PUBLISHED FOR SISSA BY 4} SPRINGER

RECEIVED: July 12, 2016
REVISED: November 28, 2016
ACCEPTED: December 20, 2016
PUBLISHED: December 23, 2016

A holographic proof of Rényi entropic inequalities

Yuki Nakaguchi®® and Tatsuma Nishioka®
@ Kavli Institute for the Physics and Mathematics of the Universe, The University of Tokyo,
5-1-5 Kashiwa-no-Ha, Kashiwa City, Chiba 277-8568, Japan

b Department of Physics, Faculty of Science, The University of Tokyo,
Bunkyo-ku, Tokyo 113-0033, Japan

E-mail: yuuki.nakaguchi@ipmu. jp, nishioka@hep-th.phys.s.u-tokyo.ac.jp

ABSTRACT: We prove Rényi entropic inequalities in a holographic setup based on the
recent proposal for the holographic formula of Rényi entropies when the bulk is stable
against any perturbation. Regarding the Rényi parameter as an inverse temperature, we
reformulate the entropies in analogy with statistical mechanics, which provides us a concise
interpretation of the inequalities as the positivities of entropy, energy and heat capacity.
This analogy also makes clear a thermodynamic structure in deriving the holographic
formula. As a by-product of the proof we obtain a holographic formula to calculate the
quantum fluctuation of the modular Hamiltonian. A few examples of the capacity of

entanglement are examined in detail.
KeyworDS: AdS-CFT Correspondence, Gauge-gravity correspondence

ARX1v EPRINT: 1606.08443

OPEN AcCCESs, (© The Authors.

Article funded by SCOAP®. doi:10.1007/JHEP12(2016)129


mailto:yuuki.nakaguchi@ipmu.jp
mailto:nishioka@hep-th.phys.s.u-tokyo.ac.jp
https://arxiv.org/abs/1606.08443
http://dx.doi.org/10.1007/JHEP12(2016)129

Contents

1 Introduction 1
2 Analogy to statistical mechanics 4
2.1 Partition function Z and the escort density matrix p, 4
2.2 Improved Rényi entropy S, )
2.3 Capacity of entanglement C'(n) 6
2.4 Rényi entropic inequalities from the viewpoint of the analogy 6
3 Holographic formula of the Rényi entropy 7
3.1 The area prescription 7
3.2 Derivation revisited from the viewpoint of the analogy 8
4 Proof of the Rényi entropic inequalities 11
4.1 A holographic proof 11
4.2 Legendre transformed expression for capacity of entanglement 12
5 Calculations of the capacity of entanglement 14
5.1 Conformal field theory 14
5.2  Free fields 15
5.3 Gravity duals 17
5.4 Large and small n limits 19
6 Discussion 20
A On holographic calculation of C(1) using graviton propagator 22
B Comments on the strong sub-additivity of Rényi entropies 24

1 Introduction

A key concept in modern quantum gravity theory is holography that opened the door to
the non-perturbative definition as the dual quantum theory in one lower dimensions. A
considerable number of dictionaries have been composed to translate physical quantities in
one theory to the other. The holographic duality remains as mysterious as quantum grav-
ity, though, especially on how the bulk spacetime information is encoded in the boundary
quantum field theory. There have been a huge amount of attempts to probe the bulk
structure via holography, of which one of the most important breakthroughs is the holo-
graphic formula of entanglement entropy [1] associating a unit area per four times the
Planck length of a codimension-two bulk surface with one bit of information for a given



region in the boundary field theory. In fact, the formula is a realization of the original
idea of the holographic principle [2, 3] that states in quantum gravity theory, the degrees
of freedom live not in volumes but in areas. Overviews on the recent developments of the
holographic entanglement entropy are available in reviews e.g. [4, 5].

In quantum theories, entanglement entropy S4 of a state subspace H 4 is defined as
the von Neumann entropy Syn|[p] = —Tr[plog p] of the reduced matrix p4 = Tr 5[protal] as'

Sa=—Tr[palogpal. (1.1)

It measures how much quantum information of the degrees of freedom in H 4 is entangled
with the outer degrees of freedom, namely, how much quantum information will be lost for
the subspace H 4 if the outer subspace is ignored. In quantum field theories, entanglement
entropy is defined for a space region A on a time slice, assuming that we can construct
a state space Ha representing degrees of freedom on the region A by some appropriate
procedures. The total state is often taken as the vacuum pioa; = |0) (0] for simplicity.

Entanglement entropy has many mathematical properties, among which the most im-
portant one is an inequality called the strong sub-additivity [6]

Sac +Spc > Sc + Sasc, (1.2)
showing a kind of concavity of the entropy. The sub-additivity
Sa+ Sp > San (1.3)

follows by taking C as (). As a field application, the strong sub-additivity is utilized for
constructing c-functions, monotonically decreasing functions along RG flows, such as the
entropic c-function in two dimensions [7] and the F-function in three dimensions [8].

One of the novel aspects of the holographic entanglement entropy formula is the sim-
plicity of proving the strong sub-additivity (1.2) [9-11]. The proof only relies on the
geometric properties of a codimension-two surface in the bulk, and suggests a profound
way of the emergence of the bulk spacetime as it translates a quantum mechanical con-
straint to a purely geometric one. More extensive studies of the inequalities satisfied by
the holographic formula were carried out in [12, 13] to classify the characteristics of the
geometry which has a field theory dual.

Recently, the holographic formula was proposed [14] for the entanglement Rényi en-
tropy Sp[p] which is a one-parameter generalization of the von Neumann entropy defined

with a non-negative real number n as

Sulpl = - ! log Trly"]. (1.4)

It reduces to the von Neumann entropy when n = 1, Si[p] = Syn[p]. The derivation of
the holographic formula by [14] is based on so-called the Lewkowycz-Maldacena prescrip-
tion [15] employed to derive the holographic entanglement entropy where the replica Z,

!Throughout this paper, we always normalize a density matrix as Tr[p] = 1.



symmetry is assumed in the bulk geometry.? We will review the derivation in section 3 so
as to fix our notations and for later use.

Then it is natural to think about how mathematical properties of the Rényi entropy are
transcribed to the bulk side in a geometric language. It is known that the Rényi entropy is
not strongly sub-additive, but it satisfies inequalities involving the derivative with respect
to n [19, 20]

OnSn <0, (1.5)
an(”_lsn>>o, (1.6)
On ((n—1)8,) >0, 1.7
O (n=1)8p) <0
These inequalities are originally proved for the classical Rényi entropy S, [p;] = —ﬁ > oY

of a probability distribution p;, but are still true for the quantum Rényi entropy (1.4). The
proof for a quantum case immediately follows by diagonalizing the density matrix p as
UpUT = diag(p1, pa2,...) with a unitary matrix U. The first inequality (1.5) implies the
positivity of the Rényi entropy S, > 0 as Ss = min;(— logp;) > 0.

The aim of this paper is to prove these inequalities by the holographic formula of
the Rényi entropy. Before proceeding to the proof, we rewrite the inequalities in more
concise forms that manifest their meanings as the positivities of energy, entropy and heat
capacity in analogy to statistical mechanics. It also clarifies that not all of (1.5)—(1.8) are
independent, but the two inequalities (1.6) and (1.8) are essential. (1.6) turns out to be
simple to prove as it stands for the positivity of the area of a codimension-two surface in
the bulk, while the proof of (1.8) is more intricate. In view of statistical mechanics, (1.8)
implies the positivity of the heat capacity and encodes the unitarity of quantum mechanical
system. Our proof of (1.8) in the bulk is differential geometric in its nature and turns out
to relate it to the stability of the spacetime on which the holographic formula is supposed to
be applied. Therefore, our proof serves as a nontrivial consistency check for the holographic
formula, and moreover reveals a direct connection between the unitarity and the stability
in the boundary and bulk theories, respectively. In due course of the proof, we also obtain
a holographic formula for calculating the quantum fluctuation of the modular Hamiltonian.

Our proof is heavily based on the stability of the bulk geometry. We admit that the bulk
stability is a nontrivial assumption whose justification is even challenging. For instance,
Euclidean gravity actions are known to be indefinite against metric perturbations [21, 22].
We are not aware of any compelling argument to support the assumption, but in view of
holographic duality we believe that stable quantum states should have stable bulk duals.
We will not touch on this subject anymore in this paper until section 6.

The organization of this paper is as follows. In section 2 we reformulate the Rényi
entropy and its inequalities in a way analogous to statistical mechanics and introduce a

*Farlier works on the holographic Rényi entropies include [16-18].
3The finite version of these inequalities, such as S,, > S, and %Sn > %Sm for n < m, are true,
even if the n derivatives are ill-defined because of some discontinuity.



notion of the heat capacity of entanglement. The holographic formula of the Rényi entropy
is reviewed in section 3 with emphasis on the analogy to statistical mechanics. In section 4,
we prove the Rényi entropic inequalities from the holographic point of view. The capacity
of entanglement is exemplified in various systems in section 5. Finally section 6 is devoted
to discussions on our results and future directions. Appendix A deals with an alternative
method of computing the capacity of entanglement in the holographic setup and discusses
a delicate issue arising from boundary terms. A possible counterpart of the strong sub-
additivity for the Rényi entropy is elaborated in appendix B.

2 Analogy to statistical mechanics

The Rényi entropy can be recasted as a thermal entropy when the region A is a ball
in CFT,; as the replica manifold M, is conformally equivalent to a thermal hyperbolic
space S! x HY ! with an inverse temperature § = 27mn [18, 23]. In that situation, the
inequalities (1.6) and (1.8) reduce to the non-negativity of the thermal entropy and the
heat capacity, and the others immediately follow from these two. A formal similarity
between the Rényi entropy and a thermal entropy is also pointed out in [14].

In this section, inspired by these observations, we will formulate the complete analogy
between the Rényi entropy and statistical mechanics valid for any quantum system. More-
over, the following discussions apply not only to reduced density matrices p4 = Tr 5[ptot],
but also to a general density matrix p.

2.1 Partition function Z and the escort density matrix p,,

In the calculation of the Rényi entropy .S,, = —ﬁ log Tr[p"] (1.4), we can regard the trace
Z(n) = Tr[p"] as a thermal partition function

Z(8) = Tr[e=H], (2.1)
with? the inverse temperature 8 and the Hamiltonian H

f=n,
H=—logp.

The latter is called the entanglement Hamiltonian or modular Hamiltonian. Its eigenvalues
¢; are called the entanglement spectrum, and are non-negative ¢; > 0 as the eigenvalues
p; = e~ ¢ of p satisfies 0 < p; < 1. In calculating the partition function Z, we can regard
the state as a density matrix given by the normalized n-th power of p

'

p

= . 2.6
IOTL Tr[p”] ( )
41f you feel uneasy about the mismatch of their physical dimensions, you may define them instead as
ﬂEo =n, (2.2)
H/Ey = —logp, (2.3)

with any constant Ey of the dimension of energy. In the following discussions we take a unit Fy = 1.
Another choice Ey = 1/2 is also common in literatures.



In the area of chaotic systems, the probability distribution of the classical version Pi(n)

P/ >, pit is called the escort distribution [20], and we will accordingly call p, the escort
density matrix.

Let us push forward this analogy to statistical mechanics. The free energy F' = F(n)
and the total energy £ = E(n) related to the density matrix p are defined as

1
F= - log Tr[p"], (2.7)

E= —agnlog Tr[p"] = (H) (2.8)

n ’

where (-), stands for the expectation values with respect to the escort density matrix p,,
Tr[p" X]

=Tr[p,X] = ———. 2.9

In what follows, we will make use of this notation when available.

(X)

n

2.2 Improved Rényi entropy S

What quantity should correspond to the thermal entropy in this analogy to statistical
mechanics? The answer is not the Rényi entropy Sy[p|, but a more involved function:

Snlp] = n20, <” - 1sn> , (2.10)
= (1 —ndy,)log Tr[p"], (2.11)
— oy <71LlogTr[p"]> . (2.12)

Let us call this S,[p] as the improved Rényi entropy. In fact, the equation (2.11) or (2.12)
leads to the formulae of the entropy together with (2.7) and (2.8),

S=n(E-F),
OF (2.13)
87T )

where T' = 1/n and we omit the subscript of S,, to stress the correspondence to statistical

mechanics. One can also show that the improved Rényi entropy is nothing but the von
Neumann entropy of the escort density matrix p,, that is,

Salp] = Syx[p™/Tx[p"]]. (2.14)
The improved Rényi entropy S,, is another generalization of the von Neumann entropy Syn
as it also reduces to the entanglement entropy Si[p] = Syn[p] in the limit 7 — 1.

An equivalent relation to (2.10)

(n—1)?0,8, =S, — E, (2.15)
yields a useful formula for calculating 9,,.5,, in terms of F’
(1)- F(T)—-(1-T)orF

(1-1)? ’

where we used the relations £ = F + TS, S = —9pF and F(1) = 0.

OnSn = 2t (2.16)



2.3 Capacity of entanglement C(n)

Now that we have defined thermodynamic state functions consisting of the first derivative

of the free energy such as the total energy F = 0,,(nF') and the thermal entropy S =—0rF,

we proceed to implement the heat capacity C' = C(n) including the second derivative,
C= oF = Ta—s = —TBQ—F. (2.17)

oT oT oT?

It was originally introduced to characterize topologically ordered states by [24] and named

capacity of entanglement. The capacity of entanglement has not attracted much attention

so far despite its importance and simplicity as we will see below.

One can show the non-negativity C' > 0 as in the same way as statistical mechanics,

_ 2872 2002 _ 2
C(n) =n"5—log Z(n) =n"((H"), — (H);,)

on n (2.18)

=n*((H - (H),)*), -

It follows that the capacity measures the quantum fluctuation of the modular Hamiltonian
H = —logp, and in particular C(1) = (H2) — (H)? gives the quantum fluctuation with
respect to the original state p.

2.4 Rényi entropic inequalities from the viewpoint of the analogy

Having established the analogy to statistical mechanics, we rewrite the Rényi entropic
inequalities in the thermodynamic representation. The second (1.6), third (1.7) and
forth (1.8) inequalities turn out to be the non-negativity of the improved Rényi entropy

S (2.10), the total energy F (2.8) and the entanglement heat capacity C, respectively

5>0, (2.19)
E>0, (2.20)
C>0. (2.21)

The non-negativity of S and E = (H), immediately follows from the relations S,[p] =
(—log pn),, = Syn[pn] and the definition H = —logp of the modular hamiltonian. The
last inequality C' > 0 has already been proved by (2.18). Note that the condition C' > 0 is
equivalent to

OnSp <0, (2.22)
because of C' = TdpS = —nd,S.

The first inequality 0,5, < 0 (1.5) can be derived from the forth inequality (1.8) as
shown in [18]. Indeed, the forth inequality C = —T9%F > 0 is equivalent to the concavity
of the free energy F', and (2.16) is clearly non-positive as f(z) < f(a)+ (x—a)f'(a) for any
concave function f(x). An alternative way to show this inequality uses the non-negativity
of the relative entropy S[p|o] = Tr[p(log p — log )] > 0 for (2.15)

(n—1)%0,8, =85, — E,

= —(log p, — logp),, , (2.23)
= —5S[pnlp] <0.



3 Holographic formula of the Rényi entropy

We review the holographic formula for the Rényi entropy and its derivation proposed
by [14], with some clarifications on the thermodynamic interpretation developed in the
previous section. It resembles to the Ryu-Takayanagi formula, but is more intricate as the
entropy is given by the area of a cosmic brane with a tension depending on the parameter
n, which is extremized in the backreacted geometry. The derivation of the formula still
proceeds along with the Lewkowycz-Maldacena prescription [15].

3.1 The area prescription

The holographic formula for the Rényi entropy [14] states that the improved Rényi entropy
S, of a region A in QFTj is given by the area A of a codimension-two surface 01(4") in an
asymptotically AdS,,1 space as

= A

S,

n

= : (3.1)
AGN [51-0,00( =04

(n)

where the surface C An is anchored on 9A on the asymptotic boundary of the bulk space-

time. Unlike the Ryu-Takayanagi formula, the surface 01(4")

is to be fixed by minimizing
an n-dependent FEuclidean action I = lyyk + lorane- Here Ihyk is the original bulk action
in the dual gravity theory consisting of the Einstein-Hilbert action, the cosmological

constant term and matter terms

Ibulk[GuV(X)vl/}(X)] = IEH[GW(X)] + IA[GMV(X)] + ImatterS[GuV(X)7¢(X)] ) (3'2)

where G, (X) the bulk metric, ¢(X) matter fields, and X* (1 = 0,...,d) is the bulk
coordinate. If we extremize the codimension-two surface with this bulk action, we end
up with the Ryu-Takayanagi surface for the holographic entanglement entropy. A new
ingredient of the prescription for the Rényi entropy is a cosmic brane action Ipapne of CXL),

Ibrane[Guu(X)7 Xﬂ(y)] = Tn -A[GH,V(X); Xﬂ(y)} ) (33)

which is just the product of a brane tension 7T, given by

1 n—-1

T, = ——
" 4GN n

(3.4)

and the area of the surface an)

A= [ a7 a). (35)

Here X*(y) specify the embedding of the surface into the bulk, y* (i = 1,...,d — 1) the
embedding coordinate, and g;;(y) the induced metric on C,,,

oOXHoXY
oyt Oy

9ij(y) = G (X (y))



The main difference from the Ryu-Takayanagi formula arises from the back-reaction
of the codimension-two surface to the bulk metric G,,. Namely we extremize the action
including the cosmic brane:

ol 0lpuk 0A
— = T .
Y TG X) 3G T G, (37)

where the first term is the original bulk equation of motion, and the second term is es-

sentially the energy-momentum tensor of the cosmic brane 01(4”). Note that C’I(L‘n) is still a

minimal surface as the equation of motion for the embedding X*(y) shows:

51 A
6Xnr(y) " oXK(y)

This equation should be evaluated on the backreacted bulk metric G,. When there are

=0. (3.8)

matter fields 1, we also have to solve
ol o 6Imatters

_ =0 3.9
X0 6 ’ (3:9)
in the backreacted background G ;. The Ryu-Takayanagi formula
. A[CY]
1
SA BCI’ZHZI}?A 4GN ’ (3 0)

is recovered from (3.1) in the limit n — 1 where the brane tension 7}, vanishes and we can
neglect the backreaction of the brane.

3.2 Derivation revisited from the viewpoint of the analogy

To derive the holographic formula (3.1), we employ the replica trick relating the trace of
the density p to the Euclidean partition function Z [25],

log Tr[p"] = log Z|M,,] — nlog Z[M,], (3.11)

where M, is the n-fold cover branched over the region A. In the classical gravity regime,
there exists a regular solution B,, of the Einstein equation holographically dual to the field
theory on the replica manifold M, such that 0B, = M,. The partition function Z is
equated to the on-shell bulk action on B,:

Z[My] = Zix ~ e Tl Bnl (3.12)

n has been supposed to be an integer up to now, but we analytically continue it to an
arbitrary real number. Such an analytic continuation can be performed in the bulk side by
defining the “bulk per replica” manifold

B, = B,/Zy, (3.13)
under the assumption that the replica symmetry Z,, extends to the on-shell bulk solution
B, [15].° This quotient geometry B, has a conical singularity at a codimension-two fixed

locus C’E‘n) of the Z,, symmetry with a deficit angle

Ad=2r(1—1/n). (3.14)

®See [26] for the discussion on the replica symmetry Z, breaking.



The fixed locus an) extends to the AdS boundary and touches on the entangling surface
0A which is also fixed locus of the replica symmetry.

Next, let us define “bulk action per replica” I for the quotient Bn, just by dividing the
bulk on-shell action Ipyx[By] by n,

I = Ibulk[Bn]/n. (315)

This action I differs from Ibulk[Bn] of the quotient bulk Bn, and has an additional contri-
bution from the singularity at 01(4”).6 Bearing in mind that B, is locally the same as the

original bulk B,, away from the conical singularity an), the Ricci scalar R(X) of B, takes
the following form [27]

G(X)R(X)

5, = VEOR( 5, +280 [ a7 yyGs (X = X().  (310)

Thus in the Einstein gravity Ipg = —m [dHX\/G(X)R(X),

R A _
Tvaix[Br) = Tvuik[Bn)/n — ¢ dy\/g,
e S 317
g, 1=, '
N 4Gy T
which means that the action I includes the area term
I = Iyax|Bn] 4+ T A, (3.18)
with the correct brane tension (3.4)
Ao 1-1/n
T — _ 3.19
" 8GN 4Gy (3.19)

and the area A (3.5) as desired.

A point of caution is that not I [En] itself, but the combination I = Ibulk[Bn] +
T, A is on-shell with respect to the bulk fields G, (X) and 9(X). This is clear from the
relation (3.15) and B,, being the regular solution for the action Iy [Bs].

The replica symmetry would constrain the embedding X*(y) to be the minimal surface
5A/5XH(y) = 0.7 We promote the embedding X*(y) to a dynamical variable and minimize
the action I with respect to X#(y) in order to analytically continue n to a real number.

SHere our notation of Iyui[B,] is different from that in other literatures such as [14]. Our Iyu[By]
includes the contribution from the conical singularity Cg"% while their Ibulk[én] means Ibulk[Bn\Cg")] =
Ik [Br]/n = I without the contribution from C’Xl),

"We could justify this statement somewhat by a following rough argument. Consider how the area A
would change in the leading order of a perturbation €”(y) of the embedding X*(y), in the bulk B,. In
the original bulk B,,, where n copies of B, are glued at the surface, let us call the vector ¢*(y) toward
the i-th copy of B, as €”(y). Since the original surface X*(y) is invariant under the replica Z, symmetry

m SA 1

shifting €/ (y) to €}, (y), the variation of the area F:e!

does not depend on the label ¢ and in fact

24 elt = 24.¢*. On the other hand, the sum of these vectors vanishes > €/ = 0 because of the
symmetry. Then 0 = 24 3" ¢ = n 24 ¢ means that the area is minimal 24 =0.



Combining the replica trick (3.11) and the holographic relation (3.12) together with
the definition of the action I (3.15), we have the expression

log Tr[p"] = —(Tpuk[Bn] — 1 Thu[B1]) ,

(T The), (3.20)

from which the free energy F(T') follows as the difference of the actions between n and
n=1
1
F=——logTr[p"] =1—I|p=1. (3.21)
n

The second term —I|,—; ensures the normalization F'(1) = —log Tr[p] = 0. The free energy
results from the minimization with respect to the fields ¢ = {G ., (X), ¥ (X), X*(y)}

F(T) = min (1[)) = T} (3.22)

as the action I is on-shell. Here we introduce a temperature 7' = 1/n and rewrite the

action as "
I = Iyu|B 1-T) . 3.23
bulk[Bn] + ( ) e (3.23)
This succinct form is convenient to derive the entropy S’n
~ OF ol|¢p] 6
g __OF _ _dlgloe A (3.24)

"T9T T 6 6T 4Gy’

where the first and second terms come from the variation of the fields ¢ and the tension
T, = (1-T)/4GN, respectively. Imposing the equations of motion, the first term vanishes
0I/6¢ =0, and we reach the holographic Rényi entropy formula (3.1)

g A

= 25
1Cn (3.25)

The derivation explains why one has to take into account the backreaction of the cosmic
brane to the geometry while extremizing the area.

Finally we derive the total energy E by the Legendre transformation

E=F+TS,,

. A (3.26)

= Ivuk[Bn] — Tou[B1] + iCn

This derivation is exactly the same as the one in thermodynamics; dE — T'9.S vanishes
because of the minimization in the Legendre transformation F(7T") = ming(FE(S) — T'S),
yielding 0F = §(E—TS) = (0E—T05)—S0T = —S6T. In our derivation of the holographic
formula, the minimization of the free energy leads to a first-law like relation 0 = 041 =
dpF — T5¢5’ . The only difference is the meaning of the variation; d4 is taken with respect
to fields ¢ in our case.

,10,



4 Proof of the Rényi entropic inequalities

Having established the necessary tools in the preceding sections, we want to examine un-
der what condition the holographic formula (3.1) satisfies the inequalities (1.5)—(1.8) of the
Rényi entropy. Instead of dealing with the original ones, we prove the concise inequali-
ties (2.19)—(2.21) whose physical meaning is more transparent. They imply the stability
of the system in the thermodynamic language, which is translated to the stability of the
gravity theory as we will see soon.

4.1 A holographic proof

Some of the Rényi entropic inequalities follow straightforwardly from the holographic for-
mula S, = A/4Gy (3.1). The second inequality S > 0 (2.19) is trivial as the area A is
always non-negative. The non-negativity of the Rényi entropy S, = “3F > 0, which is
equivalent to F' < 0 for n < 1 and F' > 0 for n > 1, also follows from 9, F = S’n/n2 >0 and
F(1) = 0. The first inequality (1.5) descents from the forth inequality (2.21) as mentioned
in section 2.

Let us move on to the proof of the forth inequality (2.21)

oS, n 6A
= nN—-=————">90. .
C=-n%, Gy on =" (4.1)

As the parameter n varies slightly by dn, the brane area A changes slightly by
SAG, X] /ddﬂ v A 6Gu(X) / g1, A 0X"()

on 0Guw(X) dn dXH(y) on 7 (4.2)
_ /ddHX dA  0G L (X) '
G (X) on

where we used the minimality condition d A/0X* = 0 for the embedding in the second
equality. Plugging this result into (4.1), we have

n 0A  6G(X)
=——— [d"'X AL 4.
¢ / 3G (X) on (43)
The derivatives 6.4/0G, and 6G ., (X)/én are not independent due to the equation of

motion of the bulk metric G,,. The variation with respect to n gives

O ik 0A

5C (X) (G +6G, ¥ + §¢] + (T, + m)m[c +6G, X +6X] =0 (4.4)
or
01 on A
m[a +0G, X+ 00X ¢+ 0y + s 3G (X) [G.¢,X] =0, (4.5)

where we used 07}, = dn/(4Gyn?). In the leading order of én, the difference from the

original equation motion is

52] (521
d+1X/ X/ X/
/ d [5GW(X)5GQB(XQ5GW( )+ 5GW(X)5¢(X'>5¢< )
621 on  O0A
d—1 o - T -
+ / Y e xexe) S W igwisg,, 0 (40

— 11 —



This gives the following relation

0A
G w(X)

521 5Gap(X)
3G (X)0Gag(X) on

= —4Gnn? / dx’ (4.7)

where we used the equations of motion 67/§1) = 0 and 01/ X* = 0. Plugging this §A4/6G
into (4.3), finally we obtain a symmetric formula for the capacity of entanglement®

6Gw(X) 821 6Gop(X")
on 0Guw(X)6Gap(X')  n

C =nd / dH X dir X! (4.9)

To prove the non-negativity of C, it is sufficient to show that the Hessian matrix
521
5G,u,u(X)6GO¢,B(X/)
that the bulk geometry is stable against any perturbation, which is the main assumption in

is non-negative definite on the on-shell bulk G,. This condition means

this paper as mentioned in Introduction. We will have a few comments on this assumption
in section 6.

This proof also provides a holographic formula for calculating the capacity of entan-
glement C'. Especially, the quantum fluctuation of the modular Hamiltonian with respect
to the original state is given by

C(1) = (H?) — (H)?,

6G 1 (X) 621 6Gap(X") (4.10)
on  0GL(X)0G.3(X")  on '

— /dd+1de+1X/

n=1

To prove the third inequality £ > 0 (2.20), we employ the expression (3.26) and it
is enough to show Iy [Bn} > Lhuk|[B1] as B,, and Bj obey the same boundary condition
8En = 0B1 = M. It is so since the functional Iy is supposed to have a minimum on the
on-shell solution Bj, not the off-shell bulk Bn, under the assumption that we can apply
Gibbons-Hawking-Perry prescription so that the Euclidean gravity action I, is non-
negative definite. Instead, we can derive the third inequality E > 0 also from the second
one S, > 0 and the fourth one C' > 0, in the same way as [18]. When n > 1, the free energy
F is non-negative because 8, F = S, /n? > 0 and F(1) = 0, and so the energy E = F +TS
is also non-negative. The non-negativity of the capacity dE/dT = C > 0 means that the
energy E does not decrease with T'= 1/n and is still non-negative even when n < 1.

4.2 Legendre transformed expression for capacity of entanglement

We derive another expression of the entanglement heat capacity (4.9) using the graviton
propagator, following [28] which calculates holographic entanglement entropies with probe
branes inserted in the bulk.

81f we extend the domain of the integral from Bn to Bp and use the action Iyuk[Br] = nl, then the
coefficient n® can be absorbed as

6Gu(X) 0 Iyux[Bn]  6Gas(X')
_ 4 x g4t ! W 8 .
C Bn 6” 6GH,IJ(X)6G&B (X/) (571

(4.8)

This formula maybe applies to cases when the replica symmetry Z, is spontaneously broken in the on-shell
bulk B,,.
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We rewrite 6G,,/dn appearing in (4.3), instead of 0.4/6G . By increasing the pa-
rameter n slightly by dn, the energy-momentum tensor of the brane

_ 51 VG 5A

T;U'V = el = TT‘MV = TTLW s (411)
changes slightly as
_ 1 dn 6A
0Ty =————. 4.12
K 4G N n? 6GH ( )
Correspondingly the bulk metric G, shifts by
6G ., (X) = 871Gy / A X" Guap(X, X') 20T (XY,
4.13)
on 0A (
= —drx A X Ges(X, X)) —F— .
n? / uwap (X )5Ga5(X’)

Here G ap is the Green’s function of the linearized Einstein equation on the fixed back-
ground G,,. Plugging it into (4.3), we obtain another expression of the entanglement heat

capacity
0A 0A
C = /dd+1de+1X/ G Vo )(7 X/ —_—
"G 3G () et X5 0 o
- / g+ x gttt g OA__ 0*log Z[T] o4 |
167”LG?V 5G,ul/ (X) 6T,uz/ (X)Taﬁ (X/) T=0 5G0€5 (X/) 7

where Z[T) is the partition function with a source 7T}, inserted.” In this form, the non-
negativity of C' is equivalent to the concavity of —log Z[T"], which holds for —log Z[T is
a Legendre transformation of the bulk action —log Z[G ), (X)] ~ I[G . (X)] as

%

—log Z|T| = min (I[GW] - /ddHX GW(X)T’“’(X)> , (4.17)
and in general the Legendre transformation F(J) = min[F(M) — JM] interchanges the

convexity and the concavity, 7" = —1/F".
The explicit expression

0A L OXP0X"

sem )~ 3 ) ¢ uEs 5 5 0T X - X W), (4.18)

allows us to rewrite the formula with integrals on the brane

™ OXH XY X 0XP
C= dily ad=1y Guvas(X X)) = (4.19
Gy | 2 VIV G G Guras (X0 XU G - (419
9Here we assumed 5 log Z[7]
1 og
Grvap(X, X) = 167G N 0Ty (X)0T (X)) (4.15)
which could be shown by taking the variation of (G, (X)) = dlog Z[T]/6T . (X), as
62 log Z[T - ,
d+1 g
5 (G (X)) = /d X' 6TW(X)5TQB(X’)5TQ5(X ). (4.16)

The normalization is determined by the definition of the graviton propagator (4.13).
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This representation is a consequence of the Legendre transformation between the re-
sponse G, and the source TH. In fact, for a free energy F(M;) with general responses
M; such as magnetization or chemical potential, the dual free energy F(J*)

F(J') = min[F(M;) — J' Mj], (4.20)

with J the dual sources such as magnetic field or charge, satisfies

9*F
0Ji0.Ji

0’F
Mot
OM;OM;

5 OM; = 6J'6M; = —6J° 6.J7 (4.21)
as 6F = J'0M; and § F = —M;6J*. The Legendre transformation interchanges the convex-

ity and the concavity.

5 Calculations of the capacity of entanglement

Our holographic proof of the inequalities for the Rényi entropy highlights a role of the
stability in the bulk as a unitarity of the dual field theory. The discussion was illuminating
for the formal proof, but less concrete so far. In this section, we switch gears and move
onto tangible examples of the capacity of entanglement in various systems.

5.1 Conformal field theory

In two-dimensional CF'T with central charge ¢ the Rényi entropies for an interval of length
L are well-known [25, 29]

c 1
with the UV cutoff e. It yields the capacity of entanglement straightforwardly
C(n) = 3% log(L/e). (5.2)

As it shows, the capacity is always positive in accord with the inequality (2.21) as the
length L cannot be smaller than the UV cutoff e.

It is challenging to obtain the capacity C(n) for general n in higher dimensional CFT,
while one can calculate C'(n) of a sphere in the limit n — 1. This is because C(1) =
—8n5'n|n:1 is identical to the derivative of the Rényi entropy C(1) = —20,,Sy|n=1, whose
calculations were already carried out for a sphere in CFT in [30]. In this case, the capacity
becomes
274241 (d — 1)T'(d/2)

I'(d+2)

C(1) = Vol(H4™1) (5.3)
This is proportional to the coefficient C7 of the correlation function of the energy-
momentum tensor [31]

Iab,cd (%’)

(Top(2)Tea(0)) = Cr =202,

(5.4)
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where I cq(x) is a function given by

1 1
Ty eq(x) = 5 (Lae(x) Ipg(x) 4+ Ioq(x) Ipe(x)) — géabécda
ToTy (5.5)
.’E2

Iab(l') = 0qp — 2

The positivity of C'(1) manifests itself in the form (5.3) as the volume of the hyperbolic
space is positively divergent. In practice, it is convenient to introduce the regularized

volumel?

Vol(H?~ 1) = #%/2-1p <1 — g) : (5.6)

to read off the so-called universal part of the Rényi entropies. This operation corresponds
to adding local counter terms with respect to the background metric to render the partition
function finite. It works well for any d except even integers as the poles structure of the
gamma function shows in (5.6). This signals the Weyl anomaly that cannot be removed by
local counter terms. In even d dimensions, one has to replace the formula (5.6) with [18, 23]

2(_7r)d/2—1

Vol(H'™) = = @)

log(R/e), (d: even), (5.7)
by introducing the UV cutoff € and the radius R of the hyperbolic space. When applied to
the entropy of an interval of width L in d = 2, the radius of the hyperbolic space R should
be identified with the width L/2 in the regularized volume (5.7) and we are able to recover
the CFTy result (5.2) upon the relation Cr = ¢/(272).

5.2 Free fields

The capacity of entanglement is less tractable to calculate for interacting QFTs as the
modular Hamiltonian is non-local in general. For free field theories, things are much
simpler and one is able to compute the Rényi entropies using the partition function on
S' x H4! which is conformally equivalent to the replica space of a spherical entangling
surface [23, 32, 33] (see also [34-36]).

Firstly we consider a conformally coupled real massless scalar field. With the help of
the map to S* x H!, the partition function on the n-fold replica manifold of a spherical
entangling surface becomes [33]

log Zs(n) = — /000 A\ ps(N) [log (1 — e_2wnﬁ> + ﬂn\f)\} , (5.8)

where 115(\) is the Plancherel measure of the scalar field on H*~! [37, 3§]

2

() = VO{SEIH) sinh(rv/3) ‘r <;l 14 iﬁ)

EEaCD

(5.9)

19T6 derive (5.6), one can either put a cutoff near the infinity of the hyperbolic space, or use a dimensional
regularization. In the former case, one ignores the power-law divergences for the cutoff to extract the
universal part, while in the latter case one analytically continues the dimension d from the range 1 < d < 2
to an arbitrary value.
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Together with (2.18), it leads to the capacity of entanglement
Cy(n) = w2n? / d) 15 (\) A csch® (mﬁ) . (5.10)
0

Turning into a massless Dirac fermion, the partition function is written as
o
log Z¢(n) = / dX pp(N) [log (1 + 6_2””’\> + 7m)\} , (5.11)
0

where the Plancherel measure of the spinor on H?~! is [38]

2

g(d) Vol(H4—1) ’ (5.12)

d—1
A) = h(7w\) [I' [ —— + A
) = i <w>] ( . +z)

and g(d) = 2[%?] is the dimension of Dirac spinors in d dimensions. The capacity takes a
similar form to the scalar field:

oo
Cy(n) = 7r2n2/ dX 117 (X) A sech? (mn)) . (5.13)
0
Both (5.10) and (5.13) are manifestly positive in their forms.
In two dimensions d = 2, these capacities reproduces the CFT5 result (5.2) with ¢ = 1.
They are also consistent with the general formula (5.3) of C'(1) for CFT where the free
fields have the following values of Cr [31]

dT'(d/2)*

g(d)dT(d/2)*
Awd(d — 1)’ ’

(CT)scalar = oy

(CT)fermion = (514)

For massive cases and for a region A other than a ball, it is hard to obtain capacities
analytically, but we can resort to lattice discretization to calculate them numerically. The
partition functions Tr[p"j] are expressed by correlation functions of discretized fields located
in the region A as follows [39—41]. For free scalars ¢; and its conjugates m; with correlation
functions X;; = (¢i¢;) and P;; = (m;m;), the partition function is given by

log Tr[p%] = —Tr [mg ((Ds+1 /2)"—(Dy—1 /2)”)} = (1og(e”€a ~1)—nlog(e — 1)) :

(5.15)
where we set the eigenvalues of Dy = VXP (> 1/2) as coth(e,/2)/2. The indices i, j
run only the ones corresponding to the sites inside the region A. This yields a manifestly
non-negative capacity

(Dy +1/2)(Dy — 1/2)" (10 Ds+1/2>2] n2

(s 1727 — (D, ~ 127 %D, —1j2) |~ 1 2 et (nea/2).

Cs(n)=n’Tr

a

(5.16)
The calculation for free fermions ); is similar [24]. The partition function given by

log Tr[p}] = Tr [log ((1 — D))" + D?)} = Z <1og(e"5“ + 1) — nlog(e® + 1)) , (5.17)
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yields a manifestly non-negative capacity

D1 —Dg)" D
Ct(n) = n*Tr i /) < !

2 2
n
1 = — ) eZsech?(ne, /2 1
(D} +(1—Dy)m)? °g1—Df>] 4%:%56(3 (n€a/2),  (5.18)

where the eigenvalues of the matrix (Dy);; = (wiw;[) are 1/(1 — ).

5.3 Gravity duals

The Rényi entropies of a spherical entangling surface are calculated through the holography
using the AdS topological black hole [18]. The metric for the bulk per replica B, is known
to be

d 2
dsi,, = f77£7“) + fu(r)dr? + r?(du® + sinh® w dQ2_,), (5.19)
with a function
2 i — g2

The Euclidean time direction 7 has the period 7 ~ 74 27 so that this metric reduces to the
non-singular flat space dr2+du?+sinh? u dQ?l_Q ~ Zle dm% at the conformal boundary r —
00. This geometry has a conical singularity 01(4”) at the horizon r = r,, (f,(rn) = 0), where
the Euclidean time 7 circle shrinks to a point. The horizon radius 7, is determined by n as
2 ! 2 2

n 2 < on= fh(rn) - drp — (d —2)ry ! (5:21)

14+ /1+n%d(d—2)
- 5.22
— , (5:22)

sy,

such that the correct conical singularity 7 ~ 7 + 27 /n is reproduced. r, is monotonically
decreasing with n and satisfies r,, > lim,, 00 7, = /(d — 2)/d.
The cosmic brane is located on the horizon and the improved Rényi entropy is nothing

but the black hole entropy
& pd-1 Vol(H"") _

=T 1Cn (5.23)
Integration by n gives the free energy F'(n)
", Sy Vol(H )2 —rd — pd-2
Py = [ w20 — nTn 5.24
() = [ an' T = . (5.24)

where we used the relation (d+(d—2)/r2)0,r, = —2/n? followed from the expression (5.21).
This means that the Rényi entropy S,, = nF/(n —1) is

n Vol(Hd_l) 2 — rfl — rfll_2

S p—
" n—1 4Gy 2 '

(5.25)

which is non-negative for any n and d asr,, > 1 forn < 1 and r,, < 1 for n > 1. We can also
check that the first inequality (1.5) holds or equivalently S[p,|p] = —(n—1)28,S, = 1+(d—
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1)(rd —rd=2)/2 —rd=1 > 0. The total energy (3.26) and the capacity of entanglement (4.1)
given by

B Vol(H41) 2 + (d — 1)(rd — rd=2)

B= 5 , (5.26)
~ Vol(H) g1 dr2 —(d—2)
C= ey U ae i) (5-27)

are also non-negative for any n and d as r, > 1 forn <1 and r, > /(d —2)/d for n > 1.
A more direct way to get C' without knowing S, is to use the formula

n . XM IXY G0 (X (y))
= —— de1 K . ‘ L 2
“= san /cgp WIS S oy e (5:28)

which is equivalent to the previous ones (4.3) and (4.19).' When applying (5.28) to the
background (5.19), we take the embedding X*(y) of the surface as (X", X7, X?) = (1,0, "),
where y* are the coordinates of H?!. For H% ! is maximally symmetric, the integration

just gives its volume and the formula reads

_nVol(]HId_l) d—3 0Guy

C= Ty .

(5.29)

Reassuringly it agrees with (5.27) as 0Gyy/6n = 672 /6n = 2r,O0prp.
When n = 1, the holographic capacity of entanglement takes a particularly simple form

~ Vol(H41)

c(1) 1Gn

(5.30)
It takes exactly the same form as the field theory calculation (5.3) because the holographic

system has [42] | 441 D@+
+ +

" 8nGy d— 1 7920(d)2)

One more example we are going to show is the system with two balls A; and As of

Cr

(5.31)

radii Ry and Ry separated enough (see figure 1). The Rényi entropy of the two balls for
an arbitrary n is beyond our scope, but a perturbative calculation is feasible in the leading
linear order of én = n — 1. Indeed, an analog of the mutual information I (A}, Ay) =
Sn(A1) + Sp(A2) — Sp(A1 U Ag) has been evaluated holographically by [14] for n close to 1.
We will benefit from the result to get the capacity of entanglement C'4,u4, for the union

of the two balls A; and As in this parameter region.

(z1—m2)(z3—74)
(x1—z3)(x2—24) —
1. x; are the coordinates of the points where the line connecting the two centers intersects

The positions of the balls are parametrized by the cross ratio 0 < z =

the balls, 12 for A; and z34 for Ay (figure 1). There are two phases depending on the
topology of the minimal surfaces in the bulk, and there is a critical point x = x. below

"Even when the graviton propagator G.as(X,X’) is known, the expression (4.19) is too difficult to
evaluate in general and it suffers from a subtle contribution from the asymptotic boundary. We will
comment on this difficulty in appendix A.
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Ry
Ry

A1 A2

Figure 1. The entangling region (shown in red) consists of two balls Ay and A, of radii R; and
Ry, respectively. The four coordinates x; are defined on the line connecting the centers of the balls.
In a conformal field theory, the configuration of the balls is uniquely specified by the cross ratio
x = (1 — 22)(x3 — 24) /(11 — 23) (22 — 24) = 4R 1 Ro/(r* — (R1 — R2)?), where 7 is the distance
between the two centers.

which a disconnected surface is favored, otherwise a connected one is realized [17]. The
calculation of 10" (Ay, As) performed by [14] is in the disconnected phase (z < ) with the
balls separated enough. To convert the result into the capacity C'(1), we apply a derivative
—20n|n=1 on S, (A1 U Ay) = S, (A1) + Sp(Ag) — I (A1, Ay) to get

Cay0a,(1) = Ca, (1) + Cay (1) + 20,1 (Ay, Ao) ] (5.32)
_ Vol(H* ), +Vol(H" g, 2nitiCy 2_“73(( x >2_d+1_2—d>
4G N d(d2—1)I ((d—1)/2)* = 2—x) 2 2 |’

(5.33)

where Vol(H? 1) is the regularized volume of H%~! of radius R given by (5.6) and (5.7).

5.4 Large and small n limits

Before closing this section, we examine the large and small n behaviours of the capacity
C(n) for a spherical entangling region in the systems we have studied. In the thermo-
dynamic interpretation, we regard these as the low and high temperature limits for the
temperature 7' = 1/n.

In the low temperature limit n — oo, the capacities of conformal theories go to zero as

d—1 r(g—1)° 1
Cs(n) ~ Vol(H*") — — (d#2), (5.34)
15.2d-1775°T (&) n
d)T(5F) 1
Cr(n) ~ Vo) ST L (5.35)
3.92d:% N
Vol(H%1) (d — 1)(d — 2)¥/2~1 1
C ~ — 5.36
AdS (n) 4G N q4/2 n’ ( )
for the massless scalar, massless fermion and CFT dual to the AdS spacetime, respectively.
They are proportional to a power of the temperature 7' = 1/n, indicating a gapless
excitation for the modular Hamiltonian. In d = 2, the scalar capacity also becomes

proportional to 1/n as Cs(n) = (¢/3n)log(L/€).
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On the other hand, in the high temperature limit n — 0, they obey the Stefan-
Boltzmann’s law C(T) oc T%! for thermal massless gases

(d—1I(d/2+1)((d) 1

d—1
Cs(n) Vol(H*™%) yi—s a1 e (5.37)
d—1)(271 = 1)I(d/2 + 1)¢(d)g(d) 1
92d—3 5d—1 n
Vol(H4—1) 2 \¢ !
Caas(n) ~ W(d— 1) <nd> . (5.39)
To derive these results, we used asymptotic behavior of p(\)
Vol(He—1) a3 g(d) Vol(H=1)
pe) ~ LA )~ AR i (5a0)
24-1772 T (432) 2022 T (%57)
in the limit A — oo and mathematical relations
> I'(d+1){(d
/ dz z%csch’s = (—27_2«), (5.41)
0 2
> 2971 — DI'(d+ 1)¢(d
/ dz x%sech’z = ( )d_(l +1)¢(d) , (5.42)
0 4

and I'(d +1)/2¢ = T(HEH0(4 + 1)/ /7.

6 Discussion

Our approach to the holographic Rényi entropy is advantageous for formal proofs and
provides a clear-cut relation of the roles played by the unitarity in QFT and the stability
of the gravity theory. Meanwhile, the holographic formula lacks a power of computability
in a practical problems as we saw in section 5. The main difficulty originates from the
procedure of finding the extremal surface of a cosmic brane in the backreacted geometry.
One would be able to calculate the Rényi entropy perturbatively either in n—1 or in shape,
otherwise it is generically unattainable in its nature. It is still algorithmically simple to
implement in numerical calculation that would be worth more investigation.

We do not know any rigorous proof or plausible argument for the bulk stability against
any perturbation that is essential in our holographic proof of the inequalities. To answer a
question whether the bulk is stable or not requires the knowledge of quantum gravity which
remains to be developed. It is one of the fundamental problems even in the perturbative
Fuclidean quantum gravity and providing the complete solution is far beyond the scope of
this paper. We comment on possible attempts instead:

e The assumption we made for the bulk stability is a sufficient condition, but may not
be a necessary condition, to prove the Rényi entropic inequalities in the holographic
system. Namely the non-negativity of the heat capacity (4.9) could have followed
from the condition for the Hessian matrix to be non-negative definite only in the
subspace of the metric variation dG,, /dn induced by changing the replica parameter.
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Unfortunately we were not able to demonstrate the non-negativity of the Hessian in
the subspace as the metric variation is only calculable in the neighbourhood of the
cosmic brane.

e The perturbative Euclidean gravity is known to suffer from the bulk instability due
to the Weyl mode.'? There are at least two directions known in literature to fix this
problem: one (ad-hoc) attempt is Gibbons-Hawking-Perry prescription which claims
to change the contour of integration for the Weyl mode, called conformal rotation,
in the path integral formulation of the perturbative Euclidean gravity [21, 22, 43].
(See also [44, 45] for further discussions.) For locally Euclidean AdSs spaces, this
prescription gives the correct one-loop partition function of gravity expected from the
AdS3/CF Ty correspondence [46], and it might well work for more general holographic
theories at the one-loop level. The other is based on the canonical quantization
of gravity to show the Hamiltonian is bounded from below, and then continues to
Euclidean path integral with an appropriate choice of contour [47, 48]. The two
approaches appear to be complimentary to each other, but a precise relation between
them has not been completely explored.

As a future direction, it would also be intriguing to include quantum corrections to
the holographic Rényi entropy [49]. Recent discussions [50, 51] argues a relation between
the boundary modular Hamiltonian Hyqy and the bulk one Hy,yx

A .
Hypay = 10n + Hpulk + Swald-like + O(GN) - (6.1)

Here A is an operator in the bulk which is supposed to give the area of the Ryu-Takayanagi
surface § when sandwiched by a state dual to a given state in the boundary field theory.
S'Wald_hke denotes local operators localized on S in the semi-classical limit. It may as well
be applied to the calculation of the capacity (2.18) for n = 1, leading to

1

e ((4%) —(4)?) + 5o (A Hyd) — (D)) +0(1), (62

C(l)bdy = QGN

where we introduced flbulk = Hpux + Swald_hke to simplify the notation. Surprisingly, the
leading term is of order 1/ G?V, which was not observed in the examples in section 5. Thus
we are lead to conclude that the area operator has to satisfy

(A%) — (A)?

a= BETe T O(GY) . (6.3)

We believe this is a defining property of the area operator that holds for any state in the
semi-classical limit. A similar statement has been made in, e.g., [52] in the context of the
linearity of the area operator recently. The order 1/Gx term is likely to contribute to the
capacity, and it indeed does so for the cases considered in section 5. We do not know how
to estimate it in practice, but the non-negativity of the capacity yields a constraint

a + (A Hyui) — (A) (Houi) > 0+ O(Gw). (6.4)

12We thank M. Headrick for drawing our attention to this subtlety.
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Testing this inequality needs more detailed information on the area operator and the local
operators on the Ryu-Takayanagi surface S, which is far beyond the scope of the present
work.

Another interesting direction is to generalize the holographic formula of the Rényi
entropy to a time dependent background [53] and higher derivative gravities [54, 55]. It is
not so obvious how a cosmic brane modifies the original proposals, but it is likely that the
entropy is still given by variants of the area formula.
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A On holographic calculation of C(1) using graviton propagator

In this appendix, we use the expression (4.19) including the graviton propagator to calculate
C(1) for a spherical entangling surface. First, we reproduce the formula

C) = s [ d Y a0 (A1)
N

where
oXH oX” oxX>oXxh
Jy,y) = ————Guas(X®), X)) = —. A2
There is a difficulty related to the boundary term in this formula as commented in [28] and
pointing it out is the purpose of this appendix.

The graviton propagator G,ag is not known for the backreacted metric with general
n, while the metric is just AdSqy; for n = 1 whose graviton propagator G,/ (X, X") can

be represented as [56]
G (X, X') = (0,04 D 8,0, D+ (u <+ v))G(D) + G (X)G (X" VH(D) +- - . (A.3)

The (---) terms are gauge-dependent and do not matter when the bulk energy momentum
tensor T}, vanishes at the boundary fast enough, but they would contribute in the current
setup because the energy-momentum tensor of the brane does not decay at the boundary.
The (- --) term is too complicated to be taken into account, and we proceed without having
them for a moment.

We are going to evaluate the G(D) and H (D) parts. 9, = 9/0X* and 0y = /XM
are derivatives with respect to the bulk points X and X’. The two functions G(D) and
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H(D) are given by

d
G(D) = Gy (;) F <d,d;1;d+ 1;2) , (A4)
2 _ . d—1
(A5)

with a constant di
b L(4L) _ 1
(4@%(1 24d Vol (S%)

(A.6)
The function D = D(X, X’) is the invariant distance between the two points X and X',
1
D= [=(XL = X0)® + (Xg = Xo)* + (X = X1)" + -+ (X = Xo)*] . (A7)

in the Euclidean AdS,1 space realized as an embedding —X?2, + X3+ X2+ -+ X7 = —1
in RV with the metric ds? = —dX?, + dX3 +dX} + -+ dX32. An expression of D in
the hyperbolic coordinate

2
dsi., = rf%l + (2 = 1)dr* 4 r*(du® + sinh? udQ? ), (A.8)

follows from the coordinate transformation
X 1 =rcoshu, X, =rsinhu; 4 (1=2,...,d),

Xo=+Vr2—1sint, X;=+vVr2—1cosT.

The minimal surface is the horizon r = 1 of the topological black hole at 7 = 0, on which

(A.9)

the invariant distance D becomes

d—1
D(u', ;5 u, ;) = coshu cosh u’ — sinh u sinh v’ Z 20 —1. (A.10)
=1
The function J is calculated as!®14
J:2((D+1)2+d—2)G(D)+(d—1)2H(D)+---, (A.13)
8To calculate J = J(D), it is easier to work in Poincaré coordinate ds3,, = (dz? 4+ 3.7, da?)/2?
related by
Z 1+ Zc-l:ol zf T . z -1+ Zc-l:ol mf
== 1= P = — =0,...,d— , = — —_— N A1l
X_1 5 + o , X . (i=0 d—1) Xa 2 + 25 ( )
because the minimal surface is mapped to just a plane 2° = 2* = 0.
“The (---) term would be represented as
(-+-)=2(d(D+1)*> - 1)X(D) + 2D(D + 1)(D + 2)X'(D)
+2(d+1)D(D + 1)(D + 2)Y(D) + 2D*(D + 2)°Y"(D)
+2(d —1)*(D+1)Z(D) +2(d — 1)D(D + 2)Z' (D), (A.12)

with functions X,Y, Z given implicitly in [28].
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which is just a function of the invariant distance D. The symmetry of the hyperbolic space
H! allows us to move the two points to (v, ') = (0,0) and (u,Q) = (u,0), and factor
out the integrals over ’, ' and Q:

C(1) / dudu' dQg_p dQY; 5 sinh?? usinh?=2 ' J(D),

- T
el
~ Vol(H?1)
 4Gn

(A.14)
7Vol(S%72) / dusinh®2u J(D),

where D = D(u,0;0,0) = coshu — 1. The integration of G(D) and H(D) parts of J(D)

can be performed as
Vol(H4=1Y) /d — 2
1) = ) Al
C(1) 1Gn ] + (A.15)

Compared with the previous result (5.30), we speculate that the gauge-dependent part

contributes 2/d. It would be desirable to include the gauge-dependent contribution in
order to confirm our conjecture, but we leave it to future investigations.

B Comments on the strong sub-additivity of Rényi entropies

We have given a holographic proof of the Rényi entropic inequalities, but they are not
related to the strong sub-additivity of entanglement entropy (1.2). In fact, the Rényi
entropy S, is nether strong sub-additive nor sub-additive (1.3). The improved Rényi
entropy S, (2.10) does not satisfy them too.

To achieve the sub-additivity and strong sub-additivity of the Rényi entropy, it would
be helpful to review how these inequalities are related to information theoretic mea-
sures. In fact, these inequalities follow from properties of the relative entropy S[p|o] =
Tr[p(logp — logo)]. Relative entropy is non-negative S[p|o] > 0, and equivalently the
mutual information

I(A,B) =S4+ Sp — Sap = Slpaslpa ® p] >0 (B.1)

is also non-negative. These are also equivalent to the sub-additivity of entanglement en-
tropy. On the other hand, the strong sub-additivity of entanglement entropy is equivalent
to the non-negativity of the conditional mutual information

I(A, B|C) = Sac + Spjc — SaB|c

(B.2)
= Sac +Spc — Sapc — Sc,

where Sx|y = Sxy — Sy is called the conditional entropy. Relative entropy decreases
monotonically under partial trace, S[p|o] > S[Trpp|Trpo], meaning that the conditional
mutual information (A, B|C) is non-negative

I(A,B|C) = Slpasclpa @ pac] — Slpaclpa ® pc),

= Slpasclpa ® ppc] — S[Trplpasc]|Trelpa @ ppcl] (B.3)
> 0.
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Now one way to generalize these inequalities to the Rényi entropy is introducing the
relative entropy or mutual information for the Rényi entropy. One promising proposal of
the relative Rényi entropy is [57, 58]

log Tr[(0" 2 po 2 )", (B.4)

S, =
alplo] =
which reduces to the relative entropy S[p|o] in the limit n — 1. This generalization of
the relative entropy keeps the non-negativity Sp[p|oc] > 0 and monotonicity Sy,[p|lo] >
Sn[Trpp|Trpo]| under partial trace [59]. So we assert that the Rényi generalization of the
sub-additivity would be

L,(A, B) = Splpaslpa ® pB] > 0, (B.5)

and the Rényi generalization of the strong sub-additivity would be

Snlpasclpa @ pc] — Snlpaclpa ® pc] 2 0. (B.6)

For entanglement entropy with n = 1, these inequalities admit a holographic interpretation.
For the Rényi entropy for any n, however, it is not possible to express the relative Rényi en-
tropy Sy [p|o] or Rényi mutual information I, as a linear combination of the Rényi entropies.
So it is not clear how to interpret these Rényi-generalized inequalities holographically, even
though we have the holographic Rényi entropy formula. The expression of the relative Rényi
entropy (B.4) suggests that it can be calculated by the replica method [60] and it may have
an interpretation and proof of these Rényi-generalized inequalities in a holographic system.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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