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ABSTRACT: We consider the double copy of massive Yang-Mills theory in four dimensions,
whose decoupling limit is a nonlinear sigma model. The latter may be regarded as the
leading terms in the low energy effective theory of a heavy Higgs model, in which the Higgs
has been integrated out. The obtained double copy effective field theory contains a massive
spin-2, massive spin-1 and a massive spin-0 field, and we construct explicitly its interacting
Lagrangian up to fourth order in fields. We find that up to this order, the spin-2 self
interactions match those of the dRGT massive gravity theory, and that all the interactions
are consistent with a As = (m?Mp;)'/3 cutoff. We construct explicitly the A3 decoupling
limit of this theory and show that it is equivalent to a bi-Galileon extension of the standard
A3 massive gravity decoupling limit theory. Although it is known that the double copy of
a nonlinear sigma model is a special Galileon, the decoupling limit of massive Yang-Mills
theory is a more general Galileon theory. This demonstrates that the decoupling limit and
double copy procedures do not commute and we clarify why this is the case in terms of the
scaling of their kinematic factors.
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1 Introduction

The Bern-Carrasco Johansson (BCJ) double copy [1, 2] is a relation between the scattering
amplitudes of two different theories. The BCJ relation, or colour-kinematics duality, states
that in a gauge theory, one can always represent kinematic factors of scattering amplitudes
so that they satisfy an analogue relation to the gauge group colour factors. Replacing the
colour factors by kinematic factors in a given theory, leads to new scattering amplitudes
describing other theories.



The first and most important example is the relationship between Yang-Mills theory
and gravity amplitudes [2]. The origin of this relation can be understood from the string
theory point of view by considering how open and closed string amplitudes are related,
and looking at the low energy effective field theories of the two string theories. This is
encapsulated by the KLT relations [3]. However the ‘double copy’ paradigm has been
found to be more general, and there are known examples of extensions of double copy
relations between two non-gravitational theories for example non-linear sigma model and
DBI or special Galileon theories [4-12] as well as extended gravitational relations such as
that between super Yang-Mills and supergravity theories [13-15]. Recently the double copy
paradigm was extended for gauge theories with massive matter fields [16-19].

The physical applications of double copy extend beyond calculations of scattering am-
plitudes in Minkowski spacetime. For example, double copy is used for UV considerations of
effective field theories [20-23], efficient gravitational wave calculations [24-29] and relations
between classical solutions in different theories (known as classical double copy) [30-51].
The double copy has been shown to apply for scattering amplitudes around more general
backgrounds [52, 53].

In this paper we initiate the application of the double copy paradigm to the scattering
amplitudes of massive Yang-Mills theory, i.e. the low energy effective field theory of Yang-
Mills coupled to a heavy Higgs field (with the Higgs integrated out) which spontaneously
breaks the gauge symmetry in a way that all of the gauge bosons acquire the same mass.
On the gauge theory side, the act of spontaneously breaking symmetries is well understood
and is a major component of the standard model. Double copy of gauge theories with
spontaneously broken gauge symmetries have been studied in [54-56], however the case
where both of the copies of gauge theory have completely broken gauge symmetry (i.e.
with only massive gauge bosons) has not been explored. On the gravitational side, the
broken gauge symmetries (by virtue of the mass for the bosons) imply if the double copy
procedure is still valid, broken diffeomorphism symmetries. The latter are in the purview
of massive gravity theories,! and so we may naturally expect massive gravity in some form
to arise from the double copy procedure.

Since a massive spin-1 particle has 3 degrees of freedom in four dimensions, the double
copy theory contains 9 propagating states, which decompose into a single massive spin-2
particle, a single massive spin-1 particle and a massive scalar. The interactions of massive
spin-2 particles are well known to be highly constrained. Generic interactions are expected
to lead to a breakdown of perturbative unitarity at the As = (m*Mp))*/® scale [58], where m
is the spin-2 mass. Special tunings can be made that raise this scale to the A3 = (m2MP1)1/ 3
scale which is the highest possible scale in four dimensions [59, 60]. An explicit nonlinear
effective theory exhibiting this scale is the so-called ghost-free massive gravity or de Rham-
Gabadadze-Tolley (dRGT) model [60].

Remarkably, we find that the double copy paradigm automatically leads to a theory
in which the interactions of the massive spin-2 field are described by the dRGT massive
gravity [60], at least to quartic order. In fact we will find that the free coefficients in the

!See for example [57] for an extensive review of recent work in this area.



dRGT Lagrangian are fixed by the double copy prescription to this order. We further
find that the interactions of the additional spin-1 and spin-0 states are also at the scale
A3 strongly suggesting that this is the controlling scale of the EFT at all orders. Since
massive Yang-Mills is itself an EFT with the highest possible cutoff for a coloured spin-1
particle, namely A = m/g, we may regard this as a natural double copy relation between
two highest cutoff effective theories.

This connection is emphasized when we recognize that the leading helicity-0 inter-
actions of a massive graviton are dominated in the decoupling limit (defined by taking
m — 0 for fixed Az) by the double copy of the leading helicity-zero interactions of the mas-
sive spin-1 gluon. Since the decoupling limit of massive Yang-Mills is a nonlinear sigma
model, as encoded in the Goldstone equivalence theorem, we may reasonably expect that
the interactions for the helicity-0 spin-2 states are determined by the double copy of the
nonlinear sigma model.? It is known that double copy of a non-linear sigma model is the
special Galileon [5—7, 11, 12] and that the decoupling limits of massive gravity theories are
also Galileon-like theories [58-60, 62]. However, the latter are nevertheless more compli-
cated and include in particular non-trivial vector scalar interactions that survive even in
the decoupling limit [62, 63]. Even projecting onto the scalar sector, the massive gravity
decoupling limit is not equivalent to a special Galileon, and so we find that the decoupling
limit procedure does not commute with the double copy procedure.

The origin of this is that there are terms needed in the kinematic factors to satisfy
colour-kinematics duality that are singular in the decoupling limit but nevertheless can-
cel out of the gauge amplitudes. However when we construct the gravity amplitudes by
squaring these kinematic factors, they no longer cancel and give additional non-zero contri-
butions that are finite in the decoupling limit. To be precise, the kinematic factors which
satisfy colour-kinematics duality ng + ns + n, = 0 take the form
g t—m? 1 2
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where 3(s,t,u) (triple crossing symmetric) and 7; are finite as m — 0. Here ¥ arises

ng= il
m2

in a manner similar to the generalized gauge transformations in the massless case, a fact
which is crucial to understanding why its contribution is finite. The explicit expressions
for ¥ and n; are given in egs. (E.12), (E.13), (E.14) and (E.15). Since in the massive case
s+t+u = 4m? we have fg + Ay +fy, = —mY and so in the limit m — 0, #; by themselves
satisfy colour-kinematics duality. The 1/m? behaviour in n; comes from helicity 0,0, 0, 41
interactions since the polarization tensor for a massive helicity-0 gluon scales as 1/m but
that for helicity-1 is finite as m — 0. The term X cancels out of the gauge theory amplitudes

CsM iy CuMuy 1 CsTg ciy CuThy
AmYM _ 2( sls ):( ) 1.2
4 g s—m2+t—m2+u—m2 A? s—m2+t—m2+u—m2 » (1.2)

by virtue of the colour relation ¢+ ¢; + ¢, = 0, demonstrating the natural decoupling limit
scaling.

2This was for example explicitly proposed in [61].



By contrast, when we square to construct the gravity amplitudes, > survives as a
contact term. For instance the naive leading 1/mS term enters in the gravity amplitudes
in the combination

Ny
A

+...,

(1.3)
and hence it contributes at the As scale. Specifically this will show up as a non-zero spin-2,
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helicity 0,0, 0, £2 interaction. Similarly the naive 1/m?® term is suppressed by virtue of the
kinematic relation ng + 7y + 7, = —m> and we have in full as an exact statement
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Since ¥ does not contribute to the gauge theory amplitudes, first taking the decoupling

limit of them (giving a non-linear sigma model) and performing the double copy procedure
Py
AT
The kinematic factors inferred from the decoupling limit 72;(m = 0) will necessarily be finite

(giving a special Galileon) will lead to a different result in which the term is absent.?
in the decoupling limit, and these do not correspond to the decoupling limit of the above
kinematic factors (1.1) which are singular. Indeed in the decoupling limit, the gauge theory
kinematic factors come purely from helicity-0 gluons by the Goldstone equivalence theorem.

It is worth noting that if we give up strict colour-kinematics duality in the massive case,
then an acceptable choice of kinematic factors that reproduce the gauge theory amplitudes
are 7; = n;/m?. However they no longer sum to zero. Using these in a double copy
prescription will give a gravity amplitude given by the second term on the r.h.s. of (1.4),
whose decoupling limit correctly reproduces the special Galileon. However, since ), i; # 0
we have no reason to trust that the double copy prescription is meaningful in this context.
Indeed, there is no clear recipe to generalize this to higher amplitudes. It is for this reason
that throughout this paper we assume that the colour-kinematics duality holds in tact in
the massive case in the same manner as the massless.

The paper is organised as follows: first we briefly introduce massive Yang-Mills in
section 2 and dRGT massive gravity theories in section 3, then describe the double copy
prescription and give the action obtained from squaring massive Yang-Mills in section 4.
In particular we find that the colour-kinematics duality holds for 2-2 scattering amplitudes
and the resulting theory has Ag = (m2MP1)1/ 3 cutoff scale which is known to be the highest
possible cutoff for massive spin-2 fields [58]. Having determined the gravity Lagrangian up
to quartic order, we specify the decoupling limit in section 5 and clarify its inequivalence
to a special Galileon. The precise quartic interactions are given in appendix A and our
conventions are give in appendix B. Appendix C contains a brief explanation of why giving

3Tt is of course technically true that if we only compute amplitudes in which the spin-1 helicity-1 po-
larizations are set to zero, then ¥ = ¥’ = 0 and we will recover the special Galileon amplitudes in the
decoupling limit. But this is an inconsistent procedure from the point of view of the gravity theory, and has
no relation to the massive gravity theory whose decoupling limit is a special Galileon. There may however
exist an extension of the recipe along the lines discussed in [24, 29, 64, 65] which allows for a consistent
removal of additional degrees of freedom.



a mass to a two form potential (which arises naturally in the massless double copy story) is
equivalent to a massive spin-1 Proca theory, as we find the latter formulation more useful
in constructing the interacting Lagrangian. In appendix D we complement section 5 and
give the explicit decoupling limit of the gravity amplitudes, while in appendix E we do the
same for the Yang-Mills amplitudes and clarify why the double copy procedure does not
commute with the decoupling limit.

Note added. In preparing this work for submission we became aware of results obtained
by Laura Johnson, Callum Jones and Shruti Paranjape which also reproduce the quartic
double copy interactions [66].

2 Massive Yang-Mills

The action of massive Yang-Mills theory comes from the low energy effective action of
Yang-Mills theory with a Higgs field in which the Higgs particles are integrated out. We
consider the gauge symmetry to be broken in such a way that all of the gauge bosons
acquire the same mass, m. Then the leading terms in the effective Lagrangian in unitary
gauge are as follows:

1 1
Lyym = —itr(FWFW) - 5mZtr(AWél“), (2.1)

where g is the coupling constant. This is the simplest unitary gauge Lagrangian which can
describe a massive coloured spin-1 particle. Since the resulting theory is not renormalizable,
it should be understood as an effective theory, and to this Lagrangian we may add an
infinite number of interactions. For instance, we may further consider a quartic interaction
tr(A,A")2. The structure of the effective Lagrangian is best understood by reintroducing
Stiickelberg fields (Goldstone modes) by replacing

g

A, — (z)"'D,V () (2.2)

where D, = 0, — %Au is the covariant derivative and V(z) = exp [\/%AT“qb“(x)] where
¢?(x) are the Stiickelberg fields, so that the gauge invariant form of the Lagrangian is

1
Loy m = —Ztr(FWF‘“’) — A*r(D, VDV, (2.3)

where A = m/g. This Lagrangian is manifestly gauge invariant under D, —
U(z)~'D,U(z) under which the Stiickelberg fields transform as V(z) — U(z) "'V (z) where

i

U(x) = exp { 7 T“ﬁa(x)} and £%(x) is the gauge transformation parameter. The unitary

gauge Lagrangian is recovered by fixing the gauge ¢* = 0.

The resulting effective theory has a cutoff of at most A = m/g which is the Goldstone
mode decay constant. Additional interactions in the effective action could further lower
this scale, but for now we assume that A is the controlling scale. Taking the decoupling



limit g — O for fixed A results in a free massless spin-1 theory and an interacting non-linear
sigma model

Lpr = - (}’iimﬁxed Loyy = —% Xa:(aqu — 0,A%)% = A*tr(9,VorV . (2.4)
This encodes straightforwardly the content of the ‘Goldstone equivalence theorem’ that the
leading interactions for the helicity-0 modes of the massive spin-1 particle are determined
by the effective theory for the Goldsones described by (2.4). From a classical perspective,
the form of the Lagrangian (2.3) is clearly preferred due to its two derivative nature and it
is for the reason that we will focus on the tree level amplitudes derived from this form in
what follows. Were we to include additional unitary gauge interactions such as tr(4,A4*)?,
etc. it is transparent in the Stiickelberg formulation that these correspond to higher order
operators, and they are expected to be suppressed by the scale A. In the decoupling
limit, these extensions just correspond to the addition of further irrelevant operators to the
nonlinear sigma model Lagrangian, which have been considered in the double copy context
for example in [20-23].

These tree amplitudes are however most conveniently computed in unitary gauge (2.1).
This is because the off-shell vertices for massive Yang-Mills are identical to their massless
counterparts, and the only difference is the massless propagator is replaced by the massive
one with structure .

—Muv
p?+m?2’
where 7, = N + pupy/ m?2. Our goal is to follow as closely as possible the double copy

(2.5)

paradigm for massless Yang-Mills theory [2] and with this in mind we express the tree level
n-point scattering amplitudes of this theory as:

An=0"3

(—=p%, —m?)’

Cilyg

(2.6)

where ¢; are colour factors i.e. products of the structure constants of the gauge group, n;
are the kinematic factors, ¢ labels distinct Feynman graphs and «; labels all internal prop-
agators in a given graph. The only difference between this and the standard double copy is
the replacement of massless propagators pai by massive pai +m?2. The resulting kinematic
factors n; are not the same as those that arise in the massless case since they absorb the
information from the massive polarization structure encoded in #),,, and furthermore the
on-shell external momenta now satisfy p? = —m?. Given this it is not automatic that the
colour-kinematics duality still holds. We will nevertheless show that it continues to hold
up to quartic order.

2.1 Three-point amplitude

In terms of polarization and momentum vectors the three-point on-shell vertex for massive
Yang-Mills is exactly same as that of massless Yang-Mills:*

A3(1%,2°,3%) = V29 fape(—€1- €2 €3 -p1 + €1 - €3 €21 — €1 - pa €2 - €3). (2.7)

4All of our scattering amplitudes are given as the momentum space delta function stripped amplitudes
of ({ks}|S — 1|{ki}). i.e. we forgo the introduction of an i as in § = 1 + i7"



The difference is that now the on-shell momenta satisfy p? = —m? and there are 3 possible
polarization states. Our conventions for these are given in appendix B.
2.2 Four-point amplitude

We express the four-point amplitude in the form given in eq. (2.6) by defining the colour
factors to be:

Cs = fabefcde (28)
ct = feaefode (2'9)
Cy = fbcefade- (210)

so that

A,(19,20, 3¢, 4%) — g2 ( CsMs ciny Culy ) ’

s—m2 t—m2 u—m?2
where the kinematic factors are

7
Nng = — 5(61 “€9P1 - €3P1 - €4+ 4€o - €4D1 - €32 €1 — 2€2 - €3P1 - €4P2 - €1 + 3€1 - €91 - €4P2 - €3

+4ez-€apa-€1pa- €3 —4€1 €41 -€2(p1-€3+Dpa-€3) — €1 - €ap1-€3p2 €4 —2€-€3p2-€1P2- €4
—€1-€2p2-€3p2-€4+4€3-€4p1-€2p3-€1 —4€3-€4P2-€1P3 €2
+2€1-€3p1-€2(p1-€atp2-€a—p3-€s)+€1-€2p1-€3p3-€s+2€2-€3p2 €13 €4
—€1-€3py-€3p3- €4+ €1 €46 -€3(m% —5) €1 - e3€0-€4(—m> +5) +€; - €ne3- eyt

— €] - €2€3 - €4U), (2.12)
(3

ng = 5(61 -€3D1 - €2p1 - €4+ 4€a-€4D1 - €3P2- €1+ €1-€3p1 - €22 - €4+ €3 - €4p1 - €2D3 - €1

—2€9-€3p1 - €4p3- €1 —4€a - €42 - €3p3 - €1 +2€2 - €3D2 - €4P3 - €1 + €1 - €3D1 - €4P3 - €2
—€1- €32 €4P3 - €2+ A€z €4p3-€1p3 - €2 — € - €4p1 - €3(p1- €2+ D3 - €2) — €1 - €31 - €2P3 - €4
—2€9-€3P3-€1P3 - €4 — €1 - €3P3 - €2P3 - €4+ 2€1 - €2D1 - €3(P1- €4 —P2- €4+ D3 €4)

+ €1 €369 €48+ €1 -€469- 63(m2 —t)+e€1-€9€3- 64(—m2 +1t)—€1-€3€2-€4u), (2.13)
7
Ny = — 5(461 “€4p1-€2D2 - €3 —4€g-€4po-€1p2- €3 —4de€x-€4po - €3p3 - €1+ A€o €3p2 - €43 - €1
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+€1-€3€9- 64(m2 — u) +€1-€2€3- 64(—m2 —i—u)), (2.14)
where the Mandelstam variables are defined as standard:

s=—(p1+p)? t=—(p1+ps3)® u=—(p1+ps)? (2.15)

with all incoming momenta. These expressions for kinematic factors are very similar to
those obtained from massless Yang-Mills theory but there are two differences: the relation

between Mandelstam variables is now s + ¢t + u = 4m? rather than s+t 4+ v = 0 and the

2

locations of the poles now are at s,t,u = m*. Because of that the terms coming from



2

quartic Yang-Mills vertex now have to be multiplied by s —m?, t — m? and u —m? in order

to recast the amplitude into the form (2.6).

In general, kinematic factors of a given scattering amplitude are not unique. They
are not invariant under field redefinitions. However in massless Yang-Mills theory for
any choice of kinematic factors of four-point amplitude, the colour-kinematics duality,
cs+ e+ ey =0 — ng+mng+ny, =0, is satisfied [67]. In our case of massive Yang-Mills
theory, it is not immediately clear whether this is still true. However, explicit calculation
shows that our colour and kinematic factors (directly calculated from usual Feynman rules)
in (2.12), (2.13) and (2.14) still obey ng +ny + ny, x ps - €4 = 0 and ¢5 + ¢t + ¢, = 0. The
fact that this still holds for the massive theory can be understood by noticing that the
only difference between massive and massless kinematic factors is coming from the terms
proportional to m? in (2.12), (2.13) and (2.14) (in fact we do not need to use the relation
between s, t and u here). It is easy to see that these six terms add to zero, therefore the
value of ng + ny + n, is the same for massless and massive theory and colour-kinematics
duality for four-point amplitude still holds in the massive case.

3 dRGT massive gravity

In the dRGT theory of massive gravity, the diffeomorphism symmetry is broken by the
non-dynamical reference metric, f,,,, which appears in the action. It can be written in
unitary gauge in terms of the variables [60]

I

Ki(ro) =dt ~ (Vo) - (3.1)

v

This unusual square root metric structure is what is needed to build a Ag effective theory
as it has a straightforward decoupling limit as we shall see in section 5. The full dRGT
Lagrangian for a single spin-2 field can then be constructed in unitary gauge as [57]

M2 m2 M2 !
n=0

where we set kg = k1 = 0 and k9 = 1 and the terms in the potential are defined as

Us(K) =2 (IK)2 = [K¥) 3.3
Us(K) = [K]? — 3[K][K?] + 2[K7] , 3.4
Us(IC) = [K]* = 6[K*[K]? + 8[K7][K] + 3[K?)* — 6[K"] .

The squared brackets denote the traces, and the two coefficients k3, x4 are the free pa-

2

rameters of the theory together with the graviton mass m~®. The potential terms can be



written in terms of the flat space Levi-Civita tensor®

Us(K) = EWOC/BE"”“/B,ICg/ICg, ,
Us(K) = epaset™ 7 KLU | (3.6)
Us(K) = Epvape’ " ’ KZ/KZ’Kg’KB/ :

In this paper we will consider f,, to be Minkowski metric, 7,, as we shall be largely
concerned with scattering amplitudes in Minkowski spacetime. The terms in (3.2) are the
unique interactions which lead to second order equations of motion for all 5 propagating
degrees of freedom. However from the EFT perspective it is natural to view them as the
leading terms in an EFT expansion, controlled by the scale As. Possible higher derivative
operators will arise schematically as

AL = Ag\/ —gF Guv, Kuw

\Y%
A—”, Mp1Rypo | - (3.7)
3

where F' denotes the sum of all diffeomorphism invariant scalar operators® constructed out
of its arguments with dimensionless Wilson coefficients.

Just as for a massive Yang-Mills field we can write this same Lagrangian in a manifestly
covariant way via the introduction of Stiickelberg fields. Since (3.2) is written an a manner
in which it would be manifestly covariant if K¥(f,g) itself transforms as a tensor, then
this tells us how to introduce Stiickelberg fields. Since the only part of K¥(f,g) that does
not transform appropriately as a tensor is the reference metric f,,, = 1., it is sufficient to
write this metric in an arbitrary coordinate system

fp,u — au(bAau(I)BnAB . (38)

The four diffeomorphism scalars ®4(z) may then be split as ®4(z) = 24 + 74(x). The
74(z) are then the Stiickelberg fields we need to reintroduce manifest diffeomorphism
invariance and play the analogue of the ¢%(x) in V(x) (2.3), so that unitary gauge is
74(x) = 0. We will make explicit use of this decomposition in section 5. For the purposes of

calculating scattering amplitudes it is sufficient to work with the unitary gauge Lagrangian.

3.1 Three-point amplitude

The three-point amplitude in dRGT massive gravity is as follows:

M3 eluVGQpUGSaﬁngpaaﬁ (3.9)

SWe use Euclidean coventions so that for flat spacetime eg125 = %12

= 1, i.e. in the Lorentzian €,,qa5 =
o0 I al
Mt Mo NaarMapr€™ Y @ P . As long as we are clear that we use one of them with all indices up and the

other with all indices down together with &4, i, ,..i,e"t " hIht1dd = flglkrtld

ilet1-ia with the generalized

Kronecker delta expressed as a determinant of a matrix built out of §’s.
6 All breaking of diffeomorphism invariance can be captured by the tensor K., hence all terms in the
Lagrangian are diffeomorphism invariant when I, itself is viewed to transform as a tensor.



where I's is the cubic vertex from Einstein-Hilbert term plus the cubic potential term
Us(K). Tt is expressed as follows:

Ms = m((efuegwemﬁp?p§ + 2eluye§ae§ﬂp1ap25 + cyclic permutations of 1,2,3)
; (3.10)
+ 5(1 + /‘33)611“/52uo¢€§ium2>7

where the coupling constant x = 2/Mpj. The first term is already proportional to the square
of Yang-Mills three-point colour-stripped amplitude if we write the polarization tensors as
products of two spin-1 polarization vectors, (€'),, = (€'),(€"),,” Ms. Therefore, in order
for double copy to work we need to choose k3 such that the second term vanishes, i.e.
k3 = —1. We see that already at cubic level the double copy construction picks a particular
one parameter (r4) subset of theories from 2-parameter family of massive gravity theories.

4 Double copy of massive Yang-Mills

4.1 Degrees of freedom

In the double copy construction the asymptotic states in the gravitational theory are iden-
tified with the tensor products of gauge theory asymptotic states, ignoring their colour
indices. For example, the double copy of pure Yang-Mills theory gives the following states:

AM b2y Au = h,uz/ D B,uu S d)a (4'1)

i.e. we decompose the tensor product of two massless vector representation into irreducible
representations of Lorentz group: hy, is the graviton, B, is a massless antisymmetric 2-
form field and ¢ is a massless scalar field (dilaton). In four dimensions the massless B,,,, is
dual to a pseudo-scalar, i.e. axion. In terms of degrees of freedom we have 2x2 = 2+1*+1.

In the case of massive Yang-Mills, all the fields in (4.1) are massive: hy, is a massive
spin-2 field, B, is a massive 2-form field which is dual to a massive spin-1 field in four
dimensions and ¢ is a massive scalar field. In terms of degrees of freedom we now have
3x3=5+3+1. In this paper we will consider four dimensions and write the action
obtained from double copy of massive Yang-Mills in terms of massive spin-2 (h,,, ), massive
spin-1 (A,) and massive spin-0 (¢) fields. We see that there is an interesting physical
difference between the field content of the double copy of massless and massive Yang-Mills
theories: in the massless case the B field is a spin-0 field while in massive case it is spin-1.

4.2 Double copy construction of scattering amplitudes

In order to double copy massless Yang-Mills theory the representation for the amplitude
in (2.6) must satisfy the colour-kinematics duality [1], i.e. whenever three of the colour
factors, ¢;, ¢j and ¢, are related by the Jacobi identity, ¢; + ¢; + ¢ = 0, the corresponding

"Note that only polarization tensors for helicity &2 can be written as (e%),, = (€%),(€"),, for helicities
41,0 we need to sum over the products of different helicities weighted by Clebsch—Gordan coefficients

A A PPN
EHU = Z/\/)\” C)\/)\//EH €, .
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kinematic factors must obey the same relation i.e. n; +nj +n, = 0. It is conjectured [1]
that it is always possible to choose a representation for the amplitude for which kinematic
factors satisfy this by choosing a gauge and performing field redefinitions. In the massive
case that is not guaranteed to be true but we have checked that the kinematic factors of
four-point amplitude calculated directly from (2.1) satisfy the colour-kinematics duality.

In the usual double copy procedure, once the correct representation for (2.6) is chosen,
the colour factors can be replaced with kinematic factors in order to obtain an amplitude of
a gravitational theory [2]. We follow the same procedure and conjecture that the following
expression gives an amplitude in a massive gravity theory:

(K n—2 n;n;
w=i(5) Cae 2

where 71; are the kinematic factors of the second massive Yang-Mills. The products of Yang-

Mills polarization tensors in n; and 7;, €, and €, respectively, are decomposed into polar-
ization tensors of the fields in the gravitational theory. This corresponds to decomposition
of a tensor product of two vector representations of the little group (for massive particles
in 4d it is SO(3)) into irreducible representations. Schematically this is done as follows:

G,S(jgn)) N El(jly)ﬂ'l'ﬂ (4.3)
egéﬁ] — efg)jk, (4.4)
eﬂé”(Sjk x efﬁ). (4.5)

where j, k are little group indices, (()) denotes the symmetric traceless part corresponding
to the graviton polarization, ¢ and the antisymmetric part denoted as [] corresponds to

the spin-1 polarization in terms of the B field, ¢(&)

. However instead of working with the
massive B, field in this paper, we construct the action in terms of the vector field A,
which is dual to B,,. The dualization procedure is explained in appendix C. We define

the map between B field polarization tensor and A polarization vector to be:

B) __ i A)o
e/(w) = \/imsu,,pgp”e( ) , (4.6)

where p? is the four-momentum of the external state and the factor of /2 is required
for the correct normalization. The trace part of the tensor product, given in (4.5), is
the polarization tensor corresponding to the scalar, ¢. As we show in B.3 from explicit
calculation in helicity basis we find it to be

1 PuPv
6;%) = % (mw + ;LQ ) ) (47)

which up to a sign could equally have been fixed by the requirement that it is a tracefull,

transverse and normalized.

4.3 Double copy of three-point amplitudes
We apply (4.2) to three-point amplitudes explicitly giving the following relation:

Ms = igAgjlg,. (4.8)
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where the 3 point amplitudes have their structure constants, fu., stripped off. By sub-
stituting (2.7) and (4.3), (4.6) and (4.7) we get the following three-point vertices in a
gravitational theory:

H v Zn% v
Maan= 5 (2m26752 €3 —p?pgﬁﬁegﬁ?)aﬁ + PP €T €5 €spa + DYDY €?€2u63ua> (4.9)
M _ . B 2 K JIe%
AAQS__Z% (15m €1 62M+2p1,,p2#6162) (4.10)

V3K

Md)hh = —’LTm2€2uV€§V (411)
3K v

M¢¢h = _lzplup2yeg (4.12)

113
Mypp =—1

rm? (4.13)

Mupn =1k ((e‘f”qm,ezagp‘fpf —1—261#,/65%56191&1725+cyclic permutations of 1,2,3)) (4.14)

As mentioned before, My, matches three graviton amplitude of massive gravity if we
choose k3 = —1 (or c3 = 1/4 using the parametrization of the theory as in [59, 68]). The
Myan and Mygp, amplitudes are different from those obtained from vector and scalar ki-
netic terms minimally coupled to gravity (for example a minimally coupled scalar would give
Mypn = —i/iegw,p‘f py. This is expected, since we know theories containing massive spin-2
field do not have diffeomorphism symmetry, and we allow couplings between our fields and
the reference metric which in this case is the Minkowski metric. In this way we evade the
usual equivalence principle requirements for a massless spin-2 particle. As already men-
tioned we see that M}y, matches the 3 point amplitude of massive gravity with k3 = —1.

4.4 Double copy of four-point amplitudes

We start with hh — hh amplitude which is calculated using (2.12), (2.13), (2.14), (4.2)
and (4.3). By comparing it with hh — hh amplitude calculated using dRGT massive
gravity action, M, inGr, we find the following:

3 €160 € eaﬂ €1,€R € eaﬁ €1 el € eaﬁ
My = MiﬂGr A J < 1pr€a €3a8¢4 4 Stwrt3 2ap¢4 4 St 3afc2 . (4.15)

16 s —m? t —m? u —m?
with the free coefficients in the massive gravity action chosen to be k3 = —1 and k4 = %
(c3 = 1 and ds = —1%; using the parametrization of [59]). The second term on the right

hand side of (4.15) corresponds to a scalar exchange with three-point vertex given in (4.11).

Having fixed the spin-2 interactions, we then construct the scattering amplitudes for all
other 2-2 scattering processes (for example h¢ — AA) from the double copy prescription,
and make an ansatz for the action which gives these amplitudes. A couple of general
features emerge. We find that all 3 and 4 point amplitudes containing odd numbers of
A are zero as one would expect since A is a vector. Furthermore we find that none of
the amplitudes scale with energy more that ES at high energies. Since all of them have
k% = 4/M3, in front (can be seen from (4.2)), the lowest scale appearing in the resulting
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theory to this order is A3 = (Mp1m2)1/ 3, the well-known highest possible scale for a Lorentz
invariant theory of massive gravity.

As already stated, from (4.14) and (4.15) we see that the self interactions of h up to
quartic order in h can be described by dRGT massive gravity action. Anticipating that the
n-point scattering amplitudes are controlled by the scale A3 to all orders, it is natural to
write the interactions for all the fields in the dRGT form, taking particular care to choose
combinations which are natural from the point of view of the decoupling limit effective
theory, namely those that automatically lead to Ag interactions to all orders. This process
is somewhat labourious, and we quote only our final form for the action which is

2 4
S = / d*z/—g (;R[g]—kzgémnun [IC]—%VH@Z)V%Z)—éngbQ—%Fw,F“”—%mQAuA“
1 1 1
— K Fua B Kl Fra P = 2 V,0V 6 (K —g" K3
—fmgs(icmc —IC“IC”)+——¢([ >~ (@) (4.16)
N 24v/3m
+ 8_\/3§/£m2¢3 - %mQA“AMgZ)— WF””FWQZ)Jrquartic contact terms) ,

where g,, = N + Kkhy, is the dynamical metric, 7, is the reference metric, KF = 8 —
(Vg tn)k, ®,, = V,V,¢ and the crucial contact terms which fix the form of the 2-2 scat-
tering amplitude are given in appendix A. The indices are raised /lowered with g. The self
interactions of the scalar, ¢, contain galileon interactions (the cubic term in (4.16) and the
quartic one in (A.1)), ¢® term and two additional two and four derivative contact terms to
this order. The action has been intentionally written in a manner which is diffeomorphism
invariant in terms of XC. The reference metric i that breaks diffeomorphism invariances only
enters through K, and in this sense K is a ‘spurion’ field for the breaking of diffeomorphisms.

Since the S-matrix is invariant under field redefinitions, the cubic ¢ interactions are
ambiguous since we may for example use field redefinitions to trade the cubic Galileon term
for a potential ¢* and vice versa without changing the on-shell vertex. A similar story
holds for the ¢K?2 and (V$)2K terms. However changing the off-shell structure in this
way also changes the form of the quartic interactions. Anticipating that the decoupling
limit is a Galileon-like theory (which is implicit in the Az scale), we have intentionally
chosen to put the cubic interactions in a form for which the quartic interactions are also
manifestly Galileon-like. In other words the desire to have a Galileon-like decoupling limit
theory gives us guidance in writing the nonlinear off-shell structure of the theory that goes
beyond what is immediately inferred from the on-shell scattering amplitudes, even though
the diffeomorphism symmetry is broken by the mass term. That is the decoupling limit for
the Stiickelberg fields/Goldstone modes gives us an indication of the best way to structure
the interacting Lagrangian and this explains many of our choices of interactions in (4.16)
and appendix A. Although we have not calculated beyond four-point level, the implicit
nonlinearly realized diffeomorphism symmetry present in the Stiickelberg formulation fixes
a set of interactions at all orders as is familiar in effective theories with broken symmetries.
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5 A3 decoupling limit

Having successfully constructed the interaction Lagrangian for the double copy effective
theory, at least to quartic order, it is useful to understand its decoupling limit. This will give
us insight into the interactions that arise beyond 2-2 scattering, and the overall structure of
the effective theory, but it will also allow us to understand better the connection between
the massive Yang-Mills decoupling limit and that for the double copy massive gravity
theory. We have intentionally written the interacting Lagrangian (4.16) in as covariant
form as possible, so that the decoupling limit is easily derived. Following the standard
recipe (see for example [57] for a review), after denoting the reference metric from which
KCF, is constructed by

f,uzz = 3uq)A3u¢’B"7AB ) (51)
we further decompose
1 1
ot =g — vA - —n'Bogn. 5.2

so that we may identify V4 as the helicity-1 and 7 as the helicity-0 modes of the spin-2
particle. Further for the massive spin-1 state A, we replace it by

1
A, — A+ %8@@ (5.3)

where y is the original Stiickelberg scalar, the helicity-0 state of the spin-1. The normal-
izations, which are standard, are chosen so that all the additional Stiickelberg fields have
a finite (and non-zero) kinetic term in the decoupling limit. The metric may be denoted
Guv = M +Khy. Remembering that £ = 2/Mpy, the decoupling limit is defined by m — 0,
x — 0 in such a way that A3 = m?Mp is kept finite. The Lagrangian has been written in
a judicious way to ensure that no term diverges in this limit.

Crucially, we have
II 0,0,
li K = - =22 5.4
m—>0,1/r\131ﬁxed e Ag Ag ’ ( )

which explains the emergence of the Galileon symmetry for 7 in the decoupling limit, since
I1,,,, is invariant under 7 — 7+c+wv,2*, and our choice of K as the building block. Hence for
all terms in the Lagrangian for which the coefficients are finite in the Ag limit, it is sufficient
to replace K, by I1,,, and the metric g,, by 1,,. The decoupling limit Lagrangian is found
to be (keeping track only of those terms which contribute to quartic order)

L 0,00, (I — i [TI))

1 1
N N 117 Qv 2 ) 2
Lpr = 2h Ehpy + hyp XM — B (8M¢> (0x) Lay AN g,)

V31 11 9 9
— L0 o (I, — TP ) + —— —¢ ([®)% — [@
1 a0 (0T — TEIL) + o ([0 — [27)
11 1
—l-@rgd)
NRLEN
= A6 Sprap
8v/3 A§

1
2

7 "v'a! v TTC
([@) - 3[0][®?] + 2[@7)) + T8A7 Swane” APk, 12,11 ¢

11

MV ABIIR §Y, %, ¢ —
LR~

Alg<f> ([ — s[mj[?) + 2[11%)) , (5.5)
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where all indices are raised and lowered with 7,,. We have separated out the spin-2
and spin-1 helicity-1 contributions which even in the case of standard massive gravity is
particularly complicated [62], and they are schematically

1 1
Lay = _ZFWICWQBFW - waicwﬁfaﬁ (5.6)

where F,, = 0,V, — 0,V,,, F, = 0,A, — 0,A,, and the kinetic term coefficients JcHves
and KH8 are tensors constructed from 11, /A3 and ®,,/A3. Since V,, and A, are not
sourced, classically it is consistent to set them to zero. They would of course contribute
in loop processes.

The tensor X, which is characteristic of the massive gravity decoupling limit, needs
to be identically conserved to ensure that hy,, preserves spin-2 gauge invariance (linear
diffeomorphisms) Ay, — hyy + 0,8 + 0,€,. This is the decoupling limit remnant of full
diffeomorphism invariance. Explicitly its form is

1
e

1
24A§

1
24A§

1
X4 = e"eqpop | 50500 11 U + —IPITY + ——sofofm?

_72\}3@@?@3@5 — m@{?ng‘ng (5.7)

The tensor (5.7) is indeed identically conserved by virtue of the double & structure.
The full decoupling limit action (5.5) is invariant under two separate Galileon symmetries
T — 1+ vk, ¢ = ¢+ uyurt and thus describes a bi-Galileon theory [69] coupled to
a massless spin-2 field. Indeed it may be put in a more manifest bi-Galileon form by
performing a ‘demixing’ transformation that removes the mixed hm and hnm terms, namely

~ 1 1
h;u"/ = h/“, + 577'5“1/ — rjxgﬂ'n‘uy . (58)

We may make use of the fact that up to total derivatives
1 1
Sh Ehy = —iga’mds ABCDOhE 8,0 hY (5.9)

The resulting Lagrangian then takes the form

1~ Vot 3 1 1 in
Lpr = Qh“ Ehyw — Z@W)Q - 5(&75)2 - 5(696)2 + Lht Gatileon (05 )
+ogeeapeph  IPTICTY + Lav (5.10)

where Iy, = 9,0,7 and @ = m — %gﬁ. The term [,g;fGameon contains standard cubic and

quartic® bi-Galileon interactions:

3 4
LﬁfGameon =agm(eed?I1%) +¢ Z an (e262®" I3 ") 4 by (e2011%) 4@ Z bn(ec6®™ 14,
n=1 n=1

(5.11)

8Strictly speaking there are also quintic interactions, however since we have only fixed the Lagrangian by
reproducing the 2 — 2 scattering amplitude, we cannot take seriously the inferred coefficients of the quintic
interactions.
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where we have used the shorthand eeXY ZW E“deaABCDXfoBZCC Wf and the
coefficients are given by (ag,ai,a2,a3) = (—%, 83,—§,241—\/§) and (bg,b1,ba,b3,b4) =
(5 253 1 1973 11)

96>~ 144 * 6’ 432 ' 364 o
The quartic interactions of the form AII? cannot be removed with a local field redefini-

5

tion, as is well known from the standard massive gravity case. This is as it should be since
it is precisely these interactions that describe the nonzero helicity 0,0,0,+2 amplitudes
that arise from the XY’ contact term in the decoupling limit, as described in equation (1.4)
and implicit in the full answer (D.3) and explicit in (D.4). Indeed the combination 7 is
exactly the combination which identifies the diagonalized parts of m and ¢ that correspond
to the spin-1 helicity-0 polarization tensor squared efeff 9

As noted in the introduction, since the decouphng limit of massive Yang-Mills is a
nonlinear sigma model and the double copy of the latter is the special Galileon, we might
have expected the massive gravity theory to be that corresponding to a special Galileon.
Interestingly however, this was never possible since the decoupling limit of dRGT massive
gravity never gives rise to a special Galileon. This is easily seen by the manner in which the
Galileon interactions arise from mixing with h,,. The decoupling limit of dRGT massive
gravity for general k3 and ky4 is (ignoring helicity-1 contributions)

1
cDL::—igwa%Agcpafhfaﬁchg-%hufxmﬂ (5.12)
where
2 + 3k3)0PTICTIY + kg + r3) TP TICTL

(5.13)
Since the special Galileon in four dimensions is a pure quartic Galileon, we need that after

XHV = €adeSABCD 51) 5CHd +

1
M( M(

performing the demixing

1 1
— TN + 4A3 (2 + 3r3)mll,, , (5.14)

hyw = By + 5

there is no cubic Galileon term. This requires (2 4+ 3x3) = 0 which does not correspond to
the value obtained from double copy. Even with this choice, we then have

1 ~ - 1
EDL = —iéadeEABCD(S(;qthacaChg + 8F€GdeEABCD(4%4 + Hg)ﬂéfﬂbBHCCHg
3
1 ~
4Mmﬁm)wwmwwﬁw, (5.15)

and so we only have a non-vanishing quartic Galileon term when there is also a non-zero
hmmm interaction which cannot itself be removed with a field redefinition since it contributes
to the 42,0, 0,0 scattering amplitude. Furthermore higher order n-point amplitudes will
receive contributions from intermediate graviton exchange which do not arise in the pure
quartic Galileon theory. Hence the special Galileon does not strictly speaking arise in
standard massive gravity in any form.

9To see this, note that at leading order in the decoupling limit Ky ~ %@L@Vﬂ' ~ —4/3/2 1P q);l,:()w.
3
Since in unitary gauge K, = Ml huv +O(h?), the canonically normalized unitary gauge helicity-zero mode

is in effect —4/3/27, whence the combination arising in (D.5) is == (—+/3/27 + fqﬁ = -7+ f¢> = —T.
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6 Discussion

In this paper we explored the possibility of constructing an interacting massive spin-2
theory, i.e. massive gravity, as a double copy of massive Yang-Mills theory. Our prescription
for doing this is to demand that the kinematic factors for the massive theory, defined by
normalizing by the massive scalar propagator (2.6), satisfy the same colour/kinematics
duality as the massless case. This is a nontrivial requirement even at the level of 2-2
scattering, we nevertheless find that it remains intact to this order. Interestingly the
ambiguity that arises in the massless case (e.g. the ability to shift ng to ns+ as etc. — the
so-called generalized gauge transformations) is fixed in the massive case by the requirement
that colour kinematics holds. Furthermore the manner in which it is fixed is such that the
kinematic factors contain a term which is singular in the decoupling limit, but nevertheless
leads to finite contributions to the gravity amplitudes. One consequence of this is that
the decoupling limit and double copy procedures do not commute, a result which could
not have been anticipated from the decoupling limit theories alone. Hence the by now
well known relations between the scattering amplitudes of nonlinear sigma models, special
Galileons etc [5, 7, 11, 12] which appear to be part of a large web of interconnected theories,
are non-trivially lifted by the presence of a mass term.

It is beyond the scope of this paper to consider higher n-point amplitudes which are
needed to check whether the double copy procedure remains intact at all orders, however
it was shown in [66] that at 5 points the double copy of massive Yang-Mills amplitude
gives spurious poles and therefore that cannot be matched with an amplitude calculated
from a local Lagrangian. The reason for such poles is that at 5 point the massive Yang-
Mills kinematic factors, n;, calculated directly from Feynman rules do not satisfy Jacobi
identities, so they need to be shifted as n; — n; + A; so that the amplitude remains
unchanged. As it turns out for generic theories such shifts are non local, i.e. they have
poles in kinematic invariants, s;;. For, example in massive Yang-Mills case these shifts
contain the following polynomial of s;; in the denominator

320m® + 36m°(9s12 + 4(s13 + S14 + 523 + 594))
+m? (1178%2 4 108512(513 + 514 + S23 + 524) + 4 (s13(13514 + 4523 + 17594)
—1—43%3 + 43%4 + 17514893 + 4514524 + 4353 + 13593594 + 43%4))

+2m? (98‘1’2 + 1352, (513 + 514 + 523 + 524) + 512 (513(10514 + 6593 + 17504)

—1—43%3 + 452, + s14(17593 + 6524) + 2(2523 + 524) (523 + 2524))

+2 (8%3(814 + 2524) + 513 (8%4 + 514(523 + 524) + 524(523 + 2824))

+523 (524(814 + s23) + 2514(514 + 523) + 534)))
+ 2894 (823 (8%2 + s12(813 + 514) — 813814) + s12(812 + 513) (512 + 513 + S14)>
+ (s12(s12 + s13 + 514) + 523(s12 + 514))% + 834(512 + 513)°, (6.1)

which has some complicated expressions of zeros which are the locations of unphysical poles
when the shifted n;’s are squared. In [66] the conditions on the spectrum of the theory for
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avoiding such poles are derived and it was shown that massive Yang-Mills theory does not
satisfy them. Therefore, the double copy of massive Yang-Mills amplitudes can only be
matched with amplitudes calculated from the gravitational action in (4.16) only at three
and four points. While this result is clearly negative in terms of the naive application of
the conjecture (4.2), we do not regard this as necessarily terminal for several reasons. It is
worth noting that in the present context there is more freedom that the conventional story
because both sides of the double copy are effective theories. We are free to add irrelevant
operators suppressed by the scale A or a parametrically lower scale on the Yang-Mills side,
for the sole purpose of ensuring the colour/kinematics relation remains intact even when the
spectral conditions of [66] are not satisfied. One reasonable conjecture is that this should be
possible in such a manner to ensure that the gravitational theory remains a As, or similarly
at a parametrically lower scale, theory to all orders. Some support for this comes from
the fact that if we only focus on those amplitudes that arise from helicity-0 modes of the
spin-1, then the double copy procedure is known to work to all orders since it gives a special
Galileon for which all interactions arise at the scale A3. Since as we have seen the decoupling
limit and double copy procedures do not commute, this does not constitute a proof.

Perhaps more importantly though, the rules of the double copy paradigm for massive
theories, even if they apply, are not well established and it may not be meaningful to impose
the conjecture (4.2) strictly to all orders. Since nearly all cases in which the double copy
has been well established are for massless theories, it is not unreasonable to suppose that
something like equation (4.2) may only be true at leading order in an expansion in powers
of m, i.e. at leading order in the decoupling limit. What we have been able to construct, as
outlined in section 5, is a local A3 effective theory whose interactions match with the double
copy prescription with massive Yang-Mills up to 4-point order. The effective theory whose
leading terms are given in (4.16) is consistent to all orders (from the low energy point of
view) and we may use it to compute arbitrary local (analytic) n-point functions at a given
order in an EFT expansion, even if these n-point functions do not precisely match those
implied by the double copy conjecture (4.2). That is we can infer the leading contributions
to the higher point interactions in (4.16) from the decoupling limit rather than double
copy. That this is possible despite having only computed up to 4-point order is due to the
role played by the nonlinearly realized symmetry, from the underlying symmetry breaking
in giving mass, and how it determines the leading interactions of the low energy theory,
organizing the structure of the EFT. It remains possible that the effective theory outlined
in (4.16), or some close relative to it, does have a role to play in an appropriately double
copied spontaneously broken gauge theory.

It is also worth remembering that the de Rham-Gabadadze-Tolley model of massive
gravity is really just one example of large family of interacting effective theories which may
contain any number of massive spin-2 and lower states just as massive Yang-Mills is just
one example of an effective theory for a spontaneously broken gauge symmetry. It would
be interesting to explore extensions on both sides to understand to what extent the double
copy paradigm may be preserved either fully in the sense of a strict relation along the lines
of (4.2), or at least partially in a weaker form. The present work serves as a starting point
for such an analysis and for establishing the relation between the decoupling limits on each
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side. What is interesting to note is that the class of Galileon effective theories emerge
ubiquitously in decoupling limits of these theories. Indeed the original Galileon model
was first noted to arise in a diffeomorphism invariant five dimensional theory, the Dvali-
Gabadadze-Porrati model [70] which is superficially quite different to ghost-free massive
gravity. There the effective four dimensional graviton emerges as a resonance, i.e. may
be viewed as a continuum of massive states. The intimate connection between the NLSM
and the special Galileon, and the similar emergence of the bi-Galileon effective theory in
our present discussion suggest that there may be an analogous double copy prescription
to (4.2) which could be applied to soft massive theory in which the mass for the spin-1
field on the gauge side emerges from a resonance. In this manner the spurious pole issue
identified for higher m-point functions in [66] may be resolved by satisfying constraints
on the interactions of the continuum modes without needing to satisfy specific spectrum
conditions since the spectrum itself is continuous.

There are many interesting future directions that these results suggest. For example,
is it possible to add irrelevant operators to (2.1) or new fields such that the double copy
procedure works for all n-point amplitudes, or is it only possible if the spectral conditions
of [66] are satisfied? If no extra fields or higher order operators can fix the spurious
poles then maybe this suggests that there is some problem of constructing such a massive
gravitational theory elsewhere. For example, as an anonymous referee pointed out, for
Yang-Mills theory with a single adjoint fermion the colour kinematics duality cannot be
satisfied in more than 10 dimensions because gravitational theory with more than 8 gravitini
and no supersymmetry cannot exist in 4 dimensions. Also, can we construct the double
copy of Yang-Mills action coupled to a Higgs field, which is the UV completion of massive
Yang-Mills considered here, and what is the resulting gravitational theory?!? Does this give
us any insight into UV completing massive gravity theories? Does the procedure outlined
hold at loop level in any way? Are there some simple extensions of the classical double copy
relations? The latter would be highly nontrivial given the known complicated nonlinear
dynamics of massive gravity theories exhibited by the Vainshtein mechanism. We leave
these various considerations to future work.
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future direction would be to understand if the 5pt spurious poles in massive Yang-Mills signal a presence
of another state as well.
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A Contact terms

Below are the various contact terms needed in (4.16) to reproduce the desired quartic
interactions. All terms are written in a covariant form, with the understanding that they
enter the action with a \/—g prefactor.

4) 11w 2 3 2on —1 K p L0
Lo = gprg 19 (191 = 30127 + 2[0%) + T RPVHOV,0 6 6+ oo 5 VPGV 6D 6
(A.1)
where we have used ®,, = V,V,¢.
(4) :ilﬁ(FWF )2+ii2FWF FPF,, (A.2)
AAAAT 519 m?2 #7956 m '
LD = =2 B FpKIPKY 1+ =2 FUVE, K, k77 4 — WS gl LS K, (A3
Aann = g Frtipo T uoKvpKP + e €uvase Ko K (A3)
4 7 o' v a 3 Vol v a
£§L}3¢¢ - @ g“l’aﬂgu /B(I)Z’ ICZ/’K:a’QS'i_ é Euuaﬁeﬂ ”BV“QbV,LIIC,,/ICamb
—17 1 1 /1
+ g M OO K+ 5p — Epwae R AL AN s
1 1
+ 5 3 Suvase” AV AV v v[,,/cg,]
1 1 M,V/a/ﬁ’q):u‘ (I)V ’Ca lC'B A4
+48 5umxﬁ€ w Lv gt hopgr ( )
(4) R L v
Lhbos = 144\[ sumﬁs“ ’Cu’q)’/'@a'q)ﬁ’—i_ZLSﬁHKu V.V b
11 K ’
Bl FV HA
16f 5;wa65# K @1 @0 d (A.5)
(4) 1 Vo' B! v a8 V]
Lhnng = 12[ —cuwape!” KKK 2 +%fv[5,g1 VisKuaKpe
8 1 —11 m?
+—=—RITKEK, + —3[K][K?] +2[K? A6
el s+ s (K1 =3I +21K)) (4.6)

with Vi, Ay, = 5(Viudvy — Vi Ay,)

4 1 v 1 v 1ppo v o
LEM)LAgs 8\/§ﬁm2A“A /Cuuﬁb-i-WfF“ FP ’Cupq)uU‘Flﬁf VpF#VFW’CQS
-1 kK -1
AN vi7 U)o - o I 2l FHo y
+4\/§mv MVK¢+\/§ QV 7o Kot
-1 &k
+—— — F, F,,V*VIKP A7
8v/3 m2 Mr ’ A
4 1 K v 4 1 v —1 "172 v
E435A¢ 251 1 PP Fw @700 + @nz FFupd + o 5 FPUEIV 06V o
—11 1
+ — D K>m A“Auéé—i— 5 2 AFAYN ¢V 0
+;1’L2v PE VTN 0 06+ —— O 0
192 m PETIV T 128 m2 T
v —1 izvppuv FOVY 6V ¢+ii2VpF‘“’V FJN ,0V .0 (A.8)
192 md YR T T '
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B Conventions

B.1 Lie algebra generators of the gauge group

We use the following conventions for the generators, T,:
Tr(ToTy] = dap. (B.1)

These are related to the usual generators (for example in [71]) as T, = v/2t,. We define
the structure constants, fup. as
[Tm Tb] = Z.fabc,—rc; (Bz)

which again are larger by a factor of y/2 than the structure constants in [71]. In terms of
these fapc the field strength tensor F, is written as:

1
jfabcAZA(yj' (B3)

F, = 0,A) — 0, A + NG

B.2 DPolarizations

The four momenta in the centre of mass frame with scattering angle § and three momenta

p = 3V's — 4m? is defined as:

pt = (f,psin@,(),pcos&) . (B.4)

We define the polarization vectors in the helicity basis as follows:

1
eh_; = —=(0,—cosf, —i,sinb),

V2

1
el =
A=—1 ﬂ

1
h_o= E(p, Esinf,0, Ecos?) .

(0,cos6,—i,—sinf), (B.5)

where 6 is the scattering angle in the centre of mass frame and p the three-momentum.
The polarizations clearly satisfy the transverse and completeness relations,i.e

pueéf =0,

L4V
B 0Nk v pp
ZG/\(G)\) N+ m2

(B.6)

where (ef)* = (—1)*¢" ,. The polarization tensors for the spin-2 field with different helici-
ties are constructed from the polarization vectors with appropriate Clebsch-Gordan (CG)
coefficients as (we review the construction in detail in B.3),

Gl)fiiz = eiei )
1
Ay = ﬁ(eieﬁ +epet) (B.7)

1
o= —=(ere” + e +2€hep).

6_ =
A=0 \/é
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The polarization tensors satisfy the transverse, traceless and completeness relations

puch” =0, 65)\:0,
2
1 B.8
Z G;AW( aﬂ) 5 <G,u,aGVﬂ + GH’BGVa GuuGa6> ( )

oV
where GH* = ntv + L,

B.3 Construction of gravity states from mYM

As mentioned in 4.1, from the tensor product of two massive spin-1 states we get a massive
spin-2, a massive spin-1 and a massive spin-0 on the gravity side. In this section we review
how the gravity on-shell states are constructed from such product, i.e, |1, \; > ®|1, Ao >.
The polarization tensor of the particle of spin J with helicity A is given as,

J)x JA N N
€ = Z C\€n €5 s (B.9)
)\/)\//

where A = X' + A, We start from the spin-0 state which is obtained from |0, A >= |1, " >
®[1, A" >, with A = 0 = X + \’. This polarization state is obtained by considering the
following:

— 0,0 X _\/
4 = bl = 3 e
)\/)\//

; (B.10)

= ﬁ (egeg - e:e; - 6;6,—/’_)
where CY,,, are the CG coefficients given in (B.15). By substituting (B.5), we can see
that (B.10) can be expressed as:

(6)

2=

M + p:zp”). (B.11)

Hence, the factor of % in (4.7) which follows from the CG coefficient.
The spin-2 state is obtained from |2, A >= |1, X > ®|1, " >, with —2 <\ < 2.

— Z Ci/i,/e;ye,)j‘". (B.12)
A/A//

To give an explicit example, the helicity A = +2 is,

2+2 242 N N
=2 Cvviane s
)\/)\N
242 41 +1 (B.13)
F1+160 €

+1 +1

—lxeﬂ
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In this paper we use the polarization states to be a superposition of different helicities and
we do not focus on specific choices, for example for the graviton polarisation we have,

42
el(ﬁ,) = Z oo\ei’lj\. (B.14)
A=—
Spin-2 : Cf_’i =C* %= 1,
1
2,1 2,1 2,—1 2,—1
Cor =0y =02y =Gl —ﬁ’
1 2
02,020,0:77 02,0:\/>7
+- —+ 6 00 3
1
Spin-1 : Chy=—Col =Cyt = -0yt = —= (B.15)
V2
1
1,1 ~1,1 1,0 _
Cyy =00 = V2 Coo =
-1 1
Spin-0 : c¥0 =% = —, el = —
p + + V3 00 V3

C Dualization of the massive B field in 4d

We follow the dualization procedure explained in [72]. The Stiickelberg action of free
massive 2-form field, B, is

1 1
S:/—idB/\*dB— 5(mB = d\) Ax(mB — d)), (C.1)

where A is a 1-form Stiickelberg field which is needed to restore the gauge symmetry which

acts on the fields as follows:

B — B+ dA,
A —= A+ mA.

The first step in the dualization procedure is to rewrite the action in terms of field strengths,
H =dB and G = mB — d\. To do that we need to impose Bianchi identities,

dH =0, (C.2)
dG — mdB = 0, (C.3)

with Lagrange multipliers. We first do it for G:

S:/—%dB/\*dB—%G/\*G—kA/\d(G—mB), (C.4)

where A is a 1-form Lagrange multiplier imposing (C.3). By integrating the last term by
parts we can find the equation of motion for G to be

G =—xdA. (C.5)
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Substituting this back to the action and integrating by parts the last term we get
1 1
S:/—§dB/\>kdB— SAA N A + A A mdB. (C.6)

Now we can replace dB by H and impose (C.2) with a scalar Lagrange multiplier, y. This
gives the following

1 1
S:/—§HA*H—5dAA*dA+A/\mH+de. (C.7)
Now again we integrate last term by parts and find the equation of motion for H to be
H=—x(mA—dgp). (C.8)

Substituting this back in the (C.7) gives the Stueckelberg action for massive spin-1 field,
A, known as Proca action:

1 1
S — /—idA/\*dA— 5 (mdA — dx) A x(mdA — dy), (C.9)

where x is now the Stiickelberg scalar field. From (C.8) we can see that in unitary gauge,
x = 0, the relation between the B and A fields is dB = — * mA which in coordinate basis

can be written as: )
A/_L = _%E”VPUVVBPJ- (Cl())

This means that the relationship between the polarization vector of A, ¢4, and the po-
larization tensor of B, e(B), will be of the form:

GLA) x %EMVPUPVE(B)FW, (C.11)

(4)

where the overall constant can be found by requiring €, ’ to be normalised (i.e. consistent
with (B.6)). This relation can be inverted by multiplying both sides by the ¢ tensor and
p, which using p? = —m? and imposing normalisation condition gives (4.6).

D Double copy of the 4-point scattering amplitude in the decoupling
limit
We take the Ag decoupling limit,
m — 0, My, — oo, keeping Az = (mQMpl)1/3 fixed, (D.1)

of the full scattering amplitude obtained from double copy with external states arbitrary
superpositions of h and ¢ fields defined as: (setting the vectors to zero for simplicity)

el = o160, 2 (p1) +aree, 2 (p1) +arsen (p1) +aracs, ! (p1) +arsen, (p1) +asep (p1),
eour = Pri€s, p2)+Brse " (p2)+ Bracy, ' (p2) + Brseny (p2) + Bsep, (p2),

2,42

p2)+Bracsy, *(
€3 = 7T16,ﬂ, %(

)
p3) 126 2 (3) Hyrsen (p3) +yracy  (3) +yrsen (p3) +ys€m (P3),
64W—0T16W *(pa) + o€, *(pa) +orse  (pa) +oracs,  (pa) +orsey (pa)

+056 O(py). (D.2)

/-\/—\/—\
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This gives the following amplitude:

. stu
My —i—— (604T3ﬁT3’ySU § — 6ar4Br3vsos — 6arsBraysos + 6ariBraysos

+ 10a7s 8157505 — 6arsBsyTsos + 6araBsyrscs — 6V 2arsBravrsos

— 6V2a73Br577305 + 601385V1405 — 6074 B5Vr405 — 6V 20075 147408

— 6V2ar4Brsyra0s + 100758571505 — 6V 204837508 — 6V 2003 B14V1508
— 2V2a75 81571505 + LlarsBsysV20s + 6arsBrayrsV20s + 6araBrsyrsy20s
+ 6075873714V 205 + 6013815714V 205 + 6073 Br3vrs V208 + 6araBrayrsV20s
+ 2ar28s75 V305 + dars frsvriV3os + darsfrsyraV3os + dars frivrsV3os
+ darsBrayrsV3os + darafrsyrsV3os + 2arsBrivsV6os + 205 BravsVbos
+ 20721575 V605 + 2075 B5v71 V605 + 2075 BsV12V 605 + 207985775V 605

— 6arsBsysors + 6araBsysors — 6V2arsBravsors — 6V2arsBrsysors

+ 1207585773073 — 6V 20075 8514073 — 120758157140 T3 — 6V 200385Vr507T3
— 12ar5Br3vr5013 + 1200581415013 — 120m3815V150 T3 + 12004 fr5VT50T3

+ 60738575074 — 6074B5750Ts — 6V 20075 Braysors — 6V 2araBrsvsora

— 6V2arsBsyr30m4 — 1207581571304 + 12075 815v7407T4 — 6V 2074 B8YT50T4
+ 12ar5813vr50ra — 12005 Brayr50ma + 120003 81571504 — 120004 15775014

+ 10758575075 — 6V 20014 Br3vs0rs — 6V 201381475015 — 2V 207581575075
— 6V2ar3Bsyrsors — 1205 Br3yrsors + 12005 Bravrsors — 12ar3Brsyr307s
+ 12ar4Brsyr307s — 6V 2004 BsY7407T5 + 12005 Br3y140T5 — 1200587474075
+ 1207381571405 — 1207485774075 — 2V 20758515075 + 1200387377505

— 12ar4Br3yrs0ors — 1207381415075 + 120074 BTaYT50T5 — 280075 BT5YT507T5
- as( — 11V2B757505 — 2V6B1577105 — 2687571205 + 6871371305

— 681477305 — 681371405 + 681471408 — 2v/6B1271505 — 10B715V150°8

— 2Br2vsV30s — 26081575071 — 4V3Br5vrsort — 2V6Brs 50T

— 4V3Brsvr5072 + 681375073 — 681475073 — 6V2Br5v1307T3 — 6V 2814775073
— 681375074 + 681475074 — 6V2B15774074 — 6V2B73V75074 — 2V6B127507TS
— 1081575075 — 4V3Brsyriors — 4V3Brsyraors — 6V 2Bravrsors

— 6V2B7377r4075 — 4V3Brovrsors — Bs (6’YT30T3 — 674073 — 6973074 + 6974074
+ 10yps075 — ’YS( — 1705 — 2V/30711 — 2V3072 — 11\/§UT5) + 11y7505V2

+ 2y7105V3 + 2971205V3 + 2v75071V6 + 2975072V6 + 2v71075V/6

+ 2’7T20'T5\/6) + 6875v74073V 2 + 6813715073V 2 + 6B15Vr3074V/ 2

+ 6814715074V 2 + 6813773075V 2 + 6B874v74075V2 + 2815715075V 2

+ 2ﬁT1( — 505 — V2y1505 — V2ys075 — 27T50T5)\/§) + 605 BraysorsV2
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+ 607481575073V 2 + 6075 Bs V1303V 2 + 604 BsyT50T3V2 + 6075 BT3V50T4V 2
+ 607387575074V 2 + 60758514074 V2 + 6073 B5Vr507T4V 2 + 6073 B13V50T5V 2
+ 607401175075V 2 + 6074 Bs V3075V 2 + 603 Bsyra0T5V2 + dars Brsvsori V3
+ darsBsyrsomiV3 + dars Brsysora V3 + darsBsyrsora V3 + darsBrivsors V3
+ dagsBravsorsV'3 + dara frsysors V3 + darsBsyriors V3 + darsBsyraors V3

+ dareBsyrsorsV3 + 20 (/3T5 (2’YT5US +v5V205 + 2ys0T5 + 2’YT5UT5\/§)
- ﬁs( Y505 — V21505 — V25075 — 2’YT5UT5))\/§ + 2ar58sv5071V6

+ daps Brsyrsori V6 + 2arsBsys07m2V6 + dars Brsyrsora V6 + 20 Bsvsor5V 6
+ darsfrsyriorsV6 + dars Brsyraors V6 + dars frivrsors Ve

+ 406T55T2’YT5UT5\/6 + 40zT2ﬁT57T50T5\/6)- (D.3)

This amplitude simplifies considerable if we focus on scattering processes of the form
+2X X X. We may easily see that X can only be a scalar mode and this amplitude then
takes the form

1stu

My(+2X X X) = 966 <5T5 + éﬁs) (’YT5 + \}575) (UT5 + \}505> : (D.4)
The combination Srs + ﬁ Bg is precisely the combination of polarizations that picks out
the helicity-0 squared term efef
pv o _ 2 L I e
Brach + Bsehy = —= (BT5 + ﬁﬁs> el + fwm VB (et ). (D.5)
Since the helicity +2 mode has polarization tensor €. € we recognize that My(+2X X X)

is the double copy of the +1000 massive Yang-Mills amplitude and comes specifically from
the XX’ contact term (1.4).

E Decoupling limit of massive Yang-Mills amplitude

In this section we derive the decoupling limit of the massive Yang-Mills amplitude which
is expected to be the amplitude of NLSM, derive the kinematic factors and double copy it
to show that we recover the 4 point amplitude of a special Galileon. We also show that
taking the decoupling limit and performing the double copy do not commute. From (2.6),
the 4-point amplitudes of massive Yang-Mills is expressed as:

2
mYM __ m CsTg CeNit Cy My
As T A2 <s—mQ+t—m2+u—m2>7 (E.1)

with the n’s given by (2.12), (2.13) and (2.14). By plugging the polarization vectors which

are arbitrary superpositions of all helicities given as:

EML:OJ +1( )+062€_1(p1)+a36 ( )7
Y(p2) + B3 (p2),

eap = Pr€ (p2) + Bac,  (p2) (£.2)
=16, (p3) + 12€,, " (p3) + Y360 (p3),
eap = 016, (pa) + 026, (pa) + 0365, (pa),
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and four momenta into the n’s, they can be rearranged in the following form (as mentioned
in (1.1)):

2 2 2
s—m 1 t—m 1 u—m .
ng= WZ(s,t,u)—l—mns, ng= WZ(s,t,u)—kmnt, Ny = WE(S,t,u)—{——Qnu,
(E.3)
with ng + ny +n, = 0 and fs + 7y + Ny, = —mX. The explicit expressions for the 7’s and
Y(s,t,u) are given in (E.12) and (E.13) (E.14) (E.15). The amplitude can be written as,
2
AmYM _ mi ( CsTls CeTht Cy Ty, ) EA4
4 A2 s—m2+t—m2+u—m2 ’ (E.4)
1 CsTlg cig CuTh, 1

A2 <s — m? + t —m2 + u—m2> * mAQZ(S’t’u) (es + et cu), (E.5)

and as mentioned in the introduction, the last term which seems at first ill defined in the
decoupling limit m — 0, A fixed, is zero by virtue of Jacobi identity. Focusing on the
non-zero term, the amplitude in the decoupling limit is as follows:

1
APt = lim S A™M
m—0, Afixed A2 (E 6)
1 '
= —io5e (cs(t —u) +c(u—8)+ cy(s — t))ag,Bgo'g’yg.

We see that only helicity-0 polarization states remain interacting in this decoupling
limit. The kinematic factors of this amplitude are,
8 it 30
ns:—ﬁ(t—u), nt:—ﬁ(u—s), nu:—ﬁ(s—t). (E.7)

Note that in this limit we have s+t +wu = 0 and can see that the colour-kinematics duality
is satisfied.
Using the kinematic factors of this amplitude we double copy it and obtain the follow-
ing:
ADC _ 33303
16A8

which is equal to the scattering amplitude of a galileon theory.

stu, (E.8)

It seems that we could have defined the kinematic factors of the full massive Yang-Mills
theory without the 1/m3 terms in (E.3) since they cancel in the full amplitude. However
without them the colour-kinematics duality is not satisfied. This is in contrast to the
massless double copy where at four-points any representation of kinematic factors satisfy
this duality. If we tried to double copy, i.e.

1 ( nsn, neny NN, ) B —ZE’+1< fshl, ey Ay N,
Mg, ASA§

) (B9)

s—m2 t—m2 u-—m? s—m2 t—m2 u-—m?

without using (s, t,u), we would have obtained a theory whose A3 decoupling limit is the
special galileon because only 7 terms could have contributed to the double copy amplitude,
i.e. we would have obtained

Y 2422 2
{ niv; a3zp3y50%5
ADE = Y =32 t E.10

A2 Mgl — m#s; ! 16A8 St ( )
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where i = 1,2, 3 labels s, ¢, u respectively. However, in our case, when we square (s, ¢, u)
, they sum to a 1/m* contribution to the double copy scattering amplitude

ADC (a3B373 (02 —01) +asPs (2 —71) 03+ 7303 (a3 (B1 — B2) + (a1 — az) B3)) 2
32(s,tu) SAg

stu,

(E.11)
which contains helicity +1 polarizations and the decoupling limit of the resulting theory is
not the double copy of the decoupling limit of the massive Yang-Mills, i.e. the operations
of taking decoupling limit and performing double copy do not commute.

The explicit expressions for X(s, t,u), fis, g, Ny, are given below:

12\@
x (33373 (01 —02)+a3B3(y1—2) 03 +7303 (3 (B2 — 1)+ (a2 —a1) B3)) (E.12)

R 1
fg=——————(16(a2(—Bo2y101+ B2y202 — B3y302+ B37103) + a1 (B17101 — B37301
4(4m2 —s)

Y(s,tu)=

— Biv202+ B37203) + a3 (Bay301 + B1y302 — B17103— Baye03) )m® — 4 (du(cn By
+agfa—azfs) (V101 +7202—7303) +t(—az (61— B2) (v3(01—02) + (71 —72) 03)
+aoB3(y3(01—02) 4 (71 —72) 03) +4a3f3 (7101 +7202—7303) — 20252 (37101
+7202—27v303) +a1 (8373 (02 —01) +B3(v2—71) 03 =281 (7101437202 —27303) ) )
+s(ai1 (5817101 +9837301 — 517202 — 11837203 —16317303) + 2 (—5B2y101
+5627202+9037302 — 11837103 —16527303) +a3(— 11827301 — 11817302
+9817103+9B27203—4P3 (47101 +47202— 97303) ) ) )m*

+2v2V stu (o B2 (— 97301 +Ty302 — 97103+ Ty203) +a1 51 (— Ty301 + 97302
—T7103+97203) + a2 f3(— 97101 —Ty2024+127303) + a1 83 (71101497200
—127y303) + a3 (B2(—97101 —Ty202+127303) +1263 (1301 — Y302 +7103 —7203)
+B1(Ty101 497200 — 1273073) ) )m> +25 (£ (a3 o (— 67301 + 57302 — 67103+ 57203)
+aafBs(— 67301457302 — 67103 +57203) — 2282 (31101 — Y202+ 57303)

+a3f1 (57301 — 67302457103 —67203) + a1 03 (5v301 — 6302 +57103—672073)
4201 1 (7101 = 37202 —57303) — 20303 (57101 +57202 — 137303) )
+2u(agfBs(—3v101 — 37202+ 57303) + 1 81 (Y101 +7202 —37303) + a2 B2 (1101
+7209—37303) ) +5 (2 (63 (97302 — 147103) =202 (1101 —7202+87303) )
+a1(B3(9v301 —147203) +261 (Y101 —v202 —87303) ) + s (— 1482y301 — 14817302
+981710349B27203— 403 (47101 + 47202 — 117303) ) ) )m?

—2@3@((1252 (v3(02—301) + (v2—371)03) —1 1 (3 (01 —302) +(m
—372)03) —2f3(3v101+7202—37303) +a1 03 (1101437202 —37303)

+a3(383 (1301 =302 +7103—7203) — B2 (37101 +7202 — 37303) + B1 (Y101 + 37202
—37303)))m-+4s a3 Bv303+57 (s(— 202837309 +4as B3y103+ 4z fays0s

+a (—2B37301+4837203+4817303) + 3 (4827301 + 4617302 — 217103 — 2527203
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 4(s—4m?)

+ B3 (4v101+4y200—177303) ) ) +2(u((01 B1 + 2 B2) y303+ s B3 (y101 +7202
—4dy303)) +t (31 B1y303+ 32 fay303 — a1 B3 (3 (01 —202) 4+ (71 —272) 03)
+a2f3 (29301 — V302427103 —Y203) — a3 (B2 (—2v301 +y302 — 27103 +7203)
+51 (1301 —27302+7103—27203) =363 (1101 +7202 —37303)))))) (E.13)
d 3 (—64(—043 (B3v101+4P273014 B371202+4817302) + a3 (B171+ P22
+48373) 03+ 01 (3B2y201+ B37301 +5 817202 — 4837203 — B17303) + 2 (5827101
+3B17102+ B37302— 4B37103 — B2y303) )m® — 16t (a3 (43 (Bro1 + 202) + (3B1m
—TB2y1—TP172+3B272) 03 —483(—27v201 +7202+71 (01 —202) +7303))
—ag(B2(—167101+57201+ 57102 — 27202+ 4y303) + B3 (7301 — 37302 —4y2073)
+ 51 (57101467102 +57202 —8y303) ) + 1 (B3 (3v301 — Ty302+47103) + 81 (27101
—5y201 —5y102+ 167202 —4y303) — B2 (57101467201 + 57202 —87y303)))
—2s(—2a3(B37101+4B827301 + B37202+4B17302) + 203 (B171 + B2z +48373) 03
+a1 (7827201 42837301 + 9617202 — 8837203 —217303) + 2 (9827101 + 7 B17102
+2037302 — 883103 —2B27303) ) )m° =82V stu (a1 (837101 — 5837201 — B17301
+5827301+ 4837202+ 4 617302 — (B171 — 48172+ 56272+ 58373) 03)

a3 (B2(—4y101+57201 =202 +57303) +503 (1301 — Y302 +7103—7203)

+ 51 (4v2024+71 (01 —502) —57303) ) + a2 (—5617302+5517103+ B2 (— 4301 +7302
— 4103 +7203) + B3 (—4y101+57102— Y209+ 57303) ) )m® —4((—5as (Bsy101
+4627y301+ B37202+4517302) +5az (B1y1+ P2y +45373) 03+ a1 (196827201
+5837301 421817202 —5(48372+ f173) 03) + 2 (21827101 + 19617102+ 5837302
—5(4B371+B273) 03)) >+t (— 23 (B3 (1501 +02) + B1ys (01 +1502) +Bs (5y101
+37201+37102+57202) ) + s (136171 +58271 + 56172+ 138272 +526573) 03
+a1(—2B17101 45827101 +5817201 + 22827201 + 13837301 +5 817102 — 24517202
+5B27202+ 5837302 —2(B371 + 158372 +5 8173 +3B273) 03) + 2 (5817101

—24 2710145827201 5637301 +22017102+ 5827102+ 5817202 — 2327202
+13B37302—2(15B8371 4 8372+ 38173 +58273) 03) ) s+17 (8rs B3 (1 —12) (01— 072)
—4as(B1—P2) (v3(01—02) + (71 —72) 03) + 2 (B2 (— 217101 +57201 +57102

— 57202 +8v303) +453 (1301 — Y302 +7103—Y203) + 51 (57101 +37201+ 37102

+ 57200 —87303) ) + a1 (483 (=301 +7302 — Y103 +7203) + 1 (57201 — 219209
+571 (02— 01) +87303) + B2 (57101 + 37201 + 37102+ 57202 —87303) ) ) )m*
+2v2Vstu(s (a1 (B3y101 —5B37201 — B1y301 +5B2y301 +4B37202 +4B1 7300

— (Bim —4B172+5B272+58373) 03) + a3 (B2 (—4v101 +57201 =202 +57303)
+5063 (1301 —v302+7103—7203) 4 1 (41202471 (01 —50o2) —5y303))
+aa(—=5B17302 45817103+ B2 (— 4301 +y302 — 4103 +7203) + B3 (— 4101
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+5v109 —Y202+57303))) +t (a3 (B2(— 1771101 +57201 + 57102 — 9202+ 247y3073)
+2433(v301 —y302+7103—7203) + 51 (97101 — 57201 — 5102+ 177202 — 247303))
+az(B2(—17y301+97302 — 177103 +97203) + B3 (— 177101+ 57201 +57102

— 97902 +247303) +551 (Y301 — Y302+ 7103 —7203) ) + 1 (B1(— 97301+ 177302
—9v103+177203) +5082(7301 —v302+7103—7203) + B3 (97101 — 57201 — 57102

+ 177902 —247303))) )m> +25((— a3 (837101 +4B827301 + B37202 +417302)

+as (8171 + P22 +46373) 03+ a1 (4627201 + B3v301 + 4817202 — 4837203 — B17303)
+az2 (482101 +4B111 02+ B3v302 —4B37103 — B2v303) ) 8%+t (az (—4Bayi o

— B37301+8B17102+ 12837302+ B3 (72 —2371) 03+ (81— 1152) y303)

+a1 (—4B17202— 1117303+ B2 (8201 +7303) + B3 (129301 — Y302 +7103
—237203)) +a3(B2(—23v301 +7302 — Y103+ 127203) + B3 (y201 — 117202 +71 (02
—1101) +367303) + 51 (Y301 — 237302+ 127103 —7203) ) ) s+2 (a1 (— 817202
—9B17303+ B2 (4y201 +4y102+7303) + B3 (7301 — 117302+ 77103 —117203))
+ao(B3(—11v301+Ty302 — 117103+ Ty203) + 1 (4201 + 47102+ 7303)
—B2(87101+97303) ) + a3 (B2 (—11v301+ Ty302 — 11103+ Ty203) + B3 (V201
—97209+71 (02 —901) +327303) + B1 (Ty301 — 117302+ Ty103 — 117203) ) ) )m?
+stV2V/stu (201 81 (3 (01 —302) + (71 —372) 03) + 1 B3 (— 27101 — 679202+ T303)
+ag(—2B17101+6827101 — 7837301 — 681720242 6272024 7637302+ 7 (53 (72
—71) + (81— B2)73) 03) + 20252 (37301 — Y302+ 37103 —203) + 2 3 (67101427202
—Ty303))m+s7t(2s(—B3v3 (101 +202) + (2028371 +201 B3 72+ 1 B1y3
+aafBoys)os+as(Bsyio1+2B2v301 + B3y202+2817302— (8171 + B2ye
+38373)03)) +t(—28373 (2 (02 —201) +a1 (01 —202) ) =283 (a2 (Y2 —271) +a1(n
—272))o3+4 (a1 B1+afB2) 303+ az(—2v3(Br101—2B201 — 26102+ P2o2) —2(Sim

—2B971 —2B172+B272) 03+ B3 (4101 + 4200 — 117303))))) (E.14)

7

= (192(043 (—B371014 B2y301— B3y202+ Biy302) + a1 (Biyi01

4(s—4m?2)?
—Bay201+B37203— P17303) +a (— Bi1y102+Bay202 + B3y103— P2y303) ) m
—16(2s (a2 (= 7817102+ 3627202 — 6837302+ 13837103) +a1 (3817101 —Tf27201
—6037301+13837203) +3(13627301 + 13817302 — 6617103 — 627203
—12B37303)) +t(as(B2(—v301 457302 —8y103+47203) +483(—3v101+ 27201
+27102 37202 +7303) + 81 (57301 — Y302 +47103 —87203) ) —a (B2 (—267101
457201457102 — 8202+ 127303) 4 3 (8v301 —4y302+7103—57203) + 51 (57101
467102457202 —87303) ) — a1 (B3(—4y301+8v302 = 5y1034+7203) + 1 (—8y101
+57201 + 57102 — 267202 +127303) + B2 (57101 + 67201 +57202 —87303) ) ) )m°
—8V2V/stu(as (B2 (— 137101457201 — 87202+ 197303) +1983 (y301 — 1302 +7103

8
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—7203) + 51 (87101 — 57102+ 137202 —197303) ) +aa (— 5817302+ 5517103

+ B2 (—13v301 487302 — 137103 +87203) + B3 (— 137101+ 57102 — 87202 +197303) )
+a1 (B1(—8y301+ 137302 — 87103+ 137v203) + 562 (V301 —7203) + B3 (87101
—5y901+13y209— 197303)))m5—|—4((0q (3817101 — 19827201 — 32837301
459837203+ 17B17303) + a2 (— 19817102 +3 027202 — 320837302+ 598371 03
+17B27v303) +a3(59B2y301 +59617v302 — 32817103 — 32827203+ 1783 (y101 +7202
—47y303))) 8%+t (aa(B2(507101 — 57201 — 5y102+87v202+ 107303 ) + B3 (67301

— 2273094417103 —Ty203) — 1 (57101 + 227102+ 57202 — 67303) ) + 1 (B (
—22v301 467302 — Ty103+417203) + 1 (87101 — 57201 — 57102 +507202+107303)
— B2 (571014227201 + 57202 —67303) ) +a3 (1 (— Ty301 +41y302 — 2271073
+67203) + B2 (417301 —Ty302+67103 —227203) +203 (57101 +37201 +37102
+57202—38y303)) ) s+1* (das (81— B2) (v3 (01— 02) + (11 —72) 03) — 283 (™1

—72) (01—02)) —a2(B2(—21y101+57201 +57102 — 5202 +87303) +483 (V301
—Y302+7103—7203) + B1 (57101437201 +37v102+57202 —8v303) ) — a1 (43 (
—301+7302 —Y103+7203) 4 1 (— 57101457201 +57102 —217202+-87303)
+B2(57101 437201 + 37102457202 —87303) ) ) )m* +2v2V stu(t (as (B2 (— 1Ty101
457201457102 — 97202 +24v303) +24 83 (y301 —302+7103—1203) + 51 (97101
—57201—b5y1024+ 177202 —247303) ) + (B2 (— 17y301+ 97302 — 1Ty103+972073)
+B3(= 177101457201 +57102—97202+247303) +551 (1301 — Y302 +7103 —7203))
+a1(B1(—97301+17Ty302— 97103+ 177203) +5582 (V301 — Y302+ 7103 —Y203)

+ B3 (97101 —5y201 —5y102+ 1Tv202 —247303) ) ) + s (s (B2 (— 257101 +5y201
—12v202+337303) +3303(v301 — V302 +7103—7203) + 51 (127101 — 57102
+257209 —337303) ) + a2 (—5B17302+ 5617103+ B2 (— 257301 + 1279302 — 257103
+127y903) + B3 (— 129202+ 571 (02 —501) +337303) ) + a1 (81 (— 127301 + 257302
—127103+257203) +562 (1301 —1203) + 83 (127101 — 57201 4257202
—337303))))m® —2s( (a1 (— 4827201 — 14837301426 837203+ 11B173073)
+ag(—4B17102 —14P37302+ 26837103+ 11827303) +a3 (11537101 +26 527301
+11837202+26817302 — 1417103 — 14Bay203 — 3237303 ) 8%+t (az (— 1 (87102
+7303) + B2 (127101 4-237v303) + B3 (157301 — 217302 +377103 — 107203) )

+a1 (B3 (—217v301 4157302 — 107103+ 37y203) — B2 (87201 +7303) + 51 (127209
+23v303) ) +a3(81(—10y301+37v302 — 217103+ 157203) + B2 (377301 — 1073072
+157103—217203) +53(237101 — Y201 — 71024237202 — 727303)) ) §

+1% (o (= B1 (47201 +47102+7303) + B2 (87101 +97303) + B3 (117301 — T302
+11y103—T203)) —ai1 (B2 (dy201 +4v102+7303) — B1 (87202 +97303) + B3 (7301
— 113094+ Ty103—117203)) +as (b1 (— Ty301+11v302 — Ty103+ 117203)
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+ B2 (11301 —Ty302+ 117103 —T7203) + B3 (97101 —1201 —Y102+97202
—327303))))m* —V2s(s+1)Vstu(2a25 (73 (02— 301) + (2 =371) 03)

—2a1 61 (v3(01—302) + (71 —372) 03) + a2 B3 (— 67101 — 27202+ Ty3073)

+a1 83 (27101467202 — Ty303) + a3 (B2 (— 67101 — 27202+ Ty303) + 763 (V301
—302+7103—7203) + B1 (27101 + 67202 — Ty303) ) )m—+5*(s+1) (5(2(a1 (= Bsy301
+2837203+F17303) +az(—Bav302+2837103+Bay303) ) +az (4827301 +4 617302
—2017103—2027203+33(27101+27202 —57303) ) ) +t (41 B1y303+4azfay303
—20183(v3(01—202) + (71 —272) 03) + 20283 (29301 — Y3024+ 27103 —203)
+as(Bs(4v101+4v202—117303) —2(B2v3 (02 —201) + 173 (01 —202)

+52(’Y2—271)03+51(71—2’72)03))))> (E.15)
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