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Quasi-Cauchy quotients and means
JANUSZ MATKOWSKI

This paper is dedicated to Professor Ludwig Reich on the occasion of his 80th
birthday.

Abstract. Let I C R be an interval that is closed under addition, and £ € N, k£ > 2. For a
function f : I — (0,00) such that F (z) := J(k2) i invertible in I, the k-variable function

kf(z)
My 1% — 1,

Mf(l‘1 a:k) 3:F71< f(l‘l-l,-_;'_xk) >

F )+ f ()

is a premean in I, and it is referred to as a quasi Cauchy quotient of the additive type of
generator f. Three classes of means of this type generated by the exponential, logarithmic,
and power functions, are examined. The suitable quasi Cauchy quotients of the exponential
types (for continuous additive, logarithmic, and power functions) are considered. When I is
closed under multiplication, the quasi Cauchy quotient means of logarithmic and multiplica-
tive type are studied. The equalities of premeans within each of these classes are discussed
and some open problems are proposed.
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1. Introduction

Let I be a real interval that is closed under addition, and & > 2 be a fixed

positive integer. For a function f: I — (0,00), the k-variable function
fler 4+ +xk)

fle)+-+ f (2)

called a Cauchy quotient of the additive type (generated by f), arises when

we divide the left-hand side by the right-hand side of the Cauchy functional
equation for the additive function f (a1 +---+xx) = f(z1) + -+ + f (xx),

I* > (ml,...,xk)l—>
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written in the customary way. The restriction of this function to the main

. f(kx)
. . o, . . . . T -kf(Z)

1 in Sect. 3 gives general conditions under which F' is invertible, and the k-

variable function My : I kR,

. Theorem

diagonal of I* leads to the single variable function F (z)

Mf(l’l xk) ;:F—l( f(l‘1—|—..._|_xk) )

F@) + -+ 7 ()
is a premean or a mean, which is referred to as a quasi-Cauchy quotient of
additive-type premean or mean. Of course, additive functions of the form
f(z) = px are useless here. But it is natural to ask what kind of means
one can get if the generating function f belongs to one of the three remain-
ing elementary classes of functions: exponential, logarithmic and multiplica-
tive, characterized by the respective Cauchy functional equation. Answering
this question we show that the one-parameter family of exponential functions
f(z) = p® generates a new class of means (Proposition 1); the logarithmic
functions log, lead to a single premean that is not a mean in any subinterval
(Proposition 2); and in the case of power functions, the family of premeans is
empty (Remark 8). In the context of Proposition 1, a mean that is invariant
with respect to some mean-type mapping appears (Corollary 1).

1

Since F' is invertible iff so is the function &, and

(7) (Dl - po (Lot ),

there is no need to consider the quasi-Cauchy quotients separately if the roles of
nominator and denominator are reversed (Sect. 2, Remarks 3 and 4, concerning
also the remaining sections).

In Sect. 4, Theorem 2 gives conditions under which the quasi-Cauchy
quotient of exponential-type, i.e.the function

(@t )
Myen o) = £ ()

with F (z) = [;E:i)’“ is a premean or a mean. For the continuous additive
functions f (x) = pz (p > 0) one gets a k-variable mean (independent of p)

which in the case k = 2 coincides with the harmonic mean (Proposition 3).

These means, called Beta-type means, By, : (0, oo)k — (0,00),

kx ..... .’E ﬁ
Bt - (B2 )

have appeared recently in [4], where the question: when the direct exponential
Cauchy quotient is a premean or a mean was considered. For the continuous
logarithmic functions f = log, the respective mean does not depend on p,
but, only in the case k = 2, the explicit formula is given (Proposition 4).
In the remaining case, if f is a continuous multiplicative function in (0, c0),
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ie. f(x) = aP for some p € R, p # 0, then, independently of p, the quasi-
Cauchy quotient mean generated by f is the Beta-type mean (Proposition 5).

Let I be a real interval that is closed under addition. In Sect. 5, Theorem
3 provides conditions under which the quasi-Cauchy quotient of logarithmic

type

My (w1,...,25) = F~! (f(

o)+t f )

k

with F'(z) := %, is a premean or a mean. In this case the continuous
additive functions f(xz) = pz (p # 0) generate Beta-type means (Propo-
sition 6), obtained also in the previous section. The exponential functions
produce a new class of means described for arbitrary k£ > 3 by an implicit
equation, and effectively for k = 2 (Proposition 7). It is interesting that power
functions generate an extended family of Beta-type means (Proposition 8).

In Sect. 6, Theorem 4 gives conditions guaranteeing that the quasi-Cauchy
quotient of multiplicative type

R f(-fl ..... JTk)
Mf(x17...7xk))-— (f(xl)f(xk)>
(="

with F (z) := [J;(iz)])k, is a premean or a mean. Applying Theorem 4 for the ex-
ponential functions f (z) = p” one gets a new family of means given, in general,
by an implicit formula, which in case k = 2 reduces to the (translated) geo-
metric mean My (z,y) =14+ +/(x — 1) (y — 1) for all ,y > 1 (Proposition 9).
Proposition 10 describes the means generated by Theorem 4 and the logarith-
mic functions. Moreover it turns out that in this case the additive continuous
functions do not produce any means (Remark 18).

The Beta-type mean By, plays an important role here, as it appears natu-
rally in each of the sections and helps to describe some of the obtained classes
of means.

After each theorem, we pose a problem concerning the equality of the in-
troduced mean. We give only a partial solution of Problem 4, concerning the
equality of two multiplicative-type quasi-Cauchy premeans. The suitable func-
tional equations restricted to the diagonal are related to the problem posed by
Reich [9].

Let us note that the question when the quasi-Cauchy difference is a mean
is considered in [§].
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2. Preliminaries

Let I C R be an interval and k € N, k > 2, be fixed. Recall that a function
M : I* — R is called a k-variable mean in I, if
min (21, ...,25) < M (21,...,2,) <max (z1,...,2%),21,..., 2, € I;

(see, for instance, [1]). A function M : I* — R is called reflexive if M (z,. .., x)
=z for all x € I. Tt is called a k-variable premean in I, if it is reflexive and
M:IF = 1.

A k-variable mean or premean in [ is called:

strict in the ith variable, if, for all z1,...,z € I,

M (z1,..., % ...,Tk) =T => T] = T = -+ = T,
and it is called strict, if it is strict with respect to each variable; symmetric,
if M (xc,(l),...,a:,f(k)) = M (z1,...,xp) for every (z1,...,21) € I* and every
permutation o of {1,...,k}; homogeneous, if I = (0,00) and

M (tzq, ... teg) = tM (x1,...,2) , t,21,..., 25 > 0.
Of course, every mean is a premean, but the converse implication is not true.
However we have the following

Remark 1. If a function M : I*¥ — R is reflexive and (strictly) increasing in
each variable, then it is a (strict) mean; in the sequel it is referred to as a
(strictly) increasing k-variable mean.

In this connection we have
Remark 2. There is no mean that is decreasing with respect to any variable.

Note the following general method of construction of premeans and means.

Lemma 1. Let k € N, k> 2, I C R be an interval. For a function g : I* — R
define v : I — R by

Then:
(i) if g (Ik) C v (I) and ~ is invertible, then the function

M::fyflog

18 a well defined k-variable premean in I ;
(i) if g is continuous and strictly increasing in each variable (strictly decreas-
ing in each variable), then v is continuous strictly increasing (strictly de-

creasing), and the function M is a strictly increasing k-variable mean in
I.

J
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(#ii) if g is continuous and increasing in each variable (decreasing in each
variable) and ~y is strictly increasing (strictly decreasing), then M is an
increasing k-variable mean in I.

Remark 3. If g : I* — (0,00) in the previous lemma, then

-1
u-(z) =)
Y g
Remark 4. For a closed under addition interval I, a continuous and strictly
monotonic function f: I — (0,00), and k € N, let
L(:z:l,...,:ck) = f($1+"'+$k), R(:rl,...,:ck) = f($1)++f($k)

(the left-hand side and the right-hand side of the additivity equation
flri+-+ak)=f(z1)+--+ f(xx)), and put

() =L(z,...,z), r(x):=R(z,...,z).
By the previous remark, if the function % is invertible, then,
(f)‘l (f($1)+"'+f($k)> _ (l>1< [z +- -+ ) >
l flar+- 4 ) r fla)+-+fla))’

T1,...,2 € 1.

Similar equalities hold true for the exponential-type, logarithmic type, and
multiplicative- (or power)-type Cauchy quotients.

3. Additive quasi-Cauchy quotient

Theorem 1. Let I C R be an interval that is closed under addition, i.e. I +1 C
I, f: T — (0,00) be a function; k € N, k > 2; and let F : I — (0,00) be given
by

Then
(i) if F is one-to-one and
f(x1+"'+fbk) . - e
{f($1)+--~+f(a:k)' Lo kGI}C{F(). €1}, (2)

then the function My : I* — (0,00) defined by

f($1+"'+$k) >
@) 4+ f (k)

is a correctly defined symmetric k-variable premean in I;

My (21, 2) = F" ( (3)
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(i1) if [ is continuous and the function

Fleit -+ aw) W
f@a) +- 4 f (k)
is strictly increasing (decreasing) in one of the variables, then F is strictly

increasing (decreasing) and the function My defined by (3) is a continuous
symmetric strictly increasing k-variable mean in I.

I* > (x1,...,2) —

Proof. (i) By (2) the function My is well defined and My (z1,...,x5) € I for
all x1,...,x, € I. Moreover, in view of (1) and (3), for every x € I we have

My (z,...,x) = F! (iﬁg) =z,

so My is reflexive.

To show (ii) assume that the function (4) is strictly increasing in one of the
variables. The symmetry of this function implies that it is strictly increasing
in each of the variables. Hence, if z,y € I, z < y, then

kf(@)  f)+-+f@) " f+-+fW) kf) ’
so F' is increasing. Since F' is one-to-one, it is strictly increasing. The function
My, being the composition of the function (4) and F~! | is (strictly) increasing.
Since, in view of (i), My is a premean, it is reflexive.

In the case when the function (4) is strictly decreasing in one of the vari-
ables, arguing similarly, we show that F' is strictly decreasing. Consequently,
the function My, being a composition of two strictly decreasing functions, is
increasing. In both cases the continuity of My is obvious.

Now (ii) follows from Remark 1. O

Definition 1. Under the assumptions of Theorem 1 (ii), the function M : [ ks
1 is referred to as an additive-type quasi-Cauchy quotient mean generated by
f (or of generator f).

Remark 5. There is no monotonic function f : (0,00) — (0, 00) such that its
direct additive-type Cauchy quotient is a premean in (0, 00).

To see this assume, on the contrary, that for some monotonic function

f:(0,00) — (0,00), the function M : (0,00)*> — (0,00), M (z,y) = %
f(2x)

is a premean. Then 3 o = for all x > 0, or, equivalently, f satisfies the
iterative functional equation

f(x)zxf(g), x> 0.

Hence, by induction, we get

n

f(x)::czi ..... %f(%):;@f(%), x>0,neN
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If f were bounded in a right vicinity of 0, then, letting n — oo, we would get
f(x)=0for all z > 0.
Thus lim,_o f(z) = oo. Consequently, f must be decreasing and

/(32)
@ =

lim, . f(x) is a finite nonnegative real number. It follows that

2@((?) = % < x for all z > 0 is invalid, so M is not reflexive.

Since a positive continuous solution of this iterative equation depends on
an arbitrary function (see [6]), the condition of monotonicity of f in Remark
5 is essential.

Problem 1. Let f : I — (0,00) and g : I — (0,00) satisfy the conditions
of Theorem 1. Determine conditions under which the quasi-Cauchy quotient
premeans My and Mg are equal.

Remark 6. Put G (z) := ijzg and ¢ := Go F~!. The equality M; = M, leads

to the functional equation

J 1+ -+ xy) B g+ +ap)
(f($1)+"’+f(l’k-)>_g(x1)+...+g(xk)’ x1,..., x5 €1,
which for £ = 2 reduces to
f(z+y) )_ g(xz+y)
(f($)+f(y) @) +gy)’ vy el

which is a special case of a more general functional equation

so(h(fv,y))gg(x+y) r,yel,

(z) +9(y)’

in which ¢, h and g are unknown.

Part 1: Additive quasi-Cauchy quotient for exponential functions
xT

Applying Theorem 1 for the exponential function of the form f(z) = p
we get

Proposition 1. Let k € N, k > 2, be fized. For every p > 0, p # 1, the function
M, : R¥ — R given by

1 fepi et

Mp(xl""7xk): killogppzlJr...erzk,

s an additive type quasi-Cauchy quotient mean generated by the exponential
function f (z) = p*, (x € R).
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Moreover, for all x1,...,x, € R,
lim M, (21, ..., 24) = Tt T
p—1 k
lim M, (z1,...,2k)
p—0
d{j :x; = mi -1 1
_ {722 H:Ii(fl’  Tk)} min (21, ...,25) + 1 Z
{5
min (z1,...,Tx) } 25;
lim M, (z1,...,%x)
p— 00
d{j:x; = —1 1
_ can {] T Hllcai(flv ;xk)} max(xl,...,l'k)+m Z
{jim;#
max (Z1,...,%k)} T;;

and setting

My = ;LHi M,, My:= Il)ii% M,, My = pli—>nolo M,
(pointwise limits), yields a family of symmetric means {M, : ¢ € [0,00]} such
that for every x1,...,x, € R, the function

[0,00] 3 ¢ — M, (z1,...,2k) is continuous.

Proof. Take k € N, k> 2, I =R, p > 0, p # 1, and the function f (z) = p*.
By (11) we have

kx (k—1)x

p p
F = — =

The function F' maps R onto (0,00), it is strictly increasing if p > 1 and
strictly decreasing if 0 < p < 1; so F' satisfies all the conditions of Theorem
1(ii). To show that the function

z € R.

pw1+”'+$k

is strictly monotonic with respect to the first variable, let us fix arbitrarily
To,..., T € R, and define ¢ : R — R by

Rka(:rl,...,xk)n—>

t
o (t) =M, (t,za,...,z) = .
where a := r®2 T 1% and b := r®2 4 ... 4 ¥ are some positive real numbers.
The function ¢, being the composition of the strictly increasing homographic
function (0,00) 3 u — u‘fm and the exponential function R 3 u —— p%, is
strictly increasing if p > 1, and strictly decreasing if 0 < p < 1. It follows
that the function M, is strictly monotonic with respect to the first variable.
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The symmetry of M, implies that it is strictly monotonic with respect to each
variable, and, consequently, all the assumptions of Theorem 1 (ii) are satisfied.
Since

1
F71 (t) = mlng k't, t e (O,OO)7

applying Theorem 1(ii), we get

kpml-i-----‘rwk

1
Mp(xl""’xk):k_llogppz1+...+pmk’ T1,...,7r € R.
Since
ke(zit - tap)Inp
1 lﬂm
M, (z1,...,x) = - doode ,  T1,...,T, €R,

k-1 Inp
and, after an easy calculation,

9 (111 ke(@1t tay)np )

Fp er1mp yewInp

£ (Inp)
(xl 4+t xk) (emlnp B lnp) _ (em ln,’Dx1 B lnpwk)
eriInp 4 ... 4 exrlnp

b

by the L’Hospital rule, we obtain
(k—1) limlMp (x1,...,2k)
p*)

(eafl Inp 4 .4 %k 1np) (xl 4+t xk) _ (em 1npxl 4o TR 1npxk)

= lim
p—1 erilnp 4 ... 4 exilnp

k(A dag) (o) (B 1) (w4 )

N k N k ’

whence
. r1+--+w

My (x1,...,x) == hmlMp(asl,...,zk) = %, T1,..., T €R.
p*)

To calculate the limit at 0, assume first that z1,..., 2, € R are such that

1 =min (z1,...,2,) < min (zg,...,Tk) .

Making use of the above formula, we have

) (m ke(z1++oy)np ) )

£ (Inp) T 1+ elmme iy f o elee) iy

(1 4el@z—z)np o 4 e(ka*ﬂﬂl)lnp) (z1+ -+ xp)
' — (xl +6(I2*$1)1npx2+...+e(wk*w1)1npxk) :

op eT1Inp ... feTk NP
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By the L’Hospital rule, taking into account that the numbers zo — 1, ...,z —
x1 are positive, and letting p — 0, we get

(k_l)]])'ii%Mp(mla"ka) - (x1+"'+xk)—x1,

S0
. 21+ -+ xp — min (xq1,...,x)
Mo (z1,...,x,) = im M, (z1,...,28) = - .
p—0 k—1
Now assume that x1,...,x; € R are such that, for some l € N, 1 <[ < k,
Ty =x9 ==z =min (z1,...,2,) < min (z41,...,Tk) -
In this case we have
5 kelzi+ -ty )inp
o (ln m) 1

2 (Inp) Tt e e 4 (o) Inp

([ 4 e@pi—z)np 4 e(xk—ﬂfl)lnl)) (1 + -+ x3)
\ (531 T e($t+1—11)1npxl+1 NI e(xk—rl)lnpxk) ’

and letting p — 0, we get
(k—1) lirr%]Mp (X1,..., k)
p*)

Pay+1(xie1 + - +ap) =l
_ 1 (l+1 l k) 1:(l-1)$1+xl+l+”.+xk7

so, generally,
Mo (o) = lim My (. 0)
(I—Dmin(zq,...,25) + 201 + - + 2k
k-1 '
Now the symmetry of M, implies that for all zy,...,z, € R,

lim M, (z1,...,2k)
p—0

_ ((Z{j:xj:min(zl,‘..,xk)}j) - 1) min (1, .- Tk) + D¢, Lmin(ey,..on)} T

K1 ’
lim M, (z1,..., %)
pA)O
_ car {j:x; =min(z1,...,21)} min (21, ...,2k)
k—1
+Z{j:zj75min(w1,w7wk)} i
k—1 ’

and, of course,

My := lim M,
p—0
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is a symmetric mean.
We omit the analogous reasoning in the calculations of lim,_,o, M. O

Remark 7. Proposition 1 implies that for all k > 2 and p > 0, p # 1,
My (z1,...,2x) = log, By (p™,...,p"™), x1,...,21 ER,

so M, is exponentially conjugate to By, the Beta-type mean defined in the
introduction. In the case k = 2 we get M, (v,y) = log, H (p*,p¥), where

H : (0,00)° — (0,00), given by H (z,y) = f% is the harmonic mean. Thus

M, is exponentially conjugate to the harmonic mean.

Corollary 1. Let k = 2. Then for every q > 0 the arithmetic mean A = M,
s invariant with respect to the mean-type mapping (M;,Mq> : (0, 00)2 —
(0,00)?, i.e.
M o (Ml,Mq) - M,

which implies that the sequence ((M;,Mq> NS N) of iterates of (M;,Mq)
is pointwise convergent in R? and

lim (M;,Mq) — (M, M;).

n—oo q

Proof. Since, after simple calculations, for all z,y € R,

1 21 2¢=tY
M o (M%,Mq) (z,y) == <log; - ‘1+ - + log,

2 q= " qv ¢+
T+
= = M (),
2
the mean M is (M 1, Mq)—irwariaunt7 and the result follows from [7]. O

Part 2: Additive quasi-Cauchy quotient for logarithmic functions

Proposition 2. Letk € N, k> 2;p >0, p# 1, be fived and let f =log,. Then

(i) for every p > 0, p # 1, the additive type quasi-Cauchy quotient My :
(1,00)]C — (1,00) generated by the logarithmic function f = log, is a
premean, it does not depend on p, and My = M, where

1n($1 ..... xk)
Mln (flwu,xk) = kk(ln(x1+u,+g:k)fln:z1 AAAAA xk)7 T1,. .., X > 1;

(ii) the premean My, is not a mean in any of the intervals («,c0) where
a>1.
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Proof. Take k € N, k > 2, p > 0, p # 1, the interval I = (1,00), and the
function f: I — R, f =log,. By (1) we have

F(x)= log, (k) (ka) xz>1
klog,x ’ '
Hence, since log, = lil—np, we have
In (kx)
F(x)= 1.
() kln(z)’ v

It is easy to verify that F is decreasing in (1, 00) , and maps the interval (1, c0)
onto (%, oo) .

Since log, = 1%’ the k-variable function (4) has the form

log, (z1 + -+ + %) In(xy 4o 4 ap)

]'ng (xl DR .xk) - ln (xl ..... xk) :

(1,00)" 3 (21,..., 1) —

For arbitrarily fixed zo, ..., 25 € (1,00) define ¢ : (1,00) — (0, 00), by

In(a+1t)
=— t>1
where a ;=29 +---+zp and bi=a9 - --- - 7.
Note that
t
Sy=—2W
[ (o)t (a+ 1)
where

Y(t):=tln(bt) —(a+t)In(a+t), t>1

Considering this function we conclude that ¢ has exactly one global minimum
at a point ¢ € (a,b) C (1,00) and, consequently, the function ¢ : (1,00) —
(0,00) is strictly decreasing in the interval (1,¢| and is strictly increasing in
[¢,00), for some ¢ € (1,00). This property implies that for arbitrarily fixed
Z1y..., 2 € (1,00) one can find j € {1,...,k} such that

ln(x1—|—---—|—xk) > ln(xj+--~+xj)

1
= F . _
In(zy-----xp) = In(aj----- ;) ($J)>k’

by Theorem 1, the function
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Ink
kln(zl+~~+zk)_1 (Ink) In(@yg-- =)
=e

Mf (xh L ,$k) = ¢ Wm(e1wy) k(n(zy++zp)—In(zg - xy))

1 () oy )
— (e nk) k(ln(z1+-~-+mk)fln(m1 ~~~~~ zk)) — kk(ln(ml‘*’"'*’mk)*ln(ml"""Ek))

is a k-variable premean in (1,00).
Since, for each j € {1,...,k},

1. ln(ml.....xk) 1
im =
zj—oo k(ln(xy + - 4ag) —In(zy -+ xp)) k-1
for all z1,...,2j-1,%j4+1,..., 2k € (1,00) we have
lim Mf (xl,...,xk) :k'kil, Tlyee oy Tj—1, T4y, Tk > 1.

Of course, it follows that My := M, is not a mean in any closed under addition
subinterval J of (1,00). O

Part 3: Additive quasi-Cauchy quotient for power functions
It turns out that

Remark 8. There are no additive-type quasi-Cauchy quotient premeans gen-
erated by power functions.

Indeed, take an arbitrary k € N, k > 2, an interval I C (0,00), closed
under addition, and a power function f(x) = aP, where p € R, p # 0. Since
by (1),

P
F(x)= (:2) =kt xel,
the function F' is constant, which shows that there does not exist an additive-
type quasi-Cauchy quotient mean generated by f.

4. Exponential quasi-Cauchy quotient

Theorem 2. Let I C R be an interval that is closed under addition, i.e. [ +1 C
I; f: T — (0,00) be a function; k € N, k > 2; and let F : I — (0,00) be given
by

[ (kz)
F(x):= , xel. 5
el 7S o
Then
(i) if F is one-to-one and
{ff(iil)_'—_;(m;k)) 1T, ..., Tk EI} C{F(x):x€el}, (6)
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then the function My : I* — (0,00) defined by
f($1+"'+1‘k) )
f@a)--- f ()

is a correctly defined symmetric k-variable premean in I;
(i) if f is continuous and the function

My (z1,...,28) ::F_l(

flry+- 4+ k) (8)
f@r) - f (o)
is strictly increasing (decreasing) in one of the variables, then F is strictly

increasing (decreasing) and the function My defined by (7) is a continuous
symmetric strictly increasing k-variable mean in I.

I3 (x1,...,25) —

Proof. Analogous as in Theorem 1. O

Definition 2. Under the assumptions of Theorem 2 (ii), the function M : I* —
1 is referred to as an exponential-type quasi-Cauchy quotient mean generated
by f (or, of generator f).

Problem 2. Let f : I — (0,00) and g : I — (0,00) satisfy the conditions
of Theorem 2. Determine conditions under which the exponential-type quasi-
Cauchy quotient premeans My and M, are equal.

Remark 9. Put G (x) := Z(g]zg and ¢ := G o F~'. Now the equality M; = M,

leads to the functional equation

f@+ -+ ) ) g (w14 +x)
= ,  T1,...,T €I,
(fm) ----- fla)  g@)- gl ™
which for k£ = 2 reduces to
.ﬂw+w) g(z+y)
= ) x?y e I7
(ﬂ@f@ g9(x)g(y)
which is a special case of the functional equation
g(z+y)
h Zz, = TN _ T,y € Ia
o (h(@9) g9(x)g(y) Y

where ¢, h and g are unknown.

Part 4: Exponential quasi-Cauchy quotient for additive functions
Applying Theorem 2 we obtain

Proposition 3. Letk € N, k > 2, be fized. For every p > 0, the exponential-type
quasi-Cauchy quotient mean My : (0, oo)k — (0,00) generated by the function
f(x) =pzx, (x> 0), does not depend on p, and

My =By,
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where By, is the Beta-type mean given by

I A Lt
By (x1,...,25) = (M) .

Proof. Take k € N, k> 2,1 = (0,00), p > 0, and the function f (x) = pz. By
(5) we have
pkx k
F = = 0
() (pz)* P lah T z >0,

so the function F : (0,00) — (0, 00) is strictly decreasing. Moreover we have

1/(k=1)
F—l(t):< K 1) ,  t>0.

1t
Since
0 plxy+--+axg) 1 xo+-+a
o1 = k—1,.2 < 07
Oxy (pxq) -+ -+ - (pzk) P12 gy,

the symmetric function
p(ry + -+ )
(px1) -+ - (pk)

is strictly decreasing in each variable. By Theorem 2(ii) we obtain, for all
Ty,...,x > 0,

(0,00)% 5 (21,....ap) —

ko (pxy)----- (pxk))l/(k—l) _ <M>1/(k_1)

My (z1,...,208) =
sl ) <pk_1p(l‘1+"'+$k) Ty 4T

O

Remark 10. The mean M} coincides with the Beta-type k-variable mean ob-
tained in [4]. For k = 2, the mean M is the classical harmonic mean.

Part 5: Exponential quasi-Cauchy quotient for logarithmic functions
Proposition 4. Let k € N, k > 2, be fized. For every p > 0,p # 1, the function
M : (1,00)" = (1,00) given by the implicit equality

In (KM (z1,...,2x))  In(zg+ -+ p)

- 5 1’1,...7xk>17
[In M (zq,...,24)]" Inzy-----Inzy

is the exponential-type quasi-Cauchy quotient mean My generated by the loga-
rithmic function f =log,, so it does not depend on p.
Moreover, in case k = 2,

M (z,y) = exp (él?nﬁl(:r_lzi <\/4 (Eg gnyy)) In2+1+ 1)) ,  x,y > 1.
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Proof. Take k € N, k > 2, I = (1,00), and the function f = log,. Consider
first the case p > 1. By (5) we have

log,, (kz)
F r)= ——7F = hl
(0= o = ) S

F is strictly decreasing and maps (1, 00) onto (0, 00). Since the function (8):

k—1 In (kx)
k’

x> 1,

log, (z1 + - + )

1,00)" 3 (21,...,
(1,00) (1 xk)}_)logpxl ..... log,,
g n(zy 4+ k)
— (Inp)Ft 0, 00) .
() A € (0.0

is decreasing in each variable, (that is easy to verify), by formula (7) of
Theorem 2(ii), we obtain the mean

_ k1 In(zy + -+ k)
Mf(l'lv""xk):F 1((1np) ' Inz;-----Inaxyg

>, T1,y..., 2k > 1.

Since we do not have the effective form of F~!, we get
k—1 ln(kM(xl,,wk)) E—1 1n(m1+...+xk>

In = (In , T1y...,Tp > 1
(lnp) [1nM(a:1,...,xk)]k (lnp) Inzy - - Inxy ! F
whence

In (kM 1

(R o, ’xk)k): oot +xk)7 X1y, xp > 1

ln M (z1,...,x)] Inzy - - Inaxg

which, in particular, shows that M is independent of the choice of p.

If p € (0,1) the proof is similar, so we omit it.

The result in the case k = 2 follows from the fact that one can easily
determine the effective form of F~1. O

Part 6: Exponential quasi-Cauchy quotient for multiplicative functions

Proposition 5. Let k € N, k > 2, be fized. For every p € R, p # 0, the
exponential-type quasi-Cauchy quotient mean My : (0, oo)k — (0, 00) generated
by the power function f(x) =aP, (x > 0), does not depend on p, and

My = By,
where By, is the Beta-type mean.

Proof. By Theorem 2 with I = (0,00) and f (x) = 2P we have

whence
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and, for all x1,...,x, >0,
kT
I
((1:1+“'+-'L'k)p) k—1)p

R, >1/<k1>
= —- =B (x1,...,%k) .
<x1+--~—|—xk k(o )

Mf (:cl,...,a:k) =

5. Logarithmic quasi-Cauchy quotient

Theorem 3. Let I C R be an interval that is closed under multiplication, f :
I — (0,00) be a function; k € N, k> 2; and let F': I — (0,00) be given by

F(z):= rvel. (9)

Then

(i) if F is one-to-one and

{f(glgxi+a;ck()xk) PX1, ..., Tk GI} C{F(z):z€el}, (10)

then the function My : I* — (0,00) defined by
o1 f(xl """ )
Mf($1,...7xk) =F (f($1)++f(l'k)> (11)

is a correctly defined symmetric k-variable premean in I;
(ii) if [ is continuous and the function

f(ml Y .xk) (12)
f@) +- 4 f ()
is strictly increasing (decreasing) in one of the variables, then F is strictly

increasing (decreasing) and the function My defined by (11) is a contin-
uous symmetric strictly increasing k-variable mean in I.

"5 (z1,....2p) —

Proof. Analogous as in Theorem 1. O

Definition 3. Under the assumptions of Theorem 3 (i), the function My : I* —
I is referred to as a logarithmic-type quasi-Cauchy quotient mean generated
by f (or of generator f).

Problem 3. Let f : I — (0,00) and g : I — (0,00) satisfy the conditions
of Theorem 3. Determine conditions under which the logarithmic-type quasi-
Cauchy quotient premeans My and M, are equal.
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Remark 11. Put G (z) := Z(glzg and ¢ := Go F~1. Now the equality M; = M,

leads to the functional equation
< f(xl-.-..xk) ): g(xl-.-..xk)

fla)+-+fla)) g@)+-+g(w)

which for k£ = 2 reduces to
[ (zy) ) g (zy)
(p = ) x? y 6 I?
(f(w)+f(y) g9(x)+g()

which is a special case of a more general equation

~ gl(wy)
o (h(@y)) = g(x)+9g(y)

T1,...,x €1,

9 1‘7 y 6 I’
with unknowns ¢, h and g.

Part 7: Logarithmic quasi-Cauchy quotient for additive functions
Applying Theorem 3 for continuous additive functions, we again obtain the
Beta-type means. Indeed, we have

Proposition 6. Letk € N, k > 2, be fized. For every p > 0, the logarithmic-type
quasi-Cauchy quotient mean My : (0, 00)" = (0,00) generated by the function
f(x) =px, (x >0) does not depend on p, and

My = By,
where By is the Beta-type mean.

Proof. Take k € N, k> 2, I = (0,00), p > 0, and the function f (x) = pz. By
(9) we have

k
px e
F(m) = kpx = Emk 1’

so the function F' : (0,00) — (0, 00) is strictly increasing, and
Fht) = k)™ Y >0
Since the function (12) for f (z) = px :

x>0,

x
p(xl-....xk)
p(x1++xk)

is strictly increasing in each variable, the assumptions of Theorem 3(ii) are
satisfied. Applying this result we obtain

B p(zy - xk) 1/(k—1)_ kxy -z 1/(k—1)
My (zy,... 2p) = [ k= O
p(zy+ -+ xp) X1+ -+ xp
:Bk(‘rla"ka)

(0,00)" 5 2 —

for all z1,...,2, > 0. g
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Part 8: Logarithmic quasi-Cauchy quotient for exponential functions

Proposition 7. Let k € N, k > 2, be fized. For every p € R, p # 1, there
is a unique mean M, : (1,00)" = (1,00) such that M, = My, where My is
a logarithmic-type quasi-Cauchy quotient mean generated by the exponential
function f (x) = p®; and the mean M, is given by the implicit equation

Loy @l =My i) P

k PEL 4 - - pTh]
Moreover the functions My, My, M : (l,oo)k — (1,00) defined as the point-
wise limits

T1y...,2k > 1.

My = lim M,, M, = lim M,, M, = lim M,
p—0 p—1

p—0o0

exist, and are k-variable means such that

[Mo(acl,...7xk)]k—Mo(xl,...,xk):xl~-~--xk—min(x17...,xk),
T1,y...,2Tk > 1;
[M; (xl,...,xk)]kal (x1,...,xk) =1~ xkfw,
Ti,...,T > 1
[Moo(ml,...,xk)]k—Moo(ajl,...,xk):xl---~~a:k—max(;v1,...,xk),
Ti,...,2x > 1.

In the case k = 2 we have

L(1+ /14108, 255 )  ifpe (0,00 \ {1}

)

- %(1+\/1+4xy—4min(x,y)) if p=0
p(T,y) = " ' , T,y > 1

;(1—1—1/1—1—43::1/—4;”*’) if p=1

(1+\/1+4xy—4max(x,y)) if p =00

Proof. Take k € N, k > 2; I = (1,00); p > 0, p # 1; and let f(x) = p*.
Assume first that p > 1. By (9) we have

N

F(x)= = N

so the function F : (1,00) — (1,00) is strictly increasing. For the function (12)

we have
Ty 1
(1,oo)k S (21,0, xk) — p— € < oo)

and, for all x1,..., 2, > 1,
o P TR prL wkl-z.....g;k(p$2_|_..._|_pfﬂk)
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s0, by symmetry, it is strictly increasing in each of the variables. Now Theorem
3(ii) implies that the function My : (1, 00)F = (1,00) given by

Mf(a:l,...,ozk)F1< ), T1,..., o > 1,

pxl + PR + pwk
is the desired mean M, := M;. Since, in general, we do not have the effective
formula for F~!, we get

1p[M’)(gEl""’I’“)]k_]\/I”(”“'l"“””’c) = A . X1, ...,xk > 1.
Hence, making use of the L’Hospital rule, for all z1,...,z > 1, we get

ke®l @y Inp
eI Pt feok D

kpzl ..... z ] In

i og —————— = lim
p—1+ prL 4 - - + pTr p—1+ Inp

erl Inp erk Inp
= lim |xq----- T — T T
p—1+ 1 k 6.rllnp+,,,+emklnp 1+ +€m11np+,,,+emklnp k
=y Tp —
. T1
lim R
p—1+ 1_;'_e(zgle)lnp+,,,_~_e(zkle)lnp

Tr
e(xi—zp)Inp 4 ... 4 e(xk—l_gck) Inp
T+t
—
Now the properties of the function t* — ¢ imply that My (xq,...,z%)
= lim,,_.g M, exists, My is a mean as the limit of means, and

=Xy Tr —

[Mo(xlr--yxk)]k_M()(xl,...7.’13k):xl ..... Tk
B S e

A , Tqy..., Xk > 1.

Similarly we get

lim ([Mp (x1,...,21)]F — Mp (z1, ... ,xk))

p—00
er1l Inp e:vklnp
= lim |zy----- T — 14+ z)
p— 00 e:cllnp+,,_+€acklnp ew11np+_,,+e:cklnp
=Xy zp — lim

x1 + + Ty
1+elz2—z1)Ilnp ... 4 e(zp—z1)Inp elzi—zp)Inp o ... +e(zkfl_zk)1“p

=qq e T — max (T1,...,%k),

which proves the existence of the mean M.
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In the case 0 < p < 1 the suitable considerations as well as the calculations
of the limits lim,_.o M, and lim,_,;_ M,, are analogous, so we omit them.
In the case k = 2, setting 1 = x, x2 = y, the implicit equality becomes

Lpeor-sMyey - P
2 P +pY
whence
2 2p*Y
(M) (z,y)]" = M, (z,y) = log, v’ r,y>1, pe0,00],
which is a quadratic equation for M. Solving it we get the result. 0
Remark 12. Since the function F' (x) %pzk’z is not monotonic in the interval

(0,1), a similar result for this interval does not hold.

Part 9: Logarithmic quasi-Cauchy quotient for multiplicative functions

Applying Theorem 3 to multiplicative continuous generators we obtain an
extension of Beta-type means.

Proposition 8. Let k € N, k > 2, be fixed. For every p € R, p # 0, the function
M, : (0,00)" = (0,00) given by

1/(k—1)
KYPgy ooy
Mp(xl,...,xk)z » 1/p
(xl + e +xk)

is the logarithmic-type quasi-Cauchy quotient mean My generated by the power

function f (z) = aP. Moreover the pointwise limits M_ o, My, Mus : (0,00)" —
(0, 00),

M_o = lim M, M= lim M, M= limM,
p——00 —00 P

-
exist and
1
xl . xk k=1
M_ =
) (xla 7xk) (mln (501, 7Ik)> )
1
Ty T =1
M_ =
%) (xla ,l’k) <max(x1, 7xk)> 5
1
Mo (z1,.. . xp) = (21 -+~ xp)*,

i particular, My is the geometric mean.

Proof. Take k € N, k > 2, I = (0,00), p € R, p # 0, and the function
f(z) =aP. By (9) we have

1
F(x)= Exp(kfl), x>0,
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so the function F : (0,00) — (0, 00) is strictly increasing for p > 0 and strictly
decreasing for p < 0, and

FH () = (k)P0 >0,
Since the function

(21 ap)P

k
0,00)* 3 (z1,...,
(0,00)7 > (a1 xk)’—>w’f+...+x£

is strictly increasing in each variable if p > 0 and strictly decreasing in each
variable if p < 0, the first result follows from Theorem 3 (ii).
We omit the easy verification of the results concerning the limits. O

Remark 13. Note that M; = By,.

Corollary 2. Let k = 2. Then for every p € R the geometric mean G = M
is invariant with respect to the mean-type mapping (M_p, M,) : (0,oo)2 —
(0,00)%, i.e.

Mo o (M_p, M) = Mo,

which implies that the sequence (M_,, M,)" : n € N) of iterates of (M_,, M)
is pointwise convergent in (0, 00)2, and

nh_{r;o (M*ZN Mp)n = (M07 MO) :

Proof. Since, for all z,y > 0,
My o (M—p7 MP) (mvy)

21/(-p) 21/p
= - =y = Mo (5,y),
(2P 4 y (=) /P (g 4 yp) /P

the result follows from [7]. O

6. Multiplicative quasi-Cauchy quotient

Theorem 4. Let I C (0,00) be an interval that is closed under multiplication,
f:I— (0,00) be a function; k € N, k > 2; and let F : I — (0,00) be given
by

F(z):= rel. (13)

Then
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(i) if F is one-to-one and

{f{x(jlfx(];)k) ST1,..., Tk € I} C{F(x):x€el}, (14)
then the function My : I* — (0,00) defined by
o fye )
Mf(l’l,...,.’l,‘k) =F (f($1)f(l'k)> (15)

is a correctly defined symmetric k-variable premean in I;
(ii) if [ is continuous and the function

Flay - xp)
Flay) - f(zn)
is strictly increasing (decreasing) in one of the variables, then F is strictly
increasing (decreasing) and the function My defined by (15) is a contin-
uous symmetric strictly increasing k-variable mean in I.

Ik = (Il, e ..’Iik) — (16)

Proof. Analogous as in Theorem 1. O

Definition 4. Under the assumptions of Theorem 4 (ii), the function M; : I* —
I is referred to as a multiplicative-type quasi-Cauchy quotient mean generated
by f (or of generator f).

Problem 4. Let f : I — (0,00) and g : I — (0,00) satisfy the conditions
of Theorem /. Determine conditions under which the logarithmic-type quasi-
Cauchy quotient premeans My and M, are equal.

Remark 14. Put G (z) := i(g]z; and note that the equality M; = M, leads to

the functional equation
( Flag ) )_ gy ap)
flza)-- fxw))  g(@) - -g(z)
where ¢ := G o F~! is defined on the set
o f(xlajk) ' }
Jf = {f(xl)f(zk) TX1y e, T > 1 p .
In the case k = 2 this equation reduces to
w( f (zy) ): g (zy) cyel (17)
f@fw/) g@gly) 777

which is a special case of the functional equation

T1,...,x €1,

__9(xy) .

where ¢, h and g are unknown.

A partial solution of Problem 4 gives the following
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Remark 15. Assume that f : (1,00) — (0,00) is continuously differentiable
and locally not a power function (i.e. it is not of the form = —— «xz? on any
nonempty subinterval of I), and g : (1, 00) — (0,00) is continuous. Let

5= { Ly e 00}

If f,g and ¢ : J — (0,00) satisfy Eq. (17), then there are a,b,c € R, a >
0,c > 0 such that

Proof. Setting
s=logx, t=logy, x,y€el,
and
®:=logopoexp, F:=logofoexp, G :=logog o exp,
it is easy to see, that Eq. (17) is equivalent to
D(F(s+t)—F(s)—F{#)=G(s+t)—G(s) —G(1), s,t €log ().

Since ® is continuous, F is differentiable, not affine on any subinterval of
log (I), and g is continuous, Bruce Ebanks’ result [3] (see also [8], Remark 5),
we conclude that there are some real numbers a, b, C' such that

G (s) =aF (s)+bs+ C, selogl; and @ (u)=au—C, wué€Jp,
where
J={F(s+t)—F(s)—F(t):s,t €log(I)}.

C

Hence, setting ¢ = e“, we obtain

g(x)=cab[f(x)]*, =xel and @(t):?a, te.J
O

Remark 16. In this remark the interval (1,00) can be replaced by (0,1) and
(0,00) .

Remark 17. Ebanks proved his result in [3] using some regularity results of
Jarai [5] (see also [2], where stronger regularity is assumed).

Part 10: Multiplicative quasi-Cauchy quotient for exponential functions

Proposition 9. Let k € N, k > 2, be fized.
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Then for every p > 0, p # 1, the exponential function

Vol. 95 (2021)
x € I, generates a unique multiplicative-type quasi-Cauchy

(i) Let I = (1,00).

f (@) =p",

quotient mean M : (1, oo)]C — (1,00); it is given by the implicit equality
g — (x1 4+ -+ k), T1,...,25 > 1,

and it does not depend on p.

Moreover, in case k = 2,
M(z,y) =1+ (x—1)(y - 1).

(ii) Let I = (0,1). Then for every p > 0, p # 1, the exponential function
f(x) =p®, x € I, generates a unique multiplicative-type quasi-Cauchy

quotient mean M : (0, l)k — (0,00); it is given by the implicit equality
Tlyees T € (071>7

kM_Mk:x1+.+xk_x1..xk,
and it does not depend on p. Moreover, in case k = 2,
M(z,y) =1-v(1-2z)(1-y).
Proof. (ii) Take k € N, k > 2, I = (1,00), p > 0, p # 1, and the function
f(z) = p* in Theorem 4. By (13) we have

.'L'k kk:
F=p" ", x>1

F(z) =
(»*)
Assume first that p > 1. Since F' (z) = (klnp)p® k2 (281 —1), it follows
that F' is strictly increasing in (1, 00) and maps this interval onto (pl*k7 oo) .

zr—(T1ttar) 5
9

Since for all z1,..., x5 > 1,
A —
By por e pre = (Inp) (w2 -+ -2, — 1) p™
the function (16) with f(x) = p” is strictly increasing in each variable in
(1,00)" . By Theorem 4 (ii), there is a unique mean M : (1,00)" — (1, k) such
Tp—(T14F))

that
MF—EM _
T T ... pfl’k

or, equivalently, such that
Mk—kM:gjl..mk_(xl_i_._i_xk)’

which shows that M does not depend on p.
If 0 < p < 1, then F and the respective function (16) are decreasing and

we argue similarly.

M? —2M = 2y — (x + y) we get
M(zy)=1+v(-1) -1, zy>1,
0

which concludes the proof of (i). We omit a similar argument for (ii).

In the case k = 2, setting x = =1, o = y, solving this quadratic equation
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Remark 18. For k = 2 the mean M is a “translated” geometric mean or ¢
-conjugate geometric mean with ¢ (t) =t — 1, i.e. M (z,y) = ¢ (G (¢ (x),

©(y)))-

Remark 19. In case k = 2 the function M : (0,00)> — (0, 00) defined by

1+/(x—1)(y— 1) if (2,9) € (1,00)°
M(z,y) =4 1-JO=2) 1=y if (z,y) € (0,1)?
1 if min (z,y) <1 < max(z,y)

is a mean. It joins two means defined separately in the intervals (1,00) and
(0,1) in Proposition 9.

Part 11: Multiplicative quasi-Cauchy quotient for logarithmic functions

Proposition 10. Let k € N, k > 2, be fized. For every p > 0, p # 1, the
logarithmic function f = log, generates an independent on p multiplicative-

type quasi-Cauchy quotient mean M : (1, oo)]C — (1,00) given by
M (x1,...,25) =exp B (Inxy,...,Inxg).

Proof. Take k € N, k > 2, I = (1,00), p > 1, and the function f = log,. By
(13) we have

klog aF k
= S = x> 1,

(tog, )" (log, )"

so the function F : (1,00) — (0,00) is strictly decreasing in (1,00). Since the
function (16)

(l,oo)k 3 (z1,...,x%) —

is decreasing in each variable (we omit calculations), and

.\ 1/ ( )
P =p" s,

making use of (15), we conclude that

(k(logp 1) (logy, %)>1/(k—1)
log, (¢] @

M(-Tlv...,fEk;):p sp (21 @) , 931,~~,90k>1,

is a k-variable mean in (1, 00). Since log, z = L’%ﬁ, we have, for all z1,..., 25 >

1

7
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Kliney) o (ney) ) /T
1 ) In(ay E)

In(wq - =)
Inp

plnp

(M)”“‘”
e

nw nagy\ /D
(kuT;) ----- <z—n,e>)
p = (

k(nay)(nay) |/ FD
e Inao - Flnay

ln(a:l »»»»» J‘k)

exp By (Inzq,...,Inxy),

so M does not depend on p.
We omit similar calculations in the case p € (0,1). O

Remark 20. The mean M is logarithmically conjugate to the mean Bj. The
above proposition remains true on replacing the interval (1,00) by (0,1).

Part 12: Multiplicative quasi-Cauchy quotient for additive functions

Remark 21. The additive functions do not generate any multiplicative-type
quasi-Cauchy quotient means.

Indeed, taking k € Nk > 2,1 = (0,00), p > 0, and the function f (x) = pz,
by (13) we have

so I is a constant function.

Acknowledgements

The author is grateful to anonymous referees for their careful corrections to
and valuable comments on the original version of this paper.

Open Access. This article is licensed under a Creative Commons Attribution 4.0 Interna-
tional License, which permits use, sharing, adaptation, distribution and reproduction in any
medium or format, as long as you give appropriate credit to the original author(s) and
the source, provide a link to the Creative Commons licence, and indicate if changes were
made. The images or other third party material in this article are included in the article’s
Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is
not permitted by statutory regulation or exceeds the permitted use, you will need to obtain
permission directly from the copyright holder. To view a copy of this licence, visit http://
creativecommons.org/licenses /by /4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

1094 J. MATKOWSKI AEM

References

[1] Bullen, P.S.: Handbook of Means and Their Inequalities. Kluwer, Dordrecht (2003)

[2] Ebanks, B.: Generalized Cauchy difference functional equations. Aequat. Math. 70, 154~
176 (2005)

[3] Ebanks, B.: Generalized Cauchy difference equations. II. Proc. Am. Math. Soc 136(11),
3911-3919 (2008)

[4] Himmel, M., Matkowski, J.: Beta-type means. J. Differ. Equ. Appl. 24(5), 753-772 (2018)

[5] Jérai, A.: Regularity Properties of Functional Equations in Several Variables. Springer,
New York (2005)

[6] Kuczma, M.: Functional Equation in a Single Variable. Polish Scientific Publishers,
Warszawa (1968)

[7] Matkowski, J.: Iterations of mean-type mappings and invariant means. Ann. Math. Sil.
13, 211-226 (1999)

[8] Matkowski, J.: Cauchy differences and means, to appear in Ann. Univ. Sci. Budapest.
Sect. Comput

[9] Reich, L..: In Report of Meeting, the Thirty-seventh International Symposium on Func-
tional Equations, May 16-23, 1999, Huntington. WV. Aequationes Math. 60, 175-200
(2000)

Janusz Matkowski

Faculty of Mathematics, Computer Science and Econometrics
University of Zielona Géra

Szafrana 4A

65-516 Zielona Gora

Poland

e-mail: J.Matkowski@wmie.uz.zgora.pl

Received: September 16, 2020
Revised: November 11, 2021
Accepted: November 11, 2021



	Quasi-Cauchy quotients and means
	Abstract
	1. Introduction
	2. Preliminaries
	3. Additive quasi-Cauchy quotient
	4. Exponential quasi-Cauchy quotient
	5. Logarithmic quasi-Cauchy quotient
	6. Multiplicative quasi-Cauchy quotient
	Acknowledgements
	References




