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ABSTRACT: We analyze neutrinoless double beta decay (0vS3) within the framework of the
Standard Model Effective Field Theory. Apart from the dimension-five Weinberg operator,
the first contributions appear at dimension seven. We classify the operators and evolve
them to the electroweak scale, where we match them to effective dimension-six, -seven,
and -nine operators. In the next step, after renormalization group evolution to the QCD
scale, we construct the chiral Lagrangian arising from these operators. We develop a
power-counting scheme and derive the two-nucleon Ovj3S currents up to leading order in
the power counting for each lepton-number-violating operator. We argue that the leading-
order contribution to the decay rate depends on a relatively small number of nuclear matrix
elements. We test our power counting by comparing nuclear matrix elements obtained by
various methods and by different groups. We find that the power counting works well for
nuclear matrix elements calculated from a specific method, while, as in the case of light
Majorana neutrino exchange, the overall magnitude of the matrix elements can differ by
factors of two to three between methods. We calculate the constraints that can be set
on dimension-seven lepton-number-violating operators from 0v3/3 experiments and study
the interplay between dimension-five and -seven operators, discussing how dimension-seven
contributions affect the interpretation of Ov34 in terms of the effective Majorana mass mgg.
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1 Introduction

The neutrino oscillation experiments of the last two decades have shown that neutrinos
are massive particles, requiring an extension of the minimal version of the Standard Model
(SM) of particle physics. Neutrinos could have a Dirac mass term, as all other fermions in
the SM. This would require including sterile, right-handed neutrinos in the SM Lagrangian,
whose only purpose is to generate a neutrino mass. Yet neutrinos are the only observed
fundamental and charge-neutral fermions, so they could instead have a Majorana mass.
In the SM, a Majorana mass term is forbidden by the neutrino SU(2)z x U(1)y quantum
numbers, making it impossible to construct a gauge-invariant, renormalizable mass opera-
tor in terms of left-handed vy, fields. Thus, in the SM one can distinguish neutrinos from
antineutrinos, and define a quantum number, lepton number (L), which is conserved at
the classical level. L is, however, an accidental symmetry of the SM. As soon as one in-
troduces non-renormalizable operators, which parameterize physics at energy scales much
larger than the electroweak scale, L is broken [1], and neutrinos acquire a Majorana mass,
inversely proportional to the scale of new physics A. The smallness of the neutrino mass
might therefore offer a unique window on high-energy physics.

Neutrinoless double beta decay (Ov(3/3) experiments are the most sensitive probe of
lepton number violation (LNV). In this process two neutrons in a nucleus turn into two
protons, with the emission of two electrons and no neutrinos, violating L by two units.
The observation of OvfSS3 would have far reaching implications: it would demonstrate
that neutrinos are Majorana fermions [2], shed light on the mechanism of neutrino mass
generation, and give insight on leptogenesis scenarios for the generation of the matter-
antimatter asymmetry in the universe [3]. The current experimental limits on the half-
lives are already impressive [4-13], at the level of T’ 10/”2 > 5.3 x 10%° y for "5Ge [12] and
Tlo/”2 > 1.07 x 10%° y for 136Xe [13], with next generation ton-scale experiments aiming at

02728y,

a sensitivity of Tf/”2 ~1

By itself, the observation of O3S would not immediately point to the underlying
physical origin of LNV. While Ov383 searches are commonly interpreted in terms of the
exchange of a light Majorana neutrino, in generic beyond-the-SM (BSM) models, 0vg3
receives contributions from several competing mechanisms (for a review see ref. [14]). Well-
studied examples are left-right symmetric models [15-17], which contain an extended gauge
and Higgs sector, as well as heavy right-handed Majorana neutrinos. In these models light
Majorana neutrinos acquire mass via the type-I see-saw (via right-handed neutrinos) and
/ or the type-1I see-saw (Higgs triplet) and can mediate Ov33. In addition, however, 0v 33
receives contributions from the exchange of heavy right-handed neutrinos, mediated by the
gauge boson of the additional SU(2)r gauge group, from the mixing of light- and -heavy
neutrinos or from the exchange of Higgs triplets [14, 18-20]. Depending on the masses of
the right-handed neutrinos and gauge boson, and on the Yukawa couplings of the left- and
right-handed neutrinos to the Higgs, Ov33 can be dominated by light-neutrino exchange,
heavy-neutrino exchange, or receive several contributions of similar size.

Keeping explicit model realizations in mind, in this paper we investigate Ov53 in the
framework of the SM Effective Field Theory (SM-EFT) [1, 21]. In this framework, the



SM is complemented by higher-dimensional operators, expressed in terms of SM fields and
invariant under the SM gauge group. The coefficients of these operators are suppressed
by powers of the scale A at which new physics arises. There is a single gauge-invariant
dimension-five operator [1]. This operator violates L by two units, and, as already men-
tioned, provides the first contribution to the neutrino Majorana mass. Going further,
there are no AL = 2 dimension-six operators [21, 22|, but there are several at dimension-
seven [23], and -nine [24, 25], and higher [26].! Notice that here we are not extending the
SM field content with a light right-handed neutrino, but the construction of the effective
operators can be generalized to include it [28].

We systematically study the constraints on SU(2)z, x U(1)y-invariant dimension-seven
operators from Qv33. After defining the operator basis in section 2, in section 3 we integrate
out heavy SM degrees of freedom, such as the Higgs and the W boson, and match onto a
low-energy AL = 2 Lagrangian that only contains leptons and light quarks, suitable for the
descriptions of low-energy processes such as double-beta decay. The resulting Lagrangian
contains the neutrino Majorana mass and transition magnetic moments, dimension-six
and -seven semileptonic four-fermion operators, as well as dimension-nine six-fermion op-
erators. Of these operators, those of dimension-six and -seven give rise to non-standard
AL = 2 single beta decay and to long-range neutrino-exchange contributions to 0v38 not
proportional to the neutrino mass. Instead, the dimension-nine operators, which involve
four quarks and two electrons, induce new OvB33 contributions without the exchange of
a neutrino.

In section 4 we match the quark-level AL = 2 Lagrangian onto Chiral Perturbation
Theory (xPT), the low-energy EFT of QCD, and we discuss the hadronic input needed to
constrain dimension-seven operators. In section 5 we introduce a power counting and derive
the neutrino potentials in yPT up to the first non-vanishing orders. The power counting
reduces the number of matrix elements that are relevant at leading order in the chiral
counting. The contribution of dimension-six AL = 2 operators to Ovf35 was considered
in refs. [18, 29-32], while six-fermion dimension-nine were studied in refs. [24, 30-36]. In
section 5 we discuss similarities and differences between the neutrino potentials we obtain
and the existing literature.

In section 6 we obtain our main result which is the derivation of the master formula for
Ov 3 half-life up to dimension-seven in the SM-EFT expansion and the first non-vanishing
order in xPT. For earlier versions of such formula see, for example, refs. [29, 35]. The
master formula includes the following important effects:

e QCD renormalization group evolution of the dimension-seven operators from the
high-energy scale to the weak scale, followed by the QCD evolution of the induced
dimension-six, -seven, and -nine operators from the weak scale to the QCD scale.

e Up-to-date hadronic input for the low-energy constants, which are becoming increas-
ingly under control. We find that nine low-energy constants are needed. Six of
these are well-known from either experimental or lattice QCD (LQCD) input, while

YAll L = 2, B = 0 operators have odd dimension [27].



we estimate the remaining three with naive dimensional analysis. The reader is re-
ferred to table 2 as well as figure 5 which illustrates the impact of the uncertainty
on the unknown low-energy constants on the constraints on a particular AL = 2
Wilson coefficient.

e Consistent power-counting in the chiral effective theory for the neutrino potentials
induced by the dimension-seven operators, see table 4. For some operators we find
the first non-zero contributions in 07 — 0% transitions to arise at next-to- or next-
to-next-to-leading order in the chiral expansion.

e Long-distance contributions arising from either neutrino or pion exchange. When
the latter is chirally suppressed, subleading short-range pion-nucleon and contact
4-nucleon contributions are considered. The full interference of all effects is included.

We find the master formula to depend on only a handful of nuclear matrix elements,
a smaller set than typically considered, and we perform comparisons of calculations of the
nuclear matrix elements already existing in the literature (see table 5 and figures 3 and 4).
We test our power counting explicitly by comparing the sizes of different matrix elements
and by comparing matrix elements related by symmetry. Bounds on the induced dimension-
six, -seven, and -nine operators, as well as the original dimension-seven operators, are
obtained in section 7 and presented in tables 6 and 7 and range from tens to hundreds
of TeV, assuming a single dimension-seven operator (tables 7 and 6) or single induced
operator (table 6) turned on at a time. In section 8 we discuss scenarios in which both
a light Majorana neutrino mass and a dimension-seven operator contribute to the 0v503
rate. We study what additional experimental input can be used to disentangle the various
AL = 2 contributions to Ov33. We summarize, conclude, and give an outlook in section 9.

2 Dimension-seven SM-EFT operators

The complete list of dimension-seven AL = 2 operators, invariant under the gauge group
of the Standard Model, was built in ref. [23], and it is summarized in table 1. A subset
of the operators was published in refs. [37, 38], and a few redundancies were eliminated in
ref. [39]. At the scale of new physics, A, we have the following AL = 2 Lagrangian

E(AL*Q) = Eklemn(Lgc(B) CLm)HlHn + Zczol) USCZ' — O <A3> ’ (21)

where the first term is the dimension-five Weinberg operator, with C® a 3 x 3 matrix
in flavor space. Furthermore, ¢ runs over the labels of the operators defined in table 1.
In table 1, L and @ denote the left-handed quark and lepton doublets, L = (vp,e L)T,
Q = (ug,dr)”, while up and dp are right-handed quarks, singlet under SU(2)z. H denote

the scalar doublet
v 0
H=—U(z , 2.2



Class 1 P2 H? Class b YD

Orm €ij€mn(Li OLin) H; Hy(H'H) O i | €ildyu)(LTC(D L))
Class 2 W2H?D? Class 6 v H

O | €emn(LTC(DL)) Hon(D*H)y | OLzer | eijmn(eLi) (L] CLun) Hy
Oftip | €men(LIC(DLL)) H(D*H)u | O] iy | €tj€mn(dLi)(QF CLyn) Hy
Class 3 V2H3D O i | €imem(dLi)(QTC Ly ) Hy,
OLuDpe €ij emn(LiTCW’ue)Hme(D“H)n OLLGun €ij (Qmu)(LT CL;)H
Class 4 V2H?X O, cudnt €ij (LT Cvye)(dy*u)H;
Orun €ij€mng (LT Cot Ly, )H; Hy, B,y

OLaw Eij(ETI)mng(L;TFCU’WLm)HjHnW;{u

Table 1. Basis of AL = 2 baryon-number-conserving dimension-seven operators derived in ref. [23].

where v = 246 GeV is the scalar field vacuum expectation value (vev), h(x) is the Higgs
field, and U(x) is a SU(2) matrix that encodes the three Goldstone bosons. The covariant
derivative D), is defined as D, = 0, — igst*Gj, — g%Wlf — ¢'YB,, where t* and 77/2
are SU(3) and SU(2) generators, in the representation of the field on which the derivative
acts. Y is the hypercharge quantum number, Y = —1/2 for L and Y = 1/2 for H. € is
a completely antisymmetric tensor, with €;2 = +1. C is the charge conjugation matrix,
C' = i7v29, which, in this basis, satisfies C = —CT = —CT = —C~L.

All the couplings C; have lepton flavor indices, which we omit unless explicitly needed,
while the couplings of the four-fermion operators in Classes 5 and 6 also carry indices
for the quark flavors. Here we are only concerned with couplings to the first generation
of quarks.

There are a few special cases in the above operator basis. Firstly, the dimension-five
operator and Oy trivially contribute to Ovf33 as they simply gives rise to a Majorana
mass term below the electroweak scale, C®O®) +CryOry — %(C@ + %CLH)I/TCV. The
operator Oprp, and the component of Oy that is antisymmetric with respect to the
lepton flavor indices, do not give rise to Ov35 at tree level, but are well constrained by
the transition magnetic moments of the neutrinos, as we discuss further in section 7.1.2.
Also, both O( ) up and Opren do not induce Ov3f3 at tree level. For these two operators,
in section 7.1.1 we consider radiative corrections, such as the one-loop mixing onto the
neutrino mass (Or ) and magnetic moment (Oryp and Opgw) operators. The effects of
Orren are however suppressed by three and one power of the electron Yukawa coupling,
respectively. Alternatively, one can study AL = 2 decays such as u™ — et [40]. We
briefly discuss bounds on Cy,rey arising from muon decay in section 7.1.3.

The remaining operators in table 1 —namely, the following 8 operators OSI){ p» OLHDe,
Oraw, (’)SL) JuD’ (’)E.Jlg’c(;d—)H, Orrgun and Oy,,qg — induce tree-level corrections to Ovj35.
Before discussing the effects generated by these operators at the electroweak scale, we



briefly comment on the QCD running between the scale A and p ~ mypy. As the majority
of the dimension-seven operators do not involve quarks, or only involve a quark vector
or axial current, most of these operators do not run under QCD at one loop. The only

(1,2)
LLQdH
two operators can be written as combinations of tensor and scalar currents,

exceptions are O and Op,5,m- The latter runs like a scalar current, while the former

2
(@) (@) ~ () (i) A (@)
ZCLLQdHOLLQdH Z [C Og +Cr 07’ (2.3)

=1 =1

with 05 = Leijemn(dQ) (LY CLy)H, and O = Lejiermn(domQ;) (LY Capy L) H,, and

Og?)T can be obtained by replacing €;;€m, — €im€jn. The couplings of these operators are

given by,
(1),i4 (1),53 (1),35 (1),5i (2),35 (2),5i
C,(1),@‘ CLLQdH + CLLQdH C(2),z‘j CLLQdH + CLLQJH CLLQdH + CLLQJH
S,T - 2 9 S7T - 4 .
(2.4)

Here the i and j indicate the generation of the left- and right-most lepton fields, respectively.
The running is then given by

d Qs d _(1,2),j As ~(1,2),i5
L oun = —6Cr ¢, Oy = —6Cp 2Oy
dln g HEOUH Py LLQuE iy AR
d C\12ii _ g, O C}I’QW, (2.5)

dlnp T 47

where Cp = (N2 —1)/2N,, and N. = 3 is the number of colors. The analytic solutions
to these equations are discussed in appendix B, where we also give numerical relations
between C;(A) and C;(mw).

Note that eq. (2.5) only takes into account the QCD running, which should be the dom-
inant contribution to the RG up to scales, u ~ 10 TeV. For larger renormalization scales,
which one is sensitive to if A is significantly above the electroweak scale, electroweak con-
tributions could become relevant as well (since o (p) =~ Sas(p) for pu =~ 10 TeV). However,
as the largest RG effects result from relatively low scales, u < TeV, and the electroweak
RGEs are currently not known in the literature, we neglect their effects here.

3 Low-energy Lagrangian

After the breaking of electroweak symmetry, the low-energy AL = 2 Lagrangian contains
neutrino Majorana masses and transition magnetic moments. In addition, there appear sev-
eral dimension-six and -seven four-fermion operators as well as dimension-nine six-fermion
operators, which give long- and short-distance contributions to Ov53 decay, respectively.
We write

1
Lar—a = —5(m)ivi i Cvi,j+ pijvi s Cotvr, jeFu + LN}y + LK} o+ LR} - (3.1)

We choose to work in the mass basis of the charged leptons, but the flavor basis of the neu-
trinos. This implies that the charged-current interaction and the charged-lepton Yukawa



matrix are flavor diagonal, while the neutrino Majorana mass matrix in eq. (3.1) is not.

Thus the flavor indices 7,j in eq. (3.1), and in what follows, run over the charged lep-

tons, i,j € {e,u, 7}

The neutrino mass and magnetic moment terms are discussed in section 7, and here

we focus on the operators that mediate OvB3. Below the electroweak scale the gauge-

invariant dimension-seven operators of table 1 induce the following dimension-six, -seven,

and -nine operators

2Gr 6)

L8} = NG {05163 5 W7 dL Eriv OFF ; + O iy " dreni v, C7L;  (3.2)

+C§2 i urdpr €L, Cﬂgj + Céi),ij uRrdy, €L, Cﬂgyj
—i—Cr}) urotdrer o CVLJ} + h.c.
7 2GF o _ =
E(A)Lzz = \/iv{c\%’” arytdrer; Ci 0 Hyg’j

5 _
+C\(/7F){,z'j upy'dger,;Ci 0 ;ﬂ/g’j} + h.c.

er,iCerl . B B . )
L(AQ)L=2 = 205]{0@] ury*dr uryudr + Cﬁ)j ary"dr ury.dr
+C8) agtd} agyud%} +hee.
(6,7,9)

The coefficients C are all defined to be dimensionless.

(3.3)

(3.4)

Keeping the lepton flavor structure, the matching coefficients for the dimension-six

operators at the electroweak scale are given by?

1 6 )
w3 \(/L)zg = _ﬁVudCLHDe i +4Vud CLHWgza

a0 1
VR,ij V2 LeudH ji
I e _ 1 (2) (2) (1) *
p3 SRl T g V2 (CLLQJH,ZJ CLLQdH,gz JrCLLQdH zg)
Vid md ( (1) (1) 2) UMy (1)
+— 2 v <CLHD ij CLHD i CLHD _]’L) - 2 v (CLLJuD,ij -
Lo 1.
1)3 SL,ij f LLQuH,ij
Viud T ( (1) (1) (2) * o img (L)
T 9 T, (CLHDJ]‘ - CLHDJ@' - CLHD,ji) + 2 v (CLLguD,Z-j -

Lo _ 1 (02 (2) (1) *

3 CT,ij ) V2 (CLLQdH ij + CLLQdH i + CLLQdH zg) :

For the dimension-seven operators we have

Vud
2

Lom 1 (e (1) *
EC\/R,U T~ 9 (CLLduD ij +ChLaup ]Z) ’

L
w3 CVL,z‘j =

9 *
(CE/]ZID i + CE/J)JD ]z Cé]){D ,Jt + 8CLHW]Z) ’

(1) *
LLduD,ji)

1) *

LLJuD,ji) ’
(3.5)
(3.6)

*Note that the operators in egs. (3.2), (3.3), and (3.4) are defined to give rise to d — u transitions,

whereas the opposite convention is used for the dimension-seven operators in table 1.



while the matching conditions for the dimension-nine operators are

]_ *
o) = 212 (C(ngm,z-j + 4CLHw,z‘j) ;

3
1 : 1)« I

Although we explicitly kept the lepton flavors in the matching coefficients, only one of the
elements will actually contribute to Ov35. This is due to the fact that we require two
electrons in the final state, which for the dimension-nine operators implies only the Ci(,ge) .
element can contribute. In addition, this means that the long-range contributions of the
dimension-six and -seven operators have to be mediated by v, (since the SM weak current

has to produce an electron), implying that only the Ci(’ﬁe)ém

component can contribute as
well. In the following we therefore drop the flavor indices and use the shorthand, C; ¢, — C;.

The coefficients in egs. (3.5), (3.6), and (3.7) need to be evolved from the matching
scale p ~ myy to scales pu ~ 2 GeV, where the matching to chiral perturbation theory and
LQCD calculations is performed. The vector operators, C(\G/)L,VR and C\(/?,VRv consisting
of quark non-singlet axial and vector currents, do not run in QCD.? The renormalization

group equations (RGEs) of the scalar and tensor operators below p = my are given by

d

6)  _ _ar Qs A(6) d_ ~6) _ 5 s ~(6)
dhwc 6Cr —C Cy) =20p 2Cy.

SL(SR) — 47 “SLGR)’ Iy T

Here we have suppressed the flavor indices as the QCD running is independent of them.
The above RGEs correct the anomalous dimensions derived in ref. [43]. The RGEs of the
dimension-nine operators are given by [44, 45]

d_ 9 _ _ ) as 9
dlnucl _6<1 NC) =
d (¢ as (6/N. 0 c? (58)
dinp \c )~ 4r \ =6 —12Cp) \c{V )~ '

The analytic (and numerical) relations between C;(my) and C;(2 GeV) that result from

the above RGEs are discussed in appendix B.

4 Chiral perturbation theory

Having obtained the relevant AL = 2 interactions around 2 GeV, we want to study their
manifestation at even lower energies. We do so by applying the framework of chiral per-
turbation theory (xPT) [46-48], and its generalization to multi-nucleon systems, chiral
EFT (xEFT) [49-52]. xPT is the low-energy EFT of QCD and consists of the interactions
among the relevant low-energy degrees of freedom (mesons, baryons, photons, and leptons)
that incorporate the symmetries of the underlying microscopic theory: QCD supplemented
by electroweak four-fermion interactions and, in our case, AL = 2 operators.

3In the MS scheme, the renormalization factor of the non-singlet axial current Z% receives non-vanishing
contributions starting at two loops [41]. It is however always possible to introduce a finite renormalization
that restores the non-renormalization of the flavor non-singlet current [42].



A particularly important role at low energy is played by the approximate symmetry of
QCD under the chiral group SU(2)r, x SU(2)g. Since it is not manifest in the spectrum,
which instead exhibits an approximate isospin symmetry, chiral symmetry must be sponta-
neously broken down to the isospin subgroup SU(2);. The corresponding Goldstone bosons
can be identified with the pions. Chiral symmetry and its spontaneous breaking strongly
constrain the form of the interactions among nucleons and pions. In particular, in the limit
of vanishing quark masses and charges, when chiral symmetry is exact, pion interactions
are derivative, allowing for an expansion in p/A,, where p is the typical momentum scale
in a process and A, ~ my ~ 1GeV is the intrinsic mass scale of QCD. These constraints
are captured by xPT.

The xyPT Lagrangian is obtained by constructing all chiral-invariant interactions be-
tween nucleons and pions. In principle, an infinite number of interactions exist, but they
can be ordered by a power-counting scheme. We use the chiral index A = d +n/2 — 2,
where d counts the number of derivatives and n counts the number of nucleon fields [46].
The higher the chiral index, the more suppressed the effects of a coupling are by factors
of p/Ay ~ my /A, ~ €, where we introduced €, = m,/A,. Chiral symmetry is explicitly
broken by the quark masses and charges, and, in our case, by electroweak and AL = 2 op-
erators, but the explicit breaking is small, and can be systematically included in the power
counting by considering mg ~ m2 ~ p?. Because the AL = 2 interactions are associated
with very small parameters, we only consider operators linear in the AL = 2 couplings.

The coupling constants of the effective interactions in xPT, usually called low-energy
constants (LECs), are not fixed by symmetry, and they capture the nonperturbative nature
of low-energy QCD. In principle these LECs are unknown but their sizes can be estimated
from naive dimensional analysis (NDA) [53], or, preferably, fitted to data or calculated
from QCD directly for instance by using lattice simulations. As we discuss below, for 0v53
processes most LECs are relatively well known although there are some exceptions.

In the mesonic and single-nucleon sector, all momenta and energies are typically ~ p.
The perturbative expansion of the yPT Lagrangian then implies that the scattering am-
plitudes can also be expanded in p/A,, with every loop (using 47F; ~ A, where Fy is
the pion decay constant) or insertions of subleading terms in the xPT Lagrangian causing
further suppression.

For system with two or more nucleons, in addition to the momentum p, the energy scale
p?/2my becomes relevant. Nucleon-nucleon amplitudes therefore do not have an homoge-
neous scaling in p, and the perturbative expansion of the xPT interactions does not guar-
antee a perturbative expansion of the amplitudes [49, 50]. In figure 1 we show two types of
contributions to the amplitude. Diagram (c) represents the so-called “reducible” diagrams,
in which the intermediate state consists purely of propagating nucleons. In these diagrams
the contour of integration for integrals over the Oth components of loop momenta cannot
be deformed in way to avoid the poles of the nucleon propagators, thus picking up energies
~ p?/my from nucleon recoil, no longer a subleading effect, rather than ~ p. These dia-
grams are therefore enhanced by factors of my /p with respect to the xPT power counting
and need to be resummed, typically by solving a Schrodinger equation. The resummation
leads to the appearance of shallow bound states in systems with two or more nucleons.
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Figure 1. Examples of irreducible (diagrams (a) and (b)) and reducible (diagram (¢)) two-nucleon
LNV diagrams. Double and single lines denote, respectively, nucleon and lepton fields. The black
square denotes an insertion of the neutrino Majorana mass. Notice that diagram (¢) is non planar,
i.e. the pions “go around” the neutrino line. The first two diagrams respect the YPT power counting,
and their scaling is determined by the chiral index A of the vertices and by the number of loops.
The sum of two-nucleon irreducible diagrams defines the Ov 38 two-nucleon transition operator, or
“neutrino potential”. In the third diagram the nucleons can be close to their mass shell, and the
diagram is enhanced by my /p with respect to the YPT power counting. This diagram is included by
taking the matrix element of the neutrino potential between the nuclear bound-state wavefunctions.

Diagrams (a) and (b) exemplify “irreducible” diagrams, whose intermediate states
contain interacting nucleons and pions. These diagrams do not suffer from this infrared
enhancement, and here nucleon recoil remains a small effect. Irreducible diagrams involving
pions and nucleons follow the yPT power counting [49, 50] (commonly called “Weinberg
power counting”), while the situation is more complicated for contact interactions, where
different schemes exist such as “KSW” [54] or pionless EFT [55], where the NN interactions
become relatively enhanced.

Reducible diagrams are then obtained by patching together irreducible diagrams with
intermediate states consisting of A free-nucleon propagators. This is equivalent to solving
the Schrodinger equation with a potential V' defined by the sum of irreducible diagrams.
Notice, in particular, that the potential is only sensitive to the scale p, and does not depend
on properties of the bound states such as the binding energy. For external currents, such as
the electromagnetic and weak currents, one can similarly identify irreducible contributions,
that can be organized in an expansion in p/A,, and separate them from the effects that
arise from the iteration of the strong-interaction potential. For example, diagrams such as
figure 1(c) are taken into account by taking the matrix element of the neutrino-exchange
potential, induced by the irreducible diagrams, between the wavefunctions of the nuclear
bound states.

In the following subsections we construct the chiral Lagrangian relevant for Ov33 pro-
cesses, and discuss the hadronic input needed to determine its couplings. The Lagrangian
contains charged-current operators with an electron and an explicit neutrino, which is
later exchanged between two nucleons (see figure 2(b)) to give rise to long-range neutrino-
exchange contributions to Ov33. For these operators the hadronic input consists of the vec-
tor, axial, scalar, pseudoscalar, and tensor nucleon form factors, which, with the exception
of a subleading LEC in the tensor form factor, are well determined either experimentally
or via LQCD calculations.
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In addition, the Lagrangian has operators with pions, nucleons, and two electrons, but
no neutrinos (see figure 2(c)), which give pion-exchange and short-range contact contribu-
tions to OvBS5. In this case new LECs arise from the hadronization of four-quark operators.
In the case of purely mesonic operators, these LECs are well determined [56, 57]. For
pion-nucleon and nucleon-nucleon operators at the moment they can only be estimated
with NDA.

In section 5 we then use the Lagrangian constructed in section 4 to derive the two-
nucleon operators (the so-called “neutrino potentials”) that mediate Ovj.

4.1 The AL = 2 chiral Lagrangian

After evolving the AL = 2 operators to low energies, u ~ 2GeV, we match them to
xPT. The construction of the chiral Lagrangian closely follows that of the standard yPT
Lagrangians [47]. We describe the pions by

U=u?=exp (ZW.T> , (4.1)

Fy

where 7; are the Pauli matrices, Fy is the pion decay constant in the chiral limit, and
we use F; = 92.2MeV for the physical decay constant. We also introduce the nucleon
doublet N = (pn)T in terms of the proton (p) and neutron (n) fields. The pions transform
as U — LUR' and v — LuK' = KuR' under SU(2);, x SU(2)g transformations, while
the nucleon doublet transforms as N — KN. Additional ingredients are external scalar,
vector, and tensor sources in the quark-level Lagrangian, which, for our purposes, take the
following form

s+ip = —2GF [Céi) (t7) éLCD;{ + Cs(;g* (t7) ugCeL} ,

2G N
s—1ip = ——2F C’ég (t7) e Cvt + Céi) (t7) V%CGL:| ,
;- 2GF, 4 _ ) - S Pl B
[ OB (T ) - QUVudeL’YMVL +'UC\/L eR/V,uCVL + CVL er, Ci wVr | +hc.o,
2G =
Ty = ﬁz () [v c® epry,col + e, ci'o Myf} +he.
2G
e =5 (T1)CP e Cof (4.2)
where 7% = (71 £ 473)/2. The chiral Lagrangian is then given by chiral invariants con-

structed from the meson and baryon fields and the above spurions, which transform as
follows, r, — RruRT, ly — LZ#LT, s+ip — R(s +ip)Lt, s —ip — L(s — ip)R', and
th — Lt%’RT. The dimension-9 operators, Cfg) and Cfg, can not be written in terms of
the above sources and additional chiral constructions are required. The former transforms
as 57, X 1r while C’fg transform as 37, x 3g. We will discuss their chiral representations
separately below.
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4.2 Mesonic sector

In the meson sector the interactions that are responsible for long-range neutrino-exchange
contributions arise from the standard leading-order (LO) chiral Lagrangian

Ey F3
Lr= "0 (D0)T DU + T U+ O] (4.3)
where
D, U =0,U —il,U+1iUr,,, X =2B(M + s —ip), M = diag(my,mq) . (4.4)

B is the quark condensate, related to the pion mass by m2 = B(m, + mg). We use
(my +ma)/2 = (3.5731) MeV [58], such that B ~ 2.8 GeV. The dimension-six and -seven
operators enter through the external sources, l,, 74, s, and p. Contributions from the
dimension-six tensor operator require two additional derivatives which increase the chiral
index by two. As such, the dominant contribution from C’éG) comes from the pion-nucleon
sector which is discussed below.

One of the advantages of the chiral notation is its compactness, which, however, has
the downside of making it more difficult to see to which processes the operators contribute.
Here we expand the AL = 2 interactions in eq. (4.3) up to terms linear in the pion field
which provide the main contribution to Ov 33 processes

Ly = —iRGrB (v) | (C§) - Q) (ercot)] (4.5)

1
_RGp (0 [(cgm 08 o) + () ) (o cﬁﬁ’“p{)]
+h.c.

In addition, the dimension-nine operators give rise to contributions that do not involve
the exchange of a neutrino. In this case, the higher-dimensional operators induce interac-
tions that convert two pions (77) into two electrons. Following refs. [24, 56, 59] we write
the chiral representations of these interactions as

4 . 5 erCet
£ = T | (9Ol + o8RO ) T (U U | 4 Zgoma O L Loy | 57
4 3 v
F? <) — _ b .. | ecCcet
= 70 [(Cf)gsxs + Cég)g?;?;) T+ §C£9)927><1 Oum— OFm ] % ..., (46)

where ij =1 (U@“U T)ij and the dots stand for terms involving more than two pions. By
dimensional analysis the low-energy constants gér:ig() scale as O(Ai), while go7x1 = O(1).
We follow the notation of ref. [56], in which these three low-energy constants were estimated
using SU(3)-xPT relations and LQCD calculations. The values of the LECs we use are
given in table 2, and are in reasonable agreement with naive dimensional analysis.

4.3 Nucleon sector

The LO nucleon Lagrangian responsible for long-range neutrino exchange is given by

L8 = iNv- DN+ gaNS - uN +c5 N{4N — (QgTe,mgv“ NSP(uTt uT)N + h.c.) (A7)
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927x1 0.38 £0.08 [56] | ga | 1.272£0.002 [58

gsxs | —(3.1£1.3)GeV? [56] | gs | 0.97+£0.13  [60]

gmx | _(11+4) GeV2  [56] | gr | 0.9940.06  [60]
95751 0(1) — | g7l 0(1) —
|927x1 o(1) -

Table 2. Hadronic input for the LECs gs, g7, g27x1, 9sxs, and gg’i’é, at the scale p = 2GeV.
Currently we lack experimental or LQCD input for the LECs g7, g2, and ¢/, and we follow
naive dimensional analysis.

Here v* and S* are the nucleon velocity and spin, v# = (1,0) and S* = (0,0/2) in the
nucleon rest frame, and x4+ = x4+ — Tr(x+)/2 where x4 is defined below. We have applied
the heavy-baryon framework to remove the nucleon mass from the LO Lagrangian [61].
The values of the couplings g4 and gr are given in table 2. The LEC cj5 is related to the
strong proton-neutron mass splitting and we give its value below. The chiral covariant
derivative is defined as D,N = (0, +I'y,)N, where

r, = % [uT (Op —ily) u+ u(0y —iry) uq ,

Uy = —1 [uT (Op —ily) uw—u (0 — iry) uq ,

e = ulyu’ £uxfu. (4.8)
67

The first two terms in eq. (4.7) involve contributions from the vector operators VL(VR)’
while the last two terms involve contributions from the scalar couplings CéL)(SR) The

last term is generated by the tensor interaction Cr(f) . Eq. (4.7) turns out to capture the

dominant contributions from C® and O However, for both the dimension-

SL(SR) & VL(VR)"
six vector and tensor operators, the LO terms do not contribute to the Ov83 07 — 0%
transitions and non-vanishing interactions only appear at next-to-leading order (NLO).

The relevant NLO corrections can be written as follows

1gA

£® = (v"0” —g") (ND,D,N) — N{S D,v-u}N— gM IM_ cpvasy, NSgfih, N
my

2mpy

gr N, v
— <mN€WO‘B NSg{utly'ul, iD}N — “Lv, N [ T, DV} N—i—h.c.) . (4.9)

my
where the coefficients of the first two and fourth operators are fixed by reparametrization
invariance [62] in terms of the LO nucleon Lagrangian, gy = 1+ k1 with k1 ~ 3.7 the
anomalous isovector nucleon magnetic moment, and g/, is the only unknown LEC at this
chiral order,* which by NDA scales as g/ = O(1). Furthermore, fj[,, = ulLu+ uRul,

4That is, to NLO the tensor matrix element depends on only two form factors. This counting agrees with
the general relativistic expression for the matrix element (p[uc*”d|n), which depends on four form factors.
However, one of these form factors vanishes in the isospin limit and the other involves two derivatives and
appears at N?LO in the chiral expansion. In the notation of ref. [63], which is commonly used in the
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with
Ly =0uly, — Ol —illy, L], Ry = Oury — Oury — ilry, 1. (4.10)

This is the most general chiral-invariant Lagrangian at this order, that is also hermitian,
as well as reparametrization, parity, and time-reversal invariant.

Apart from long-range neutrino-exchange contributions, the nucleon sector mediates
short-range contributions induced by the dimension-nine operators. These can involve a
single pion exchange, through vertices of the form pnm~ee, or through nucleon-nucleon
interactions of the form pnpnee. For the Cfg couplings, the short-range contributions
to OvfS are suppressed in the chiral power counting with respect to the long-range pion-
exchange terms from eq. (4.6). However, for the C’fg) coupling, the 7N and NN interactions
contribute at the same level as the 77 terms of eq. (4.6) [24, 25]. Thus, for C’fg) all three
mechanisms have to be considered.

Starting with the chiral realization of the pion-nucleon couplings there is one relevant
operator,

£7rN 9) M b éLCég
7% 1 gAg27xlC F0 NSHutrTuN Tr u ' T 5

— V29ag5N CO Ry [pS - (97 )n] . (4.11)

55
where the dots stand for terms involving additional pions and g3#,; is a LEC of O(1).
For later convenience we have pulled out a factor of g4 in our definition of g3V ,. For the
nucleon-nucleon interactions we also find a single relevant operator

_ e Cel
'627><1 = Cf )9V927><1 (Nu UN)(NUTT+UN) TL
_ _ éLCéT
= Vgt gd N, (n) () 5 Ly (4.12)

where the dots again stand for terms involving additional pions, and g%% ~ O(1) is
another unknown LEC. As for the previous LEC, we have pulled out a factor of g%, in
our definition of g57%;. Additional structures, such as pS#n pS,n, can be eliminated using
Fierz identities and are not independent.

We note here that the distinction between long- and short-distance contributions loses
its meaning as one goes to sufficient high order in the construction of the xyPT Lagrangian.
For example, the operators in egs. (4.11) and (4.12) receive a contribution from the neutrino
Majorana mass, proportional to mgg/ Ai, induced by the exchange of hard neutrinos, with

momentum |q| > A,, which are integrated out in xPT [65]. Similarly, the operators C’Z@

and Cim in egs. (3.2) and (3.3) will induce AL = 2 operators without neutrinos in the
xPT Lagrangian. These contributions appear at N2LO, and we neglect them here.

literature [29, 30, 64], we can identify g5 = 27%% — T®) . Using the estimates of ref. [63], 74* = —0.62 and
T(S) = 1.38, we would find g/ = —2.62, compatible with the NDA estimate of table 2. Some literature uses
T(S) —4.54, which, however, does not appear in ref. [63].
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4.4 One-body currents for 8 decays

We now summarize the single 8 decay amplitude, which provides the building blocks nec-
essary to construct the full Ovg8S amplitude. The single 5 decay amplitude involves two
types of diagrams, which either involve a single vertex or a single pion exchange between
the lepton and nucleon line. Using the Lagrangians constructed in the previous sections,
we write the amplitude as

N -
APV — Nt [“—;T“J{}—i—MQWJZ—SJS—i—ipJp—i—tRWJﬁy N, (413)

with the sources given in eq. (4.2). As discussed in section 4.3, for some operators we will
need expressions through NLO in the chiral expansion. Up to NLO, the currents become

4+ | igu(q?
J‘l; = gv(q2) <'U'u =+ 2mN + m(]\/' )E“VaﬁvaS[ng,

L 2
Jh = —ga(d®) <25“ - ;mJVQS-(erp’)) + M2q“5'q,

2my
Js = gS(q2)’
2
o — RIrla )S_q7
my
9 v V% +p/ g/T(qz) v v
lef” = —2g7(q°)e" of <va + a2mN°‘) Sz — ZW(UMQ —vYq"). (4.14)

Here p and p’ stand for the momentum of the incoming neutron and outgoing proton,
respectively, and ¢* = (¢°, q) = p* — p’*. Furthermore, e"¥* is the totally antisymmetric
tensor, with €923 = +1. At LO in xPT the form factors are given by

(@) =gv=1, gal@®) =ga=127, gv(q®) =1+ Ky,
2 (1, — mp)str 2 2my
— 4B = 1 T Mp)str = _g—N
gS(q ) Cs My — My, ) gP(q ) gA q2 n m%— )
gr(@®) =gf—gf ~1,  gp(q®) ~1, (4.15)

where we followed the normalization of ref. [66].

Vector current conservation enforces gy (0) = 1, up to small isospin-breaking correc-
tions. For g4 and k1 we used the experimental values [58]. There is some disagreement
in the literature on the value of gj;(0), with some authors using gps(0) = k1 = 3.7, rather
than the correct gar(0) = 1 + k1 = 4.7. The error appears to stem from one of the first
papers that studied the contribution of weak magnetism [67], which did not account for
the non-anomalous contribution to the isovector nucleon magnetic moment in the non-
relativistic limit. We notice that earlier papers, such as [18, 68], correctly use gps(0) = 4.7.
The isovector scalar charge gg(0) is related to the quark mass contribution to the neutron-
proton mass splitting [69]. Using (my,—my)|str = 2.32MeV [70] and mg—m,, = 2.5 MeV [58]
gives gs(0) = 0.93, at the renormalization scale p = 2 GeV, in very good agreement with
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the direct LQCD calculation of ref. [60]. For the isovector tensor charge gr(0) we use the
results of ref. [60, 71]. The numerical input we use is listed in table 2.

The expression of the currents in eq. (4.14) in terms of the form factors gy, 4 ar,s, p’T(qQ),
while traditional, somewhat blurs the yPT expansion of the various contributions. For
instance, at LO in xPT only the pseudoscalar form factor gp(q?) has non-trivial momentum
dependence, due to the pion propagator, while all other form factors are purely static.
Furthermore, the standard notation in eq. (4.14) makes the power counting less apparent
by artificially hiding a factor of my in gp. This means q2 gp(q?)/my = O(1) is actually
a LO contribution, while the magnetic contribution, gas/mn, is suppressed by 1/A,, such
that pieces proportional to gjs are higher order in the chiral counting. Thus, at LO in xPT,
we could drop the magnetic contributions in eq. (4.14) and use eq. (4.15) for gv.a p(q?).

The form factors gy._4(q?) and ga(q?) acquire momentum dependence at N?LO in xPT.
At this order this momentum dependence is encoded in the nucleon isovector charge and
axial radii, respectively, ry = 0.76 fm [58] and r4 = 0.49 fm [72], corresponding to vector
and axial masses Ay = 0.9 GeV and A4 = 1.4 GeV in a dipole parameterization of the form
factors. This subset of N2LO corrections is usually taken into account in the calculation
of OvBB matrix elements by including a dipole form factor for gy and ga, with different
vector and axial masses [66]. While including such corrections does not formally improve
the accuracy of the calculation, as other N2LO contributions, such as pion-neutrino loops or
short-range nucleon-nucleon contributions, are not considered, the numerical impact of the
axial and vector form factors is not negligible, giving an O(10—20%) correction [67, 73, 74].
This suggests that it might be important to consistently include all N?LO corrections
to OvpBp.

While the momentum dependence of the gy 457 form factors only enters at N2LO
in the chiral expansion, the magnetic form factor has a correction at NLO with respect
to eq. (4.14), due to pion loops® [48]. The treatment of the magnetic form factor gus(q?)
in the OvB33 decay literature is at odds with this result, as it is often assumed gy/(q?) =
gn(0)gy (g?), which is not justified in xPT [48].

To conclude this section, we stress that while most of the currents in eq. (4.14) have
been studied up to N2LO, here we do not include these corrections in the construction of the
two-nucleon operators that mediate Ov3f3, as consistency requires the inclusion of other,
unknown, contributions, such as the pion-neutrino loops mentioned above. Thus, even
when we use calculations that include partial N?LO corrections, our results are formally
valid at LO in xPT.

5 Ov@33 operators

The ingredients derived in the previous section allow us to construct the two-nucleon op-
erators that mediate OvB3 decays. Figure 2 shows three possible contributions. The first
diagram depicts the standard contribution proportional to the neutrino Majorana mass.
The second diagram depicts long-range neutrino-exchange contributions that arise from

5Since the magnetic moment itself appears at NLO, the momentum dependence of the magnetic FF
enters at the same order as that of the vector and axial FF.
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Figure 2. Schematic representation of the diagrams contributing to the neutrino potentials. Double
and single lines denote, respectively, nucleon and lepton fields. The black square denotes an insertion
of the neutrino Majorana mass, while the gray squares denote the AL = 2 interactions between
nucleons, pion, and leptons induced by the dimension-seven operators discussed in section 4.1. The
gray circle denotes SM interactions between nucleons, pion, and leptons.

the AL = 2 charged current interactions in egs. (3.2) and (3.3). These contributions are
obtained by combining the one-body currents of the previous section. Finally, operators
such as OS}I p and O 7, p induce six-fermion dimension-nine operators at the GeV scale,
whose contribution to Ov35 decays is represented by the third diagram in figure 2. These
diagrams do not involve the exchange of a neutrino.

For each operator, we will construct the dominant contribution to 0 — 0% transitions,
within the framework of chiral EFT. The application of chiral EFT is justified by the
separation of the scales involved in Ov35 where the typical momentum exchange between
the nucleons is of similar size as the Fermi momentum within nuclei ¢ ~ kp ~ m,; =
O(100 MeV), which is much larger than the reaction @ value, typically around a few MeV.

For the diagrams in figure 2(a) and (b), the LO neutrino potential is obtained by
tree-level neutrino exchange. This involves the single-nucleon currents, represented by
the gray circle and square in figure 2, at the lowest order that yields non-vanishing results.
Analogously to the strong-interaction potential, the two-body transition operators in chiral
EFT are only sensitive to the momentum scale ¢ ~ kp, and are therefore independent of
the properties of the bound states. In particular this implies that the transition operators
do not depend on the often used “closure energy” E, which encodes the average energy
difference between intermediate and initial states. This can be understood from figure 2.
An insertion of the strong-interaction potential between the emission and absorption of the
neutrino in figure 2(a) or (b) would generate a diagram which, in the language of section 4,
is irreducible. That is, it is always possible to choose the contour of integration such that
the energy and momentum of the nucleons in the loop have to be ~ kg, and the nucleon
is far from on-shell. Insertions of the strong interaction potential between the emission
and absorption of the neutrino, which would give rise to intermediate nuclear states, are
therefore suppressed and can be ignored at LO. Instead, in chiral EFT the dependence on
the intermediate states arises from the region where the neutrino momentum is very soft
go ~ |a] < kp. The exchange of soft neutrinos gives rise to effects that are suppressed
by E/kp [65]. Notice that the situation is different from 2033 decay, where insertions of
the strong interaction potential between the two points where the neutrinos are emitted
are not suppressed (in between the first and second neutrino emission, there are only
propagating nucleons and the diagrams are “reducible”), and the intermediate states do
need to be considered.
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For neutrino-exchange contributions, the LO chiral EFT potential is very similar to
standard results. In fact, as we will see, the chiral EFT potential reduces to results in
the literature in the limit where the closure energy vanishes, £ — 0. The advantage of
chiral EFT is that it is possible to systematically consider subleading corrections. These
consist of corrections to single-nucleon currents, which are often included in the literature
via momentum-dependent form factors, but also genuine two-body effects, such as loop
corrections to figure 2(a) and (b), which induce short-range neutrino potentials even for
the standard mechanism [65], and three-body effects [75].

Diagram 2(c) does not involve the exchange of a neutrino. In this case the resulting
LO potential is of pion range, ~ 1/m, or shorter range, ~ 1/A,. We work at LO in this
case as well, but it is straightforward to include subleading corrections in chiral EFT.

In deriving the neutrino potential we take advantage of the fact that the @ value and

the electron energies E o have typical size O(5MeV) and are thus much smaller than kp.

2
X

standard yEFT power counting. The assigned counting generally allows us to neglect the

We assign the scaling () ~ E12 ~ mgey such that these scales can be incorporated in the
lepton momenta, nuclear recoil, and soft-neutrino exchange, except in a few cases where
the matrix element of the LO operator vanishes for 07 — 0T transitions. In these cases we
consider subleading contributions in the xyPT power counting.

Before discussing the contributions in figure 2(b) and (c¢) from the dimension-six,
-seven, and -nine operators, we first recall the potential generated by light Majorana-
neutrino exchange to establish our notation. For definiteness, we define the neutrino po-
tentials as —A, where A is the amplitude for the process nn — ppe~e™.

5.1 Light Majorana-neutrino exchange

In momentum space, the neutrino potential induced by light Majorana-neutrino exchange is

m
V,(q) = —<T<1>+T<2>+><4934G%v5d>$

2
x{ — g—;’hp(qQ) + oM@ hap(q?) + 512 hT(qZ)}u(kzl)PRCuT(kzg) , (5.1)
A

where k12 ~ @ are the electron momenta, q = q/|q|, and the tensor operator is given by
s12) — _ (3 oW .qo®.q—0cW -0'(2)). In addition, mgg = (My)ee = meUg@- where
my, are the neutrino mass eigenvalues and U is the PMNS matrix. The Fermi (F) function
only receives contributions from the vector currents at leading order. In contrast, the
Gamow-Teller (GT) and tensor (T) functions receive contributions from the nucleon axial
current, including the induced pseudoscalar contribution dominated by the pion pole, and,
at higher order, from the nucleon magnetic moment. Here we follow refs. [67, 73, 74, 76]
and separate the direct axial, induced pseudoscalar, and magnetic contributions. We then
have the following expressions for hr, hgr, and hp

b () gv(a?)

2 b
v
her(a?) = hip(a®) + hgh(a?) + hih (a?) + hit (d?),
hr(a?) = hP (a?) + hp (@?) + ™M (o). (5.2)
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For the GT and T functions, we have

2 2 2 2 2 2 4
RAA (2 — 9a(q’) RAP (¢2) — 4CY 2y_4 hPP (o2) — gp(a@’) 4a
GT,T(q ) g124 ) ar(@’) 9124 ga(a )Sm ) cr(@’) 9124 12m%\7 )
2
q
het' (@) = gy (d®) —5—5 (5.3)

2.9 >
6gamy

and h4f (q?) = —haE(q?), hEF (q?) = —hEL(q?), and R M (g?) = h}MM (g?)/2. In order to
compare with the Ov 3 literature, we express the long-range neutrino-exchange potentials
in terms of gy, 4 par(q?) where it is implied that they follow the xPT relations in eq. (4.15).

5.2 Neutrino exchange without mass insertion
5.2.1 Og%,SL and Ogl)%,VL

The dimension-six scalar operators Céi) and Cég, and dimension-seven vector operators,
C\(/? and C\(,%, give a potential that is very similar to the one that is induced by light
Majorana-neutrino exchange. At LO in xPT

2
6 6 mx 7 7
V(g?) = rW+7@% 402GV, <B (68 - Q)+ == (cfi - c@%))

1
a2

q
1 1
c{ot o (Sidhia?) + EF@D) + 592 (G + g7 |

Here we used eq. (4.15) to rewrite the potential that is induced by the dimension-seven

x — (k1) PrCu’ (ko) (5.4)

operators, hgt7(q?), as follows

2
har7(a%) = & ga(q®) + g gp(@®) ] = *giqjmi’%, (5.5)
) 3m2 2my 3 (a2 + my)?

which is equal to 247 (q?) + hEL(g?) at LO in xPT.

The vector component C’{,? + C\(,?{ does not contribute at LO because of vector current
conservation. The scalar current C'éi) + Cgliz, combined with the standard model axial
current, gives a contribution that is suppressed by q/A,, and, in addition, is parity odd
and does not contribute to 0T — 0T transitions. The first non-vanishing contributions
from the scalar current appear at O(Gi).

The pseudoscalar contribution in eq. (5.4) has been considered in the literature [29,
30, 32, 64], while the C"(/? 27‘/ p terms have not, even though they appear at the same chiral
order. In these works, the neutrino potential is derived by considering the pseudoscalar
form factor at q = 0, and by neglecting the induced pseudoscalar component of the axial
current. For the pseudoscalar density at zero momentum the value F ](33) = 4.4 is used,
which is obtained from a quark-model calculation [63]. These approximations have two
consequences. First of all, as pointed out already in ref. [63], the value F 1(;3) = 4.4 fails
to reproduce the pion pole dominance of the pseudoscalar density, which in yPT gives
the much larger F}()g) = 2g4Bmy/m2 ~ 300. The value of ref. [63] thus corresponds to
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using a pion mass of 1100 MeV such that m; ~ A,. Secondly, neglecting the momentum
dependence of the pion propagator in egs. (5.4) and (5.5) implies that the neutrino potential
is of much shorter range than the typical pion range, affecting the value of the nuclear
matrix elements.

522 OF

At lowest order in xPT, the tensor operator O(Tﬁ )

induces two operators whose matrix
elements vanish in 07 — 0T transitions. Including the NLO corrections to the tensor,

axial, and vector currents outlined in section 4.3, we obtain
V(Q?) = 4g37 W@+ 262V, my Ol >q a(ky) PrC" (k) (5.6)
2

gr(a@®)gv(d®) q q
X{ 7( ;QV( )m2 _45]\7;(((12)) (hg/le(q2)o.(l).0(2)+h¥M(q2)S(12)) .
A N

In addition we find a recoil piece (see appendix C), which we neglect in our results below.
These contributions involve Ov33 operators that depend on the nucleon momenta and
whose nuclear matrix elements are unknown. We expect these unknown contributions to
be small, however, with respect to eq. (5.6) because they are not enhanced by the large
isovector nucleon magnetic moment.

Our expressions for the neutrino potentials induced by tensor currents disagree with

the literature in two respects. First of all, together with oL

, another tensor structure
is commonly considered, Og@l = urot’dp er o Cﬂg’j [29, 30, 36, 64]. This operator
however is identically zero (see appendix A). This is in disagreement with refs. [29, 30, 64]
that find a non-zero neutrino potential for this tensor structure. Secondly, the first term

in eq. (5.6) is sometimes erroneously associated with (’)§§ ) [29, 30, 64].

523 O} vp

The LO operators induced by C (f){ and C(IZ also turn out to give vanishing contributions
to 07 — 07 transitions. By employing the NLO vector and axial currents in eq. (4.14) and
taking into account the electron momenta and the equations of motion for the electrons,
we obtain

1
V(g?) = r @ giG%vudcf{a@mcaT(kg)(kO 69 |V M + o |

v ah)C (k) [C8 M + €8 M )
+a(k1)v015Cat (k) C’\(fﬁ SmN;]]\‘;((zz)) [h%M(qQ) o) .o 4 thM(q2)Sl2} } 7
where
M) = g‘;:h (@) F ghéé((f)a(l) o g BAA(g2) §02)
MEk = ghhea) (gth ) S M) o0t
(3 a’) - hr" (q2)> st (5.8)
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These expressions agree with ref. [18, 77], in the limit |q| > E, where E is the closure
energy, E = O(10 MeV). In principle there is an additional recoil contribution for the
left-handed current C\(?Ev see appendix C. We neglected this term in the above as it turns
out to be suppressed with respect to the magnetic-moment contributions contained in the
hGTT terms [77].

For C\(?f){, the first tree-level two-body contribution is proportional to the electron mass
or energy and thus of order O(ei) in the power counting. At the same order one should

consider pion-neutrino loops, i.e. the contributions of C’\(,% to short-range AL = 2 operators
without neutrinos, and three-body operators. While we leave a more detailed study for
(6)

future work, we stress that the limits we obtain on (%, and, consequently, on C;.,q5,
should be taken as order-of-magnitude estimates, rather than rigorous bounds.

5.3 Dimension-nine operators

Finally, we discuss the contributions from the dimension-nine operators. In the case of Cfg,
the most important operators are the pionic ones, while the pion-nucleon and nucleon-
nucleon interactions are suppressed by two powers of €,. In contrast, the pionic, pion-
nucleon, and nucleon-nucleon couplings all enter at the same order for the operator C’%g).
The relevant terms are included in the Lagrangians of eq. (4.6), (4.11), and (4.12), which

give rise to the following potential

O\ gaes + CL0) g

2
2mz

AP (2 AP (2
o[ (e + ) g0 o0 (gt M) oo

2 (- @+ 2 4GE _
V(g®) = =797 g% - (k1) PRCu" (ko)

g? 1
+C§9)[ X1 ‘Q/hF( %) — S957 (h r(q )‘7(1) o+ hép(qg)s(m))

2

5
D gorar (BB o0 D 1+ BEP (a?) 502 } } , (5.9)

The above potential disagrees with parts of the existing literature in several aspects.
In refs. [30, 35] the dimension-nine operators defined in eq. (3.4) appear as a subset of
the most general set of dimension-nine four-quark two-electron operators. The conversion

between 05?4)75 and the coefficients € defined in refs. [30, 35] is given in appendix A. When

considering the low-energy manifestations of these quark-level operators, the authors of
refs. [30, 35] only take into account four-nucleon operators, which are of the same form

as the one in eq. (4.12), and estimate their coefficients by assuming factorization. This

approach should provide a reasonable estimate for the bounds on 6§LR as this coupling is

9 . . . o o .
related to C§ ), whose neutrino potential receives contributions of similar size from 7w, TN,

and NN operators. On the other hand, the contributions of the operators Ofg, and thus

LRR 414 E{%LR

the bounds on €3 , are severely underestimated. In these cases, the neutrino

potential is dominated by the w7 contribution, given in eq. (5.9), and the NN pieces are
suppressed by e . Thus, for Oi g, the neutrino potentials of refs. [30, 35] miss the dominant

contributions to OvBg.
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The importance of the pion-exchange contributions for certain BSM mechanisms has
long been recognized [34, 78]. Usually, however, pion exchange is included for the scalar-
pseudoscalar operators eLf and eftFR [34, 78], while its contribution for vector and axial
operators, 5§RR and 5{{LR, has been largely ignored [30, 32, 34, 35, 78]. These issues were
already addressed in refs. [24, 25], which performed a systematic power counting in yPT.
The above expression is in agreement with the results of refs. [24, 25].

Finally we comment that in the literature the low-energy constants that describe the
hadronization of the four-quark operators have often been estimated using the vacuum
insertion approximation [30, 34, 78]. While, in those cases in which all the relevant hadronic
channels are included, this leads to acceptable results, we remark that for the 77w channel
more rigorous estimates exist, based on direct LQCD calculations [57] and on SU(3) xPT

and LQCD [56].

6 Master formula for decay rate and nuclear matrix elements

Using the potentials in the previous sections we can write down an expression for the
inverse half-life for 0* — 0™ transitions [18, 79]

(To,,)—l_ 11 /d%l d3k2]A]2F(ZE)F(ZE)5(E + E>+ Ef—M;), (6.1)
e = Smany | 26 25, » £ » L2 1 2 f i), (0.

where E o are the energies of the electrons, and E; and M; are the energy and mass of the
final and initial nuclei in the rest frame of the decaying nucleus. The functions F'(Z, E;)
take into account the fact that the emitted electrons feel the Coulomb potential of the
daughter nucleus and are therefore not plane waves. They take the following form

_ 2 ? 2(v—1) - N2, Ty
FZ.B) = || RPN+ in e,

V= V1-(aZ?, y=aZE/K|, [kl=vE—m?, (6.2)

where R4 = 1.2 A3 fm and Z are, respectively, the radius and atomic number of the
daughter nucleus. This procedure of calculating the Coulomb corrections assumes a uniform
charge distribution in the nucleus and only the lowest-order terms in the expansion in r,
the electron position, factor, is taken into account. More precise calculations of the phase
space factors apply exact Dirac wave functions [80] and the effect of electron screening [81].
The use of exact wave functions leads to somewhat smaller phase space factors (up to 30%
for the heaviest nuclei) while the effects of electron screening are at the percent level [80].
In what follows we do not use eq. (6.2) to calculate the phase space factors but instead use
the more accurate results of ref. [32] (see table 3) which were found to be close to those of
ref. [80]. We only use eq. (6.2) when calculating differential decay rates in section 8.1.
The Fourier-transformed amplitude is given by®

3 .
A= 0713 [ G vi@)on) (63

6V(qz) takes into account diagrams where the two nucleons are interchanged, which implies that the
unrestricted sum in eq. (6.3) counts each of these graphs twice. We correct for this double counting by
inserting a factor of 1/4 in the prefactor of eq. (6.1). An additional factor 1/2 appears because of the two
identical electrons in the final state, leading to an overall factor of 1/8.
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where V(q?) is the sum of the potentials discussed in section 5, and r = r,, — 1, is the
distance between the m'" and n'" nucleon.

Organizing the amplitude in eq. (6.3) according to the different leptonic structures,
the contributions of a light Majorana neutrino mass and dimension-seven operators are
given by

giG%‘me

E— FE
A= A, (k1) PRCU” (ko) + Ap (k) )0Cu" (ky) =——2

7TRA Me
A, u(k)Cu" (k) + Apra(kn)y075C0" (k2) | (6.4)
Here we factored out the leptonic structures such that the A; only depend on nuclear (and
hadronic) matrix elements and the Wilson coefficients of the AL = 2 operators. These are

discussed in much more detail below.
With the definitions in eq. (6.4), the final form of the inverse half-life can be written as

-1
(Tl()/’jQ) = gfjl{G(n ‘Ay|2 + 4Gopo ‘.AE|2 + 2Goy [‘Ame‘Q + Re (A;;EAV)] + Gog ‘AMIZ
—2Gos Re (Ay A% + 24, A%) + Gos Re (A, A%,) } : (6.5)
where the Gg; are phase space factors given by

e
In2 64W5R?4

Gor = /dEldE2|k1Hk2’dCOSGb0k F(Z, El)F(Z, EQ)(S(E]_ + Ey + Ef — Ml) .

(6.6)
Here 6 is the angle between the electron momenta and we followed the standard normal-
ization of ref. [18]. The by factors are obtained from the electron traces that result from
taking the square of eq. (6.4). They are given by

bor = F1Ey — k1 -k,

(El —E2>2 Ei1Es + ki -ko —’I?’Lg
boz =

Me 2 ’
bos = (El - E2)27 bos = (E1E2 —ky-ky — mz) ,
bog = 2me (E1 + EQ) , bog = 2 (E1E2 + ki ko + mg) . (6.7)

Here we kept terms proportional to kj - ko, which are odd in cos# and therefore do not
contribute to the total decay rate, but can potentially be observed in measurements of
angular distributions. The definitions in eq. (6.7) follow for the most part the existing
literature [18]. For Gog and Gog, in order not to cloud the chiral scaling of the matrix
element, we did not extract a factor of (Rgm¢)~! from Ay, as commonly done in the
literature [18]. The phase space factors Gos and Gog defined in egs. (6.6) and (6.7) are
obtained by multiplying the results in ref. [18, 32] by (meRa)/2 and (m.Ra/2)?, respec-
tively. In addition, we removed a factor of 2/9 from the definition of G4 in order to avoid
small dimensionless factors.

The phase space factors are summarized in table 3. These are extracted from the
calculation of ref. [32], with the trivial rescalings discussed above. With the definitions of
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[32] 6Ce 829 130T 136X,
Gol 022 1. 14 15
Goa 035 32 32 32
Gos 012 0.65 0.85 0.86
Gos 019 086 1.1 12
Gos 033 1.1 1.7 18
Goo 048 2. 28 28
Q/MeV [82] | 2.04 3.0 25 25

Table 3. Phase space factors in units of 107* yr=! taken from ref. [32] apart from a rescaling of
Gog, Gog, and Ggg discussed in the text. In addition the table shows the () values for the different
isotopes, where @ = M; — My — 2me..

eq. (6.7), the different phase space factors for a given isotope are all of similar size, with
no parametric enhancements or suppressions, such that the relative importance of different
contributions is determined by the matching coefficients and by the nuclear matrix ele-
ments. With the modified phase space factors, we can now apply the xPT power counting
purely on the level of nuclear matrix elements.

6.1 Nuclear matrix elements

To describe the nuclear parts of this amplitude, we follow standard conventions, e.g. those
of ref. [76], and define the following neutrino potentials”

+o00
W) = 20 [ @), ) = 2 [ dala il
" (6.8)
where K € {F,GT,T} and hg(qQ) are defined in eq. (5.2). The h%(r) functions describe
long-range contributions, while the h}]( +q(r) indicate short-range contributions. jx(|q|r)
are spherical Bessel functions, with A = 0 for F and GT, and A = 2 for the tensor. The
factors of R4 and m, have been inserted so that the neutrino potentials are dimensionless.

Having defined the neutrino potentials, we express the nuclear matrix elements (NMEs) as

@ = (07 Z hi (say (r)T MM 0T |

MGT (sd) = 0+| ZhgT sd) o™ . o) +(m) +(n |0+>
MU — 0+‘ Zhw sd S(mn)( ) +(m n)’0+> (69)

where  the tensor in  position space is  defined by S (&) =
(3 o™ .t . § —glm). 0'(”)). In the xPT power counting, the matrix elements

"Note that we normalized h%ﬁsd(r) with a factor of my? instead of (myme) ™! as done in ref. [76]. Apart
from this rescaling, these definitions agree with the literature once we drop the energy of the intermediate
states, which is a subleading correction in xPT.
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defined in eq. (6.9) are all expected to be O(1), with the exception of M%M and M%/IM,
which are suppressed by O(ei). The latter suppression, however, is softened by the large
isovector magnetic moment of the nucleon which numerically scales as (1 + x1)e, =~ O(1).

The A; that appear in eq. (6.4) can be obtained from the potentials in section 5, and, for
completeness, we give them explicitly in this section. A, has the same leptonic structure
as the amplitude induced by light Majorana-neutrino exchange. We can divide it in a
component which is proportional to the Majorana mass mgg, a long-distance component
M, 14 arising from the dimension-six and -seven operators in egs. (3.2) and (3.3), and a
short-distance component M, sq, proportional to the coefficients of low-energy dimension-
nine operators

2
m m
Ay = - PV2 M, + NV My g+~ M, g (6.10)
m MevU

€ € €

mn

The nuclear matrix element for light Majorana-neutrino exchange has the well-known form

2
M, = — <_g‘2/MF + Mer + MT> , (6.11)
9ga
where the GT and T matrix element are, respectively, Mgr = Mé“f‘—l—Méﬁ +M gr_,]? +M£f[TM
and My = MAY + MEP + MMM,
The long-distance component M, 1q receives contributions from the scalar operators

(6), and the dimension-seven vector operators C\(,? vr- The

C’éi)’ sr» the tensor operator C.
contributions of these operators are not proportional to the neutrino mass, which is replaced
by a nuclear scale. We take this into account by factoring one power of the nucleon mass
out of the nuclear matrix element in eq. (6.10). Combining the results of sections 5.2.1

and 5.2.2, we obtain

B 6 6 m2 7 7 6
Moa = (e (C8) = €8+ 5 () = Q) ) Mes + CPgrMrs, (612

where
1 1
Mps = 5 ar + MER + §M74P + MEP, (6.13)
/ 2
v ma 8
Myg = 2929V % ppp g — —— (MM 4 MMM (6.14)
grg’ m% gum

We see that C’éi) gr give the largest contributions to M, 4, followed by the tensor oper-

ator C'(T6) whose effects are formally suppressed by m2/ Ai, but again this suppression is
somewhat mitigated by the large value of gp;. The dimension-seven operators are severely
suppressed by the Yukawa couplings of the light quarks (since the relative factor can be
written as m2/Bv = (my + mg)/v).

The short-distance component arises from the dimension-nine operators in eq. (3.4),
which always involve an additional power of 1/v with respect to the contribution from
light Majorana-neutrino exchange. To compensate for this factor, and for the absence of
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the neutrino mass, we factored two powers of mpy out of the short-distance nuclear matrix
element in eq. (6.10). We then have

2
My,sd=<§8fc§9> 9838(1(9)) M1+~ ghN O Moy, (6.15)
my 2 N

where we defined

Msa1 = MGTsd MG’Tsd MTsd MTsdv (6.16)

9 1927 1 5 937x1
Msa2 = =275 Mp,sa+ 5 24 e (MET g+ Mp L) + 64 s (MEE o+ ML) - (6.17)

gA 9orx1 927x1

In eq. (6.17) we factored the LEC gJ%Y, out of My, 2 as to make the NME independent
of the renormalization scale. With the scaling of the LECs discussed in section 4.1, the
left-right operators C’( ) give the largest contribution to M, .4, while contributions from

(9)

the purely left-handed operator C}”’ are suppressed by ex.

The dimension-six vector and axial operators C\(,GIZ vr induce the additional leptonic
structures in eq. (6.4). Ay is generated through the nucleon magnetic moment and is

proportional to C\(,ﬁg

my

Ay =
m

VaaC) My, My = 2997‘; (MM 4 MM (6.18)

e

The terms proportional to the electron energies and to the electron mass receive con-
tributions from both C’\(,GIZ and C\(,ﬁl)%, and are given by

Ag = VudC\(?L) Mg + VudC\(/% Mg R,

Ame = udC\(/?Iz Mme,L + VudC\(/?}){ Mme,R ) (619)
where
(gt A
Mg = —3 | 75 Me+ 5 (2Mer + Mz7) )
9a
1 9‘2/
Mpp = =3 (75 Mr - (QMGT + M74) ),
9a
1 (g% 1
M,z = ¢ (f]‘;MF — 5 (MG — aM) = 3 (MEF + MEF + M7” + pr)) ,
A
1 (g2 1
Mo = (M 5 (M = 401%) 3 (M + MEF + M7+ MET) ) . (6:20)
A
One of the NME combinations is redundant as we can write My, rp = —(Mg  + Mg r +

2M,, 1)/2. We choose to eliminate M,,, g in the sections below.

6.2 Chiral power counting

With these definitions we have introduced nine independent combinations of nuclear matrix
elements that determine the OvS3g3 rate at LO in xPT arising from dimension-5 and -
7 operators in the SM EFT. The combination of matrix elements M,, Mpg, My (1 2},
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Céi), s OF of) R C'\(/? wr Y Cfg
med, [ mgs A MG - - e fae X
meAn - - — /\Xez< — — - —
meAp - - — Axei Axei — — _
MeAme | — — - A Al - - -

Table 4. Power-counting estimates of the contribution of low-energy dimension-six, -seven, and
-nine operators, as well as mgg to the amplitudes in eq. (6.4). Here v stands for the contribution of
the light Majorana-neutrino exchange mechanism. Furthermore, €, = m,/A,, where A, ~ my ~
1GeV is the symmetry-breaking scale. For the power counting, we consider the electron mass and
energies and to scale as E1 ~ Ey ~ me ~ Ay ei.

Mg (1. Ry> M,z are all expected to be O(1), while My, My scale as O(m2 /A2) but are
enhanced by a factor of gjs. Not all matrix elements contribute equally to the decay rate

because of factors of my/me and m2/m3; that appear in the definitions of the amplitudes
A; in egs. (6.12), (6.18), and (6.19).

The power-counting estimates of the amplitudes are summarized in table 4. As dis-
cussed in section 5, the smallness of the electron’s mass and energy is accounted for in
the power counting by assigning the scaling £y ~ Fa ~ m, ~ mwei = Ay ef’(. The power
counting suggests that Cé? gg give the largest contribution to the inverse half-life, and thus
are the most constrained from Ov(35 experiments. This expectation is verified in section 7.
C’%G) and C\(,GIZ give contributions of similar size, suppressed by two powers of €,. In both
cases, the large nucleon isovector magnetic moment enhances the matrix elements leading
to somewhat stronger bounds than expected. C\(,ﬁg induces contributions to Ag and Aje,
which arise at O(ei), and thus can be neglected compared to Ajp;. This expectation is
very well confirmed when using realistic values of the nuclear matrix elements. In the case
of C\(,ﬁP){, there is no contribution to Ajps, and thus the first correction to the half-life is of
0(6;3(). As a consequence, the bound on this coefficient, which is particularly interesting
for left-right symmetric models, is weaker than for the remaining dimension-six operators

as is explicitly found in section 7.

Dimension-seven and -nine operators are further suppressed due to inverse powers of
(9)
k)

the electroweak scale. Contributions from Cy 4 are suppressed by A, /v, while contributions
from C%g) and the dimension-seven operators C’\(;L) vR by Axei Jv.

Having discussed the xPT power-counting expectations, in table 5 we list the numerical
values of the NMEs, which are obtained from the calculations of refs. [32, 76, 83-85]. It
is interesting that, with the exception of M{}A, all the NMEs that are needed to constrain
the contributions of dimension-seven operators can be lifted from existing calculations
of OvfBB mediated by light and heavy Majorana neutrino exchange, provided that these
calculations include the contributions of weak magnetism and of the induced pseudoscalar
form factor, and the results for the various components of Mgy and Mr in eq. (6.11) (and
in the analogous expression for heavy-neutrino exchange) are listed separately, as done for
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NMEs 6Ge 82Ge 130Te 136X e

[76] [32] [83] [84, 85]| [76] [32] [83]| [76] [32] [83]| [76] [32] [83]
Mp  |-1.74-0.67 -0.59  -0.68|-1.29 -0.63 -0.55|-1.52 -0.44 -0.67|-0.89 -0.40 -0.54
Mg# | 548 3.50 3.15  5.06| 3.87 3.29 2.97| 4.28 1.85 2.97| 3.16 1.68 2.45
MAE  1-2.02-0.25 -0.94  -0.92(-1.46 -0.23 -0.89|-1.74 -0.19 -0.97|-1.19 -0.17 -0.79
MEE 1066 0.33 0.30  0.24] 0.48 0.31 0.28| 0.59 0.21 0.31| 0.39 0.19 0.25
MMM 1051 0.25 022  0.17] 0.37 0.24 0.20| 0.45 0.17 0.23| 0.31 0.15 0.19
7 -
M#AP1-0.35 0.01-0.01 -0.31(-0.27 0.01 -0.01|-0.50 -0.01 0.01|-0.28 0.01 0.01
MEP 1 0.10 0.00 0.00 0.09 0.08 0.00 0.00| 0.16 0.01 -0.01| 0.09 -0.01 -0.01
MMM 1.0.04 0.00 0.00 -0.04|-0.03 -0.00 0.00|-0.06 0.00 0.00|-0.03 0.00 0.00
Mp sq |-3.46 -1.55 -1.46  -1.1|-2.53 -1.44 -1.37|-2.97 -1.02 -1.61|-1.53 -0.92 -1.28
MG | 111 4.03 4.87  3.62| 7.98 3.72 4.54| 10.1 2.67 5.31| 5.71 2.40 4.25
MEF 4|-5.35 -2.37 -2.26  -1.37|-3.82 -2.19 -2.09|-4.94 -1.61 -2.51|-2.80 -1.45 -1.99
MET 41 1.99 0.85 0.82  0.42| 1.42 0.79 0.77| 1.86 0.60 0.92] 1.06 0.53 0.74
M#E, 1-0.85 0.01-0.05 -0.97|-0.65 0.02 -0.05|-1.50 -0.07 0.07|-0.92 0.08 0.05
MFE, 1032 0.00 0.02  0.38] 0.24-0.01 0.02] 0.58 0.03 -0.02| 0.36 -0.03 -0.02

Table 5. Comparison of the different NMEs of refs. [32, 76, 83-85], for the nuclei relevant for
the GERDA [12], NEMO [86], CUORE [7], and KamLAND-Zen [13] experiments. To obtain Mp,
M‘G“f‘, Mé/[TM, MF, sq, and Mé“f‘, «q We used, respectively, Mr, Mgrw, Mgr, Mpn, and Mgy of
ref. [32], see appendix D and table 9.

examples in refs. [73, 74, 76].8 In appendix D we discuss how to convert the nuclear matrix
elements of the original references to the notation of eqgs. (6.8) and (6.9) (see table 9).
The NME M{F‘A does not contribute to the light Majorana exchange mechanism, and thus
requires a dedicated calculation. This matrix element is important only for C\(,ﬁé and, as
we argue in appendix D, even in this case its contribution is numerically small. Therefore,
in section 7 we set Mji‘A to zero.

A few comments are in order. First of all, the neutrino potentials derived in yPT
are not sensitive to the closure energy FE, where E ~ 1 — 10MeV is much smaller than
the typical Fermi momentum. The relations in table 9 are valid in the limit £ — 0,

8We thank J. Menéndez and J. Barea for providing us with updated values of the NMEs for light- and
heavy-neutrino exchange [83, 85], with GT and T matrix elements separated in AA, AP, PP, and MM
components.
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which should be a good approximation if the bulk of the nuclear matrix elements comes
from the region r ~ 1/kp. Secondly, the momentum dependence of the axial and vector
form factors is an O(ei) effect in xPT, and some of the relations in table 9 neglect the
difference between the axial and vector dipole masses, which is justified at leading order.
Refs. [32, 76], and [83] computed NMEs that, with these assumptions, should be equal,
up to higher-order corrections. By comparing these NMEs we can thus explicitly test the
validity of the chiral power counting.

As a first example, if the momentum dependence of gy (q?) and ga(q?) is neglected,
the short-distance matrix elements Mg ,q and M’qu‘i" +q are related by a Fierz identity

MER sq = —3Mp,sa.- (6.21)

Table 5 shows that the results from ref. [76] obey eq. (6.21) up to corrections that range
from ~ 10% for "®Ge and #2Se to ~ 20% for 136Xe, while in refs. [32] and [83] the corrections
are roughly 15% and 10% for all the nuclei that were considered. The results of ref. [85] for
"6Ge also respect eq. (6.21) at the 10% level. Once the momentum dependence of gy (q?)
and ga(q?) is no longer neglected, the relation in eq. (6.21) receives corrections at O(ei)

in YPT, a size consistent with these numerical results.
2

2, and again neglecting the mo-

Furthermore, using the identity q? = (q + m2) —m
mentum dependence of gy (q?) and ga(q?), we can derive the following relations between

short- and long-distance matrix elements,

1 1
M&h = MGTsd MET Mit = - §MTsd MFFP,
GT sd = 3 GT sd GT ) GT 6 2 GT,sd > .

that are valid through NLO in the chiral counting.

The NMEs of refs. [76, 83] and [85] respect the first three relations to 5% accuracy,
the fourth to 10%. For ref. [32], M‘GL‘?PP nd MéT le were constructed from pion-range
NMEs using the relations of table 9, which make the first two and the fourth equations
in eq. (6.22) trivial identities. The third relation in eq. (6.22) is non-trivial, and it is well
respected by the NMEs in ref. [32]. These numerical results confirm that the relations in
eq. (6.22) are accurate up to (5-10)% corrections, which is of the same size as the expected
(’)(ei) XPT effects.

The large number of NMEs computed in ref. [32] allows for additional consistency
checks, which we discuss in appendix D. In general, for the consistency checks performed
in appendix D, we observe that various relations between NMEs are respected up to 20%-
30% corrections, the level one would expect from LO yPT. We conclude that the power
counting is working satisfactory although stronger conclusions would require the explicit
inclusion of NLO corrections.

6.3 Matrix elements from different many-body methods

In figures 3 and 4 we show results for the nine combinations of NMEs that determine
the contribution of SM-EFT dimension-seven operators to O3/, obtained by combining
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Figure 3. Comparison of the NMEs obtained using the calculations of refs. [76] (blue triangles), [32]
(red squares), [83] (green circles) and [84, 85] (orange diamonds). To show the different NMEs,
M;, on a similar scale we arbitrarily normalized the calculations to the results of ref. [76], i.e.
R(M;) = MZ-/Mi[m]. For Mpg we show the absolute value of the ratio. In this case, ref. [32] finds a
negative ratio, while for refs. [83] and [84, 85] we find positive values. The same finding holds for

M., shown in figure 4.
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Figure 4. Continuation of the comparison between the NMEs of refs. [32, 76, 83-85]. Notation is

the same as in figure 3.
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the results of refs. [76] (blue triangles), [32] (red squares), [83] (green circles), and [84,
85] (orange diamonds). The calculation of ref. [76] is based on the quasiparticle random
phase approximation (QRPA) method. Refs. [32] and [83] are shell model calculations.
Refs. [84, 85] use the interacting boson model. Note that refs. [32, 76, 83] include short-
range correlations in various ways using CD-Bonn or AV-18 parameterizations. The choice
of parameterization has a non-negligible effect for the sd NMEs. In table 9 we have used
results using the CD-Bonn parameterization for [32, 76, 83].

In order to generate the results presented in figures 3 and 4 we made a few assumptions.
Mpe and Mg 2 depend on the ratios of LEC ¢/./gr and g;r;;q]v/gé\;];’l. In figure 3, we
assumed the unknown LECs to follow NDA, g5, = g3V, = ¢2%, = 1, while gr and ¢35~ ,
are given in table 2. Varying the size of g/ has a limited effect on Mg, while Mq 2 is quite
sensitive to the precise values of the LECs. We discuss this in more detail below. In addition
Mg 1, Mg g, and M,,, 1 depend on the matrix element M:,‘f‘A, which is not evaluated in any
of the references we use for the NMEs. Fortunately, this matrix element was computed in
ref. [77], which found M#4 = {-0.92, —1.2, —0.86, —0.72} for "°Ge, #2Se, 13Te and '3¢Xe,
respectively. For these values of M?A, the effect on the mentioned NMEs is mild. In
addition, Mf‘A mainly affects the limits on C\(,Gl-?{, since the constraint on C\(,ﬁﬁ is dominated
by Mjs. Nevertheless, it would be useful if Mf‘A is included in future calculations.

Figures 3 and 4 show that the nonstandard NMEs computed with different many-
body methods differ by at most a factor of 2-to-3. This level of agreement is similar to
the one observed for the light-neutrino-exchange mechanism [66] — see the spread in M,
— and leads to an uncertainty in the Ov3S rate of about one order of magnitude. The
calculation of ref. [32] yields values of Mpg which have very similar size, but opposite sign
with respect to refs. [76, 83, 85]. The sign difference has no impact in the single-coupling
scenario explored in section 7. It will affect scenarios in which several operators are turned
on at the same time, but in this case the effect is mitigated by the ignorance of the relative
phase between the coefficients. A similar argument applies to M,,, 1 and M,,, r, which,
using the results of ref. [32] are found to have similar size, but different sign with respect
to the other calculations. The uncertainty on the short-distance NME Mg o is somewhat
larger than for the other NMEs. This is not unexpected as such matrix elements depend on
short-distance details of nuclear wave functions which are more model dependent then long-
range aspects. The relative sizes of the NME combination Mg, 9 for various isotopes vary
strongly between refs. [32, 76, 83]. Although we do not understand this behaviour in detail,
it might be related to possible accidental cancellations between the various contributions
to Myq2. In the next section we explore the consequences of these uncertainties on the
constraints on the scale of BSM lepton-number-violating physics.

It is possible to further reduce the set of relevant NMEs. Mpg depends in principle on
a linear combination of Mp 4 and M(]yTM + M%/" M but the latter numerically dominates
due to the large nucleon isovector magnetic moment. As such, the NME combinations Mg
and My, are related by Mpg/Mp; ~ —4/g4. This relation holds up to O(10%) corrections
for all sets of NMEs. Finally, the NME combination Mg (1, ry and M, (1 ry only appear

for the dimension-six vector operators C\(/?]Z vr- However, the contributions to the Ov3f3
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76Ge 82Se 130T 136Xe 76Ge 8238 130T 136Xe 76Ge 82Se 130T 136Xe

mga(eV) | 0.17 1.6 0.32 0.084 019 14 049 0.1 0.3 22 045 0.1

C’gi) 270 130 220 350 210 110 150 260 200 100 180 290
C’é%) 270 130 220 330 210 110 150 260 200 100 180 290
Céﬁ) 240 110 200 300 190 99 150 250 180 94 170 270

CS}Z 180 83 150 220 150 74 110 190 140 70 120 200

c® |33 17 290 w 26 15 20 34 26 15 24 39
c |81 38 68 11 || 64 33 46 7.8 6 32 54 89
c |81 38 68 11 ||64 33 46 78 6 32 54 89
c® 113 63 10 13 11 55 83 14 10 54 97 16
c” | 43 21 38 55 32 17 24 42 32 16 28 45
c® | 66 31 58 85 50 26 37 64 49 24 470

Table 6. The table shows the upper limits on |mgg| and lower limits on the scales, A;, related to
the dimension-six, -seven, and -nine operators from the GERDA [87], NEMO 9, 11], CUORE [7],
and KamLAND-Zen [13] experiments, assuming C;(u = 2 GeV) = v3/A?. The left, middle, and
right tables correspond to the matrix elements of refs. [32, 76], and [83], respectively. The lower
limits on A are shown in units of TeV.

rate from M, (7 gy are numerically suppressed with respect to those from Mg (1 gry. This
suppression can be partially understood from phase space factors as the electron mass is
small with respect to the typical @ value (compare 2Gp2 to G4 in table 3). The above
considerations imply that seven combinations of NMEs dominate Ov53 in the SM-EFT.

7 Single-coupling constraints

In this section we discuss the constraints on the low-energy operators, as well as the fun-
damental dimension-seven operators that arise at the scale A. We start by considering
the bounds from Ov3f3 experiments and discuss other relevant observables in section 7.1.
Throughout this section we will assume that only one operator is present at a time. We
study scenarios involving multiple couplings in section 8. We apply the following experi-
mental limits [7, 12, 13, 86] (all at 90% c.l.)

175 ("°Ge) > 5.3 -10% yr, T (*Se) > 2.5-10% yr,
17 ("' Te) > 4.0 - 10* yr, T (Y0Xe) > 1.1-10% yr. (7.1)
By inserting the phase-space factors of table 3 and the NMEs in table 5 into eq. (6.5),
we obtain limits on the coefficients of the AL = 2 operators. In table 6 we show bounds
on mgg and the low-energy dimension-six, -seven, and -nine operators of eq. (3.4), which

were derived using the NMEs of refs. [32, 76], and [83] in the left, middle, and right
panels, respectively.
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Using NMEs from ref. [76] we find an upper bound mgg < 0.084 eV, and slightly weaker
bounds for the other NMEs. The limits we obtain are in agreement with, for example,
ref. [32]. All bounds are somewhat weaker than the most stringent bound reported in
ref. [13], mgg < 0.061 eV which is based on different NMEs than considered here.

For the non-standard operators, table 6 shows the constraints on the scale of new
physics, A, assuming that C;(u = 2 GeV) = v3/A3 and only one coupling is turned on at a
time. In addition, we assumed natural values for the unknown LECs, ¢} = g3V, = g2y, =
1. As expected from the discussion of the previous section, the most stringent constraints

arise in the case of C’éi)’SR, reaching scales of O(100TeV). Although the power counting

of table 4 would predict the limit on C(Tﬁi,L to be weaker by ei/ 3, the actual constraints

are somewhat stronger than expected due to the large isovector magnetic moment. For

most of the remaining couplings the limits closely follow what one would expect from the

power counting. For example, the limits on C{,? vr and C\(,ﬁg{ are weaker than the limits
t—"ei)l/?’ ~ 0.05 and €, >~ 0.15, respectively, which agrees with

table 4. Finally, we would expect the limits on C\(,ﬁf){ to be weaker than the limit on C\(,GE

on Céi),SR by factors of (

by roughly a factor (e, /(1 4+ #1)?)Y/3 =~ 0.2 which agrees fairly well with the actual results.
Here we took into account by hand the large nucleon magnetic moment.

The case of C’§9) requires additional explanation. From the power counting we would
expect this coupling to contribute at the same order as C’\(,? vr- However, the matrix
element M,q o receives several contributions proportional to unknown LECs, g%\;l and

gé\;ﬁ[ 1- As a result, the contribution of C{g) can vary substantially depending on the values

and signs of these LECs. This is illustrated in figure 5 where we show the constraint on C{g)
as a function of g%, and ¢),. By varying the LECs in a natural range, the bound on

C’fg) can decrease or increase by a factor of O(10). In fact, there exists a small, fine-tuned,
region where the limit on C%g) disappears. Although such a near-exact cancellation is not
expected, and is sensitive to higher-order corrections, the limits on the scale A for C’{g)
appearing in table 6 should be taken as an order-of-magnitude estimate, at least until the

values of ggévx’i\w are further constrained. In contrast, varying the sign of the only other

unknown LEC, ¢/, only leads to O(10%) effects in the limits on A for C’(T6).

Although the above constraints are useful to test the power counting, the fundamental
AL = 2 operators of interest are the dimension-seven operators of table 1. We present the
limits on these couplings in table 7, where the left, middle, and right panels again employ
the NMEs of [32, 76], and [83], respectively. The bounds on the scale of new physics are

obtained by assuming a single coupling is present at the high scale, and C;(u = A) = 1/A3.
(1)
LLQdH

mainly induce the stringently constrained Céi)SR' Instead, the weakest limits are obtained

The strongest limits are derived in the case of C and Cp 15, because these operators

in cases where only the low-energy dimension-seven and -nine operators are induced. This

is the case, for example, for C(ngl p and Crgw, which both mainly contribute to C’\(,? and

C’}g) . Since these operators induce ng), the corresponding limits are sensitive to the values

of the unknown LECs, g;NX’]l\[N. In figure 6 we present the same information in a different
format, focusing on the bounds on the dimension-7 operators arising from the KamLAND-

Zen experiment [13].

— 33 —



1.0; o 5 8

L Q Q)

D D

N o
L L
L @N c\ ,
0.5F |
; L J
Zs 0.0f 1
N\ »
I < ]
‘\'+\
I L ]
-0.5¢ s 1
-1.0+ 1
-1.0 -0.5 0.0 0.5 1.0

N
g72T7 x1

Figure 5. Constraints on the coupling Cl(g) (n = 2GeV) as a function of the unknown LECs ¢35,
and g¥Y,. Here we show the constraints derived using the NMEs of ref. [76] and the experimental
limit on the half-life of 13¢Xe [13].

It should be noted that the Wilson coeflicients will in general depend on a dimensionless
coupling, ¢;, in addition the scale A, i.e. C; = ¢;/A3. The presence of these ¢; implies that
the limits on A in table 7 (where we assumed ¢; = 1) do not necessarily correspond to
constraints on particle masses in any given BSM theory. In particular, in weakly coupled
BSM theories, ¢; < 1, the limits on the masses of particles could be significantly weaker
than those on A given in table 7. Thus, the stringent bounds on A derived above do not
necessarily imply that the responsible BSM physics is out of reach of collider searches.
Apart from a simple rescaling of the limits in figure 6, dimensionless couplings, ¢; # 1,
would change the starting point of the RGEs. However, the numerical impact of such a
change in A is rather minimal. For example, changing the starting point of the RG from
A =50TeV to A = 100 TeV, changes the running of the C; by no more than 10%.

An alternative way to present the limits is shown in table 8, where we show the bounds
on the dimensionless couplings, ¢; = A3C;(A). Here we picked the scale A to be 10 TeV, and
derived constraints using several calculations for the NMEs [32, 76, 83-85]. The bounds in
table 8 are inversely proportional to these NMEs, ¢; Mi_l, while the limits on the scales
have a much weaker dependence, A Mil/  Asa result, the variation between different
nuclear calculations is more pronounced in table 8 than in table 7.

7.1 Other constraints

Although Ovgp leads to stringent constraints on the C; couplings, reaching scales of
O(100TeV), it is interesting to see how these compare to constraints from other probes.
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76Ge 8286 130 136 76Ge 8286 130 136 76Ge 828e 130 136 o

o115 69 11 13|13 66 99 16 || 12 59 11 17
Crupe | 160 73 130 200 |/ 130 65 98 160 || 120 61 110 180
Cogw | 23 11 17 20 || 20 11 16 26 || 18 94 17 28

(1)
c)pl 74 35 65 95 || 56 20 42 72 || 54 27 49 78
) oarr| 240 110 200 320 || 200 100 140 250 || 180 93 160 270

Cloan| 120 58 100 150 || 99 51 77 130 || 94 48 85 140
Crrgui| 310 150 260 410 || 250 130 180 300 || 230 120 210 340

Crewan | 29 15 26 39 24 14 18 30 23 13 22 35

Table 7. The table shows the lower limits on the scale of the dimension-seven couplings, from
the GERDA [87], NEMO [9, 11}, CUORE [7], and KamLAND-Zen [13] experiments, assuming
Ci(n = A) = 1/A3. The left, middle, and right tables correspond to the matrix elements of
refs. [32, 76], and [83], respectively. The limits on A are shown in units of TeV.

6Ge [76] [32] [83] [84, 85] || 136Xe [76] [32] [83]
e 183x1070 47x 1070 6.5x 1071 2.1 x 107! 49x 1071 23 x 1071 1.9 x 107!
Crupe |26x107% 47x107* 55x10~* 9.0x 10~* 1.3x107* 23x107* 1.8 x10~*
Couw |82x1072 12x 107! 1.6 x 1071 53 x 1072 1.2x 107! 58%x 1072 4.7 x 1072
el o 124x107 58x 1073 62x 1078 5.2x 1073 1.2x 1073 2.7x107% 2.1x 1073
CYloar |81 %107 14x 107" 20x107% 1.2x 107 3.7x107° 7.5x107° 6.2x 1075
ch)QdH 54x107* 1.0x 1073 1.2x107% 2.4 x 1073 2.6 x 107 4.5x107* 3.6 x 107*
Crrgui | 3-8x107% 7.6 x 107 9.0 x 1075 5.6 x 107° 1.7x107° 4.1 %1075 2.8 x107°
Crewarr |4.0%x1072 79x1072 7.7x 1072 6.8 x 1072 1.7x1072 3.5%x 1072 2.3 x 1072

Table 8. The table shows the limits on the dimensionless couplings, ¢;, of the dimension-seven
operators, from the GERDA [87] and KamLAND-Zen [13] experiments. Here we assume ¢;(u =
A) = Ci(A) A3 and choose the scale of BSM physics to be A = 10 TeV. The columns from left to
right, correspond to the matrix elements of refs. [32, 76, 83], and, in the case of "°Ge, [84, 85],
respectively.

08 Hyvirinen et al. [76] 08 Horoi et al. [32] 00 Menéndez et al. [83]
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Figure 6. Constraints from the KamLAND-Zen experiment [13] on the scale of the dimension-seven
operators. We assume C;(pn = A) = 1/A? and only turn on one operator at a time.
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In particular, all operators in table 1 induce radiative corrections to the neutrino masses.
In section 7.1.1 we therefore discuss the naturalness bounds that can extracted from the
neutrino masses. We find that for several operators they are stronger than the bounds
from OvBp5.

Considering additional probes is particularly important for the operators Cryp and
Crrer, which do not induce Ov3j at tree level, and ngl p»> Whose contribution to 0v343 is
suppressed by the electron energy, and was not considered in sections 5 and 6. We address
the contributions of these operators to the neutrino masses in section 7.1.1, and take into
account bounds from the neutrino transition magnetic moments in section 7.1.2, and from

non-standard muon decays in section 7.1.3.

7.1.1 Neutrino mass

The operators in table 1 can generate neutrino masses. The tree-level contribution is
v

(0mu)ij = =5 ( CLhij) - (7.2)

The other C; do no contribute at tree level, but can contribute to Crz through RG effects
between © = A and u = mw. The complete neutrino mass is a combination of the
contributions of the dimension-seven operators and the Weinberg operator. In total we

have m, = m,(,o) + dm,,, where ml(,o) is the contribution from the Weinberg operator. Since

m,(jo) is unknown we can only set constraints if we assume that the dimension-five and
-seven contributions are not unnaturally large compared to the total neutrino mass. That
is, we assume there is no large cancellation between m,(,O) and dm,. To get an idea of these
naturalness limits we will, somewhat arbitrarily, impose |dm,| < 1eV.

From eq. (7.2), we can already estimate the constraint on Crpy. Assuming Cry(p =
A) = 1/A3, we get A > 1200 TeV. For the other dimension-seven operators that contribute
at loop level, we require the evolution between y = A and p = myy. The relevant one-loop

RGE is given by

dCru 1 4 3 4,01 344 2 12 14y (2)
_ _2 _2 2
dinp — (4m)? {69 Cmw =39 Cap = 389" +29°9 7 +97)Crmp
Me o md\? (1)
+3\/§Tg ZCLHDe +4\/§NC (7) CLLQJH
My \ 3 Me\ 3
*8\/§NC (T) CLLQuH + 8\/5 (7) CLLeH:| . (73)
The above expression provides us with Cry (@ = my ), which together with eq. (7.2) and

|0m,,| < 1eV, leads to the constraints

e A>20Tev,  C®, i A>350TeV,

Crape: A >6TeV, Crgw : A >460TeV, (7.4)
where we again assumed C; = 1/A3. Contributions of the operators appearing in the
second line of eq. (7.3) are severely suppressed by three powers of small Yukawa couplings.

The corresponding limits are well below the electroweak scale such that we do not obtain
sensible constraints.
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Here we only considered contributions to the neutrino masses through corrections to
the dimension-seven coupling Crg. In principle, one could consider corrections directly to
the dimension-five coupling, C®), in eq. (2.1) as well. Below the scale A, the SU(2)-invariant
dimension-seven operators do not mix with this dimension-five operator. However, assum-
ing the dimension-five term is not protected by symmetry considerations, one might expect
the BSM interactions that induce the C; appearing in eq. (7.3), to contribute to CO) as
well. These contributions would result from matching the BSM theory to the EFT and,
if they arise from loop diagrams, could in principle scale as CcO ~ @%, in which case
they would dominate over those in eq. (7.3) by a factor of A%/v2. Such contributions would
lead to more stringent limits than those in eq. (7.4). On the other hand, it is possible to
realize smaller contributions to the neutrino masses than those induced by eq. (7.3) if there
is a fine-tuned cancellation at work. Which of these scenarios is realized, as well as the
mentioned matching contributions, depend strongly on the specific BSM theory above the
scale A. Here we refrain from estimating such model-dependent effects and only consider
the terms that are calculable within the EFT framework. Nevertheless, one should keep
in mind that specific BSM theories could give larger contributions to the neutrino masses
than those captured by eq. (7.3).

It is certainly possible to avoid the above naturalness limits by allowing for some
amount of fine-tuning between, for example, dimension-five and -seven contributions to
the neutrino mass. Nevertheless, taken at face value, the contributions to dm, can lead to
very stringent constraints. This is certainly true for Cpy and Cfl){ p» for which the limits
reach O(100TeV) or more, while these couplings would be left unconstrained by 0vjg.

Note that these naturalness limits even exceed the Ov3f3 constraints for Cr gy and Cg]){ Ds
1

LLQJH)'

Of the remaining operators, Cryp does not contribute at one loop as it is anti-

(2)

LLQdH’

and require, respectively, one, two, and three Yukawa insertions. The Ov53 limits are more

while Ov3f is more constraining for Crupe (as well as for Cp g,y and C

symmetric in flavor space, while C Crrgups and Cp gy, mix with Crg at two loops

stringent in these cases, and we do not consider the contributions to dm,,.

7.1.2 Magnetic moments

Apart from neutrino masses, the operators in table 1 also induce contributions to the mag-
netic moment of the neutrinos. These magnetic moments can be constrained by neutrino-
electron scattering in solar and reactor experiments [38, 88, 89], or through astrophysical
limits from globular clusters [90]. As we are mainly interested in an order-of-magnitude
estimate, here we will employ the limits of ref. [89] from the scattering of solar neutrinos.

Tree-level contributions of the dimension-seven operators to the magnetic moments are

3Coaw,ij — CLHW,ji)
)

> (7.5)

1
Haij = 50 <U3CLHB,ij -

where 1 and Cpgp are anti-symmetric in flavor space. Following the notation of ref. [89],
the transition magnetic moments can be parametrized by three complex parameters, A;,
as follows,

1
——¢€ijp g (7.6)

T _
U 'U’U)ij T T e
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where the PMNS matrix, U, appears due to the rotation to the mass basis. The constraints
derived in ref. [89] are

|A] <5.6-107 up, |Ag] <4.0-107" pup, |Az] <3.1-107 1 up . (7.7)

In principle, a detailed analysis should take into account the flavor structure of Cryp Law
as well as the unknown phases in U. As we are mainly interested the order-of-magnitude
of the limits, we take the following estimate

10710 5 A > 11TeV. (7.8)

C —-C <
\Cous —Couw!| S pr—
For Cpgw this limit is weaker than both the limit from Ov3/3 as well as the naturalness
constraint from the neutrino mass. However, the neutrino magnetic moments do provide
the most stringent limit on Crp g, whose contributions to Ov33 and the neutrino mass are
suppressed.

7.1.3 Muon decay

The operator Oprzx does not contribute to Ov55 at tree level, and its contribution to the
neutrino mass in eq. (7.3) is suppressed by three powers of the electron Yukawa coupling,
leaving the coefficient Crrzr poorly constrained. In this section we discuss the constraints
on Crrzg from non-standard muon decays. After electroweak symmetry breaking, the
AL = 2 Lagrangian relevant for muon decay is

4Gp

£="5

{Céw firer VL, (Cviu+ C erpr vy Cvi,
1 pe — nz T 1 el ~ v T
+ZCT pro*er vy, [Couvr, + ECT era"ppvy Copvr o +he., (7.9)

where the coefficients Cg and Ct are

3

pe L ee pe pe peep pe _ [ ee peep
Cy = Crien +2CrThy +3Cridy), Cff = c -C )

’03 v
e e - e
4\/5 4\/§ LLeH LLeH
3 3
v
= (i o ) O =

v
N K%

CL;, and its hermitian C47, mediate, respectively, the AL = 2 decays pt — et e, and
+

(Crdn — Cllien) - (7:10)

po — e vev,, while C’Se“T and C’g“T* induce p~ — € ey and pt — et vey,.

The experimental analysis of ref. [40] searched for 7, in the decay products of a u™ at
rest, by looking for the charged current processes p 7. — e*n and 2C v, — e n 1B follow-
ing the decay of the muon. The muonic neutrino is not identified, and thus the experiment
constrains u* — e, (7 +v). The experimental setup is such that the contribution of neu-
trino oscillations, v, — 7., is negligible [40]. If, in addition, we assume that there are no
AL = 0 lepton-flavor violating operators, which would for example induce u™ — €+DEVM,

the limits on the branching ratio can be used to put bounds on C¥ 7.
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Figure 7. Constraints in the mgg-A3Cppg,m Plane using the NMEs of [76] and assuming A =

600 TeV. The left panel assumes ArgCy, 1,y = 3/4m, while in the right panel we marginalize over
the phase of Cpgym-

In terms of C§%, the branching ratio is

o D(ut —etver,) 1 2 3 2
+ ot _ Pu) _
BR (u" — etiep,) = D7 Setvp,) 1 |CE|” + 2 e (7.11)

The dependence of the decay rate on the 7, energy is determined by the Michel parameter
p, which, at tree level, is p = 3/4 for the scalar, and p = 1/4 for the tensor operator.
With this information, we can use the 90% C.L. limits on the branching ratio [40]

BR (u" — et wem,, 5= 0.75) < 0.9-107°, BR (" — etr.p,,5=0.25) < 1.3-107%,
(7.12)
to obtain |CL°| < 0.06 and |CL°| < 0.04, corresponding to a scale of around 350 GeV for
the operator Oprzg.

8 Two-coupling analysis

The single-coupling limits of section 7 clearly show the constraining power of the Ov5g3
experiments, as they reach scales of O(100TeV). However, in realistic lepton-number-
violating scenarios one would generally expect to generate multiple AL = 2 couplings at
the scale of new physics. In this section, we discuss scenarios in which both mgg and
a dimension-seven operator are turned on simultaneously. We study how such scenarios
differ from the well-known light-Majorana neutrino case. Finally, in section 8.1, we briefly
consider the possibility of distinguishing different AL = 2 operators using the energy
and/or angular distributions of the electrons emitted in Ov 0.

We begin with showing the limits in the [mgg| — A3 Crroun Plane in figure 7. Here
we assumed A = 600TeV and used the NMEs of ref. [76]. In the left panel we take
a specific value for the relative phase between the dimension-seven coupling and mgg,
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Figure 8. Constraints in the mgs-A3C,qn plane using the NMEs of [76] and assuming A =
40TeV. Here the phase of C;,, 7y is marginalized over.

namely, Arg(Cppq,n™Mpjs) = 3/4m. As one can see, in this case the experimental limits
form ellipses in the mgg — A3, Loun Plane. For a generic relative phase the picture is
qualitatively the same. However, specific values of the relative phase, namely, 0 and 7,
allow for cancellations between the dimension-seven and mgg contributions. As a result,
free directions appear once we marginalize over the relative phase. This is clearly shown
in the right panel of figure 7.

These free directions appear in part because Cy, 15,y contributes to the same leptonic
structure as mgg (see e.g. eq. (6.10)). As such, we also consider operators that generate
different leptonic structures. We show the mgg-A‘gC Leugn Plane in figure 8, now assuming
A = 40TeV. Although we marginalized over the relative phase, no free directions appear
because the different leptonic structure prohibit a (complete) cancellation between mgg
and the dimension-seven contribution. Finally, both figure 7 and 8 illustrate that the
different nuclei considered here do not have very different sensitivities, i.e. the ellipses and
bands all have roughly the same slope. This is a generic feature that does not depend on
the dimension-seven coupling under consideration. Unfortunately this implies that it will
be difficult to unravel the underlying AL = 2 mechanism from just nonzero OvgS total
decay rates.

It is interesting to consider the impact of the dimension-seven operators on the inter-
pretation of Ov33 measurements. Qv experiments are often interpreted as constraints
on mgg, however, in the presence of AL = 2 operators, they are actually sensitive to a
combination of dimension-seven couplings and mgg. This combination can be defined as,

TOI/ 1/2
(eff) Me 1/2
= 8.1
mﬁﬁ giVuzdﬂ rl/ <G01> ) ( )

which reduces to mgg in case of vanishing dimension-seven operators.
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Figure 9. The left (right) column shows the allowed values for the effective parameter |meﬁ%|
(defined in eq. (8.1)) as a function of m!i8htest for the normal (inverted) hierarchy. The gray bands
depict the case with all dimension-seven operators set to zero, while the red horizontal line shows the
OvB3p3 limit from '36Xe. In the top panels, the green and blue bands show the allowed values for the
case that Cpp g,y = 1/A% and Cppg,q = —1/A3, respectively, assuming A = 600 TeV. The middle
panels show the same scenarios after marginalizing over the possible phase of Cp;q,m- Le. we
take Cpro,y = €'*/A* and marginalize over . Finally, the bottom panels show Cp ., g5 = €'*/A?
marginalized over «, and assuming A = 40 TeV.
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(eff)

To see how the dimension-seven operators affect m 53 We turnonmgg and a dimension-

seven coupling, and show the resulting allowed values of m(ﬁeﬁ) as a function of the light-
est neutrino mass in figure 9. The allowed areas are obtained by using the standard
parametrization in terms of the neutrino masses, m,,, the sines (cosines) of the neutrino

mixing angles, s;; (¢i;), and the Dirac phase d13,

MBE = Muy ol + My sT5Ts + My, 02 701) g, (8:2)
We then marginalize over the Majorana phases, A1 2, and the experimentally allowed values
of the Dirac phase, while setting the mixing angles to their central values [58]. The top-
left (-right) panel of figure 9 depicts the normal (inverted) hierarchy for several values of
Crrguu- Blue, gray, and green bands assume Cp; g,y = {—1,0,1}- A~3, respectively, with
A =600 TeV. The current limit on m(eg ) from 36Xe is depicted by the red shaded area.
The usual light-Majorana-neutrino scenario with C; = 0 (shown in gray) allows for
a vanishing mgg in the normal hierarchy, while this is not possible in the inverted case.
However, the blue bands show that a nonzero dimension-seven operator (Crrg,g = —1/ A3
in this case) could alter this picture, as mgﬁ) can go to zero for both hierarchies. Thus,
a vanishing Qv signal is possible even in the case where the neutrinos are Majorana
particles that follow an inverted hierarchy. In contrast, if Cprg,ny = +1 /A3 is chosen
(green bands), both the normal and inverted hierarchies require mg’g ) to be nonzero and a
finite Ov 33 must exist at some level. We show similar plots in the middle row of figure 9,
where the green band is obtained from marginalizing over the phase of C 15,y For a wide

range of m}jghtegt, the effective parameter mgg)

and thus the Ovf3S rate, can go to zero
even for an inverted hierarchy.

Crroun generates the same leptonic structures as mgg and it is interesting to look
at a coupling that induces a different phase-space factor. In the bottom row of figure 9,

we depict the allowed region for m(ﬁeﬁ) assuming that mgg and Cp,,gy are both turned

on. In this case the effective parameter mgeg ) is always nonzero and the allowed m(ﬁeﬂ)
region simply shifts upwards for the normal and inverted hierarchies (left and right panels,

respectively).

8.1 Pinpointing the AL = 2 mechanism

In the best-case scenario in which a Ov 3 signal is measured, it would be crucial to identify
the underlying AL = 2 mechanism. Of course, a nonzero value of Tlo/”2 could be generated
by any of the dimension-five or -seven couplings and additional information is required to
disentangle them. In principle, one could think of using measurements of Tlo/”2 in different
nuclei. Although the NMEs generally show similar patterns for different nuclei, leading
to degenerate sensitivities, this is not always the case for the phase space factors. In
particular, G2 has an increased sensitivivity to the @) value compared to the other phase
space factors (see eq. (6.7)). This means that, 12*Te, which has a rather small Q value, will
have a significantly smaller value of Ggy than ®Ge. As C\(g){ contributes proportional to

Gog, this in turn implies that 128Te is less sensitive to 05,61){ compared to "°Ge [91, 92]. This
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Figure 10. The left and right panels show, respectively, the angular and energy dependence
of the inverse half-life for ““Ge. Here the dashed black and red lines show the case where only
mgg or Cr.,qy are nonzero, respectively. Instead the orange bands show the scenario in which
|mgg| = 0.05eV and Cp,qq = €'*/A® with A = 40 TeV, while we varied over a.

in principle provides a way to disentangle C\(,Gl)%

the decay rates in several isotopes. However, as discussed above, the nuclei considered
here ("5Ge, #2Se, 130Te, and '36Xe) have very similar sensitivities to the dimension-seven

from the other operators, by measuring

couplings, something which is even worsened once nuclear and hadronic uncertainties are
taken into account. It would therefore be difficult to pinpoint the underlying AL = 2
mechanism from just OvfSS total rates of the nuclei under consideration here. Similar
conclusions were reached in refs. [93, 94].

Additional information could come from AL = 2 signals at colliders such as the LHC.
There are certainly scenarios in which colliders can compete with the 0v338 measure-
ments [95]. While the limits derived in section 7 already put some of the operators at
very high scales of O(100TeV), two effects, in combination, may mitigate these bounds
and make collider searches competitive with Ov33 experiments. First, in specific models
the Wilson coeflicients C; may naturally be suppressed by small Yukawa couplings, allowing
for a smaller scale A consistent with the 033 bounds obtained here.” In addition, for a
fixed mass scale, we saw in section 6.3 that the uncertainty in the values of the nuclear
matrix elements can lead to an order-of-magnitude variation in the predicted 0vS5p3 rate.
This is the appropriate measure for comparison, since in the contact limit , the production
rate at a collider experiment has the same scaling with A as the Ov 3 rate, yet is unaffected
by uncertainties in the nuclear matrix elements. The rate at a collider may be even higher
if intermediate particles can be produced on-shell. It therefore remains an open question
whether direct searches at the LHC or a future collider would be able to see a signal from
the fundamental AL = 2 operators.

As such, here we focus on additional observables that can be measured by the 0v3g3
experiments [96], namely, the angular and energy distributions of the electrons produced in
OvpBB. These distributions are determined by the leptonic structures in eq. (6.4). Several
dimension-seven operators generate different leptonic structures such that the angular and

9The authors thank F. Deppisch for this observation.
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energy distributions carry information about the C;. Unfortunately, only the low-energy

couplings C'\(,6 )

L and C\(/% induce leptonic structures different from the one generated by
mgg. These vector couplings are induced by the high-energy dimension-seven couplings
Crupe and Cp,,q- Consequently, all other dimension-seven couplings induce the same
lepton structure as mgg and will be degenerate with mgg and each other.

Thus, the angular and energy distributions can in principle be used to disentangle
Crupe and Cr,,gg from the remaining couplings. These two couplings induce a depen-
dence on cos 6 whose slope has the opposite sign of the one induced by mgg. In addition,
although Cr i pe gives rise to an energy dependence that is very similar to mgg, the energy
distribution of C;, z is significantly different. This is illustrated in figure 10 which shows
the angular and energy dependence in the left and right panels, respectively. The different
lines correspond to the case of nonzero mgg (dashed black), nonzero C; ., g (dashed red),
and a scenario where both couplings are turned on (orange band). In the latter scenario
we set |mgg| = 0.05eV and Cp gy = €'*/A® with A = 40TeV, while we varied over the
relative phase . As can be seen from the left panel, the slope of the cos8 dependence
does indeed differ by a sign between mgg and Cy.,j- Once both couplings are turned on
the resulting slope lies somewhere in between the two extremes. Although many couplings
could induce the same cos f dependence as mgg, the opposite slope can only point to either
Creudrr OF CLHDe-

The energy dependence is shown in the right panel of figure 10. Again there is a clear
difference between the case in which only mgg is turned on (dashed black) or only C; ., 71
is nonzero (dashed red). As one would expect, including both couplings (orange band)
gives a combination of the two dashed lines. It should be noted that only C; 75 is able to
induce an energy dependence that significantly differs from the mgg case, while the Crppe
case looks very similar to that of mgg.

9 Summary, conclusions, and outlook

In this work we have investigated neutrinoless double beta decay in the framework of the
Standard Model effective field theory. In principle, the dominant contribution to 0v3S
arises from the dimension-five Weinberg operator which is only suppressed by one power of
the scale of beyond-the-SM physics. However, in several models competing contributions
arise from higher-dimensional operators and we therefore extended the analysis to include
all AL = 2 operators of dimension seven.

In the first part of this work we classified the different dimension-seven operators and
studied how they manifest at a relatively low-energy scale of a few GeV. We studied the
evolution of the operators to lower energies by considering renormalization-group running
and threshold effects from integrating out relatively heavy SM fields such as the Higgs and
electroweak gauge bosons. This analysis gives rise to a set of effective dimension-six, -seven,
and -nine AL = 2 operators that we evolve to slightly above the QCD scale using their
renormalization group equations. All operators scale as 1/A3, where A is the scale of BSM
physics, and their effective dimension is determined by powers of the electroweak scale.
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In the second part we applied the framework of chiral effective field theory to construct
the effective AL = 2 hadronic Lagrangian. For each effective operator at the quark-gluon
level we build the chiral Lagrangian up to the order where we find the first non-vanishing
contribution to the OvB3 decay rate. Depending on the effective operator under consid-
eration, the chiral Lagrangian consists of pionic, pion-nucleon, and/or nucleon-nucleon
interactions. Armed with the chiral Lagrangian we calculated effective two-nucleon 0v 50
operators in a consistent power-counting scheme, and derived, within the same scheme, a
Master formula for the Ov33 decay rate. Our results contain several new aspects

e We used up-to-date hadronic input for several low-energy constants that connect
AL = 2 quark-gluon operators to AL = 2 chiral operators. While remarkable
progress has been made in recent years on several of the LECs, others, in partic-
ular those associated to AL = 2 pion-nucleon and nucleon-nucleon interactions, are
still unknown. In the future it will be important to further constrain or compute
these LECs. For illustrative purposes, we show in figure 5 how the current bound on
the Wilson coefficient Cfg) is affected by the uncertainty on the unknown LECs.

e We introduced a power-counting-scheme for Ovf3f operators which includes, apart
from the standard yEFT counting rules, the additional scales associated with Ov50 :
the so-called “closure energy” and the @) value of the reaction. We showed that up to
leading order in the power counting, the rate does not depend on the closure energy.
In addition, we find that the leading-order rate only depends on several nuclear
moments (scalar, vector, axial, and tensor) and not on the associated radii which are
often included. These considerations greatly reduce the number of nuclear matrix
elements that needs to be calculated. We confirmed these power-counting predictions
by explicit comparison with several sets of nuclear matrix elements calculated in
the literature.

e Based on the extended YEFT power counting we identified nine combinations of
nuclear matrix elements, which determine the leading-order Ov3( rate up-to-and-
including dimension-seven operators in the SM-EFT. Two combinations of nuclear
matrix elements turned out to be numerically suppressed due to factors beyond the
power-counting scheme (the large size of the nucleon isovector magnetic moment and
the smallness of the electron mass with respect to the reaction @ values.) As such,
the Ov3S rate is dominated by a relatively small set of nuclear matrix elements.

e We find that the nuclear matrix elements that are needed to constrain the contribu-
tions of dimension-seven operators can be lifted from existing calculations of 0v38.
With the exception of M:,‘f‘A, the required matrix elements can be deduced from cal-
culations of light- and heavy-Majorana-neutrino exchange, provided that the various
components, M gT,T (sd

the contributions from weak magnetism and induced pseudoscalar form factor.

e The matrix element Mfm is important in constraining C"(/6 }{, but is not evaluated in

) in eq. (6.11), are listed separately and the calculations include

any of the recent nuclear matrix element literature. Here we used the value computed
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in ref. [77]. It would be preferable if in the future this matrix element is reported
along with the other M;,]GT s huclear matrix elements such that all nuclear physics
input to the Ov3p rate is internally consistent.

e We have compared different sets of nuclear matrix elements obtained with various
many-body methods. We find that uncertainties on the non-standard matrix ele-
ments, based on the spread of the results, are of similar size as the uncertainty on the
light-Majorana-neutrino-exchange matrix elements. Typically the matrix elements
vary at most by factors of two-to-three (and several are in much better agreement)
depending on the chosen nuclear method. However, the sign and relative sizes of the
matrix elements are in good agreement with each other and the chiral power counting.

In the final phenomenological part of this work, we studied the constraints on the
fundamental AL = 2 operators. The above-described framework provides essentially a
dictionary between high-scale AL = 2 physics and low-energy Ov3/ measurements such
that constraints on the scale of BSM physics can be immediately obtained. We obtain
several interesting conclusions:

e Depending on the AL = 2 operator under consideration, the limits on the BSM scale
varies from A > 10TeV to A > 400TeV. For most operators these limits on the
scale A are not too much affected by hadronic and nuclear uncertainties, except for
operators which mainly induce so-called short-distance contributions to Ov 33 which
depend on unknown LECs associated to AL = 2 pion-nucleon and nucleon-nucleon
interactions. LQCD calculations of these LECs, along the lines of refs. [57, 97], could
improve this situation. Several dimension-seven SM-EFT operators do not contribute
to OvBp at a significant level. We studied complementary observables, such as the
neutrino mass and magnetic moment, and muon decay, that can be used to probe
such couplings.

e We find that Ov33 experiments with different isotopes (we studied "6Ge, 82Se, 130Te,
and '36Xe) are rather degenerate with respect to the different AL = 2 mechanism
they are sensitive to. We have illustrated this in figures 7 and 8 where it can be seen
that different isotopes probe roughly the same combination of AL = 2 operators.

e The inclusion of non-zero dimension-seven AL = 2 couplings can affect the standard
interpretation of (the absence of) Ov3/ signals in terms of light Majorana-neutrino
exchange. In this framework, it is possible to rule out the inverted ordering of the
neutrino mass spectrum with sufficiently sensitive O35 experiments. The upper
panels of figure 9 illustrates that this is no longer necessarily true once dimension-
seven operators are included in the analysis, although some fine-tuning is required to
suppress the Ov 3 rate. At the same time, the inclusion of dimension-seven operators
can lead to a non-zero OvBj rate for all values of the lightest neutrino mass even for
a normal hierarchy.

e While total Ov30 rates of different isotopes have little discriminating power with re-
spect to the underlying source, additional information could be obtained by angular
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and energy differential rates. As shown in figure 10, the differential rates can poten-
tially separate several AL = 2 dimension-seven operators from the dimension-five and
other dimension-seven operators. This is particularly relevant for BSM models, such
as left-right symmetric models, that induce low-energy vector-like AL = 2 operators.

Our work can be extended in several ways. First of all, in several models also AL = 2
dimension-nine operators provide relevant OvfSf contributions. We aim to extend the
framework to include these operators in future work. This will enable one to match specific
UV-complete models to the effective field theory framework. In particular, this would
allow for a global analysis of Standard Model extensions involving lepton-number violation,
including OvB3 and high-energy probes at the LHC or future high-energy colliders.
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A Comparison with other operator bases

In this appendix we compare our operator basis and Wilson coefficients to the one pre-
viously used in the literature. The basis introduced in refs. [29, 30, 35] contains at the
hadronic scale operators of dimension six (long range part), related to the ones in (3.2)
and dimension nine (short range part), related to the ones in (3.4). They do not consider
operators of dimension seven (see (3.3)) which naturally arise in our analysis based on
SU(2) x U(1) gauge invariance.

The effective couplings eg parameterizing long-range contributions to Ov3 are related
to our dimension-six Wilson coefficients as follows:

1 1 1
V+A _ (6) S+P _ (6) Tr _ (6)
€via = VL VRS €s¥p = 5CSLsr €rn = §CT - (A1)

The operator corresponding e?’; in ref. [29, 36] vanishes identically, due to the identity
ouw(lE£95) ® o* (1 F v5) = 0, so we have five dimension-six coeflicients rather than six.
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For the short-range effective couplings associated to dimension-nine six-fermion op-
erators, [30, 35] the effective couplings €;¥* (with z,y, z labeling the chirality of the two
hadronic densities and the leptonic current, in that order) the mapping goes as follows:

LLR _ 1MN CO | LRR_ Lmy cO,  mrR_ N o) (A.2)

€ = =
3 2 v 2 v v

B RG evolution

In this appendix we briefly discuss the scale dependence of the couplings mentioned in
sections 2 and 3. The running of the dimension-seven operators between the high scale, A,
and the electroweak scale is given by

1 2
Cu) = U, A) - C(N), €= Crrgum: Csoam Crrom) (B.1)
as(A)\ ~3CF/Po 0 0
\ (Ots(u) )0 as(A) —3CFr/Bo 0
Up, A) = <Cas/(g)) o -
1| (as(W)\TF/PO Cag(A) ) OVFIPOL Lag(A) |V F/PO
0 2 |:(ocs(u)) (as(lt)) (Oés(lt)>

while the remaining couplings are scale independent at one loop in QCD. Here 5y =

$(11N; — 2ny), with ny the number of active flavors, and recall Cp = (NZ? — 1)/(2Ne).

The couplings C;, LQuH and C(LIL)QQH
of ¢?

LLQAH depends on the initial values. The couplings at the electroweak scale are then
given by C(my) = U= (my, m)U™ =% (my, A) - C(A) . Numerically, using the one-
loop running of ay, this results in

decrease in the ultra-violet (UV), whereas the behavior

13 0 0 15 0 0
Cmw)=|0 13 0 |[-C10TeV)=| 0 15 0 |-C(100TeV). (B.2)
0 —0.21 0.91 0 —0.29 0.88

Below the electroweak scale we match onto the dimension-six, -seven, and -nine opera-
tors in egs. (3.2), (3.3), and (3.4). The RGEs for the dimension-six operators are solved by

—3CFr/Bo
(6) _ (as(mw) )
CSL(SR) (1) = ( ) CSL(SR) (mW)7

as ()
as(m Cr/Bo
o ) = () el )

The couplings C’é?}(SR) decrease in the UV while the tensor coupling 0%6) increases. The
dimension-seven operators do not run, while for the dimension-nine operators we have,

C'(u) = Uy, mw) - C'(mw), € = (", cf, ¢,

0 0 .
S (i)™ ;
0 A\ {(%)—ch/ﬁo B (a;(STX))i%/(NCBo)} (Q;YZLV)V,>)7GCF/BO
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where A = 1/(2Cr +1/N.) = 1/N.. Here the couplings C’fg) and Cig) increase in the UV,
and the behavior of 059 depends on the boundary values. Taking into account the bottom
mass threshold, we obtain for the evolution between p = my and p =2 GeV,

Cisny(2GeV) = 15CY g (mw), O (2GeV) = 0.87CF (mw),  (B.3)
082 0 0

C'(2GeV) = | 0 090 0 |-C'(mw). (B.4)
0 04523

The remaining operators in egs. (3.2), (3.3), and (3.4) are scale independent at one loop
in QCD.

C Recoil matrix elements

The tensor Céﬁ) and vector operators C\(,GIE vr induce, at lowest order in xPT, two-nucleon

operators whose matrix elements vanish in 0™ — 07 transitions. For example, Cé?‘) induces
contributions proportional to
() — 5@
6) A (0' o )
) . (C.1)

2
q
The operator in eq. (C.1) is pseudoscalar, and, consequently, its matrix element vanishes in
0T — 0T transitions. Similar considerations apply to the LO operators induced by C’\(fﬁ VR

The most important transition operators induced by Céﬁ) and C\(/GIE,VR were discussed
in sections 5.2.2 and 5.2.3. At the order we are working, corrections proportional to the
nucleon recoil momentum can become important. In addition to the neutrino potential
defined in section 5.2.2, we find that the tensor operator gives

1
V(g?) = 2rWH7+ 262, mNC<T6)¥a(k1) PrCa” (ks) (C.2)

X{gAgT (0(1) qo® (P =Py + 0. (P, —Py)o? . q
My

2

oW . o@D q. (P — P2)> + igr‘:LgT (@x (P1 —Py))- (e + 0(2))}7
N

where P; = p; + p} and Py = p2 + p}. Similarly, C\(fﬁ gives

2
N

% ((ax (P1=P2))- (a0 +0®) — (ax Py +Py)) - (o) = o)) . (C3)

The neutrino potentials in eqgs. (C.2) and (C.3) enter the amplitude at O(Axei). The
NMEs in eq. (C.2) have not been calculated in the literature. Compared with the second

1 .
V(q2) = 7O+ @+ G%r myCe VL ? fL(kl)C’Ya%ﬂT(kQ)Zgﬁfv

term in eq. (5.6), they are not enhanced by the large nucleon isovector magnetic moment.
Therefore we expect their contribution to be numerically somewhat smaller. In the case of
eq. (C.3), the second term was included in the analysis of refs. [32, 77], where it was found
to be much smaller than the magnetic term in eq. (5.7). For this reason, we neglected it
in our formulae for the decay rate in section 6.
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NMEs | Ref. [76, 84, 85] Ref. [83] Ref. [32]

Mp Mp Mrp MF Fu Frq

Mgz Mg7 Mé7 Merw,crq

Mé‘YE MIGL‘TE M(Igilf 47%5 Mera + %MGTZTK'
wip || - ora
MMM |2 MM MYM | g g B M = i Mo
MAA X X X

MAP MaF MAF A% My + 5 Mron
M” M Mz" — & Mrar

M| M ~ oy Mt
MFsa Tt M s T M e MpN = s My
MEfa | "o Mgt | "ed Mt et Marn = gamz Mer
Méta | "3 Mitg | "ad MET iMcrin
MEfa | "oz Mite | e Mt §(Maror — 2Merir)
M’ﬁ,fd mZZ%N Mié,]sjd mﬁrj:aw M:/él,fd FMrin

Mps | PEEEMpL | e ME +(Mrpr — 2Mr17)

Table 9. Comparison of the different notations used in refs. [32, 76, 77]. For each row the expres-

— 2
sions in the different columns equal one another in the limit that £ — 0. Furthermore, B = #and’
where ref. [32] uses m,, + mg = 11.6 MeV. g,, has different definitions in various papers. Here we
use gy = 1 + k1 and introduce the ratio rpy = (1 + k1) /K1.

D Conversion of nuclear matrix elements

In this appendix, we provide the conversion between the NMEs defined in section 6.1 and
those of the original papers [32, 76, 77, 83-85].

For the matrix elements involving the exchange of a light neutrino, our definitions
match those in refs. [76, 83-85]. The only exceptions are M%%, for which refs. [76, 84, 85]
used gps(0) = k1 = 3.7 rather than gj/(0) = 1+ k1. In section 6.1, we thus rescaled these
matrix elements by powers of ry; = (14 k1)/k1. For the Gamow-Teller and tensor matrix
elements, ref. [32] does not separately provide the AA, AP, PP and MM components.
However, we can reconstruct the needed NMEs from linear combinations of other matrix
elements computed in ref. [32], as detailed in table 9. The definitions of the NMEs in the
third column of table 9 are given in ref. [32].1°

0The relation between M and Mg given in table 9 takes into account a factor of 1/3 that is missing
from the definition of Hr in eq. (21v) of (the first arXiv version of) ref. [32]. We thank M. Horoi for
clarification on this issue.
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The relations we use are valid at LO in the chiral expansion, when one can take £ — 0
and neglect subleading effects as the difference between the axial and vector form factors.
We discussed some checks of these assumptions in section 6.1. Additional consistency
checks can be performed with the NMEs of ref. [32]. In the limit £ — 0, one would expect
Mp = Mg, = Mpq and Mg, = Mgre. These relations are respected to a few percent for
My and Mp,, while Mp, appears to be ~ 50% smaller than Mp,,. The relation between
the GT elements holds to 20%. Furthermore, we can use the complete GT and T matrix
elements computed in ref. [32] to verify whether Mgy = Ma# + MAE + MER + MMM
and Mr = Mf‘P + MEP + MMM The agreement is within 20% for the GT' elements and
for most of the 7" matrix elements. In the main body of the paper, to obtain Mg, Méf‘,
M%M, MF, sq, and M‘G“j‘i{ o4 from the results of ref. [32] we used, respectively, Mr, Mgy,
Mgr, Mpn, and Mgrn-

The long-distance matrix element M#4 is not defined in refs. [76, 83-85], since it
does not appear in the standard scenario of light Majorana neutrino exchange. Ref. [32]
computes similar tensor matrix elements, which are needed in neutrino exchange diagram
when the neutrino is emitted from a AL = 2 vector or axial current, as in the second
diagram of figure 2. We were however not able to relate Mp, of ref. [32] to M{}A, even in
the £ — 0 limit. M4 is related to My of ref. [77] by M#4 = 3/2My. With the values of
ref. [77], Mf‘A has only a small effects on the bounds on C\(,Gli, and can be safely neglected.

For the short-distance matrix elements, which do not involve neutrino exchange, our
definitions differ from refs. [76, 83-85] only in the overall normalization. To keep the power
counting of the NMEs manifest, we normalized them to m2 rather than memy. Ref. [32]
computed the pion-exchange matrix elements Mgrir, MaTor, M117, M19,, Which are

related to Méjlf’ﬁip and MY‘? fc’lpp by the equations in table 9
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