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1. Introduction

Let w be a weight (i.e., a nonnegative, locally integrable function) on R? and
let M be the Hardy-Littlewood maximal operator. In 1971, Fefferman and
Stein [9] proved the existence of a finite constant ¢ depending only on the
dimension such that

w({z eR: Mf(x) >1}) < |l fllLrarw)
(throughout the paper, we use the standard notation w(E) = [, w(z)dx
and |||l Lo w) = (fga |f(x)|pw(a:)dx)1/p, 1 < p < o0). This gave rise to the
following natural question, formulated by Muckenhoupt and Wheeden in the

seventies. Suppose that T is a Calderén—Zygmund singular integral operator.
Is there a constant ¢, depending only on T and d, such that

w({z e RY: TF(@)] > 1}) < cllFllus(ar? (L1)
This problem, called the Muckenhoupt—Wheeden conjecture, remained open
for a long time and in 2010 it was proved to be false: see the counterexamples
for the Hilbert transform provided by Reguera, Thiele, Nazarov, Reznikov,
Vasyunin and Volberg in [14,18,19].
In the mean-time, many partial or related results in this direction were
obtained. In particular, Buckley [2] showed that the conjecture is true for
the weights ws(z) = |z|~1=9 0 < § < 1. See also Pérez’ paper [17] as
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well as a series of works [10-12] by Lerner, Ombrosi and Pérez devoted to a
little weaker statements related to (1.1). Chang et al. [5], and Chanillo and
Wheeden [6] studied the above problem in the context of square functions.
For a given ¢ € C§°(R?) such that [,, ¢ =0, put ¢ (z) = t~%p(z/t), t > 0,
and define the associated area function by the formula

1/2
S,(1)(&) = ( | |<t|fwt<y>|2?§fi’> -

Then, as proved in [5], there is a constant C'(d, ) depending only on the
parameters indicated, such that

150 (FllL2(wy < C(d, D) flL2(arw)- (1.2)

In [6], Chanillo and Wheeden generalized this result in several directions.
First, they showed the corresponding weak-type (1,1) estimate: there is a
finite constant ¢(d, ¢) such that

w({z € R : S,(f)(2) > 1}) < e(d, )| fllzr (arw)- (1.3)

Furthermore, the inequality (1.2) extends naturally to LP, 1 < p < 2: we
have

16 (Pllzr ) < C(ps ds @)1l o (a1 (1.4)

for some C(p,d, ) independent of f and w. A very interesting fact is that
(1.4) does not hold for p > 2. Chanillo and Wheeden offered the following
substitution:

HS@(][)”LP(w) < C(p7 d, SD)||f||LP((Mw)P/2w1*P/2)7 2<p<oo, (15)

for some C(p, d, ) depending only on the parameters in the brackets.

Our contribution is to study related two-weight inequalities for the
dyadic square function associated with an integrable, Hilbert-space-valued
function on [0,1). Let us introduce the necessary background and notation.
In what follows, H stands for the separable Hilbert space, with norm | - |
and scalar product (-,-) (with no loss of generality, we may and do assume
that H = {3), and D is the collection of all dyadic subintervals of [0,1). Let
(hn)n>0 be the standard Haar system, given by

ho = X[0,1), h1 = X[0,1/2) — X[1/2.1)>

ha = Xjo,1/4) — X[1/4,1/2)s T3 = X[1/2,3/4) — X[3/4,1)>

hy = X[0,1/8) = X[1/8,1/4)» hs = X[1/4,3/8) — X[3/8,1/2)>
and so on. For any I € D and an integrable function f : [0,1) — H, we will
write (f); for the average of f over I: that is, (f); = ﬁ f[ f (throughout,
unless stated otherwise, the integration is with respect to the Lebesgue’s
measure). Furthermore, for any such f and any nonnegative integer n, we
use the notation

n

fn= ZL f(s)hi(s)ds hg

= Ikl Jio,1)
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for the projection of f on the subspace generated by the first n + 1 Haar
functions (I is the support of hx). Then the dyadic square function of f is
given by

o\ 1/2
1

T /[) F(5)hn (s)ds

where the summation runs over all nonnegative integers n such that z € I,,.
Furthermore, the dyadic maximal operator M, acts on f by the formula

Maf(x) :sup{-lrl/j|f(s)|ds cx € IED} = sup | f|n ().

n>0

Sy = (>

We will also need the truncated versions of the above operators; for any
nonnegative integer m, set

o\ 1/2
1

T /H F(5)hn(s)ds

where the summation runs over all n < m such that x € I,,, and

Md,mf(l') = sup |f‘n(x)

0<n<m

Su(N@) = (3

In all the considerations below, the symbol w will denote a weight on [0, 1),
i.e., an integrable function w : [0,1) — [0, 00).
We are ready to formulate our main results.

Theorem 1.1. Let w be a weight on [0,1). Then for any integrable function
f:]0,1) = H we have

w({z €[0,1) : S(f)(x) > 1}) < 2| fllzr (Mygw)s (1.6)
6p
1S ey < EH.fHLP(]de)v I<p<2 (1.7)
and
p
IS(F e w) < \/;HfHLP((de)P/?wlP/?)a p=>2. (1.8)

As in the context of area functions, we will show that the inequality of
the form (1.7) does not hold with any finite constant when 2 < p < co. We
will also establish the following “mixed-weight” version of (1.8) in the case
1<p<2

Theorem 1.2. Let w be a weight on [0,1). Then for any 1 < p < 2 and any
integrable function f on [0,1) we have

IS ey < @ = D)7 Lo ((Mgw)ypwr—»)- (1.9)

Clearly, this result is qualitatively weaker than (1.7), however, we have
decided to include it here since its proof exploits a novel interpolation-type
argument which is of independent interest.

We would like to point out that even in the unweighted setting (i.e.,
for w = 1), the above estimates are quite tight. The best constant in the
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unweighted version of (1.6) is equal to C' = 1.4623. .., as shown by Bollobés
[1] and the author [16]. The constant in (1.7) is of order (p —1)~!: see Burk-
holder [3] and Davis [7]. Finally, as p — oo, the order \/p in (1.8) is optimal:
see e.g. Davis [7] for the description of the best constants.

Typically, proofs of weighted inequalities in the analytic context depend
heavily on extrapolation and interpolation arguments. Our approach will rest
entirely on the so-called Bellman function method. More precisely, we will
deduce the validity of the above LP estimates from the existence of cer-
tain special functions, enjoying appropriate majorizations and concavity. The
technique is described in detail in the next section. Section 3 is devoted to
the weak-type inequality (1.6), while Sects. 4 and 5 contain the proof of the
LP? inequalities in the case 1 < p < 2 and p > 2. The final part of the paper
discusses the probabilistic versions of the above results.

2. On the Method of Proof

Let us describe the technique which will be used to obtain the results
announced in the preceding section. Throughout the paper, we will use the
notation

D ={(z,y,u,v) € H x [0,00) X [0,00) x (0,00) : u < v}.

Suppose that V : ® — R is a given function and assume that we want to
establish the inequality

1
/V(fn,Sn(f),wn,M(177111/)dL9SO7 n=20,1,2,..., (2.1)
0

for any integrable function f : [0,1) — H and any nonzero weight w (i.e., sat-
isfying (w)p,1) > 0). For instance, the choice V(z,y,u,v) = uxy>1} — 2|z[v
leads to the weak type inequality (1.6), after a simple limiting argument (see
Sect. 3 below); similarly, the function V(z,y,u,v) = y?u — CPlz[Pv corre-
sponds to the strong-type estimates. A key idea in the study of (2.1) is to
consider a function U : ® — (—o00, 00|, which satisfies the following proper-
ties:

1° For any =z € R and any uw > 0 we have
U(z,|z|,u,u) <O0. (2.2)
2° For any (z,y,u,v) €D,
U(z,y,u,v) > V(x,y,u,v). (2.3)
3° For any (z,y,u,v) € D and any d € H, e € [—u,u] we have

U(z,y,u,v) Z%[U(Ifd,\/y2+\d|2,ufe,v\/(ufe))
—|—U(x—|—d,\/y2+|d|2,u+e,v\/(u+e))}.

(Here and below, a V b stands for the maximum of the numbers a and b.)
The conditions 1° and 2° can be regarded as certain majorizations for
U; the function can be neither too small nor too big. The most mysterious

(2.4)
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condition is the third one, and it can be understood as a concavity-type
property.

The interplay between the existence of such a function and the validity
of (2.1) is described in the two statements below.

Theorem 2.1. If there exists U satisfying the properties 1°, 2° and 3°, then
the inequality (2.1) holds true.

Proof. Fix a nonzero weight w and an integrable function f : [0,1) — H.
First we will show that the sequence fo (frs Sn(f)s Wny, Mg nw)ds),>o is
nonincreasing (there is no problem with the existence of the integral for
each n, since f,, Sy (f), wy, and My ,w take only a finite number of values).
To achieve this, fix an integer n and let I,,41 be the support of A, 1. Then
the functions U(fy, Sn(f), wn, Mg nw) and U( fri1, Snt1(f)s wnt1, Manp1w)
coincide outside I,,+1 (since so do the pairs f,, fn+1; Sn(f), Sn+1(f); wn,
Wnt1; and Mg pw, Mg py1w), and hence

[ UGSl Magw)ds
[0, 1)\ 41

= / U(fn+17Sn+1(,f)7wn+1aMd,n-}-lw)d&
[0,1)\ T 11

Thus, we only need to show an appropriate bound for the integrals over
I41. To do this, note that f,, Sn(f), w, and My ,w are constant on Ip41.
Denote the corresponding values by x, y, u and v; then, clearly, we have
(x,y,u,v) € D (the fact that v > 0 follows directly from the assumption
(w)po,1) > 0). Next, let I_, I, be the left and the right half of I, 1; then f,, 1
and wy,41 are constant on I+ and the corresponding values can be denoted
by z + d and u + e, for some d € H and e € [—u,u]. Furthermore, directly
from the definition of the truncated square and maximal functions, we see

that Sp11(f) = Vy? + |d|? and My 41w =0V (ute) on Iy. Consequently,
the inequality

/ U fn7 n ) wnuMd,nw)dS
n+1

_/ (fn—&-la n+1(f)7wn+17Md,n+1w)d5
Iyt

is equivalent to (2.4), and therefore the desired monotonicity of the sequence
fo (fns Sn(f), Wn, Mg nw)ds),>o is established. Combining this property
with (2.3), we get

1
/ V(fo, S (f), t0ms Manuw)ds < / U (s Su(f) s M nw)ds
0

1
< / U (fo, So(f)s wo, Maow)ds < 0. (2.5)
0

To see why the latter bound holds, note that |fo| = So(f) and wo = My ow,
so in fact we even have the pointwise estimate U( fo, So(f),wo, Mgow) < 0,
due to (2.2). This proves the claim. O
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A beautiful fact is that the implication of the above theorem can be
reversed; though we will not exploit it, we believe it is worth to be stated
and proved.

Theorem 2.2. If the inequality (2.1) holds true, then there exists U satisfying
the properties 1°, 2° and 3°.

Proof. There is an abstract formula for the special function. Namely, for any
(2,y,u,v) €D, put

1
U(x7yaua U) = sup {/ V(fTw \/y2 - |x‘2 + S%(f)’ W, (Md,nw) \ U)dS} ’
0

where the supremum is taken over all n, all integrable functions f satisfying
(f)10,1) =  and all nonzero weights w with (w)(o1) = u. Let us verify that
this object has all the required properties. The first condition is easy to check:
we have /[z]2 — [2[2 + S2(f) = Sn(f) and (Mgnw) V u = My ,w provided
(w)po,1) = u. Thus, U(x, |z|,u,u) <0, since in the light of (2.1), any integral
appearing under the supremum defining U(x, |x|,u,u) is nonpositive. The
majorization 2° is also straightforward: considering constant functions f =z
and w = u, we see that for all n,

1
/ V(s V5 = 22 520, wn, (Mamw) V 0)ds = V(2 g, 1, )
0

and hence, by the very definition, U(x,y,u,v) > V(z,y,u,v). To check 3°,
fix x, y, u, v, d and e as in its formulation. For a fixed ¢ > 0, there are a
function fT, a nonzero weight w™ and a nonnegative integer n such that
(fony =z+d, (w1 =u+eand

Ul +d,/y?>+1|d?utevV(ute)—e
1
< / V(5 VyE+dE = o +d2+S2(f ), w), (Manw™) VoV (ute))ds
0
(2.6)

(i.e., fT, wh, n are parameters for which the supremum in the definition of
U(m—i—d, VY2 +d?u+e,0V(ut e)) is almost attained, up to ¢). Similarly,
pick f7, w™, m satisfying (f~)j0,1) =2 —d, (w™)[p,1) = u — e and

U(x —d,\/y?>+ |d?>,u—e,vV(u—ce)) —¢
1
S/ V (frs V2 Hd2 == d2+52,(f ), wrps (Mamw™) Vo V (u—e))ds.
0
(2.7)

Replacing f* by f, and f,, if necessary, we may assume that f,;} = f,¥ ; =

n
fn++2 = ...and f, = f41 = fie = -+ Using the same cutting-off
procedure, we may also assume that w,} = wl,, =w/ , =+ and w,, =
W1 = Wy,yo = - +. Now, let us splice the functions f* into one function

f and the weights w* into one weight w, with the use of the formula
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(f*(2s),w"(2s)) if s €[0,1/2),

(f(s),w(s)) = {(f_(Qs —1),w (2s-1)) ifse[1/2,1).

That is, we “squeeze” the domain of f*, w™ into the interval [0,1/2), we
“squeeze” the domain of f~ and w™ into the interval [1/2,1), and then we
“glue” f* into one function, and w® into one weight on [0,1). Clearly, we
have

1 1 1

1 _ _
<f>[071):§<f+>[0,1)+§<f )[0,1) =2, <w>[o,1)=§<w+>[0,1)+§<w )o0,) =1

and hence, for any k,

1
U(zyyvuav) Z / |4 <.fka \/y2 - |‘T|2 + S]%(f)’wky (Md,kw) \ U) ds
0

1/2
:/ V(fk,\/yz—|x2—|—S,%(f),wk,(Md,kw)\/v) ds
0

1
oV (e =l S () v o)

Using the structural properties of the Haar system, it is not difficult to check
that if k is sufficiently large, then the last two integrals are equal to right-
hand sides or (2.6) and (2.7). Since ¢ was arbitrary, we obtain the desired
condition 3°. d

3. A Weak-Type Inequality

We turn our attention to the weak-type estimate (1.6) which, as we will
see, corresponds to the choice Vi (z,y,u,v) = uxyy>1} — 2|z[v. To define the
associated special function, consider the splitting of the domain ® into the

sets
Dlz{(a:,y,u,v)E’D:y<1and |x|+,/l+Z(y2—1)§1},

Dy = D\D;.
Let U; : ® — R be given by

2, 2 if eD
Ur(z,y,u,v) = yru — |z[*v 1 (x,y,u,v) 1,
U*2|x\v if (:C,y,u,v) € Ds.

We start the analysis with the following majorizations.

Lemma 3.1. (i) The functions Uy and Vi satisfy 1° and 2°.
(ii) For any (x,y,u,v) € D we have

Ur(z,y,u,v) < u— 2|z, (3.1)

(iii) Ify <1 and |z| <14 /1 + 2(y* — 1), then

Uy (x,y,u,v) < y?u — |z|?v. (3.2)
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Proof. (i) The condition 1° is easy. Indeed, if (z,|z|, u,u) € Dy, then we have
Ui(z, |z|,u,u) = 0; on the other hand, if (z,|z|,u,u) € Da, then |z| > 1/2
and hence Uy (z,|z|,u,u) < 0. The majorization 2° is also simple. Clearly,
it is enough to handle the case when (x,y,u,v) € Dy; but then |z| < 1 and
hence

viu — |z]?v > —|z|?v > —2|z|v,

as desired.

(ii) We may assume that (x,y,u,v) € Dj, since otherwise both sides
are equal. Then the inequality is equivalent to y?u —u < |z|*>v — 2|z|v, which
can be further transformed into

u
1+ 2 -1 < (- )
This bound follows directly from the definition of Dj.
(iii) If |#| < 1—+/1+ %(y? — 1), then both sides are equal. On the other
hand, if [z] > 1 — /14 %(y* — 1), then the inequality becomes
u
(1l <1+ 27 - ).

This is equivalent to saying that

T Jl4+ (2 = 1) < Ja| <1+ /14 —(2 - 1),
v v

which holds true due to the above assumptions on x, y, u and v. O
Let us check the concavity-type condition.
Lemma 3.2. The function Uy satisfies the property 3°.

Proof. Let us first consider the case (z,y,u,v) € Ds, which is much easier.
Using (3.1), we write

Ul(x—d7\/m,u—e,v\/(u—e))

+ Uy (z +d, \/m,u—l—em\/(u—i-e))
<(u—e)=2lz—dl(vV(u—e))+(ute)—=2z+d(vV(ute))
<2u—2lz —djv— 2|z +dJv
< 2u — 4|z|v
=2Us(z,y,u,v).

Now we turn to the analysis of the more difficult case (x,y,u,v) € Dj.
Suppose first that y? + |d|? > 1. Then (2.4) is equivalent to

(W —Du>|z|?v— |z —d(vV(u—e)) —|z+dV(ute). (3.3)
We will show a slightly stronger estimate
y? = 1> |z)* — |z —d| — |z +d|. (3.4)
To see that (3.3) can be deduced from it, note that y < 1 and hence
(" = Du = (y* = Do = [a*v — |o — dlv — |z + d|v
> |z)?v — |z —d|(vV (u—¢)) — |z +d|(vV(uite)),
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as desired. To show (3.4), we note that |x| < 1—y in D;. Using this inequality,
our assumption y2+|d|> > 1 and the triangle inequality |z +d|+|z—d| > 2|d|,
we get

2P —y* +1<2(1—y) <2y/1—y2 <2ld| < |z +d|+ |z —d|

It remains to consider the case (z,y,u,v) € Dy and y* + |d|? < 1. First we
will prove that

Ul(l""d, Vy2+|d|2,u—|—e,v\/(u—|—e))

<@ +1dP) (u+e) = |z +dP(vV (u+te)),

Uiz —d,/y? + |d|?,u — e, V (u—e))
<@+ dP) (u—e) = |z —dP(vV (u—e)). (3.5)

It is enough to show the first estimate, the second one follows from the change
of signs of d and e. In the light of (3.2), this bound will hold true if we show
that

u-+e
d <1 1+ —F+—— W2+ |d?-1).
ordl <114 2 R 1)

But this is simple: (z,y,u,v) € Dy implies |z| < 1, so

le +d| <|z|+|d] <1+ +/y?+ |d|?

u—+e
<1 1+ —— w2+ d?-1).
<1 1 e e - )

Now add the two inequalities in (3.5). We get that the right hand side of
(2.4) does not exceed

(0 + Py~ 3 [lo + PV (ute)) + | — dP(oV (u— e))]

1
<@ +ldP)u = [le+dPv + |2 — df*v]

— yPu — [2f?0 + d]*(u - v)
S Ul('r7 y? u? ,U)'

This completes the proof. O

Proof of (1.6). Applying Theorem 2.1 to the functions U; and V; defined
above, we obtain

1 1
/0 WnX{Sn(H)>1} — 2|fn|Manwds = /0 Vi(fns Sn(f), wn, Mg pnw)ds < 0
(3.6)

for all n. However, w, is the projection of w onto the space generated by hy,
hi,...,hy, and similarly, f, is the projection of f. This implies

1 1
/OwnX{snmzudSZ/O wX{s, (f)>1}ds
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and

1 1
/ | fr| Mg nwds < / | f|Mgnwds.
0 0

Consequently, (3.6) implies

1 1 1
/0 WX{s, (f>13ds < 2/0 | f|lManwds < 2/0 | f|Mgwds.

Let n go to infinity and apply Lebesgue’s monotone convergence theorem to
obtain

1 1
/0 wx(s(fH>13ds < 2/0 | | Mgwds.

To get the non-strict inequality under the indicator function, fix n € (0,1)
and apply the above bound to f/n; then

1 1 1
A WX{S<f>21}dS§/O WX{S<f>>n}d3S2’771/O | fIMqwds.

Letting n — 1 completes the proof. O

4. Moment Inequality, 1 < p < 2
4.1. On the Estimate (1.7)

Let us start with some technical statements.

Lemma 4.1. Let p € (1,2) and x, d € H.
(i) If |d| < |x|, then
@ +dfP + [ —d|P —2|z[P > p(p — 1)|z[P~2|d]*.
(ii) If |d| > |z|, then
|z +df + |z —d” = 2|z[" = (2" - 2)|d|”.
Proof. (i) We have
@ dl? + o = dP = (e + [d? — 2, )" + (o] + [d + 2(e, )"

and the function ¢ — tP/2 is concave on [0, 00). This implies that if we keep
|z| and |d| fixed, the left-hand side of the desired inequality is the least when
|(x,d)| is the largest. In other words, it suffices to show the estimate for
H = R, and we may clearly assume that both x and d are nonnegative.
Having fixed such an z, consider the function F : [0, 2] — R given by
F(t)= (z+ )P + (xz —t)? — 227 — p(p — 1)aP~¢2.
We have F(0) = F'(0+) = 0 and, for ¢t € (0,x),
F'(t)=pp—1)[(x+t)P >+ (x —t)P7% = 22P7%] >0,

since the function ¢ — t’~2 is convex on (0,00). This implies that F is
nonnegative, which is exactly what we need.
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(ii) Arguing as above, we may assume that H = R and z, d > 0. Fix x
and consider G : [z, 00) — R defined by the formula

Gt)=(z+t)P + (t — )P — 22P — (2P — 2)tP.
Clearly, we have G(0) = 0 and
G(t)=pllx+t) '+t —a)P~' — (2" —2)tP].

Now, keep t fixed and denote the expression in the square brackets by H(x).
Then for any s € (0,t) we have

H'(s)=(p-1D[(s+t)P2—(t—s)P? <0.
This yields
G'(t) > p[2r 1Pt — (2P —2)tP7 1] >0,
where the latter bound, equivalent to 2P~ 4+ 2 > 27 follows from
P72 41 >2.9P=2/2 = 9p/2 > op=1

This implies that G is nondecreasing on [z, c0), and hence it is nonnegative.
O

As we will see, the inequality (1.7) follows from (2.1) with V,,(z, y, u,v) =
P
yPu — (pﬁfpl) |z[Pv. Introduce the function U, : © — R by

yPu — CPlz|Pv if y > Bplxl,
yPu — (CPlzfP + Bylzly?~! —yP)v if y < Bylal,

Up(xvyauav) = {

where O = 2,,,27171 and 8, = @. The reason why we choose these partic-

ular special constants, will be clarified below, in Remark 4.4. Of course, we
have

Up(z,y,u,v) = yPu — max {C’;ﬂac\p7 Cg\x|p + ﬁp|ac|yp_1 — yp}v. (4.1)
Let us now verify that U, V} enjoy all the required properties.
Lemma 4.2. The functions Uy, V}, satisfy 1° and 2°.

Proof. The first inequality is equivalent to u — (CF + 3, — 1)u < 0, which
holds trivially. To show the second bound, observe first that

6p \* 3p \?
G21) -7 GH) =

which holds due to
2 2 3p 3 \? 3p
L < < < d _—
G 2P—1—1(p—1)1n2p—1<p—1> a ﬁp*p—l

So, the majorization is evident for y > 3,|z|; for remaining (z, y), the estimate
is equivalent to

6p \” _
<p_1> 2P > CPla|? + Bplaly” " — P
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But y < Bplz|, so
Colal + Bplaly? ™! — P < CplalP + Bylafy”™
< gl + aglel? < () o
< CPlz lzlP < = z|P.
The proof is complete. O

We turn our attention to the main, concavity-type property.
Lemma 4.3. The function U, satisfies 3°.

Proof. Assume first that y > §p|z|. Directly from (4.1), we see that the
right-hand side of (2.4) does not exceed
|m+d|p+|x—d|p] ;

2

0P +laPpr-cp |

Hence it is enough to prove that

2 2\p/2 |z +dfP + |z — d|P — 2|z
@+MUW—¢<@[ |

2

We consider two cases: if |d| < |z|, then we apply the mean-value property
to obtain

P o, Doyl
(y* + |d|?)P/? — P < i *ld]* < 25 *|z|P~2d)?
- Chp(p —1)

] - dP+lo — dP = 2ap
p—2 d2 <CP |Z‘
< a2l <y . ,
since C2(p —1) > 272, as one easily checks. In the second case |d| > |z], we

write
2 2\p/2 -1
(y2 +|dP)P/? —yP < |d|P < CR(2P~H = 1)|d]?

o df s dP = Tif
2 )

<q

since CB(2P7! —1) > 1.
It remains to establish (2.4) for y < §p|z|. Observe that the right-hand
side of the estimate does not exceed

1
i{Up(x_ d,\/y? + |d]?,u — 67’0) —I—Up(ﬂc—i—d, VY2 + |d|27u—|—e,v)}7

since the increase in the variable v makes the function U, smaller. In the light
of (4.1), this is not larger than

p —dlP
(y2+|d|2)p/2u—05 |$—|—d| —|—|£C d| :|’U

2
—Bplee|(y? + 1d*) P00 4 (y? + |d|*)P o
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(we have used here the triangle inequality 2|z| < |z 4 d|+ |z — d|). Hence, we
will be done if we prove that

(5 +1dP)" = yP)u
o 4+ dP -+ |o = dP — 2lap
g{cg{

2

+ Byl ((y® + 1dP)P=D2 =y h) — ((° + |dP)P/? — y”)}v-

Actually, it is enough to show this bound for « = v. Indeed, having this done,
we will get that the expression in the parentheses on the right is nonnegative;
thus, taking v larger than u will make the right-hand side even larger than
the left-hand side. So, from now on, we focus on the estimate

o P 4 o — d? — 2faf?
2
+ Bplz|((y® + [d?) P02 =y,
If B,z > %(gf +|d|*)'/2, the above bound holds true, since, by the mean-

value property for the convex function ¢ — tP/(P=1)

2p _ _
2((y* + |d*)P/? — yP) < E(yQ +dP) 2 (2 + |d?) P2 — gty

So, assume that 3,|z| < ;Tpl(yg + |d|?)*/2. If |d| > |z], then

2((y* + [d*)P? = y?) < CF

2 2 2 —1
2((y? + dP2)P/2 = y?) < 20| = CB(2 " — 1)[d]?
w+dp+w—dP—ﬂﬂ1

2

On the other hand, if |d| < |z|, then y > |z| (otherwise, the estimate

Bplz| < pzfpl(y2 + |d|?)'/? would not hold) and, by the mean-value property,
2((y? + 1dI*)P"* = yP) < 2((|)? + |d*)P* = |2]P)

|z +dP + |z —d|P — 2|m|p>

scg{

< el la < ¢ ( .

since Cg@ > p. This completes the proof of the lemma. O

Proof of (1.7). By Theorem 2.1, we get that for each n,

1 6p p 1l
/ Sn(f)pwndS S () / |fn‘pMd7nwdS.
0 p—1 0

Since w,, is the projection of w and f, is the projection of f, the above
estimate implies, in the light of Jensen’s inequality,

1 6p p 1
/ Sy (f)Pwds < <> / | fIP Mg nwds
0 p—1 0

p ol
< <6p> / | 1P Mgwds.
p—1 0
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It remains to let n go to infinity and apply Lebesgue’s monotone convergence
theorem to get the assertion. O

Remark 4.4. Let us now comment why we have chosen the above values for
the constants C), and 3,. To this end, let us gather all the properties of C,,
and (3, which were needed in the above considerations: first, in the proof of
the majorization 2° we have needed the estimate

p
CP+ B < <p6_p1> : (4.2)

Furthermore, in the later calculations we have required the following five
inequalities: C2(p —1) > p7=2, C(2P~1 —1) > 1, CB(2P~! — 1) > 2, 3, >

22 and Cp2EZY) > . Clearly, in the light of (4.2), we should take the
p

smallest 3, allowed: 3, = 217@1”. From the remaining four lower bounds for
Cp, the condition 05(27’_1 — 1) > 2 is the strongest; this leads to the choice
CP =2/(2°7" — 1) used above.

4.2. A Related Result

This subsection is devoted to the weighted LP-estimate (1.9), which, in com-
parison to (1.7), has a different weight standing on the right. The correspond-
ing special function is obtained as a combination of Uy (the function leading
to the weak-type estimate) and a certain interpolation-type argument. Let
us start with a technical observation.

Lemma 4.5. Let (z,y,u,v) € D with u > 0. The condition
y<1l and |z|+ 1+E(y2—1)§1, (4.3)
v

appearing in the definition of D1, is equivalent to saying that

le + \/|96|2 — = ) (4.4)
>

Proof. Suppose that (4.3) holds. Then 1 lz| + 1+ 2% - 1) > |z] +
/1 =13, and hence
u o u
<1—4/1——=—<-—. 4.5
e vl (45)

Furthermore, the second inequality in (4.3) implies 1+ %(y* —1) < (1—|z])?,
which is equivalent to |x|2(2—2 —2)+y? < (1 — 2|z])% By (4.5), this yields
the validity of (4.4). The reasoning in the reverse direction is similar and left
to the reader. O

Thus, if we substitute X = 2z, YV = \/|x| 2) + 2, then the
function of Sect. 2 is given by

Y2 X2 if[X]|+Y <1,
Ul(xvyvuvv) =u .
1-2|X| i [X|+Y > 1
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The expression on the right is the famous special function invented by Burk-
holder (see page 21 in [4] for a slightly transformed formula: one can actually
find the function L(z,y) = 1 —U(x,y) there), who used it in the proof of the
weak-type inequality for martingale transforms. Now, for any ¢ > 0, we have

t2(Y2 - | X2 i 1X v <1
Uy(a/ty/toue) =udt O IXF) AX[+Y <1,
1-2X|/t it X +Y > 1.
If we define
W/ tpilUl(l'/t,y/t,u,v)dt’
0

then a little calculation (cf. [15]) reveals that

U;D(xa y,u,v) =

Up(xa y7 u7 ’U)

_pzDeop), VXHY tp_1(1—2X/t)dt+/oo P8 (Y2 - X?)dt
2 0 |X|+Y

=u(Y — (p— )THXN(X]+ V)7

We will require the following majorization.
Lemma 4.6. For any (z,y,u,v) € D with u > 0 we have

Up(,y,u,v) > pP2(yPu — (p — 1) 7P |z|PvPul7P). (4.6)
Proof. Divide both sides by u. Since y < Y, it is enough to show the inequality
Y = (0= D)HXDIX[+ V)P 2 pP 2 (YP = (p = 1) 7PIX]P) .

This estimate can be found on p. 17 of Burkholder’s survey [4]. O

Proof of (1.9). By a straightforward approximation, we may assume that the
weight w is positive almost everywhere. Fix a nonnegative integer n and a
positive number . We know that

1
/ Ur(fu/t, Sn(f)/t, wn, Mg nw)ds <0,
0

by (2.5) applied to the function f/t. Therefore, by Fubini’s theorem and the
definition of U, we get

/1 Up(fr/t, Sn(f)/t; wn, Mg pnw)ds <0
0

(the use of Fubini’s theorem is permitted since the functions f,, S, (f), w,
and My ,w take values in a finite set). Combining this with (4.6), we obtain

1 1
/ S (f)Pw,ds < (p — 1)*17/ |fn|p(Md7nw)pw7]:L—pdS.
0 0

Now, the function (r,s) — rPs!=? is convex on [0,00) x (0,00): indeed, its
Hessian matrix

p(p— 1?72 —p(p — 1)rP=lsP

—p(p—1)rP~ts™P  p(p—1)rPsIP
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is nonnegative definite. Therefore, since (f,,w,) is the projection of (f,w),
Jensen’s inequality implies

1
[ 1P Otawrwrds < [ 1P Mawpe-rds
0
< Jy 1FIP(Mgw)Pw'~Pds.
It remains to note that

1 1
/ Sn(f)pwnds:/ Sn(f)Pwds
0 0

and let n — oo to obtain the assertion. O

5. Moment Inequality, p > 2
5.1. On the Estimate (1.8)
This time, the function V, : ® — R is given by

2 p/2
Vp(x7y7u7v) - - (ypu — (g) lepvp/2u1_p/2> ,
p

while the special function U, : ® — R is
P o,
Up(@,y) = y'u—Sy" oo,
Let us verify that the above functions have all the necessary properties.
Lemma 5.1. The functions U, and V,, enjoy 1° and 2°.

Proof. The first inequality is obvious: Uy (z, |z[,u,u) = (1 —§) |z[Pu < 0.
The second estimate follows at once from the mean-value property applied
to the function t — t?/2, since

Upla, g, v) = (gu' /) = Ly /)72l Pou= 4207, O
As previously, the main difficulty lies in proving the concavity-type con-
dition. However, this time the calculations are relatively short and simple.
Lemma 5.2. The function U, satisfies the property 3°.
Proof. The right-hand side of (2.4) is equal to
(y? + 1d*)"?u
— 2@+ AP (o + dP Y (ut€)) + o — dP(o v (u—e))
< (7 + 1A 2u = L2 + AP (o + dPo + 2 — dP)
= (7 + 1PV Pu— S + 2P (e + [P
=Uy(z,y,u,v)
+ (2 + 1) = yJu — g[(yz + PP (|2 + 1)) = o2l
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Since (y? + |d|?)?/? — y? > 0 and u < v, we will be done if we show that
(2 + 1P/ = g7 < Ll(? + P> (al? + |d?) -y ~|af?)
or
(2 + |22 [y 12 = E(al? + 1dP)] < 9772 [y = Blal?] . (5.1)
To prove this, it is enough to show that the function
Fs) = (5 + )" [y 45 = 2 (a2 + 5)]

is nonincreasing on [0, 00). But this is straightforward: a direct differentiation
shows that

Fi(s)= =2 (2 -1) (0 + 9" (al +5) <0. O

Proof of (1.8). The argument goes along the same lines as that in the proof
of (1.9). We leave the straightforward modifications to the reader. O

Let us make a comment analogous to Remark 4.4 above.

Remark 5.3. There is a natural question whether the parameter p/2 appear-
ing in the definition of U, can be decreased: this would lead to the improve-
ment of the LP-constant in our main estimate. It turns out that if one replaces
this parameter with some a < p/2; then the above proof does not work.
Indeed, the resulting function

F(s) = (y* + )" [y +5 — a(le]’ + 5)]
satisfies

F'(0+) = (g — a) Y —a (g - 1) yP~a?

which is positive for some z, y; therefore, (5.1) is not satisfied for some z, y
and d.

5.2. Lack of Fefferman—Stein Inequalities for p > 2
Now we will present a counterexample showing that for any p > 2 there is

no finite C, such that
1S zew) < Coll fll e (raw)

for all f and w, even if H = R. Actually, there is an example which works
for all p simultaneously. Fix a (large) integer N and set

w = QNX[O727N) =hg + hy1 +2ho +4hy + -+ -+ 2N71h2N—1.

We have wg = X[o,1) and wyr = 2’”1)([0727;671) forany 0 < k < N — 1.
Furthermore, for any 0 < k < N —2 and £ € {2 2F +1,..., 281 — 1} we
have wy = wqr; and wy = wqn-1 for £ > 2V =1, Consequently, we see that
N—-1
Magw = 2NX[072—N) + Z 2kX[2—k—1,2—k)
k=0
and hence fol Mjw = 14 N/2. Next, set f = hg — hy + ho — hg + hg —
w4+ (=1)Nhyn 1. On [27F71 27F) we have hg = hy = -+ = hgr—1 = 1 and
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hor = —1, s0 |f] < 2 there; similarly, on [0,27") we have hg = hy = hy =
hy=--+=hon-1 =1, s0 |f| <2 there. Thus,
1
/ [P Mqw < 2P(1 + N/2). (5.2)
0

On the other hand, on [0, 2_N) we have S(f) = v/'N + 1 and hence
1
/ S(Pw=2"N (N + 1722V = (N + 172,
0

Comparing this to (5.2), we conclude that there are no Fefferman—Stein
inequalities for the square function in the case p > 2.

6. Martingale Inequalities

All the results established above have their counterparts in the martingale
theory. Let us start with introducing the necessary background and notation.
Suppose that (2, F,P) is a complete probability space, equipped with the
continuous-time filtration (F;);>0. We assume that Fy contains all the events
of probability 0. Let X = (X;);>0 be an adapted continuous-path and uni-
formly integrable martingale taking values in H (recall that we have assumed
that H = {s). Denote by [X]| = ([X]¢)t>0 the square bracket (quadratic vari-
ation) associated to X; see Dellacherie and Meyer [8] for the definition in the
case when X takes values in R, and extend it to the vector setting by the for-
mula [X], = 3372 [X7];, where X7 stands for the j-th coordinate of X. Next,
let W = (W});>0 be a weight, i.e., a nonnegative, continuous-path and uni-
formly integrable martingale, and let W* = sup,~q Ws, W/ = supge < Ws
be the maximal and truncated maximal functions of W. o

We are ready to formulate the main result of this section. In anal-
ogy to the notation used in the previous sections, we set || Xoo|lrrw.) =
(E| X oo |PWao)M/P for all 1 < p < o0.

Theorem 6.1. For any X, W as above, we have the following:

El{ix]>13Woo < 2[ Xooll 1w+, (6.1)
Gp
||[X]<1>42||LP(WM) < pff 1||X00HLP(W*)7 1<p<?2, (6.2)
”[XE?”LP(WN) < (p - 1)_1||X00||Lp((w*)pwgo—f’)' (6~3)
and
p
[ESHTAER C S MAN S S ()

Proof. We will focus on proving (6.1); the reasoning leading to the remaining
estimates is similar and left to the reader. It is convenient to split the proof
into two parts.

Step 1. Reductions. With no loss of generality, we may assume that X, [X]
and W are bounded. Indeed, fix a large positive number M, consider the
stopping time 7y = inf{t : | X;|+[X]; +W; > M} and the bounded processes
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XM = Xl 501, WM = Wilir,, >0y, t = 0. Having established (6.1) for
XM and WM, we let M — oo and obtain the weak-type estimate in full
generality. The proof of (6.1) rests on Itd’s formula applied to the function Uy
and the process (X, [X], W, W*). However, there are two problems which need
to be overcome. First, there is no It6’s formula for processes taking values
in infinite-dimensional Hilbert spaces, see [13]; furthermore, the function Uy
does not have the necessary regularity (it is not of class C?). The first obstacle
is removed very easily: clearly, it is enough to show the weak-type bound for
R"-valued martingales, and then let n — oco. To handle the second issue, we
will use an additional mollification argument. Let g : R" x R x R x R —
[0,00) be a C°° function, supported on the unit ball of R"*3 and satisfying
Janis g =1. Given & > 0, define a function U : {(z,y,u,v) € R" x [0,00) X
[0,00) x [0,00) : u < v} — R by the convolution

Uy (x,y,u,v)
= / Ur(z+6s1,y+0+0682, u+0+083, v+55+084)g(s1, S2, S3, 54)ds.
Rn+3

This function is of class C'"°°. Furthermore, we see that
U}, (,y, u,0) <0, (6.5)

since U; is nonincreasing as a function of its fourth variable. Finally, as we
will show now, the property (2.4) (which is satisfied by U;) implies a certain
differential inequality for UJ. Namely, take (x,y,u,v) € R™ x [0, 00) x (0, 00)?
satisfying u < v, and fix d € R”, e € R and t > 0. If ¢ is sufficiently small (so
that u 4 te > 0), then (2.4) for U; guarantees

U3 (2, y, u,0)

1
> 5 U (z—td, \/y2 +12|d|2, u—te, v) + U (z+td, /y? +12|d|2, u+te,v)|.

Now put all the terms on the right-hand side, divide throughout by ¢?> and
let ¢t go to zero. As the result, we get that

+2(U, (z,y,u,v)e, d) < 0. (6.6)
Step 2. Application of Ité’s formula. Introduce the auxiliary process Z; =
(X, [X]y{WhWt*), t > 0. By the above assumptions, we see that Z is

bounded and has continuous paths. If we fix t > 0 and apply It6’s formula,
we get

U(Z) = U(Zo) + I + I + Is/2, (6.7)
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where

t
I :/ U (Z )dXer/ U? (Zs)dWs,
0

I = / US (Zs)dW,
0

f= [ Ui+ [ Dot

Here the second integral in I3 is the shortened notation for the sum of all the
relevant second-order terms, i.e.,

[ prutza = 3 [ vh, o X,

7,k=1

t
+2Z/ U{S:vJu(ZS)d[XJ’W]S
j=1"0

K 5
+ / US, . (Z)A[W]..

Let us look at the terms I, Is and I3 separately. By properties of stochastic
integrals, the first term is a martingale (since X and W are bounded). The
second term is nonpositive, by (6.5) and the fact that the process W* is
nondecreasing. Finally, I3 is also nonpositive, which follows directly from
(6.6). Indeed, pick the sequence sy = jt/N, j =0,1,2,..., N, and, for any j,
apply (6.6)tox = X,y = [X];Jml,u =W, ,v=W;_,d=X;,—X;, |
and e = W, — W, . Summing the obtained inequalities over j and letting
N — oo we get I3 < 0.

Therefore, coming back to (6.7), we see that we have proved the estimate

EUY(Zy) < BUY (Zo).

But U; is a continuous function, so Uf — U, pointwise as 6 — 0. Therefore,
if we combine this with the boundedness of the process Z, we get

EU, (X,, [X]}/2, Wi, Wi) < BULy(Xo, [X]5/2, Wo, WE).

However, we have [Xo]'/? = | Xo| and Wi = Wp; thus, by (2.2), the right-
hand side above is nonpositive. Plugging the majorization (2.3) yields

EW,1x), 513 < 2E[X, W7

It remains to carry out the appropriate limiting procedure, which goes along
the same lines as in the analytic setting. Since W; = E(W,.|F;) and X; =
E(Xo|Ft), the above estimate implies that EWoo1¢(x],>1} < 2E[Xoo|[W <
2E| X o |W*, by conditional Jensen’s inequality. Letting t — oo gives

EWool{[X](x,>1} < 2E| X oo |[W) < 2E|X o0 |WF,

and to get the non-strict estimate under the indicator, one applies the latter
bound to X/n, n € (0,1), and lets n — 1 (see the proof of (1.6) above). O
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