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A new approach to the description of one-parameter
groups of formal power series in one indeterminate

WOJCIECH JABLONSKI AND LUDWIG REICH

Abstract. The aim of the paper is to describe one-parameter groups of formal power series,
that is to find a general form of all homomorphisms O¢ : G — I, O¢(t) = Y72, ¢ t)X*,
c1 : G = K\ {0}, ¢y : G — K for £ > 2, from a commutative group (G,+) into the
group (I',0) of invertible formal power series with coefficients in K € {R,C}. Considering
one-parameter groups of formal power series and one-parameter groups of truncated formal
power series, we give explicit formulas for the coefficient functions ¢, with more details in
the case where either ¢; = 1 or ¢ takes infinitely many values. Here we give the results
much more simply than they were presented in Jabtoniski and Reich (Abh. Math. Sem. Univ.
Hamburg 75:179-201, 2005; Result Math 47:61-68, 2005; Publ Math Debrecen 73(1-2):25—
47, 2008). Also the case imec1 = E,, (here Ep, stands for the group of all complex roots
of order m of 1), not considered in Jabloriski and Reich (Abh. Math. Sem. Univ. Hamburg
75:179-201, 2005; Result Math 47:61-68, 2005; Publ Math Debrecen 73(1-2):25-47, 2008),
will be discussed.
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1. Introduction

Let I denote the group of all invertible formal power series in one indeterminate
with substitution o as a binary operation. By a one-parameter group of formal
power series (FPS) we mean any homomorphism O from a group (G, +) into
(T, 0), i.e. any function Og : G — T satisfying

@G(tl + tg)(X) = (@G(tl) o @G(tz))(X) for t1,t3 € G.

Analogously, we may define a one-parameter group of s-truncated FPS as
a homomorphism ©f : G — I'® into the group I'* of all invertible s-truncated
FPS in one indeterminate.

Let Fy(X) = F(t,X) := O¢(t)(X) and F*)(X) = FII(t, X) := 0% (t)(X).
If©¢ : G — I' and ©F, : G — I'* are, a one-parameter group of FPS and
a one-parameter group of s-truncated FPS, respectively, we will also say that
the families (F3(X))teq and (Ft[s] (X))tec are a one-parameter group of FPS
and a one-parameter group of s-truncated FPS. In this case the families
(Fi(X))tee and (Ft[s} (X))ieq satisfy the well known translation equation

F(tl —|—t27X):F(t1,F(t2,X)) for tl,tQGG, (1)
F(0,X) = X,

in the ring of FPS, and

{F[S] (ty + t2, X) = FUl(t;, FIl(ty, X)) mod X*1  for t1,t5 € G, @)

FIl0,X) = X,

in the ring of s-truncated FPS. Both of them may be written (with F[>! := F)
in a unified way as

{Ft[f]-&-h = t[f] o Ft[:] for tl,t? S Ga (3)

;i =id.

It appears that the form of both one-parameter groups ©¢ and ©F strongly
depend on the function ¢;. We will see that ¢; must be an exponential function,
i.e. a homomorphism of (G,+) into (K \ {0},-). By the first isomorphism
theorem we know that G/ ker ¢; = im ¢;. There appear the following cases:
case 1. ¢; = 1, which means that kerc; = G; then ©¢ and O, have a rather
simple structure;

case 2. ¢1 # 1, but G/ kercy = imey is a finite subgroup of (K \ {0}, -); then
imc¢; = E,, with some integer m > 2, where E,,, denotes the set of all
roots of 1 of order m, and the general structure of such one-parameter
groups is much more complicated;

case 3. G/kerc; & im ¢y is an infinite subgroup of (K\ {0}, -), then the general
form of ©¢ and O, is also simple.
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In order to solve our problem we use algebraic methods jointly with some
tools from differential equations and functional equations. We begin with prop-
erties of the operation of substitution in the groups I' and I'*, which are crucial
for our method. Then we find (Theorem 1) regular one-parameter groups of
formal power series, i.e. groups with coefficients being C*°—functions in the
real case and entire when K = C.

Case 1 and case 3 were already investigated in [6,7,9] using connections
with the differential groups L! (s € N) and L! . These differential groups will
not appear in the present paper. However we will come back to our previous
results in cases 1 and 3 since we are now able to give new and simple proofs
(see e.g. Theorems 4 and 5). The new idea consists in constructing a particular
solution of inhomogeneous functional equations like (33) and (38) using the
polynomials obtained in the representations of regular solutions of the transla-
tion equation and then adding the simple general solution of the corresponding
homogeneous equation, like the Cauchy equation or (35). Our proofs for results
such as Theorems 4 and 5 in our previous publications were considerably longer
since we had to transfer certain results on differential groups to the groups of
invertible formal power series and back.

Case 3 and a subcase of case 2 were already treated in [8] where the stan-
dard form of the solution was given whenever it can be applied. Here we give
a description of the solutions in this subcase of case 2 using a sequence of
polynomials for the representation of the solution (see Corollary 6), but the
proof differs in some details (see the functional equation (48)).

Completely new in the present paper is Sect. 10. We give a solution in the
following subcase of case 2, namely where we assume that ©(G) is infinite and
the set {itp € G : 0 <1 < m — 1} is a subgroup of G and ¢y € G is such that
¢1(tp) is a primitive mth root of 1 (Theorem 6).

As an application of our results we deal with the embedding problems
(Sect. 11), which have so far been only studied related to homomorphisms
from the group (C,+) into T

At the end of the introduction we would like to mention that our results
contain the description of all one-parameter groups © : G — I'® for such
groups G as (R,+), (C,+), (R*,-) and (C*, ).

It seems that our methods of combining functional equations, differential
equations and algebraic methods will not give a satisfactory solution of our
problem (i.e. construction of one-parameter groups of FPS) in the remaining
subcase. A possible approach to cover also this last open case could come from
a theory of families of commuting invertible FPS.

The description of such one-parameter groups uses some sequences of poly-
nomials. Using properties of these sequences (Lemmas 4 and 5), we describe
the general form of one-parameter groups in cases 1. and 3 for both FPS and
s-truncated FPS. Finally, we consider the second case. In the subcase when
one-parameter groups are finite, we give the explicit form of the coefficient
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functions of these groups. Also a subcase where ¢;(G)is finite and ©(G) is
infinite is considered.

2. The ring of formal power series

K[X] will denote the ring of all formal power series (FPS) Y72 cx X" with
coefficients ¢, € K, where K € {R, C} is the field of real or complex numbers.
For a formal power series f(X) = >3, ¢ X* with ¢; # 0 for some i € NU{0}
(N stands here for the set of all positive integers) we define

ord f(X) =min{i e NU{0} : ¢; # 0},

assuming additionally ord (3 ;- ,0X}) = occ.

The set T' = {f(X) € K[X] : ordf(X) = 1} with the sub-
stitution o as a binary operation is a group. Moreover, the set I'y =
{Z:i1 X el:ic =1 } is a subgroup of I'. A very good reference for this
topic is [2].

In the sequel we will need the notion of the ring of truncated formal power
series. It is known that for a fixed s € N the set

I, = X*MK[X] = {f(X) e K[X] :ord f(X) > s+ 1}

is an ideal in the ring K[X]. We may then define a congruence modulo X**1
as follows: we say that f1(X), f2(X) € K[X] are congruent modulo X**1
(which will be written as (f1(X) = f2(X) mod X*t1) provided (f;—fo)(X) =
fi(X) — f2(X) € I,. This means that X**! is a divisor of the difference
(1 — £2)(%).

We consider the quotient ring K[X/I; of all cosets [f(X)]s = f(X) + L.
With every coset f(X) + Iy, where f(X) = > 72 cxX* € K[X], we may
associate an s-truncation of a formal power series f(X) defined by

fUX) =" aX € K[X]s € K[X] € K[X].

k=0
In the set K[X]s (which may be treated as a set of all polynomials of degree
at most s) we introduce, in a natural way, an addition of truncated formal
power series. It appears that a multiplication and a substitution must be
defined in a specific way so that K[X]s should be closed under them. Let
for f(X),9(X) € K[X]s,

(f9)(X) := (f9)*(X),

and, in the case when ord g(X) > 1,

(fo9)(X) := (f o 9)¥(X).

Then (K[X]s,+,-) is a ring which is isomorphic to K[XT/I;. Moreover, the
set I'* := {f(X) € K[X]s : ord f(X) =1} is a group under substitution.
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We will also need the notion of a semicanonical form of a formal power
series in ' and I'*. Namely, for a fixed integer m > 1, let N, be the set
of all f(X) € T such that f(X) = >0y chm1 X", whereas N3 stands
for the set of all f(X) € I'* such that f(X) = Y j_g Chmt1 X*™HL, where
rm+1<s<(r+1)m+1.

To unify our considerations for both FPS and s-truncated FPS we put
e :=T and N3° := N,,. It is known that if p € E,, is a primitive root of 1 of
order m and L,(X) = pX then for both s being a positive integer and s = 0o
we have

N ={f(X) el (foLy)(X)=(Lyo f)(X)}.
Thus N is a subgroup of T's.

3. Properties of the group operations in I'®

We give here a crucial formula describing the operation of substitution o in
the group I'>°. Because of the construction of I'* the same formula is also valid
in T'®. Let |k,l| denote the set of all integers n such that k¥ < n < [, and
let [k, 00| be the set of all integers n > k. We assume that ), ;a; = 0 and
[I,cpa: = 1. For a fixed integer » > 1, let N, = {lr +1:1 € NU{0}}. In
particular N; = N.

Let Y o2, ap Xk, 307, b X* € ™. It is known (cf. [6]) that if

(o] (oo} k (o]
Zak (Zlel> = Zann,
k=1 =1 n=1

then

dp = zn:ak > Ba, ﬁ b}’ for n €N, (4)
k=1

Un€Un Jj=1

where

n n
Uno =< U = (U1,...,uy) €10, k" : Zuj =k, Zjuj =n,,
j=1 j=1
k!
— )
H ’U,j!
j=1
Note that By, is a multinomial coefficient. As examples of (4) we quote

dl = albl, dg = a162 —+ agb%, d3 = a1b3 =+ 2&2[)1()2 =+ agb:f. (5)

Bﬂ” =

Now, for the convenience of the reader we collect several properties of for-
mulas (4). Although these properties are similar to those of the binary opera-
tion in the Lie group L! (cf. [6, Theorem 2]), for the completeness of the paper,



252 W. JABLONSKI AND L. REICH AEM

we give their proofs here. We mention in the paper, when such a detailed
property is needed in a proof, and the reader may postpone the study of these
properties until they really appear. Let for an integer p > 0

Uy o = {Tn € Unk : Vjeppii)j<n—11; =0 }.
Clearly U?, c UM, C Ur?,k = U, for 0 < p; < po. Moreover, we put
Uljllc = U, i, and, for p > 1,p + 1 = gm with some integers m > 2,q > 1, we

n

define
Ui = {Tn € Unk : Vjegmlu(am+2.ni\w,,) % =0}
Then U, C UP . We begin with properties of the sets U, 1, U? , and U9,

Lemma 1. (cf. [1,4,5]) Let n € |2, 00| be arbitrarily fized. Then

(i) U1 ={(0,...,0,1)} and U, , = {(n,0,...,0)};

(i) Bg, =1 fortu, € UpaUUpp;

(iii) 4fn >3, kel2,n—1| and @, € Uy, then u; = 0 for every j €
|n —k +2,n| and there exists j € |2,n — k + 1| with u; > 1;

(iv)  ifp>1 is an integer, n > p+3 and k € |n —p,n — 1|, then Uﬁ,k; =0;

(v) ifm>2,q>1andn e N\N,,, then for each k € |gm+1,n—gm|NN,,
we have U, = 0.

Proof. The properties (i)—(ii) are simple consequences of the conditions defin-
ing the set Uy, j.
(iii) If for k € |2,n—1| and u,, € Uy, we had u; # 0 for some ! € [n—k+2,n|,
then, by the conditions defining U, ,, we would obtain
n—k:Zjuj—Zuj :Z(j—l)uj >(U—-1Dw>n—k+1,
j=1 j=1 j=2
which leads to a contradiction. Further, suppose that u; = 0 for all j € |2,n —
k + 1. Since also u; = 0 for j € [n —k +2,n|, then k = Y1 ju; = uy =
> iu; = n, which is impossible, so there exists j € [2,n—k+1| with u; > 1.

(iv) Let p > 1 be an integer, n > p+ 3, k € |n — p,n — 1|. Suppose that
Uy . # 0. By (iii), for @, € U}, there exists then j € [2,n —k+1| C [2,p+1]
such that u; > 1, which leads to a contradiction with u, € Uﬁ’k. Hence
Uﬁ,k =0.

(v) Let n € N\ Ny, k € [p+2,n—p— 1NN, and fix @, € U}, For
every j € |2,n —k + 1|\ Ny, we have u; = 0. Then n —k =377 ,(j — Du; =
Zje|2,n—k+1|ﬂNm (7 — 1)uy, which gives

n==k+ Z (J — Du; € N,
JEI2,n—k+1|NN,,

This contradiction finishes the proof. O
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When studying one-parameter groups of FPS we will frequently use the
following special form of (4).

Corollary 1. (cf. [5, Lemma 2]) Let p € |0,00| and assume in (4) that a; =
b; —OfOT’j €2,p+1|. Thend, =0 forn € |2,p+ 1| and

n—p—1 n—k+1
U 5
d, = ab, + Z ay Z By, b* H b;? +anby  for m € [p+2,00].
k=p+2  w,ecU} , J=p+2

(6)
Proof. For every n > 2, by Lemma 1 (i)—(iii), we have

n—1 n—k+1

d, = a1b, +Zak Z By, b H b+ anby.

Un €U i
Hence, for n € |2,p+ 1| we have d,, = 0 and dp 2 = a1byyo + apy 20", which
gives (6) for n = p 4+ 2. Now, let n > p + 3. We have

n—k+1

d, = a1b, + Z ag Z By, b* H bu1—|—anb”

k=p+2  TUp€Un i
Note that for every k € |p + 2,n — 1| we have

n—k+1 n—k+1

> By, b H b= > Bgbit [ by (7)

Un €Un, k Un €UY J=p+2

In the case when p > 1, for k € |n — p,n — 1|, because of Lemma 1 (iv) we get
Uy ;. = 0. Then from (7) we obtain (6), which finishes the proof. O

The following very detailed properties of (4) will be useful in the construc-
tion of a one-parameter group of FPS.

Corollary 2. Let p > 1, p+ 1 = gm with integers m > 2 and q > 1. If
aj =b; =0 forj €|2,p+1| and b; =0 for j € |p+ 3,00 \ N,,, then for
n € |p+ 2,00

n—p—1
w
dy=aby+ Y ax Y Bubi 11 by +anbt.  (8)
k=p+2  @,cU;";? JEIp+2,n—k+1|NN;,

. , —k+1 u,
Proof. Since b; = 0 for i € |p+ 3, 00| \ Ny, TnCU? AU By, b1 H?:pIQ by’

= 0 for every k € |p+2,n — p — 1|. Hence (6) gives (8). O

Corollary 3. Let p > 1, p+ 1 = gm with integers m > 2,q > 1, and let
a; =b; =0 forje|2,p+1|U(]p+ 3,00/ \Ny,). Then
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(i) fornep+3,00\Ny

n—p—1
w
> ar Y By 11 b =0, (9)
k=p+2  w,eU,"}! JEIp+2,n—k+1|NN,,
hence d, =0,
(i) form=rm+1€|p+2,00 NNy,
r—q r—k
u Ujm+1
drmi1 = G1bomi1 + Y Gkt > By, by T vjarh
k=q Urm+1 €U g1 J=q
+1
+ arm+1b’:’[‘m . (10)

Proof. (i) Ifn € |p+3,00|\ Ny, then for k € [p+2,n—p— 1|\ N,;, we have
ar =0, and for k € |[p+2,n —p — 1| NN,,, by Lemma 1 (v), U::,’Cq = 0.
This implies (9), and, in consequence, (8) gives d,, = 0.

(ii)  (10) is a simple consequence of the assumptions and (8). O

Further properties of (4) will be useful in the proof of some properties of
sequences of the polynomials (L2*2) and (P,) which appear in the description
of one-parameters groups of FPS. To simplify the notation we put

<a7”-7ﬁ7§77ﬂ”'7§>

in order to identify = as the kth element of the sequence (a, ..., 03, x,7,...,0d).

Lemma 2. Let p > 0,n € |p+ 3,00|. Then

+2
UP,\ s = {(n—l,O,...,O,pl ,0,...,0)},

Uniptiprs = {(p—i—1,0,...,0,711,0,...,0)}

= P . _
U {u”+1’+1 € Untptipt2 t Viehntpt1| U =0 } :

n
For Upypi1 = (p-i—l,O,...,O,l,O,...,O) € U,’L’erﬂ’p+2 we have By, ., =

_ pt+2
p + 2, and, for Upipy1 = (n— 1,0,...,0, 1 ,O,...,O) € U5+p+1,n’
Bﬂ7L+p+1 = Nn.
Proof. Let tnipr1 = (Us- o Unipr1) € Up vy 0 C Ungpran. Then, by the
n+p+1

description of U, j, we get p+1 = n+p+1—-n = ijz (j—1)u;, which, jointly
with u; = 0 for j € |2,p+1|, gives up12 = 1l and u; = 0 for j € [p+3,n+p+1|.
Thus u; =n — 1.
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Next, let unypr1 = (U1, Untpr1) € ULy g pio- Then
n+p+1
n—l=n+p+l—(p+2)= > (j—Du,
j=2

If u, = 1, then u; = 0 for every j € [2,n+ p+ 1]\ {n}, hence u; = p + 1.
Otherwise, u, = 0 and, by Lemma 1 (iv), we also get u; =0 for j € [n+p +
1—-(p+2)+2,n+p+1 =|n+1,n+p+ 1|, which finishes the proof of the
decomposition of the set Uy, . .o

The last statement follows from the equality defining By O

Un4pt1°

Now, let for n € |p + 3, o0,

7P — {7 P . C
Upipiipra = {ntpe1 € UL ypiapya t Vielnnapt1) 4 =0},

U£+p+1,k:UTIZ+p+1,k forke|p+3,n—p—1|.

Then, for each k € |p+ 2,n —p — 1| and every u,4p+1 € ﬁﬁﬂ,ﬂ,

uj =0 for j € |n,n 4+ p+ 1|. From Corollary 1 and Lemma 2 we obtain

. we have

Corollary 4. Letp > 0. Ifa; = b; = 0 for all j € |2, p+1|, then forn € |p+2, o0
with r =n + p+ 1 we have

n—1 r—k+1
dy = arby + (p+ a2t b+ Y ax > Bu bt [] b
k=p+2  m.e0?, j=p+2

+na,, b?_l bpt2 + arbl

n—1 N U1 r—k+1 ;u; .
and Yy, o Gk ZHT-GU,ﬁk By, by [[5=, 12 b;7 does not contain ay,by for k €

n, 7l

4. One-parameter groups of formal power series

Let F(t,X) = Yo, ck(t)X*, where ¢; : G — K\ {0}, ¢, : G — K for
k € |2, 00|, be a one-parameter group of FPS. Then, from (1) we get

l
oo

D ealti +t2) X" =D alty) | D ¢ta) X7 for t,t € G.
n=1 =1

=1

Hence, on account of (5) and Corollary 1 with p = 0, by comparing coefficients,
we obtain the infinite system of functional equations
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c1(ts +t2) = ci(tr)ca(t2)
oty + t2) = c1(tr)ca(ta) + coltr)er (t2)?

Cn(t1 + t2) = Cl(tl)cn(tg) (11)
n—1 n—k+1
+> a(t) D> Ba, [ eta) +calt)er(t)"
k=2 T €Un & j=1
for t1,t2 € G.

In the same way, with FI¥l(¢, X) = 37 _, cx(t)X* being a one-parameter
group of s-truncated FPS, where ¢; : G — K\ {0},¢; : G — K for k € |2, 5],
we obtain from (2)

Cl(tl -+ tg) = Cl(tl)Cl(tQ)
Cg(tl -+ tg) = Cl(tl)CQ(tQ) + Cg(tl)cl(tg)z

és(tl +ta) = c1(t1)cs(ta) (12)

s—k+1

+ick(t1) Z Bﬁs H Cj(tg)uj+cs(t1)cl(t2)s
k=2 j=1

Us€Us i

for t1,t5 € G. Note that in both cases ¢; must be a generalized exponential
function.
Considering at the same time both s € N and s = 0o, we will generally

distinguish two cases, ¢; = 1 and ¢; # 1 (in fact, the second one will be
divided into subcases later on). In the first case we have clearly the trivial
solution ¢; = 1 and ¢, = 0 for n € |2,s|. So, in the case ¢; = 1, passing

over the trivial case, without loss of generality we may assume that there is a
nonnegative integer p with p + 2 < s such that ¢; = 0 for j € |2,p + 1] and
¢pt+2 # 0. Then, by Corollary 1, the systems (11) and (12) may be written as

cpt2(ts +t2) = cpia(t1) + cpia(ta),
Cn(tl + tg) = Cn(tl)

n—p—1 n—k+1 (13
+ > alt) Y Bu, I et)" +ealts), nelp+3,sl,
k=p+2 u, €UY Jj=p+2

for t1,t2 € G. In the second case we consider the system
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Cl(tl #*tg) = Cl(tl)cl(tg)

CQ(tl #*tg) = Cl(tl)CQ(tg) +’62(t1)01(t2)2

cn(ts +t2) = ci(t)en(ta)+ (14)
n—1 n—k+1
Yoelt) Y B, I ei(t2)" +eult)en(ts)",n € 3,5
k=2 U €U Jj=1

%rthtgé(l

5. The regular one-parameter groups of formal power series

We describe the regular one-parameter groups of FPS, i.e we give the general
regular solution of the systems (13) and (14) for s = co. We recall the proofs
of these results (see [6,7,9]) not only for the convenience of the reader. We
prove these results in a more precise form, with some essential additional
consequences, which allow us to give a simple proof of Theorem 2.

In this section we assume that ¢; : K — K\ {0}, ¢t : K — K for & > 2
are C'°-functions when K = R, or entire functions in the complex case. By
the differentiation of each equation of (11) with respect to ¢y, and putting
t; = 0, jointly with the boundary condition ¢;(0) = 1 and ¢,(0) = 0 for each
n > p+2 (cf. the translation equation (1)), we obtain the system of differential
equations

ey (t) = ¢ (0)ea(t) + ch(0)er (£)?, e2(0) =0,
Wl =a0e0+ (15)
ST S Ba, I e +c0)e®), en(0) =0,n>3
k=2 U €Uy 1 j=1

Let us distinguish two cases:

1) ¢ (0) =0,

c2) ¢ (0) #0.

In the first case, from the first differential equation of (15) we obtain ¢; = 1.
Then, if for some integer p > 0 we have ¢;(0) = 0 for 7 € |2,p + 1|, and
p12(0) # 0, then from (15) we get ¢; = 0 for every i € |2, p+1[, and ¢, 42 # 0.
Hence from (15), for the sequence (hy)n>p+2, where hy := ¢, (0) for k > p+2,
hp+2 # 0, we get

Cpya(t) = hpi2, ¢p12(0) =0,

n—p—1 n—k+1
G =hat 3 b > Ba [ o®™.c®=0mzpts (19
k=p+2  w,eU} , Jj=p+2

In the second case, for (Ay,),>2, where Ay := ¢} (0) and (k — 1)\ A, == ¢}, (0)
for k > 2, we obtain



258 W. JABLONSKI AND L. REICH AEM

A (t) = Ma(t), a(0)=1,
C/Q(t) )\ (t) + A )\201( ) y CQ(O) = 07
e (t) = Men(t) + (n— DA e (B)™+ (17)
n—1 n—k+1
k=DM > Bu, J[ ¢®)™, ¢n(0)=0, n>3.
k:2 T EUp i j=1

Theorem 1. (cf. [6, Theorem 4] and [9, Theorem 6]) Fiz an integer p > 0.
There exist sequences of polynomials (L )n>p+2 and (Pp,)n>2 given by

L5+2(X) =0; .
n—p—
LH(X5 (h)igpran—p-1) = Y Tl Z Ba,
k=p+2  w,eU? (18)
X n—k+1
H (hj’U"‘L‘I;(/U;(hl)l€|p+2’j7p71|))uj dv, n>p-+3,
0 Jj=p+2
and by

PQ(X) = 0; RQ(X;)\Q) = /\QX — )\2

Po(X;5 (M)igzin—1]) = i(k SILY Z Bg,

k Un€Un i
X n—
o

o (19)
H (R;(v; (\)igj2,j)) " dv, n >3,

R, (X5 (M)igjzm)) = )\n(X" L= 1) + Po(X; (AN)igj2in-1))5

such that
(i)  for every sequence (hy)n>p+2 there exists a unique solution of the system
of differential equations (15) given by
Cn(t) = hnt + Lﬁ(t, (hk)k€\p+2,n7pfl\)7 te K, n > p + 2, (20)

(ii)  for every sequence (An)n>1 with A1 # 0, there exists a unique solution
of the system of differential equations (16) given by

ci(t) =eMt, tek,

()= (MM L MUP, (M (A ieppnoy)» tEKon2, (2D

Proof. Tn the first case we have c,i2(t) = hpyat = hpiot + LY 5(t) with
Ly, = 0. Assume that for some n > p + 3 there exist polynomials L? for
J € |p+2,n — 1] such that

Cj<t) = hjt + L?(té (hl>l€|p+2,j7p71|)7 tekK
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for every j € |2,n — 1|, and let us consider the differential equation

n—p—1 n—k+1
_h + Z hy, Z Bu” H Cj(t)uj
k=p+2  w,eU? , Jj=p+2
n—p—1 n—k+1
ws
= hp + Z hi Z B, H h't+L§(t§ (h)iepr2,j-p-11)) "
k=p+2  w,eUL , Jj=p+2

(22)

with the boundary condition ¢, (0) = 0. Since the right hand side of (22) is
a polynomial in ¢, this differential equation has a unique solution given by

cn(t) = hpt
n—p—1 L n—k+1
+ Z hy Z Bz / H (hjo+ LY (v; (h)iepprag—p-1))) | dv.
k=p+2  w,eU} 0o \J=pt2
Hence
L3 (X5 (h)iepp+2,n-p-1])
n—p—1 X n—k+1
= > he Y, Ba, [T (hjo+ L5 (s (M)igjprag—p-1))™ | dv.
k=p+2  w,eU} , o \J=pt+2

Thus by (18) we can define the sequence of polynomials (L), >,+2 such that
the solution of (16) is given by (20).
Now, let A\; = ¢} (0) # 0. Then ¢ (t) = e*? and

co(t) = Mg (NP — M) = Ap(cF(t) — e1(1)) + 1 (t) Pa(ca (1))

with P2(X) = 0. Assume that for some n € N, n > 3 there are polynomials
(P;j)jej2,n—1| such that

cj = )\j(C{ —c1) + crPjer; (MN)igjz,i-11) = caRjlers (M)igj2,5))

for every j € |2,n — 1|, and let us consider the differential equation

n—1 n—k+1
(1) = Men()+ (=DM Aper ()" +> (k=DMde > Ba, [ ei®)™
k=2 T €Up i j=1

(23)



260 W. JABLONSKI AND L. REICH

with the boundary condition ¢, (0) = 0. We have

n—k+1 n—k+1

II ™ =™ ] (a®Ri(e®); Mep2))"

j=1 j=2
n—k+1

n— k+1 .
t)2i= H Rj(ci(t); (M)igja.g)™

n—k+1
Sy
= Lj=1 v H Rj(c1(t); (M)igj2,5)"

n—k+1

H Rj(c1(t); (M)iejz,5)™

Then, from (23), with ¢;(t) = eM! we get

c(t) = Alcn( )+ (n— DA e Mt
n—k+1

+Z — DM > By, H Rj(e™"s (M)iejz,5)"™ -

Un €U i

AEM

The linear differential equation (24) with the boundary condition ¢,(0) = 0

has exactly one solution (cf. [3, p. 104]) of the form

t

en(t) = eAlt/e”\“’(n — 1))\1)\ne(”*1))‘1”dv

0
¢ n—1
+e*1f/e**lv S (k=DXAe Y By
) k=2 Tn €Up i
n—k+1

X H R (€™ (M)igz,j)" dv

n—k+1

—&-e’\ltZ(k—l))\k Z Bﬁ"/ H Rj(w; (Miej2,3)" dw.

Thus
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where
Po(X5 (M) jeizn-1y)
n—1 n—k+1
=S k-Da > Bn/ i H s (A)iepz) " duw.
k=2 T €Uk 1

We have thus proved that there is a sequence of polynomials (P,,),>2 defined
by (19) such that the unique solution of (17) is given by (21). O

Now we will show that the solutions cj of the systems of differential equa-
tions (16) and (17) satisfy the system of equations (11), which means that
F(t,X) = Y o2, ck(t)X* with ¢ given in Theorem 1 are the regular one-
parameter groups of formal power series. In the following we use the standard
notation (s € Nor s = 00). If F(t,X) =>;_, cx(t)X*, then

)= 3 ke X4,
k=1

and, in the case when G = K and the coefficient functions ¢, are differentiable,

6F L g / k

For G = K the following theorem describes the general regular solution of the
translation equation (1) in the ring of FPS. Theorem 2 may be derived from

some results in [12,13], but here we give the simple proof based on some ideas
from [14].

Theorem 2. (i) If a family (F(t, X))ick is a reqular one-parameter group of
FPS, then there exists a formal power series H(X) € K[X] such that

%]Z(t X) = H(F(t, X)), fortek,

F(0,X) = X.
(i)  For each H(X) € K[X], ord H > 1, the family (F(t,X))iex defined by

(25) is a regular one-parameter group of formal power series.
(iii)  The series H is uniquely determined by (F(t, X))tex. It is given by the

formula H(X) := %f (0, X), in particular, ord H > 1.

(25)

Proof. First let us assume that (F'(¢, X)):ex is a regular one-parameter group
of FPS (i.e. F(t,X) is a solution of the translation equation (1)). By dif-
ferentiation of (1) with respect to t; and putting ¢; = 0 we get (25) with
H(X) = 2£(0,X), which is nothing else but (15).

Conversely, let us consider the system of differential equations (25) (which
is equivalent to (16) whenever ¢} (0) = 0, and to (17) if ¢} (0) # 0). We know
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that for a fixed H(X) € K[X] with ord H > 1, the system (25) always has
a unique solution. We will show that it is given by (cf. also [12])
k
s X th (H(X) 2
F(t,X)=MMox X =3 %X for t € K, (26)
k=0

where 8% denotes the operator of derivation with respect to X. Indeed, it is
easy to see that the function F'(¢, X') given by (26) is a regular solution of the
translation equation (1) and F(0, X) = X. Thus, by differentiation of (1) with
respect to t; and taking t; = 0 we get

oF oF
E(t,X) = E(O,F(t,X)). (27)

Moreover, since

aj(t’X) _90 (etH(X)a%X)

ot Ot
— C E (k( ( )QX)kX' _E i 1( ( )3X) X
(k—O k! ) k=1 (k )' 7

%—‘Z(O,X) = H(X), and then, by (27) we obtain (25). Thus every solution of
the system of differential equations (25), with arbitrarily fixed H(X) € K[X]
such that ord H(X) > 1, is a solution of the translation equation (1).

The proof of (iii) is obvious. O

As a simple consequence of Theorem 1 and Theorem 2 we obtain

Theorem 3. There exist sequences of polynomials (L{)L)n>p+2 with some inte-
ger p >0, and (Py)n>2, given by (18) and (19), respectively, such that the
coefficient functions of every reqular nontrivial one-parameter group of FPS
F(t,X) = > 12, e (t)X* are given by (20) provided ¢} (0) = 0, ¢;(0) = 0 for
i €12,p+ 1], ¢,11(0) # 0, and by (21) if 1(0) # 0, where (hp)n>pr2 and
(An)n>1 with hypyo # 0, A1 # 0 are arbitrary sequences of constants.

6. Properties of the sequences (L,,) and (P,,)

Now we collect some properties of the polynomials (LP) and (FP,) used for
describing regular solutions of (11). First we quote without proof an interesting
property of (L2) which can be derived from the construction of the regular
one-parameter groups of FPS.

Fact 1. For every integer p > 0 and for every sequence of constants (hy)n>2
with hy, = 0 for k € |2,p+ 1| we have

LY(X; (M)ie2n—1]) = L2(X; (M)iejpt2.n—p—1) for every n > 2.
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For every n > p 4 2 we denote
ZZ(X§ (hl)le|p+3,n—p—1|) = Lﬁ(X; (hl)le|p+2,n—p—1|) (28)

with h,42 = 1. We prove now crucial properties of the polynomials ffl and
P,,, which allow us to construct the general solution of systems (13) and (14).
We begin with a well-known result from polynomial algebra.

Lemma 3. Let A C K be infinite. If P(X,Y) € K[X,Y] and P(a,b) = 0 for
every (a,b) € Ax A. Then P(X,Y) =0.

Now we prove

Lemma 4. For everyn > p+3 the polynomials ZZ given by (18) with hyyo =1
satisfy, for an arbitrary sequence of constants (hy)n>p+3, the equalities

ho(X +Y) + ZZ(X +Y; (hl)lelp—&-&n—p—l\)
=hn X + fp n (X5 (M)icppysn—p1) + BaY + Lo (Vs ()icipisn-—p-1))

n—k+1
+ Z KP (X5 (h)iejpts.k)) z By, H K2(Y; () igjpts.g)™
k=p+2 w.eUr,  J=p+2
(29)
and
(0 +2X (haY + LY (iciprn—p-1))
+nY (hnx + (X5 ()ieipran—p1)
r—k+1
+ Z KY(X; (M)ieppsi) Y Ba, [ EXOV; (h)iepesi)™
k=p+2 ureUgj Jj=p+2
! (30)

= (p+2)Y (haX + T0(X: (M)ielpran—p1)))

+ nX (hnY + ZZ(Y7 (hl)l€|p+3,n7p71|))

r—k+1
+ Z s(h)ieprsn) Y, Ba, [ KTOG(h)icpra )™
k=p+2 €07, j=p+2
in the ring K[X,Y], where K[, ,(X) = X, and

Kﬁ(Xa (hl)lé\p+3,n|) = hnX + LZ(Xa (hl)IG\p+3 n—p—l\) for n > p+ 3.

Proof. By Theorem 3, the family F(t,X) = X + 377, ;(t)X/ with func-
tions ¢; : K — K for j € [p+ 2, 00| given by

Cpro(t) =t, tekK,
o (t) = bt + Ly, (t; (M)iejpysn—p-1])s t €K, n € |p+3,00],

=p+2¢€
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where (hy,)n>p+s is an arbitrary sequence of constants (h,4+2 = 1), is a regular
one-parameter group of FPS with F(¢, X) = X mod X2. This means that the
functions ¢, for n > p+ 2 satisfy the system of equations (13). Then, for each
n > p+ 3 we have

i (ty +to) + Lb (t1 + to; (h)iejp+3,n—p—1]) = Cn(t1 +t2)

n—p—1 n—k+1
:En(tl) +En(t2) —+ Z Ck tl Z Bun H 6j(t2)uj
k=p+2 un €UY | Jj=p+2
= bty + Ly, (t1; (M)iepssn—p-1]) + hata + Ly (t2, (h)ie)p3,0—p-1])
n—p—1 n—k+1
+ > KE(ts (M)iepran) D, Bu, [ K2t (h)ieppesg)™
k=p+2 u, €U 4, Jj=p+2

for every t1,to € K. This jointly with Lemma 3 implies (29). Moreover, for
every n > p+ 3 with r =n 4+ p+ 1, on account of Corollary 4, we have

Cr(t1+1t2) =5¢(t) + (p+2)ts (hntz + LD (Lo (hl)lelp+3,n—p—1\)>

+¢r(t2) + nto (hntl + Ly (tr; (a)igpps, n7p71|)>

r—k+1
+ Z KP(tr; (M)ieiprsn) Y Ba, [ KP(t2s (h)iciprsg)™
k=p+2 UTGU,{J j=p+2

for t1,ty € K. Since (K,+) is an abelian group, we get by interchanging ¢;
and to

(p+2)t (hntz + LD (ty; (hz)ze|p+3,n—p—1|)) +

+ nty (hnt1 + ID (ty; (hl)le\p+3,n—p—1|))

n—1 r—k+1
+ Z K (t1; (h)iejpi.k)) Z Bz, H K2 (t2; (l)igpts.g)™
k=p+2 w.elr, — J=pt2

= (p+2)t2 (hntl + Z]Z(tl; (hl)l€|p+3,nfp71|>)

+nty (hntz + I, (t2; (h)ie|p+3,n—p—1 ))

n—1 r—k+1
+ > KP(tai (h)icppan) >, Buo [[ KVt (h)iepprsg)™
k=p+2 . €UP J=p+2

which together with Lemma 3 gives (30). O
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Lemma 5. Given an arbitrary sequence of constants (Ay)n>2, the polynomials
P, defined by (19) satisfy for every n > 3

A (XY)" = XY) 4+ XY P, (XY (N)iej2,n-1)
=X M Y"=Y)+YP, (Y;(N)ig2n-1]))
+Yy" (/\ (X" = X) + X P, (X; (M )iej2n-11))
n—k+1

+ZXRk ;s (A)iej2,k)) Z By, Y* H (A leml))wv

Up €Uk
(31)
where R1(X) =X and
R (X5 (A\igjzin)) = A (X" = 1) + Po(X; (M)igjan—1)) for n € |2, 00].
Proof. By Theorem 3 we have that the family F(¢, X) = ' X + Y77 | ¢ (t) X"
with functions ¢ : K — K for k € |2, 00| given by
(1) = Mg (ekt — et) +e' P, (et; ()\l)le\Z,kfl\) , teK,
and an arbitrary sequence (A\,)n>2, is the regular one-parameter group of

FPS with F(t, X) = e!X mod X?. Hence the system of equations (14) with
¢1(t) = €' for t € K is satisfied. Thus, for every n > 2 we have

)\n (en(tl+t2) - €t1+t2) + €t1+t2Pn (et1+t2; /\27 R} /\n—l) = En(tl + tZ)

— n—k+1
Ci(t1)en(tz) +en(t)ei(t2)" z Z By, H ¢j(ta)™
=2 meUn,k j=1
= e (A (" =€) + e P (5 (Miejzin-11))
+e™2 (A, (e" —e") + e P, ("5 (N)iej2n-1)))
n—1 n—k-i—l
+> R Aoy M) Y Ba e T (Rile™sha, . M)
k=2 Tn€Un 1 j=2

for ¢1,ty € K. Since the function K > ¢t — ¢! € K takes infinitely many values,
Lemma 3 implies (31). O

7. One-parameter groups in cases 1. and 3.

Let (G, +) be a commutative group, and let s be a positive integer or s = co
(by |00, 00| we will mean (). We know that if Fl*I(t, X) = X + Py cj(t) X7
is a solution of the translation equation with ¢; = 1, then we find p > 0 such
that p4+2 <s, ¢y =0for k € |2,p+1| and ¢pyo : G — K is a nonzero additive
function. Then the functions ¢ : G — K for k € |p + 2, s satisfy the system
of equations (13). We prove
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Theorem 4. Let the sequence of polynomials (L)n>pi2 be given by (28) and
(18). For every one-parameter group O(t)(X) = X + >3 1y ¢k (t)X* of FPS
with cpyo # 0, there exist a nonzero additive function a : G — K, a sequence
of additive functions (an)ne|s—p,s|» an : G — K, and a sequence of constants
(hn)nelpt+3,s—p—1] such that the coefficient functions (cx)re|py2,s| are given by
cpra(t)=a(t), t € G

en(t) = hna(t) + T2 (at); () jetpesmopi) tEGinElp+ 3,5 —p—1], (32)

P

Cn(t) = an(t) + Ln(a’(t)v (h’j)j€|p+37nfpfl|))7 te G,TL S |3 ey 2 $|'

Conversely, for an arbitrary additive function a : G — K, for each
sequence (hn)nejp+s,s—p—1) and for every sequence of additive functions
(@n)nels—p,ssan : G — K, a function ©(t)(X) = X + ZZ=p+2 cx()XF defined
by (32) is a one-parameter group of FPS.

Proof. At first we prove that the functions ¢, for n € |p+ 2, s| given by (32)
satisfy the system of equations (13). It is easy to see that the function cpyo
satisfy the first equation of the system (13). So let us fixn € [p+3,s—p—1|.
Then, using (29), for arbitrary t1,t2 € G we get
cn(t1 +t2) = hna(ts +t2) + Ly(a(ts + t2); (B)ie pysn—p-1])
= ha(a(t1) + a(t2)) + Ly (a(t) + a(t2); (A)ic pt3,n—p-1])
= hpa(t1) + fZ(Ob(tl); (h)ie|p+3,n—p—1])
+hna(tz) + Ly (a(t2); (P)iejpss.n—p-1|)

n—p—1

+ Z K} (a(t1); (h)ie|pt3,k]) Z B,

k=p+2 w, €Uy

n—k+1

I EP(alta); ()ieppss, i)™
j=p+2
n—p—1 n—k+1

=cn(t1) + cn(ta) + Z ck(t1) Z B, H cj(ta)™.

k=p+2 w, €UY j=p+2
Finally, fix n € |s — p, s|. Then using (29) with h,, = 0 we obtain
Lu(alty +t2); (ha)ielp+an—p—1])
= Lu(a(t1) + a(t2); (M)ielp+3.n—p-1])
= Ly (a(t1); (h)ig)p+3,n—p—1]) + L} (alt2); (ht)1e|p+3,n—p—1])

n—p—1
+ Z Kp a(tl) (hl le|p+3, kl Z Ba,
e p+n . uneUn,k

H K¥(a(t2); (h)ic|prs,)"™

J=p+2
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Consequently, with an arbitrary additive function a,, : G — K we get

cn(ty + t2) = an(ty + t2) + Ly (a(ts + t2); () iept3.n—p-1))
= an(t1) + an(te) + L (a(ty) + alty); (h)ie|p+3,n—p—1])
= an(t1) + Ly (a(t1); ()i |ps3.m—p-1])
+an(t2) + Ly (alt2); (h)iejp+3n—p-1)

n—p—1
+ Z Kp tl) (hl le|p+3, k\ Z Bun
k=p+2 a, €U} .
n—k+1
x H K )i (hi)iefp+3.51)™
Jj=p+2
n—p—1 n—k+1
= Cn(tl) —+ Cn(tg) —+ Z CL tl Z Buﬂ H Cj(tz)uj,
k=p+2 u, UL . Jj=p+2

which proves that the functions ¢,,, n € |p+2, s|, defined by (32) satisfy the sys-
tem of equations (13) with arbitrary constants (hy)ne|p+3,s—p—1| and arbitrary
additive functions a, : G — K for n € |s — p, s|

Now we are going to show that functions defined by (32) are the only
solutions of (13). Here we use an approach much simpler than the one applied
n [6,7]. Note that from (13) jointly with c¢,1o # 0 it follows that c,yo is
a nonzero additive function. So let 0 # c,12 = a : G — K be an additive
function.

Put hpto =1 and f5+2(X) = 0. Assume that for some n € [p+3,s—p—1]

cj(t) = hja(t) + L (a(t); (h)ielprs,j—p-1)), t € G,j € Ip+2,n—1].

Let us consider the equation with a function ¢, on the left hand side of it,
that is

en(ts +t2) = enlth) + cnlt2)

—pP—
+ Z hl l€|p+3, k| Z Bu” (33)

M u, €U}
n—k+1

< T KP(a(ta); (h)iejpss,g)™
j=p+2

for t1,to € K, which is, in fact, an inhomogeneous Cauchy equation for ¢,
provided a and (h1);e|p43,n—p—1| are given. Hence the general solution of (33)
is a sum of a particular solution of this equation and an additive function.
Moreover, for every t1,ts € G, on account of (29) with h,, = 0, we have
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LY (a(ty + to); (h)ie|p+3,n—p—1]) = L (a(t1) + a(tz); (h)ielp+3.n—p-1|)
=Ty (a(t1); (h)ieppran—p-11) + Ly (@t); (M)iejps3,n—p-1))

n—p—1 n—k+1
+ Z K (a(t); (M) ie|p+3,k) Z Bz, H K7 (a(t2); (ha)ie|pts.4))"
k=p+2 U, €UY | J=p+2

which proves that L (a(t); (h1)ie|p+3,n—p—1]) is a solution of (33). Thus every
solution of (33) must be of the form

cn(t) = an(t) + L (a(t); (h)icip+3n—p-1]) t€G (34)

with an additive function a, : K — K. We will show that a, = h,a for
n € |p+3,s —p— 1|. Let us consider the equation of the system (13) with
the function ¢,,4p+1 on the left hand side of it. By (34) and Corollary 4 with
r =n+p-+ 1it can be written as

cr<t1 + t2)
= co(t1) + (0 + Da(ts) (an(ta) + L (alt2): (h)iepprsn—p-1)

+ ¢, (t2) + na(ts) (an(tl) + I (alty); (hl>l€\p+3,n7p71|))

n—p—1 r—k+1
+ Z Ki(alty); (h)ie|pt3.k)) Z Bg, H K¥(a(t2); (h)ie|pts,)™
k=p+2 w.el?,  I=pt2

for ¢1,t5 € K. Since (G, +) is an abelian group, by interchanging ¢ and ¢ in
the above equality we get

(0 +2)a(t1) (an(t2) + I3 alta): (hlicipran-p-1)))

+na(t2) (an(tr) + L (a(t2): (Aicipran-—p1))

r—k+1
+ Z KP(a(t); (m)ieppse) D, Bu, [[ KP(a(t2); (h)iepprs )™
k=p+2 ureUﬁ Jj=p+2

= Cr(tl + tQ) = Cr(tg + tl)
= (p+2)a(tz) (an(ts) + Thaltr); (hiciprsn—p 1))

na(ty) (an(tz) + T (alta); (Mhicipran—p-1))
r—k+1

+ Z K2 (alta); (h)iep+an) Y, Ba, H K7 (a(t); (h)iejpts.j) ™
k=p+2 Uy GUT',’\", =p+2
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From the last relation, using (30) with h,, = 0 we get
(p+ 2)a(ti)an(tz) + naltz)an(tr) = (p+ 2)altz)an(t1) + na(ti)an(t2)
for t1,t2 € G. Since n > p + 3, we have
a(ti)an(t2) = a(t2)an(t1) for t1,t2 € G.

Fix t; € G with a(t1) = cp+2(t1) # 0. Then with h,, = “;((tfll)) € K we get

ap = hpa, and consequently, from (14) we obtain
en(t) = hna(t) + I (a(t); (M)icipram—p_1)) for t € G.
Now, fix n € |s — p, s| (clearly then s < co) and assume that

Cpt2(t) = a(t),
C](t) = h]a(t) + Lf(a(t)7 (h’l)l€|p+3,n—p—1|)7 j € ‘p + 37 §—P— 1|7
¢;(t) = a;(t) + L5 (a(t); (M)iepran—p-1)s J € s —pn—1].

Let us consider once more Eq. (33). The same way as before we show that
then ¢,, must be of the form (34). Since in this case n+p+1 > s, this finishes
the proof. O

Assume now that s is a positive integer or s = oo and Fll(t, X) =
> ci(t)X" is a solution of the translation equation ((1) if s = oo and (2) in
the case when s is finite) with ¢; # 1. Then the functions ¢; satisfy the system
of equations (14) and ¢ is a generalized exponential function. We are going to
consider firstly the already mentioned subcase where ¢; takes infinitely many
values. In what follows, we will need

Lemma 6. Assume that (G,+) is a commutative group, k > 2 is a positive
integer and let f : G — K\ {0} be an exponential function such that f(yo)* —
flyo) # 0 for some yo € G. If a function g : G — K satisfies the equation

gl +y) = f(@)g(y) + f(y)*g(x) for z,y € G, (35)
where k > 2 s an integer, then there exists a constant p € K such that
g(@) = p (f@)* - f(@)) for € C. (36)

Proof. From the symmetry of the left hand side of (35), we get for every
z,y €G

f@)g) + fW)rg(x) = gl +y) = gy + ) = fF)g(x) + f(2)*g(y),
or, equivalently, g(z) (f(y)* — f(y)) = g(y) (f(2)* — f(z)). Put y = yo. Then,

with p = % we obtain (36). O
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Theorem 5. Let (G,+) be a commutative group which admits a generalized
exponential function from G into K\ {0} with infinite image. There exists
a sequence of polynomials (Py,)n>2 defined by (19) such that for every one-
parameter group O(t)(X) = >_;_, ck(t)X* of FPS with a generalized expo-
nential function ¢y taking infinitely many values, there exists a sequence of
constants (An)nej2,s| such that for every n € |2, s|

en(t) = An (c1 ()" = c1(t)) + c1(t) Po (1 (t); M)igjan—1))  for t € G.
(37)
Conversely, for each exponential function ¢y and for each sequence (An)ne|2,s|»

the function ©(t)(X) = >_;_, ck(t)X" is a one-parameter group of FPS.

Proof. The proof of Theorem 5 is based in the same ideas as the proof of
Theorem 4 and it is easier than the one given in [9]. We show first that with
an arbitrary exponential function ¢; the functions (c,)nej2,s defined by (37)
satisfy the system of equations (14). Indeed, fix n > 2, a sequence (A,)ne|2,s|
and t1,t2 € G. Using Lemma 5 we get
Cn(tl =+ tg)
=M (c1(ty +t2)" — 1ty +t2)) + e (ty + t2) Py (cr(ty + t2); (M)iej2,n—1)
= ((e1(tr)er(t2))" — cr(ti)er(tz))
+c1(t1)er (t2) P (c1(tr)er (t2); (M)iej2,n—1))
= c1(t1) (An (cr(t2)™ = c1(t2)) 4 c1(t2) Pa (c1(t2); (Migj2,n-11))
Fer(t2)" (An (cr(t)™ = er(tr)) + ea(tr) Po (e1(t1); M)igj2n-11))

n—1
+ch(t1)Rk(Cl(tl (A)iej2,k) Z Bq, c1(t2)"
k=2 Un€Un
n—k+1
< T Riler(ta); M)iggzg)™
j=2
n—k+1
(tl)Cn(tQ) + cp tl C1 tz ch tl Z Bﬂn H Cj(tg)uj
Un€Up 1 j=1

Now we are going to prove that the functions defined by (37) are the unique
ones satisfying the system of equations (14). From (14) it follows that ¢; is an
exponential function and assume that it takes infinitely many values. Then,
by Lemma 6,

Cg(t) = )\2(01(75)2 —C1 (t)) = )\2(01(f)2 - Cl(t>) + Cl(t)Pg(Cl(t>) for t € G,
where P,(X) = 0. Assume now that for some n € |3, s| we have

¢j(t) =M (c1(t) — c1(t)) + cr() Py (ea(t); M igja,j—1)) » tE€ G, j€(2,n—1],
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and consider the equation of the system (14) with the function ¢, on the left
hand side, i.e.

Cn(tl + tg) =c1(ty )Cn(tg) + Cn(tl)cl(tz)n

n—

+Y ety Re(er(t); Migian) >, B, (38)

k=2 Un€Un i
n—k+1

xcy(ta)" H Rj(c1(t2); (M)igj2,)"
Jj=1

for t1,t2 € G. Note that if the functions ¢, c?
difference f = ¢2 — ¢l satisfies the equation

f(tl —+ tz) = Cl(tl)f(tQ) —+ Cl(tg)nf(tl) for tl,t2 e G.

Thus, on account of Lemma 6, every solution of (38) is a sum of a particular
solution of (38) and a function f(t) = A,(c1(6)™ — ¢1(t)). Moreover, from
Lemma 5 with \,, = 0 we obtain

1ty + t2) Py (e1(ts 4 t2); (M)iej2,n—1))
= c1(tr)er(t2) Po (ca(tr)er(t2); (N)iej2n—1y)
=ci(t1)ei(t2) Py (Cl(tz)» (A )le|2,n—1\)
+e1(t2)"er(tr) Pa (e1(t1); (M)igj2,n—11)

: G — K satisfy (38), then the

C

n—1

+3 a(t)Re(er(t); Mieiz) >, Ba,
k=2 Un€Un k
n—k+1
XCq t2 H R Cl t2) ()‘l)l€|2 j|)
j=1

This means that c1(£)P, (c1(t); (\)iej2,n—1|) is a solution of (38). Thus

cn(t) = An(c1 ()™ — 1 (t)) + c1(t) Py (c1(t); (N)igj2n—1)) » t € G,
which completes the proof. O

8. One-parameter groups in case 2.

We describe the one-parameter groups ©, : G — TI?, O,t)(X) =
> iy ck(t) X" where s is a positive integer or s = co and ¢; : G — K\ {0}
c1 # 1 is a generalized exponential function taking finitely many values and

v : G — K for k € |2,s|. The proposed construction depends strictly on
the form of an exponential function c¢;. Note, that if (G, +) is a commutative
group and if ¢; : G — K\ {0} is a generalized exponential function such that
imc; = E,, with an integer m > 2, then for a fixed ¢y € G such that c¢;(to) is
a primitive root of 1 of order m, we have then G/ kerc; = {ltg + kercy : 0 <
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I <m —1}, mty € kerc; and every t € G may be uniquely written as ltg + ¢
with some 0 <! <m —1 and ¢ € kerc;.
We prove

Proposition 1. Let s be a positive integer or s = oo. If O, : G — I'?,
Os(t)(X) =Y 1_, ck(t) X" is a one-parameter group of FPS, then Oglkere, =
O, tkerey — T, O4(t)(X) = X + > i, ck(t) X" is a one-parameter group of
FPS, and there exists to € G and a FPS P(X) = O4(to)(X) = > 7_; dp X
(dy = ¢1(to) is a primitive root of 1 of order m) such that

(Po®4(t)) (X) = (O4(t) o P) (X) for t € kere, (39)
P™(X) = O4(mt )( ), (40)
Ou(ltg +1')(X) = (P oO,()) (X) 0<I<m—1,t €Ekere;.  (41)

Conversely, for every one-parameter group of FPS ©, : kerc; — I'®,
O,t)(X) = X 4+ Yi_oe(t)X”, and for arbitrary P(X) = > ;_, dpX*
with dy being a primitive root of 1 of order m, such that conditions (39)-
(40) are satisfied, formula (41) properly defines a function ©5 : G — T'%,
O,()(X) = Yi_;ck(t)X* and Oy is a one-parameter group of FPS with
ime; = By,

Proof. If ©,: G — I'*,0,(t)(X) = >;_, ck(t)X" is a one-parameter group of

FPS, then, clearly, O4|xere, = Os : kere; — I'%,0,(1)(X) = X+37 5 cL(t) X"
is a one-parameter group of FPS. Put P(X) = O,(to)(X). Then mt, € ker ¢y,

P™(X) = O(to)™ (X) = O5(mto)(X) = O5(mto)(X),
and, since G is a commutative group,

(Po®,(1)) (X) = (O4(to) 0 ©,(1)) = O, (to + 1)(X)
— 0,(t + 1) (X) = (04(t) 0 O4(t0)) (X) = (B4(t) o P) (X)

for every t € ker ¢;. Finally,

O (lto +1')(X) = (Os(Itg) 0 O4(t")) (X)
= (85(to) 0 O4(t)) (X)

Il
—
=
o}
@
»
—
~
—
S~—
—
s

for every 0 <1 <m —1, and ¢’ € kerc.
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Now, let us fix a one-parameter group of FPS O, : kerc; — I'5, 0,(¢)(X) =
X+ > o)Xk, and a FPS P(X) = Y7 _, dy X", where d; is a primitive
root of 1 of the order m, satisfying conditions (39)-(40). Then formula (41)
properly defines a function ©; : G — I'*. We show that ©; is then a one-
parameter group of FPS. From (39) it follows that

(P" 0 O4(t) (X) = (O4(t) o P*) (X) for t € kerey, (42)

for every positive integer n. Then for l1tg +t1,lotg +t2 € G, where 0 < lq,1s <
m — 1 and 1, ty € ker ¢y, using (42) we get

((Ph 08,(0) o (P 08,(t2))) (X) = (P12 0, (11 + 1)) (X)
= (P e 0 1 + 1)) (X)

1 2 ~ l l
_ <p11+l2—[l$l]mo@s ({ 1; 2] mto + t1 +t2)> (X)

I +1 I +1
:@s<<l1+l2— [ 1; 2}m>to+ [ 1; Q}mt0+t1+t2> (X)

=0, ((llto + tl) + (lgto + tg)) (X),
which finishes the proof. O

Proposition 1 proved above gives us only a characterization of the solution
of the considered problem in the last case. But in some subcases we are able
to give also explicit formulas for one-parameter groups of FPS (i.e. explicit
solutions of the system of equations (14)). Note that always ker O4 C kerc;.
We give the mentioned formulas in the case when ker ©4 = ker ¢;.

Assume once more that im ¢; = E,, with some m > 2. Then, on account of
the first isomorphism theorem (cf. [10, p. 16]), we have G/kerc; = E,,,, and
further, since we assumed ker O, = ker ¢y,

E,, =2 G/kerc; = G/ker 4 = im 6.
This means that im Oy is a finite subgroup of (I'*, o). From Proposition 1 we
deduce then
Corollary 5. Under the assumptions of Proposition 1, if ©, : G —
5, 0,(t)(X) =>7_, ck(t) X" is a one-parameter group of FPS with ker O =
kercy, then there exists a FPS P(X) = O4(to)(X) = Yi_, diX* (with
dy = c1(to) being a primitive root of 1 of order m) such that
P(X) = X, (43)
O, (It +1t')(X) = PY(X) 0<1<m—1,t' €kere. (44)
Conversely, for every FPS P(X) = >;_, by X* with d; being a primitive
root of 1 of order m, such that the condition (43) is fulfilled, formula (44)
properly defines a function ©5 : G — T, O,(t)(X) = >p_; ck(t)X* and O,
s a one-parameter group of FPS with imc) = FE,,.
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Proof. 1t is enough to notice only that the finiteness of im ©; in Proposition
1 implies ©4(t)(X) = X for t € ker ;. O

In this case every one-parameter group of FPS ©4 : G — I'* must be of
the form ©, = és ok, where k : G — E,, is the canonical homomorphism and
Oy : By — %, 0,(2)(X) = S5_, &(2)X* is a one-parameter group of FPS
which means that functions ¢; : E,, — E,, withime¢; = E,,, and ¢, : E,, — K
satisfy the system of equations

51(2122) = 51(21)51(22)

Ca(z122) = C1(21)C2(22) + Ca(21)C1 (22)?

Cn(z122) = ¢1(21)Cn(22) + Cn(21)C1 (22)" (45)
n—1 n—k+1

+ ) Ck(z1) Z Bz, H ¢i(z2)", nel3, s

k=2 Un €Un i Jj=1

for z1, 20 € E,,,. We prove

Proposition 2. Let ¢ : E,, — E,, be a multiplicative function such thatim¢; =
E,,. There exists a sequence of polynomials (P,,)n>2 defined by (19) such that
for every solution (Cp)ne1,s| of the system of functional equations (45) there
exist a sequence of constants (An)nej2,s) Such that for every n € (2, s|

Cn(2) = (G1(2)" —C1(2)) + ¢1(2) Py (El (2); (Al)l€‘27n71|) , z€ Ep.  (46)

Conversely, for each multiplicative function ¢ : E,, — E, and for each
sequence (An)nej2,s| the sequence (Cn)ne|2,s| defined by (46) is a solution of
the system (45).

Proof. By Theorem 5 we know that ¢, defined by (46) for n € |2, s| satisfy the
system of equations (45).

Now, let us consider the second equation of the system (21). Since m > 2,
from Lemma 6 we have

Gy = Xo(C2 —C1) = \a(&F —C1) + 1 Pa(cy)

with P2(X) = 0 and some Ay € K. Then, analogously as in the proof of
Theorem 5, assume that for some n € |3, s| we have

¢i(2) = A (G1(2) —@1(2)) + @ (2)P; (a1(2); M)iepzj—11) » 2 € B,

for every j € |2,n — 1|, and consider the equation of the system (45) with the
function ¢,, on the left hand side, i.e.

Cn(2z122) =¢1(21)Cn(22) + Cn(21)c1(22)"
n—1 n—k+1 (47)

Z ) Y. Ba, [ @)™, 21,22 € En.

=2 Un €Un i Jj=1
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The procedure of finding the solution of (47) is almost the same as in Theo-
rem 5 (cf. the solution of Eq. (38)). Note that every solution of Eq. (47) is the
sum of a particular solution of this equation (i.e. ¢1(2) P, (¢1(2); (A\)iej2,n-1))
and a solution of the equation

f(z122) = c1(z1) f(22) + c1(22)" f(z1) for z1,29 € By, (48)

Let us consider two cases

1. n#1 mod m,
2. n=1 modm.

In the first case, as in the proof of Theorem 5 (then one can easily find zg € E,,
such that ¢1(z9)" — ¢1(z0) # 0) we show that
en(2) = A (€1(2)" = €1(2)) + €1(2) Pu (€1(2); (M igjon—11) 5 % € Enm.

Now we will show that also in the second case the same formula holds, even

if it has in some sense a different meaning. Note that for n =1 mod m, since

im¢; = Ey,, we have ¢1(2)" = ¢1(z) for z € E,,. Thus, from (48) we obtain
f(leg) = 51(21) f(Zg) + El(ZQ)f(Zl) for z1,29 € E,,. (49)

Tt is easy to see that if a function f : E,, — K satisfies (49), then [ : E,,, — K,
l(z) = Efl (ZZ)) for z € FE,,, is a generalized logarithmic function, and since E,, is
finite, I = 0. Hence f = 0. Thus each solution of Eq. (47) in the second case
must be of the form
en(2) = €1(2) Pa (C1(2); (\)iej2in-1))
= A(c1(2)" —ci(2)) +ci(t) P (El(t)§ (Al)l€\2,n71|) )

which finishes the proof. O

Corollary 6. Let (G,+) be a commutative group and let a sequence of poly-
nomials (Pp)ne|2,s| be given by (19). Every one-parameter group ©(t)(X) =
S ck(t) X" of FPS such that imci = E,, and ker©, = kerc; is given
by (37), where (An)nej2,s) 95 an arbitrary sequence of constants.

Proof. We know that if imc; = E,,, and ker ©, = kerc; then O, = és o K,
where £k : G — Ej, is the canonical homomorphism and O, : E,, — I'%,
0,(2)(X) = Y_;i_, ck(2) X" is a one-parameter group of FPS. Thus ¢, = ¢, 0k
for every n € |1, s]. On account of Proposition 2, ¢, = ¢, o k for n € |1, s|, so
for every t € G we have

en(t) = (¢ 0 K)(t)
=M ((C10R)(1)" = (CLo k) (1) + (€1 0 K)() Pa (€1 0 K)(1); (M )ief2n—11)
= M(er(t)" — 1 () + c1 ()P (c1(t); (M)igj2n—1)) -

This finishes the proof. O
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9. Iterative roots of unit in I'®

Using results of the previous section we describe iterative roots of X in rings
of FPS and truncated FPS. Let s be a positive integer or s = co. It is easy to
see that for a fixed positive integer m > 2, a power series P(X) = Z;Zl dj X7
is an iterative root of X of order m if and only if ©g _, : E,, — I'?,
Op, (%) = P{(X) for 1€{0,1,...,m—1}

is a one-parameter group of truncated FPS. Thus the iterative roots of X in
the ring of FPS lie in an image of one-parameter groups of formal power series
Op,, (t)(X)=>,_,at)X* t € E,.

First, note that ¢; # 1. Indeed, if ¢; = 1, then for (G,+) = (En, ), every
homomorphism a : G — K on a finite group is the zero function (every logarith-
mic function a : E,, — K is the zero function), so (cf. (46)) Og, (t)(X) =X
for every t € G.

Finally, to describe all iterative roots it is enough to take ¢; = idg,, , since
in the case ¢; # 1 all functions ¢ with k € |2, s| are polynomials in ¢; and for
every homomorphism ¢; : E,, — Ey, we have im¢; C imidg,, . In [8] we proved
a description of one-parameter groups of FPS using simultaneous conjugation,
namely

Lemma 7. (cf. [8, Theorem 5]) Let ¢ : E,, — K\ {0}, ¢c1 # 1 be a general-
ized exponential function. Every one-parameter group of FPS F!¥! (t, X)ter,, ,
FUl(t, X) = S5, cx(t) X* with ¢y, : By, — K for k €12, 5|, is given by
FUEl(t, X) = U e (1)U () for every t € B,
where U(X) € I'5 is an arbitrary invertible formal power series with respect
to o. Thus every (primitive) root P(X) of X in I'® is given by
P(X) =U (¢ 0(X)),

where 0 < lyp < m—1 (and ged(lp,m) = 1 if P(X) has order m in the group I'* ).

10. One-parameter groups with infinite image

Using Proposition 1 we are able to give now a description of the one-parameter
groups of FPS in the case imc¢; = FE,, under an additional assumption on G.
We use in our description semicanonical forms (for the definition of N}, see
the Sect. 2). We begin with

Lemma 8. Assume that O, : G — T, O,(t)(X) = X + 22:1)4»2 cr(t) XF,
Cpr2 # 0, is a one-parameter group of FPS (which means that (Ck)ie|p+2,s|
are given by (32)) and fiz an integer m > 2. Then im O4 C N3, if and only if
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p > 1,p+2 = gm+1 with an integer ¢ > 1, h,, = 0 forn € |[gm+2,s—qm|\N,,
and a, =0 forn € |s — (gm — 1), 8| \ N,,,. In this case we have with additive
functions a, agm41 : G — K

st () =alt), teG
Chm41(t) = hrmyra(t)

+ Lt (a(t), (hjm1)jelqrih—q)s € Gk Elg+1,r—ql, (50)
Crom+1(t) = apm+1(t)

+ L8 (a(t), (hjps1) jejgrii—q)s tE Gk E|r—qr],

with hgm41 =1 and

Lyl (X) =0, .
—q
L (X5 (hjma1)jelgr1h—q) = Y Bimt1 > B
l=q Tem+1€U0 00 s (51)
X
k—1 — Ujp41
></ 11 (hjm+15 + Lk (s (hnm+1)ne\q+1,ij|)) ds.
0 Jj=q

Proof. Let ©, : G — T§, O,(t)(X) = X + Y5, k() X", Tppa # 0, e
a one-parameter group of FPS. From Theorem 4 we derive that there exist
a nonzero additive function a : G — K, a sequence of additive functions
(an)nels—p,s)» an : G — K, and a sequence of constants (hn)pe|p+3,s—p—1| Such
that the coefficient functions (cx)re|p+2,s| are given by (32), i.e.

Goralt) = alt), L€ G
En(t) = hna(t) +Zi(a(t); (hj)je\p+3,nfp71|)7 te G,TLG |p + 37 §—=p— 1|a (52)

En(t) = an(t) + Ly (a(t); (hy)jelpran—p-1)))s t € G, € |s = p,s],

where the polynomials (fﬁ)n€|p+3,s| are defined by (28) and (18). From the
definition of A5, we derive that im©y; C N5 only if p>1and p+2=gm+1
with some positive integer gq.

First we show that if h, =0 forn € [p+3,s —p— 1|\ N, and a, =0
forn € |s —p,s| \ Ny, then ¢, =0 for n € |p+ 3,5/ \ N,,. Since k =p+2 >
2= (p+3)—p—1, by (18) we obtain L, 4(X) = 0. Moreover, p + 3 ¢ Ny,
implies hy, 3 = 0. Hence ¢,43 = hpyza + Ly, 3(a) = 0. Assume that for some
nelp+4,s—p—1\ Ny,

G = hpa + Ly (a; (hj)jelpt3k—p—1) =0 for k€ [p+3,n—1\Ny.

We prove that ¢, = hna—|—fi(a; (h)ig|p+3,n—p—1]) = 0. Indeed, with hy o =1,
on account of (52) and the definition of L. we have
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En(t) = hua(t) + Ly (a(t); (hy)jeipsan—p-1))

n—p—1
= hya(t) + hi Y Ba,
k=p+2  w,eUr
a(t) n—k+1 ws
x [T (his+ T etprss 1)) | ds.
0 j=p+2
Since hy = 0 for k € |p+2,n —p — 1\ N, and ¢ = hga +

fz(a; (hj)jelp+3,k—p—1) = 0 for k € [p +3,n — 1] \ N,,, by Corollaries 2
and 3 (i) we get
& = hna+ Ly (a; (h)iefpt3n—p—1]) = 0.
Finally, assume that
¢k = hga +ZZ(“§ (hj)j6|p+3,k:—p—l|) =0for k€ |p+3,s—p—1/\N,,
G = a + Ly (a; (hj)jelpt3,k—p—1]) = Ofor k € |s —p,n — 1|\ Ny,

with some n € |s — p, s| \ N;,,. In the same way as above we can show that

~ P
cn = an + Ly (a; (hy) je|p+3n—p-1)) = 0.
Conversely, let p+ 2 = gm + 1 with ¢ € N and

G =hra + L (a; (hj)j e p+3k—p—1)) =0 for kelp+3,5 —p—1[\N,,,
e =ar + Ly (a; (hj)jepiap—p-1)) =0 fork € s —p,s|\ Ny,.

(53)

We show that hy, =0 forn € [p+3,s—p—1|\N,,, and a,, = 0 for n € [s—p, s|\
N,,. Indeed, since p + 3 ¢ N,,, and fz+3(X) =0,0=cpr3 = hpr3a +f§+3(a)
implies h,4+3 = 0. Assume next that for some n € [p+4,s —p — 1| \ N,

hi =0 forevery k€ |p+3,n— 1]\ Ny,. (54)

We show that h,, = 0. From the definition of ZZ and our assumptions (53)
and (54), on account of Corollaries 2 and 3 (i) we have (hpto = 1)

Lu(a(t); (h)iejpt3n—p—1])

n—p—1 a®) /g1 -
= 3 me Y B [ ID (s T ety mpen) ™ | s
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Consequently, by (53)

0 = B = hna(t) + T(a(t); (M)iciprsnp-11) = hnalt),
which with a # 0 implies h,, = 0.
Next, let
hy=0 for ke|lp+3,s—p—1\N,,
ar, =0 for ke|s—p,n—1\Ny,
with some n € |s — p, s| \ N,,. In the same way as above we show that
0= Cn = Qp +ZZ(CL, (h'j)j€|p+3,n7p71|) = Qnp-

Finally, let p + 2 = ¢gm + 1 with ¢ € N and assume that (:)S G — I'f,
O,(t)(X) = X+ZZ:p+2 k(1) X", ¢pa # 0, be a one-parameter group of FPS
satisfying im 0% C N, where the sequence of functions (¢)pe|pt2,s| is given
by (52) with

hn =0 for n € |gm+ 2,5 — gm|\ Ny, .
an =0 for n€ls— (gm—1),s]\ Np,. (55)

m,q

Then we obtain (50) with polynomials Ekm 'y, defined as follows. By our
assumption we have p = gm — 1. Put

L™ (X):=L"

gm+1 p+2<X) = X.

Further, from the definition of the sequence of polynomials (Zi)nehﬂrg,s‘
and (55), using Corollary 3 (ii) we define

Lt (X5 (Ryme ) jelgr1k—al) = L1 (X5 () jelame 1, (k—qym 1))
(k—q)m—+1
= > Mmoo X Bua.
I=gm+1 ﬂkM+1€UIg::J:11,L
X [ kmt1-141
X H (hjs + LE(s; (he)relgmitj—qm))) | ds
0 J=qm+1

k—q
= E hlm+1 E Bﬂkm+1
l=q

— m,q
Tem+1C€Ukm 41 im41

X (k=i
X / T (jmaas + L7855 (hnma)nejgr1.—q)) 7| ds,
0 Jj=q

which finishes the proof. O
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We are able now to give a description of the one-parameter groups of FPS
in the case imc¢; = E,, under the additional assumption on the group G. We
prove

Theorem 6. Let s be either a positive integer or s = oo and let O : G —
I, 0,()(X) =Y 7_, ck(t) X" be a one-parameter group of FPS. Assume that
(G, +) is a commutative group and ¢ : G — K\{0} is a generalized exponential
function such that im ¢y, = E,, with an integer m > 2. Moreover, let to € G be
such that ¢q(to) is a primitive root of 1 of order m and {lty: 0 <1 <m —1}
is a subgroup of (G,+) (then mty = 0 € kercy, every t € G may be uniquely
written as ltg + t" with some 0 <1 < m — 1, t' € kere; and G/kerey =
{lto+kercy :0<1<m—-1}={ltg:0<]I<m—1}).
Then there exists a FPSU(X) = X + Y, _, vp X* € I'{ such that

(U00u(1)oU™) (X) = (U0, (itg +1) 0 U™) (X)

2(lg+1)wi ~
= e 0,(t) (56)
r
2(lg+D) i _
—e Om X + chm+1(tl)ka+1 y

k=q
with a fixed 0 < lgp < m — 1,ged(lp,m) = 1, where ¢ > 1 is an integer,
r=o0ifs =00 and rm+1 < s < (r+1)m+ 1 otherwise, the functions
Chmy1 for k € |q,r| are given by (50), where (L7 | )re|q,r| is given by (51),

(Rjm+1)jelq+1,r—q| @5 a sequence of constants, (@jm+1)jelr—q+1,r|> Gjm+1 : G —
K are additive functions. Then we may write (56) equivalently as

2(lg+D) i
Cl(lto =+ t/) =€ m y
en(kto + 1) =
n—k+1
2(lg+D) i
e m Uy + E E Bz, H v T+t
k€|gm+1,n—1|NN,, UnEUn k
n—k+1 (gt
. 0 nwi
— E Vk E B H Cj(lto + t/)uﬂ — e m Uy, N c |27 5|7
Un€Un & Jj=1

(57)
with ¢, (t") =0 for k € 12,qgm| U (Jgm + 2, s| \ Ny,).

Conversely, for every FPSU(X) = X+ ;_, vs X* € I'{, and for an arbi-
trary one-parameter group of FPS O, : kerc; — I given by (50), where g > 1
is an arbitrary integer, (Ekmr;fﬂ)kaq,r‘ is given by (51), (Rjm+1)jejq+1,r—q| 18
a sequence of constants, (Gjm+1)je|r—q+1,r» @jm+1 : G — K are additive func-
tions, the formulas (56) or (57) properly define a function O4 : G — T'%,
O,()(X) = iy c(t)XF and Oy is a one-parameter group of FPS with
imcy = E,,.
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Proof. Let ©4: G — I'*,0,4(t)(X) = >_;_, cx(t) X" be a one-parameter group
of FPS. On account of Proposition 1, Og|xere, = O : kerc; — I'5, O4(1)(X) =
> r—y Ck(t) X", is a one-parameter group with ¢, = 1 and P(X) = O4(to)(X) =
Sy dikX® (di = c1(to) is a primitive root of 1 of order m) such that (39)-
(40) hold. Since mty = 0, we have P™(X) = 0,(0)(X) = X and hence P(X)
is a root of X in I'* of order m. By Lemma 7, P(X) = (U~ 'o L,0oU) (X),
where p = e l317,Lp(X) =pX,0 <1y <m—1,ged(lp,m) =1and U(X) =
X +375_5v; X7 € T'§. Then, from (39) we obtain
([UoL,oU]0B4(t)) (X)=(04(t)o [U o L,oU])(X)

for every t' € ker ¢y, or, equivalently
(Uo®,(t) o U™Y) (X) = (Uo®,(t)oU™?) (e”?n“X) .
This implies (U 0 ©4(t') o U™!) (X) € N3, for every ' € ker ¢;. Hence

2l07r1.

(Uo®s(t)oU™) (X)=0.t)(X) =X+ Chmr(t) X
k=q

where ¢ > 1 is an integer and either r = o0 if s = coor rm+1 < s <
(r+1)m + 1 provided s < oo. From the last equality it follows that o,
kere; — N5, O,(t)(X) = X + > k=g Chma1(t) XFmHL s a one-parameter
group of FPS, hence by Lemma 8, the functions ¢, 41 are given by (50), where
(Eznn’fﬂ)ke‘q,r‘ is given by (51), ("jm+1)jejq+1,r—q| 18 & sequence of constants,
Ajm+1)jelr—q+1,rs Gjm+1 : G — K are additive functions. Then, from (41) we
obtain

0,(1)(X) = O,(lto + 1')(X) = (P 0 B, () (X
:([UfloLpoU]l [ o@(t’) ])(X)
= ([ o Ly o] o [ 0B,y 0 U] ) ()

which proves (56). In particular,

2(lg+D)wi |~

(U0 O4(ltg +t)(X) = e (0:(t) o U)(X),

2(lg+1)mi
e m and

which gives ¢ (ltg +t') =

n—k+1
0 )71.7r7.
(o —|—t )+ ka Z B, H c;j (Itg + t )“J +e 2ot Up,
Un€Un & j=1

n—k+1

2(lg+D) i
=e m U+ E g B, H v o ,

k€lgm+1,n—1|NN,, unGUn &
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for n € |2,s] with ¢ (¢') = 0 for k € |2,qm| U (|gm + 2,s| \ N,,). This
proves (57).

The converse is a simple conclusion from Proposition 1. Indeed, if U(X) =
X+ ZZZZ v X* €T is a FPS and és : kerc; — I'] is a one-parameter group
of FPS given by (50), then O, : ker¢; — T'5,

0:(t)(X) = (Uﬁl 0 O4(t) o U) (X) for t € kercy,

is a one-parameter group of FPS, P(X) = (U_1 oL,o0 U) (X), where p =
ew, L,(X)=pX,0<lyp <m—1,gcd(lp,m) = 1, commutes with O4(¢') and
it is a root of X in I'* of order m (note that O4(mto)(X) = 0,4(0)(X) = X).
This finishes the proof. O

Problem 1. Is it possible to give a similar description (cf. Theorem 6) when
{lty : 0 < k <m — 1} is not a subgroup of (G,+)?

11. Embedding a power series into a one-parameter group

We discuss now the problem of embedding a given formal power series into
a one-parameter group of formal power series. For formal power series of one
variable this was considered, among others, in [11,13]. We give here a simple
solution using the results obtained in previous sections.

Definition 1. Let s be a positive integer or s = oo and let (G, +) be a commu-
tative group. A formal power series ®(X) € I'* is said to be embeddable into
a one-parameter group of FPS provided there exists a one-parameter group
(F(t,X))tcc of FPS with F(ty, X) = ®(X) for some ¢y € G. If G = K then
to = 1 is assumed.

First we consider the case, when ®(X) € TI'§, that is &(X) = X +
ZZ:Q b X . We will need

Lemma 9. Let (G,+) be a commutative group. If the space A(G,K) of all
additive functions a : G — K is nontrivial, then for every ty € G, for which
there exists A € A(G,K) with A(tg) # 0 and for every b € K there exists
a € A(G,K) with a(ty) = b.

Proof. If b =0, then we take a = 0, otherwise a = A(gO)A. O

Now we are in a position to prove

Theorem 7. If the space A(G,K) is nontrivial, then every ®(X) = X +
ZZ:Q b X* can be embedded into a one-parameter group of FPS with (or with-
out) any regularity condition.
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Proof. Fix ®(X) = X + Y ;_, bp X" If ®(X) = X, then we put F(t,X) = X
for every t € G. Otherwise, let ko € |2, s| be the first positive integer for which
bk, # 0, that is ®(X) = X 4+ >, bpX". By Lemma 9 we find #, € G and
a € A(G,K) such that a(ty) = by,. Put cx, (t) = a(t) (cf. (32) with p+2 = ko).
We find a one-parameter group of FPS F(t,X) = X + 377, cx(t) X* such
that F(tg, X) = ®(X). In order to finish the proof it is enough to find constants
hj for j € |ko + 1, s| such that (cf. (32))

ko—2

bn = cn(to) = hna(to) + L, “(a(to); (hy)jelko+1,n+1-ko)) for m € |ko + 1, ],

(we take a,, = hpa for n € |s + 2 — ko, s|). Note that a(ty) = by,. It is easy to
see that we obtain via recurrence

— —ko—2
h,, = bkol (bn - L, (bk(); (hj)j€|ko+1,n+17k0|)) for n € |ko + 1, S|

In the case when we are interested in some kind of regularity of the one-
parameter group (F'(t, X))tecx of FPS (in the case G = K) it is enough to take

a(t) = %t for t € K. O

Now, we consider the case ®(X) = Y7 _, bpX* with b; ¢ E. Let £(G,K)
denote the set of all nonzero exponential functions ¢ : G — K and let £(G) =

UCEE(G,K) ¢(G). We prove

Theorem 8. Every ®(X) = >_;_, by X* € T with by € £(G) \ E can be
embedded into a one-parameter group of FPS with (or without) any regularity
condition.

Proof. Let ¢; € £(G,K) be such that ¢;(tg) = b;. We find a one-parameter
group of FPS F(t,X) = > _, cx(t)X" such that F(ty, X) = ®(X). This can
be done by finding constants A, for n € |2, s| such that (cf. (37))

by, = Cn(to) = /\n(cl (tO)n —C (to)) +c (tO)Pn(Cl (tO); (/\l)le\2,n—1|)
for n €2, s|.

Similarly as before using recurrence we get that

An = (b? - bl)_l (bn - blpn(bh ()‘l)l€|2,n71\)) for n € |27 S|

Open Access. This article is distributed under the terms of the Creative Commons Attribu-
tion License which permits any use, distribution, and reproduction in any medium, provided
the original author(s) and the source are credited.
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