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1. Introduction

It is known, from the classical Hahn-Banach theorem, that if a function f is
concave, g is convex and f < g, then there exists an affine function h such that
f < h < g. This separation (sandwich) theorem plays a crucial role especially
in the field of convex analysis. Many other results about the separation of
two given functions by a function from some special class (for instance, by
a convex, affine, midconvex, Jensen, sublinear, linear, subadditive, additive,
quasiconvex, monotonic, quadratic function) can be found in the literature
(see, e.g. [1,3-5,7,10,12-16] and the references therein).

In this note we present a characterization of pairs of functions that can be
separated by a strongly convex, approximately concave or c-quadratic-affine
function. As consequences, we obtain stability results of the Hyers-Ulam type.
Strongly convex functions have applications in optimization, mathematical
economics and approximation theory. Many properties of them can be found,
for instance, in [6,8,11,17-19].

Let D C R™ be a convex set and ¢ be a positive number. A function
f:D — Ris called:

—  strongly convex with modulus ¢ if

fltz+ (1 —t)y) < tf(@) + (1= 1) f(y) — ct(l =)z -yl (1)
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for all z,y € D and t € [0, 1];
— approxzimately concave with modulus c if
fltr + (1 =t)y) > tf(x) + (1 =) f(y) — ct(1 = )]z =y, (2)
for all z,y € D and t € [0, 1];

—  c-quadratic-affine if it is strongly convex with modulus ¢ and simultane-
ously approximately concave with modulus ¢, that is

fltz+ (1 =t)y) = tf(2) + (1= ) f(y) — et = )]z -yl (3)
for all z,y € D and t € [0, 1].

2. Connections with generalized convexity

In the case n = 1 the definitions of strong convexity and approximate concavity
are strictly connected with the notion of generalized convexity introduced by
Beckenbach [2]. Let us recall that a family F of continuous real functions
defined on an interval I C R is called a two-parameter family if for any two
points (1,y1), (z2,y2) € I x R with x1 # xo there exists exactly one ¢ € F
such that

o(r;) =y for i=1,2.

The unique function ¢ € F determined by the points (x1,41), (22,y2) will be
denoted by @(z, y1), (2,40)- Following Beckenbach a function f: I — R is said
to be F-convex if for any x1,22 € I, 1 < a2

flx) < W(whf(an)),(wz,f(:rz))(x) for all =z € [x1,x2];
f is said to be F-concave if for any x1,z9 € I, 1 < T2

F(@) 2 01,10 (w2 f(an) (@) forall @ € [o1, 2],
Clearly, these definitions are motivated by the fact that if

F={ax+b:abecR}

then F-convexity (F-concavity) coincides with the classical convexity (concav-

ity). In a similar way we can characterize strong convexity and approximate
concavity. Let ¢ be a positive number and

Fe={cx® +ar+b:a,bcR}.

Clearly, F. is also a two parameter family. Moreover, the following theorem
holds:

Theorem 1. Let f: I — R. Then

(1) f is strongly convex with modulus ¢ if and only if f is F.-convex;
(2) f is approzimately concave with modulus ¢ if and only if f is F.-concave;
(3) f is c-quadratic-affine if and only if f € F..
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Proof. Part (1) is proved in [8]. To prove (2) fix x1,22 € I and take ¢ =
O(w1,f(21)),(x2,f(2)) € Fe- Then p(x) = cx? 4 ax +b, where the coefficients a, b

are uniquely determined by the conditions ¢(x;) = f(z;), i = 1, 2. Hence, for
every t € [0, 1], we have
o(try + (1 —t)zg) = c(tey + (1 —t)x)? +altey + (1 —t)a) + b
= c(t?2? +2t(1 — t)wy20 + (1 — t)%23)
+a(tey + (1 —t)z2) + b
= t(cx? + axy +b) + (1 — t)(ca? + axy +b)
—ct(1 —t)(2? — 2zy29 + 23)
=tf(z1) + (1 —t)f(xa) — ct(l —t)(z1 — 22)*.
Consequently, if f is approximately concave with modulus ¢, then
fltoy + (1 =t)as) > tf(zy) + (1 — ) f(22) — ct(1 — t)(z1 — x2)?
= a1, (21)), (w2, f(w2)) (121 + (1 = t)22),
which means that f is F.-concave.

Conversely, if f is F.-convex, then
ftwr + (1= 1)22) = O(ar, fan). (o2, f(22)) (E21 + (1 = )22)
=tf(zy) 4+ (1 —t)f(22) — ct(1 —t)(z1 — 29)?,
which shows that f is approximately concave with modulus c.

Part (3) follows from (1) and (2) and the fact that f is F.-convex and, simul-
taneously, F.-approximately concave if and only if f € F.. O

3. Separation by strongly convex and approximately concave
functions

In what follows we assume that D is a convex subset of (R™, || - ||) and ¢ is a
positive number. We start with the following statement which is a useful tool
in our investigations (see [6, Proposition 1.1.2.]; cf. also [10]).

Lemma 2. Let f: D — R. Then

(1) f is strongly convex with modulus ¢ if and only if f — c||z||? is convez;
(2) f is approximately concave with modulus c if and only if f — c|z|* is
concave;

(3) f is c-quadratic-affine if and only if f — c||x||® is affine.
Proof. Tt is enough to use the equality
[tz + (1 =)y [|* +¢(1 = )]l — y[|* = tz]* + (1 = &) y]*
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The following result characterizes pairs of functions which can be separated
by a strongly convex one. It is a counterpart of the sandwich theorem obtained
in [1]. For n = 1 an analogous result is given in [8].

Theorem 3. Let f,g : D — R. There exists a function h : D — R strongly
convez with modulus ¢ such that f < h < g on D if and only if

n+1 n+1 n+1
f (z t> <3 tigle) — 3 bl — ml? (@
=1 =1 =1

forallzy,...,xn1 € D, t1,.. . tpy1 20 withty + -+ 141 =1 and m =
tixy + -t Tpr-

Proof. Assume first that f < h < g where h is strongly convex with modulus
c. Using the Jensen inequality for strongly convex functions (see [9, Theorem
2]), we get

n+1 n+1 n+1 n+1
=1 1=1 1=1 =1
n+1 n+1

< Ztig(xi) - Cztz‘HJCi —mlf?.
i=1 i=1

To prove the converse implication, assume that f, g satisfy (4) and consider
the functions f1, g1 : D — R defined by

filz) = f(@) —clzl?, g1(z) = g(z) —c||z|*, z el
Using (4) and the fact that
n+1 n+1

D tilles —ml? = tillwil|* — [lm]?,
i=1 i=1

we obtain
n+1 n+1 n+1 2 n+1
f1 (Z tﬂi) =/ <Z ti$i> - CH D tii| <D tig(w)
i=1 i=1 i=1 i=1
n+1
—c Y tillzi — m|® — ¢||m]?
i=1
n+1 n+1

= Zti (g(zi) — cllzi]l?) = Ztigl(ﬂﬁi)

Hence, by the Baron-Matkowski-Nikodem sandwich theorem [1], there exists
a convex function hy : D — R such that f; < hy < g1 on D. Define h(x) =
hy(x)+c||z||? for z € D. Then, by Lemma 2, h is strongly convex with modulus
cand f <h<gonD. O
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In a similar way we can characterize functions which can be separated by
an approximately concave one.

Theorem 4. Let f,g: D — R. There exists a function h : D — R approzimately
concave with modulus ¢ such that f < h < g on D if and only if

n+1 n+1 n+1
S e 2 g (y) oS bl miP, 5)
i=1 i=1 i=1
forallzy,...,xp1 € D, t1,... tpy1 >0 withty + - +tpp1 =1 and m =
tizy + - b1 Tnt

As a consequence of the above theorems we obtain the following Hyers-
Ulam-type stability results for strongly convex and approximately concave
functions.

Corollary 5. Let e > 0. If f: D — R satisfies the condition

n+1 n+1 n+1
i=1 i=1 i=1

forallzy,...,xn41 € D, t1,... tpy1 20 withty + - +tpp1 =1 and m =
tixy + -+ + thr1Znt1, then there exists a function h: D — R strongly convex
with modulus ¢ such that

[f(z) —h(z)| < 5, z€D. (7)

DN ™

Proof. Condition (6) means that f and g = f + ¢ satisfy (4). Therefore, by
Theorem 3, there exists a function hy strongly convex with modulus ¢ such
that f < h; < f 4 e. Putting h = hy — /2, we get (7). O

In an analogous way, using Theorem 4, we also get the next result.

Corollary 6. Let € > 0. If f: D — R satisfies the condition

n+1 n+1 n+1
f (Z ti%‘) > thf(xz) - CZ tillei —ml]® +e
i=1 i=1 i=1

forallzy,...,xp41 € D, t1,... tpy1 20 withty + - +tpp1 =1 and m =
tixy + - + tup1Tny1, then there exists a function h : D — R approzimately
concave with modulus ¢ such that

|f(z) —h(x)| < =, z€D.

g
27
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4. Separation by c-quadratic-affine functions

In this section we consider the problem of separating two given functions by a
c-quadratic-affine one. Obviously, if there exists a c-quadratic-affine function
h such that f < h < gon D C R", then f and g satisfy conditions (4) and
(5) (because h is strongly convex and approximately concave). For n = 1 the
converse implication is also true (see Corollary 8 below). However, for n > 1
conditions (4) and (5) together are not sufficient for the separation of f and
g by a c-quadratic-affine function (we can build a counterexample using the
functions f and g described in [14, Remark 2] and Lemma 2). An appropriate
necessary and sufficient condition is given in the following theorem. It is a
counterpart of the result on separation by affine functions proved in [3].

Theorem 7. Let f,g : D — R. There exists a c-quadratic-affine function h :
D — R such that f <h <g on D if and only if

n+2
Z Flai) = cllz —ml*) < Y ti(g(z;) — cllay — ml]?) (8)
=1 j=k+1

for all xy,...,xn42 € D, k € {1,...,n+ 1}, S1,...,Skythtly - -y tny2 > 0,
such that s1+---+ Sk =tpp1+ - +tppo=1and m = syx1 + -+ - + spx) =
tkr1Tr+1 + -+ Enp2Tnia.

Proof. To prove the “only if” part assume that f < h < g with a c-quadratic-

affine function h and fix 1, ..., xp 492, k, S1,..., Sk and tgy1, ..., t,12 as above.
Then
k k k
Z sih(x;) = h (Z sixi> + CZ sil|lzi —ml|?
i=1 i=1 i=1
n+2
=h Z tixz; +chl||xl m||?
j=k+1
n+2 n+2 k
= > b)) —c Y tillry—ml* e sillw —m].
j=k+1 j=k+1 i=1
Hence
k k k
ZSZ (i) — cllzi —m|]?) < Zslh(acl) - CZ sil|lzi —ml?
i=1 i=1 i=1
n+2 n+2
= > b)) —c Y tllz—m]?
j=k+1 Jj=k+1
n—+2

IN

3" ti(g(ay) — cllzy —ml)?).

j=k+1
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To prove the “if” part consider the functions fi,g1 : D — R defined by

fi(@) = f(2) = cllzl®, g1(x) = g(z) —cllz|?, =€ D.

Using (8) and the fact that

k k
> sillz —ml®* = sillzi]* = |lm]* and
i=1 i=1
n+2 n+2
S otillzy—ml® = > tllagl? - (Iml?,
j=k+1 j=k+1
we obtain
k k k
Z sifi(zi) = Z sif (i) — CZ&‘H%HQ
i=1 i=1 i=1
k k
=S siflw) —c (Z sillzi —ml? - ||m||2>
i=1 i=1
n+2 n+2
< Y tiglag) —c| D0 tillay —ml® — m|?
j=k+1 j=k+1
n+2 n+2 n+2
= > tigle) —c Y tllalP= Y tin(y).
j=k+1 j=k+1 j=k+1

This implies, on account of the Behrends-Nikodem separation theorem [3],
that there exists an affine function h; : R®™ — R such that f; < hy < g1 on
D. Define h(z) = hy(x) + c|[|z||? for € D. Then, by Lemma 2, h is strongly
convex with modulus ¢ and f < h < gon D. 0

In the case n = 1 condition (8) reduces to the system of two inequalities
obtained for £k = 1 and k& = 2. Therefore, as a consequence of Theorem 7 we
get the following counterpart of the sandwich theorem obtained in [14]. This
result follows also from Lemma 2 and the separation theorem proved in [10].

Corollary 8. Let I C R be an interval and f,g: I — R. The following condi-
tions are equivalent

1. there exists a c-quadratic-affine function h : I — R such that f < h<g
on I;

2. there exist functions hy : I — R strongly convex with modulus ¢ and hsy :
I — R approximately concave with modulus ¢ such that f < hy < g and
f<hy<gonl;
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3. fltay 4+ (1 = t)as) < tglay) + (1 —t)g(xs) — ct(1 —t)(z1 — 22)?
g(tzy + (1 —t)zg) > tf(z1) + (1 — ) f(22) — ct(1 — t)(z1 — x2)?,
for all xy,29 € I and t € [0,1].

Proof. The implications 1 = 2 and 2 = 3 are obvious, whereas 3 = 1 follows
from Theorem 7. 0

As another consequence of Theorem 7 we also obtain the following Hyers-
Ulam stability result for c-quadratic-affine functions.

Corollary 9. Let € > 0. If f: D — R satisfies the condition

k n+2
Yosi(f@) —cllza =ml®) < Y7 (@) = clla; —ml) +2 (9)
i=1 G=k+1

forallxzy,...,xpyo € D, k€ {1,...,n+1}, s1,..., Sk, tkt1, -, tnta >0, such
that si+---+sk =tpp1+- - +tpio =1 andm = syx1+- - - +Spxk = tpp1Th+1+
s+ tptoTpyae, then there exists a c-quadratic-affine function h : D — R such
that

[f(z) = h(z)] <

Proof. Condition (9) implies that f and g = f + € satisfy (8). Therefore, by
Theorem 7, there exists a c-quadratic-affine function h; such that f < h; <
f +¢e. Putting h = hy — £/2, we get (10). O

, zE€D. (10)

N ™
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