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1 Introduction

Heterotic compactifications play a fundamental role in building phenomenologically rele-

vant models for particle physics; in this perspective, some realistic Calabi-Yau (CY) models

from the point of view of the field content and the interactions were built, see e.g. [1]. How-

ever remains the problem of stabilizing the massless moduli characterizing the Calabi-Yau
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manifold and the stable holomorphic vector bundle. Although a suitable choice of gauge

bundle can stabilize a significant fraction of the complex structure moduli [2], torsional

compactifications, in which a non-trivial Kalb-Ramond H-flux is turned on, constitute an

essential approach towards solving completely this moduli problem.

The supersymmetry conditions at order α′ for N = 1 compactifications to four dimen-

sions with H-flux have been known for almost thirty years [3]. Nevertheless our knowledge

of solutions of these equations, known as Strominger’s system, is very limited. Indeed

the compactification manifold is conformally balanced instead of Kähler, and the Bianchi

identity, see eq. (C.1d), is notoriously hard to solve as it is non-linear in the flux.1

There are two pitfalls that await any attempt to construct compactifications with tor-

sion from a low-energy perspective. First, the Bianchi identity implies that, if H-flux is

present at leading order in α′, there exists no large-volume limit of the compactification

in general (see [4] for a recent discussion). Second, the underlying (0, 2) non-linear sigma-

model is generically destabilized by worldsheet instantons [5]. A promising approach that

was developed recently is to obtain the worldsheet theory as the infrared fixed point of

a (0, 2) gauge theory, generalizing the well-known Calabi-Yau gauged linear sigma-models

(GLSMs) [6] to torsion gauged linear sigma-models (TGLSMs) [7–13]. Worldsheet instan-

ton corrections may indeed cancel for theories with a UV (0,2) GLSM description [14].2

There exists a single well-known class of compactifications with torsion, given by prin-

cipal two-torus bundles over a warped K3 base together with the pullback of a stable

holomorphic vector bundle over K3; following the general usage, they will be named Fu-

Yau (FY) compactifications thereafter. These solutions were first obtained by Dasgupta,

Rajesh and Sethi from type IIB orientifolds by S-duality [16], and subsequently studied

geometrically by Goldstein and Prokushkin in [17], where their SU(3) structure was made

explicit. Fu and Yau managed to solve the Bianchi identity in [18], using the Chern con-

nection (with a sequel [19] discussing more physical aspects), while a different choice of

connection was put forward in [20]. These compactifications lead to N = 2 or N = 1 su-

persymmetry in space-time. The first class of torsion GLSM that was obtained by Adams

and collaborators [7] was especially designed to give a worldsheet theory for the former.

The microscopic description of Fu-Yau compactifications as torsion GLSMs provides

some evidence for their consistency at the quantum level, beyond the supergravity regime.3

This approach was also used in [9] to compute their massless spectra using Landau-

Ginzburg methods, and in [21] to obtain exact statements about their duality symmetries.

A very interesting aspect of the latter work, which will play an important role in the present

paper, was that covariance of the theory under perturbative O(2, 2;Z) dualities along the

two-torus fiber imposes that its moduli are those of a c = 2 rational conformal field theory.

1Only is some specific cases, such as the one discussed in this article, does the Bianchi identity boil down

to a partial differential equation for a single function, which makes the problem simpler to solve.
2However, some caveats in the arguments of [14] concerning the absence of worldsheet instantons desta-

bilizing (0, 2) GLSMs have been recently uncovered in [15].
3As for ordinary GLSMs the arguments leading to the absence of destabilization by worldsheet instantons

in torsion GLSMs should be taken with a grain of salt. In the present case however space-time N = 2

supersymmetry presumably prevents such corrections from contributing to the effective superpotential.
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It is natural to ask whether there are other important results regarding heterotic

compactifications with torsion that can be obtained in this GLSM framework. Typically,

the non-conformal gauged linear sigma-models allow one to compute exactly quantities that

are invariant under the RG flow on the worldsheet. A good example of this is the elliptic

genus [22] which was indeed obtained, for CY compactifications, using their formulation as

a GLSM [23–25] and supersymmetric localization [26].

In the case of torsion GLSMs for N = 2 Fu-Yau compactifications that interest us

in this work, the elliptic genus vanishes since they have too many fermionic zero modes.

We will consider instead their new supersymmetric index [27], which contains important

information about four-dimensional physics. It counts the BPS states in space-time [28],

and allows to compute the one-loop threshold corrections to the gauge and gravitational

couplings of N = 2 heterotic compactifications, see [29, 30] and e.g. [31, 32] for subsequent

work. While these are well-established results for K3 × T 2 compactifications, our main

motivation is to extend this analysis to the more general case of Fu-Yau geometries.4

In this article, we will derive the new supersymmetric index directly from torsion

GLSMs corresponding to Fu-Yau compactifications with N = 2 supersymmetry, using su-

persymmetric localization. Several steps of the derivation are similar to the computation

of the elliptic genera for ’ordinary’ gauged linear sigma-models [23–25]. There are however

important new aspects related to the presence of gauge anomalies canceled against classi-

cally non gauge-invariant interactions. With the choice of supercharge Q appropriate to the

problem, the action of the torsion multiplet, representing the torus fiber, is not Q-exact,

and the measure in field space is not Q-invariant; as we will demonstrate, supersymmetric

localization makes sense nonetheless for the full theory.

Independently of physics, the elliptic genus of a holomorphic vector bundle over a

compact complex manifold is obtained as the holomorphic Euler characteristic of a formal

power series with vector bundle coefficients; whenever suitable topological conditions are

met (essentially the tadpole conditions), it gives a weak Jacobi form. The twining partition

function that we define as an intermediate step in the computation of the new supersym-

metric index, see eqs. (3.12) and (3.13), is the natural (non-holomorphic) generalization

of the Calabi-Yau elliptic genus to Fu-Yau geometries. More generally, it provides a non-

holomorphic genus for principal two-torus bundles over CY d-folds, which transforms as

a weak Jacobi form, and whose topological nature follows from quantization of the torus

moduli. We will present a definition of this quantity in geometrical terms, independently

of any GLSM or other worldsheet formulation, in eq. (6.4); a proof of this statement will

be provided for an example based on the quartic.

The plan of this article is as follows. In section 2 we review the construction of torsion

GLSMs. Then in section 3 we present the new supersymmetric index, and proceed in

section 4 to its path integral computation using localization. In section 5 we generalize the

results to higher rank gauge groups, provide an anomaly-free charge assignment for a large

class of models and illustrate our results with an explicit example. In section 6 we provide

4This has been done for local models of these compactifications in [33] by one of the authors, using their

solvable conformal field theory description found in [34].
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the geometrical formula for the new supersymmetric index, and finally we summarize the

work exposed in this article in section 7 and give directions for future work. Conventions

for (0, 2) superspace are gathered in appendix A, some results about theta functions and

modular forms can be found in appendix B, and a summary of Fu-Yau geometry is given

in appendix C.

Conventions:

• In the following, we set α′ = 1, which means that the self-dual radius is one.

• The real part (resp. imaginary part) of any complex quantity is denoted by an index

1 (resp. 2).

• 4πS =
∫

d2z L.

• left-moving ↔ holomorphic.

• One defines q = exp(2iπτ) and w = exp(2iπy).

• The volume of the worldsheet torus is
∫

d2z = 2τ2.

2 Gauged linear sigma-models with torsion

We review in this section the construction of torsion gauged linear sigma-models proposed

in [7]. These are gauge theories in two-dimensions with (0, 2) supersymmetry which are

expected to flow in the infrared to (0, 2) non-linear sigma-models whose target space cor-

responds to Fu-Yau compactifications; a brief presentation of these non-Kähler heterotic

solutions is given in appendix C.

As the first step of this construction, one considers a standard (0,2) gauged linear

sigma-model for the K3 base; generically such model suffers from gauge anomalies, that,

in the usual case of Calabi-Yau GLSMs, should be made to vanish by a suitable choice of

field content hence of gauge bundle in space-time. In the present case, one cancels instead

the anomalous variation of the functional measure against a classically non-gauge-invariant

Lagrangian for a torsion multiplet modeling the T 2 principal bundle, thereby realizing the

Green-Schwarz mechanism on the worldsheet.

2.1 Anomalous gauged linear sigma-model for the base

For simplicity of the discussion, we restrict ourselves in the following discussion to the case

of a U(1) gauge group on the worldsheet; the generalization to higher rank gauge groups is

rather straightforward and will be briefly mentioned in section 5. The conventions we use

for (0, 2) superfields, as well as the components Lagrangian, are given in appendix A.

A (0, 2) gauged linear sigma-model for a complete intersection Calabi-Yau manifold in

a weighted projective space [6] contains first a set of n (0, 2) chiral multiplets Φi, as well

as a set of p Fermi multiplets Γ̃α, interacting through the superpotential

Lt =

∫
dθ+ Γ̃αGα(Φi) + h.c. , (2.1)
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where the Gα(φi) are quasi-homogeneous polynomials of the appropriate degree to preserve

gauge invariance at the classical level and, geometrically, to obtain a hypersurface of van-

ishing first Chern class. This Calabi-Yau hypersurface corresponds then to the complete

intersection
⋂p

α=1 {φi | Gα(φi) = 0}.

Second, the holomorphic vector bundle is described, in the simplest examples, by

adding a set of s+1 Fermi multiplets Γa, a single chiral multiplet P and the superpotential

Lv =

∫
dθ+ P Γa Ja(Φi) + h.c. , (2.2)

where the Ja are again quasi-homogeneous polynomials. Let us denote the gauge charges

of the different superfields as (with QP and Qα negative, the other ones positive):

Φi P Γ̃α Γa

U(1)gauge Qi QP Qα Qa

(2.3)

In the geometrical “phase”, where the real part of the Fayet-Iliopoulos coupling is taken

large and positive, one expects that the model flows to a non-linear sigma-model on the

CY hypersurface with left-handed fermionic degrees of freedom transforming as sections of

a rank s holomorphic vector bundle V, determined by the short exact sequence5

0 −→ V ι−→
s+1⊕

a=1

O(Qa)
⊗Ja

−→ O(−QP ) −→ 0 . (2.4)

As the (0, 2) multiplets contain chiral fermions there are potentially gauge anomalies

on the worldsheet that should be canceled. The model should also contain a non-anomalous

global right-moving U(1) symmetry which corresponds in the infrared to the U(1)r sym-

metry of the N = 2 superconformal algebra, and a global left-moving U(1)l symmetry,

used to implement the left-moving GSO projection.

The variation of the effective Lagrangian under a super-gauge transformation of chiral

parameter Ξ writes

δΞLeff = −A
4

∫
dθ+ ΞΥ + h.c., (2.5)

with Υ the field strength superfield, and the anomaly coefficient

A =
∑

i

Q 2
i + Q 2

P −
∑

α

Q 2
α −

∑

a

Q 2
a , (2.6)

which measures the difference between the second Chern character of the tangent bundle

of the base manifold and the second Chern character of the vector bundle over the latter.

If one considers a model with A 6= 0, then the theory is at this point ill-defined quantum

mechanically.

5For simplicity of the presentation we do not consider adding fermionic gaugings. For more details, see

for instance the review [35].
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2.2 Two-torus principal bundle and anomaly cancellation

In the original work of Adams and collaborators [7], the two-torus bundle over the K3

base is built up by first constructing a C∗ × C∗ non-compact bundle, and then changing

complex structure in field space, allowing to discard the decoupled non-compact part from

the C∗ × C∗ = C × T 2 bundle, while preserving (0, 2) supersymmetry.

To start, one introduces two extra chiral multiplets Ω1 = (ω1, χ1) and Ω2 = (ω2, χ2),

whose (imaginary) shift symmetry is gauged as

δΞ Ωℓ = −i Mℓ Ξ , Mℓ ∈ Z , ℓ = 1, 2 . (2.7)

The compact bosonic fields Im(ωℓ) will ultimately parametrize the torus fiber.

A generic two-torus is characterized by a complex structure T = T1 + iT2 and a

complexified Kähler modulus U = U1 + iU2, such that the metric and Kalb-Ramond field

are given by

G =
U2

T2

(
1 T1

T1 |T |2
)

, B =

(
0 U1

−U1 0

)
. (2.8)

The Lagrangian for Ω1 and Ω2, corresponding to a complexification of this two-torus,

reads [21]:

Ls = − iU2

4T2

∫
d2θ

(
Ω1 + Ω̄1 + T1

(
Ω2 + Ω̄2

)
+ 2(M1 + T1M2)A+

)
×

×
(
∂−

(
Ω1 − Ω̄1 + T1

(
Ω2 − Ω̄2

))
+ 2i(M1 + T1M2)A−

)

− iU2T2

4

∫
d2θ

(
Ω2 + Ω̄2 + 2M2A+

) (
∂−

(
Ω2 − Ω̄2

)
+ 2iM2A−

)

+
iU1

4

∫
d2θ

{(
Ω1 + Ω̄1 + 2M1A+

) (
∂−

(
Ω2 − Ω̄2

)
+ 2iM2A−

)
−

−
(
Ω2 + Ω̄2 + 2M2A+

) (
∂−

(
Ω1 − Ω̄1

)
+ 2iM1A−

)}

− iN i

2

∫
dθ+ Υ Ωi + h.c. (2.9)

The couplings between the chiral superfields Ωℓ and the field strength superfield Υ contain

field-dependent Fayet-Iliopoulos (FI) terms (last line) that are classically non-invariant

under (super)gauge transformations:

δΞLs = −N iMi

2

∫
dθ+ Υ Ξ + h.c. . (2.10)

This gauge variation should be such that it compensates the one-loop anomaly (2.6) of

the base GLSM; this can be viewed as a worldsheet incarnation of the Green-Schwarz

mechanism. Finally, in order for the action to be single-valued under ωi ∼ ωi + 2iπ in any

instanton sector, the couplings N i should be integer-valued.

Moduli quantization. In order to restrict the non-compact C∗ ×C∗ fibration described

above to a T 2 fibration while maintaining (0, 2) worldsheet supersymmetry, one has to

define a complex structure in field space that allows for a decoupling of the real part of these

– 6 –
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multiplets. This is compatible with supersymmetry provided that the couplings between

the gaugini and the fermionic components of the superfields Ωi vanish [7]. It amounts to

the following relations between the Fayet-Iliopoulos parameters and the charges [21]

N1 = −U2

T2
Re(M) − U1M2 ∈ Z , (2.11a)

N2 = −U2

T2
Re(T̄M) + U1M1 ∈ Z , (2.11b)

with the complex charge M defined as

M = M1 + TM2 . (2.12)

Using these relations the gauge-variation of the field-dependent Fayet-Iliopoulos term reads:

δΞLs =
U2

2T2
|M |2

∫
dθ+ ΥΞ + h.c. , (2.13)

which should be cancelled against the gauge anomaly from the chiral fermions in order to

get a consistent quantum theory. One obtains the condition

∑

i

Q 2
i + Q 2

P −
∑

α

Q 2
α −

∑

a

Q 2
a − 2U2

T2
|M |2 = 0 , (2.14)

reproducing the tadpole condition from the integrated Bianchi identity in Fu-Yau com-

pactifications [19], see appendix C.

The torus moduli T and U are partially quantized by the pair of supersymmetry

conditions (2.11); in a model with worldsheet gauge group U(1)k one obtains one such

condition for each complex charge Mκ, hence the moduli are generically fully quantized.

As was shown in [21], covariance of the theory under T-duality symmetries along the

fiber provides another way of understanding quantization of the torus moduli. Under the

transformation U 7→ −1/U in PSL(2;Z)U , each complex charge M is mapped to −ŪM .

For consistency this charge should belong to the same lattice as the original one, namely

ŪM ∈ Z + TZ.

Demanding that this property holds for every topological charge in the model is ac-

tually a non-trivial statement. Generically, this is true if and only if the elliptic curve

ET = C/(Z + TZ) admits a non-trivial endomorphism

ET → ET

z 7→ Ūz , (2.15)

which is known as complex multiplication. This property holds if and only if both U and T

are valued in the same imaginary quadratic number field Q(
√

D) with D the discriminant

of a positive definite integral quadratic form:

D = b2 − 4ac < 0 , a, b, c ∈ Z , a > 0 . (2.16)

Crucially, c = 2 conformal field theories with a two-torus target space are rational iff their

T and U moduli satisfy these conditions [36, 37]; this property will play an important role

in section 4.

– 7 –
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One could also consider incorporating in the torsion GLSM terms corresponding to

extra Abelian gauge bundles over the total space M (that would be Wilson lines along the

torus in the K3 × T 2 case), which are indeed allowed by the space-time supersymmetry

constraints [19]. We leave this generalization of the models for future work.6

Torsion multiplet. Whenever the supersymmetry conditions (2.11) are met, the non-

compact real parts of Ω1,2 decouple and one can reorganize their imaginary parts into a

torsion multiplet Θ = (α, χ), with

α = Im (ω1) + T Im (ω2), (2.17)

χ = Re (χ1) + T̄ Re(χ2), (2.18)

shifted as δΞΘ = −M Ξ under supergauge transformations, with the complex charge M

defined in eq. (2.12). The Lagrangian is given (omitting temporarily the topological B-field

term for simplicity) by

Lt.m. = −i
U2

T2

∫
d2θ

(
Θ̄ + 2iM̄A+

)
D−Θ − M̄

2

U2

T2

∫
dθ+ΘΥ + h.c., (2.19)

where the superspace covariant derivative reads D−Θ = ∂−Θ − iM
2 (2∂−A+ + iA−).

As usual going to Wess-Zumino gauge is convenient in order to exhibit the physical

degrees of freedom; in the present situation one should not forget nevertheless that the

theory is not classically gauge invariant, hence such gauge choice only makes sense in the

path integral of the full quantum theory, including the base GLSM, as will be clear below

when supersymmetric localization will be put into action.

In this gauge the torsion multiplet contains a compact complex boson coupled chirally

to a gauge field and a free right-moving Weyl fermion. After going to Euclidean signature7

and some rescaling of the fields, one has

T2

U2
Lt.m. = ∇zᾱ∇z̄α + ∇zα∇z̄ᾱ − 1

2

(
Mᾱ + M̄α

)
azz̄ + 2χ̄∂χ, (2.20)

with ∇zα = ∂α + Maz and ∇z̄α = ∂̄α + Maz̄, and where azz̄ = 2
(
∂az̄ − ∂̄az

)
denotes

the field strength of the gauge field. After integrating by parts, one gets the following

Lagrangian

T2

U2
Lt.m. = 2∂ᾱ∂̄α + 2Maz̄∂ᾱ + 2M̄az̄∂α + 2|M |2azaz̄ + 2χ̄∂χ + t.d. , (2.21)

where the left-moving U(1) currents ∂α and ∂ᾱ are coupled to the gauge fields, but not

the right-moving ones.

Since we are working in Wess-Zumino gauge, the appropriate supersymmetry trans-

formations are given by

δǫ =
(
ǫQ+ − ǭQ̄+ + δgauge

)
, (2.22)

6It may be difficult to incorporate such bundles in an explicit (0, 2) GLSM framework; see [21] for a

preliminary discussion about this aspect.
7One first Wick rotates to Euclidean time σ2 = −iσ0. Complex coordinates are then defined by z =

σ1 + iσ2 and z̄ = σ1 − iσ2.
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where δgauge refers to the supergauge transformation which is needed to restore Wess-

Zumino gauge after the supersymmetry transformation, corresponding to the chiral pa-

rameter Ξwz = iǭθ+az̄. The transformation properties of the different component fields are

listed in appendix A, eq. (A.7); the Lagrangian for the torsion multiplet is not invariant un-

der this transformation, but its variation is precisely such that it compensates the variation

of the effective action of the base GLSM under the gauge transformation back to WZ gauge.

To summarize, a consistent torsion gauged linear sigma-model is given by a base K3

GLSM whose gauge anomaly is canceled by a torsion multiplet, provided that the tadpole

condition (2.14) holds. Finally one has to choose the U(1)l and U(1)r charges of all the

multiplets in order to cancel the global anomalies, and to obtain the correct central charges

of the IR superconformal algebra and rank of the vector bundle. The global charges of the

torsion multiplet, proportional to their gauge charge M , correspond naturally to charges

under a shift symmetry. Consistent choices of global charges will be given in section 5.

3 New supersymmetric index of N = 2 compactifications

We consider N = 2 compactifications to four dimensions of the E8 × E8 heterotic string

theory. For any (0, 2) superconformal field theory with (c, c̄) = (22, 9) corresponding to

the ’internal’ degrees of freedom of such compactification, the new supersymmetric index

is defined as the following trace over the Hilbert space in the right Ramond sector:

Znew(τ, τ̄) =
1

η(τ)2
Trr

[
J̄0(−1)FRqL0−c/24q̄L̄0−c̄/24

]
, (3.1)

where FR is the right-moving fermion number and J̄0 the zero-mode of the right-moving R-

current, which is part of the (right-moving) superconformal algebra. In general, this index

is independent of D-term deformations, while it is sensitive to F-term deformations [27].

It was observed in [29, 30] that the threshold corrections to the gauge and gravitational

couplings of N = 2 heterotic string compactifications on K3 × T 2 are easily obtained in

terms of the new supersymmetric index (3.1). Furthermore Harvey and Moore showed

in [28] that it counts the four-dimensional BPS states as

− 1

2iη2
Znew(q, q̄) =

∑

BPS vectors

q∆q̄∆̄ −
∑

BPS hypers

q∆q̄∆̄ . (3.2)

One of the goals of this paper is to extend this analysis to Fu-Yau geometries. Formula (3.2)

was proven using representation theory of the N = 4 superconformal algebra underlying

the K3 CFT. As was explained in [38], non-linear sigma-models with a Fu-Yau target space

are invariant under the action of the generators of a (0, 2) ⊕ (0, 4) superconformal algebra,

at the classical level, hence we expect that a similar reasoning holds in the present case.

3.1 New supersymmetric index of K3 × T2 compactifications

We first review the computation of the new supersymmetric index in the familiar case of

K3×T 2 compactifications of the E8×E8 heterotic string, without Wilson lines for simplicity.

We emphasize the role of the left-moving GSO projection and the formulation of the index

– 9 –
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as a chiral orbifold in order to facilitate the generalization to Fu-Yau compactifications in

the next subsection.

We assume that the gauge bundle lies in the first E8 only. More specially, we consider

a gauge bundle V with the embedding V ⊂ SO(2n) ⊂ E8. The internal CFT is then

the tensor product of a (0, 2) theory with (c, c̄) = (14, 9) and a (c, c̄) = (8, 0) theory

corresponding to the second E8 factor.

Using the factorization of the (c, c̄) = (14, 9) CFT in the two-torus and K3 factors,

hence the decomposition of the corresponding (0, 2) superconformal algebra into the direct

sum (0, 2) ⊕ (0, 4), we split the right-moving R-current as follows:

J̄ = J̄ T2

+ J̄ K3 . (3.3)

It allows to expand the superconformal index into the sum of two terms. For the second

one, we get

Trr

[
J̄ K3

0 (−1)FRqL0−c/24q̄L̄0−c̄/24
]

= 0 , (3.4)

for two different reasons. First, the fermionic partners of the T 2 have a pair of fermionic

zero modes of opposite fermion numbers, hence the trace over the two-torus Hilbert space

vanishes. Second the K3 SCFT has N = (0, 4) superconformal symmetry, hence the

eigenvalues of J̄K3
0 , which are twice the eigenvalues of the Cartan current of the SU(2)1

R-symmetry, come in pairs of opposite sign [28].

In order to trace over the internal Hilbert space of the theory we have to define a

left-moving GSO projection corresponding to the first E8 factor. We assume the existence

of a U(1)l left-moving symmetry, acting on the (0, 4) SCFT describing the K3 surface as

on the remaining (8 − n) free left-moving Weyl fermions of the first E8.

We consider the following twining partition function in the RR sector, with a chemical

potential y for this U(1)l symmetry:

ZK3×T 2(τ, τ̄ , y) =
1

η̄(τ̄)2
Trrr,HK3×T 2

[
e2iπyJ0 J̄ 0(−1)F qL0−c/24q̄L̄0−c̄/24

]
, (3.5)

with J0 the left-moving U(1) current, (−1)F = exp iπ(J0 − J̄0) and where the trace is over

the Hilbert space of the K3 × T 2 (0, 2) superconformal field theory with (c, c̄) = (6 + n, 9).

Then, using standard orbifold formulæ, see e.g. [39], the new supersymmetric index is

obtained as a sum over the sectors of the chiral Z2 quotient corresponding to the left-

moving GSO projection:

Znew(τ, τ̄) =
η̄2E4(q, 0)

2η10

1∑

γ,δ=0

qγ2

{(
ϑ (τ |y)

η(τ)

)8−n

ZK3×T 2(τ, τ̄ , y)

}∣∣∣∣∣
y= γτ+δ

2

, (3.6)

where the modular form E4(q, 0) comes from the contribution of the second E8 factor, see

appendix B.

The partition function over the two-torus degrees of freedom is straightforward. For a

torus with complex and Kähler moduli T and U the soliton sum Ξ2,2(U, T |τ, τ̄) is given by

Ξ2,2(τ, τ̄ |T, U) =
∑

mi,ni∈Z

exp

(
− π

τ2

U2

T2

∣∣m1 + n1τ + T (m2 + n2τ)
∣∣2 + 2iπU(m1n2 − n2m1)

)
.

(3.7)
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Then the contribution to the partition function (3.5) reads

Trrr,H
T 2

[
J̄0(−1)J̄0qL0−c/24q̄L̄0−c̄/24

]
=

1

2iπ

∂

∂θ

∣∣∣∣
θ=1/2

Trrr,H
T 2

[
e2iπθJ̄0qL0−c/24q̄L̄0−c̄/24

]

=
Ξ2,2(T, U)

η2η̄2

∂

∂ǫ

∣∣∣∣
ǫ=0

ϑ1(q̄, e2iπǫ)

η̄
=

Ξ2,2(T, U)

iη2
. (3.8)

Finally one needs to compute the trace over the Hilbert space of the (0, 4) theory

with a K3 target space. Let us consider the case of the standard embedding of the spin

connection in the gauge connection, enhancing the supersymmetry of the K3 SCFT to

N = (4, 4). Then plugging back the expression (3.8) into equation (3.6), and tracing over

the Hilbert space of the 6 free Weyl fermions with twisted boundary conditions, one gets

finally the index in terms of the K3 elliptic genus [28]:

Znew =
E4(τ, 0)Ξ2,2

2iη12

1∑

γ,δ=0

qγ2

(
ϑ1(τ, γτ+δ

2 )

η(τ)

)6

Zell
K3

(
τ,

γτ + δ

2

)
, (3.9)

where the (2, 2) elliptic genus of K3 is defined by

Zell
K3 (τ, y) = Trrr,HK3

[
e2iπyJ0(−1)F qL0−c/24q̄L̄0−c̄/24

]
. (3.10)

As the elliptic genus is a topological invariant [22], it can be computed anywhere in the mod-

uli space of K3 compactifications, for instance using Landau-Ginzburg orbifolds [39–41], or

toroidal orbifolds [42]. It was shown recently [23–25] how to compute the elliptic genus di-

rectly at the level of the gauged linear sigma-model, using supersymmetric localization [26].

As we shall see in the next section, this localization method can be generalized to compute

the new supersymmetric index of Fu-Yau compactifications.

The new supersymmetric index of K3 × T 2 compactifications is actually universal, i.e.

independent of the choice of gauge bundle, as was shown in [43], and reviewed recently

in [44]. The quantity τ2Znew should be a non-holomorphic modular form of weight -2, with

a pole at the infinite cusp (this will remain valid in the case of Fu-Yau compactifications).

Factorizing the index as

Znew(τ, τ̄) = −2i
Ξ2,2(τ, τ̄)

η(τ)4
GK3(τ) , (3.11)

one can show that η20GK3(τ) should be a holomorphic modular form of weight 10, hence

proportional to E4E6. Due to the relation (3.2) the space-time anomaly cancellation con-

dition nH − nV = 244 fixes the coefficient to one. Hence the expression (3.9), obtained

from the standard embedding with (4, 4) worldsheet supersymmetry, extends to any (0, 4)

compactification; it means in particular that the ”Mathieu moonshine” is a property of the

K3 × T 2 new supersymmetric index regardless of the choice of gauge bundle [44]. Deter-

mining whether this property extends to Fu-Yau compactifications is one of the motivations

for the present work.
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3.2 New supersymmetric index of Fu-Yau compactifications

We now consider the main topic of this work, the computation of the new supersymmetric

index of Fu-Yau compactifications based on their worldsheet formulation as torsion gauged

linear sigma-models.

The starting point of the computation is the same as for K3 × T 2 compactifications.

However in the case of torsion GLSMs one cannot split the worldsheet theory as a tensor

product of the T 2 and the K3 factors, as none of them makes sense as a quantum theory

in isolation. We assume as before that the gauge bundle over the total space, which is

the pullback of a Hermitian-Yang-Mills gauge bundle V over the K3 base, is embedded as

V ⊂ SO(2n) ⊂ E8 in the first E8 factor.

In analogy with the K3 × T 2 case, we decompose the new supersymmetric index in

terms of a twining partition function for the torsion GLSM as follows,

Znew(τ, τ̄) =
η̄2E4(τ, 0)

2η10

1∑

γ,δ=0

qγ2

{(
ϑ1 (τ |y)

η(τ)

)8−n

Zfy (τ, τ̄ , y)

}∣∣∣∣∣
y= γτ+δ

2

, (3.12)

where we have defined

Zfy (τ, τ̄ , y) =
1

η̄(τ̄)2
Trrr,Hfy

[
e2iπyJ0 J̄ 0(−1)F qL0−c/24q̄L̄0−c̄/24

]
, (3.13)

the trace being taken into the Hilbert space of the (0, 2) superconformal theory obtained

as the infrared fixed point of the torsion GLSM.

A crucial point at this stage is that the right-moving fermions (χ, χ̄) associated with

the T 2 factor, that belong to the torsion multiplet, are free in the Wess-Zumino gauge, see

the Lagrangian (2.21), in particular not coupled to the components of gauge multiplet; this

is the feature of the theory that eventually leads to N = 2 supersymmetry in space-time.

The right-moving R-current of the superconformal algebra, whose zero-mode J̄0 appears

in the trace (3.13), is of the form

J̄ = χ̄χ + · · · , (3.14)

where the ellipsis stands for (i) a term in ∂̄α, as the bottom component of the torsion

multiplet can have a shift R-charge, (ii) the contributions of the chiral and Fermi multiplets

and (iii) Q-exact terms, where Q is the localization supercharge (see next section), relating

the exact R-current to the Noether one defined in the UV theory. Because there are two

right-moving fermionic zero-modes χ0 and χ̄0 that need to be saturated in the path integral,

and that there are no interactions involving these fermionic fields in the Lagrangian, we

do not have to care about these extra terms in any case, as their contribution to the path

integral vanishes.

In summary, the new supersymmetric index of Fu-Yau compactifications follows from

the twisted partition function (3.13) that can be formulated as a path integral. Considering

the theory on a two-dimensional Euclidean torus of complex structure τ , the quantity to
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compute can be schematically written as

Zfy(τ, τ̄ , y) =
1

η̄(τ̄)2

∫
DazDaz̄DλD λ̄DD e− 1

e2 Sv.m.[a,λ,D]−t Sfi(a,D) ×

×
∫

DφiD φ̄iDψiDψ̄i e
− 1

g2 Sc.m.[φi,ψi,a,D,al] ×

×
∫

DγaD γ̄aDGaDḠa e
− 1

f2 Sf.m.[γa,Ga,a,al]−Sj[γa,Ga,φi,ψi] ×

×
∫

DαDᾱDχD χ̄ e−St.m.[α,χ,a,al]
∫

d2z

2τ2
χ̄χ , (3.15)

where we have included a background gauge field for the U(1)l global symmetry

al =
πy

2iτ2
dz − πy

2iτ2
dz̄ , (3.16)

in order to implement the twisted boundary conditions.8 The torsion multiplet will be

coupled chirally to this flat connection, in the same way as it couples to the dynamical

gauge field, see eq. (2.21).

The left- and right-moving fermions have periodic boundary conditions along both

one-cycles of the worldsheet torus. We have also included for latter convenience coupling

constants 1/g2 and 1/f2 in front of the chiral and Fermi multiplets actions, respectively

Sc.m. and Sf.m., besides the usual 1/e2 factor in front of the vector multiplet action Sv.m. and

t in front of the Fayet-Iliopoulos term Sfi. Finally St.m. denotes the torsion multiplet action.

To take care of the gauge redundancy one should in principle introduce a gauge-fixing

procedure and the corresponding Faddeev-Popov ghosts; however it does not really impact

the computation of the path integral through supersymmetric localization that will follow,

see [46] for details.

Having set the calculation in functional language will allow us to deal with it using

localization techniques. In this formulation one sees that the insertion of the J̄0 operator

only contributes through the free right-moving fermion χ which is part of the torsion

multiplet, and this insertion appears as a prescription to deal with the fermionic zero

modes. This will be important in proving that the supersymmetric localization method is

valid in this context, as we shall explain below.

4 New supersymmetric index through localization

In this section we obtain the twining partition function of Fu-Yau compactifications, defined

by eq. (3.13), allowing to compute their new supersymmetric index using eq. (3.12). In this

section we consider the case of a U(1) worldsheet gauge group; the main result is given by

equation (4.32). The generalization to higher rank will be provided in the next section.

8Strictly speaking, we define the twisted path integral for real y (corresponding to twisted boundary

conditions along the space-like cycle) and consider an analytic continuation of the result, see [45].
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4.1 Justification of the supersymmetric localization method

Supersymmetric localization techniques have been successfully applied to compute the

elliptic genera of ordinary (0,2) gauged linear sigma-models, see [23–25]. Our goal is to

extend these results to the new supersymmetric index of Fu-Yau compactifications using

the torsion gauged linear sigma-models.

One immediate objection to this project is that, as mentioned above, the contribution

of the torsion multiplet to the action is not invariant under the supersymmetry transforma-

tions (2.22); furthermore, the operator insertion
∫ d2z

2τ2
χ̄χ in the path integral (3.15) is not

supersymmetric. As we will see below, these two obstacles can be successfully overcome.

The GLSM corresponding to the base contains a (0, 2) vector multiplet together with

(0, 2) chiral and Fermi multiplets (conventions related to (0, 2) superspace are gathered in

appendix A). Define the supercharge, cf. equation (2.22):

Q = (δǫ) |ǫ=ǭ=1. (4.1)

As was noticed in [24], the Lagrangian describing the dynamics of these multiplets, includ-

ing the superpotential term Lj and the Fayet-Iliopoulos term Lfi, are actually exact with

respect to the transformation introduced above. One finds

Lc.m. = Q
(
−2φ̄∇zψ + Qφ̄λ̄φ

)
,

Lf.m. = Q
(
γḠ

)
− Q (γJ(φ)) ,

Lv.m. =
1

2
Q ((azz̄ − D) λ) , (4.2)

Lj = −Q (γJ(φ)) ,

Lfi = Qλ .

In an ordinary GLSM, this would imply immediately that the path integral is independent

of the coupling constants e, f and g and of the FI parameter t.

To understand what happens in the present situation, let us write the contribution of

the base and of the vector multiplet to the TGLSM as SK3 = 1
e2 Qµv.m. + Qν where the

first term is the vector multiplet action, written as a Q-exact term, and Qν denotes the

(Q-exact as well) contribution of the chiral and Fermi multiplets and of the constant FI

term. The functional integral we aim to compute is of the schematic form

Zfy(τ, τ̄ , y) =
1

η̄(τ̄)2

∫
DΦDΛDADΘ e− 1

e2 Qµv.m.−Qνe−St.m.[Θ,A]
∫

d2z

2τ2
χ̄χ (4.3)

One considers then the derivative with respect to 1/e2:

∂Zfy(τ, τ̄ , y)

∂(1/e2)
= − 1

η̄(τ̄)2

∫
DΦDΛDADΘ Qµv.m. e− 1

e2 Qµv.m.−Qνe−St.m.[Θ,A]
∫

d2z

2τ2
χ̄χ . (4.4)

As mentioned above, the operator insertion
∫ d2z

2τ2
χ̄χ has the effect of saturating the

fermionic zero modes present in the measure DΘ over the torsion multiplet. Hence its

variation under the action of the supercharge Q, while non-zero, leads to terms which
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do not saturate the fermionic zero modes anymore, and thus do not contribute to the

path integral.

Since the supersymmetry transformation we are considering contains a supergauge

transformation of chiral parameter Ξwz|ǭ=1, see eq. (2.22), there is a non-trivial transfor-

mation of the functional measure over the chiral and Fermi multiplets due to the gauge

anomaly. At the same time, the torsion multiplet action is not classically invariant under

the action of the supercharge, see eq. (2.13). Whenever the tadpole condition (2.14) is

satisfied, these two variations cancel each other:

Q
(
DΦDΛe−St.m.[Θ,A]

)
= 0 . (4.5)

In conclusion, whenever the quantum anomaly of the base GLSM is canceled against

the classical contribution from the torsion multiplet, we get as in more familiar examples

∂

∂(1/e2)
Zfy(τ, τ̄ , y) = − 1

η̄(τ̄)2

∫
Q

(
DΦDΛDA e− 1

e2 Qµv.m.−Qν−W [A] µv.m.

∫
d2z

2τ2
χ̄χ

)
= 0 ,

(4.6)

using an analogue of Stokes’ theorem in field space. The result of the path integral is then

independent of the gauge coupling, allowing to take a free-field limit e → 0. The same

reasoning allows to take the limit g → 0 and f → 0 in the chiral and Fermi multiplets

actions respectively. By rescaling the superfields Φ′ = Φ/g and Γ′ = Γ/f one sees that the

superpotential couplings do not contribute to the path integral which is localized in the

free-field limit of the theory, as far as the base GLSM is concerned.

A similar argument regarding the dependence of the path integral on the torsion mul-

tiplet couplings would fail, as the torsion multiplet action is not Q-exact, being not even

Q-closed.9 Nevertheless, this action is Gaussian hence the path integral can be performed

exactly. As expected, it implies that the result of the path integral computation does

depend on the moduli (T, U) of the principal two-torus bundle in the Fu-Yau geometry.

As in [24] the localization locus contains the following zero-modes, that should be

integrated over:

• Gauge holonomies on the worldsheet two-torus, parametrized by a = πū
2iτ2

dz − πu
2iτ2

dz̄,

u being defined on the torus of complex structure τ to avoid gauge redundancy,

• The zero-mode D0 of the auxiliary field in the gauge multiplet,

• The gaugino zero-modes λ0, λ̄0.

Setting aside the contribution of the torsion multiplet, most of the steps that go into

the derivation of the elliptic genus by Benini, Eager, Hori and Tachikawa [24], especially

the reduction of the integral over the gauge holonomies into a contour integral of the one-

loop determinants, carry over to the present situation without significant modifications.

We refer the reader to this article for a detailed account of the computation and provide

below justifications of this statement.

9Even if it were the case (this is what happens if one considers K3 × T 2 examples), the Q variation of∫
d2z
2τ2

χ̄χ would then contribute to the path integral.
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In order to saturate the gaugino zero-modes, the contribution from the chiral multiplets

at one-loop is of the form, in the limit e → 0,

fc.m.(τ, y, u, D0) =

∫
dλ0dλ̄0

〈∣∣∣∣∣

∫
d2z

∑

i

Qiλψ̄iφi

∣∣∣∣∣

2〉

free

. (4.7)

Since the torsion multiplet has no coupling to the gaugini, as was explained in section 2,

it is not involved in the saturation of their zero-modes; hence this part of the derivation

is unchanged. Furthermore, the torsion multiplet has no coupling to the auxiliary D-field

(by supersymmetry); as a consequence, the ū-dependence of the one-loop determinant lies

entirely in the contribution from the chiral multiplets of the base, allowing to reduce the

integral over the u-plane to a contour integral as in [24].10 Then, the singularities that

arise in the limit e → 0 after integrating over the zero-mode D0, as well as the contour

deformation in the D0-plane leading to the contour prescription, remain the same as in the

aforementioned computation.

For a rank-one gauge group, the formula for the twining partition function (3.13) is

then of the form:

Zfy(τ, τ̄ , y) = ± 1

2iπ

∑

u⋆∈M±
sing

∮

C(u⋆)
Σ1-loop(τ, τ̄ , y, u) , (4.8)

where

Σ1-loop(τ, τ̄ , y, u) =
1

η̄(τ̄)2
ZA ×


∏

Φi

ZΦi


 ×


∏

Γa

ZΓa


 × Zχ × Ztorus , (4.9)

the various factors in the above formula being the one-loop contributions of the various mul-

tiplets around the localization locus, and C(u⋆) denoting a contour around the singularity

u⋆. M+
sing and M−

sing form a partition of the set of poles of the product of chiral multiplet

determinants and are described in detail in [24]. These poles correspond to ’accidental’

bosonic zero-modes and occur whenever

Qiu + ql
i y = 0 mod Z + τZ , (4.10)

Qi (resp qL
i ) being the gauge (resp U(1)l) charge of the multiplet. The set of poles Msing

is then split into two sets according to Qi > 0 or Qi < 0. Notice that the choice of M+
sing or

M−
sing in (4.9) give the same result since the sum of the residues of a meromorphic function

on the torus vanishes.

In the case where the gauge group G has an arbitrary rank, the formula generalizes

using a notion of residue in higher dimensions, the Jeffrey-Kirwan residue [47]; one ob-

tains the following expression for the twining partition function in terms of the one-loop

determinant [25]:

Zfy(τ, τ̄ , y) =
1

|W |
∑

u⋆∈Msing

JK-Res
u=u⋆

(Q(u⋆), η) Σ1-loop , (4.11)

10This will be true only if the quantum anomaly from the base GLSM is canceled by the gauge non-

invariance of the torsion multiplet, see eq. (4.31) below.
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with now Σ1-loop a meromorphic rank(G)-form, and |W | the order of the Weyl group. The

sum does not depend on the choice of co-vector η ∈ h∗, in the dual of the Cartan subalgebra,

per singular locus u⋆.

4.2 Contribution of the K3 base

As we have noticed previously, the contributions from the chiral and Fermi multiplets

corresponding to the K3 base, as well as from the gauge multiplets, are similar to those

appearing in the elliptic genus computed in [24]. However, since in the present context

issues of gauge invariance are crucial, we need to be a little bit more careful regarding

the definition of the chiral fermionic determinants. In the end, taking into account the

contribution of the torsion multiplet, the tadpole condition will translate into a cancellation

of the prefactors in these expressions.

In order to define the determinant of a chiral Dirac operator ∇(u) coupled to a (back-

ground) flat gauge field, one has to specify a way to split the determinant of the self-adjoint

operator ∇†(u)∇(u) into a ’holomorphic’ part and an ’anti-holomorphic’ part. According

to Quillen’s theorem [48], the zeta-regularized determinant of the former is given by (see

e.g. [49] for a discussion in a similar context):

Detζ ∇(u)†∇(u) = e
π
τ2

(u−ū)2

|ϑ1(τ |u)|2 , (4.12)

where u is here a compact notation which takes into account both the U(1) gauge field and

the background U(1)l. Splitting (u − ū)2 = (u2 − uū) + (ū2 − uū), one can define the chiral

determinant as:

Det ∇(u) = e
π
τ2

(u2−uū)
ϑ1(τ |u) , (4.13)

modulo an overall factor independent of u; other definitions can be interpreted as corre-

sponding to different choices of local counterterms.

With this prescription, as was argued by Witten in [50] in a related context, the

gauge functional obtained after the path integral over the fermionic degrees of freedom

can be viewed as a holomorphic section of a holomorphic line bundle over the space of

gauge connections. The determinant is indeed annihilated by the covariant derivative
D

Dū = ∂
∂ū + π

τ2
u (restricted to its zero-mode part in the present situation). It turns out

that this choice, besides its nice geometrical interpretation, is naturally compatible with

the contribution from the torsion multiplet Lagrangian, see eq. 4.25 below, leading to an

expression without modular anomalies.

Equipped with this result, one can express the contribution of a (0, 2) chiral multiplet

Φi of gauge charge Qi and U(1)l charge ql
i , and a Fermi multiplet Γa of gauge charge Qa

and U(1)l charge qL
a as:

ZΦi
(τ, u, y) = ie

− π
τ2

(υ2−υῡ) η(τ)

ϑ1(τ |υ)
, υ = Qiu + ql

i y , (4.14a)

ZΓa(τ, u, y) = ie
π
τ2

(υ2−υῡ) ϑ1(τ |υ)

η(τ)
, υ = Qau + ql

ay . (4.14b)
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Finally, the contribution from the vector multiplet reads, considering a U(1)

gauge group,

ZA(τ, y) = −2iπη(τ)2du . (4.15)

The final step will be to evaluate the contribution of the torsion multiplet.

4.3 Torsion multiplet determinant

In this section we derive the contribution of the torsion multiplet to the partition function

Zfy(τ, τ̄ , y) at the localization locus. In the functional integral formulation it takes the form

∫
Dα1Dα2DχD χ̄ e−Storsion[α1,α2,χ,χ̄,a,al]

∫
d2z

2τ2
χ̄χ. (4.16)

One is thus dealing with two compact bosons chirally coupled to a flat gauge field, together

with a free right-moving Weyl fermion. As was noticed before, the action is not Q-exact,

however it is Gaussian hence can be computed explicitly.

Let us evaluate first the contribution of the free fermion, which is completely decoupled

from the vector multiplet. Taking into account the insertion
∫ d2z

2τ2
χ̄χ into the functional

integral,11 one gets, using formula (B.8a):

Zχ(τ̄) = ∂µ

∫
DχD χ̄ e

−
∫

d2z 2χ̄∂χ+µ
∫

d2z
2τ2

χ̄χ
∣∣∣
µ=0

= η̄(τ̄)2 . (4.17)

4.3.1 Orthogonal torus

Now we compute the contribution from the ’axion field’ α = α1 + Tα2. It corresponds to

a pair of chiral bosons coupled to a gauge field (az, az̄). Considering first an orthogonal

torus with no B-field, for each of them one has to compute a path integral of the form

∫
Dϕ exp

{
−R2

2π

∫
d2z

(
∂ϕ∂̄ϕ + 2az̄∂ϕ + azaz̄

)}
, (4.18)

where ϕ ∼ ϕ + 2π. Here az and az̄ refer to both the dynamical gauge field and to the

background U(1)l gauge field. In the present context, because of localization one focuses

on the zero mode of the gauge fields, i.e. the holonomies on the worldsheet two-torus.

At the fermionic radius Rf = 1√
2
, the bosonic action appearing in the path inte-

gral (4.18) is actually nothing but the bosonized form of the chiral determinant (4.13) (up

to an anti-holomorphic determinant independent of the gauge field) that was considered

by Witten in [50], hence motivating the choice made above for the latter. In the bosonic

formulation this prescription amounts to set the coefficient of the azaz̄ term, which can

be affected by local counterterms, to one, and implies that the classical variation of the

Lagrangian under a gauge transformation is independent of ϕ.

The different instanton sectors of the free compact boson ϕ on the torus obey the

periodicity condition

ϕ (z + k + τ l, z̄ + k + τ̄ l) = ϕ (z, z̄) + 2π (km + ln) , (4.19)

11In our conventions,
∫

d2z = 2τ2.
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with winding numbers m, n ∈ Z. The solution for the zero-modes φ0 is then given by:

ϕ0 (z, z̄) =
iπ

τ2
(z (mτ̄ − n) − z̄ (mτ − n)) . (4.20)

Plugging this into the classical action and adding the contribution from the quantum

fluctuations leads to

ZS1(τ, τ̄ , u, y) = exp

(
−2π

τ2
R2uū

)
R√

τ2|η(τ)|2 ×

×
∑

m,n∈Z

exp

(
−πR2

τ2
|mτ − n|2 − 2iR2 (mτ̄ − n) (az̄)0

)
. (4.21)

Poisson resummation formula (appendix B) applied to the dummy variable n allows

to rewrite this as

ZS1(τ, τ̄ , u, y) =
1

|η(τ)|2 exp

(
−2π

τ2
R2(uū − u2)

)
× (4.22)

×
∑

m,n∈Z

exp

(
iπτ

2

(
n

R
+ Rm

)2

− iπτ̄

2

(
n

R
− Rm

)2

− iπRu

(
n

R
+ Rm

))
,

Setting the radius to the free fermion radius Rf = 1√
2
, the above expression can be recast

as a finite sum over the different spin structures on the worldsheet torus, namely

ZS1 (τ, τ̄ , u, y; Rf) =
1

2

1

|η(τ)|2 e
− 2π

τ2
R2

f [(Mu+mly)(Mū+mly)−(Mu+mly)2]×

×
1∑

k,l=0

ϑ
[

k
l

]
(τ |Mu + mly)ϑ̄

[
k
l

]
(τ̄ |0) , (4.23)

where we have restored the shift charge M and added the coupling to the background

U(1)l gauge field. Taking into account the second S1 is straightforward, since the two

circles factorize.

Comparing the holomorphic part of the partition function (4.23) to the contribution of

a left-moving fermion coming from a charged Fermi multiplet of the base GLSM, one has in

the former case an independent sum over the spin structures (k, l) on the worldsheet two-

torus, while in the latter case the spin structure is chosen periodic along both one-cycles.12

This simple observation clarifies some statements about topology-changing T-dualities,

mixing the torus and gauge bundles, that were originally proposed by Evslin and Minasian

in [51] in the effective theory context, and discussed by one of the authors in the torsion

GLSM framework [21] (see also [52] for related comments). Such duality, that exchanges a

line bundle over the base S and a circle bundle at the fermionic radius, is indeed a symmetry

of the twining partition function Zfy built from (4.23) only in the sector (k = 0, l = 0), in

12We consider in this discussion that we are in the left GSO sector given by y = 0 for simplicity.

Considering a different sector does not change the outcome of the argument; the important point is that

the spin structures of all free Fermi multiplets are identical (considering that the gauge group lies in a

single E8).
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which case the two corresponding left-moving fermions, from the Fermi multiplet and from

the left-moving component of the fermionized S1 fiber, have identical (odd) spin structure.

Including the independent sum over the spin structures (k, l) of the latter does not respect

this symmetry.

In order to generalize the results obtained at the fermionic radius to compact bosons

of arbitrary rational radius squared, it is convenient to rewrite the previous expression in

terms of ŝu(2) theta functions at level 2 (see appendix B):

ZS1 (τ, τ̄ , u, y; Rf) =
1

|η(τ)|2 e
− 2π

τ2
R2

f [(Mu+mly)(Mū+mly)−(Mu+mly)2]×

×
∑

s∈Z4

Θs,2 (τ |2(Mu + mly)) Θ̄s,2(τ̄ |0) , (4.24)

although the sum over spin structures is no longer explicit.

Whenever a compact boson is at radius R =
√

k
l (with k and l coprime integers), the

corresponding c = 1 conformal field theory becomes rational. One can then reorganize the

sum in (4.22) over infinitely many û(1)L × û(1)R representations into a finite sum over

representations of the chiral algebra, much as in the case of the fermionic radius that we

have discussed previously. In terms of ŝu(2) theta functions level kl, one obtains then

ZS1

(
τ, τ̄ , u, y; R =

√
k
l

)
=

1

|η(τ)|2 e
− 2π

τ2
R2[(Mu+mly)(Mū+mly)−(Mu+mly)2]× (4.25)

×
∑

s,s̄∈Z2kl,

{
s+s̄=0 [2k]
s−s̄=0 [2l]

Θs,kl

(
τ

∣∣∣2
l (Mu + mly)

)
Θ̄s̄,kl(τ̄ |0) .

4.3.2 Arbitrary rational torus

As we have reviewed in section 2, covariance under O(2, 2;Z) implies that the moduli of the

(spacetime) two-torus should always be those of a rational c = 2 conformal field theory, i.e.

with T and U belonging to the same imaginary quadratic number field Q(
√

D) with D < 0.

Reducing the corresponding Narain lattice to a sum over characters of the underlying chiral

algebra of the rational theory can be done explicitly, as previously, for any given example.

However to write down the result explicitely in a uniform way for all cases requires a more

abstract point of view.

A precise relation between rational Narain lattices and the data of rational conformal

field theories with c = 2 was given in a beautiful article by Hosono, Lian, Oguiso and

Yau [53]. Whenever the Narain lattice Γ2,2(T, U) is rational, i.e. with T and U belonging

to the same Q(
√

D), the even positive definite lattices

Πl := Γ2,2(T, U) ∩ R2,0 , Πr := Γ2,2(T, U) ∩ R0,2 (4.26)

have rank two. Conversely, a rational CFT with c = 2 is given by a triple (Γl, Γr, φ),

where Γl,r are even positive definite lattices of rank two, and φ an isometry mapping

one discriminant group to the other, i.e. an application φ : Γ∨
l /Γl → Γ∨

r /Γr, with Γ∨
l =

Hom(Γl,Z), preserving the bilinear form; it is known also as the gluing map.
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To each even positive definite lattice of rank two one can associate an integral quadratic

form Q = ax2 + bxy + cy2 with, choosing a basis, 2a = (e1, e1), b = (e1, e2) and 2c =

(e2, e2). The GL2(Z) equivalent classes of quadratic forms, C̄, are isomorphic to the GL2(Z)

equivalent classes of even positive definite lattices of rank two, [Γ], characterized by their

invariant discriminant (resp. determinant) 4ac − b2 := −D. Restricting the former classes

to SL2(Z) equivalence classes C, one obtains for each D an Abelian group of finite rank,

equipped with a composition law known as the Gauss product C ⋆ C′.13

Likewise, for a given determinant D, the equivalence classes of rational Narain lattices

Γ2,2(T, U) under the SL2(Z) × SL2(Z) action on T and U correspond to equivalent classes

of quadratic forms, CT and CU . The equivalence classes of the left and right lattices defining

the rational CFT, [Γl] and [Γr], are then given in terms of the equivalent classes of the

moduli by:

[Γl] =
[
ΓCT ⋆(CU )−1

]
, [Γr] =

[
ΓCT ⋆CU

]
. (4.27)

This provides the data of the c = 2 rational CFT for any rational (2, 2) Narain lattice.

One can now express the result of the path integral in terms of the rational CFT data, in

other words in terms of the theta-functions ΘΓ
µ associated with the left and right lattices Γl

and Γr, see appendix B for details. Let us consider the case of a U(1) (worldsheet) gauge

group. Taking an orthonormal basis, the two-dimensional vector of topological charges

corresponding to the two-torus bundle, see section 2, is of the form

pm =

√
2U2

T2

(
M1 + T1M2

T2M2

)
. (4.28)

One can check that this vector belongs actually to the lattice Γ2,2(T, U) ∩ R2,0, hence to

the left lattice of the rational CFT. A convenient assignment of U(1)l shift charges for

cancellation of global anomalies is to take them proportional to the gauge charges, with a

coefficient of proportionality λ, see section 5.

One obtains then the following one-loop contribution from the bosonic degrees of free-

dom of the torsion multiplet, for arbitrary T and U in the same imaginary quadratic

number field Q(
√

D):

Ztorus(τ, τ̄ , u, y; T, U) = exp

(
−2π

τ2

[
(u + λy)(ū + λy) − (u + λy)2

]
〈pm, pm〉Γl

)
×

×
∑

µ∈Γ∨
l /Γl

ΘΓl
µ (τ |(u + λy)pm)

η(τ)2

Θ̄ΓR

ϕ(µ)(τ̄ |0)

η̄(τ̄)2
. (4.29)

where 〈⋆, ⋆〉Γl
is the inner product on Γl. Hence the quadratic prefactor of this expression

is written in terms of the norm of the vector pm ∈ Γl giving the topological charges of the

torus bundle

〈pm, pm〉Γl
=

2U2

T2
|M |2 . (4.30)

13Whenever the quadratic forms are not primitive, i.e. such that gcd (a, b, c) > 1, these statements should

be slightly modified, see [53] for details.
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O(2, 2;Z) T-duality transformations are mapped, under the correspondence between ra-

tional Narain lattices and rational CFTs summarized above, to isometries of the triple

providing the rational CFT data, hence preserve (4.30). It provides an elegant explanation

of the invariance of this expression, which gives also the contribution of the torus bundle

to the integrated Bianchi identity, under the perturbative duality group [51]; as we have

shown, this property is intimately related to the rational nature of the Narain lattice.

4.4 The result

Having dealt separately with the contribution of each type of multiplet, one can write the

full one-loop determinant, in the case of a rank one gauge group, as follows:

Σ1-loop(τ, τ̄ , y) = − 2iπη(τ)2
∏

Φi

iη(τ)

ϑ1(τ |Qiu + ql
i y)

∏

Γa

iϑ1(τ |Qau + ql
ay)

η(τ)
×

×
∑

µ∈Γ∨
l /Γl

ΘΓl
µ (τ |(u + λy)pm)

η(τ)2

Θ̄ΓR

ϕ(µ)(τ̄ |0)

η̄(τ̄)2
×

× exp
[ (

−
∑

i

Q 2
i +

∑

a

Q 2
a +

2U2

T2
|M |2

)

︸ ︷︷ ︸
= 0

(
u2 − uū

) ]
du . (4.31)

The first line corresponds to the K3 base and the second line to the two-torus fiber.

In this computation we had chosen a prescription for the determinant of a chiral

Dirac operator consistent with the torsion multiplet contribution, such that at the end the

various factors present in the last line of eq. (4.31) cancel each other whenever the gauge

charges satisfy the tadpole condition (2.14). Notice that there are also factors linear in

y, corresponding to the U(1)l global anomaly, that we did not include in the equation for

sake of clarity; likewise, they cancel among themselves in an anomaly-free model.

Thus the one-loop determinant Σ1-loop is a holomorphic function of the gauge field

holonomy. Simplifying the above expression and injecting it in the contour integral, one

gets for the twining partition function (3.13) the result:

Zfy(τ, τ̄ , y) = ± η(τ)2
∑

u⋆∈M±
sing

∮

C(u⋆)
du

∏

Φi

(
i

η(τ)

ϑ1(τ |Qiu + ql
i y)

) ∏

Γa

(
i
ϑ1(τ |Qau + ql

ay)

η(τ)

)
×

×
∑

µ∈Γ∨
l /Γl

ΘΓl
µ (τ |(u + λy)pm)

η(τ)2

Θ̄ΓR

ϕ(µ)(τ̄ |0)

η̄(τ̄)2
. (4.32)

This quantity is then plugged into eq. (3.12) to finally give the new supersymmetric index

of Fu-Yau compactifications.

For consistency the new supersymmetric index that we have computed should behave

properly under transformations of the modular group PSL(2,Z)τ . As mentioned above,

τ2Znew(τ, τ̄) should be a (non-holomorphic) modular form of weight −2. Tracking this

statement back to the modular behaviour of the non-holomorphic twining partition function

Zfy, one should check that whenever the anomaly cancellation condition is satisfied, the
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latter behaves as a weak Jacobi form of weight 0 and index r
2 , where r is the rank of the

vector bundle, although it is not holomorphic in τ .

This behavior will be checked first at the level of the torsion GLSM in the next section

once we have given the charge assignment, and then later on using the geometrical formula

that we will define is section 6.

5 Generalization to higher rank and global charges

In this section we first generalize the results obtained above to the case of a higher rank

gauge group on the worldsheet, provide a consistent assignment of global charges and then

consider a concrete example, in which the base manifold is a quartic in P3.

5.1 Higher rank gauge groups on the worldsheet

As mentioned above, the whole construction of the torsion linear sigma-model can be

carried on with a larger Abelian14 gauge group G = U(1)k. For each component U(1)κ,

one introduces:

• A (0, 2) vector multiplet (A+κ, A−κ),

• A chiral multiplet Pκ,

• A set of rκ + 1 Fermi multiplets Γaκ ,

• A set of quasi-homogeneous polynomials Jaκ(Φi),

and a superpotential

L =

∫
dθ+ Γ̃αGα(Φi) +

∫
dθ+

∑

κ

Pκ ΓaκJaκ(Φi) + h.c. . (5.1)

The generalization to higher rank gauge group of the twining partition function Zfy(τ, τ̄ , y)

in terms of Jeffrey-Kirwan residues is immediate, as explained before. Using results from

reference [25] one gets the twining partition function

Zfy(τ, τ̄ , y) =
(
−2iπη(τ)2

)rank(G)
×

∑

u⋆∈Msing

JK-Res
u=u⋆

(Q(u⋆), η)

{ ∏

Φi

iη(τ)

ϑ1(τ |Qκ
i uκ + ql

i y)

∏

Γa

iϑ1(τ |Qκ
auκ + ql

ay)

η(τ)

∑

µ∈Γ∨
l /Γl

ΘΓl
µ (τ |pκ

muκ + p̂my)

η(τ)2

Θ̄ΓR

ϕ(µ)(τ̄ |0)

η̄(τ̄)2

rank(G)∧

κ=1

duκ

}
,

(5.2)

where one defines a vector pκ
m ∈ Γl as (4.30) for each κ and an extra vector p̂m defining

the shift charge for the U(1)l global symmetry. To simplify the notations, Φi denotes all

14One could consider general non-Abelian gauge groups, with the torsion multiplet charged under their

Abelian part.
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the chiral multiplets in the model, and Γa all the Fermi multiplets. Whenever gauge and

global anomalies are absent no extra factors appear in the one-loop determinant, as before.

One then has to choose a charge assignment for the fields which is compatible with the

various anomaly cancellations, and gives the required value for the central charges and the

rank of the spacetime gauge bundle. Let us assign the charges in the following way:

Φi Pκ Γ̃α Γaκ Θ

U(1)ι Qι
i −dι

κ Qι
α Qι

aκ
M ι

ℓ

U(1)l 0 1 0 −1 0

(5.3)

One sees that whenever the tadpole conditions

∑

i

Qǫ
iQ

ǫ′

i +
∑

κ

dǫ
κdǫ′

κ −
∑

α

Qǫ
αQǫ′

α −
∑

κ,aκ

Qǫ
aκ

Qǫ′

aκ
− 〈pǫ

m, pǫ′

m〉 = 0 ∀ǫ, ǫ′ ∈ {1, 2, ..., k} , (5.4)

are satisfied, then the various local and global anomalies vanish. Furthermore, the rank r

of the holomorphic vector bundle is then given by construction by r =
∑

κ rκ, the central

charges take the appropriate values (c, c̄) = (6 + r, 9) and the left and right global U(1)

current decouple, see [9] for details.15 Finally this choice of charge is consistent with a

space-time gauge bundle having vanishing first Chern class.

This choice of global charges implies that in the geometrical ”phase” of the torsion

GLSM, which corresponds to taking the residues at the poles of the chiral multiplets Φi

(i.e. points u⋆ such that Qκ
i u⋆

κ ∈ Z + τZ), the contribution from the torsion multiplet has

no y-dependence, in keep with the geometrical formula that we define in section 6. From

a geometrical point of view, the meaning of this absence of y-dependence is that the torus

fiber should not contribute to the rank of the holomorphic vector bundle. This assertion

becomes transparent when we examine the modular behavior of Zfy.

Modular transformations. Let us denote by d the complex dimension of the base,

k the rank of the worldsheet gauge group and r the rank of the space-time holomorphic

vector bundle. Using the results of appendix B, the behavior of Σone-loop under the SL(2,Z)

modular transformations is straightforward. Under a modular T-transformation τ 7→ τ +1,

the torsion multiplet contribution is by itself invariant.16 The remaining contribution comes

from the base, and gives:

Σ1-loop(τ + 1, τ̄ + 1, y, uκ) = e− iπ
6

(d−r)Σ1-loop(τ, τ̄ , y, uκ) . (5.5)

Under an S-transformation τ 7→ −1/τ , one finds the following transformation rule:

Σ1-loop

(
−1

τ
, −1

τ̄
,

y

τ
,
uκ

τ

)
= (5.6)

id−r exp



− iπ

τ


∑

Φi

v 2
i +

∑

Pκ

v 2
κ −

∑

Γ̃α

v 2
α −

∑

Γaκ

v 2
aκ

− 〈v, v〉ΓL






 Σ1-loop(τ, τ̄ , y, uκ) ,

15Compared to the work of Adams and Lapan, we have shifted all the U(1)L charges using the gauge

shift ũκ := uκ −
∑

ι
(d−1)ι

κy. Our choice of charges turns out to be more appropriate in order to discuss

the link with the geometrical formula of section 6.
16The isometry φ preserving the bilinear form, 〈µ, µ〉ΓL

= 〈φ(µ), φ(µ)〉ΓR
.
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where

vi = Qǫ
iuǫ , (5.7a)

vκ = −dǫ
κuǫ + y , (5.7b)

vα = Qǫ
αuǫ , (5.7c)

vaκ = Qǫ
aκ

uǫ − y , (5.7d)

v = pǫ
muǫ . (5.7e)

The charge assignement given by (5.3) was precisely designed such that the gauge and

global anomalies vanish provided that the tadpole conditions (5.4) hold. One gets then:

Σ1-loop

(
−1

τ
, −1

τ̄
,

y

τ
,
uκ

τ

)
= id−r exp

[
2iπ

τ

r

2
y2

]
Σ1-loop(τ, τ̄ , y, uκ) . (5.8)

One concludes that, though non-holomorphic in τ , the twining partition function Zfy

transforms as a weak Jacobi form of index r
2 and weight zero. This result will be derived

again starting from the geometrical formula that we provide in section 6.

5.2 Example of the quartic

We illustrate here the formula giving the twining partition function Zfy of Fu-Yau com-

pactifications in terms of the torsion GLSM data with a simple example, namely a quartic

hypersurface in P3 with a rank four gauge bundle [9]. Following (5.3), let the charges for

the base be:

Φi=1,...,4 P Γ̃ Γa=1,...,5 Θ

U(1) 1 −5 −4 1 Mℓ

U(1)l 0 1 0 −1 0

, (5.9)

with, in addition, the moduli (T, U) and the topological charge M of the torus fiber chosen

such that the tadpole condition (2.14) is satisfied. The full one-loop determinant writes

Σ1-loop =
[
−2iπη(τ)2

] [
i

η(τ)

ϑ1 (τ |u)

]4 [
i

η(τ)

ϑ1 (τ |−5u + y )

] [
i
ϑ1 (τ |−4u)

η(τ)

] [
i
ϑ1 (τ |u − y )

η(τ)

]5

×

×

 ∑

µ∈Γ∨
l /Γl

ΘΓl
µ (τ |pmu)

η(τ)2

Θ̄ΓR

ϕ(µ)(τ̄ |0)

η̄(τ̄)2


 du . (5.10)

Landau-Ginzburg phase. One can first provide the result in a form that one would

obtain by a direct computation in the Landau-Ginzburg regime of the base GLSM. For

this purpose one selects the set of poles M−
sing =

{
u = −k+τl−y

5

∣∣∣ k, l ∈ J0, 4K
}

. Plugging

the one-loop determinant into the contour integral 1
2iπ

∮
leads to:

Zfy(τ, τ̄ , y) = − i

η(τ)η̄(τ̄)2

4∑

k,l=0

∮

u=− k+τl−y
5

du
ϑ1 (τ |u − y )5

ϑ1 (τ |u)4

ϑ1 (τ |−4u)

ϑ1 (τ |−5u + y )
×

×
∑

µ∈Γ∨
l /Γl

ΘΓl
µ (τ |pmu) Θ̄ΓR

ϕ(µ)(τ̄ |0) . (5.11)
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Evaluating the residues, one has

Zfy(τ, τ̄ , y) =
1

5η(τ)4η̄(τ̄)2

4∑

k,l=0

(−1)k+leiπl2τ
ϑ1

(
τ

∣∣∣−k+τl
5 − 4y

5

)5

ϑ1

(
τ

∣∣∣−k+τl
5 + y

5

)4 ϑ1

(
τ

∣∣∣∣
4(k + τ l)

5
− 4y

5

)
×

×
∑

µ∈Γ∨
l /Γl

ΘΓl
µ

(
τ

∣∣∣∣
(

−k + τ l

5
+

y

5

)
pm

)
Θ̄ΓR

ϕ(µ)(τ̄ |0) . (5.12)

Geometrical phase. An expression corresponding to a direct computation in the geo-

metrical formulation of the index, see section 6, is obtained by considering the contribution

of the pole u = 0, which is of order 4.17 Plugging the one loop determinant into the contour

integral − 1
2iπ

∮
leads to the expression

Zfy(τ, τ̄ , y) =
i

η(τ)η̄(τ̄)2

∮

u=0
du

ϑ1 (τ |u − y )5

ϑ1 (τ |u)4

ϑ1 (τ |−4u)

ϑ1 (τ |−5u + y )
×

×
∑

µ∈Γ∨
l /Γl

ΘΓl
µ (τ |pmu) Θ̄ΓR

ϕ(µ)(τ̄ |0) . (5.13)

To conclude this section, let us consider one specific consistent choice of two-torus

fiber. To illustrate what happens for a non-orthogonal torus with non-vanishing B-field,

one takes the Wess-Zumino-Witten theory ŝu(3)1.18 It corresponds to a c = 2 toroidal

rational CFT with T and U both equal to the cubic root of unity j = exp
(

2iπ
3

)
, satisfying

the quadratic equation j2 + j + 1 = 0. Hence T and U belong to the same imaginary

quadratic number field Q(
√

−3).

A consistent choice of topological charge is given by M1 = M2 = 2, corresponding to

the following vector in the root lattice su(3) ≃ A2:

pm =
√

2

(
1√
3

)
, (5.14)

written in an orthonormal basis. The root lattice A2 has discriminant group A∨
2 /A2 ≃ Z3.

Hence, in terms of the SU(3) theta functions

ΘA2
µ (τ |λ) =

∑

γ∈A2+µ

q
1
2

〈γ,γ〉e2iπ〈γ,λ〉 , (5.15)

one has the following twining partition function

Zfy(τ, τ̄ , y) =
1

5η(τ)4η̄(τ̄)2

4∑

k,l=0

(−1)k+leiπl2τ
ϑ1

(
τ

∣∣∣−k+τl
5 − 4y

5

)5

ϑ1

(
τ

∣∣∣−k+τl
5 + y

5

)4 ϑ1

(
τ

∣∣∣∣
4(k + τ l)

5
− 4y

5

)
×

×
∑

µ∈Z3

ΘA2
µ

(
τ

∣∣∣∣
(

−k + τ l

5
+

y

5

)
pm

)
Θ̄A2

ϕ(µ)(τ̄ |0) , (5.16)

that we have evaluated in the Landau-Ginzburg phase.

17As was noted earlier, the expressions that one gets by choosing the poles in M−
sing (Landau-Ginzburg

picture) or in M+
sing (geometrical picture) coincide.

18This is a special case of the construction discussed in [8].
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Notice that this model is non-supersymmetric in spacetime, as the primitivity con-

dition (C.6) is not satisfied, the two-form ω being necessarily proportional to the Kähler

form of the base JK3 (cf. appendix C). Supersymmetric examples are easily obtained with

higher rank worldsheet gauge groups; instead of dealing with such examples in detail, we

will provide below a formulation of the index which is independent of the choice of GLSM.

6 A geometrical formula for the non-holomorphic genus

The elliptic genus of a complex manifold M of dimension d, of holomorphic tangent bundle

TM , with a holomorphic vector bundle V of rank r over it, can be defined independently of

its realization as the target space of a (0, 2) superconformal field theory. One defines the

formal power series

Vq,w =
∞⊗

n=0

∧
−wqn

V⋆ ⊗
∞⊗

n=1

∧
−w−1qn

V ⊗
∞⊗

n=1

SqnT ⋆
M ⊗

∞⊗

n=1

SqnTM , (6.1)

where

∧
t
V = 1 + t V + t2

∧2 V + · · · , StTM = 1 + t TM + t2 S2 TM + · · · , (6.2)

∧k and Sk being respectively the k-th exterior product and the k-th symmetric product.

The elliptic genus corresponding to this bundle is defined as follows:

Zell(M, V|τ, y) = q
r−d
12 w− r

2

∫

M
ch (Vq,w) td(TM ) , (6.3)

where ch (Vq,w) is the Chern character of the formal power series Vq,w and td (TM ) the

Todd class of the tangent bundle. Considering that M is a Calabi-Yau manifold, that

V has vanishing first Chern class, and that the anomaly condition ch2(TM ) = ch2(V) is

satisfied (that is, we consider an anomaly-free heterotic Calabi-Yau compactification), the

elliptic genus is a weak Jacobi form of weight 0 and index r/2.

This geometrical formula has been checked against (0, 2) Landau-Ginzburg results

in [41], and directly compared with the results of supersymmetric localization for (2, 2)

GLSMs in [24, 25], building on previous works in the physical and mathematical litera-

ture [39, 54–57].

In the present context, there is a natural generalization of this geometrical formulation

of the Calabi-Yau elliptic genera, defining a non-holomorphic genus for a two-torus bundle

over a K3 surface S, T 2 →֒ M π→ S, endowed with a rank r gauge bundle V. The relevant

geometrical data of such non-Kähler manifold is given by

• The holomorphic tangent bundle TS over the base, with c1(TS) = 0,

• A rank r holomorphic vector bundle V over S, with c1(V) = 0, whose pullback

provides the gauge bundle of the compactification on M,19

19Considering that the holomorphic gauge bundle has vanishing first Chern class is not mandatory for

getting consistent heterotic compactifications; it is enough that c1(V) ∈ H2(S, 2Z) (i.e. vanishing of the

second Stieffel-Whitney class) to ensure that the bundle admits spinors.
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• A rational Narain lattice Γ(T, U) with T, U ∈ Q(
√

D), or equivalently a triple

[Γl, Γr, φ] defining a c = 2 toroidal rational CFT,

• A pair of anti-self-dual two-forms ω1 and ω2 in H2(S,Z) ∩ Λ1,1T ⋆
S .

We define then the non-holomorphic genus of the Fu-Yau compactification in terms of

this data as:20

Zfy(M, V, ω|τ, τ̄ , y) = q
r−2
12 w− r

2

∫

S
ch (Vq,w) td (TS)

∑

µ∈Γ∨
l /Γl

ΘΓl
µ

(
τ

∣∣ pω

2iπ

)

η(τ)2

Θ̄Γr

ϕ(µ)(τ̄ |0)

η̄(τ̄)2
, (6.4)

where the two-component vector pω valued in H2(S)×H2(S) reads, taking an orthonormal

basis on Γl:

pω =

√
2U2

T2

(
ω1 + T1 ω2

T2 ω2

)
, (6.5)

which generalizes eq. (4.28). This vector belongs to a formal extension of the left momentum

lattice Γl, which is now a module over H2(S,Z).

A more explicit expression can be obtained using the splitting principle. Let c(TS) =∏2
i=1(1 + νi) and c(V) =

∏r
a=1(1 + ξa) denote the total Chern classes of the respective

bundles. We have then

Zfy(M, V, ω|τ, τ̄ , y) =

∫

S
G(τ, τ̄ , y, ν, ξ, pω) , (6.6)

where

G(τ, τ̄ , y, ν, ξ, pω) =
r∏

a=1

iϑ1(τ
∣∣∣ ξa

2iπ − y )

η(τ)

2∏

i=1

η(τ)νi

iϑ1(τ
∣∣ νi

2iπ )

∑

µ∈Γ∨
l /Γl

ΘΓl
µ

(
τ

∣∣ pω

2iπ

)

η(τ)2

Θ̄Γr

ϕ(µ)(τ̄ |0)

η̄(τ̄)2
. (6.7)

6.1 Modular properties

The behaviour of G(τ, τ̄ , y, ν, ξ, pω) under PSL(2,Z)τ is easily derived using the results of

appendix B. Under the T-transformation τ 7→ τ + 1, one gets

G(τ + 1, τ̄ + 1, y, ν, ξ, pω) = e− iπ
6

(2−r)G(τ, τ̄ , y, ν, ξ, pω) , (6.8)

exactly as in the GLSM computation of section 5.

The contributions of the holomorphic vector bundle V and of the tangent bundle TS
to G(τ, τ̄ , y, ν, ξ, pω) behave under an S-transformation τ 7→ −1/τ as

r∏

a=1

ϑ1

(
− 1

τ

∣∣∣ ξa/2iπ−y
τ

)

η
(
− 1

τ

) =
r∏

a=1



−ie

iπ
τ ( ξa

2iπ
−y)

2 ϑ1(τ
∣∣∣ ξa

2iπ − y )

η(τ)



 , (6.9a)

2∏

i=1

η
(
− 1

τ

)
νi

τ

ϑ1

(
− 1

τ

∣∣∣νi/2iπ
τ

) =
1

τ2

2∏

i=1

{
ie− iπ

τ ( νi
2iπ )

2 η(τ)νi

ϑ1(τ
∣∣ νi

2iπ )

}
. (6.9b)

20Notice that in eq. (6.4) the tangent bundle of the base S, rather than of the total space M, appears.

This makes sense as the Chern classes of TM are ’horizontal’, i.e. with no components along the torus fiber.
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One recognizes on the right-hand side of (6.9a), (6.9b) the second Chern characters of the

vector bundle and of the tangent bundle:

ch2(V) =
1

2
tr

(
i

2π
F

)2

=
1

2

r∑

a=1

ξ 2
a , (6.10a)

ch2(TS) =
1

2
tr

(
i

2π
R

)2

=
1

2

2∑

i=1

ν 2
i , (6.10b)

Combining these expressions with the contribution from the torus fiber, obtained using

the modular transformation of theta-functions given by (B.15) in appendix B, one gets

G

(
−1

τ
, −1

τ̄
,

y

τ
,
ν

τ
,

ξ

τ
,
pω

τ

)
=

− (−i)rτ−2e
2iπ r

2
y2

τ
+ 2iπ

τ

ch2(V)−ch2(TS )

(2iπ)2 e
iπ
τ

〈pω,pω〉

(2iπ)2 G(τ, τ̄ , y, ν, ξ, pω) , (6.11)

with

〈pω, pω〉 =
2U2

T2
(ω1 + Tω2) ∧ (ω1 + T̄ ω2) = −2U2

T2
ω ∧ ⋆S ω̄ , (6.12)

using the anti-self-duality property of the complex two-form ω.

In conclusion we obtain that G, although non-holomorphic in τ , transforms as a Jacobi

form of weight −2 and index r
2 , whenever the anomaly cancellation condition

ch2(V) − U2

T2
ω ∧ ⋆S ω̄ = ch2(TS) (6.13)

is satisfied. This condition corresponds exactly to the Bianchi identity for Fu-Yau com-

pactifications, see appendix C. After integrating G over S, through a Taylor expansion to

second order in the differential forms, the non-holomorphic genus Zfy transforms then as

a Jacobi form of weight zero and index r
2 .

Let us remark here that the expression of the geometrical formula (6.4) is pretty

much fixed by its modular behavior. In particular, the absence of y-dependence in the

torus fibration contribution, hence the absence of shift in the rank of bundle from the

latter under modular transformations, is compatible with the result that one obtains when

evaluating the twining partition function of the gauged linear sigma-model description in

the geometrical phase.

We indeed expect that the geometrical formula (6.4) and the GLSM formula (5.2)

for the non-holomorphic genus Zfy(τ, τ̄ , y) coincide. A general mathematical proof should

follow from a natural generalization of the arguments in [55, 56], first to (0, 2) Calabi-Yau

examples and second to the Fu-Yau geometries under consideration in the present article.

We provide below a proof of this statement in a simple case.

6.2 Proof of the geometrical formula for the quartic

We consider here the same example as in section 5, namely a Fu-Yau manifold M based

on a quartic hypersurface S in P3, with a monad rank four holomorphic vector bundle V.
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Let us first define:

ch (Vq,w) Td (S) =

ch

( ∞⊗

n=0

∧
−wqn

V⋆ ⊗
∞⊗

n=1

∧
−w−1qn

V
)

︸ ︷︷ ︸
f(V)

ch

( ∞⊗

n=1

SqnT ⋆
S ⊗

∞⊗

n=1

SqnTS

)
Td (S)

︸ ︷︷ ︸
g(TS)

. (6.14)

Using the adjunction formula for the hypersurface S in P3, the properties of the Chern

character and of the Todd class one finds the relation:

g
(
TP3

∣∣
S

)
= g (TS) g

(
OP3(4)

∣∣
S

)
. (6.15)

Since c(TP3) = (1 + H)4 and c(OP3(4)) = 1 + 4H, H being the hyperplane class, one gets:

4Hη(τ)

iϑ1(τ | 4H
2iπ )

∣∣∣∣∣
S

q− 1
6 g (TS) =

(
Hη(τ)

iϑ1(τ | H
2iπ )

)4 ∣∣∣∣∣
S

η(τ)2 . (6.16)

We evaluate now the contribution f(V) coming from the holomorphic vector bundle. This

rank four bundle is defined by the short exact sequence:

0 −→ V ι−→ 5OP3(1)
∣∣
S

⊗Ja

−→ OP3(5)
∣∣
S −→ 0 , (6.17)

and can be viewed as the restriction to S of a vector bundle over P3 defined by a similar

sequence. The Chern roots {ξa, a = 1, . . . , 4} of the latter satisfy then the relation

(1 + 5H)
4∏

a=1

(1 + ξa) = (1 + H)5 , (6.18)

from which we deduce that

iϑ1(τ | 5H
2iπ − y)

η(τ)
q

1
3 w−2 f(V) =

(
iϑ1(τ | H

2iπ − y)

η(τ)

)5

. (6.19)

Regarding the torus bundle, the vector pω is proportional to the hyperplane class in this

example:

pω = pmH =

√
2U2

T2

(
M1 + T1M2

T2M2

)
H . (6.20)

Putting all pieces together we obtain for the non-holomorphic genus:

Zfy(M, V, ω|τ, τ̄ , y) = q
1
6 w−2

∫

S
f(V) g(TS)

∑

µ∈Γ∨
l /Γl

ΘΓl
µ

(
τ

∣∣∣pm
H

2iπ

)

η(τ)2

Θ̄Γr

ϕ(µ)(τ̄ |0)

η̄(τ̄)2

=

∫

P3
c1

(OP3(4)
)

(
iϑ1(τ | H

2iπ − y)

η(τ)

)5
η(τ)

iϑ1(τ | 5H
2iπ − y)

(
Hη(τ)

iϑ1(τ | H
2iπ )

)4
iϑ1(τ | 4H

2iπ )

4Hη(τ)
η(τ)2×

∑

µ∈Γ∨
l /Γl

ΘΓl
µ

(
τ

∣∣∣pm
H

2iπ

)

η(τ)2

Θ̄Γr

ϕ(µ)(τ̄ |0)

η̄(τ̄)2
. (6.21)
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Finally, using a residue theorem on P3:

∫

P3
H4φ (H) =

∮

u=0
du φ(2iπu) , (6.22)

we get exactly the same formula as eq. (5.13), the outcome of the torsion GLSM compu-

tation.

7 Conclusion

In this work we have computed from first principles the new supersymmetric index of a

large class of torsional heterotic compactifications, corresponding to principal two-torus

bundles over a warped K3 base. We have started with the worldsheet formulation of

these flux compactifications as the IR fixed points of gauged linear sigma-models with

torsion, and used supersymmetric localization methods. We have carefully explained why

the localization procedure applies even in this context in which the classical action is non-

invariant under the localization supercharge.

As an intermediate step of the computation we have defined a non-holomorphic genus

Zfy(τ, τ̄ , y), that keeps track of the (non-holomorphic) T 2 zero-modes. For a generic Fu-Yau

compactification, i.e. with ω1 and ω2 non-collinear in the H2(S,Z) lattice, this quantity is

indeed invariant under continuous deformations of the theory, as the torus moduli T and

U are then fully quantized by the flux. It is also, by construction, invariant under F -term

and D-term deformations of the K3 base.

We have given a geometrical formula for Zfy(τ, τ̄ , y), that provides a mathematical

definition of this non-holomorphic genus independently of its realization as a path integral

of a (0, 2) (non-)linear sigma-model. We have proven that this formula and the torsional

GLSM result coincide in a simple example based on the quartic with a rank four holomor-

phic vector bundle. A proof of this equivalence for arbitrary models, which should follow

from a direct generalization of the known results for complete intersection Calabi-Yau man-

ifolds with the standard embedding, is an interesting mathematical project that is left for

future work.

Independently of physics, the non-holomorphic genus (6.4) is of valuable mathematical

interest. The elliptic genera of holomorphic gauge bundles of vanishing first Chern class

over Calabi-Yau manifolds define Jacobi forms only if ch2(TM ) = ch2(V). In [58] a modified

elliptic genus was defined by Gritsenko, in order to preserve this modular behavior even in

particular when ch2(TM ) 6= ch2(V). In the present context there is an alternative definition

motivated by physics; heterotic compactifications with ch2(TM ) 6= ch2(V) can be made

anomaly-free if one adds an appropriate two-torus bundle over the Calabi-Yau manifold,

leading naturally to the non-holomorphic genus (6.4) transforming as a Jacobi form.

This non-holomorphic genus is presumably, as the CY elliptic genera, providing a

generating functional for the indices of a family of Dirac operators, each transforming

in a representation of the bundle specified by a given term in the expansion of (6.1).

A possible interpretation is that, in the present case, one considers a similar problem for

Dirac operators related, in the string theory context, to Kaluza-Klein modes with momenta
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(pL, pR) along the two-torus fiber, in their right Ramond ground state and with, roughly

speaking, arbitrary left-moving oscillator modes along the tangent bundle of the base TS

and the gauge bundle V. Because of the non-trivial fibration, one may expect a grading

according to the toroidal left momentum pL, as our explicit formula (6.4) suggests. Making

this correspondence more precise is a very interesting project.

As we have summarized in section 3, the new supersymmetric index of K3 × T 2 com-

pactifications is universal, hence the Mathieu moonshine conjecture, which postulates that

the states of the (4, 4) theory underlying a K3 compactification with the standard em-

bedding organize themselves into irreducible representations of the Mathieu group M24,

is apparent regardless of the choice of gauge bundle [44]. In the present case, we don’t

expect that the result is universal, as for instance the choice of the complex two-form ω

in the definition of the Fu-Yau manifold affects the cohomology of the total space M. An

outstanding question is whether expanding the new supersymmetric index points towards

M24, or a different sporadic group.

In physics, our results pave the way towards evaluating the one-loop threshold cor-

rections to the gauge and gravitational couplings in N = 2 heterotic compactifications

with torsion. As the two-torus and K3 contributions are not factorized, the traditional

’unfolding method’ [59] is likely not appropriate. Instead, one can use the new methods

pioneered in [60], based on the Rankin-Selberg-Zagier approach to modular integrals. In

this context a natural generalization of the present work is to extend our results to models

which, together with the pullback of a holomorphic gauge bundle over the K3 surface, have

extra Abelian bundles over the total space M (that would be Wilson lines for K3 × T 2

compactifications). We plan to report on these topics in the next future.

Finally, it might be interesting to have a look at models with a non-compact target

space. On the one hand, one could consider torus fibrations over a non-compact base, for

instance over ALE and ALF spaces, and make the connection with the results obtained

in [33] in the torsional case by one of the authors (were an exact worldsheet CFT description

corresponding to an Eguchi-Hanson base was used), using a GLSM approach (see [61, 62]

for examples without torsion). On the other hand, one could define variants of the torsion

GLSM in which one cannot reorganize the (C∗)2 bundle into C×T 2, thereby giving torsional

manifolds with non-compact fibers. In both cases we may observe some interesting features,

such as an anomaly in the holomorphicity of the result, which would be given in terms of

mock Jacobi forms (cf. for instance [45, 62, 63]).
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A (0,2) superspace and Lagrangians

In this appendix we summarize the field content and interactions of two-dimensional field

theories with (0, 2) supersymmetry. We denote by (σ0, σ1) the Lorentzian coordinates;

the analytic continuation to Euclidean signature is obtained by defining σ2 = −iσ0, and

considering the complex variables21 z = σ1 + iσ2, z̄ = σ1 − iσ2. Then Euclidean (0, 2)

superspace is spanned by the coordinates (z, z̄, θ+, θ−). We define the superspace covariant

derivatives as:

D̄± =
∂

∂θ± + θ∓∂̄ . (A.1)

The matter part of the theory is made of two types of multiplets. First, chiral multiplets

correspond to (0, 2) superfields satisfying the condition D̄+Φ = 0, hence of component

expansion

Φ = φ + θ+ψ+ + θ+θ−∂̄φ , (A.2)

composed of a complex scalar and a right-moving Weyl fermion. Second, one defines Fermi

mutiplets also satisfying22 D̄+Λ = 0, whose bottom component is a left-moving Weyl

fermion, with components expansion

Λ = γ− + θ+G + θ+θ−∂̄γ− , (A.3)

where G is an auxiliary field.

Gauge interactions are mediated by a gauge multiplet which corresponds, in (0, 2)

superspace, to a pair of superfields (A+, A−). In Wess-Zumino gauge, the component

expansion reads:

A− = az + θ−λ− − θ+λ̄− +
1

2
θ+θ−D , (A.4a)

A+ = θ+θ−az̄ , (A.4b)

with (λ−, λ̄−) the gaugini, and D the auxiliary superfield. Under a supergauge transforma-

tion of chiral superfield parameter Ξ, one has δΞA− = −i
(
Ξ + Ξ̄

)
and δΞA+ = −i

(
Ξ − Ξ̄

)
.

The gauge superfield strength is a chiral superfield, given by

Υ = −λ− + θ+(D + azz̄) − θ+θ−∂̄λ− . (A.4c)

Interactions are then specified by minimally coupling the matter superfields to the

gauge superfields, and by a set of holomorphic functions Jα(Φ) of the chiral multiplets,

one for each Fermi multiplet in the theory; if the gauge group contains also U(1) factors,

one can add Fayet-Iliopoulos terms. The full Lagrangian density then writes in terms of

components

L = Lc.m. + Lf.m + Lv.m. + Lj + Lfi , (A.5)

21In our conventions left-moving ↔ holomorphic.
22There exists a generalization where the right hand-side, instead of being zero, consists of a holomorphic

function E(Φ) of the chiral multiplets of the theory.
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with

Lc.m. = ∇zφ̄∇z̄φ + ∇z̄φ̄∇zφ + 2ψ̄∇zψ − Qλψφ̄ + Qλ̄ψ̄φ − QD|φ|2 , (A.6a)

Lf.m. = 2γ̄∇z̄γ + |G|2 , (A.6b)

Lv.m. =
1

2e2

(
a 2

zz̄ + 2λ̄∂̄λ − D2
)

, (A.6c)

Lj = GαJα − γαψi∂iJ
α + h.c. , (A.6d)

Lfi = ξ D − iθ

2π
azz̄ , (A.6e)

where azz̄ = 2
(
∂az̄ − ∂̄az

)
is the gauge field strength.

In the Wess-Zumino gauge, supersymmetry transformations should be followed by a

supergauge transformation of chiral superfield parameter Ξwz = iǭθ+az̄ in order to restore

the gauge choice. Under the full transformation, defined as δǫ =
(
ǫQ+ − ǭQ̄+ + δgauge

)
,

the component fields of the various multiplets, including the torsion multiplet, behave as

δǫφ = ǭψ

δǫφ̄ = −ǫψ̄

δǫψ = ǫ∇z̄φ

δǫψ̄ = −ǭ∇z̄φ̄

δǫγ = −ǭG

δǫγ̄ = −ǫḠ

δǫG = 2ǫ∇z̄γ

δǫḠ = 2ǭ∇z̄γ̄

δǫα = ǭχ

δǫᾱ = −ǫχ̄

δǫχ = ǫ∇z̄α

δǫχ̄ = −ǭ∇z̄ᾱ

δǫaz =
1

2

(
ǫλ̄ + ǭλ

)

δǫaz̄ = 0

δǫλ = ǫ (azz̄ + D) (A.7)

δǫλ̄ = ǭ (azz̄ − D)

δǫD = −
(
ǫ∂̄λ̄ − ǭ∂̄λ

)

B Poisson resummation formula, theta functions and Eisenstein series

For a general n-dimensional lattice Γ, with A a symmetric positive definite n × n matrix

defining its bilinear form, one has the Poisson resummation formula

∑

p∈Γ

e−π(p+x)·A(p+x)+2iπy·(p+x) =
1

vol(Γ)
√

detA

∑

p∈Γ∨

e−2iπp·x−π(y+p)·A−1(y+p) , (B.1)

which reduces in the case Γ = Z to

∞∑

n=−∞
e−πan2+2iπbn =

1√
a

∞∑

n=−∞
e− π

a
(n−b)2

. (B.2)

The Dedekind eta function is defined by

η(τ) = q
1

24

∞∏

n=1

(1 − qn) , (B.3)

with q = e2iπτ . Its modular properties are

η(τ + 1) = ei π
12 η(τ) , (B.4a)

η

(
−1

τ

)
= (−iτ)1/2η(τ) . (B.4b)
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The Jacobi theta functions with characteristics are defined by

ϑ [ab ] (τ |u) =
∑

n∈Z

q
1
2

(n+ a
2

)2
e2iπ(n+ a

2
)(u+ b

2
) . (B.5)

One defines

ϑ1 = −ϑ
[

1
1

]
ϑ2 = ϑ

[
1
0

]
ϑ3 = ϑ

[
0
0

]
ϑ4 = ϑ

[
0
1

]
. (B.6)

One can rewrite the Jacobi theta functions in terms of an infinite product. In particular,

ϑ1 writes:

ϑ1(τ |u) = −iq
1
8 w

1
2

∞∏

n=1

(1 − qn) (1 − wqn)
(
1 − w−1qn−1

)
, (B.7)

with w := exp(2iπu). One has the following properties

∂

∂u
ϑ1(τ |u)|u=0 = 2πη(τ)3 , (B.8a)

ϑ1(τ | − u) = −ϑ1(τ |u) , (B.8b)
∮

u=k+τl

du

2iπ

1

ϑ1(τ |u)
= i

(−1)k+leiπl2τ

η(τ)3
. (B.8c)

Under modular transformations, the Jacobi theta functions transform as

ϑ [ab ] (τ + 1|u) = e− iπ
4

a(a−2)θ
[ a
a+b−1

]
(τ |u) , (B.9a)

ϑ [ab ]

(
−1

τ

∣∣∣∣
u

τ

)
= −

√
−iτe

iπ
2

ab+ iπu2

τ θ
[

b
−a

]
(τ |u) . (B.9b)

They satisfy the quasi-periodicity property

ϑ [ab ] (τ |u + m + τn) = exp

(
iπma − iπτn2 − 2iπn

(
u +

b

2

))
ϑ [ab ] (τ |u) for m, n ∈ Z .

(B.10)

The ŝu(2)k theta functions are defined by

Θs,k(τ |z) =
∑

n∈Z+ s
2k

qkn2
e2iπzkn , (B.11)

with s ∈ Z2k. Under modular transformations, one has

Θs,k(τ + 1|z) = eiπ s2

k Θs,k(τ |z) , (B.12a)

Θs,k

(
−1

τ

∣∣∣∣
z

τ

)
= (−iτ)1/2 1√

2k
e

iπ
τ

kz2

2

∑

s′∈Z2k

e− iπ
k

ss′
Θs′,k(τ |z) . (B.12b)

They also satisfy a quasi-periodicity property

Θs,k(τ |z + m + τn) = (−1)k(m+n)e
−iπk

(
n2

2
τ+nz

)
Θs,k(τ |z) . (B.13)

Following [64], one defines the theta function related to a lattice Γ by

ΘΓ
µ(τ |λ) =

∑

γ∈Γ+µ

q
1
2

〈γ,γ〉e2iπ〈γ,λ〉 . (B.14)
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Under modular transformations, one has

ΘΓ
µ(τ + 1|λ) = eiπ〈µ,µ〉ΘΓ

µ(τ |λ) , (B.15a)

ΘΓ
µ

(
− 1

τ

∣∣∣∣
λ

τ

)
=

(−iτ)
rank(Γ)

2

|Γ∨/Γ| 1
2

e
iπ
τ

〈λ ,λ〉 ∑

µ′∈Γ∨/Γ

e−2iπ〈µ,µ′〉ΘΓ
µ′(τ |λ) . (B.15b)

Let us define the Kronecker delta on the lattice Γ by:

δb,b′ =
1

|Γ∨/Γ|
∑

a∈Γ∨/Γ

e2iπ〈a,b−b′〉 . (B.16)

Given a triplet (Γl, Γr, ϕ), with ϕ being an isometry between the discriminant group of the

two lattices Γl and Γr, let us determine the modular behaviour under a S-transformation

of the quantity ∑

µ∈Γ∨
l /Γl

ΘΓl
µ (τ | λ) Θ̄Γr

ϕ(µ) ( τ̄ | 0) . (B.17)

One has

∑

µ∈Γ∨
l /Γl

ΘΓl
µ

(
−1

τ

∣∣∣∣
λ

τ

)
Θ̄Γr

ϕ(µ)

(
−1

τ̄

∣∣∣∣ 0

)
=

|τ |rank(Γ)

|Γ∨
l /Γl| e

iπ
τ

〈λ,λ〉 ∑

µ

∑

ρ,ρ̄

e−2iπ(〈µ,ρ〉−〈ϕ(µ),ρ̄〉)ΘΓl
ρ (τ | λ) Θ̄Γr

ρ̄ ( τ̄ | 0) (B.18)

Since ϕ is an isometry, one has 〈ϕ(µ), ρ̄〉 = 〈µ, ϕ−1(ρ̄)〉. Permuting the sums, using

eq. (B.16), and the fact that δρ,ϕ−1(ρ̄) = δρ̄,ϕ(ρ), one obtains finally

∑

µ∈Γ∨
l /Γl

ΘΓl
µ

(
−1

τ

∣∣∣∣
λ

τ

)
Θ̄Γr

ϕ(µ)

(
−1

τ̄

∣∣∣∣ 0

)
= |τ |rank(Γ)e

iπ
τ

〈λ,λ〉 ∑

µ∈Γ∨
l /Γl

ΘΓl
µ (τ | λ) Θ̄Γr

ϕ(µ) ( τ̄ | 0) .

(B.19)

The weight 2k (k > 1) Eisenstein series are holomorphic modular forms given by

E2k(τ) = − (2k)!

(2iπ)2kB2k

∑

(m,n) 6=(0,0)

1

(mτ + n)2k
, (B.20)

with B2k the Bernoulli numbers. In terms of Jacobi theta functions, one has

E4(τ) =
1

2

(
ϑ2(τ)8 + ϑ3(τ)8 + ϑ4(τ)8

)
. (B.21)

In particular, E4/η8 is modular invariant. Finally, a weak Jacobi form of weight k and

index t with character χ is a holomorphic function φ on H × C which satisfies

φ

(
aτ + b

cτ + d
,

y

cτ + d

)
= χ (g) (cτ + d)ke2iπtc y2

cτ+d φ(τ, y) , g =

(
a b

c d

)
∈ SL(2,Z) , (B.22a)

φ(τ, y + λτ + µ) = (−1)2t(λ+µ)e−2iπt(λ2t+2λy) φ(τ, y) , λ, µ ∈ Z , (B.22b)

and with a Fourier expansion containing only positive powers of q.
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C Fu-Yau compactifications

Strominger established in [3] the conditions that a heterotic compactification to four di-

mensions with N = 1 supersymmetry should satisfy. The internal manifold should be a

complex manifold with SU(3) structure, which is characterized by a holomorphic (3, 0)-

form Ω and a Hermitian (1, 1)-form J , together with the field strengh of a connection on

a holomorphic gauge bundle V , subject to the following system of equations, known as

Strominger’s system:

d (||Ω||JJ ∧ J) = 0 , (C.1a)

Fij = Fı̄̄ = 0 , (C.1b)

J i̄Fi̄ = 0 , (C.1c)

dH = 2i∂∂̄J =
α′

4
(tr(R ∧ R) − tr(F ∧ F )) , (C.1d)

where ||⋆ ||J is the norm corresponding to the hermitian scalar product (⋆, ⋆)J defined with

respect to the fundamental form J . The physical fields, i.e. metric, torsion and dilaton

field are then expressed in terms the Ω and J , solutions to this system.

Equation (C.1a) means that the internal manifold should be conformally balanced,

which is weaker than Kählerity. Equations (C.1b), (C.1c) constraining the gauge bundle

are the zero-slope limit of the Hermitian-Yang-Mills equations, which can be rephrased

as demanding that the vector bundle be a holomorphic stable vector bundle. Finally,

equation (C.1d) is the generalized Bianchi identity, a consequence of the Green-Schwarz

mechanism. The right-hand side of (C.1d) is computed using a connection with torsion on

the tangent bundle; various possible choices correspond to different regularization schemes

in the underlying non-linear sigma-model [65].

Solutions of this system with non-zero H-flux, corresponding to a principal T 2-bundle

M over a warped K3 base (which we denote S), T 2 →֒ M π→ S, were first obtained in [16]

through string dualities. Then the underlying SU(3) structure was studied by Goldstein

and Prokushkin in [17], and finally Fu and Yau obtained a solution of the generalized

Bianchi identity (C.1d) using the Hermitian connection on the tangent bundle in [18].

Following the common usage, these solutions will be called Fu-Yau compactifications.

Explicitly, taking a two-torus of moduli T and U , see eq. (2.8), the metric on the

internal six-dimensional manifold M is chosen to be of the form

ds2 =
U2

T2

∣∣∣dx1 + Tdx2 + π⋆α
∣∣∣
2

+ e2A(y)ds2(S) , (C.2)

where ds2(S) is a Ricci-flat metric on a K3 surface S and e2A is a warp factor depending

on the K3 coordinates only. The connection one-form α on S is such that

ι = dx1 + Tdx2 + π⋆α (C.3)

is a globally defined (1, 0) form on M. We then define the complex two-form ω on S
through

1
2π dι = π⋆ω , (C.4)
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that we expand in terms of the T 2 complex structure as

ω = ω1 + Tω2 . (C.5)

The metric (C.2) is globally defined provided that ωℓ ∈ H2(S,Z).

As was shown by Goldstein and Prokushkin, a solution of the supersymmetry con-

ditions is obtained provided that ω has no component in Λ0,2T ⋆S and is primitive, i.e.

such that

ω ∧ JS = 0 . (C.6)

One can then obtain the (1, 1) form J and the (3, 0) form Ω characterizing the SU(3)

structure in terms of the Kähler form and holomorphic two-form on S, JS and ΩS , as

Ω = π∗ (ΩS) ∧ ι , (C.7a)

J = π∗
(
e2φJS

)
+

iU2

2T2
ι ∧ ῑ . (C.7b)

Solutions with extended N = 2 supersymmetry in four dimensions, i.e. with SU(2)

structure, are obtained imposing the extra condition ω ∈ H(1,1)(S). This is the relevant

case for the torsion gauged linear sigma-models that we consider in this work.

One can for instance choose ω1,2 in the Picard lattice of S, defined by Pic(S) =

H2(S,Z)∩H(1,1)(S), whose rank is denoted ρ(S). Let us define a set of complex topological

charges {Mn, n = 1, . . . , ρ(S)}, belonging to the lattice Z + T Z, and choose a basis of

Pic(S), {̟n, n = 1, . . . , ρ(S)}. One expands the curvature of the two-torus bundle as

ω =

ρ(S)∑

n=1

Mn̟n . (C.8)

The vector bundle over M is obtained as the pullback of a holomorphic gauge bun-

dle V on K3 satisfying the zero-slope limit of the Hermitian-Yang-Mills equations, see

eqs. (C.1b), (C.1c). On K3 it implies anti-self-duality, i.e. that the bundle V corresponds

to an anti-instanton background. Fu and Yau showed in [18] that one can find a smooth

solution to the Bianchi identity for the warp factor, using the Chern connection, provided

the following tadpole condition holds,

∫

S
ch2(V ) +

U2

T2
dmnMmM̄n + 24 = 0 , (C.9)

written the basis (C.8), where dmn is the intersection matrix on H2(S,Z).
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