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Abstract. In the present paper we consider mild bounded ancient (backward) solutions to the Navier—Stokes equations in
the half plane. We give two different definitions, prove their equivalence and prove smoothness up to the boundary. Such
solutions appear as a result of rescaling around a singular point of the initial boundary value problem for the Navier—Stokes
equations in the half-plane.

1. Introduction

The goal of the paper is to understand properties of the so-called ancient (backward) solutions to the
Navier—Stokes equations. The importance of them in the regularity theory for the Navier—-Stokes equa-
tions, see, for example, papers [1,5,12,15], and [16], and more generally in the theory of PDEs is well
understood. They appear as a limit, resulting from rescaling solutions to initial boundary value problems
around possible singularities. For the Navier—Stokes equations, this procedure has been described in the
above papers.

The weakest version of ancient solutions to the Navier—Stokes equations is as follows. A vector-valued

function u € Lo 1,.(Q_), where Q_ = R3x] —o00,0[, is an ancient solution of the Navier—Stokes equations

in Q_ if it satisfies these equations in the sense of distributions with divergence free test functions, i.e.,
/<u~(8tcp+Ag0)+u®u:V<p)dz:0 (L.1)
Q-

for any ¢ € C5H(Q-) :={p € C5°(Q-) : divyp =0} and

/ u-Vqgdz =0 (1.2)
Q-
for any ¢ € C§°(Q-).

This class of ancient solutions seems to be too wide. Having in mind the problem of regularity for
solutions to the Navier—-Stokes equations mentioned above, we can put some additional restrictions in
the definition of ancient solutions. If an ancient solution u is bounded, we call it a bounded ancient one.
We can go further, see [5], and consider an even more narrow class of ancient solutions. We say that a

bounded function u is a mild bounded ancient solution if u has the following property: for any A < 0 and
for (z,t) € Qa = R3x]A,0],

wiwt) = [ D=yt = Ay, A)dy
RS
+ / / Kijm(z —y, t — 7)u;(y, T)um (y, T)dydr, (1.3)

A R3

® Birkhauser
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where I is the known heat kernel and K is obtained from the Oseen tensor in the following way. Consider
the following boundary value problems

AD(x,t) =T (x,t). (1.4)
Using @, we define
3P 030

K. . _5 . Z* v
s = 0 oy, 0 By,

where 9,,, is Kronecker’s symbol.
It has been shown in [5], that any mild bounded ancient solution is infinitely smooth in space-time.
One can give an equivalent definition of mild bounded ancient solutions.

Proposition 1.1. A bounded function u in Q_ is a mild bounded ancient solution to the Navier—Stokes
equation if and only if there is a pressure p € Loo(—00,0; BMO) such that the pair u and p satisfy the
Navier—Stokes equations in the sense of distributions.

This statement seems to be known and we give its prove for completeness.

One of the interesting consequences of the above proposition is an alternative proof of smoothness of
mild bounded ancient solutions, see [13].

The conjecture that has been made in [5] reads: any mild bounded ancient solution is a constant in
Q@ _. The validity of this conjecture is known in several cases, see details in [5] and [15]. The connection
with a possible blowup of a solution to the initial value problem

ow+v-Vu—Av=—Vq, dive =0
n Qoo = R3X]07 OO[,
0(-,0) = uo(-) € CF5(BL) = {v € C*(RY) :  divo = 0},
is as follows. Assume that there is a blowup at t =T, i.e.,
[0 ) [loo 3 — 00

ast — T_. Then there exists a mild bounded ancient solution « with |u(0)| = 1. If the aforesaid conjecture
is true then wu(z,t) = ¢, where ¢ is a constant vector such that |¢| = 1. This would rule out blowups of
Type I for which a certain scale-invariant quantity is bounded.

Now, let us formulate the main results of the paper about mild bounded ancient solutions to the
Navier—Stokes equations in half space, starting with a definition of distributional ancient solutions. From

now on we denote QF := R3 x] — 00, 0[. We say that u € Lo(B.(R)) for any R > 0 is an ancient solution
if u satisfies

/ <u~(6tg0+Acp)+u®u:Vga)dxdt:O (1.5)
7t
for any ¢ € C5%(Q-) with p(2',0,t) = 0 for any 2’ € R* and for any ¢ < 0. Moreover u satisfies
/u-quz:O (1.6)
QT

for any g € C§°(Q-).
We can notice that (1.5) and (1.6) is a weak form for the following

Ou+u-Vu—Au=—-Vp, divu=0
in QT for some distribution p,
u(z’,0,t) =0

for any 2’ € R? and any —oo < t < 0.
We shall say that u is a bounded ancient solution in half space if it is ancient and bounded.
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From now on define Q} := R3 x]A,0[. In order to proceed further, we need to recall how one can
construct a solution to the following boundary value for the Stokes equations in half space:

Ov—Av+Vqg=f, divi=0
in Q}
v(z',0,t) =0
for all 2/ € R? and t €A, 0],
v(, A) = up(+)

in Ri. It is assumed that f and ug are divergence free and f3(2’,0,t) = 0. Then a formal solution to the
above initial boundary value problem is:

¢
w(o.t) = [ Gt = sy + [ [ Goylaornt = 511,09y
R ARY
The Green’s function G has been derived by Solonnikov in [18] and is as follows
G=G"+G? (1.7)
where

Gzlj(%%t) = ;5 (F(x —y,t) —D(z — y*,t)),

o | [OE .
Gfﬂ(x,y,t) = 478:5,3 // o (x — 2)T(z —y*, t)dz, GZ%(z,y,t) =0,
0 R2

y* = (y',—y3), and E(x) is fundamental solution to the Laplace equation in R3.
Let us introduce another potential K = (K,,;s),

D3P, PPn
il G0 Rl
Dyi0yi0ys OynOy;0ys
where the tensor ® = (®;;) are defined as solutions to the following boundary value problems
Ay (z,y,t) = Gon (2, y, 1) (1.8)

with 09, /Oys(z,y,t) =0 if n < 3 and with ®,,,(z,y,t) = 0if n =3 at y3 = 0.
Now, we are in position to define mild bounded ancient solutions in a half space.

ijs(x,yat) (x,y,t),

Definition 1.2. A bounded divergence free function u in Q7 is called a mild bounded ancient solution if,
for any A <0 and any (z,t) € QF,

iz, t) = / Gy, y,t — A)ug(y, A)dy
R3

¢
+//Kijm(x,y,t—T)uj(y,T)um(y,T)dydT. (1.9)
AR
To state our main result, we need to introduce the following operator. Given H = (H;;) € Loo(R%),

there exists a unique function p' € Ly(By(R)) for any R > 0 with [p']p, = 0 with the following
properties: the even extension of it to R? belongs to the space BMO,
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for any ¢ € C5°(R3) with ¢ 3(2/,0) = 0 and
lp* | 3o < AllH oo s

where A is an absolute constant. We shall use notation p! := pl;.

We notice that if H = (H;;) is sufficiently smooth and vanishes on the boundary x5 = 0, the function

pl; is a solution to the Neumann boundary value problem:

Apl, = —divdivH
in R? and
P}{,:a(xlv 0) =0.

Theorem 1.3. Suppose u € Lo (QT) is an arbitrary mild bounded ancient solution in Q. Then u is of
class C*° and moreover

sup (|07 V'u(, )] + [0F V! p(a, 1))

(z.)eQT

+ ”afpl”Loc(foo,o;BMO(Rs’) < O(k, 1, ||UHLOO(QJ:)) < o0
for any k, 1=0,1.... Here, p' = p}@u.
Theorem 1.4. A bounded function u is a mild bounded ancient solution if and only if there exists a

pressure p such that p = p}@u + p?, where p?(-,t) is a harmonic function in Ri whose gradient satisfies
the estimate

|Vp?(x,t)| < cln(2 + 1/x3) (1.10)
for all (x,t) € QT. Morevoer, p> has the property
suﬂg2 |Vp?(z,t)| — 0 (1.11)
z' e

as x3 — 0o and for any t < 0; w and p satisfy (1.6) and

/ (u-(8t<p+Ag0)+u®u:V(p+pdiv<p>dxdt:0 (1.12)
Q7
for any ¢ € C°(Q_) with (a',0,t) =0 for any 2’ € R? and for any t < 0.

In [16], there has been conjectured that any mild bounded ancient solution is identically equal to zero
in Q. At the moment of writing the paper, there are two cases in which the above conjecture is true,
see [2] and [14]. Both cases are two-dimensional and additional scale-invariant assumptions have been
imposed. In the first paper vorticity preserves its sign, while in the second one kinetic energy is bounded.

Now, let us consider the following initial boundary value problem

ow+v-Vvo—Av=-Vq, divv=0
in Qf, = R3 x]0, 00|,
v(x’,0,t) =0
for any 2/ € R? and t € [0, 00|, and
v(+,0) = up(+) € C5H(RY) = {v € Cg°(RY) : divw = 0}
Suppose that there is a blowup at t =T, i.e.,
[0, )lleps. — 00
as t — T_. Then there exists a sequence z, = (x(”), t,) such that t,, >0, t,, — T, and

M, = |u(z™)| = sup sup |u(z,t)] — .
0<t<tn z€RY
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If x:(,,n)Mn — 00, there exists a mild bounded ancient solution w in the whole space such that |u(0)] = 1.

If 2" M,, — a < oo, there exists a mild bounded ancient solution in a half space such that [u(a)| = 1.
In conclusion, we notice that the validity of both conjectures allow us to rule out at least Type I
blowups of solution to initial boundary value problem for the Navier—Stokes equations in half space.

2. Proof of Theorem 1.3

Before starting the proof, we remind known facts (due to Solonnikov, see [18,19]), about the Green
function and the kernel K.
It is not so difficult to see that the kernel K has the structure
Kism(z,z,t) :Fism(xazat) +I?ism(l.azvt)a (21)
where K ;g (7,2,t) is a linear combination of the terms
0G;
3zk

(x,2,t)

and I?ism(x, z,t) is a linear combination of the terms
(#)

0? ON
a. a. ACZR R t)———— ) .
52

Here, NF)(2,y) = E(x —y) + E(z — y*).
The following estimates for G* and K have been obtained in different papers of Solonnikov, see [18,19]:

glal+hg2 s oy
W(%y,t— A)‘ <cla,)(t—A)T (- Ata3) e
’ ’ 2
(z —y 24t — AT oxp (=), (2.2)
t—A
where o = (a1, a2), 7' = (71,72), and |y[ =0 or 1,
0G,; ) + K 1) < ¢ 2.3
9y; (z,y, )’+| ism (2, Y, )] < (o= 402 (2.3)
2
0,G?(z,y,t ‘ < ¢ ex (_cy3> 2.4
A SO —yPradr 0l o\t 24
forl=0o0r 1.
Let K' and K? be generated by G' and G?, respectively. In particular, we have the estimate
~ c
K (z,y, )| < —— . 2.5
In what follows, we are going to use special approximations:
0
2
wp(et)i= [ =) [ope- o rdyr (2.6)
A—1 R3.
and
2
uagae) = [ wy (o= uDiy, A)dy (2.7)
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Here, uz(-h)(y,s) = u;(y',ys — h,s) if y3 > h and ul(-h)(y,s) = 01if 0 < y3 < h. The function ¢, €
Ce(B(k +1)), ¢pp. =1 on B(k), has the additional property that the bounds of D¢y only depend on
|r|. The standard mollifiers are denoted by 1 and w, respectively. The properties of the approximation
scheme are that uy) € C5°(JA — 2,1[xR3) and that (up to subsequence)
(k) @ Ugr) = U D u
in Loo (Qf; M3*3). It is noticed that u is a smooth solenodial vector field, with bounded derivatives
that all vanish near 3 = 0. Furthermore,
Ukya — uly, A)
in Loo(R3;R?).
We let F* := = U(k) ® u(k) and then
t
Vol t)i= [ ot = Dugoaludy + [ [ Kot = )P (g, )y
R? AR

It is not so difficult to infer that (up to subsequence):
Uy S (2.8)

in Loo (QF;R?).
To treat the second term on the right hand side of representation formula, we are going to use the
following statement.

Lemma 2.1. Let F € WL (R3)NCY(BL(R)) for any R > 0 with F = 0 and Fs;; = 0 on the plane x5 = 0.
In addition, assume that divdivF € Lo (RY) N C(BL(R)) for any R > 0. Then the identity

/A%x%m @_/%x%mm

/szm x y, ]m(y)dy

is valid. Here, f = —divF — VpkL.
Remark 2.2. Under assumptions imposed on tensor-valued function F,
Vpp € Loo(RY) N C(B4(R))
for any R > 0.
Proof of Lemma 2.1. Obviously, we can find a sequence F™ € C§° (Ri) such that
F™ VF™, divdivF™ = F, VF, divdivF

in Loo(Q1), respectively. In order to construct such a sequence, we proceed as follows. Let F(")(z) =
F(z',x3 — h) if z3 > h and F®(z) = 0 if 0 < 23 < h. Then we let F"B)(z) = pr(z)FM (z) with a
standard cut-off function pr(x) = ¢(z/R), where ¢ € C§°(B(2)) and ¢ = 1 in B. And finally we can
produce F™ using (F7), with 0 < ¢ < h, where (g), is a mollification of the function g.

We also can state that pk.,. has decay ﬁ as |z| — oo. So, we do not need to take care of integrability
of functions involved because of Solonnikov estimates and the decay of the pressure. Similarly the decay

of the pressure allows one to rigorously justify the integration by parts shown below. This is done by
proving slow decay of the kernels, using arguments in [19,20].
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Now, letting f™ = —divF™ — Vpk.,., we have

Ai = /qu’ij(%yvt)f}n(y)dy: /Gij(xvyat)f;ﬂ(y)dy
R3 R3

_ / By i (1,9, ) (= I () — plom; (1)) ly

R
- / D ks (2, ) FLE (y)dy + / Dis5(y/, )Pl (/, 0)
R, R?
+/(bij7k(37,yvt)p}i‘mg’k(y))dy-
R

By our assumptions on boundary values of functions ® and pk.,. and their derivatives, the integral over
the plane x3 = 0 vanishes. So, we have

A = /(I)ij,kks(fﬁvy’t)Fﬁ(y)dy*/(I)ij(ylao)l’}?m,P,j(y/ao)dy/
RZ R2

_ / By (. 1) Aphn ().
R

For the same reason, the surface integral is equal to zero and using the pressure equation, we find

A= / By (2, 1, ) ET () dy + / By (5, ) FI o (0)dy

R3. R%
= /‘I)ij,klcs(mayat)FjT(y)dy_/(I)ij,jsk(xayat)F;Z(y>dy~
R R

So, the formula of the lemma proved for F™, i.e., we have

/Gij(fv,y,t)f}”(y)dyz /Kijk(x,yJ)F}Z(y)dy-
R3 R3

Now, the identity of the lemma can be obtained by passage to the limits in the latter identity as m —
Q. U

So, if we let p(¥) when we have

|
= Pugy@ury

Uiry(z,t) = /Gij(f&y,t — A)ujyaly)dyS
]
t
—//G"(x y,t—7) iFk(y T) + ipl(k)(y 7)| dydr (2.9)
1] IRV R) 3yz gl ) ayj 9 . .
ARy

We then put Uy = U(lk) + U(Qk) according to splitting of the kernel described in (1.7). Furthermore,

1,1 1,2 _ 21 2,2 1 0.

decompose U(lk) = U(k) + U(k) and U(Qk) = U(k) + U(k). Where for m =1, 2:

U t) = [ Gt = A awidy (2.10)

3
R+
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and

d 9]
Ul(k) // ij (9,1 = ){E)y Flily,7) + afypl(k)(y,r)]dydT. (2.11)

J
AR3

Notice, that we may integrate by parts in (2.11) to get:

Um2 (z,t) // o (z,y,t — )[Fﬁ(y,T) +6jlp1(k')(y,7')} dydr.

AR3

This is permissible by the facts that G2 (z,y,t) = 0, G}j(az y,t) = 0 (on y3 = 0), the spatial decay of Gy
and Gy and that the approximation scheme implies that p'(®)(y, ) has spatial decay of order |y|~2.
Now we proceed in proving the main body of Theorem 1.3. Most of the proof is split into four main
Propositions. The first two Propositions are derived from arguments from [16]. However, we provide some
adjustments, simplifications and demonstrate how those arguments interact with the aforementioned
approximation scheme.
In what follows, we are going to use additional notation. For p and ¢ between 1 and infinity we say

that f € Ly g unif(QF), if

0 p
q e p
1S, ey = [ | ] Wwnipdy | i <o
TA \By(x1)

where By (z,1) := {y € B(x,1) : y3 > x3}. In addition, for —co < C < D < oo, we will denote:
QZC D= Ri x]C, D[. From now on we use the terms even and odd extensions to mean the following. For
I Ri — R, define fopen : R = R by fepen(y) := f(y) for y3 = 0 and fepen(y) := f(y*) for yz < 0. This
is referred to as the even extension of f. The odd extension of f is similarly defined.

Proposition 2.3. Suppose u € L. (QT) satisfies all the hypothesis of Theorem 1.3. Then the following is
satisfied:

sup(Va(w, )] + 95 @) + 910 (310y) < Cllully__g1)) < o0

Proof of Proposition 2.3. For brevity let d := |Jul] Lo (@) Notice that by classical singular integral theory,
we get for the even extension of the pressure:

Sllip [[pt*) llL.qaosBmom®s) < C(d). (2.12)

By the proerties of the heat kernel and estimates (2.2) it is obtained that

sup VUG (2, 0)] + VUG (,0)] < C(d, A, |a). (2.13)
k, (z,t)€Qh
2

From (2.12), along with arguments in [16] (see Lemma 6.1 there), obtain also that (for (z,t) € QF):

v —A d
VU] < Cllald) [ — . (214)
| @)

Hence, ||VU(2,€)||LSM”(Q+ + ||VU(k) HLs,qu(Q%) < O(d, s, A). By the definition of G, the following is

satisfied in D' (Q4):
QUG AU = —divH", (2.15)

(K)odd odd
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where HF, = (H )o4 o = 1,2, and HE, = (HE)®*", i = 1,2,3,
Hf(x,t) = Ffi(a,t) + 655 (0" = [p' Mg, (1)),

Here, z € R? is arbitrary and [p'(®)]5(, »)(t) signifies the average over B(z,2) for the even extension.
Using (2.12) and local regularity theory for heat equation (e.g Appendix of [9]), obtain:

||VU(1’2 L.(B(=1)x14,0p) < Cld, s, A).

k)odd‘
) < C(d, s, A). Notice that for 2’ € R?, y € R} and ¢ > 0, we have

Thus: HVU(k)‘

Ls,unif(Qz
3

hm G? (2!, 6,y,t) = 0.

E—)
Thus, using additional properties of the heat kernel and the properties of the approximations u) and
p'(®) it can be obtained that VUi (2,t) is bounded in Q7. Furthermore, for (z/,t) € R?x]A,0[ one
obtains

. } / _
611_r% Ul(k)(x ,G,t) 0.

Hence, we obtain a weak derivative formula for classes of test functions not necessarily zero on x3 = 0.
That is, for ¢ € C5°(Q4):

0 0
| [ vt st mvduar = = [ [ 0,00 et )y, (216)
A ]RE’;_ A R‘l
So using (2.8) one has that ||[Vul| e (@) S C(d, s, A) and that (2.16) holds also for v (note one can

replace Q7 with QT and A with —oc here). Next, fix § < 0, with |6 small and let k& be sufficiently large
such that 6 + ¢ < 0. Observing the structure of the approximations uy), the analogue of (2.16) (with )
gives for (z,t) € QZ(;:

0
o 2
Dji) (@,t) = / ny(t—7) / wy (&= y)a—y,m@)uik)(y,ﬂdym
J
A—-1

Ry
0
+ [ mat—7) [ wie—yer(y)(@u)® (y, T)dydr. (2.17)
All R{

Thus the improvement of u gives (for sufficiently large k > K (9)):
IVuwllp, ,pah 5 < Cds s, A). (2.18)

1(k) satisfies (for appropriate even and odd extensions of p'*) and Ui () Ui (k)

Now p
Ap'®) (2, 1) = —divdiv(u Uk (2, 1) @ ugy)(z,t))
in Q4. Local regularity theory for Laplace equation gives:
||vp1<’f>||stf(Qm < C(d,s, A). (2.19)
Using local regularity theory for heat equation, we find from (2.15):

Hat L.(B(z, 1)><]3A DS C(d S A) (220)

2
x1easp T IV Ll

l(k)odd

For s sufficiently large it is seen that VU . ’ is bounded (in fact Hélder continuous) in Q7. s With
£,

sup |VU ( 1) < C(d,s, A). (2.21)
QSA 5
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To estimate VU, (2k)2 we need the following statement, whose proof is contained in the Appendix.

Lemma 2.4. Suppose f is in Ls,l,umf(Qj{)- Furthermore assume that 1 < s <1 < oo along with:

32
S+I<l 2.22
ST (2.22)

Then it follows that for (x,t) in QF

t
/ / IV, G2y, t — 7)f(y, )| dydr < oo,

3
A RS

Furthermore,

t
sup +// \VyGQ(sc,y,t — 1) f(y,7)|dydr < C(A,s, D] fll,

slunif(QR)
(:L’,t)EQA A R?J’r

Remark 2.5. Observing (2.2), we see that Lemma 2.4 holds if we replace V, with V.
Now, using Lemma 2.4 (in particular Remark 2.5), (2.18) and (2.19), we find:
sup |VU(k)( 1) < Cd,s,A). (2.23)
hs
Hence, supQ;(S VU (2,t)] < C(d, s, A). The conclusion regarding boundedness of the gradient of u in
Q7 is inferred from taking limits and time-shift arguments.

The statement regarding |[p'l|._(smoy is deduced from (2.12). It remains to prove
SUP(, et |Vpt(z,t)] < C(llully,__(g+))- Notice from (1.6) that for (x,t) € QX,(S:

0
divugy(z,t) / ni(t—7 /w%(ac —y)V¢k(y).u(%)(y77)dydT. (2.24)

From the latter, it follows that div u) and Vdiv u ) are bounded function in space-time and in k. Local
regularity for Laplace equation gives (for the even extension of the pressure):

sup [V ) B )] L 5y < Cls,d, A). (2.25)
te]Ad[

The conclusion is then reached by arguments similar to those previously mentioned. Proposition 2.3 is
proven. ([

Before proceeding the proof of Theorem 1.3, let us adopt the notation:
R} : = {(z',23) € R : |23 > 7},
RS, : =R NR.
Proposition 2.6. Suppose all the assumptions of Proposition 2.3 hold. Then u also satisfies:
(|0 C(d,s, A) (2.26)

Losunis(@%) S
(for any A €] — 00,0]).
sup [Opu(z, t)| < C(d, 7). (2.27)

zeR3+, te]—o0,0[
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Proof of Proposition 2.6. First notice that, due to estimates (2.2), there exists a positive constant C
(independent of z € R% and € > 0) such that:

tﬂ@m%w@<o§. (2.28)
3

Note that properties of the approximation scheme imply Fﬁ and p'®) are smooth on R3 x]A, 0] with
bounded derivatives (the bounds may be dependent on k). Change variables to get:

8 0
(z,t) (@, N | 5= Fh(y,t = X) + 5—p" ¥ (y,t — \) | dydr.
Uz // v gy EAt =0+ 5 = Xy

It follows that differentiation in time is permissible and gives:

t—A
0y /"/ 2 912 IR
0 ]R?jr
+/@mwt—m—QW@Aw~i#W@A>@
L oy dy; ,
R

Notice we have (for € > 0):

Ny NN
//%m%a[%Fmt»%w (1.1~ X)] dyar

6R3

0
- _ 2 _ 1(k)
‘/G”@wi ‘M[a F(%A)+a%p (%Aﬂdy
RY
+/}ﬁ(%ym)[a-Fﬂ%t—6%+ ]“N%t—eﬂdy
! oy ! Yi
RS
/ / (2,9, ) O phy,t—X) + 2p' )yt — )| dydA
oA ’ 8yl ' ’
€ ]R3
Thus using (2.28) and estimates (2.2)—(2.3) obtain:
0 o 2 0 9 1
= — —F: — . 2.2
23— [ [ 2t N o) + ey O] dyar. 229

A]R3

We know that HVFkHLOC(ng ot ”Vpl(k)”Loo(QX ) < C(d). So, using the estimate (2.4), it is deduced
that for (z,t) € ng’(;:
AR A
UG (@' a3, 1)] < log (2 — A+ (ig) (2.30)
and

sup  (|0:U (@, )] + 0:U g (2,0)]) < C(d, A).
+
(at,t)EQ%
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Thanks to (2.20), we get
10:U I

< O(d, s, A). (2.31)

s unzf QtA 5)
8

In this way (2.26) can be inferred.
To prove (2.27) it is sufficient to show:

sup |V2 *) 22 s, t)] < e(d, v, A). (2.32)
zeR3 €] 4,6[

Observing (2.13), (2.14) and (2.20) it is clear that:

) ]SA 5[) (d S A,")/) (233)

Z€RS,

By previously mentioned arguments we infer:

(B 1)x1a0) < c(d,s,4,7)
ZE]R

and

sup [ V2ug |
2€R3 |

L.(B(z,2)x]A8) < c(d, s, A, 7).
Using also (2.25), one obtains higher regularity for (2.15) through local regularity results for the heat
equation. A parabolic imbedding theorem then gives (2.32). Proposition 2.6 is proven. O

The next Proposition will improve the previously obtained regularity results. But, first let us state a
lemma, which is a simplified version of a more general statement proven in the Appendix, see Lemma 5.1.

Lemma 2.7. Suppose the measurable kernel K : R™"\{0} — R satisfies the conditions (see [21]):

|K(x)| < Blz|™™, for0 < |z| (2.34)
/ K(z—y) — K(2)[dz < B, for0 < |y| (2.35)
|| >2ly|
and
K(z)dr =0, for0< R; < Ry < 0. (2.36)
Ri<|z|<R2

For suitable f define the singular integral operator:

Tf(x) := lim K(z —y)f(y)dy. (2.37)

e—0
|z—y|>e

Take a compactly supported function g in L,(R™), where 1 < p < oco. Furthermore assume g is in
Loo(RY,). Then it follows that (almost everywhere)

Tg(x) = hi(x) + ha(z). (2.38)
Here,
”hl”BMO(]R" C(n, B)”Q”Lm (RY,) (2.39)
and
1h2l 2y i @) < C(00 BIIGN Ly iy (R (2.40)

Proposition 2.8. Assume u satisfies the all the assumptions of Proposition 2.3. Then:

sup  (|9u(z, 1)) + 1860 | Lo (Br0) < Cllull L (ot))- (2.41)
(z,t)eQT
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Proof. Fix § < 0, with |§| small. From Proposition 2.6, we have (for k& > K(¢) sufficiently large):
||6tu(k)||Ls’Wf(Qxé) < C(d,s,A) (2.42)

and

sup |Osu(ry (z,t)| < C(d, 7). (2.43)
zeR3+, te] A

It is clear that 9;p'*) = pl and furthermore Lemma 2.7 is applicable to a suitable extension
At (u(iy @u(ry)
of O¢(uk) ® u(ky) for n = 3. Hence, it can be written that Op' ) = (9,p' ¥y 4 (9,p*®)),. Here,
0"l 2 a5 BMO®RS) < C(d) (2.44)
and

10" ™)zl .
Next, it is easy to see that the following is satisfied in D/(Qj’é)z

wanis (@) S Cdy s, A). (2.45)

UL —AQUGS = —divH", (2.46)
where fi:mk = (HE ) o =1,2, and fi:fg = (HE)ever i =1,2,3,
HY (2,1) : = O (2,1) + 855 (9" )1 (w,8) = [(0p" ™)1l 52 2 (1))
+ 655 (9p* F)a (2, ).

Here, z € R3 is arbitrary. Hence, (2.31), (2.42), (2.44), (2.45 ), and local regularity of heat equation (for
sufficiently large s > n + 2) gives:

sup |6,5U1 2

R (Moaa (@D < Cd,p, A). (2.47)
(z.)eQ7, |
T

. 2 2 .
Now, let us examine 8tU 2. One can write:

0 0

J

LR (y, A)] dy

B) B
//—G2 z,y,t ){atF](zk)( ,T)+5jzatp1(’“)(yﬁ)} dydr.

A]R3

Proposition 2.3 implies that the first term is bounded on Q% by a constant depending only on [ju|, @+
2 [eS) —

and A. For the second term, decompose as follows:

0 0
// 7G2 5y7t - T) |:atF](lk)( 7T) =+ 5Jlatp1(k)(y77—):| dydT

//76'2 z,y:t ){;F;zk)( )+5l(§t 1(k))2(y77)] dydr

ARS

/ [ et = (™), 7 = [ (50 |

AR3

(7‘)) dydr. (2.48)
B((z',0),a)

Here, a = (234t —7)2. For the first part of (2.48) use Lemma 2.4 along with estimates (2.42) and (2.45)
to infer that it is bounded on QX’(; by a constant depending only on A and d = |u,_o+)- For the
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second part, use (2.44) and arguments from [16] to infer that it is bounded on Qi{ s by a constant only
depending on d = [Jul|;_o+). Thus, putting everything together one has:

sup  |0:Uqy(z,t)| < C(d, A). (2.49)

(z,)€QF 5
Arguing as before and using time shift argument, one can get all of the stated conclusions. Proposition 2.8
is proven. ]

The next Proposition briefly describes how the aforementioned arguments can be bootstrapped to
obtain analogous statements involving higher time derivatives of u.

Proposition 2.9. Suppose u € Lo (Q7T) satisfies all the assumptions of Theorem 1.3. Then conclude that:

sup (|6fu(z,t)\ + |Vafu(x,t)| + |V3tkp1(x,t)|)
(z,)eQ”

+110Fp L a0y < Clk, L lull (@+)) <0 (2.50)
for any k=0,1...

Proof of Proposition 2.9. We give a brief account of the bootstrap arguments. Clearly d,u also satisfies
(1.6). By properties of the kernel, if ¢ € C§°(Q4) then the following holds:

0 0
/ / O oy, 1)Uy (g 7)dydr = (—1)! / / oy, 7)o (y, 7)dydr (2.50)

AR3_ A]Ri

and

0
//8%8%0(?/,7)(]1‘(;@) (y, 7)dydr = (— H'l// @(y, )0y, OLU; ) (y, T)dydr. (2.52)
A ]Ri A RS
From Proposition 2.8, we can write:

0
= Si(uya) (@, t) + Uy (2,1, A)

0

ot

t
* 0
- / / Gij (.73, y7t - T) {33/[871: (ya ) + Tyjp%(u(kﬂ@u(k))(y? T):l dydT (253)

3
AR
Here,

d B)
Ul (2,1, A) = /Gz Tyt — [ F.( JA) + —p' ) ,A}d

and

Si(ugya) (. t) == / Gii (.5, t — Ay ay)dy.
]RS

So using Proposition 2.3 along with Green function estimates (2.2) and (2.4) get that:

sup | (10 V'S (ua, ) (x, t)] + 10V Ujy (2, 6)]) < C(A K, L Jull o)) (2.54)
(%t)EQA

any k, [=0,1...

The third term of (2.53) is dealt with by splitting the integral according to the kernel decomposition
(1.7). The arguments are now repeated from Propositions 2.3-2.8. It is possible to repeat this argument
indefinitely with higher time derivatives. Proposition 2.9 is proven. (I
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Now, one can recover a pressure p such that in Q7 :
u-Vu— Au+ Vp = —0,u, divu =0
in QT ,
u(z’,0,t) =0

for any 2’ € R? and any —co < t < 0. By considering higher derivatives in time of these equations and
Proposition 2.9, one can obtain Theorem 1.3 using the regularity theory of the stationary Stokes system
together with bootstrap arguments. O

3. Proof of Theorem 1.4

Lemma 3.1. Assume that a bounded function u satisfies conditions (1.10), (1.11), (1.6), and (1.12) of
Theorem 1.4. Then Vu € Loo(QT). The function u is infinitely smooth in spatial variables in upper half
space x3 > 0.

Proof. Let 2o = (x),0,t0), Q+ (20, R) = By (g, R)x|to— R?,to[, and Ry, = R—R Xk: 27 lfork=1,2,...,
and Ry = R. Let ¢ € C5°(B(z0, R)x]to — R?,to + R?[) and let v := up and R ;i Then
O —Av = fi+ fo,
where
fii=—oVp? +u(@p + Ap) +u- Vou+ (0! — [p](e1)) Ve
and
fa 1= =div(2u® Vo + p(u@u+ (0" = [p']y,1)D)-
Moreover, v = 0 satisfies &’Q (20, 1). We can split v into two parts v = v! + v? so that
ot — Avt = £
and v! =0 on 9'Q4 (20, 1). By our assumptions,
[1f11ls,00,04 (@o,1) < €(5)
for any 1 < s < co. Therefore we can claim that
Vol <e

on Q4 (z0,3/4) with a constant independent of z.
Notice that by our assumptions we may write fo = div(Fy), where

1Bslls o0y o) < ()

So using boundary regularity theory for the heat equation, we can say that
IVV?|ls.0(z0,3/2) < €

Then we can see that, since
Ap' = —div(u - Vu)

with Neumann boundary condition on the flat part of the boundary, we infer that

”vPl||s,Q+(z07(3/4+5/8)/2) <ec
This means that

0culls,q, (5/8) + V2l 5,Q.(5/8) < ¢

and thus by the parabolic imbedding theorem (for large enough s)
[Vu| <c¢
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on Q4 (z0,1/2) with a constant independent of zy. So, we have boundedness near the boundary. To get
the interior estimate, we can use the same arguments that used for mild bounded ancient solutions in the
whole space.

In fact, we have even more Vu is continuous up the boundary and

19sull s g (z0,1)n@* + ||V2“Hs,c2(zo,1>mc2t < (s)
for any s > 1. Lemma 3.1 is proven. O

We wish to show that « has the following properties. For any A < 0,

u:u1+u2,

where
ul(z,t) = /G(x,yﬂf — A)u(y, A)dy
B3
and
t
w20) = [ [ Koot =), ()
A RS

in Qa.

Let us go back to Lemma 2.1 and its proof. Take F' and its approximations F' are from that lemma
and its proof. Solonnikov showed in [19] that v given by the formula

t
@y t) = / Gla,y,t — Auly, A)dy + / / K(z,y,t — $)F™ (y, s)dyds
R3 A R3

t
R3 Ri

satisfies the identity:

/vm -Vqdz =0
Q4
for any g € C§°(Qa), where Q7 :=R3 x]A4,0[ and Q4 := R3x]A, 0],

/ o™ - (O + Ap)dxdt + /u(x, A) oz, A)dr = — / fm - pdxdt
Q4 RY Q%4

for any divergence free functions ¢ € C§°(Q-) with ¢(z/,0,¢) = 0 for any 2’ € R? and for any ¢ < 0.
Since

[16@ vy <.
R
we can use boundedness and pass to the limit as m — oo.
As a result, we have

/U~quz:O
QX
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for any ¢ € C5°(Qa), where Q4 := R3x]A,0[. Here, v is defined as u; + up. Furthermore, for any
divergence free functions ¢ € C§°(Q_) with p(2’,0,t) = 0 for any 2’ € R? and for any t < 0:

/v - (Orp + Ap)dadt + /u(x, A) oz, A)dr = — / f - pdadt.
Qf R} Q%

Now assume that F' = u ® u. From the the previous pages, it is clear that w is continuous in the
completion of Q4 (R) := By (R)x] — R?,0[. Then using cut-off functions in time, we can show that u
satisfies the same identity as v. And thus letting w = u — v, we get

/w -Vqdz =0
Q4
for any ¢ € C§°(Qa),

/ w - (Orp + Ap)dxdt =0
Q%

for any divergence free functions ¢ € C§°(Q_) with p(z/,0,t) = 0 for any 2’ € R? and for any ¢ < 0. If
we extend w by zero for t < A, we find
/ w-Vqdz =0

Qt
for any ¢ € C5°(Q-),

/ w - (Opp + Ag)dadt =0
QT
for any divergence free functions ¢ € C§°(Q_) with o(2/,0,¢) = 0 for any 2’ € R? and for any ¢ < 0.

By the Liouville theorem (see [3,4]), w = w(z3,t). We need to show that w = 0 in Q¥. To this end,

it is sufficient to show that for z° € R? and t €]4, 0], one has Vq2(2/, 23,t) — 0 as 23 — oo. Here, ¢2 is
the pressure for v so that

v —Av+ V@i =f

in QX. If split v = v' 4 v? so that v’ corresponds to the Green function G*. Then, clearly,

ol —Avt = f
in Q}

v(2’,0,t) =0
for 2’ € R? and A < t < 0, and

v'(-,0) = uo(").

Thus,
Vq* = Av? — 9,02

On the other hand, we have v? = v?! + v?2, where

vm@ﬂZ/G%wi—mew
R3
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and

t
v (x,t) = G*(x,y,t — 8) f(y, s)dyds.
/]

Using reasoning from Proposition 2.6, obtain

C 1 Cy%
B2l (z.1)] < / e Tady'dys
|0 (w,1)] t_AS (|x/_y/|2+z§+y§+t—A)%
R:
oo

< ¢ / 1 -2 g
< e tady
t=A) @+ +t-a) ’

<ct—A) T (22 +t—A)"2 -0

as w3 — oo. Next, since G?(x,y,0) = 0, then
t

2] < [t 9 H(h+ -9 Hds 0
A

as T3 — 0.
Regarding v%2, we have

c 1 i
V2021 (2, 1)| < / e~ =Aady'dys
| (7)| t—A—FQf%S (|x’—y'|2+$§+y§+t_‘4)%

R

+
<clt—A+a3) 2 (a3 +t—A)2 =c(t—A+a3) =0
as 3 — 00. Next,

t
V2022 (2, )| < c/(t —s+a2) " tds — 0
A

as 3 — 00. So, we have the required decay for V¢? and thus we have for all A < 0 the following integral
representation:

u(z,t) : = /G(x,y,t — A)u(y, A)dy

R3

t
+ [ [ Gyt - spdivue u = pD(y. sdyds

A RS

= /G(xayat - A)U(y,A)dy + / / K(xa y,t - T)u(yaT) ® U(y,T)dydT

R3 A Ri

for all t > A.

Now, our aim is to prove the inverse statement, i.e., we assume that bounded divergence free function
satisfied the latter identity for any A < 0. Introducing F = v ® u and tensor H = F + p'I and using
approximations of u, we can show that u is a distributional solution to the Navier—Stokes equations in
Q7 and belongs to the space WL (QT). This can be done in the same way as in [16] (the most difficult
part of that paper). We then can introduce the pressure p? so that

Ovu — Au+ Vp? = —divH.
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Splitting u = u' + u? and repeating the aforesaid arguments, we can show that Vp? satisfies all require-
ments in the definition of bounded mild ancient solutions.

4. Proof of Proposition 1.1

Assume first that u satisfies the conditions of Proposition 1.1, i.e., there exists a pressure field p €
Loo(—00,0; BMO(RR?)) such that
/ (u~(3t<p+Agp)+u®u:V<p)dz:—/pdivgodz. (4.1)
Q- Q-

Our aim is to show that, for any A < 0, the function satisfies the integral identity (1.3). First, let us
notice that the pressure p (up to a bounded function of time t) is formally represented as follows:

— 1 2 i 2 L .
plant) = gl + = [ 93 (2) s ulo 0 @ aty.
R3

We know that mild bounded ancient solutions are infinitely smooth and all partial derivatives, apart
from derivatives in time of the pressure, are bounded. The derivatives dFp, k = 0,1,..., belong to
Loo(—00,0; BMO(R?), see [13]. So, we re-write the Navier-Stokes equations in the following way:

Oyu — Au = f, divu =0

in @Q_, where f := —divu®@u—Vp. We know that f is infinitely smooth and all its derivative are bounded.
Then, by Tychonoff’s uniqueness theorem,

t
u(z,t) = /F(x —y, tu(y, A)dy + / / Tx—y,t—s)f(y,s)dyds
RS A R3
for t > A and for all A < 0. It remains to show that

/t/AyQ(x—y,t—s)fi(y,s)dyds:/t/r(x_yvt_s)fi(%s)dyds

A R3 A RS

t
— [ [ Koo = vt = 2,7y (. )ys
A R3
for any A < 0. To this end, we introduce as notation pr which is the BMO-solution to to equation

Ap = —divdivF in R3 with [pr|p = 0. We deduce the required identity from the following lemma.

Lemma 4.1. Let F be a bounded smooth function in R3 having all derivatives bounded there. Then, for
any positive s,

/qu’(ﬂlj —y,s)fily)dy = /F(w —y,s)fi(y)dy
R3 R3
= /Kijm('r —y,8) Fim(y)dy,
R3
where f = —divF — Vpp.
The proof can be done with the help of suitable approximation of F' and the following estimates:
c(k)

VED(z, 1)) < ———2
Vie ol <
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and
VT D) s — e
REOR

The first one is due to Solonnikov, see [17]), and the second one is well known.
Inverse statement of Proposition 1.1 can be easily deduced from the above lemma and suitable ap-
proximations of u. This completes the proof of Proposition 1.1.

Open Access. This article is distributed under the terms of the Creative Commons Attribution 4.0 International Li-
cense (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in
any medium, provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.

5. Appendix

Proof of Lemma 2.4. For 2/ in R2, denote by Qg2(x, R) a cube in R? centred at z’ with sides of length
2R that are parallel to the coordinate axes. Define the space cylinders and the space-time cylinders:

C(z',R,m) == Qgz(z', R)x]m,m + 1],
C(x',R,m, A t) :== C(x', R,m)x]A,t[.
After a decomposition of the domain, consider the following integrals separately (R = 1,2,3... and
m=0,1,2...):
I(m,1,2,t) : = / |V, G*(x,y,t — 7) f(y,7)|dydr (5.1)
C(z',1,m,A,t)
I(m,R,x,t): = / IV, G*(x,y,t — 7)f(y, 7)|dydr. (5.2)
C(z',R+1,m,t,A)\C(z’,R,m,t,A)

First consider 1(0,1,x,t). Let

* |2 -2 Cy%
J(x,y,t—7)=(Jr —y*|°+t—7)" 2 exp - :

-7

From the Solonnikov estimates (2.2):

[0,1,2,) < c / (t— 1) 2T (2sy,t — T\ (g, 7)|dydr.
C(z',1,0,A,t)

Then by the Hélder inequality we have

l/
t s’

1010l <l an [ | [ €D Fept-nray| o
A \C(z',1,0)

We get after a change of variables

m‘N

t
/ / (t=7) 2@yt =) dy | dr
A4 \C(z',1,0)
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m‘,.

¢
< /(t — ) /(|z\2 +1)% exp(—cs'22)dz | dr
A

3
T

—A
<c(s,l)/>\’zl'+§i’/d>\.
0

This quantity is finite if and only if (2.22) holds.
For I(m,1,z,t), with m > 1, the Hélder inequality gives

t s
Hom Lt el o [ | [ - Tt -0l
A \C(2',1,m)

For the second factor we have

m‘N

t
/ /(t—ﬂ-%’wm,y,t—ﬂﬁ’dy dr
A

C(z’,1,m)
s
t em?s’ s’
exp ( T Tt—7 ) —3s’ C A
<[| | STy | ar< S
4 (t—7)7 m
Qr2(0,1)

Here for the final line the following fact is used (for o > 0):

supz® exp(—z) < C(a).
>0

Now, consider I(0, R, x,t). Initially using same arguments as for (0,1, z,t), we have

Iz 0
[1(0, R, 2, 1) < Hf”s,l,C(a:/,R+1,O,A,t)\C(9c’,R,O,A,t)

t s
X/ / <fT>‘3'J<x,y,tT>$’dy) dr
A \C(z',R+1,0\C(z’,R,0)
v /
<els:DRNFIL, o
. o
></ / (t—7)" T J(,y,t —7)dy | dr
A \C(2',R+1,0)\C(z2',R,0)

v ’
< (s, DR7IFII

s,l,unif(QX)

""“L

¢
X /(t—T)% / | — |73 dy | dr
A QRZ(I/7R+1)\QR2($IaR)
—A
_ayg2t U ’ =
Sl DRI [aFa
0

571
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By (2.22), I > 2 and thus I’ < 2. So, the last factor is finite. Hence,
10, Ry, )] < e(A, s, )R+

= f“Ls,l,unif(QX)'
Similar arguments to before give, for m > 1,

c(A,s,l)

[I(m, R, x,t)| < TR”TIUI

Ls,l,u,m‘,f(QX)'

Summing over m and R we then conclude. O

Lemma 5.1. Let n > 3. Denote A := {(z,y) € R" x R" : © # y}. Suppose the measurable kernel
K :R" x R"™\A — R is such that there exists M > 0 with:

|K (2, y)] < ﬁ (5.3)
Define the truncation (on L,(R™), 1 < p < 00):
L@ = [ Ko)iwd (.4

lz—y|>e

Suppose, for this kernel, there exists bounded linear operator T : L,(R™) — L,(R™) (1 < p < 00) such
that: that for f € L,(R™) (1 <p < 00):

ITe(f) = TNz, @) — 0, (5.5)
1T (), @) < (K, n)lfllL, @) (5.6)

Furthermore for f € Loo(R™) compactly supported:
TNl Brromn) < (K, n)[fllz. @) (5.7)

Here, C(K,n) means that the constant depends on the properties of the Kernel (e.g some smoothness of
the kernel) and the dimension of the space.

Consider an unbounded domain Q@ C R™ that is contained between two n — 1 dimensional parallel hyper-
planes (denoted 11y and Iy respectively) a finite distance 2L apart. Take g to be a compactly supported
function in L,(R™) (for 1 < p < 00) such that g is non-zero and bounded outside of €.

Then it follows that:

Tg(x) = hi(x) + ha(x). (5.8)
Here,
Pl Baro@ny < c(K,n)llgllr.. @) (5.9)
and
1h2ll 2y iy ®e) < (B, Mm,p, D)L, iy (R - (5.10)

Proof of Lemma 5.1. For 2’ in R"~1, denote by Qgn—1(x , R) a cube in R"~! with side lengths 2R centred
at o',
First one shows that, without loss of generality, it is sufficient to reduce to the case where:

I = {(2/,L) : 2’ € R"1}, (5.11)
My = {(2/,~L): 2’ € R" '} (5.12)
Let A:R™ — R"™ be a rotation of R™. It can be inferred that:
Te(9)(A(z)) = / K(A(x), A(y))g9(A(y))dy. (5.13)
lz—y|>e

If one lets

K(z,y) :== K(A(z), A(y)), (5.14)
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clearly K satisfies (5.3). Define the truncation operator (for f € L,(R™), 1 < p < o0):

S.(f)(x) = / R(z,9)f (0)dy. (5.15)

lz—y[>e
By rotation invariance of L,(R™) and BMO(R™), it is inherited from T, and T that there exists a bounded
linear operator S : L,(R") — L,(R™) (where 1 < p < o0) such that (5.5)—(5.7) hold. Since the space
Ly, unif(R™) is rotation invariant, rotations of €2 can be considered without loss of generality.
Fix z; € R™. It can be inferred that:

T(g)(x —z1) = / K(x — 21,y — 21)9(y — z1)dy. (5.16)
|[z—y|>e
Let
K(z,y) == K(z — 21,y — 21). (5.17)

Using the spaces BMO(R"), L,(R™) and L; unif(R™) are translation invariant, one can use the afore-
mentioned arguments to show that translations of {2 can be considered without loss of generality.

From now on take IT; as in (5.11) and II3 as in (5.12).

Now decompose g:

/

gl(z ,Jin) = (1 - X]—L,L[(xn))g(xlaxn)v
92(55/; xn) = X]—L,L[(xn)g(xlvxn)'

By (5.7), get that hy(x) := T(g1)(x) satisfies (5.9). It remains to show ho(x) := T(go2(x)) satisfies (5.10).
By an identical argument to that showing translations of {2 are permissible, it is sufficient to prove:

sup [\h2llz,(B((0,2,),1)) < (I, M,n,p, D)9z, s @) (5.18)

T, €R
Let us write g5 := g; + g5 , where
92 (¥, 73) = XQuu—r (0.2 (¢)g2(2, 2n)- (5.19)
Further to this write hy := h3 + hj , where
hy = T(gy)- (5.20)

By (5.6), h; satisfies the estimate (5.18) in place of hy. It remains to show the same for h3. It can be
shown (for z in B((0,z,),1)),

L
M ,
men< [ [ ol ),
—Ly’ eR* ="\ Qpn-1(0,2)
7 1
< c(n, M) / / el )

—Ly €R" "1\ Qpn-1(0,2)
S 1 / /
<e(n, M) > W\g(y s Yn) |y dyn.

N=221 Qan 1 (0.N+1)\Qgn 1 (0.N)
The domain Qgn-1(0, N + 1)\Qgn-1(0, N)x] — L, L[, can be seen to be covered by c¢(n)N"2? x [L] unit
cylinders. Here [L] is the smallest integer greater than L. Hence, by Hoélder’s inequality:

L
1 / /
WLQ(@/ 7yn)|dy dyn
-L ngnfl (07N+1)\Qu§nf1 (O,N)
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o
< e(n, Lp)N "5 gl sy / o
Qzn—1(0,N+1)\Qgn-1(0,N)
One can estimate for the second factor and get the bound:
¢(n,p)
N"wte
Thus,
L
]‘ / /
ng(y 2 Yn)|dy' dyn
—L Qgn—1(0,N+1)\Qzn-1(0,N)
< C(mLap)||9||Lp,mf(Rn)N_(1+%)-
So it is obtained that:
b3 (2)] < e(n, M, L,p)llgll1, sy 9 N7OF5).
N=2
From here all conclusions follow immediately. (]
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