation index as δ′
2 , we have τ ′ − δ′

2 ∈ Tr. All elements
of (τ ′ − δ′

2 , τ
′) have decimation index strictly larger than that of δ′

2 , and so
cannot be in Tr (because τ ′ − δ′

2 has smaller decimation index and is closer
to τ), we have π(τ ′) = τ ′ − δ′

2 . In both cases, Λ([τ ′ − δ′, τ ′]) = Λπ(τ ′) so that

Γτ ′
τ = j (π(τ ′) − τ) Λπ(τ ′) j (τ ′ − π(τ ′)) Λc

τ ′

as desired.
If τ ′ − δ′

2 < τ , then [τ ′ − δ′
2 , τ

′] is a decimation interval that contains τ in
its interior, contradicting the assumption that [τ ′ − δ′, τ ′] is the shortest such
decimation interval.

The proof for γ∗τ is similar.
(ii) Observe that Λτ ′ ⊂ Λπ(τ ′) for all τ ′ ∈ Tr and Λτ ′ ⊂ Λσ(τ ′) for all

τ ′ ∈ Tl and that τ ′ = δ ∈ Tr has Λc
δ = X and τ ′ = 0 ∈ Tl has Λc

0 = X.
Consequently

Λτ =
⋃

τ ′∈Tr

Λπ(τ ′) ∩ Λc
τ ′ Λτ =

⋃
τ ′∈Tl

Λσ(τ ′) ∩ Λc
τ ′

provides two partitions of Λτ into disjoint subsets.
We have already shown, in part (i), that π(τr) + δ

2d(π(τr)) = τr for all
τr ∈ Tr.

Now fix any τr ∈ Tr and τl ∈ Tl and assume that

x ∈ Λπ(τr) ∩ Λc
τr

∩ Λσ(τl) ∩ Λc
τl

�= ∅

Write, as in part (i),

π(τr) = τr − 1
2
δ′
r σ(τl) = τl +

1
2
δ′
l

Both [
π(τr) − 1

2
δ′
r, π(τr) +

1
2
δ′
r

]
= [τr − δ′

r, τr]
[
σ(τl) − 1

2
δ′
l, σ(τl) +

1
2
δ′
l

]
= [τl, τl + δ′

l]
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are decimation intervals that contain τ in their interiors. Hence one must be
contained in the other. Say that δ′

r ≤ δ′
l so that the first is contained in

the second and Λσ(τl) ⊂ Λπ(τr). To prove the claim, it suffices to show that
τl + δ′

l = τr—i.e. that the right hand ends of the two intervals coincide—since
then [τl, τr] is a decimation interval and Λ([τl, τr]) = Λσ(τl) ⊂ Λπ(τr).

Suppose that they do not coincide. That is,

σ(τl) − 1
2
δ′
l ≤ π(τr) − 1

2
δ′
r < π(τr) +

1
2
δ′
r < σ(τl) +

1
2
δ′
l

or equivalently,

τl ≤ τr − δ′
r < τ < τr < τl + δ′

l

Since τr ∈ (τl, τl + δ′
l), we have Jτr

⊂ [τl, τl + δ′
l] leading to the contradiction

Λc
τr

∩ Λσ(τl) = Λ (Jτr
)c ∩ Λ ([τl, τl + δ′

l]) = ∅
The argument that the left hand ends of the intervals coincide when δ′

r ≥ δ′
l

is similar. �
E.2. Comparison to the Case “j(τ ) = h”

Recall, from (2.16), that j(τ) = e−τ(h−μ) with h = ∇∗H∇ where H : L2(X∗) →
L2(X∗) is a translation invariant, self–adjoint operator all of whose eigenvalues
lie between cH > 0 and CH > 0 and for which

DH =
∑
x∈X

1≤i,j≤d

e6md(x,0) |H (bi(0), bj(x))| < ∞

Here, for each 1 ≤ i ≤ d and x ∈ X, bi(x) =
(
x,x+ ei) denotes the bond with

base point x and direction ei.
If j(τ) were the j(0) = h, the background field would reduce to

Definition E.6. Define, for each 0 < τ < δ,

γ̂∗τ = Λc
τα

∗
τ +

∑
τ ′∈Tl(τ,δ)

Λσ(τ ′) Λc
τ ′hα∗

τ ′

γ̂τ = Λc
τατ +

∑
τ ′∈Tr(τ,δ)

Λπ(τ ′) Λc
τ ′hατ ′

We now prove some bounds on the difference between γ(∗)τ and γ̂(∗)τ and
derive some consequences of the bounds.

Proposition E.7. Assume that h ≡ 1. Let 0 < τ < δ. If x ∈ Λc
τ , then

|γ∗τ (x) − γ̂∗τ (x)| , |γτ (x) − γ̂τ (x)| ≤ 1
2
e−mc(ετ )

If J is a decimation interval that contains τ and x ∈ Λ(J ), then

|γ∗τ (x) − γ̂∗τ (x)| , |γτ (x) − γ̂τ (x)| ≤
(
2eKj + 1

)
r(|J |)

The proof of this proposition uses16

Lemma E.8. Let 0 < τ < δ and Tr = {τ1 < τ2 < · · · < τp = δ}.

16 In Lemma E.8, we do not assume that h is identically one.
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(a) If x ∈ Λc
τ , then

γτ (x) = ατ (x) + Ea(τ,x) with |Ea(τ,x)| ≤ 1
2
e−mc(ετ )

If x ∈ Λτ�−1 ∩ Λc
τ�

, for some 1 ≤ � ≤ p (with the convention that τ0 = τ),
then

(b) when d(x,Λτ�
) ≥ 1

2 c(ετ�
) (automatic for � = p) and d(x,Λc

τ�−1
) ≥

1
2 c(2ετ�−1),

γτ (x) = hατ�
(x) +

(
[j (τ� − τ) − h] Λτ�−1Λ

c
τ�
ατ�

)
(x) + Eb(τ,x)

with |Eb(τ,x)| ≤ 2e−mc(ετ�
)

(c) when d(x,Λc
τ�−1

) ≤ 1
2 c(2ετ�−1)

γτ (x)

= hατ�
(x) −

(
j (τ�−1 − τ) Λc

τ�−1
Λ ([τ�−1, τ�]) [ατ�

− ατ�−1 ]
)

(x)

+
({

[j (τ� − τ) − h] − j (τ�−1 − τ) Λc
τ�−1

[j (τ� − τ�−1) − h]
}

×Λ ([τ�−1, τ�]) Λc
τ�
ατ�

)
(x)

+Ec(τ,x) with |Ec(τ,x)| ≤ 2e−mc(ετ�
)

(d) when � < p and d(x,Λτ�
) ≤ 1

2 c(ετ�
)

γτ (x)
= hατ�

(x) +
(
[j (τ� − τ) − h]Λ ([τ�, τ�+1]) Λc

τ�
[ατ�

− ατ�+1 ]
)
(x)

+
(

{[j (τ� − τ) − h] + j (τ� − τ) Λτ�
[j (τ�+1 − τ�) − h]} Λ ([τ�, τ�+1])

×Λc
τ�+1

ατ�+1

)
(x)

+Ed(τ,x) with |Ed(τ,x)| ≤ 2e−mc(ετ�
)
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For x running over Λ = Λ([0, δ]), we also have that
(e) if 0 < τ < δ

2 , then

γ∗τ (x) = (j(τ)α∗) (x) + E∗e(x)

γτ (x)=
(
j(δ−τ)Λ

([
δ

2
, δ

])
β−j

(
δ

2
−τ
)

Λc[j
(
δ

2

)
−h] Λ

([
δ

2
, δ

])
β

)
(x)

+
(
j

(
δ

2
− τ

)
ΛcΛ

([
δ

2
, δ

])
[α δ

2
− β]

)
(x) + Ee(x)

with
∑

x∈Λ |E∗e(x)| ≤ e−mc(δ)|Λc| and
∑

x∈Λ |Ee(x)| ≤ e−mc(δ)|Λc|
(f) if τ = δ

2 , then

γ∗τ (x) = (j(τ)α∗) (x) + E∗f (x)
γτ (x) = (j(δ − τ)β) (x) + Ef (x)

with
∑

x∈Λ |E∗f (x)| ≤ e−mc(δ)|Λc| and
∑

x∈Λ |Ef (x)|≤e−mc(δ)|Λc|
(g) if δ

2 < τ < δ, then

γ∗τ (x)=

(
j(τ)Λ

([
0,

δ

2

])
α∗ − j

(
τ − δ

2

)
Λc[j

(
δ

2

)
−h] Λ

([
0,

δ

2

])
α∗
)

(x)

+

(
j

(
τ − δ

2

)
ΛcΛ

([
0,

δ

2

]) [
α∗

δ
2

− α∗
])

(x) + E∗g(x)

γτ (x) = (j(δ − τ)β) (x) + Eg(x)

with
∑

x∈Λ |E∗g(x)| ≤ e−mc(δ)|Λc| and
∑

x∈Λ |Eg(x)| ≤ e−mc(δ)|Λc|

Proof. Recall from Lemma E.4 that

γτ = Λc
τατ +

p∑
k=1

j (τk−1 − τ) Λτk−1 j (τk − τk−1) Λc
τk
ατk

(E.1)

For each 1 ≤ k ≤ p,
∣∣(j (τk−1 − τ) Λτk−1 j (τk − τk−1) Λc

τk
ατk

)
(x)

∣∣
≤ N0

(
χ{x}j (τk−1 − τ) Λτk−1 j (τk − τk−1) Λc

τk
; 1, κτk

)
≤4R(2ετk′ ) e

− 9
2m max{d(x, Λτk−1 ) , d(x, Λc

τk
)}|||j (τk−1 − τ) ||| |||j (τk−τk−1) |||

≤ 4eKj R(ετk′ ) e
− 9

2m max{d(x, Λτk−1 ) , d(x, Λc
τk

)} (E.2)

where χ{x} is the characteristic function of the set {x} and k′ is the maximum
of k − 1 and the largest �′ with x ∈ Λτ�′ . If x ∈ Λc

τ , then k′ = k − 1. For the
second inequality we used Lemma G.5(ii) with

◦ L1 being the single point set {x}, L2 = Λτk−1 = Λ
(
[τk − 2ετk−1 , τk]

)
,

L3 = Λc
τk

,
◦ with d replaced by 0, δ1 = 0, δ2 = m

3 d, δ = 9
2md, d̃ = 5md,

◦ O2 = Λτk′ , κ = κτk
and R = 4R(2ετk′ ). This choice of R is justified by

Lemma B.1.ii.
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(a) First consider the case that x ∈ Λc
τ (which forces τ ∈ εZ). Then, the k = 1

term in (E.1) vanishes so that

|γτ (x) − ατ (x)|

=

∣∣∣∣∣
p∑

k=2

(
j (τk−1 − τ) Λτk−1 j (τk − τk−1) Λc

τk
ατk

)
(x)

∣∣∣∣∣

≤
p∑

k=2

4eKj R(ετk−1) e
− 9

2md(x, Λτk−1 )

≤
p∑

k=2

4eKj R(ετk−1) e
− 9

2mc(2ετ ) (put � = 1 in the figure below)

≤
p∑

k=2

1
4
e−4mc(2ετ ) by (F.6b)

≤ 1
4
e−2mc(2ετ )

p∑
k=2

e−2mc(2ετk−1 )

≤ 1
2
e−mc(ετ ) by (F.4a,d)

(b, c, d) Now we consider the case x ∈ Λτ�−1 ∩Λc
τ�

with 1 ≤ � ≤ p. In particular,
x ∈ Λτ . Set

K =

⎧⎪⎪⎨
⎪⎪⎩

{�} in case (b)

{�, �− 1} in case (c)

{�, �+ 1} in case (d)

As in the last paragraph

∣∣∣∣∣γτ (x) −
∑
k∈K

j (τk−1 − τ) Λτk−1 j (τk − τk−1) Λc
τk
ατk

∣∣∣∣∣ ≤ e−mc(ετ�
)

In case (b), when d(x,Λc
τ�−1

) ≥ 1
2 c(2ετ�−1) and d(x,Λτ�

) ≥ 1
2 c(ετ�

), we
write the k = � term as

j (τ�−1 − τ) Λτ�−1 j (τ� − τ�−1) Λc
τ�
ατ�

= j (τ� − τ) Λc
τ�
ατ�

− j (τ�−1 − τ) Λc
τ�−1

j (τ� − τ�−1) Λc
τ�
ατ�

= Λτ�−1Λ
c
τ�

hατ�
+ [j (τ� − τ) − h] Λτ�−1Λ

c
τ�
ατ�

+j (τ� − τ) Λc
τ�−1

ατ�
− j (τ�−1 − τ) Λc

τ�−1
j (τ� − τ�−1) Λc

τ�
ατ�



Vol. 11 (2010) The Temporal Ultraviolet Limit 303

and bound, as in (E.2),∣∣∣
(
j (τ�−1 − τ) Λτc

�−1
j (τ� − τ�−1) Λc

τ�
ατ�

)
(x)

∣∣∣
≤ 4eKj R(2ετ�−1) e

− 9
4mc(2ετ�−1 )

≤ 1
4
e−mc(ετ�−1 )

∣∣∣
(
j (τ� − τ) Λc

τ�−1
ατ�

)
(x)

∣∣∣ ≤ 1
4
e−mc(ετ�−1 )

For case (c), when d(x,Λc
τ�−1

) ≤ 1
2 c(2ετ�−1) and hence d(x,Λτ�

) ≥
1
2 c(2ετ�−1), we first observe that

Λτ�
� Λτ�−1 = Λ

(
[τ�−1 − ετ�−1 , τ�]

)
� Λ ([τ�−1, τ�])

Here the symbol A � B signifies that A is a proper subset of B unless B = X.
So the k = � term is

j (τ�−1 − τ) Λτ�−1 j (τ� − τ�−1) Λc
τ�
ατ�

= j (τ� − τ) Λ ([τ�−1, τ�]) Λc
τ�
ατ�

−j (τ�−1 − τ) Λc
τ�−1

j (τ� − τ�−1) Λ ([τ�−1, τ�])

×Λc
τ�
ατ�

+ j (τ�−1 − τ) Λτ�−1 j (τ� − τ�−1) Λ ([τ�−1, τ�])
c
ατ�

= Λ ([τ�−1, τ�]) Λc
τ�

hατ�
− j (τ�−1 − τ) Λc

τ�−1
Λ ([τ�−1, τ�]) Λc

τ�
ατ�

+
{

[j (τ�−τ)−h]−j (τ�−1−τ) Λc
τ�−1

[j (τ�−τ�−1)−h]
}

Λ ([τ�−1, τ�]) Λc
τ�
ατ�

+j (τ�−1 − τ) Λτ�−1j (τ� − τ�−1) Λ ([τ�−1, τ�])
c
ατ�

and the k = �− 1 term, which is only present when � ≥ 2, is

j (τ�−2 − τ) Λτ�−2 j (τ�−1 − τ�−2) Λc
τ�−1

ατ�−1

= j (τ�−1 − τ) Λc
τ�−1

Λ ([τ�−1, τ�])ατ�−1

−j (τ�−2 − τ) Λc
τ�−2

j (τ�−1 − τ�−2) Λc
τ�−1

Λ ([τ�−1, τ�])ατ�−1

+j (τ�−2 − τ) Λτ�−2 j (τ�−1 − τ�−2) Λ ([τ�−1, τ�])
c
ατ�−1
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As in (E.2),
∣∣(j (τ�−1 − τ) Λτ�−1j (τ� − τ�−1) Λ ([τ�−1, τ�])

c
ατ�

)
(x)

∣∣ ≤ 1
4
e−4mc(ετ�−1 )

∣∣∣
(
j (τ�−2−τ) Λc

τ�−2
j (τ�−1−τ�−2) Λc

τ�−1
Λ ([τ�−1, τ�])ατ�−1

)
(x)

∣∣∣ ≤ 1
4
e−2mc(ετ�−2 )

∣∣(j (τ�−2 − τ) Λτ�−2j (τ�−1 − τ�−2) Λ ([τ�−1, τ�])
c
ατ�−1

)
(x)

∣∣ ≤ 1
4
e−4mc(ετ�−1 )

Adding the representations of the k = � and k = � − 1 terms and using the
fact that Λc

τ�−1
Λc

τ�
= Λc

τ�−1
, we see that—up to an error of at most 2e−mc(ετ�

)

γτ (x) = hατ�
(x) −

(
j (τ�−1 − τ) Λc

τ�−1
Λ ([τ�−1, τ�]) [ατ�

− ατ�−1 ]
)

(x)

+
({

[j (τ� − τ)−h] − j (τ�−1 − τ) Λc
τ�−1

[j (τ� − τ�−1)−h]
}

×Λ ([τ�−1, τ�]) Λc
τ�
ατ�

)
(x)

(When � = 1, (j(τ�−1 − τ) Λc
τ�−1

Λ([τ�−1, τ�]))(x) = 0, since x ∈ Λτ .)
For case (d), when � < p and d(x,Λτ�

) ≤ 1
2 c(ετ�

) so that d(x,Λc
τ�−1

) ≥
1
2 c(2ετ�−1), we first observe that x ∈ Λ([τ�, τ�+1]) and that

Λτ�+1 � Λτ�
= Λ ([τ� − ετ�

, τ�+1]) � Λ ([τ�, τ�+1])

So the k = � term is

j (τ�−1 − τ) Λτ�−1 j (τ� − τ�−1) Λc
τ�
ατ�

= j (τ� − τ) Λ ([τ�, τ�+1]) Λc
τ�
ατ�

+ j (τ� − τ) Λ ([τ�, τ�+1])
c
ατ�

−j (τ�−1 − τ) Λc
τ�−1

j (τ� − τ�−1) Λc
τ�
ατ�

and the k = �+ 1 term is

j (τ�−τ) Λτ�
j (τ�+1−τ�) Λc

τ�+1
ατ�+1

= j (τ�−τ) Λτ�
Λ ([τ�, τ�+1]) Λc

τ�+1
ατ�+1

+j (τ� − τ) Λτ�
(j (τ�+1 − τ�) − h) Λ ([τ�, τ�+1]) Λc

τ�+1
ατ�+1

+j (τ� − τ) Λτ�
j (τ�+1 − τ�) Λ ([τ�, τ�+1])

c
ατ�+1

As in (E.2)

|(j (τ� − τ) Λ ([τ�, τ�+1])
c
ατ�

) (x)| ≤ 1
4
e−2mc(ετ�

)

∣∣∣
(
j (τ�−1 − τ) Λc

τ�−1
j (τ� − τ�−1) Λc

τ�
ατ�

)
(x)

∣∣∣ ≤ 1
4
e−mc(ετ�−1 )

∣∣(j (τ� − τ) Λτ�
j (τ�+1 − τ�) Λ ([τ�, τ�+1])

c
ατ�+1

)
(x)

∣∣ ≤ 1
4
e−2mc(ετ�

)

Adding the representations of the k = � and k = �+1 terms and using the fact
that Λc

τ�
Λc

τ�+1
= Λc

τ�
, we see that—up to an error at x of at most 2e−mc(ετ�

)

γτ = j (τ� − τ) Λ ([τ�, τ�+1]) Λc
τ�
ατ�

+ j (τ� − τ) Λτ�
Λ ([τ�, τ�+1]) Λc

τ�+1
ατ�+1

+j (τ� − τ) Λτ�
(j (τ�+1 − τ�) − h) Λ ([τ�, τ�+1]) Λc

τ�+1
ατ�+1
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= j (τ� − τ)
[
Λ ([τ�, τ�+1]) Λc

τ�+1
ατ�+1 + Λ ([τ�, τ�+1]) Λc

τ�
[ατ�

− ατ�+1 ]
]

+j (τ� − τ) Λτ�
(j (τ�+1 − τ�) − h) Λ ([τ�, τ�+1]) Λc

τ�+1
ατ�+1

Writing, in the first term, j(τ� − τ) = h + [j(τ� − τ) − h] and evaluating at x,
we have

γτ (x) = hατ�
(x) +

(
[j (τ� − τ) − h]Λ ([τ�, τ�+1]) Λc

τ�+1
ατ�+1

)
(x)

+
(
[j (τ� − τ) − h]Λ ([τ�, τ�+1]) Λc

τ�
[ατ�

− ατ�+1 ]
)
(x)

+
(
j (τ� − τ) Λτ�

[j (τ�+1 − τ�) − h] Λ ([τ�, τ�+1]) Λc
τ�+1

ατ�+1

)
(x)

up to an error of at most 2e−mc(ετ�
). (e, f, g) We give the proof for γ∗τ . Recall

from Lemma E.4(i), that, on Λ,

γ∗
∗τ =

∑
τ ′∈Tl(τ,δ)

j (τ − σ(τ ′)) Λσ(τ ′) j (σ(τ ′) − τ ′) Λc
τ ′ατ ′

As in (E.2), if 0 < τ < δ (otherwise Tl(τ, δ) is empty),∑
x∈Λ

τ ′∈Tl(τ,δ)\{0, δ
2 }

∣∣(j (τ − σ(τ ′)) Λσ(τ ′) j (σ(τ ′) − τ ′) Λc
τ ′ατ ′

)
(x)

∣∣

≤
∑

τ ′∈Tl(τ,δ)

τ ′ �=0, δ
2

N0

(
Λj (τ − σ(τ ′)) Λσ(τ ′) j (σ(τ ′) − τ ′) Λc

τ ′ ; 1, κ∗τ ′
)

|Λc
τ ′ |

≤
∑

τ ′∈Tl(τ,δ)
τ ′ �=0, δ

2

4eKj R(δ) e− 9
2md(Λ, Λc

τ′ ) |Λc|

≤
∑

τ ′∈Tl(τ,δ)\{0}
4eKj R(δ) e− 9

2mc(2ετ′ ) |Λc|

≤
∑

τ ′∈Tl(τ,δ)\{0}

1
4
e−4mc(2ετ′ ) |Λc| by (F.6b)

≤ 1
4
e−mc(δ) |Λc| by (F.4d)

Case 0 < τ ≤ δ
2 : In this case τ ′ = δ

2 /∈ Tl(τ, δ) and the τ ′ = 0 ∈ Tl(τ, δ)
contribution to γ∗

∗τ is

j (τ − σ(0)) Λσ(0) j (σ(0)) α = j(τ)α− j (τ − σ(0)) Λc
σ(0) j (σ(0)) α

For τ = δ
2 , σ(0) = τ and the second term vanishes on Λ. For 0 < τ < δ

2 , by
Lemma B.1(i),∑

x∈Λ

∣∣∣
(
j (τ − σ(0)) Λc

σ(0) j (σ(0)) α
)

(x)
∣∣∣

≤
∑

x∈Λ,z∈X
y∈Λc

σ(0)

|j (τ − σ(0)) (x,y)| |j (σ(0)) (y, z)|κ∗0(z)
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≤ 4R(δ)e− 9
2md(Λ, Λc

σ(0))

×
∑

x∈Λ,z∈X
y∈Λc

σ(0)

|j (τ − σ(0)) (x,y)| e 9
2md(x, y) |j (σ(0)) (y, z)| e 1

3md(x, z)

≤ 4R(δ)e− 9
2md(Λ, Λc

σ(0))
∣∣∣Λc

σ(0)

∣∣∣ |||j (τ − σ(0)) ||| |||j (σ(0)) |||

≤ 4eKj R(δ)e− 9
2mc(δ/2)

∣∣∣Λc
σ(0)

∣∣∣ since τ <
δ

2
, so that σ(0)<

δ

2
and εσ(0) ≤

δ

4

≤ 1
4
e−4mc(δ) |Λc| by (F.6b) (E.3)

Case δ
2 < τ < δ: In this case τ ′ = δ

2 ∈ Tl(τ, δ). The τ ′ = 0 term is

j (τ − σ(0)) Λσ(0) j (σ(0)) α=j
(
τ − δ

2

)
Λ j

(
δ

2

)
α

= j(τ) Λ
([

0,
δ

2

])
α− j

(
τ − δ

2

)
Λcj

(
δ

2

)
Λ
([

0,
δ

2

])
α

+j
(
τ − δ

2

)
Λj
(
δ

2

)
Λ
([

0,
δ

2

])c

α

= j(τ)Λ
([

0,
δ

2

])
α− j

(
τ − δ

2

)
Λc[j

(
δ

2

)
− h] Λ

([
0,
δ

2

])
α

−j
(
τ − δ

2

)
Λc Λ

([
0,
δ

2

])
α

+j
(
τ − δ

2

)
Λj
(
δ

2

)
Λ
([

0,
δ

2

])c

α

and the τ ′ = δ
2 term is

j

(
τ−σ

(
δ

2

))
Λσ( δ

2 ) j
(
σ

(
δ

2

)
− δ

2

)
Λc

δ
2
α δ

2

= j

(
τ − δ

2

)
ΛcΛ

([
0,
δ

2

])
α δ

2

− j

(
τ − σ

(
δ

2

))
Λc

σ( δ
2 )
j

(
σ

(
δ

2

)
− δ

2

)
ΛcΛ

([
0,
δ

2

])
α δ

2

+ j

(
τ − σ

(
δ

2

))
Λσ( δ

2 ) j
(
σ

(
δ

2

)
− δ

2

)
Λ
([

0,
δ

2

])c

α δ
2

As in (E.3),
∑
x∈Λ

∣∣∣∣
(
j

(
τ − δ

2

)
Λ j

(
δ

2

)
Λ
([

0,
δ

2

])c

α

)
(x)

∣∣∣∣ ≤ 1
4
e−4mc(δ/2)|Λc|

∑
x∈Λ

∣∣∣∣
(
j

(
τ − σ

(
δ

2

))
Λc

σ( δ
2 )
j

(
σ

(
δ

2

)
− δ

2

)
ΛcΛ

([
0,
δ

2

])
α δ

2

)
(x)

∣∣∣∣
≤ 1

8
e−4mc(δ/2)|Λc|
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∑
x∈Λ

∣∣∣∣
(
j

(
τ − σ

(
δ

2

))
Λσ( δ

2 ) j
(
σ

(
δ

2

)
− δ

2

)
Λ
([

0,
δ

2

])c

α δ
2

)
(x)

∣∣∣∣
≤ 1

8
e−4mc(δ/2)|Λc|

�

Proof of Proposition E.7. For x ∈ Λc
τ , γ̂τ (x) = ατ (x) and γ̂∗τ = ατ (x)∗ and

the desired bound follows immediately from Lemma E.8 and its analog for γ∗τ .
For the rest of the proof we restrict to x ∈ Λτ .

We prove the bound on |γτ (x) − γ̂τ (x)|. The bound on |γ∗τ (x) − γ̂∗τ (x)|
is proven similarly. Write Tr = {τ1 < τ2 < · · · < τp = δ} and fix any 1 ≤ � ≤ p,
any decimation interval J containing τ and any x ∈ Λτ�−1 ∩ Λc

τ�
∩ Λ(J ). Note

that Λc
τ�

∩ Λ(J ) is empty unless |J | ≤ ετ�
and that 2e−mc(ετ�

) ≤ 1
8 ≤ 1

8 r(|J |)
by (F.4c).

For case (b) of Lemma E.8, it suffices to bound∣∣([j (τ� − τ) − 1] Λτ�−1Λ
c
τ�
ατ�

)
(x)

∣∣
≤ (τ� − τ)K ′

je
K′

j

([
|μ|+e−5md(x,Λc

τ�−1
∪Λτ�

)
]

max
y∈Λτ�−1

|ατ�
(y)|+ max

b∈Λ∗
τ�−1

|∇ατ�
(b)|
)

≤ 2ετ�−1K
′
je

K′
j

([
|μ| + e− 5

2mc(ετ�
)
]
R(2ετ�−1) + R′(2ετ�−1)

)

≤ ετ�
K ′

je
K′

j
([

|μ| + e−mc
]
R(ετ�

) + R′(ετ�
)
)

by (F.3a,e), (F.4a)

≤ 1
32

r(ετ�
) ≤ 1

32
r(|J |) by (F.6c), (F.3b)

In the first inequality, we used Lemma D.1. In the second inequality we used
that both τ and τ� are in [τ�−1 − ετ�−1 , τ�−1 + ετ�−1 ] to bound τ� − τ by 2ετ�−1 .
In the third inequality we repeatedly used tR(′)(t) ≤ 2tR(′)(2t), which gives
tR(′)(t) ≤ (2�t)R(′)(2�t) for all � ∈ N.

For case (c), we use the bounds

∣∣([j (τ� − τ) − 1] Λ ([τ�−1, τ�]) Λc
τ�
ατ�

)
(x)

∣∣ ≤ 1
16

r(|J |)
∣∣∣
(
j (τ�−1 − τ) Λc

τ�−1
[j (τ� − τ�−1) − 1] Λ ([τ�−1, τ�]) Λc

τ�
ατ�

)
(x)

∣∣∣ ≤ 1
32

r(|J |)

which are proven as above, together with∣∣∣
(
j (τ�−1 − τ) Λc

τ�−1
Λ ([τ�−1, τ�]) [ατ�

− ατ�−1 ]
)

(x)
∣∣∣

≤ e
−md(Λ(J ),Λc

τ�−1
)|||j (τ�−1 − τ) ||| sup

y∈Λc
τ�−1

∩Λ([τ�−1, τ�])

∣∣ατ�
(y) − ατ�−1(y)

∣∣

≤ e
−md(Λ(J ),Λc

τ�−1
)
eKj r(ετ�−1)

≤ eKj

{
r(ετ�−1) ≤ 2r(|J |) if |J |≤2ετ�−1

e−mc(2ετ�−1 )r(ετ�−1) ≤ 2ετ�−1v r(ετ�−1)≤1≤r(|J |) if |J |>2ετ�−1
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by (F.3b), (F.4c) and (F.6a). For case (d) of Lemma E.8, it suffices to bound∣∣([j (τ� − τ) − 1]Λ ([τ�, τ�+1]) Λc
τ�

[ατ�
− ατ�+1 ]

)
(x)

∣∣ ≤ eKj r(ετ�
)∣∣∣

(
[j (τ� − τ) − 1]Λ ([τ�, τ�+1]) Λc

τ�+1
ατ�+1

)
(x)

∣∣∣ ≤ 1
32

r(ετ�
)

∣∣∣
(
j (τ� − τ) Λτ�

[j (τ�+1 − τ�) − 1]Λ ([τ�, τ�+1]) Λc
τ�+1

ατ�+1

)
(x)

∣∣∣ ≤ 1
32

r(ετ�
)

since, as we have observed, |J | ≤ ετ�
. These bounds are proven as above. �

Corollary E.9. Assume that h ≡ 1.

(a) Let 0 < τ < δ. If x ∈ Λc
τ , then

|γ∗τ (x) − γτ (x)∗| ≤ e−mc(ετ )

Let J be a decimation interval of that contains τ . If x ∈ Λ(J ), then

|γ∗τ (x) − γτ (x)∗| ≤
(
4eKj + 3

)
r(|J |)

(b) Let 0 < τ < δ. If τ ∈ 2εZ and x ∈ Λ(J ), then

|γ∗τ (x) − γτ±ε(x)∗| ≤
(
4eKj + 3

)
r(|J |)

|γτ (x) − γ∗τ±ε(x)∗| ≤
(
4eKj + 3

)
r(|J |)

If τ ± ε ∈ {0, δ} and x ∈ Λ(J ), then

|γ∗τ (x) − γτ±ε(x)∗| ≤ 2
(
eKj + 1

)
r(|J |)

|γτ (x) − γ∗τ±ε(x)∗| ≤ 2
(
eKj + 1

)
r(|J |)

(c) Let 0 ≤ τ < δ and set

γ̃τ,ε =

⎧⎪⎨
⎪⎩
j(τ)α− j(δ − τ − ε)Λ

([
δ
2 , δ

])
β if 0 ≤ τ < δ

2 − ε

j(τ)α− j(δ − τ − ε)β if τ = δ
2 − ε, δ

2

j(τ)Λ
([

0, δ
2

])
α− j(δ − τ − ε)β if δ

2 < τ < δ

and

˜̃γτ,ε = j(τ)Ω̃α− j(δ − τ − ε)Ω̃β

where Ω̃ the set of all point in X that are within a distance c(δ) of
Ω([0, δ]). Then

∑
x∈Λ

|γ∗τ (x)∗ − γτ+ε(x) − γ̃τ,ε(x)| ≤ 3eKj r(δ) |Λc|

and
∑
x∈Λ

e−4md(x,Ω)
∣∣γ̃τ,ε(x) − ˜̃γτ,ε(x)

∣∣ ≤ 1
8
e−3mc(δ)|Ω̃c|

Proof. (a) The result for x ∈ Λc
τ follows immediately from Proposition E.7, so

we restrict to x ∈ Λτ for the rest of the proof.
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To prove the bound on |γ∗τ (x)−γτ (x)∗| it suffices to prove that |γ̂∗τ (x)−
γ̂τ (x)∗| ≤ r(|J |), which we now proceed to do. By Definition E.6 and
Lemma E.4.ii, for x ∈ Λ(J ) ⊂ Λτ ,

γ̂∗τ (x) − γ̂τ (x)∗=
∑

τr∈Tr(τ,δ)
τl∈Tl(τ,δ)

Λπ(τr)(x)Λc
τr

(x)Λσ(τl)(x)Λc
τl

(x) [ατl
(x)∗ − ατr

(x)∗]

and furthermore, since
⋃

τr∈Tr
τl∈Tl

Λπ(τr) ∩ Λc
τr

∩ Λσ(τl) ∩ Λc
τl

is a partition of Λτ

into disjoint subsets, at most one term in this sum is nonzero and it is

Λ ([τl, τr]) (x)Λc
τl

(x)Λc
τr

(x) [ατl
(x)∗ − ατr

(x)∗]

This term is bounded by r(τr − τl). If |J | > τr − τl, then at least one of τl, τr
must be in the interior of J . If, for example, τl is in the interior of J , then
[τl − ετl

, τl + ετl
] ⊂ J so that Λ(J ) ⊂ Λτl

and our one potentially nonzero
term is in fact zero for all x ∈ Λ(J ). Hence the one possibly nonzero term is
bounded by r(|J |).

(b) To prove the bound on |γ∗τ (x) − γτ±ε(x)∗| in the case that τ ∈ 2εZ,
we prove that |γ̂∗τ (x) − γ̂τ±ε(x)∗| ≤ r(|J |). Again, by Definition E.6 and
Lemma E.4(ii), for x ∈ Λ (J ) ⊂ Λτ ⊂ Λτ±ε,

γ̂∗τ (x) − γ̂τ±ε(x)∗

=
∑

τr∈Tr(τ±ε,δ)
τl∈Tl(τ,δ)

Λπ(τr)(x)Λc
τr

(x)Λσ(τl)(x)Λc
τl

(x) [ατl
(x)∗ − ατr

(x)∗]

◦ If τr ∈ Tr(τ ± ε, δ) happens to have ετr
< ετ , then, Λτr

has τ as an end
point and is properly contained in [τ − ετ , τ + ετ ]. Hence Λτ ⊂ Λτr

and
Λc

τr
Λσ(τl) = 0 for all τl ∈ Tl(τ, δ).

◦ No τr ∈ Tr(τ + ε, δ) can have ετr
= ετ , because the first element of ετr

Z =
ετZ above τ + ε is τ + ετ , which does not satisfy ετ+ετ

= ετ .
◦ If τr ∈ Tr(τ − ε, δ) happens to have ετr

= ετ , then τr = τ and Λc
τr

Λσ(τl) =
Λc

τΛσ(τl) = 0 for all τl ∈ Tl(τ, δ).
◦ If τr ∈ Tr(τ±ε, δ) happens to have ετr

> ετ , then, because τ±ε is a nearest
neighbour of τ and is in εZ\2εZ, it is necessary that τr > τ and indeed
τr is the smallest element of ετr

Z above τ too so that τr ∈ Tr(τ, δ) too.
Conversely, every τr ∈ Tr(τ, δ) is also in Tr(τ ± ε, δ). Denote by π′(τr) and
π(τr) the predecessor elements of τr in Tr(τ±ε, δ) and Tr(τ, δ) respectively.
If επ′(τr) ≥ επ(τr), then π′(τr) = π(τr). If επ′(τr) < επ(τr), then π(τr) = τ
and Λπ′(τr)(x) = Λπ(τr)(x) = 1.

Hence, once again,

γ̂∗τ (x) − γ̂τ±ε(x)∗

=
∑

τr∈Tr(τ,δ)
τl∈Tl(τ,δ)

Λπ(τr)(x)Λc
τr

(x)Λσ(τl)(x)Λc
τl

(x) [ατl
(x)∗ − ατr

(x)∗]

= γ̂∗τ (x) − γ̂τ (x)∗

and the desired result follows from |γ̂∗τ (x) − γ̂τ (x)∗| ≤ r(|J |).
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Finally, we prove the bound on |γ∗τ (x) − γτ±ε(x)∗| in the case that τ±ε ∈
{0, δ}. In this case, either τ = ε so that γτ±ε(x)∗ = α0(x)∗ ≡ α(x)∗ or τ = δ−ε
so that γτ±ε(x)∗ = αδ(x)∗ ≡ β(x)∗. We prove that |γ̂∗τ (x) − ατ±ε(x)∗| ≤
r(|J |). Again, by Definition E.6 and Lemma E.4(ii), for x ∈ Λ(J ) ⊂ Λτ ,

γ̂∗τ (x) − γ̂τ±ε(x)∗ =
∑

τl∈Tl(τ,δ)

Λσ(τl)(x)Λc
τl

(x) [ατl
(x)∗ − ατ±ε(x)∗]

In the case that τ = ε, Tl(τ, δ) contains exactly one element, namely τl = 0 =
τ ± ε, and the right hand side is exactly zero. In the case that τ = δ − ε,
Tl(τ, δ) =

{
δ − 2jε

∣∣ 1 ≤ j ≤ n
}

so that

γ̂∗τ (x) − γ̂τ±ε(x)∗ =
n∑

j=1

Λδ−2j−1ε(x)Λc
δ−2jε(x) [αδ−2jε(x)∗ − αδ(x)∗]

=
n∑

j=1

Λ
(
[δ − 2jε, δ]

)
(x) Λc

δ−2jε(x) [αδ−2jε(x)∗ − αδ(x)∗]

Since
⋃n

j=1 Λδ−2j−1εΛc
δ−2jε is a partition of Λδ−ε = Λτ into disjoint subsets,

at most one term in this sum is nonzero. If this term is the jth, it is bounded
by r(2jε). If |J | > 2jε, then Λ(J ) ⊂ Λδ−2jε and our one potentially nonzero
term is in fact zero for all x ∈ Λ(J ). Hence the one possibly nonzero term is
bounded by r(|J |).

(c, first bound) It suffices to combine parts (e), (f) and (g) of Lemma E.8
with the bounds

∑
x∈Λ

∣∣∣∣
(
j

(
δ

2
− τ − ε

)
ΛcΛ

([
δ

2
, δ

])
[α δ

2
− β]

)
(x)

∣∣∣∣

≤
∑
x∈Λ

y∈ΛcΛ([ δ
2 ,δ])

∣∣∣∣j
(
δ

2
− τ − ε

)
(x,y)

∣∣∣∣
∣∣∣[α δ

2
− β](y)

∣∣∣

≤
∑
x∈Λ

y∈ΛcΛ([ δ
2 ,δ])

∣∣∣∣j
(
δ

2
− τ − ε

)
(x,y)

∣∣∣∣ r
(
δ

2

)

≤ |||j
(
δ

2
− τ − ε

)
||| |Λc| r

(
δ

2

)
≤ 2eKj r(δ) |Λc|

and, using Lemma D.1,
∑
x∈Λ

∣∣∣∣
(
j

(
δ

2
− τ − ε

)
Λc[j

(
δ

2

)
− 1] Λ

([
δ

2
, δ

])
β

)
(x)

∣∣∣∣

≤
∑
x∈Λ
y∈Λc

∣∣∣∣j
(
δ

2
− τ − ε

)
(x,y)

∣∣∣∣
∣∣∣∣
{

[j
(
δ

2

)
− 1] Λ

([
δ

2
, δ

])
β

}
(y)

∣∣∣∣
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≤
∑
x∈Λ
y∈Λc

∣∣∣∣j
(
δ

2
− τ − ε

)
(x,y)

∣∣∣∣ e5md(x,y) δ

2
K ′

je
K′

j
δ
2 e−5md(Λ,y)

×
([

|μ|+e−5md(y,Λ([ δ
2 ,δ])c)

]
max

z∈Λ([ δ
2 ,δ])

|β(z)|+ max
b∈Λ([ δ

2 ,δ])∗
|∇β(b)|

)

≤ |||j
(
δ

2
− τ − ε

)
||| |Λc| δ

2
e2K′

j

([
|μ| + e−5md(Λ,Λ([ δ

2 ,δ])c)
]
R
(
δ

2

)

+ R′
(
δ

2

))

≤ δ

2
eKje2K′

j

([
|μ| + e−5mc(δ/2)

]
R
(
δ

2

)
+ R′

(
δ

2

))
|Λc|

≤ 1
32

r
(
δ

2

)
|Λc| ≤ 1

16
r(δ)|Λc| by (F.4a), (F.6c), (F.3b)

when 0 ≤ τ < δ
2 − ε and the similar bounds

∑
x∈Λ

∣∣∣∣
(
j

(
τ − δ

2

)
ΛcΛ

([
0,
δ

2

])
[α δ

2
− α]

)
(x)

∣∣∣∣ ≤ 2eKj r(δ) |Λc|

∑
x∈Λ

∣∣∣∣
(
j

(
τ − δ

2

)
Λc

[
j

(
δ

2

)
− 1

]
Λ
([

0,
δ

2

])
α

)
(x)

∣∣∣∣ ≤ 1
16

r(δ) |Λc|

when δ
2 < τ < δ. We have used the compatibility assumption of Definition E.1.

Since
(
2eKj + 2e−mc(δ) + 1

16

)
r(δ) |Λc| ≤ 3eKj r(δ) |Λc|, by (F.4c), the desired

results follow.
(c, second bound) We have

γ̃τ,ε − ˜̃γτ,ε =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

j(τ)Ω̃cα− j(δ − τ − ε)Ω̃cΛ
([

δ
2 , δ

])
β if 0 ≤ τ < δ

2 − ε

j(τ)Ω̃cα− j(δ − τ − ε)Ω̃cβ if τ = δ
2 − ε, δ

2

j(τ)Ω̃cΛ
([

0, δ
2

])
α− j(δ − τ − ε)Ω̃cβ if δ

2 < τ < δ

All terms are bounded in the same way. For example, by Lemma B.1(i) and
Definition 2.13,∑

x∈Λ

e−4md(x,Ω)
∣∣∣
(
j(τ)Ω̃cα

)
(x)

∣∣∣

≤
∑
x∈Λ
y∈Ω̃c

e−4md(x,Ω) |j(τ)(x,y)|κ∗0(y)

≤ 4R(δ)
∑
x∈Λ
y∈Ω̃c

|j(τ)(x,y)| em
3 d(x,y)e4md(x,y)e−4md(y,Ω)

≤ 4|||j(τ)|||e−4md(Ω,Ω̃c)R(δ)|Ω̃c|
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≤ 4eKje−4mc(δ)R(δ)|Ω̃c|

≤ 1
16
e−3mc(δ)|Ω̃c| by (F.6b)

�

Lemma E.10. Assume that h ≡ 1.
(i) Let t ∈ εZ ∩ (0, δ) and x ∈ Λc

t with

d (x,Λt)≥c(εt) d (x,Λ ([t− εt, t])
c)≥c(εt) d (x,Λ ([t, t+ εt])

c)≥c(εt)

(If t /∈ 2εZ, then Λ ([t− εt, t])
c = Λ ([t− εt, t])

c = ∅ and the conditions
d (x,Λ ([t− εt, t])

c) ≥ c(εt) and d (x,Λ ([t, t+ εt])
c) ≥ c(εt) are vacuous.)

Then∣∣γτ (x)−
(
j(t+ εt−τ)Bx,εt

Λc
t+εt

αt+εt

)
(x)

∣∣≤e−mc(εt) if t<τ≤ t+ εt

|γτ (x)−(j(t−τ)Bx,εt
Λc

tαt) (x)|≤e−mc(εt) if t−εt<τ≤ t
|γ∗τ (x)−(j(τ−t)Bx,εt

Λc
tα

∗
t ) (x)|≤e−mc(εt) if t≤τ <t+ εt∣∣γ∗τ (x)−

(
j(τ−t+εt)Bx,εt

Λc
t−εt

α∗
t−εt

)
(x)

∣∣ ≤ e−mc(εt) if t−εt ≤τ < t

for any set

Bx,εt
⊃
{
y ∈ X

∣∣ d(x,y) ≤ c(εt)
}

(ii) Let x ∈ X obey d (x,Λ ([0, δ])c) ≥ c(δ). Then

|γτ (x) − (j(δ − τ)Bx,δβ) (x)| ≤ e−mc(δ) if 0 < τ < δ

|γ∗τ (x) − (j(τ)Bx,δα
∗) (x)| ≤ e−mc(δ) if 0 < τ < δ

for any set

Bx,δ ⊃
{
y ∈ T

∣∣ d(x,y) ≤ c(δ)
}

Proof. (i) We prove the first bound. The proofs of the other three bounds are
very similar. Fix any τ ∈ εZ obeying t < τ ≤ t+εt. By Definition 2.9, γτ (x) =∑

τ ′≥τ

(
Γτ ′

τ ατ ′
)

(x). Fix any τ ≤ τ ′ ≤ δ with Γτ ′
τ �= 0. By Lemma E.4.i,

τ ′ ∈ {τ} ∪ Tr(τ, δ). Set

Lx =
{
x ∈ X

∣∣ d} (x,Λt) ≥ c(εt), d (x,Λ ([t− εt, t])
c) ≥ c(εt),

d (x,Λ ([t, t+ εt])
c) ≥ c(εt)

when t ∈ 2εZ and Lx =
{
x ∈ X

∣∣ d(x,Λt) ≥ c(ε)
}

when t /∈ 2εZ.

Case 1: τ ≤ τ ′ < t + εt. In this case ετ ′ < εt, (as is true for all times in
(t, t+ εt)) so that any x ∈ Lx obeys

x ∈ Λ([t, t+ εt]) ⊂ Λτ ′

By our rules for constructing small field sets, either Λc
τ ′ = ∅, or Λ([t, t +

εt]) = Λτ ′ (in which case ετ ′ = 1
2εt and the distance from x to Λc

τ ′ is at least
c(εt) = c(2ετ ′)) or d(Λ([t, t + εt]),Λc

τ ′) ≥ c(2ετ ′). So the distance from Lx to
Λc

τ ′ is at least c(2ετ ′), unless Λc
τ ′ ≡ 0. Therefore, for τ = τ ′, (Γτ ′

τ ατ ′)(x) = 0
and for τ < τ ′,
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∣∣∣
(
Γτ ′

τ ατ ′
)

(x)
∣∣∣ =

∣∣(j (π(τ ′) − τ) Λπ(τ ′)j (τ ′ − π(τ ′)) Λc
τ ′ατ ′

)
(x)

∣∣
≤ N0

(
Lxj (π(τ ′) − τ) Λπ(τ ′)j (τ ′ − π(τ ′)) Λc

τ ′ ; 1, κτ ′
)

≤ 4R(εt) e−4mc(2ετ′ )eKj(τ
′−τ)

by Lemma G.5(ii) with κ = κτ ′ , R = 4R(εt), L1 = Lx ⊂ Λ([t, t + εt]) = O2,
L2 = Λπ(τ ′) and L3 = Λc

τ ′ . For this and all other applications of the lemma in
this proof, d is replaced by 0, δ1 = 0, δ2 = m

3 d, δ = 4md and d̃ = 5md.

Case 2: τ ′ > t + εt. In this case 2εt < 2επ(τ ′) ≤ ετ ′ (since all times t′ ∈
(τ ′ − 2επ(τ ′), τ

′), including t+ εt have εt′ < 2επ(τ ′)). Now t− εt is the element
of 2εtZ below t + εt that is nearest t + εt. As τ ′ − 2επ(τ ′) is an element of
2εtZ that is below t + εt, we have τ ′ − 2επ(τ ′) ≤ t − εt < t + εt < τ ′. Hence
Λπ(τ ′) = Λ([τ ′ −2επ(τ ′), τ

′]) ⊂ Λt. So the distance from Lx to Λπ(τ ′) is at least
c(εt). Therefore,∣∣∣

(
Γτ ′

τ ατ ′
)

(x)
∣∣∣ =

∣∣(j (π(τ ′) − τ) Λπ(τ ′)j (τ ′ − π(τ ′)) Λc
τ ′ατ ′

)
(x)

∣∣
≤ N0

(
Lxj (π(τ ′) − τ) Λπ(τ ′)j (τ ′ − π(τ ′)) Λc

τ ′ ; 1, κτ ′
)

≤ 4R(2επ(τ ′))e−4mc(εt)eKj(τ
′−τ)

by Lemma G.5(ii) with R=4R(2επ(τ ′)), L1 =Lx, O2 =L2 =Λπ(τ ′) and L3 =Λc
τ ′ .

Case 3: τ ′ = t+ εt. If τ = t+ εt too, then(
Γτ ′

τ ατ ′
)

(x) = (Λc
τ ′ατ ′) (x) =

(
j(t+ εt − τ)Bx,εt

Λc
t+εt

αt+εt

)
(x)

In general ετ ′ ≥ 2επ(τ ′) and ετ ′ ≥ 2εt. Furthermore, since t = τ ′ − εt <
τ < τ ′, we have 2επ(τ ′) ≤ ετ ′ . Hence Λ([t, t + εt]) ⊂ Λ([τ ′ − 2επ(τ ′), τ

′]) =
Λπ(τ ′). So the distance from x to Λc

π(τ ′) is at least c(εt). As well, by defini-
tion, the distance from x to Bc

x,εt
is at least c(εt). Therefore, setting L1 ={

y ∈ X
∣∣ d(y,Λ([t, t+ εt])c) ≥ c(εt), d(y, Bc

x,εt

)
≥ c(εt)

}
,∣∣∣

(
Γτ ′

τ ατ ′
)

(x) −
(
j(t+ εt − τ)Bx,εt

Λc
t+εt

αt+εt

)
(x)

∣∣∣
=
∣∣({j (π(τ ′) − τ) Λπ(τ ′)j (τ ′ − π(τ ′)) − j(τ ′ − τ)Bx,εt

}
Λc

τ ′ατ ′
)
(x)

∣∣
=
∣∣∣
({
j(τ ′ − τ)Bc

x,εt
− j (π(τ ′) − τ) Λc

π(τ ′)j (τ ′ − π(τ ′))
}

Λc
τ ′ατ ′

)
(x)

∣∣∣
≤ N0

(
L1j(τ ′ − τ)Bc

x,εt
Λc

τ ′ ; 1, κτ ′
)

+N0

(
L1j (π(τ ′) − τ) Λc

π(τ ′)j (τ ′ − π(τ ′)) Λc
τ ′ ; 1, κτ ′

)

≤ 8R(εt)e−4mc(εt)eKj(τ
′−τ)

by Lemma G.5(ii) with R = 4R(εt), L3 = Λc
τ ′ ,

O2 = Λ ([τ ′ − εt, τ
′]) = Λ ([t, t+ εt]) ⊃ L1

and L2 being Bc
x,εt

for the first bound and Λc
π(τ ′) for the second bound.

We have now shown that |γτ (x) − (j(t + εt − τ)Bx,εt
Λc

t+εt
αt+εt

)(x)| is
bounded by
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∑
τ ′∈{τ}∪Tr(τ,δ)

8R(εt)e−4mc(min{εt,2ετ′ })eKj

≤
∑

τ ′∈{τ}∪Tr(τ,δ)

1
2
e− 15

4 mc(min{εt,2ετ′ })

≤ e−mc(εt)
∑

τ ′∈{τ}∪Tr(τ,δ)

e− 11
8 mc(ετ′ ) ≤ e−mc(εt)

n∑
d′=0

e− 11
8 mc(2d′

ε)

≤ e−mc(εt) (E.4)

by (F.6b) and (F.4a,d).
(ii) We prove the first bound. The proof of the second bound is similar.

Fix any τ ∈ εZ obeying 0 < τ < δ. By definition γτ (x) =
∑

τ ′≥τ (Γτ ′
τ ατ ′)(x).

Fix any τ ≤ τ ′ ≤ δ with Γτ ′
τ �= 0. By Lemma E.4(i), τ ′ ∈ {τ} ∪ Tr(τ, δ). Set

Lx =
{
x ∈ X

∣∣ d (x,Λ ([0, δ])c) ≥ c(δ)
}

Case 1: τ ≤ τ ′ < δ. By our rules for constructing small field sets, either Λc
τ ′ = ∅,

or Λ([0, δ]) = Λτ ′ (in which case ετ ′ = δ
2 ) or d(Λ([0, δ]),Λc

τ ′) ≥ c(2ετ ′). Conse-
quently, if Λc

τ ′ �= ∅, the distance from Lx to Λc
τ ′ is at least c(2ετ ′). Therefore,

for τ = τ ′, (Γτ ′
τ ατ ′)(x) = 0 and for τ < τ ′,∣∣∣

(
Γτ ′

τ ατ ′
)

(x)
∣∣∣ =

∣∣(j (π(τ ′) − τ) Λπ(τ ′)j (τ ′ − π(τ ′)) Λc
τ ′ατ ′

)
(x)

∣∣
≤ N0

(
Lxj (π(τ ′) − τ) Λπ(τ ′)j (τ ′ − π(τ ′)) Λc

τ ′ ; 1, κτ ′
)

≤ 4R(δ)e−4mc(2ετ′ )eKj(τ
′−τ)

by Lemma G.5(ii) with κ = κτ ′ , R = 4R(δ), O2 = Λ([0, δ]) ⊃ Lx = L1,
L2 = Λπ(τ ′) and L3 = Λc

τ ′ .

Case 2: τ ′ = δ. As Λ([0, δ]) ⊂ Λ([δ − 2επ(τ ′), δ]) = Λπ(τ ′) the distance from Lx

to Λc
π(τ ′) is at least c(δ). We are assuming that the distance from x to Bc

x,δ is

also at least c(δ) so that, setting L1 =
{
y ∈ Lx

∣∣ d(y, Bc
x,δ) ≥ c(δ)

}
, we have

∣∣(Γδ
τβ
)
(x) − (j(δ − τ)Bx,δβ) (x)

∣∣
=
∣∣({j(π(τ ′) − τ)Λπ(τ ′)j (τ ′ − π(τ ′)) − j(δ − τ)Bx,δ

}
β
)
(x)

∣∣
=
∣∣∣
({
j(δ − τ)Bc

x,δ − j(π(τ ′) − τ)Λc
π(τ ′)j (τ ′ − π(τ ′))

}
β
}

(x)
∣∣∣

≤ N0

(
L1j(δ − τ)Bc

x,δ ; 1, κδ

)
+N0

(
L1j(π(τ ′) − τ)Λc

π(τ ′)j (τ ′ − π(τ ′)) ; 1, κδ

)

≤ 8R(δ)e−4mc(δ)eKj(δ−τ)

by Lemma G.5(ii) with R = 4R(δ), L3 = X

O2 = Λ ([0, δ]) ⊃ L1

and L2 being Bc
x,δ for the first bound and Λc

π(τ ′) for the second bound.
The desired bound now follows from (E.4) with εt = δ. �
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E.3. The Size of the Background Field

In this subsection, we show that the background fields γ∗τ (x), γτ (x) obey
roughly the same bounds as the large and small field conditions impose on the
integration variables ατ (x).

Proposition E.11. Assume that h ≡ 1.
(i) Let τ ∈ εZ ∩ (0, δ) and J be a decimation interval that contains τ in its

interior. If x ∈ Λ(J ), then

|γ∗τ (x)| , |γτ (x)| ≤ 40 eKj R(|J |)
(ii) For all τ ∈ εZ ∩ (0, δ) and x ∈ Λc

τ

|γ∗τ (x) − ατ (x)∗| , |γτ (x) − ατ (x)| ≤ 1
2
e−m c(ετ )

Proof. (i) The proof follows Lemma E.13, below.
(ii) follows immediately from Proposition E.7. �

Lemma E.12. Assume that h ≡ 1. Let [t−, t+] be a decimation interval in [0, δ]
with centre t = 1

2 (t+ + t−). Recall that the sets P̃ ′
α(J ), P̃ ′

β(J ), Q̃(J ) were
defined in Proposition 3.36 and that the sets P̃α(J ), P̃β(J ) were defined in
Proposition 3.37.

(i) If b ∈ P̃ ′
α([t−, t+]), then

|∇γ∗τ (b)| ≥ 1
2
R′(t+ − t−) for all t− ≤ τ < t

(ii) If b ∈ P̃ ′
β([t−, t+]), then

|∇γτ (b)| ≥ 1
2
R′(t+ − t−) for all t < τ ≤ t+

(iii) If x ∈ Q̃([t−, t+]), then

|γ∗t(x)∗ − γt+ε(x)| + |γ∗t−ε(x)∗ − γt(x)| ≥ 1
4
r(t+ − t−)

(iv) If x ∈ P̃α([t−, t+]), then

|γ∗τ (x)| ≥ 1
2
R(t+ − t−) for all t− ≤ τ < t

(v) If x ∈ P̃β([t−, t+]), then

|γτ (x)| ≥ 1
2
R(t+ − t−) for all t < τ ≤ t+

Proof. Set c± = c
(
t− t−) = c(t+ − t) and

Jτ,±(x,y) = jc±(τ)(x,y) =

{
j(τ)(x,y) if d(x,y) ≤ c±

0 otherwise

Recall that j(τ) = eτμe−τ∇∗H∇ with H obeying (2.16).
(i), (ii) We give the proof for part (ii). The proof of part (i) is similar. Let

t < τ ≤ t+. As b ∈ P̃ ′
β([t−, t+]), both end points x ∈ b satisfy the hypotheses,
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d (x,Λ([t−, t+])) , d (x,Λ([t−, t])c) , d (x,Λ([t, t+])c) > c±

of Lemma E.10(i). (Again, when t+ − t− ≤ 2ε, Λ([t−, t]) = Λ([t, t+] = X
and the conditions d(x,Λ([t−, t])c), d(x,Λ([t, t+])c) > c± are vacuous.) Fur-
thermore, all points y within a distance c± of either end point x ∈ b, are in
Λc

t ⊂ Λc
t+ . Hence, by Lemma E.10.i, with Bx,εt

=
{
y ∈ X

∣∣ d(x,y) ≤ c±
}
,∣∣∇ (

γτ − (Jt+−τ,±αt+)
)
(b)
∣∣ ≤ 2max

x∈b

∣∣γτ (x) − (Jt+−τ,±αt+)(x)
∣∣ ≤ 2e−mc±

Write b =
(
x,x + ei) = bi(x). As Jt+−τ,± is translation invariant

∇
(
(Jt+−τ,±αt+)

)
(b)

= (Jt+−τ,±αt+)(x + ei) − (Jt+−τ,±αt+)(x)

=
∑
y

Jt+−τ,±(x + ei,y)αt+(y) −
∑
y

Jt+−τ,±(x,y)αt+(y)

=
∑
y

Jt+−τ,±(x,y − ei)αt+(y) −
∑
y

Jt+−τ,±(x,y)αt+(y)

=
∑
y

Jt+−τ,±(x,y)αt+(y + ei) −
∑
y

Jt+−τ,±(x,y)αt+(y)

=
∑
y

Jt+−τ,±(x,y) (∇αt+)(bi(y)) (E.5)

Since b ∈ P̃ ′
β([t−, t+]), we have |∇αt+(b)| > R′(t+ − t−) and

|∇γτ (b)| =
∣∣(Jt+−τ,±∇αt+

)
(b) + ∇

(
γτ − Jt+−τ,±αt+

)
(b)
∣∣

≥
∣∣(Jt+−τ,±∇αt+

)
(b)
∣∣− 2e−mc±

≥
∣∣∇αt+(b)

∣∣− ∣∣((1 − Jt+−τ,±)∇αt+

)
(b)
∣∣− 2e−mc±

≥ R′(t+ − t−) −
∣∣((1 − Jt+−τ,±)∇αt+

)
(b)
∣∣− 2e−mc±

where we are using (Jt+−τ,±∇αt+)(b) to refer to the last line of (E.5). By
Lemma 3.21(ii),∣∣((1 − Jt+−τ,±)∇αt+

)
(b)
∣∣

≤ |||1 − j(t+ − τ)||| sup
{∣∣∇αt+ (bi(y))

∣∣ ∣∣ d(x,y) ≤ c±
}

≤ (t+ − t)Kje
Kj(t+−t) sup

{∣∣∇αt+ (bi(y))
∣∣ ∣∣ d(x,y) ≤ c±

}
For all y with d(x,y) ≤ c±, bi(y) is necessarily in Λ([t, t+])∗. Hence,∣∣∇αt+ (bi(y))

∣∣ ≤ R′(t+ − t)

so that ∣∣((1 − Jt+−τ,±)∇αt+

)
(b)
∣∣ ≤ Kje

Kj(t+−t) (t+ − t)R′(t+ − t)

and

|∇γτ (b)| ≥ R′(t+ − t−) −Kje
Kj(t+−t) (t+ − t)R′(t+ − t) − 2e−mc±

≥ 1
2
R′(t+ − t−)

by (F.3e), (F.4c) and Hypothesis F.7(i).
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(iii) Since x ∈ Q̃([t−, t+]), we have |αt+(x)−αt−(x)| > r(t+ − t−). Hence
at least one of |αt+(x) −αt(x)|, |αt(x) −αt−(x)| must be at least 1

2 r(t+ − t−).
We prove that in the former case |γ∗t(x)∗ − γt+ε(x)| ≥ 1

4 r(t+ − t−). The proof
that in the latter case |γ∗t−ε(x)∗ − γt(x)| ≥ 1

4 r(t+ − t−) is similar. So assume
that |αt+(x) − αt(x)| ≥ 1

2 r(t+ − t−). As in the proof of part (ii), using the
third and first bounds of Lemma E.10(i),

|γ∗t(x)∗ − γt+ε(x)|
=
∣∣αt(x) − αt+(x) + (γ∗

∗t − αt) (x) +
(
1 − Jt+−t−ε,±

)
αt+(x)

−
(
γt+ε − Jt+−t−ε,±αt+

)
(x)

∣∣
≥ 1

2
r(t+ − t−) −

∣∣(1 − Jt+−t−ε,±
)
αt+(x)

∣∣− 2e−mc±

since Λt+ ⊂ Λt so that d(x,Λt) > c± implies that d(x,Λt+) > c± too. By
Lemma D.1 with S =

{
y ∈ X

∣∣ d(x,y) ≤ c±
}

∣∣(1 − Jt+−t−ε,±
)
αt+(x)

∣∣
≤ (t+−t)K ′

je
K′

j(t+−t)

([
|μ| + e−5mc±

]
max
y∈S

|αt+(y)| + max
b∈S∗

|∇αt+(b)|
)

Again, any y within a distance c± of x ∈ Q̃([t−, t+]) is necessarily in Λ([t, t+]).
Hence

max
y∈S

∣∣αt+(y)
∣∣ ≤ R(t+ − t) max

b∈S∗

∣∣∇αt+(b)
∣∣ ≤ R′(t+ − t)

so that∣∣(1 − Jt+−t−ε,p

)
ατ+(x)

∣∣
≤ K ′

je
K′

j(t+−t) (t+−t)
(
|μ|R(t+−t)+e−5mc±R(t+−t)+R′(t+−t)

)

≤ 1
32

r(t+−t) by (F.6c) and (F.4a)

and

|γ∗t(x)∗ − γt+ε(x)| ≥ 1
2
r(t+ − t−) − 1

32
r(t+ − t) − 2e−mc±

≥ 1
4
r(t+ − t−) by (F.3b) and (F.4c)

(iv, v) We give the proof for part (v). The proof of part (iv) is similar. Let
t < τ ≤ t+. As x ∈ P̃β([t−, t+]), it satisfies the hypotheses

d (x,Λ([t−, t+])) , d (x,Λ([t−, t])c) , d (x,Λ([t, t+])c) > c±

of Lemma E.10(i) (again, when t+ − t− ≤ 2ε, Λ([t−, t]) = Λ([t, t+] = X and
the conditions d (x,Λ([t−, t])c) , d (x,Λ([t, t+])c) > c± are vacuous). As well, all
points y within a distance c± of x, are in Λc

t ⊂ Λc
t+ . Hence, by Lemma E.10.i,

with Bx,εt
=
{
y ∈ X

∣∣ d(x,y) ≤ c±
}
,∣∣γτ (x) − (Jt+−τ,±αt+)(x)

∣∣ ≤ e−mc±
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Since x ∈ P̃β([t−, t+]), we have |αt+(x)| > R(t+ − t−) and

|γτ (x)| =
∣∣(Jt+−τ,±αt+

)
(x) +

(
γτ − Jt+−τ,±αt+

)
(x)

∣∣
≥
∣∣(Jt+−τ,±αt+

)
(x)

∣∣− e−mc±

≥
∣∣αt+(x)

∣∣− ∣∣((1 − Jt+−τ,±)αt+

)
(x)

∣∣− e−mc±

≥ R(t+ − t−) −
∣∣((1 − Jt+−τ,±)αt+

)
(x)

∣∣− e−mc±

By Corollary D.2,∣∣((1 − Jt+−τ,±)αt+

)
(x)

∣∣

≤ (t+ − t)K ′
je

K′
j(t+−t)

⎛
⎝[|μ| + e−5mc±

]
max
y∈X

d(x,y)≤c±

|αt+(y)|+ max
b∈X∗

d(x,b)≤c±

|∇αt+(b)|

⎞
⎠

All y ∈ X with d(x,y) ≤ c±, are necessarily in Λ([t, t+]) and all bonds b with
d(x, b) ≤ c±, are necessarily in Λ([t, t+])∗. Hence,∣∣αt+(y)

∣∣ ≤ R(t+ − t) and
∣∣∇αt+

(
b)
∣∣ ≤ R′(t+ − t)

so that, by (F.4a), (F.6c) and (F.3b),∣∣((1 − Jt+−τ,±)αt+

)
(x)

∣∣
≤ K ′

je
K′

j(t+−t) ε(t+ − t)
([

|μ| + e−5mc±
]
R(t+ − t) + R′(t+ − t)

)

≤ 1
16

r(t+ − t−)

and, by (F.3d) and (F.4c),

|γτ (b)| ≥ R(t+ − t−) − 1
16

r(t+ − t−) − e−mc± ≥ 1
2
R(t+ − t−)

�

Lemma E.13. Let τ ∈ εZ ∩ (0, δ) and J be a decimation interval that contains
τ in its interior. Then

∑
τ ′∈[0,δ)

N4m

(
Γτ ′

∗τ ; e
m
2 d(x,Λ(J )), κ∗τ ′

)
≤
{

40eKjτ R(|J |) ifJ � [0, δ]
16eKjτ R(δ) ifJ = [0, δ]

∑
τ ′∈(0,δ]

N4m

(
Γτ ′

τ ; e
m
2 d(x,Λ(J )), κτ ′

)
≤
{

40eKj(δ−τ) R(|J |) ifJ � [0, δ]
16eKj(δ−τ) R(δ) ifJ = [0, δ]

Proof. We prove the first bound. The proof of the second is virtually identical.
Write J = [τ−, τ+] and let τ+ − τ− = 1

2p δ. We first consider the case that
τ ′ ∈ Tl(τ, δ) with d(σ(τ ′)) > p. We claim that J is exactly the decimation
interval J∗p of Lemma B.1.

◦ If d(τ ′) > p, then, since τ ′ is the largest element of ετ ′Z below τ and τ−
is an element of ετ ′Z below τ , we have τ− < τ ′ < τ < τ+ so that J the
unique decimation interval of length 1

2p δ that contains τ ′.
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◦ If d(τ ′) ≤ p < d(σ(τ ′)), then τ− < σ(τ ′), since σ(τ ′) is the largest element
of δ

2d(σ(τ′)) Z below τ . And τ− ≥ τ ′, since τ− is the largest element of δ
2p Z

below τ . And it is impossible to have τ ′ < τ− < σ(τ ′) since then τ− would
be in Tl(τ, δ) and σ(τ ′) would not be the successor of τ ′. So τ− = τ ′ and
J = [τ ′, τ ′ + δ

2p ].
Consequently,

N4m

(
Γτ ′

∗τ ; e
m
2 d(x,Λ(J )), κ∗τ ′

)

= N4m

(
j(τ−σ(τ ′)) Λσ(τ ′) j(σ(τ ′)−τ ′)Λc

τ ′ ; e
m
2 d(x,Λ(J )), κ∗τ ′

)

≤ 4R(|J |) e− m
6 d(Λ(J ),Λc

τ′ ) N5m (j(τ − σ(τ ′)); 1, 1) N5m (j(σ(τ ′) − τ ′); 1, 1)

≤ 4R(|J |) e− m
6 d(Λ(J ),Λc

τ′ ) |||j(τ − σ(τ ′))||| |||j(σ(τ ′) − τ ′)|||

≤ 4eKj(τ−τ ′)R(|J |)
{
e− m

6 c(|Jτ′ |) if |Jτ ′ | < |J |
1 otherwise

(E.6)

For the first inequality we used Lemma G.5((i)c) with d replaced by 4md,

L1 = X, L2 = Λσ(τ ′), L3 = Λc
τ ′ , O1 = O2 = Λ(J )

δ1 =
m
2
d, δ2 =

m
3
d, δ =

m
6
d, d̃ = 5md, κ = κ∗τ ′ , R = 4R(|J |)

and DO ≥ δ(L3, O1) = 1
6md(Λ(J ),Λc

τ ′). (The hypothesis that κ(x) =
κ∗τ ′(x) ≤ Reδ2(x,O2) = 4R(|J |) em

3 d(x,Λ(J )) for all x ∈ X is fulfilled by
Lemma B.1(ii), since, as we observed above, J is the decimation interval J∗p

of that Lemma). The last inequality follows from Lemma 3.21(i).
We next consider the case that τ ′ ∈ Tl(τ, δ) with p ≥ d(σ(τ ′)). In this

case Λσ(τ ′) ⊂ Λ(J ) and

N4m

(
Γτ ′

∗τ ; e
m
2 d(x,Λ(J )), κ∗τ ′

)

≤ N4m

(
j(τ−σ(τ ′)) Λσ(τ ′) j(σ(τ ′)−τ ′)Λc

τ ′ ; 1, κ∗τ ′
)

≤ 4R
(
|Jσ(τ ′)|

)
N5m (j(τ − σ(τ ′)); 1, 1) N5m (j(σ(τ ′) − τ ′); 1, 1)

≤ 4R
(
|Jσ(τ ′)|

)
|||j(τ − σ(τ ′))||| |||j(σ(τ ′) − τ ′)|||

≤ 4eKj(τ−τ ′)R
(
|Jσ(τ ′)|

)
(E.7)

by Lemma G.5(ii) with d replaced by 4md,

L1 = X, L2 = Λσ(τ ′), L3 = Λc
τ ′ , O2 = Λσ(τ ′)

δ = δ1 = 0, δ2 =
m
3
d, d̃ = 5md, κ = κ∗τ ′ , R = 4R

(
|Jσ(τ ′)|

)

Finally, as Γτ
∗τ = Λc

τ ,

N4m

(
Γτ

∗τ ; em/2 d(x,Λ(J )), κ∗τ

)
= N4m

(
Λc

τ ; 1, κ∗τe
−m/2 d(x,Λ(J ))

)

≤ 4R (|J |) N4m (Λc
τ ; 1, 1)

= 4R (|J |) (E.8)

Again we used Lemma B.1(ii).
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Using (F.4d) to sum (E.6) over τ ′ ∈ Tl(τ, δ) with d(τ ′) > p + 1 (so that
|Jτ ′ | < |J |), using (E.6) up to twice more for the cases d(τ ′) = p + 1 (so
that |Jτ ′ | = |J |), and d(τ ′) ≤ p < d(σ(τ ′)), using (F.3c) to sum (E.7) over
τ ′ ∈ Tl(τ, δ) with d(σ(τ ′)) ≤ p and finally adding (E.8) gives the bound for
J � [0, δ]. When J = [0, δ], the case d(σ(τ ′)) ≤ p is absent. �
Proof of Proposition E.11(i). For all x ∈ Λ(J )

|γ∗τ (x)| ≤

∣∣∣∣∣∣
∑
τ ′≤τ

(
Γτ ′

∗τατ ′
)

(x)∗

∣∣∣∣∣∣ ≤
∑
τ ′≤τ

N0

(
Γτ ′

∗τ ; e
m
2 d(x,Λ(J )), κ∗τ ′

)

by Remark E.2 and the assumption that d(x, Λ(J )) = 0. Now just apply
Lemma E.13. The proof of the bound on γτ (x) is similar. �
E.4. Comparison of γτ+ε and j(ε)γτ

Lemma E.14. (a) Let τ, τ ′ ∈ (0, δ] and t > 0. If [τ − t, τ) ∩ εZ = ∅, then

Γτ ′
τ−t = j(t) Γτ ′

τ Γ(τ − t; �α, β) = j(t) Γ(τ ; �α, β)

(b) Let τ, τ ′ ∈ [0, δ) and t > 0. If (τ, τ + t] ∩ εZ = ∅, then

Γτ ′
∗τ+t = j(t) Γτ ′

∗τ Γ(τ + t;α∗, �α∗) = j(t) Γ(τ ;α∗, �α)

Proof. We prove part (a). It suffices to prove the τ ′ formula, since the other
one follows from it. Since Λc

τ ′ = ∅ for all τ ′ with d(τ ′) > n, it suffices to con-
sider τ ′ ∈ εZ ∩ (0, δ]. If τ > τ ′, then τ − t > τ ′ too, so that Γτ ′

τ−t = Γτ ′
τ = 0. So

it suffices to consider τ ≤ τ ′.

Case τ ′ − τ ≥ ε: Let [τ ′ − δ
2d , τ

′] be the shortest decimation interval with τ ′

as right hand end point that properly contains [τ, τ ′]. (If no such decimation
interval exists, then Γτ ′

τ−t = Γτ ′
τ = 0.) Since τ ′ − τ ≥ ε, we have d ≤ n and

τ ′ − δ
2d ∈ εZ. Hence [τ ′ − δ

2d , τ
′] also properly contains [τ − t, τ ′] and

Γτ ′
τ = j

(
τ ′ − τ − δ

2d+1

)
Λ
([
τ ′ − δ

2d
, τ ′
])

j

(
δ

2d+1

)
Λc

τ ′

Γτ ′
τ−t = j

(
τ ′ − τ + t− δ

2d+1

)
Λ
([
τ ′ − δ

2d
, τ ′
])

j

(
δ

2d+1

)
Λc

τ ′ = j(t) Γτ ′
τ

Case 0 ≤ τ ′ − τ < ε: In this case τ ′ − τ + t < ε too, since otherwise
τ ′ − ε would be an element of εZ in [τ − t, τ). Let Jτ and Jτ−t be the shortest
decimation intervals with τ ′ as right hand end point that properly contain
[τ, τ ′] and [τ − t, τ ′], respectively. Both are contained in [τ ′ − ε, τ ]. Hence
Λ(Jτ ) = Λ(Jτ−t) = X and

Γτ ′
τ = j

(
τ ′ − τ − 1

2
|Jτ |

)
Λ(Jτ ) j

(
1
2
|Jτ |

)
Λc

τ ′ = j(τ ′ − τ) Λc
τ

Γτ ′
τ−t = j

(
τ ′−τ + t− 1

2
|Jτ−t|

)
Λ(Jτ−t) j

(
1
2
|Jτ−t|

)
Λc

τ ′ = j(τ ′−τ + t)Λc
τ ′

= j(t) Γτ ′
τ

�
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Lemma E.15. (i) Let τ ∈ εZ ∩ (0, δ). If d(τ) = n (that is, τ ∈ εZ\2εZ), then

Λτ [γ∗τ − j(ε)γ∗τ−ε] = Λτ [γτ − j(ε)γτ+ε] = 0

If 0 < d(τ) < n (that is, τ ∈ 2εZ), then∑
τ ′∈[0,δ)

N3m

(
Λτ [Γτ ′

∗τ − j(ε)Γτ ′
∗τ−ε] ; 1, κ∗τ ′

)
≤ e−mc(ετ )

∑
τ ′∈(0,δ]

N3m

(
Λτ [Γτ ′

τ − j(ε)Γτ ′
τ+ε] ; 1, κτ ′

)
≤ e−mc(ετ )

(ii) Let O ⊂ ΩS = Ω([0, δ]), r > 0 and define the weight factor

λ(x) =

{
r if x ∈ O

∞ if x /∈ O

Then∑
τ∈(0,δ]

N2m

([
Γ0

∗τ − j(ε)Γ0
∗τ−ε

]
O ; e−m d(x,O), λ

)
≤ 4eKj r e−2m d(O,Ωc

S)

∑
τ∈[0,δ)

N2m

([
Γδ

τ − j(ε)Γδ
τ+ε

]
O ; e−m d(x,O), λ

)
≤ 4eKj r e−2m d(O,Ωc

S)

Here we set Γ0
∗δ = Γδ

0 = j(δ) and Γ0
∗0 = Γδ

δ = 1.

Proof. (i) The vanishing when d(τ) = n is proven in Lemma E.16, below. Now
assume that 0 < d(τ) < n and write ετ = 2dε. (That is, d = n − d(τ).) The
same Lemma gives∑

τ ′∈[0,δ)

N3m

(
Λτ [Γτ ′

∗τ − j(ε)Γτ ′
∗τ−ε] ; 1, κ∗τ ′

)

= N3m

(
Λτ j

(
1
2
ετ

)
Λ ([τ − ετ , τ ])

c
j

(
1
2
ετ

)
Λc

τ−ετ
; 1, κ∗τ−ετ

)

+
d−1∑
�=1

N3m

(
Λτ j

(
2�−1ε

)
Λ
(
[τ − 2�ε, τ ]

)
j
(
2�−1ε

)
Λc

τ−2�ε ; 1, κ∗τ−2�ε

)

+N3m

(
Λτ j(ε)Λc

τ−ε ; 1, κ∗τ−ε

)
For each 1 ≤ � ≤ d − 1, we apply Lemma G.5((i)a), with d replaced by 3md,

L1 = Λτ , L2 = Λ
(
[τ − 2�ε, τ ]

)
, L3 = Λc

τ−2�ε, O1 = X, O2 = Λτ

δ1 = 0, δ2 =
m
3
d, δ =

3m
2
d, d̃ = 5md, κ = κ∗τ−2�ε, R = 4R(2ετ )

and DL ≥ 3
2m d(Λτ ,Λc

τ−2�ε) ≥ 3
2mc(2�+1ε), to get

N3m

(
Λτ j

(
2�−1ε

)
Λ ([τ − ε�, τ ]) j

(
2�−1ε

)
Λc

τ−ε�
; 1, κ∗τ−ε�

)
≤ 4R(2ετ ) e− 3

2md(Λτ ,Λc
τ−ε�

) |||j
(
2�−1ε

)
||| |||j

(
2�−1ε

)
|||

≤ 4eKj 2�εR(2ετ ) e− 3
2mc(2�+1ε) ≤ 1

4
e− 5

4mc(2�+1ε)

by (F.6b).
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For the last term, we again apply Lemma G.5(i(a)), this time with

L1 = Λτ , L2 = L3 = Λc
τ−ε, O1 = X, O2 = Λτ

δ1 = 0, δ2 =
m
3
d, δ =

3m
2
d, d̃ = 5md, κ = κ∗τ−ε, R = 4R(2ετ )

and DL ≥ 3
2m d(Λτ ,Λc

τ−ε) ≥ 3
2mc(2ε), to get

N3m

(
Λτ j(ε)Λc

τ−ε ; 1, κ∗τ−ε

)
≤ 4R(2ετ )eKjεe− 3

2mc(2ε) ≤ 1
4
e− 5

4mc(2ε)

For the first term, the same Lemma gives

N3m

(
Λτ j(

1
2
ετ )Λ ([τ − ετ , τ ])

c
j(

1
2
ετ )Λc

τ−ετ
; 1, κ∗τ−ετ

)

≤ 4R(2ετ ) e− 3
2md(Λτ ,Λ([τ−ετ ,τ ])c) |||j(1

2
ετ )||| |||j(1

2
ετ )|||

≤ 4eKjετ R(2ετ ) e− 3
2mc(ετ )

≤ 1
4
e− 5

4mc(ετ )

Using (F.4d) to bound the sum over 1 < � < d − 1 and adding the bounds on
the first and last terms gives the desired bound for Λτ [Γτ ′

∗τ − j(ε)Γτ ′
∗τ−ε]. The

proof of the other bound is similar.
(ii) We prove the first bound. If τ �= 2�ε for all � ∈ {0, . . . , n}, then

Γ0
∗τ − j(ε)Γ0

∗τ−ε = 0 by Remark 3.5.iv. If τ = 2�ε for some � ∈ {1, . . . , n− 1},
then

Γ0
∗τ − j(ε)Γ0

∗τ−ε = Λ
(
[0, 2�+1ε]

)
j(2�ε) − j

(
2�−1ε

)
Λ
(
[0, 2�ε]

)
j
(
2�−1ε

)
= −Λ

(
[0, 2�+1ε]

)c
j(2�ε) + j

(
2�−1ε

)
Λ
(
[0, 2�ε]

)c
j
(
2�−1ε

)

Therefore,

N2m

([
Γ0

∗τ − j(ε)Γ0
∗τ−ε

]
O ; e−m d(x,O), λ

)

≤ N2m

(
Λ
(
[0, 2�+1ε]

)c
j(2�ε)O ; e−m d(x,O), λ

)

+N2m

(
j
(
2�−1ε

)
Λ
(
[0, 2�ε]

)c
j
(
2�−1ε

)
O ; e−m d(x,O), λ

)

≤ re−2md(O,Λ([0,2�+1ε])c)|||j(2�ε)||| + re−2md(O,Λ([0,2�ε])c)|||j
(
2�−1ε

)
|||2

≤ 2reKj2
�ε

{
e−2m[d(O,Ωc

S)+c(2�+1ε)] if 1 ≤ � ≤ n− 2
e−2md(O,Ωc

S) if � = n− 1

In the second inequality we applied Lemma G.5.ii with d replaced by 2md,

L1 = X, L3 = O1 = O2 = O, δ1 = md, δ2 = 0,

δ = 2md, d̃ = 5md, κ = λ, R = r
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and

L2 =

{
Λ
(
[0, 2�+1ε]

)c for the first summand
Λ
(
[0, 2�ε]

)c for the second summand

Similarly, for τ = ε,

N2m

([
Γ0

∗ε − j(ε)Γ0
∗0

]
O ; e−m d(x,O), λ

)

= N2m

(
Λ ([0, 2ε])c

j(ε)O ; e−m d(x,O), λ
)

≤ re−2m[d(O,Ωc
S)+c(2ε)]eKjε

and, for τ = δ,

N2m

([
Γ0

∗δ − j(ε)Γ0
∗δ−ε

]
O ; e−m d(x,O), λ

)

= N2m

(
j(
δ

2
)Λc

Sj(
δ

2
)O ; e−m d(x,O), λ

)

≤ re−2md(O,Ωc
S)eKjδ

Summing up the last three bounds, using (F.4d), gives
∑

τ∈(0,δ]

N2m

([
Γ0

∗τ − j(ε)Γ0
∗τ−ε

]
O ; e−m d(x,O), λ

)

≤ eKj r e−2m d(O,Ωc
S)

[
n−2∑
�=0

2e−2mc(2�+1ε) + 2 + 1

]

≤ eKj r e−2m d(O,Ωc
S)

[
n−2∑
�=0

1
2�+1ε

e−2mc(2�+1ε) + 2 + 1

]

≤ 4eKj r e−2m d(O,Ωc
S)

which is the desired result. �

Lemma E.16. Let τ ∈ εZ ∩ (0, δ). Recall that ε = 2−nδ with the integer n ≥
depthS.

(i) If d(τ) = n (that is, τ ∈ εZ\2εZ), then Λτ (γτ − j(ε)γτ+ε) = 0.
If 0 < d(τ) < n (that is, τ ∈ 2εZ), then

Λτ (γτ − j(ε)γτ+ε) = Λτ

{
j

(
1

2
ετ

)
Λ ([τ, τ + ετ ])c j

(
1

2
ετ

)
Λc

τ+ετ
ατ+ετ

−
n−d(τ)−1∑

�=1

(
2�−1ε

)
Λ
(
[τ, τ + 2�ε]

)
j
(
2�−1ε

)
Λc

τ+2�εατ+2�ε

− j(ε)Λc
τ+εατ+ε

}

where, if τ = δ − ετ , then ατ+ετ
= β.

(ii) If d(τ) = n (that is, τ ∈ εZ\2εZ), then Λτ (γ∗τ − j(ε)γ∗τ−ε) = 0.
If 0 < d(τ) < n (that is, τ ∈ 2εZ), then
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Λτ (γ∗τ − j(ε)γ∗τ−ε) = Λτ

{
j

(
1

2
ετ

)
Λ ([τ − ετ , τ ])c j

(
1

2
ετ

)
Λc

τ−ετ
α∗

τ−ετ

−
n−d(τ)−1∑

�=1

j
(
2�−1ε

)
Λ
(
[τ −2�ε, τ ]

)
j
(
2�−1ε

)

× Λc
τ−2�εα

∗
τ−2�ε − j(ε)Λc

τ−εα
∗
τ−ε

}

where, if τ = ετ , then α∗τ−ετ
= α∗.

Proof. We give the proof for part (ii). The proof of part (i) is similar. For
τ ∈ (ε, δ) and τ ′ ∈ [0, δ), directly from Definition 2.9,

ΛτΓτ ′
∗τ =

{
0 if τ /∈ (τ ′, τ ′ + ετ ′)
Λτ j(τ − τ ′ − 2m−1ε)Λ([τ ′, τ ′ + 2mε])j(2m−1ε)Λc

τ ′

if τ ∈ [τ ′ + 2m−1ε, τ ′ + 2mε)
with m ≥ 1, 2mε ≤ ετ ′

(so that, in particular, ΛτΓτ ′
∗τ �= 0 only for ετ < ετ ′) and

j(ε)Γτ ′
∗τ−ε =

⎧⎪⎨
⎪⎩

0 if τ /∈ (τ ′, τ ′ + ετ ′ ]
j(ε)Λc

τ ′ if τ = τ ′ + ε

j(τ − τ ′ − 2m′−1ε)Λ([τ ′, τ ′ + 2m′
ε])j(2m′−1ε)Λc

τ ′

if τ ∈ (τ ′ + 2m′−1ε, τ ′ + 2m′
ε]

with m′ ≥ 1, 2m′
ε ≤ ετ ′

(so that, in particular, j(ε)Γτ ′
∗τ−ε �= 0 only for ετ < ετ ′ or τ = τ ′ + ετ ′).

◦ If τ = τ ′ + ε with τ ′ ∈ εZ\2εZ so that ετ ′ = ε, then

Λτ

{
Γτ ′

∗τ − j(ε)Γτ ′
∗τ−ε

}
= −Λτ j(ε)Λc

τ ′

This gives the last term in the statement, for the case τ ∈ 2εZ.
◦ If τ = τ ′ + ε with ετ ′ > ε, then m = 1 and

Λτ

{
Γτ ′

∗τ − j(ε)Γτ ′
∗τ−ε

}
= ΛτΛ ([τ ′, τ ′ + 2ε]) j(ε)Λc

τ ′ − Λτ j(ε)Λc
τ ′ = 0

since Λτ = Λ([τ ′, τ ′+2ε]). This (together with the last ◦) gives the d(τ) = n
case in the statement.

◦ If τ = τ ′ + 2kε for some k > 0 with 2kε < ετ ′ , then m = k+ 1 and m′ = k.
As ετ = 2kε, we have Λτ = Λ([τ ′, τ ′ + 2k+1ε]) and

Λτ

{
Γτ ′

∗τ − j(ε)Γτ ′
∗τ−ε

}

= Λ([τ ′, τ ′+2k+1ε])
{
j(2kε) − j(2k−1ε)Λ([τ ′, τ ′+2kε]) j(2k−1ε)

}
Λc

τ ′

= Λτ j(2k−1ε)Λ([τ ′, τ ′ + 2kε])c j(2k−1ε)Λc
τ ′

In this case ε < 2kε = ετ . This gives the first term in the statement, for
the case τ ∈ 2εZ.
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◦ If τ = τ ′ + ετ ′ , with ετ ′ > ε, then Γτ ′
∗τ = 0 and 2m′

ε = ετ ′ so that

Λτ

{
Γτ ′

∗τ − j(ε)Γτ ′
∗τ−ε

}
= −Λτ j

(
1
2
ετ ′

)
Λ([τ ′, τ ′ + ετ ′ ]) j

(
1
2
ετ ′

)
Λc

τ ′

In this case ετ > ετ ′ . This gives the �th term in the statement, with �
determined by 2�ε = ετ ′ , for the case τ ∈ 2εZ.

◦ If τ ∈ (τ ′, τ ′ + ετ ′) but τ �= τ ′ + 2kε for all k ≥ 0 with 2kε ≤ ετ ′ , then
m = m′ ≥ 1 with 2mε = 2m′

ε ≤ ετ ′ and Γτ ′
∗τ = j(ε)Γτ ′

∗τ−ε.

Finally, we consider τ = ε. Then

γ∗ε = Γε
∗εα

∗
ε + Γ0

∗εα
∗ = Λc

εα
∗
ε + Λ ([0, 2ε]) j(ε)α∗

so that

Λεγ∗ε = Λ ([0, 2ε]) j(ε)α∗ Λεj(ε)γ∗0 = Λ ([0, 2ε]) j(ε)α∗

and

Λτ (γ∗τ − j(ε)γ∗τ−ε) = 0

�

Lemma E.17. Assume that h ≡ 1. Then
∑

τ∈(0,δ)

|〈γ∗τ − γ∗
τ ,Λτ (γτ − j(ε)γτ+ε)〉| ≤ 1

4

∑
τ ′∈(0,δ)

e−mc(ετ′ ) |Λc
τ ′ |

∑
τ∈(0,δ)

|〈γτ − γ∗
∗τ ,Λτ (γ∗τ − j(ε)γ∗τ−ε)〉| ≤ 1

4

∑
τ ′∈(0,δ)

e−mc(ετ′ ) |Λc
τ ′ |

Proof. We prove the first bound. Write ετ = 2dε. (That is, d = n− d(τ).) By
Lemma E.16(i), for d > 0,

Λτ (γτ − j(ε)γτ+ε) = Λτ

{
j

(
1
2
ετ

)
Λ ([τ, τ + ετ ])c

j

(
1
2
ετ

)
Λc

τ+ετ
ατ+ετ

−
d−1∑
�=1

j
(
2�−1ε

)
Λ
(
[τ, τ + 2�ε]

)
j
(
2�−1ε

)
Λc

τ+2�εατ+2�ε

− j(ε)Λc
τ+εατ+ε

}

and, if d = 0, then Λτ (γτ − j(ε)γτ+ε) = 0.
For most terms that result from inserting this into the left hand side of

the first claim, we shall use the bound

|〈γ∗τ − γ∗
τ ,ΛτAΛc

τ ′ατ ′〉| ≤ sup
y∈Λτ

|γ∗τ (y) − γτ (y)∗| N0(ΛτAΛc
τ ′ ; 1, κτ ′) |Λc

τ ′ |

≤ 80 eKj R(2ετ ) N0(ΛτAΛc
τ ′ ; 1, κτ ′) |Λc

τ ′ |

by Proposition E.11(i). Using this bound, we have, for each τ ∈ (0, δ) with
τ ∈ 2εZ and each 1 ≤ � ≤ d − 1,
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∣∣〈γ∗τ − γ∗
τ ,Λτ j

(
2�−1ε

)
Λ
(
[τ, τ + 2�ε]

)
j
(
2�−1ε

)
Λc

τ+2�εατ+2�ε

〉∣∣
≤ 80 eKj R(2ετ ) N0(Λτ j

(
2�−1ε

)
Λ
(
[τ, τ + 2�ε]

)
j
(
2�−1ε

)
×Λc

τ+2�ε; 1, κτ+2�ε) |Λc
τ+2�ε|

≤ 320 eKj R(2ετ )2 eKj2
�εe−4md(Λτ ,Λc

τ+2�ε
) |Λc

τ+2�ε|

≤ 320 R(ετ )2e2Kje−4mc(2�+1ε) |Λc
τ+2�ε|

≤ 1
8
e−mc(2�ε) |Λc

τ+2�ε| by (F.4a) and (F.6b)

by Lemma G.5(ii) with d replaced by 0, δ1 = 0, δ2 = m
3 d, δ = 4md, δ̃ = 5md,

κ = κτ+2�ε, R = 4R(2ετ ),O2 = Λτ = L1, L2 = Λ([τ, τ+2�ε]) and L3 = Λc
τ+2�ε.

We also have, for each τ ∈ 2εZ ∩ (0, δ),
∣∣〈γ∗τ − γ∗

τ ,Λτ j(ε)Λc
τ+εατ+ε

〉∣∣
≤ 80 eKj R(2ετ ) N0(Λτ j(ε)Λc

τ+ε; 1, κτ+ε) |Λc
τ+ε|

≤ 320 eKj R(2ετ )2 eKjεe−4mc(2ε) |Λc
τ+ε|

≤ 1
8
e−mc(ε) |Λc

τ+ε|

by Lemma G.5(ii) with d replaced by 0, δ1 = 0, δ2 = m
3 d, δ = 4md, δ̃ = 5md,

κ = κτ+ε, R = 4R(2ετ ), O2 = Λτ = L1 = L2 and L3 = Λc
τ+ε, followed by

(F.4a) and (F.6b).
We still have the “Λ([τ, τ+ετ ])c = Λc

τ+ 1
2 ετ

” terms to deal with. For these,
we use∣∣∣∣
〈
γ∗τ − γ∗

τ ,Λτ j

(
1
2
ετ

)
Λc

τ+ 1
2 ετ

j

(
1
2
ετ

)
Λc

τ+ετ
ατ+ετ

〉∣∣∣∣
≤

∑
x,y,z∈X

|γ∗τ (x)−γτ (x)∗| Λτ (x)j
(

1
2
ετ

)
(x,y)Λc

τ+ 1
2 ετ

(y)j
(

1
2
ετ

)
(y, z)

×Λc
τ+ετ

(z) |ατ+ετ
(z)|

≤
∑

x,y,z∈X

320 eKj R(ετ )2 e
m
3 d(x,z)Λτ (x)j

(
1
2
ετ

)
(x,y)

×Λc
τ+ 1

2 ετ
(y)j

(
1
2
ετ

)
(y, z)Λc

τ+ετ
(z)

by Proposition E.11(i), and the fact, from Lemma B.1(ii), that

|ατ+ετ
(z)| ≤ κτ+ετ

(z) ≤ 4R(ετ )e
m
3 d(z,Λ([τ,τ+ετ ]) ≤ 4R(ετ )e

m
3 d(x,z)

when x ∈ Λτ ⊂ Λ([τ, τ + ετ ]). For all x, y, z for which the summand does not
vanish,

e
m
3 d(x,z) ≤ e

−4md(Λτ ,Λc

τ+ 1
2 ετ

)
e4md(x,y)e

m
3 d(x,z)

≤ e
−4md(Λτ ,Λc

τ+ 1
2 ετ

)
e5md(x,y)e5md(y,z)
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and we have∣∣∣∣
〈
γ∗τ − γ∗

τ ,Λτ j

(
1
2
ετ

)
Λc

τ+ 1
2 ετ

j

(
1
2
ετ

)
Λc

τ+ετ
ατ+ετ

〉∣∣∣∣
≤
∑
y∈X

320 eKj R(ετ )2 e
−4md(Λτ ,Λc

τ+ 1
2 ετ

) |||j
(

1
2
ετ

)
|||Λc

τ+ 1
2 ετ

(y) |||j
(

1
2
ετ

)
|||

≤ 320 eKj R(ετ )2eKjετ e−4mc(ετ )
∣∣∣Λc

τ+ 1
2 ετ

∣∣∣
≤ 1

8
e−mc( 1

2 ετ )
∣∣∣Λc

τ+ 1
2 ετ

∣∣∣
by (F.4a) and (F.6b). All together

∑
τ∈(0,δ)

|〈γ∗τ − γ∗
τ ,Λτ (γτ − j(ε)γτ+ε)〉|

≤
∑

τ∈2εZ∩(0,δ)

⎧⎨
⎩

1
8
e−mc( 1

2 ετ )
∣∣∣Λc

τ+ 1
2 ετ

∣∣∣+
n−d(τ)−1∑

�=0

1
8
e−mc(2�ε)

∣∣Λc
τ+2�ε

∣∣
⎫⎬
⎭

≤
∑

τ ′∈(0,δ)

1
8
e−mc(ετ′ ) |Λc

τ ′ |
[
#
{
τ ∈ (0, δ)

∣∣ τ +
1
2
ετ = τ ′

}

+ #
{
(τ, �)

∣∣ τ ∈ (0, δ), 0 ≤ � ≤ n− d(τ) − 1, τ + 2�ε = τ ′} ]

Here, we have used that τ + 2�ε ∈ (0, δ) for all τ ∈ (0, δ) and � < n − d(τ).
On the other hand, given any τ ′ ∈ (0, δ) there is at most one τ ∈ (0, δ) with
τ + 1

2ετ = τ ′ (because it is necessary that 1
2ετ = ετ ′), and there is at most one

pair (τ, �) with τ ∈ (0, δ), 0 ≤ � ≤ n− d(τ) − 1 and τ + 2�ε = τ ′ (because it is
necessary that 2�ε = ετ ′). So we end up with

∑
τ∈(0,δ)

|〈γ∗τ − γ∗
τ ,Λτ (γτ − j(ε)γτ+ε)〉| ≤

∑
τ ′∈(0,δ)

1
4
e−mc(ετ′ ) |Λc

τ ′ |

�

E.5. Error Terms in the Recursive Construction

Now assume that S is a hierarchy for scale 2δ, preceded by hierarchies (S1,S2)
for scale δ. Let ε = 2−nδ with n ≥ max{depth(S1),depth(S2)}. For simplicity
we again write Λ = ΛS. As in (5.19) we set

∂cΓ∗τ =

⎧⎪⎨
⎪⎩

0 if τ ∈ [0, δ) or τ = 2δ
Λ jδ if τ = δ

∂Γ∗τ + Γ0
∗τ−δ(S2) Λ jδ if τ ∈ (δ, 2δ)

∂cΓτ =

⎧⎪⎨
⎪⎩
∂Γτ + Γδ

∗τ (S1) Λ jδ if τ ∈ (0, δ)
Λ jδ if τ = δ

0 if τ ∈ (δ, 2δ] or τ = 0
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with jδ = j(δ) − jc(δ) and, as in Proposition 3.6,

∂Γ∗τ = j(τ−δ−2m−1ε)Λ ([δ, δ+2mε])c
j(2m−1ε)Λj(δ)

for τ ∈ [δ+2m−1ε, δ+2mε)
∂Γτ = j(δ−2m−1ε−τ)Λ ([δ−2mε, δ])c

j(2m−1ε)Λj(δ)
for τ ∈ (δ−2mε, δ−2m−1ε]

with 1 ≤ m ≤ n.

Lemma E.18.

N2m

(
∂cΓ∗τ ; e− 3

2m d(x,Λ), κ∗0

)
≤ 4e2Kj R(2δ)

(
δe−m c + e−mc(δ)

)

N2m

(
∂cΓτ ; e− 3

2m d(x,Λ), κ2δ

)
≤ 4e2Kj R(2δ)

(
δe−m c + e−mc(δ)

)

Proof. We prove the first bound.
In the case τ=δ we use Remark G.4(i), Lemma B.1(i) and Lemma 3.21(iii)

to see that

N2m

(
∂cΓ∗δ; e− 3

2m d(x,Λ), κ∗0

)

= N2m

(
Λjδ; e− 3

2m d(x,Λ), κ∗0

)
= N2m (Λjδ; 1, κ∗0)

≤ |||jδ||| 2R(2δ) sup
x,y∈X

(
e−md(x,y)κ∗0(y)

κ∗0(x)

)

≤ 4δ Kj R(2δ)eKjδe−m c

Now let τ ∈ (δ, 2δ). There is a unique 1 ≤ m ≤ n such that τ ∈ [δ +
2m−1ε, δ+2mε). We estimate N2m(∂Γ∗τ ; e− 3

2m d(x,Λ), κ∗0) and N2m(Γ0
∗τ−δ(S2)

Λ jδ ; e− 3
2m d(x,Λ), κ∗0) separately.

By [4, (IV.1)]

N2m

(
∂Γ∗τ ; e− 3

2m d(x,Λ), κ∗0

)

=N2m

(
j(τ−δ− 2m−1ε) Λ ([δ, δ+2mε])c

j(2m−1ε)Λj(δ) ; e− 3
2m d(x,Λ), κ∗0

)

≤ N2m

(
j(τ − δ − 2m−1ε) ; e− 3

2m d(x,Λ), e− 3
2m d(x,Λ)

)

×N2m

(
Λ ([δ, δ + 2mε])c

j(2m−1ε)Λj(δ) ; e− 3
2m d(x,Λ), κ∗0

)
(E.9)

Using Remark G.4(i), we bound the first factor on the right hand side of (E.9)
by

N2m

(
j(τ − δ − 2m−1ε) ; e− 3

2m d(x,Λ), e− 3
2m d(x,Λ)

)

≤ |||j(τ − δ − 2m−1ε)||| sup
x,y∈X

e− 3
2md(x,y) e

− 3
2m d(y,Λ)

e− 3
2m d(x,Λ)

≤ eKj(τ−δ−2m−1ε)
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The second factor on the right hand side of (E.9) is bounded by

N2m

(
Λ ([δ, δ + 2mε])c

j(2m−1ε)Λj(δ) ; e− 3
2m d(x,Λ), κ∗0

)

≤ 4R(2δ) e−md(Λ,Λ([δ,δ+2mε])c) |||j(2m−1ε)||| |||j(δ)|||
≤ 4eKj(δ+2m−1ε)R(2δ) e−mc(2mε)

Here we used Lemma G.5(ii) with d replaced by 2md and

L1 = Λ ([δ, δ + 2mε])c
, L2 = Λ, L3 = X, O1 = O2 = Λ

δ1 =
3m
2
d, δ2 =

m
3
d, δ = md, d̃ = 5md, κ = κ∗0, R = 4R(2δ)

Putting the last two estimates together we get

N2m

(
∂Γ∗τ ; e− 3

2m d(x,Λ), κ∗0

)
≤ 4e2KjδR(2δ)e−mc(2mε) ≤ 4eKj R(2δ)e−mc(δ)

Similarly

N2m

(
Γ0

∗τ−δ(S2)Λ jδ ; e− 3
2m d(x,Λ), κ∗0

)

=N2m

(
j(τ−δ−2m−1ε) Λ ([δ, δ + 2mε]) j(2m−1ε) Λ jδ ; e− 3

2m d(x,Λ), κ∗0

)

≤ N2m

(
j(τ − δ − 2m−1ε) ; e− 3

2m d(x,Λ), e− 3
2m d(x,Λ)

)

×N2m

(
Λ ([δ, δ + 2mε]) j(2m−1ε)Λjδ ; e− 3

2m d(x,Λ), κ∗0

)

≤ eKj(τ−δ−2m−1ε)4R(2δ) |||j(2m−1ε)||| |||jδ||| ≤ 4eKjτR(2δ) δKje
−mc

≤ 4Kje
Kj R(2δ) δe−m c

�

Remark E.19. (a) Let τ ∈ (0, δ] and t > 0. If [τ − t, τ) ∩ εZ = ∅, then
∂Γτ−t = j(t) ∂Γτ .

(b) Let τ ∈ [0, δ) and t > 0. If (τ, τ + t] ∩ εZ = ∅, then ∂Γ∗τ+t = j(t) ∂Γ∗τ .

Proof. For all τ ∈ (0, δ]

∂Γτβ = ΓS(τ ; �α, β) − ΓS1 (τ ; �αl, ΛSj(δ)β + Λc
Sαδ)

Apply Lemma E.14. �

Lemma E.20. Write ∂jΓ∗τ = ∂cΓ∗τ − j(ε)∂cΓ∗τ−ε.
(i) ∂jΓ∗τ = 0 if τ ∈ (0, 2δ]\{δ, δ + ε, δ + ε1, . . . , δ + δ

2 , 2δ}
Furthermore

∂jΓ∗δ = Λjδ
∂jΓ∗δ+ε = Λ ([δ, δ + 2ε])c

j(ε)Λjc(δ)

∂jΓ∗δ+2�ε = Λ
(
[δ, δ + 2�+1ε]

)c
j(2�ε)Λjc(δ) − j

(
2�−1ε

)
×Λ

(
[δ, δ + 2�ε]

)c
j
(
2�−1ε

)
Λjc(δ) for � = 1, . . . , n− 1

∂jΓ∗2δ = −j(δ)Λjδ − j

(
δ

2

)
Λ ([δ, 2δ])c

j

(
δ

2

)
Λjc(δ)
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(ii)
∑

τ∈(δ,2δ)

N3m

(
∂jΓ∗τ ; e− m

2 d(x,Λ), κ∗0

)

+N3m

(
∂jΓ∗2δ + j(δ)Λjδ ; e− m

2 d(x,Λ), κ∗0

)
≤ e− 1

2mc(δ)

Proof. (i) If τ ∈ (δ, 2δ) and m = min
{
m′ ∣∣ τ ∈ (δ, δ + 2m′

ε)
}

then, by con-
struction

∂cΓ∗τ = ∂Γ∗τ + Γ0
∗τ−δ(S2)Λ jδ

= j(τ − δ − 2m−1ε) Λ ([δ, δ + 2mε])c
j(2m−1ε)Λj(δ)

+j(τ − δ − 2m−1ε) Λ ([δ, δ + 2mε]) j(2m−1ε) Λ jδ

= j(τ − δ)Λj(δ) − j(τ − δ − 2m−1ε) Λ ([δ, δ + 2mε]) j(2m−1ε)Λj(δ)

+j(τ − δ − 2m−1ε) Λ ([δ, δ + 2mε]) j(2m−1ε) Λ jδ

= j(τ − δ)Λj(δ) − j(τ − δ − 2m−1ε) Λ ([δ, δ + 2mε]) j(2m−1ε)Λjc(δ)

Consequently, if τ ∈ (δ, 2δ) is not of the form δ+2�ε for any � = 0, . . . , n, then
∂cΓ∗τ − j(ε)∂cΓ∗τ−ε = 0. If τ = δ + 2�ε for some � = 1, . . . , n− 1, then

∂cΓ∗τ − j(ε)∂cΓ∗τ−ε = −Λ
(
[δ, δ + 2�+1ε]

)
j(2�ε)Λjc(δ)

+j
(
2�−1ε

)
Λ
(
[δ, δ + 2�ε]

)
j
(
2�−1ε

)
Λjc(δ)

= Λ
(
[δ, δ + 2�+1ε]

)c
j(2�ε)Λjc(δ)

−j
(
2�−1ε

)
Λ
(
[δ, δ + 2�ε]

)c
j
(
2�−1ε

)
Λjc(δ)

If τ ∈ (0, δ), both ∂cΓ∗τ and j(ε)∂cΓ∗τ−ε are zero.
For τ = δ, we have ∂cΓ∗δ − j(ε)∂cΓ∗δ−ε = Λjδ.
For τ = δ + ε,

∂cΓ∗δ+ε − j(ε)∂cΓ∗δ = j(ε)Λj(δ) − Λ ([δ, δ + 2ε]) j(ε)Λjc(δ) − j(ε)Λjδ
= Λ ([δ, δ + 2ε])c

j(ε)Λjc(δ)

For τ = 2δ,

∂cΓ∗2δ − j(ε)∂cΓ∗2δ−ε = −j(δ)Λj(δ) + j

(
δ

2

)
Λ ([δ, 2δ]) j

(
δ

2

)
Λjc(δ)

= −j(δ)Λjδ − j

(
δ

2

)
Λ ([δ, 2δ])c

j

(
δ

2

)
Λjc(δ)

(ii) By part (i),
∑

τ∈(δ,2δ)

N3m

(
∂jΓ∗τ ; e− 1

2m d(x,Λ), κ∗0

)

+N3m

(
∂jΓ∗2δ + j(δ)Λjδ ; e− 1

2m d(x,Λ), κ∗0

)
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≤
n−1∑
�=0

N3m

(
Λ
(
[δ, δ + 2�+1ε]

)c
j(2�ε)Λjc(δ) ; e− 1

2m d(x,Λ), κ∗0

)

+
n∑

�=1

N3m

(
j
(
2�−1ε

)
Λ
(
[δ, δ+2�ε]

)c
j
(
2�−1ε

)
Λjc(δ) ; e− 1

2m d(x,Λ), κ∗0

)

(E.10)

To bound the terms of the first sum on the right hand side of (E.10), we
use Lemma G.5.ii with d replaced by 3md and

L1 = Λ
(
[δ, δ + 2�+1ε]

)c
, L2 = Λ, L3 = X, O1 = O2 = Λ

δ1 =
m
2
d, δ2 =

m
3
d, δ = md, d̃ = 5md, κ = κ∗0, R = 4R(2δ)

to get

N3m

(
Λ
(
[δ, δ + 2�+1ε]

)c
j(2�ε)Λjc(δ) ; e− 1

2m d(x,Λ), κ∗0

)

≤ 4R(2δ)e−md(Λ,Λ([δ,δ+2�+1ε])c)|||j(2�ε)||| |||jc(δ)|||
≤ 4eKj(δ+2�ε)R(2δ)e−mc(2�+1ε) (E.11)

To bound the terms of the second sum on the right hand side of (E.10),
we use [4, (IV.1)] to see that

N3m

(
j
(
2�−1ε

)
Λ
(
[δ, δ + 2�ε]

)c
j
(
2�−1ε

)
Λ jc(δ) ; e− 1

2m d(x,Λ), κ∗0

)

≤ N3m

(
j
(
2�−1ε

)
; e− 1

2m d(x,Λ), e− 1
2m d(x,Λ)

)

×N3m

(
Λ
(
[δ, δ + 2�ε]

)c
j
(
2�−1ε

)
Λjc(δ); e− 1

2m d(x,Λ), κ∗0

)

Remark G.4(i) gives the bound

N3m

(
j
(
2�−1ε

)
; e− 1

2m d(x,Λ), e− 1
2m d(x,Λ)

)

≤ |||j
(
2�−1ε

)
||| sup

x,y∈X
e− 1

2md(x,y) e
− 1

2m d(y,Λ)

e− 1
2m d(x,Λ)

≤ eKj2
�−1ε

for the first factor on the right hand side. (E.11), with � replaced by � − 1,
shows that the second factor is bounded by 4eKj(δ+2�−1ε)R(2δ)e−mc(2�ε). Con-
sequently

N3m

(
j
(
2�−1ε

)
Λ
(
[δ, δ + 2�ε]

)c
j
(
2�−1ε

)
Λ jc(δ) ; e− 1

2m d(x,Λ), κ∗0

)

≤ 4 eKj(δ+2�ε)R(2δ)e−mc(2�ε) (E.12)

Inserting (E.11) and (E.12),

(E.10) ≤ 4eKj2δR(2δ)

{
n−1∑
�=0

e−mc(2�+1ε) +
n∑

�=1

e−mc(2�ε)

}
≤ e− 1

2mc(δ)

by (F.4d) and (F.6b). �
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Appendix F. Properties of the Various Constants

The model under consideration is determined by the kinetic energy h = ∇∗H∇,
the two-body potential 2v(x,y), the temperature T > 0, and the chemical
potential μ. We are assuming that both H and v are exponentially decaying.
That is, there is a “mass” m > 0 such that

DH =
∑
x∈X

1≤i,j≤d

e6 md(x,0) |H (bi(0), bj(x))|

|||v||| = sup
x∈X

∑
y∈X

e5m d(x,y) |v(x,y)|

are finite. See (2.16) and (2.5). We have also assumed that there are constants
0 < cH < CH such that all of the eigenvalues of H lie between cH and CH.
In Lemmas 3.21 and D.1, we introduced constants Kj ,K

′
j (depending only on

DH, m and μ) for bounds on the semigroup j(t) = e−t(h−μ). Our bounds are
uniform for two–body potentials lying in the annulus 1

4v ≤ |||v||| ≤ 1
2v and

for which the lowest eigenvalue obeys v1 ≥ cv|||v|||. See Hypothesis 2.14. The
constant v > 0 must be sufficiently small and the constant cv ∈ (0, 1) is arbi-
trary. The chemical potential μ is required to obey |μ| ≤ max{Kμ veμ , 1} with
strictly positive Kμ and 1

2 < eμ ≤ 1.
For the bounds and the construction of the large field/small field decom-

position, we introduced, in (2.17)–(2.20), the cutoff functions

r(t) =
(

1
tv

)er

R(t) =
(

1
tv

)eR

r(t) R′(t) =
(

1
t

)eR′

r(t)

c = log2 1
v

c(t) = log2 1
tv

�(t) =
(

1
tv

)e�

(F.1)

with strictly positive exponents er, eR, eR′ and e� that obey

3eR + 4er < 1 1 ≤ 4eR + 2er 2(eR + er) < eμ ≤ 1

eR′ + er < 1
1
2

≤ eR′ e� < 2er (F.2)

Our main results Theorems 2.16 and 2.18 apply when v and the time
interval length θ are sufficiently small. The precise restrictions are determined
by a number of technical conditions that are specified in Hypothesis F.7 at the
end of this appendix.
Clearly

R(2t) ≤ R(t) ≤ 2R(2t) (F.3a)
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r(2t) ≤ r(t) ≤ 2 r(2t) (F.3b)
∞∑

n=1

R(2n t) ≤ 6R(t) (F.3c)

Lemma F.1. There is a constant tmax > 0, depending only on er, eR and eR′

such that, for all 0 < t ≤ tmax and 0 < v ≤ 1,

R(2t) + r(t) < R(t) (F.3d)
R′(2t) + ‖∇‖ r(t) ≤ R′(t) ≤ 2R′(2t) (F.3e)

r(t)
R(t)

≤ 1
210

(F.3f)

Proof. These all follow directly from the definitions (F.1) and conditions (F.2).
�

Lemma F.2. There is a constant 0 < vmax < 1, depending only on m, such
that, for all 0 < t < 1

2 and 0 < v ≤ vmax,

c < c(2t) < c(t) ≤ 2c(2t) (F.4a)
e−m c ≤ v (F.4b)

e− 1
4m c(t) ≤ min

{
tv,

1
32

}
(F.4c)

∞∑
k=0

1
2−kt

e− 1
8mc(2−kt) ≤ 1 (F.4d)

Proof. Parts (F.5a–c) are obvious. For (F.4d),
∞∑

k=0

1
2−kt

e− 1
8mc(2−kt) =

∞∑
k=0

elog
2k

t − 1
8m log2 2k

tv

≤
∞∑

k=0

elog
2k

t −2 log 2k

tv ≤
∞∑

k=0

e− log 2k

tv =
∞∑

k=0

tv

2k

= 2tv

For the first inequality we used 1
8mlog 2

v ≥ 2 and for the second inequality we
used v ≤ 1. �

Lemma F.3. There are constants tmax > 0 and 0 < vmax < 1, depending only
on m, such that the following is true for all 0 < δ ≤ tmax and 0 < v ≤ vmax.
Let S be a hierarchy for scale δ and let J ′

� J be decimation intervals for S,
with lengths t′ and t, respectively. For all x ∈ Λ(J ) and y ∈ Λ(J ′)c we have

R
(
t′

2

)
≤ e

m
3 d(x,y)R(t) (F.5)

Proof. Recall from (F.3a) that R(t) ≤ 2R(2t).So

R
(
t′

2

)
≤ 2t
t′

R(t)
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and, by Definition 2.4,

d(x,y) ≥ c(t′) = log2 1
t′v

=
(

log
2t
t′

+ log
1

2tv

)2

≥ 2 log
1

2tv
log

2t
t′

≥ 3
m

log
2t
t′

assuming 2 log 1
2tv ≥ 3

m . �

The next Proposition involves the constant Kd = supy∈X

∑
x∈X e−d(x,y) > 1,

which is a characteristic quantity of the spatial lattice X alone and was defined
in the proof of Lemma 3.42.

Lemma F.4. There are constants tmax > 0 and vmax > 0 (depending only on
eR, eR′ , er, e�, Kd, Kμ, K ′

j and Kj), such that

248Kde
6Kj t v r(t)R(t)3 <

1
40

(F.6a)

96 eKj R(t)e− 1
4mc(t) ≤ 1 (F.6b)

e2K′
j+Kj t

{
R′(t) + e−mcR(t) + |μ|R(t)

}
≤ 1

32
r(t) (F.6c)

19 + 4D + 10 log R(t) ≤ 1
4
�(2t) (F.6d)

for all 0 < t ≤ tmax and 0 < v ≤ vmax.

Proof. For (F.6a), just recall that tv r(t)R(t)3 =(tv)1−3eR−4er and 3eR+4er<1.
By (F.4c), R(t)e− 1

4mc(t) ≤ tv R(t) = (tv)1−eR−er tends to zero as tv → 0
and (F.6b) follows.

Since (F.4b)

e2K′
j+Kj t

{
R′(t) + e−mcR(t) + |μ|R(t)

}

≤ e2K′
j+Kj

{
t1−eR′ + (tv)1−eR +Kμt

1−eRveμ−eR
}

r(t) ≤ 1
32

r(t)

and the constraint (F.6c) is satisfied if t is small enough.
The inequality (F.6d) is satisfied since the ratio between log R(t) = (eR +

er) log 1
tv and �(2t) = ( 1

2tv )e� converges to zero as tv tends to zero. �

As in the proof of Proposition 3.36, set KL2 = 1
32 min{cHe−4DCH , 1

32}.

Lemma F.5. There are constants17 CL and tmax such that, setting L(t) =
CL r(t)2,

1
2
KL2 tR′(t)2 ≥ L(t) (F.7a)

KL2 r(t)2 ≥ L(t) (F.7b)
cv
512

tvR(t)4 ≥ L(t) (F.7c)

6e2K′
j
(
t
[
|μ| + e−5mc

]
R(2t) + tR′(t)

)
≤ L(t)

r(t)
≤ 1

3
(r(t) − r(2t)) (F.7d)

17 The constant CL depends only on cH, CH, cv , eR′ and er. The constant tmax depends
only on CL, K′

j , Kμ, eμ, eR, er, e�.
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211
n∑

p=q

�(2pε)

⎛
⎝ p−1∑

k=q−1

c(2kε)

⎞
⎠

3

≤ L(2qε) (F.7e)

for all 0 < t ≤ tmax, 0 < v ≤ vmax (with the vmax of Lemma F.2 and all ε > 0
and n ∈ N with 2nε ≤ tmax.

Proof. Using (F.4b), the constraint (F.7d) will be satisfied if

6e2K′
j
(
t1−eR [Kμveμ−eR + v5−eR ] + t1−eR′ ) r(t)

≤ L(t)
r(t)

= CLr(t) ≤ 1
3
(1 − 1

2er
)r(t)

As long as v is smaller than the vmax of Lemma F.2 and t is small enough,
we may choose L(t) to be a small constant times r(t)2. We may also choose
this constant to be smaller than 1

2KL2 and cv

512 . Then constraints (F.8a,b,c)
are also satisfied.

Observe that, for any 0 < 2tv ≤ 1 and real b ≥ 1,
(

log
1
tv

)b+1

=
(

log 2 + log
1

2tv

)b+1

≥
(

log
1

2tv

)b+1

+ (b+ 1) (log 2)
(

log
1

2tv

)b

≥
(

log
1

2tv

)b+1

+
(

log
1

2tv

)b

Iterating, we have, for all ε > 0 and 0 ≤ m < n with 0 < 2nεv ≤ 1 and any
real b ≥ 1,

(
log

1
2mεv

)b+1

≥
(

log
1

2nεv

)b+1

+
n∑

j=m+1

(
log

1
2jεv

)b

=⇒
n∑

j=m

(
log

1
2jεv

)b

≤ 2
(

log
1

2mεv

)b+1

and hence

211
n∑

p=q

�(2pε)

⎛
⎝ p−1∑

k=q−1

c(2kε)

⎞
⎠

3

≤ 214
n∑

p=q

�(2pε)
(

log
1

2q−1εv

)9

≤ 223

(
log

1
2qεv

)9 n∑
p=q

�(2pε)

Since, for any e� > 0,
n∑

p=q

(
1

2pεv

)e�

=
(

1
εv

)e� n∑
p=q

1
2pe�

=
1

1 − 2−e�

(
1

2qεv

)e�
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the left hand side of (F.7e)

211
n∑

p=q

�(2pε)

⎛
⎝ p−1∑

k=q−1

c(2kε)

⎞
⎠

3

≤ 223

1 − 2−e�

(
log

1
2qεv

)9( 1
2qεv

)e�

is indeed smaller that L(2qε) = CL( 1
2qεv )2er if e� < 2er and 2nεv is small

enough. �

During the construction, we introduced the auxiliary constants

◦ KR = 212K2
j and KE = 223 in Theorem 3.24,

◦ KD = 235e6Kj and KL = 248e6Kj in Theorem 3.26,
◦ KΔ = 240e10Kj in Theorem 3.27 and
◦ KQ = 29e2Kj andKV = 225e6Kj in Propositions 5.12 and 5.13, respectively.

Lemma F.6. There is a constant tmax > 0 (depending only on eR, er and Kj),
such that, for all 0 < t ≤ tmax and 0 < v ≤ 1, we have[

etKj

21−2er
+
K2

j e
2Kjt

KR
(2tv)2er +

( √
KR

21−eR−2er

t e−mc

(tv)eR+2er
+

25+erKje
Kjt

√
KR

)2
]

≤1

(F.8a)

e2tKj

21−(2eR+4er)
+

16Kje
8Kjte−mc

KEr(2t)2R(2t)2v
+

1
KE

251(2tv)r(2t)R(2t)3

+
210e− 1

2mc

KEvR(2t)2
+

220

KE
≤ 1 (F.8b)

2−2ere2Kj + 228(tv)r(t)R(t)3 ≤ 1 (F.8c)

Proof. (a) Since er < 1
10 ,

etKj

21−2er
+
(

25+erKje
Kjt

√
KR

)2

≤
(

1
21−2er

+
1

22−2er

)
e2Kjt ≤ 7

8
e2Kjt

By (F.4b), all remaining contributions may be made arbitrarily small by
choosing tmax small enough.

(b) Since 1− (2eR +4er) = 1− (3eR +4er)+ eR > eR ≥ 1
5 , by (2.17), we have

e2tKj

21−(2eR+4er)
+

1
KE

251(2tv)r(2t)R(2t)3 +
220

KE
≤ 1 − 1

28

by (F.6a), if t is small enough. Using (F.4b) and (2.17), the remaining
two terms can be made arbitrarily small.

(c) is obvious. �
The precise smallness assumptions on θ and v in Theorems 2.16 and 2.18

are
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Hypothesis F.7. (i) θ is smaller than cv

248e6Kj (1+K3
μ)

,
(

1−2−2(−3eR−4er)

217e10Kj

) 1
1−2eR−4er

and each of the tmax’s of Lemmas F.1 to F.6.
(ii) v is smaller than ( 1

212e2Kj
)

1
1−2eR−4er and each of the vmax’s of Lemmas F.1

to F.5.

These are also all of the restrictions that we put on the constants Θ and v0 of
Theorems 3.24, 3.26 and Proposition 3.29.

Appendix G. Changes of Variables and Estimates of Operator
Norms

The basic change of variables formula for the operator norms of Definition 3.18
is Proposition 3.19. It, and consequences of it, are proven in [4, §IV]. For the
purposes of our construction, we need variants of these results for special sit-
uations, namely that the operators implementing the change of variables have
restricted ranges or that the functions to which the change of variables is
applied are polynomials. The first is treated in Proposition G.1 and the sec-
ond in Lemma G.2 and Corollary G.3. Also, in Remark G.4 and Lemma G.5,
we develop tools to bound the operator norms of Definition 3.18.

We work in the same abstract environment as in [4, §IV]. We are given
weight factors κ1, . . . , κs on an abstract metric space X with metric d. We con-
sider analytic functions f(α1, . . . , αs; h) of the complex fields α1, . . . , αs and
the additional “history” field h. Denote by w the weight system with metric
d that associates the weight factor κj to the field αj , and the constant weight
factor 1 to the history field h (see Definition 3.12).

Proposition G.1. Let Γj, 1 ≤ j ≤ r, be h-operators on CX . Let Λ ⊂ X and,
for each 1 ≤ j ≤ r, Λj be either Λ or Λc. Set

f̃(α1, . . . , αs−1, β1, . . . , βr; h) = f

⎛
⎝α1, . . . , αs−1,

r∑
j=1

ΛjΓjβj ; h

⎞
⎠

Furthermore let κ̃i, 1 ≤ i ≤ s−1 and λj, 1 ≤ j ≤ r be weight factors. Let w̃ be
the weight system with metric d that associates the weight factor κ̃i to the field
αi, for 1 ≤ i ≤ s − 1, the weight factor λj to the field βj, for 1 ≤ j ≤ r, and
the constant weight factor 1 to the history field h. Assume that κ̃i(x) ≤ κi(x)
for all 1 ≤ i ≤ s− 1 and x ∈ X and that there is a ν > 1 such that

∑
1≤j≤r
Λj=Λ

Nd(ΛjΓj ; κs, λj) ≤ 1
ν

and
∑

1≤j≤r
Λj=Λc

Nd(ΛjΓj ; κs, λj) ≤ 1
ν

Then

‖f̃‖w̃ ≤ Cν‖f‖w with Cν =

⎧⎪⎨
⎪⎩

4ν
(e ln ν)2 if ν ≤ e
4
ν if e ≤ ν < 4
1 if ν ≥ 4



338 T. Balaban et al. Ann. Henri Poincaré

Proof. We introduce auxiliary fields
{
β′

j

}
1≤j≤r

and {γ1, γ2} and define

f ′ (α1, . . . , αs−1, γ1, γ2; h) = f (α1, . . . , αs−1,Λγ1 + Λcγ2; h)

f ′′ (α1, . . . , αs−1, β
′
1, . . . , β

′
r; h) = f ′

⎛
⎜⎜⎝α1, . . . , αs−1,

∑
1≤j≤r
Λj=Λ

β′
j ,

∑
1≤j≤r
Λj=Λc

β′
j ; h

⎞
⎟⎟⎠

Then

f̃(α1, . . . , αs−1, β1, . . . , βr; h) = f ′′ (α1, . . . , αs−1,Λ1Γ1β1, . . . ,ΛrΓrβr; h)

Set, for each 1 ≤ j ≤ r, tj = Nd(ΛjΓj ;κs, λj) and introduce the auxiliary
weight system w′ with metric d that associates the weight factor one to the
history field,

◦ the weight factor κi to the field αi, for each 1 ≤ i ≤ s− 1,
◦ the weight factor λ′

j(x) = tjκs(x) to the field β′
j , for each 1 ≤ j ≤ r, and

◦ the weight factors κ′
1(x) =

∑
1≤j≤r
Λj=Λ

tjκs(x) and κ′
2(x) =

∑
1≤j≤r
Λj=Λc

tjκs(x),

respectively, to the fields γ1 and γ2.

By [4, Proposition IV.4],

‖f̃(α1, . . . , αs−1, β1, . . . , βr; h)‖w̃ ≤ ‖f ′′ (α1, . . . , αs−1, β
′
1, . . . , β

′
r; h)‖w′

since

Nd(ΛjΓj ; λ′
j , λj) = Nd(ΛjΓj ; tjκs, λj) =

1
tj
Nd(ΛjΓj ; κs, λj) = 1

By [4, Lemma IV.5.i], applied twice,

‖f ′′ (α1, . . . , αs−1, β
′
1, . . . , β

′
r; h)‖w′ ≤ ‖f ′ (α1, . . . , αs−1, γ1, γ2; h)‖w′

since,
∑

1≤j≤r
Λj=Λ

sup
x

λ′
j(x)
κ′

1(x)
=

∑
1≤j≤r
Λj=Λc

sup
x

λ′
j(x)
κ′

2(x)
= 1

By part (iii) of [4, Lemma IV.5], with r replaced by 2,

‖f ′ (α1, . . . , αs−1, γ1, γ2; h)‖w′ ≤ Cν ‖f(α1, . . . , αs; h)‖w

since Cν = Cν,2 and

sup
x

κ′
1(x)
κs(x)

=
∑

1≤j≤r
Λj=Λ

tj ≤ 1
ν

and sup
x

κ′
1(x)
κs(x)

=
∑

1≤j≤r
Λj=Λc

tj ≤ 1
ν

�

In Sect. 5, we use a refinement of [4, Proposition IV.4] for functions of
low degree in the fields that exploits exponential decay of operators away from
a given subset L of X. This estimate is contained in
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Lemma G.2. Let A1, . . . , As be h-operators on CX and let κ′
1, . . . κ

′
s be weight

factors. Furthermore, let f(α1, . . . , αs; h) be a polynomial in the fields
α1, . . . , αs and set

f ′(α1, . . . , αs; h) = f(A1α1, . . . , Asαs; h)

(a) Assume that f(α1, . . . , αs; h) is homogeneous of degree dj in αj for each
1 ≤ j ≤ s. Then

‖f ′‖w̃ ≤ ‖f‖w

s∏
j=1

Nd(Aj ; κj , κ
′
j)

dj

where w̃ is the weight system with metric d that associates the weight
factor κ′

j to the field αj and the constant weight factor 1 to the history
field h.

(b) Let t1, . . . , ts ∈ R with t1 + · · · + ts ≤ 0. Also, Let d′ and δ be metrics
that obey

d ≥ d′ +

⎛
⎜⎝

s∑
i=1
ti≥0

ti

⎞
⎟⎠ δ

Denote by w′ the weight system with metric d′ that associates the weight
factor κ′

j to the field αj and the constant weight factor 1 to the history
field h.

Assume that f(α1, . . . , αs; h) is homogeneous of degree one in each
of the fields α1, . . . , αs. Then, for any subset L of X,

‖f ′‖w′ ≤ ‖f‖w

s∏
j=1

Nd′
(
Aj ; κje

tjδ(x,L), κ′
j

)

Proof. (a) follows from [4, Proposition IV.4] by scaling.
(b) Denote by waux the weight system with metric d′ that associates the

weight factor κje
tjδ(x,L) to the field αj . We claim that

‖f‖waux ≤ ‖f‖w (G.1)

The claim follows from (G.1), since, by part (a),

‖f ′‖w′ ≤ ‖f‖waux

s∏
j=1

Nd′
(
Aj ; κje

tjδ(x,L), κ′
j

)

To prove (G.1) we may assume that there is r ≥ 0 such that t1, · · · , tr ≥ 0
and tr+1, . . . , ts ≤ 0. By hypothesis,

∑r
i=1 ti ≤

∑s
j=r+1(−tj). Therefore there

are aij ≥ 0, i = 1, . . . , r, j = r + 1, . . . , s such that

ti =
s∑

j=r+1

aij for i = 1, . . . , r (G.2)

(−tj) ≥
r∑

i=1

aij for j = r + 1, . . . , s (G.3)



340 T. Balaban et al. Ann. Henri Poincaré

Now fix x1, . . . ,xs ∈ X, � ≥ 0 and �z ∈ X�. Let T be a tree whose set of
vertices contains x1, . . . ,xs, z1, . . . , z�. Denote by lengthδ(T ) the length of T
with respect to the metric δ. For each 1 ≤ i, j ≤ s, the points xi and xj can
be connected by a path in T . Therefore

δ(xi, L) ≤ δ(xj , L) + lengthδ(T )

Consequently
s∑

i=1

tiδ(xi, L)

=
r∑

i=1

s∑
j=r+1

aij δ(xi, L) +
s∑

i=r+1

tiδ(xi, L)

≤
r∑

i=1

s∑
j=r+1

aij δ(xj , L) +
r∑

i=1

s∑
j=r+1

aij lengthδ(T ) +
s∑

j=r+1

tjδ(xj , L)

=
s∑

j=r+1

(
tj +

r∑
i=1

aij

)
δ(xj , L) +

r∑
i=1

ti lengthδ(T )

≤
(

r∑
i=1

ti

)
lengthδ(T )

by (G.2). Therefore

lengthd′(T ) +
s∑

i=1

tiδ(xi, L) ≤ lengthd(T )

This holds for any tree T , whose set of vertices contains x1, . . . ,xs, z1, . . . , z�,
so that

τd′(x1, . . . ,xs,�z) +
s∑

i=1

tiδ(xi, L) ≤ τd(x1, . . . ,xs,�z)

If we expand

f(α1, . . . , αs; h)

=
∑
�≥0

∑
x1,...,x�∈X

�z∈X�

a�(x1, . . . ,xs;�z) α1(x1) · · ·αs(xs) h(z1) · · · h(z�)

and apply Definition 3.12, we get (G.1) �

Corollary G.3. Let h(γ1, . . . , γr; h) be a multilinear form in the fields γ1, . . . , γr.
Furthermore, let

Γj
i , Γ̃j

i , Aj and Ãj
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(i = 1, . . . , r; j = 1, . . . , s) be h-operators on CX . Set

f1(α1, . . . , αs; h) = h

⎛
⎝ s∑

j=1

Γj
1αj , . . . ,

s∑
j=1

Γj
rαj ; h

⎞
⎠

f2(α1, . . . , αs; h) = h

⎛
⎝ s∑

j=1

Γj
1αj , . . . ,

s∑
j=1

Γj
rαj ; h

⎞
⎠

−h

⎛
⎝ s∑

j=1

Γ̃j
1αj , · · · ,

s∑
j=1

Γ̃j
rαj ; h

⎞
⎠

f3(α1, . . . , αs; h) = h

⎛
⎝ s∑

j=1

A1Γ
j
1αj , . . . ,

s∑
j=1

ArΓj
rαj ; h

⎞
⎠

−h

⎛
⎝ s∑

j=1

Ã1Γ
j
1αj , . . . ,

s∑
j=1

ÃrΓj
rαj ; h

⎞
⎠

−h

⎛
⎝ s∑

j=1

A1Γ̃
j
1αj , . . . ,

s∑
j=1

ArΓ̃j
rαj ; h

⎞
⎠

+h

⎛
⎝ s∑

j=1

Ã1Γ̃
j
1αj , . . . ,

s∑
j=1

ÃrΓ̃j
rαj ; h

⎞
⎠

Let λ1, . . . , λr be weight factors. Let w′ be the weight system with some metric
d′ that associates the weight factor κj to the field αj; and let wλ be the weight
system with metric d that associates the weight factor λi to the field γi. Let δ
either be 0 or a metric which obeys

d ≥ d′ + (r − 1) δ

and let L ⊂ X. Then

(i) ‖f1‖w′ ≤ ‖h‖wλ

∏r
i=1(

∑s
j=1Nd′(Γj

i ;λi e
tiδ(x,L), κj))

where each ti, 1 ≤ i ≤ r, is either 1 or −(r−1) and at least one of them
is −(r − 1)

(ii) ‖f2‖w′ ≤ r ‖h‖wλ
σδ σ

r−1

where

σ = max
i=1,...,r

max

⎧⎨
⎩

s∑
j=1

Nd′(Γj
i ;λi e

δ(x,L), κj),
s∑

j=1

Nd′(Γ̃j
i ;λi e

δ(x,L), κj)

⎫⎬
⎭

σδ = max
i=1,...,r

s∑
j=1

κj

λi
|||Γj

i − Γ̃j
i |||

(iii) ‖f3‖w′ ≤ r2 ‖h‖wλ
σδaδ (σa)r−1
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where

a= max
i=1,...,r

t=1,−(r−1)

max
{
Nd′(Ai; λie

tδ(x,L), λie
tδ(x,L)), Nd′(Ãi; λie

tδ(x,L), λie
tδ(x,L))

}

aδ = max
i=1,...,r

t=1,−(r−1)

Nd′(Ai − Ãi; λie
tδ(x,L), λie

tδ(x,L))

Proof. (i) It suffices to prove that, for each choice of 1 ≤ j1, . . . , jr ≤ s,
the ‖ · ‖w′ norm of h(Γj1

1 αj1 , . . . ,Γ
jr
r αjr

; h) is bounded by ‖h‖wλ

∏r
i=1Nd′

(Γji

i ;λi e
tiδ(x,L), κji

). This follows from Lemma G.2(b) and [4, Lemma IV.5.ii]
(when two or more of the ji’s happen to be the same).

(ii) Write the telescoping sum

f2(α1, . . . , αs) = h

⎛
⎝ s∑

j=1

(Γj
1 − Γ̃j

1)αj ,

s∑
j=1

Γj
2αj , . . . ,

s∑
j=1

Γj
rαj

⎞
⎠

+h

⎛
⎝ s∑

j=1

Γ̃j
1αj ,

s∑
j=1

(Γj
2 − Γ̃j

2)αj , . . . ,
s∑

j=1

Γj
rαj

⎞
⎠

+ · · · + h

⎛
⎝ s∑

j=1

Γ̃j
1αj ,

s∑
j=1

Γ̃j
2αj , . . . ,

s∑
j=1

(Γ̃j
r − Γ̃j

r)αj

⎞
⎠

and apply part (i) to each of the summands. For term number i0, which con-
tains Γj

i0
− Γ̃j

i0
, choose ti0 = −(r − 1) and ti = 1 for all i �= i0. (We have

suppressed the argument h and will do so for the rest of the proof.)
(iii) Write the telescoping sum

f3(α1, . . . , αs)

= h

⎛
⎝ s∑

j=1

A1(Γ
j
1 − Γ̃j

1)αj , . . . ,

s∑
j=1

ArΓj
rαj

⎞
⎠

−h

⎛
⎝ s∑

j=1

Ã1(Γ
j
1 − Γ̃j

1)αj , . . . ,

s∑
j=1

ÃrΓj
rαj

⎞
⎠

+ · · · + h

⎛
⎝ s∑

j=1

A1Γ̃
j
1αj , . . . ,

s∑
j=1

Ar(Γ̃j
r − Γ̃j

r)αj

⎞
⎠

−h

⎛
⎝ s∑

j=1

Ã1Γ̃
j
1αj , . . . ,

s∑
j=1

Ãr(Γ̃j
r − Γ̃j

r)αj

⎞
⎠

We claim that the ‖ · ‖w norm of each of the r lines is bounded by r ‖h‖wλ
σδaδ

(σa)r−1. We prove this for the first line. The proof for the other lines is similar.
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We again write a telescoping sum

h

⎛
⎝ s∑

j=1

A1(Γ
j
1 − Γ̃j

1)αj , . . . ,

s∑
j=1

ArΓj
rαj

⎞
⎠

−h

⎛
⎝ s∑

j=1

Ã1(Γ
j
1 − Γ̃j

1)αj , . . . ,

s∑
j=1

ÃrΓj
rαj

⎞
⎠

= h

⎛
⎝ s∑

j=1

(A1 − Ã1)(Γ
j
1 − Γ̃j

1)αj ,

s∑
j=1

A2Γ
j
2αj , . . . ,

s∑
j=1

ArΓj
rαj

⎞
⎠

+h

⎛
⎝ s∑

j=1

Ã1(Γ
j
1 − Γ̃j

1)αj ,
s∑

j=1

(A2 − Ã2)Γ
j
2αj , . . . ,

s∑
j=1

ArΓj
rαj

⎞
⎠

+ · · · + h

⎛
⎝ s∑

j=1

Ã1(Γ
j
1 − Γ̃j

1)αj ,
s∑

j=1

Ã2Γ
j
2αj , . . . ,

s∑
j=1

(Ar − Ãr)Γj
rαj

⎞
⎠

By the first bound, the ‖ · ‖w norm of the first term is bounded by

‖h‖wλ

⎛
⎝ s∑

j=1

Nd′
(
(A1−Ã1)(Γ

j
1 − Γ̃j

1);λ1e
−(r−1)δ(x,L), κj

)⎞⎠

×
r∏

i=2

⎛
⎝ s∑

j=1

Nd′
(
AiΓ

j
i ;λie

δ(x,L), κj

)⎞⎠

≤ ‖h‖wλ
Nd′(A1−Ã1;λ1e

−(r−1)δ(x,L), λ1e
−(r−1)δ(x,L))

×

⎛
⎝ s∑

j=1

Nd′(Γj
1 − Γ̃j

1;λ1e
−(r−1)δ(x,L), κj)

⎞
⎠

×
r∏

i=2

⎛
⎝Nd′(Ai;λie

δ(x,L), λie
δ(x,L))

s∑
j=1

Nd′(Γj
i ;λie

δ(x,L), κj)

⎞
⎠

≤ ‖h‖wλ

⎛
⎝aδ

s∑
j=1

Nd′(Γj
1 − Γ̃j

1;λ1e
−(r−1)δ(x,L), κj)

⎞
⎠

×
r∏

i=2

⎛
⎝ s∑

j=1

aNd′(Γj
i ;λie

δ(x,L), κj)

⎞
⎠

≤ ‖h‖wλ
σδaδ(σa)r−1
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by [4, Remark IV.3.ii]. The norm of the second term is bounded by

‖h‖wλ

(
s∑

j=1

Nd′
(
Ã1(Γ

j
1 − Γ̃j

1); λ1e
−(r−1)δ(x,L), κj

))

×
(

s∑
j=1

Nd′
(
(A2 − Ã2)Γ

j
2; λ2e

δ(x,L), κj

)) r∏
i=3

(
s∑

j=1

Nd′
(
AiΓ

j
i ; λie

δ(x,L), κj

))

≤ ‖h‖wλ(σδa)(σaδ)(σa)r−2

Similarly, one bounds the norms of each of the other r−2 terms by ‖h‖wλ
σδaδ

(σa)r−1. �

In order to apply Proposition 3.19, [4, Corollary IV.6] or Lemma G.2 we
need techniques to estimate operator norms. They are given in Remark G.4
and Lemma G.5, below.

Remark G.4. Let A be an h-linear map from CX to CX . Let d1, d2 be metrics
with d1 − d2 ≥ d. Furthermore let κ, κ′ be weight factors.

(i)

Nd(A; κ, κ′) ≤ Nd1(A; 1, 1)

⎛
⎜⎝ sup

x,y∈X
A(x,y) �=0

e−d2(x,y)κ
′(y)
κ′(x)

⎞
⎟⎠
⎛
⎜⎝ sup

x∈X
A(x, · ) �=0

κ′(x)
κ(x)

⎞
⎟⎠

Nd(A; κ, κ′) ≤ Nd1(A; 1, 1)

⎛
⎜⎝ sup

x,y∈X
A(x,y) �=0

e−d2(x,y)κ(y)
κ(x)

⎞
⎟⎠
⎛
⎜⎝ sup

y∈X
A( ·,y) �=0

κ′(y)
κ(y)

⎞
⎟⎠

(ii) Let c > 0 and define the h-linear operator Ac by

Ac(x;�z;y) =

{
A(x;�z;y) if d2(x,y) ≤ c

0 if d2(x,y) > c

Then

Nd(Ac −A ; κ, κ′) ≤ e−cNd1(A; κ, κ′)

(iii) Denote

K = sup
x,y∈X

A(x; · ;y) �=0

κ′(y)
κ(x)

e−d2(x,y)

Then

Nd(A ; κ, κ′) ≤ KNd1(A; 1, 1)

(iv) Let J be a linear operator on CX . Then

Nd (exph(J) ;κ, κ) ≤ eNd(J;κ,κ)

Nd (exph(J) − h ;κ, κ) ≤ Nd(J ;κ, κ) eNd(J;κ,κ)
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Proof. To prove parts (i) and (ii), observe that, for all x,y ∈ X and all �z ∈ X(1)

eτd(supp (x,�z,y))|A(x;�z;y)|κ
′(y)
κ(x)

≤ e−d2(x,y)eτd1 (supp (x,�z,y))|A(x;�z;y)|κ
′(y)
κ(x)

This immediately gives part (ii). The two inequalities of part (i) follow by
writing

κ′(y)
κ(x)

=
κ′(y)
κ′(x)

κ′(x)
κ(x)

=
κ(y)
κ(x)

κ′(y)
κ(y)

Similarly, part (iii) follows from

eτd(supp (x,�z,y))|A(x;�z;y)|κ
′(y)
κ(x)

≤ Ked2(x,y)eτd(supp (x,�z,y))|A(x;�z;y)|

≤ Keτd1 (supp (x,�z,y))|A(x;�z;y)|
Part (iv) follows from the expansion

exph(J) = eJ̄ = h +
∞∑

�=1

1
�!
J̄�

and [4, (IV.1)]. �

In Appendix E, we use a more sophisticated

Lemma G.5. Let
◦ L1, L2, L3, O1, O2 ⊂ X
◦ A1, A2 be h–linear operators on CX

◦ δ1, δ2, δ, d̃ metrics on X
◦ R > 0 and κ a weight factor such that κ(x) ≤ R eδ2(x,O2) for all x ∈ L3.
Set

DL = max {δ(L1, L2), δ(L2, L3), δ(L3, L1)}
DO = max {DL, δ(L1, O1), δ(L2, O1), δ(L3, O1)}

(i) Assume that d+ δ2 + δ ≤ d̃. If
(a) Lj ⊂ O2 for at least one j ∈ {1, 2, 3} and D = DL

or if
(b) Lj ⊂ O2 for at least one j ∈ {1, 2, 3} , δ1 ≥ δ and D = DO

or if
(c) O1 ⊂ O2 , δ1 ≥ δ + δ2 and D = DO then

Nd

(
L1A1L2A2L3 ; eδ1(x,O1), κ

)

≤ R e−D Nd̃ (L1A1L2; 1, 1) Nd̃ (L2A2L3; 1, 1)

(d) Assume that d + δ1 + δ2 + δ ≤ d̃ and that Li ⊂ O1, Lj ⊂ O2 for
some 1 ≤ i, j ≤ 3. Then

Nd

(
L1A1L2A2L3; e−δ1(x,O1), κ

)

≤ R e−DLNd̃ (L1A1L2; 1, 1)Nd̃ (L2A2L3; 1, 1)
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Proof. We may assume that R = 1 and that κ(x) = eδ2(x,O2). We write the
kernel of the operator L1A1L2A2L3 as

(L1A1L2A2L3)(x;�z;y) =
∑
u∈L2

�z1,�z2∈X(1)

�z1◦(u)◦�z2=�z

(L1A1L2) (x;�z1;u) (L2A2L3) (u;�z2;y)

(i) Fix x ∈ L1,u ∈ L2,y ∈ L3, �z1,�z2 ∈ X(1). Then

−δ1(x, O1) + τd (supp (x; �z1 ◦ u ◦ �z2 ;y)) + δ2(y, O2)
≤ τd (supp (x;�z1;u)) + τd (supp (u;�z2;y)) + δ(x,u) + δ(u,y) + δ2(y, O2)

−δ1(x, O1) − δ(x,u) − δ(u,y)
≤ τd̃ (supp (x;�z1;u))+τd̃ (supp (u;�z2;y))−δ2(x,u)−δ2(u,y)+δ2(y, O2)

−δ1(x, O1) − δ(x,u) − δ(u,y)

As x ∈ L1,u ∈ L2,y ∈ L3

δ(x,u) + δ(u,y) ≥ DL

δ(x, O1) + δ(x,u) + δ(u,y) ≥ DO

If Lj ⊂ O2 for at least one j ∈ {1, 2, 3} then

−δ2(x,u) − δ2(u,y) + δ2(y, O2) ≤ 0

Therefore

−δ2(x,u) − δ2(u,y) + δ2(y, O2) − δ1(x, O1) − δ(x,u) − δ(u,y)

≤
{

−DL in case a)
−DO in case b)

In case (c), δ1(x, O1) ≥ δ2(x, O2) + δ(x, O1) so that

−δ2(x,u) − δ2(u,y) + δ2(y, O2) − δ1(x, O1) − δ(x,u) − δ(u,y)
≤ −δ2(x,u)−δ2(u,y) + δ2(y, O2)−δ2(x, O2)−δ(x, O1)−δ(x,u)−δ(u,y)
≤ −DO

Consequently, in all three cases

−δ1(x, O1) + τd (supp (x; �z1 ◦ u ◦ �z2 ;y)) + δ2(y, O2)
≤ −D + τd̃ (supp (x;�z1;u)) + τd̃ (supp (u;�z2;y))

so that

e−δ1(x,O1)eτd(supp (x;�z1◦u◦�z2;y)) |(L1A1L2) (x;�z1;u) (L2A2L3) (u;�z2;y)|κ(y)

≤ e−Deτd̃(supp (x;�z1;u)) |(L1A1L2) (x;�z1;u)| eτd̃(supp (u;�z2;y))

× |(L2A2L3) (u;�z2;y)|

If we define the auxiliary h-linear operators Ã1 and Ã2 by

Ã1(x;�z;y) = eτd̃(supp (x;�z;y)) |A1(x;�z;y)|
Ã2(x;�z;y) = eτd̃(supp (x;�z;y)) |A2(x;�z;y)|
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we now have, by [4, (IV.1)],

Nd

(
L1A1L2A2L3 ; eδ1(x,O1), κ

)
≤ R e−D N0

(
L1Ã1L2Ã2L3 ; 1, 1

)

≤ R e−D N0

(
L1Ã1L2; 1, 1

)
N0

(
L2Ã2L3; 1, 1

)

= R e−D Nd̃ (L1A1L2; 1, 1)Nd̃ (L2A2L3; 1, 1)

(ii) As in part (i), fix x ∈ L1,u ∈ L2,y ∈ L3, �z1,�z2 ∈ X(1) and bound

δ1(x, O1) + τd (supp (x; �z1 ◦ u ◦ �z2 ;y)) + δ2(y, O2)
≤ τd (supp (x;�z1;u)) + τd (supp (u;�z2;y)) + δ(x,u) + δ(u,y) + δ1(x, O1)

+δ2(y, O2) − δ(x,u) − δ(u,y)
≤τd̃ (supp (x;�z1;u))+τd̃ (supp (u;�z2;y))−(δ1(x,u)+δ1(u,y)−δ1(x, O1))

− (δ2(x,u) + δ2(u,y) − δ2(y, O2)) − (δ(x,u) + δ(u,y))
≤ −DL + τd̃ (supp (x;�z1;u)) + τd̃ (supp (u;�z2;y))

�

Appendix H. Symbol Table

Notation Definition Comments

∇ (∇f) ((x,y)) = f(y) − f(x) discrete gradient

|||v||| supx∈X

∑
y∈X

e5m d(x,y) |v(x,y)| (2.5)

|||A||| N5m (A; 1, 1) Definition 3.20

χθ(Ω; α, β) Theorem 2.16 small field conditions

S Definition 2.4 hierarchy

dμΩ,r(z
∗, z)

∏
x∈Ω

dz(x)∗∧dz(x)
2πı

before (2.1)

e−z(x)∗z(x) χ (|z(x)| < r)

DΩ;0(ε; α∗, β) before (2.2) part of effective action

DΩ;θ(α∗, β) limm→∞ DΩ;m(2−mθ; α∗, β) (2.2)

d(x,y) standard metric on X

d(τ) Notation 2.2(iii) decimation index of τ

exph (J) ehJhh Definition 3.4(iii)

Γ∗S, ΓS Definition 2.9 background field

Γτ ′
∗τ (S), Γτ ′

τ (S) Definition 2.9 coefficients

h ∇∗H∇ kinetic energy

H kernel in kinetic energy see beginning

of Appendix D

Iθ(α
∗, β) limm→∞ Im(2−mθ; α∗, β) Theorem 2.16
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In(ε; α∗, β) (1.3), (1.10) effective density

I(S;α∗,β) Definition 2.8(ii) large field

integral operator

I(J ; α∗,β) Definition 2.8(i) large field

integral operator

Jτ Notation 2.2(iii) decimation interval

centred on τ

J −
τ Notation 2.2(iii) left half of Jτ

J +
τ Notation 2.2(iii) right half of Jτ

j(t) exph (−t(h − μ)) (3.1)

jc(τ)(x,y) j(τ)(x,y) ·
{

1 if d(x,y) ≤ c

0 if d(x,y) > c
(3.2)

Kd sup
y∈X

∑
x∈X

e−d(x,y) in proof of Lemma 3.42

KD 235e6Kj Theorem 3.26

KΔ 240e10Kj Theorem 3.27

KE 223 Theorem 3.24

KL 248e6Kj Theorem 3.26

KL2
1
32

min
{
cHe−4DCH , 1

32

}
in proof of

Proposition 3.36

KQ 29e2Kj Proposition 5.12

KR 212K2
j Theorem 3.24

KV 225e6Kj Proposition 5.13

Λ(J ) Definitions 2.4, A.1, Sect. 5.1 small field set

Nδ(A; κ, κ′) Definition 3.18 weighted L1–L∞

operator norm

Ω(J ) Definitions 2.4, Sect. 5.3 small field set

Pα(J ), Pβ(J ) Definitions 2.4, A.1, Sect. 5.1 large field sets

P ′
α(J ), P ′

β(J ) Definitions 2.4, A.1, Sect. 5.1 large field sets

Q(J ) Definitions 2.4, A.1, Sect. 5.1 large field set

Qε,δ(α∗, β;
γ∗, 
γ) (2.10) dominant quadratic part

QS(α∗, β; 
α∗, 
α) Qε,δ

(
α∗, β; Γ∗S( · ; α∗, 
α∗), (2.9), (3.3)

ΓS( · ; 
α, β)
)

R(J ) Definitions 2.4, Sect. 5.3 Stokes’ large field sets



Vol. 11 (2010) The Temporal Ultraviolet Limit 349

RΩ;t before (2.1) renormalization

group operator

VΩ,δ(ε; α∗, β) (2.1) principal interaction

VΩ;θ(α∗, β) limm→∞ VΩ;θ(2
−mθ; α∗, β) (2.4)

VS(α∗, β; 
α∗, 
α) (2.11) dominant quartic part

v(x,y) two-body potential see Hypothesis 2.14

X Z
D/LZ

D space

Y ∗ bonds with at least just before Notation 2.2

one end in Y

Y  points within just before Notation 2.2

distance one of Y

Zδ Lemma 2.7 normalization constant
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[11] Negele, J.W., Orland, H.: Quantum Many-Particle Systems. Addison-
Wesley, Reading (1988)

Tadeusz Balaban
Department of Mathematics
Rutgers, The State University of New Jersey
110 Frelinghuysen Rd
Piscataway, NJ 08854-8019, USA
e-mail: tbalaban@math.rutgers.edu

Joel Feldman
Department of Mathematics
University of British Columbia
Vancouver, BC V6T 1Z2, Canada
e-mail: feldman@math.ubc.ca

Horst Knörrer, Eugene Trubowitz
Mathematik
ETH-Zentrum
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