
Aequat. Math. 90 (2016), 47–55
c© The Author(s) 2015. This article is published
with open access at Springerlink.com
0001-9054/16/010047-9
published online June 26, 2015
DOI 10.1007/s00010-015-0360-4 Aequationes Mathematicae

Strong convexity and separation theorems

Nelson Merentes and Kazimierz Nikodem

Dedicated to Professor Roman Ger on his 70th birthday

Abstract. Characterizations of pairs of functions that can be separated by a strongly con-
vex, approximately concave or c-quadratic-affine function are presented. As consequences,
stability results of the Hyers-Ulam type are obtained.

Mathematics Subject Classification. Primary 26A51; Secondary 39B62.

Keywords. Strongly convex functions, approximately concave functions, c-quadratic-affine

functions, separation theorems, Hyers-Ulam stability.

1. Introduction

It is known, from the classical Hahn-Banach theorem, that if a function f is
concave, g is convex and f ≤ g, then there exists an affine function h such that
f ≤ h ≤ g. This separation (sandwich) theorem plays a crucial role especially
in the field of convex analysis. Many other results about the separation of
two given functions by a function from some special class (for instance, by
a convex, affine, midconvex, Jensen, sublinear, linear, subadditive, additive,
quasiconvex, monotonic, quadratic function) can be found in the literature
(see, e.g. [1,3–5,7,10,12–16] and the references therein).

In this note we present a characterization of pairs of functions that can be
separated by a strongly convex, approximately concave or c-quadratic-affine
function. As consequences, we obtain stability results of the Hyers-Ulam type.
Strongly convex functions have applications in optimization, mathematical
economics and approximation theory. Many properties of them can be found,
for instance, in [6,8,11,17–19].

Let D ⊂ R
n be a convex set and c be a positive number. A function

f : D → R is called:
– strongly convex with modulus c if

f(tx + (1 − t)y) ≤ tf(x) + (1 − t)f(y) − ct(1 − t)‖x − y‖2, (1)
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for all x, y ∈ D and t ∈ [0, 1];
– approximately concave with modulus c if

f(tx + (1 − t)y) ≥ tf(x) + (1 − t)f(y) − ct(1 − t)‖x − y‖2, (2)

for all x, y ∈ D and t ∈ [0, 1];
– c-quadratic-affine if it is strongly convex with modulus c and simultane-

ously approximately concave with modulus c, that is

f(tx + (1 − t)y) = tf(x) + (1 − t)f(y) − ct(1 − t)‖x − y‖2, (3)

for all x, y ∈ D and t ∈ [0, 1].

2. Connections with generalized convexity

In the case n = 1 the definitions of strong convexity and approximate concavity
are strictly connected with the notion of generalized convexity introduced by
Beckenbach [2]. Let us recall that a family F of continuous real functions
defined on an interval I ⊂ R is called a two-parameter family if for any two
points (x1, y1), (x2, y2) ∈ I × R with x1 �= x2 there exists exactly one ϕ ∈ F
such that

ϕ(xi) = yi for i = 1, 2.

The unique function ϕ ∈ F determined by the points (x1, y1), (x2, y2) will be
denoted by ϕ(x1,y1), (x2,y2). Following Beckenbach a function f : I → R is said
to be F-convex if for any x1, x2 ∈ I, x1 < x2

f(x) ≤ ϕ(x1,f(x1)),(x2,f(x2))(x) for all x ∈ [x1, x2];

f is said to be F-concave if for any x1, x2 ∈ I, x1 < x2

f(x) ≥ ϕ(x1,f(x1)),(x2,f(x2))(x) for all x ∈ [x1, x2].

Clearly, these definitions are motivated by the fact that if

F = {ax + b : a, b ∈ R},

then F-convexity (F-concavity) coincides with the classical convexity (concav-
ity). In a similar way we can characterize strong convexity and approximate
concavity. Let c be a positive number and

Fc = {cx2 + ax + b : a, b ∈ R}.

Clearly, Fc is also a two parameter family. Moreover, the following theorem
holds:

Theorem 1. Let f : I → R. Then
(1) f is strongly convex with modulus c if and only if f is Fc-convex;
(2) f is approximately concave with modulus c if and only if f is Fc-concave;
(3) f is c-quadratic-affine if and only if f ∈ Fc.
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Proof. Part (1) is proved in [8]. To prove (2) fix x1, x2 ∈ I and take ϕ =
ϕ(x1,f(x1)),(x2,f(x2)) ∈ Fc. Then ϕ(x) = cx2 +ax+b, where the coefficients a, b
are uniquely determined by the conditions ϕ(xi) = f(xi), i = 1, 2. Hence, for
every t ∈ [0, 1], we have

ϕ(tx1 + (1 − t)x2) = c(tx1 + (1 − t)x2)2 + a(tx1 + (1 − t)x2) + b

= c(t2x2
1 + 2t(1 − t)x1x2 + (1 − t)2x2

2)
+a(tx1 + (1 − t)x2) + b

= t(cx2
1 + ax1 + b) + (1 − t)(cx2

2 + ax2 + b)
−ct(1 − t)(x2

1 − 2x1x2 + x2
2)

= tf(x1) + (1 − t)f(x2) − ct(1 − t)(x1 − x2)2.

Consequently, if f is approximately concave with modulus c, then

f(tx1 + (1 − t)x2) ≥ tf(x1) + (1 − t)f(x2) − ct(1 − t)(x1 − x2)2

= ϕ(x1,f(x1)),(x2,f(x2))(tx1 + (1 − t)x2),

which means that f is Fc-concave.

Conversely, if f is Fc-convex, then

f(tx1 + (1 − t)x2) ≥ ϕ(x1,f(x1)),(x2,f(x2))(tx1 + (1 − t)x2)

= tf(x1) + (1 − t)f(x2) − ct(1 − t)(x1 − x2)2,

which shows that f is approximately concave with modulus c.
Part (3) follows from (1) and (2) and the fact that f is Fc-convex and, simul-
taneously, Fc-approximately concave if and only if f ∈ Fc. �

3. Separation by strongly convex and approximately concave
functions

In what follows we assume that D is a convex subset of (Rn, ‖ · ‖) and c is a
positive number. We start with the following statement which is a useful tool
in our investigations (see [6, Proposition 1.1.2.]; cf. also [10]).

Lemma 2. Let f : D → R. Then
(1) f is strongly convex with modulus c if and only if f − c‖x‖2 is convex;
(2) f is approximately concave with modulus c if and only if f − c‖x‖2 is

concave;
(3) f is c-quadratic-affine if and only if f − c‖x‖2 is affine.

Proof. It is enough to use the equality

‖tx + (1 − t)y‖2 + t(1 − t)‖x − y‖2 = t‖x‖2 + (1 − t)‖y‖2.
�
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The following result characterizes pairs of functions which can be separated
by a strongly convex one. It is a counterpart of the sandwich theorem obtained
in [1]. For n = 1 an analogous result is given in [8].

Theorem 3. Let f, g : D → R. There exists a function h : D → R strongly
convex with modulus c such that f ≤ h ≤ g on D if and only if

f

(
n+1∑
i=1

tixi

)
≤

n+1∑
i=1

tig(xi) − c

n+1∑
i=1

ti‖xi − m‖2 (4)

for all x1, . . . , xn+1 ∈ D, t1, . . . , tn+1 ≥ 0 with t1 + · · · + tn+1 = 1 and m =
t1x1 + · · · + tn+1xn+1.

Proof. Assume first that f ≤ h ≤ g where h is strongly convex with modulus
c. Using the Jensen inequality for strongly convex functions (see [9, Theorem
2]), we get

f

(
n+1∑
i=1

tixi

)
≤ h

(
n+1∑
i=1

tixi

)
≤

n+1∑
i=1

tih(xi) − c

n+1∑
i=1

ti‖xi − m‖2

≤
n+1∑
i=1

tig(xi) − c
n+1∑
i=1

ti‖xi − m‖2.

To prove the converse implication, assume that f, g satisfy (4) and consider
the functions f1, g1 : D → R defined by

f1(x) = f(x) − c‖x‖2, g1(x) = g(x) − c‖x‖2, x ∈ I.

Using (4) and the fact that
n+1∑
i=1

ti‖xi − m‖2 =
n+1∑
i=1

ti‖xi‖2 − ‖m‖2,

we obtain

f1

(
n+1∑
i=1

tixi

)
= f

(
n+1∑
i=1

tixi

)
− c

∥∥∥ n+1∑
i=1

tixi

∥∥∥2

≤
n+1∑
i=1

tig(xi)

−c
n+1∑
i=1

ti‖xi − m‖2 − c‖m‖2

=
n+1∑
i=1

ti
(
g(xi) − c‖xi‖2

)
=

n+1∑
i=1

tig1(xi).

Hence, by the Baron-Matkowski-Nikodem sandwich theorem [1], there exists
a convex function h1 : D → R such that f1 ≤ h1 ≤ g1 on D. Define h(x) =
h1(x)+c‖x‖2 for x ∈ D. Then, by Lemma 2, h is strongly convex with modulus
c and f ≤ h ≤ g on D. �
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In a similar way we can characterize functions which can be separated by
an approximately concave one.

Theorem 4. Let f, g : D → R. There exists a function h : D → R approximately
concave with modulus c such that f ≤ h ≤ g on D if and only if

n+1∑
i=1

tif(xi) ≥ g

(
n+1∑
i=1

tixi

)
+ c

n+1∑
i=1

ti‖xi − m‖2, (5)

for all x1, . . . , xn+1 ∈ D, t1, . . . , tn+1 ≥ 0 with t1 + · · · + tn+1 = 1 and m =
t1x1 + · · · + tn+1xn+1.

As a consequence of the above theorems we obtain the following Hyers-
Ulam-type stability results for strongly convex and approximately concave
functions.

Corollary 5. Let ε > 0. If f : D → R satisfies the condition

f

(
n+1∑
i=1

tixi

)
≤

n+1∑
i=1

tif(xi) − c

n+1∑
i=1

ti‖xi − m‖2 + ε (6)

for all x1, . . . , xn+1 ∈ D, t1, . . . , tn+1 ≥ 0 with t1 + · · · + tn+1 = 1 and m =
t1x1 + · · · + tn+1xn+1, then there exists a function h : D → R strongly convex
with modulus c such that

|f(x) − h(x)| ≤ ε

2
, x ∈ D. (7)

Proof. Condition (6) means that f and g = f + ε satisfy (4). Therefore, by
Theorem 3, there exists a function h1 strongly convex with modulus c such
that f ≤ h1 ≤ f + ε. Putting h = h1 − ε/2, we get (7). �

In an analogous way, using Theorem 4, we also get the next result.

Corollary 6. Let ε > 0. If f : D → R satisfies the condition

f

(
n+1∑
i=1

tixi

)
≥

n+1∑
i=1

tif(xi) − c
n+1∑
i=1

ti‖xi − m‖2 + ε

for all x1, . . . , xn+1 ∈ D, t1, . . . , tn+1 ≥ 0 with t1 + · · · + tn+1 = 1 and m =
t1x1 + · · · + tn+1xn+1, then there exists a function h : D → R approximately
concave with modulus c such that

|f(x) − h(x)| ≤ ε

2
, x ∈ D.
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4. Separation by c-quadratic-affine functions

In this section we consider the problem of separating two given functions by a
c-quadratic-affine one. Obviously, if there exists a c-quadratic-affine function
h such that f ≤ h ≤ g on D ⊂ R

n, then f and g satisfy conditions (4) and
(5) (because h is strongly convex and approximately concave). For n = 1 the
converse implication is also true (see Corollary 8 below). However, for n > 1
conditions (4) and (5) together are not sufficient for the separation of f and
g by a c-quadratic-affine function (we can build a counterexample using the
functions f and g described in [14, Remark 2] and Lemma 2). An appropriate
necessary and sufficient condition is given in the following theorem. It is a
counterpart of the result on separation by affine functions proved in [3].

Theorem 7. Let f, g : D → R. There exists a c-quadratic-affine function h :
D → R such that f ≤ h ≤ g on D if and only if

k∑
i=1

si
(
f(xi) − c‖xi − m‖2) ≤

n+2∑
j=k+1

tj
(
g(xj) − c‖xj − m‖2) (8)

for all x1, . . . , xn+2 ∈ D, k ∈ {1, . . . , n + 1}, s1, . . . , sk, tk+1, . . . , tn+2 ≥ 0,
such that s1 + · · · + sk = tk+1 + · · · + tn+2 = 1 and m = s1x1 + · · · + skxk =
tk+1xk+1 + · · · + tn+2xn+2.

Proof. To prove the “only if” part assume that f ≤ h ≤ g with a c-quadratic-
affine function h and fix x1, . . . , xn+2, k, s1, . . . , sk and tk+1, . . . , tn+2 as above.
Then

k∑
i=1

sih(xi) = h

(
k∑

i=1

sixi

)
+ c

k∑
i=1

si‖xi − m‖2

= h

⎛
⎝ n+2∑

j=k+1

tjxi

⎞
⎠ + c

k∑
i=1

si‖xi − m‖2

=
n+2∑

j=k+1

tjh(xj) − c

n+2∑
j=k+1

tj‖xj − m‖2 + c

k∑
i=1

si‖xi − m‖2.

Hence
k∑

i=1

si
(
f(xi) − c‖xi − m‖2) ≤

k∑
i=1

sih(xi) − c

k∑
i=1

si‖xi − m‖2

=
n+2∑

j=k+1

tjh(xj) − c

n+2∑
j=k+1

tj‖xj − m‖2

≤
n+2∑

j=k+1

tj
(
g(xj) − c‖xj − m‖2).
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To prove the “if” part consider the functions f1, g1 : D → R defined by

f1(x) = f(x) − c‖x‖2, g1(x) = g(x) − c‖x‖2, x ∈ D.

Using (8) and the fact that

k∑
i=1

si‖xi − m‖2 =
k∑

i=1

si‖xi‖2 − ‖m‖2 and

n+2∑
j=k+1

ti‖xj − m‖2 =
n+2∑

j=k+1

tj‖xj‖2 − ‖m‖2,

we obtain

k∑
i=1

sif1(xi) =
k∑

i=1

sif(xi) − c

k∑
i=1

si‖xi‖2

=
k∑

i=1

sif(xi) − c

(
k∑

i=1

si‖xi − m‖2 − ‖m‖2
)

≤
n+2∑

j=k+1

tjg(xj) − c

⎛
⎝ n+2∑

j=k+1

tj‖xj − m‖2 − ‖m‖2
⎞
⎠

=
n+2∑

j=k+1

tjg(xj) − c

n+2∑
j=k+1

tj‖xj‖2 =
n+2∑

j=k+1

tjg1(xj).

This implies, on account of the Behrends–Nikodem separation theorem [3],
that there exists an affine function h1 : Rn → R such that f1 ≤ h1 ≤ g1 on
D. Define h(x) = h1(x) + c‖x‖2 for x ∈ D. Then, by Lemma 2, h is strongly
convex with modulus c and f ≤ h ≤ g on D. �

In the case n = 1 condition (8) reduces to the system of two inequalities
obtained for k = 1 and k = 2. Therefore, as a consequence of Theorem 7 we
get the following counterpart of the sandwich theorem obtained in [14]. This
result follows also from Lemma 2 and the separation theorem proved in [10].

Corollary 8. Let I ⊂ R be an interval and f, g : I → R. The following condi-
tions are equivalent

1. there exists a c-quadratic-affine function h : I → R such that f ≤ h ≤ g
on I;

2. there exist functions h1 : I → R strongly convex with modulus c and h2 :
I → R approximately concave with modulus c such that f ≤ h1 ≤ g and
f ≤ h2 ≤ g on I;
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3. f(tx1 + (1 − t)x2) ≤ tg(x1) + (1 − t)g(x2) − ct(1 − t)(x1 − x2)2

g(tx1 + (1 − t)x2) ≥ tf(x1) + (1 − t)f(x2) − ct(1 − t)(x1 − x2)2,

for all x1, x2 ∈ I and t ∈ [0, 1].

Proof. The implications 1 ⇒ 2 and 2 ⇒ 3 are obvious, whereas 3 ⇒ 1 follows
from Theorem 7. �

As another consequence of Theorem 7 we also obtain the following Hyers-
Ulam stability result for c-quadratic-affine functions.

Corollary 9. Let ε > 0. If f : D → R satisfies the condition
k∑

i=1

si
(
f(xi) − c‖xi − m‖2) ≤

n+2∑
j=k+1

tj
(
f(xj) − c‖xj − m‖2) + ε (9)

for all x1, . . . , xn+2 ∈ D, k ∈ {1, . . . , n+1}, s1, . . . , sk, tk+1, . . . , tn+2 ≥ 0, such
that s1+· · ·+sk = tk+1+· · ·+tn+2 = 1 and m = s1x1+· · ·+skxk = tk+1xk+1+
· · · + tn+2xn+2, then there exists a c-quadratic-affine function h : D → R such
that

|f(x) − h(x)| ≤ ε

2
, x ∈ D. (10)

Proof. Condition (9) implies that f and g = f + ε satisfy (8). Therefore, by
Theorem 7, there exists a c-quadratic-affine function h1 such that f ≤ h1 ≤
f + ε. Putting h = h1 − ε/2, we get (10). �
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