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1 Introduction

The observations of anomalies in b — ¢ semileptonic exclusive decays of B mesons, with
hints toward possible violation of lepton flavour universality (LFU),! require new analyses
of related processes involving heavy hadrons with a single b quark, to enlarge the set of ob-
servables suitable to test the Standard Model (SM) predictions. The inclusive semileptonic
modes are theoretically appealing, since the nonperturbative effects of strong interactions,
which necessarily must be taken into account, can be systematically considered by an ex-
pansion in the inverse heavy quark mass [2, 3]. The expansion involves a set of long-distance
hadronic matrix elements of operators of increasing dimension, which can be classified and
parametrized. For each term in the heavy quark expansion perturbative QCD corrections
can also be computed at increasing order in «, therefore a double expansion in 1/mg and
«s is obtained. Improving the control of QCD effects, in the inclusive as well as in the
exclusive processes, is the premise to disentangle the origin of the observed anomalies.
The present study is devoted to the inclusive b — ¢, u semileptonic modes of b-flavoured
baryons, in particular Ay — X0~ 7. The formalism is developed for a generic baryon,
therefore it can also be applied to Z and ;. In our study the heavy quark mass expansion
is considered at O(1/ m%), and the parametrization of the baryon matrix elements relevant
at this order is provided. Moreover, the case of polarized baryon decays is considered at this

'For a review see [1].



order, the unpolarized case being recovered averaging over the initial baryon polarizations.
The semileptonic transitions are analyzed in the Standard Model and in an extension of
the SM effective weak Hamiltonian comprising vector, scalar, pseudoscalar, tensor and
axial operators. Such Hamiltonian densities have been scrutinized in connection with the
flavour anomaly problem, considering B meson exclusive modes, see, e.g., [4—6], but less
information is available about their impact on inclusive observables [7—10].

Let us briefly remind the status of the above mentioned flavour anomaly. A small excess
in the ratios R(D™) = %m (¢ = e,u) with respect to the SM expectations
emerges after the BABAR [11, 12], Belle [13-16] and LHCb [17-19] measurements are
combined. The tension with SM is presently estimated at 3.1c level [20-23]. Several
interpretations attribute the deviation to the effect of non-SM interactions mainly affecting
the third generation. New lepton flavour universality violating interactions could produce
at low energies additional operators in the b — ¢77 1, effective weak Hamiltonian, which
can be scrutinized using global quantities, namely the decay branching fractions, and also,
more efficiently, using observables as the 4d B — D*(Dn, Dy){~ 7, decay distributions for
the three lepton species [5, 24-29]. This kind of analyses are also possible for Bs modes [30].

For A, the decay rates and the angular distributions can be considered, although the
latter measurements are experimentally challenging. Moreover, the systematic study of
New Physics (NP) effects for polarized and unpolarized A, would provide a wealth of in-
formation. The prime purpose of such investigations is to identify the correlations between
different processes induced by the same short-distance transition. If the B anomalies are
due to new interactions, correlated pattern of same size effects must be observed in B and
Ay decays: we aim at describing such patterns, starting from the same extended low-energy
Hamiltonian scrutinized for B and choosing the same benchmark points studied in that
case, so that the size of the possible deviations from SM in the meson and baryon case can
be compared. We shall provide the formulae for various observables, they can be used in
experimental simulations to assess the sensitivity to the NP operators.

We have to say that measurements of the Ay polarization at LHC give results compati-
ble with zero [31-34], which means that the b quarks hadronizing in A} are mainly produced
by QCD processes. However, a sizable longitudinal A polarization is expected for b quarks
produced in Z and top quark decays, as shown by the measurements at LEP [35-37].
For this reason, the effects beyond the Standard Model (BSM) in the polarized case have
been scrutinized for the exclusive Ay, — A ¢~y modes [38—41], in addition to the case of
unpolarized baryon [42-47].

The plan of our study is as follows. In section 2 we introduce the semileptonic b — ¢, u
effective Hamiltonian, which generalizes the SM one by the inclusion of the set of D = 6
four-fermion semileptonic operators weighted by complex coefficients. The heavy quark
expansion (HQE) to describe the inclusive process Hy(p, s) — X0~ 7y is discussed in sec-
tion 3 considering the terms up to O(1/mj). In section 4 we construct the fully differential
Ay — X ul g decay distributions in the case of polarized A;. In section 5 we analyze
several observables in SM and with the extended Hamiltonian density, at a benchmark
point in the parameter space of the effective couplings to investigate the sensitivity to the
new operators. The last section contains the conclusions.



The appendices contain the ingredients developed in our analysis. In appendix A we
collect the baryon matrix elements relevant for the OPE at order 1/ mZ’, considering the spin
of the baryon. In appendix B we write the expressions of the structure functions for the
hadronic tensor in SM and in the case of the extended Hamiltonian. Appendix C contains
the coefficients appearing in the 1/my expansion the full semileptonic decay widths, for the
SM and for the generalized Hamiltonian.

2 Effective weak Hamiltonian

We consider the inclusive semileptonic decay of a baryon Hj comprising a single b quark

Hy(p,8) = Xew(px)l™ (pe)7e(py) (2.1)

with s the spin of the decaying baryon. We assume that the process is induced by the
low-energy effective Hamiltonian density which extends the SM one,

G _
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Hog consists of D=6 four-fermion operators with complex lepton-flavour dependent coeffi-
cients ef/, S.PT.R Only left-handed neutrinos are considered. U can be either the u or the ¢
quark, Vi is the corresponding Cabibbo-Kobayashi-Maskawa (CKM) matrix element. Vi
and ef/ are independent parameters: the product V(1 + ef/) is not a mere redefinition of
the SM Vp, due to the lepton-flavour dependence of ef/.

A comment is in order, concerning the operator with right-handed (RH) quark vector
current Or = (U, (1 +75)b)(¢4*(1 — 75)v). This operator is in the set of D = 6 operators
constituting the effective Hamiltonian (2.2), and has been previously considered [48-54].
We shall give analytic formulae that comprise its contribution, providing general expres-
sions for the Ay fully differential decay distributions and for the integrated distributions.
However, in the Standard Model Effective Field Theory the only D=6 operator with a
RH quark current, invariant under the SM gauge group, is nonlinear in the Higgs field:
i (Urvubr) (H'D,H), with D, the electroweak (ew) covariant derivative, H the SU(2)
Higgs doublet, H! = ¢ H7*, and €¥ the totally antisymmetric tensor [65-57]. At the ew
symmetry breaking scale this operator modifies the WUb coupling, but the resulting low
energy four-fermion Og operator in the effective b — ¢, u semileptonic Hamiltonian does
not violate LFU. Hence, in the framework of this effective field theory it is not involved in
B flavour anomalies, and it has been omitted in several analyses [58—60]. Modifications of
the WUBb vertex are connected to modifications of the quark Z vertices, which are tightly
constrained by the electroweak precision observables [57, 61]. Stringent bounds can also
be obtained from different processes [62, 63]. For these reasons we shall not include Og



in our phenomenological analysis, since this would require a dedicated study beyond the
purposes of the present work.
The Hamiltonian (2.2) can be written as

Gr

Hb—>Ueu _ \fV bch JM LOM h.c., (2.3)
i=1

with C{ = (1 + €},) and C£73’4’5 =€ prp J](\f[) indicates the hadronic and LM the lep-
tonic current in each operator, M generically denotes the set of Lorentz indices contracted

between J and L. The SM Hamiltonian corresponds to ¢ = 1 and efﬂ spr.r = 0. We keep
the mass of the charged lepton ¢ = e, u, 7 different from zero.

3 Inclusive decay width

The decay width of the processes (2.1) is given by

G%’VUb‘Z O i i
dl = dy —E20 ZC’ (W9 pn (LIYMN (3.1)

where G is the Fermi constant, ¢ = py + p, the lepton-pair momentum, and d¥ the phase
d3p

y Gl

tensor is (LY)MN = LOIM LGN The hadronic tensor (W%)yy is obtained from the

discontinuity of the forward amplitude

space element d¥ = (27)d*q6*(q — pe — p,)[dpe] [dp,], with [dp] = The leptonic

(T =i [ e (Hyp, )T (2) I8 O)| (. ) (3:2)
across the cut corresponding to the process (2.1):

(W) pyn = lIm(Tij)MV. (3.3)

™

T and W% can be computed exploiting an operator product expansion (OPE) with ex-
pansion parameter the inverse b quark mass [2, 3]. To construct the OPE, the hadron
momentum p = myv, with four-velocity v, is expressed in terms of the heavy quark mass
mp and of a residual momentum k: p = mpv + k. The QCD b quark field is written as
b(z) = etV h, (1), with b, (z) still defined in QCD and satisfying the equation of motion:

bu(a) = (2o 5o ). (3.4

where P, is the velocity projector Py = ITW . In terms of b,(x) one has:

(T =i [ o0 o, )T @) I Ol e 5) (39

with J@ containing the field b,. The heavy quark expansion is obtained from

(T arn = (Hy(v, 9)[bo(0)T 5 Sy (px) T b (0) | Hy (v, 5)) (3.6)



with px = mpv + k — ¢ and Sy(px) the U quark propagator. Replacing k — iD, with D
the QCD covariant derivative, the U quark propagator can be expanded:

Sulpx) = S5 = S GD)SE + S5 (i D)S (1D)SE + .. (3.7)
where S[(]O) = m With the definitions py = myv — q, P = (Py + my) and
Ag = p%] — m,zj, the expansion at order 1/ mg’ is

1 y
~Im(T")yry —ImA—<Hb(v $) 5o LS PT )0, | Hy (v, 5))
— L (Hy (0, ) B [DO Py PO (1D, )b Ho (v, 5))
p A% b p1 )Yu |41\ U,
1 1 . .
+ SIm g (Hy(o,5) [03) Py Py PT Q) (iD, ) (1D b | Hi (v, 9)) (3.8)
1.1 = i n . .
- Imy % (Hy (v, 5)|bo [T TP P2 Py PT ] (0D, ) (6D )1y ) (6D 1) bu| Hy (0, 8)) -
This expression involves Hp matrix elements of QCD operators of increasing dimensions,
written as
(Hy(v, )[BT Py 4" PERD,.,) .. (1D, Yoo Hy(v, 5)) (3.9)
=T () 7Py . A" PT ) a (Ho(0, ) (Bu)a(iDyy) - (1D, ) (bu)o Hi (0, 9))|

with a, b Dirac indices. The hadron matrix elements
Mysy.in = (Hy (v, )| (00)a(iDyy) - - (1D, ) (bu)s| Ho (v, 5)) (3.10)

can be expressed in terms of nonperturbative parameters, the number of which increases
with the dimension of the operators. The expansion to order O(1/m3) requires

(Hy(v, 5)|by(iD)?by| Hy (v, 5)) = —2mp fi2 (3.11)
(Hp(v,8)|by(iD,,) (iD,,) (—ic™ by | Hy(v, 8)) = 2mp iz (3.12)

(Hp(v, 8)|by(iD,)(iv - D)(iD*)by|Hy(v, 8)) = 2mpy ph (3.13)

(Hy(v, 8)|by(iDy,) (iv - D)(iDy )(—ic" )by| Hy(v, 5)) = 2mu pir (3.14)

A method to compute M, . is exploited in [64] for B meson, and more parameters
than those listed in (3.11)—(3.14) are needed for n = 4. The order n = 5 has also been
analyzed [65]. For a heavy baryon, the dependence on the spin four-vector s, must be
kept in (3.10). This is important since, for hadrons with spin, considering the hadron
polarization leads to interesting observables to analyze.

In appendix A we collect the expressions of the matrix elements needed for the
expansion at O(1/mj}) keeping the s, dependence. The computation procedure is de-
scribed in [64]. One starts from the highest dimension operator, which in our case
n = 3 has dimension 6, and determines it in the static heavy quark limit, replac-
ing by(x) — hy(x), the heavy quark field defined in the heavy quark effective theory



(HQET). hy(z) is related to the QCD b(x) field: hy(x) = €™V TP, b(z). h, satisfies
the equations Pyh,(z) = hy(z) and v - Dhy(z) = 0. In principle, the matrix element
M pops = (Hp(v, 8)|[(hy)a(iDyy ) (iDyyy ) (1D g ) (ho )p| Hp (v, 8)) can be expanded over the set
of 16 independent Dirac matrices. However, in HQET it is given in terms of only two Dirac
structures, P+ and SHo= P y#~5Py, an observation which simplifies the parametriza-
tion [66]. On the other hand, the matrix elements of lower dimension operators are com-
puted in QCD expanding over the full set of Dirac matrices. The coefficients of Dirac
structures in the d dimension matrix element are recursively computed from the d + 1
terms, and eqs. (3.11)—(3.14) are used.

The parameters in egs. (3.11)—(3.14) are denoted by a hat to distinguish them from the
corresponding parameters defined in HQET, with b, replaced by h,,. For ji2, ﬁ?jj, ﬁ% g the
difference between the two definitions involves terms appearing at O(1/m}), hence in our
case i2 = p2, p3, = p3 and /3%5 =3 g- For ﬂ?‘; the relation between the two definitions is
ﬂé = ,u%; — m%) (pgD + pis), a combination often present in our expressions.

The formalism is suitable for the analysis in the Standard Model and in NP with the
Hamiltonian (2.2). Our results are obtained for non-vanishing charged lepton mass, at
order 1/ m% in the HQE, in the case of a polarized baryon and with all operators in (2.2)
taken into account. In the existing literature one or more of the above points are relaxed.
For the inclusive semileptonic B decays and non vanishing lepton masses, NP operators
have been considered at order 1/mj in [10], and we agree with those results at that order
after taking the spin-average in our expressions. V + A and S — P operators have been
studied at the leading order in the 1/m; expansion in [8], while a V' + A operator has been
considered for the mode B — X7, performing the HQE at O(1/m?) in [67]. The hadronic
tensor has been computed by an OPE in terms of operators comprising the HQET field h,
in [68]. In this analysis the polarized A inclusive semileptonic decay is considered at order
1 /mz in SM for massless leptons, the case of massive leptons at the same order in 1/my,
is studied in [69]. We agree with such results at that order in the b mass expansion. As a
last remark, in b — u semileptonic transition we neglect weak annihilation contributions,
which mainly affect the endpoint region of the charged lepton energy spectrum [70].

Using the matrix elements M, ,, collected in appendix A the hadronic tensor can
be computed. It is expanded in Lorentz structures depending on v, ¢ and s. The related
invariant functions are given in appendix B for the Standard Model and for the effective
Hamiltonian eq. (2.2).

4 Decay distributions
For the Hy(v,s) — X (px)¢~ (pe)ve(py) transition the four-fold differential decay distribu-
tion is given by

d'T _ GEVil?
dg?d(v-q)dE;dcosfp  32(27)3mpy

ZC* fIm(T”)MN(L”) . (40)

with py = (Ey, pp) and Op the angle between py and § in the Hy, rest frame. The structure
functions in which the hadronic tensor is expanded depend on ¢? and v - ¢. The various



decay distributions are obtained integrating (4.1) over the phase space [71]. To compute
the spectrum in ¢? and in the charged lepton energy E, the order in the integration must
be specified. Integrating first in Ej, the integration limits are

2 2 2 2 (42 2
« . o _veglg +my) £/(v-q)* —¢°(¢" —m
By < Ey < Ejy, By, = ( 0 ;qg ) ( 0 : (4.2)
The replacement
1. 1 —1)nt
“Im— — Lé(”‘l)(Ao) (4.3)

T Af (n—1)!

in the hadronic tensor can be used to integrate over v - ¢. The last ¢? integration is for
m; < ¢* < (my —my)?. (4.4)

To compute the charged lepton energy spectrum one integrates in a different order [72].

The first integration over v - ¢ is in the range
(4> = m7) (¢* —mj)
—— bk <v-q< E + 3

Ey,+
¢ 2m% 2m;

E€+ > (45)

where Fyr = Ey + \/EZQ — m%. Then one integrates over ¢> with integration limits

E)_
my — Eg_

(mg —my - mpEy_) < ¢ < B (m% —m} — myEry) . (4.6)

T my— By
The range for the last integration in FEj is

2 2 2
m; —mi +m
my < By < 2 v £

o (4.7)

Keeping the dependence on cosfp, the corresponding double decay distributions are
obtained. Notice that the kinematics involves the quark masses, the dependence on the
decaying hadron is contained in the matrix elements of the OPE operators. However, the
OPE breaks down in the endpoint region of the spectra, as signaled by singularities as
the derivatives of the ¢ function. Such terms must be resummed in a Hj shape function.
Convolution of the distributions with such a function smears the spectra at the endpoint
and transforms the phase space boundaries from the partonic to the hadronic kinematics:
m3y, —m +m

b , with mx the mass of the lightest hadron

Grax = (mu, —mx)? and (Eg)max = 2mm,
containing the U quark produced in the decay. We do not include the effects of the shape
function, the profile of which is not known in the baryon case, keeping in mind that the
OPE results loose reliability in the endpoint region.

Expanding the tensor 7% in invariant functions, as provided in appendix B, the fully
differential distribution is obtained upon contraction with the leptonic tensor. We express

the distribution as

d‘T diT
=> . (4.8)
dg?d(v - q) dEydcosfp o dg? d(v - q)dEydcosfp



In this expression the first term is
d4F11
dg?d(v - q) dEydcosfp

— N1+ en)?

{8(q2 — m?)Wl +4 [f(q2 - m?) +4Ey(v-q— Eg)] Wa

+ 8 [(q2 + m%)v cq— 2q2E4)] W3 + 4m%(q2 — m?)W4 + 16m§(v -q— Eg)W;s
cosOp

2 2
Ef —my

-2 (¢* +mi —2(v-q)Ep) |2G1(¢* = m}) + G2 [ — (¢* —m})

+4E(v-q— Ey)] + 2G5 [(¢* + m§)v - q — 2¢°Ey)] + 4Gsmi (v - q — Ey)

—4F,G¢ — 4miGr — 4E,Gg — 2(¢* + m3)Gy (4.9)
— 16c:osc9p\/El? — m%[(v -q—2Ey)Gs — sz7 —v-qGg — qQGg]}
_ GilVml _ 1 _ 1 - . _
where N = 2em M Wo = 2ImT, and G, = 7ImS, with the index a = 1,2,... corre-

sponding to the invariant functions T7_5 and Sj_g in (B.2)—(B.6) and (B.7)-(B.13). For
ef/ = 0 this term corresponds to the SM distribution.

Let us consider the other terms in eq. (4.8) for the NP contributions. Considering the
scalar and pseudoscalar operators, we have:

AT N 24(¢* — mHW, 4.10
dq2d(v-q)dEgdCOS¢9p - |€S(P)| (q 7m() S(P),l ( . )
dir23+32 2cosfp

N (—2Relesep]) (¢* = m§)(mi + ¢* — 2v- qB)Gsp,

dq®d(v-q)dE;dcosbp 22
14 14

(4.11)
with Wg(py1 and Ggpy obtained from the imaginary parts of the functions 7' and S
in (B.14)-(B.16).
From the interference terms, we have:
JAT12+21(13+31)
dg?d(v - q)dEydcosfp

= N2Re[(1 + ev)eg p)|me

{4[2(1) -q— E))Wanssmpya + (@° — mg)WSMS(SMP),Q]

2cosfp

— ———— (¢ +m} —2(v-q)Ey) [2(?1 ~q— E¢)Gsps(smp) (4.12)
[r2 _ 2
By —my

+ (> —m7)Gsnms(smp)2 — 2GSMS(SMP),3] + 8cosbp \/MGSMS(SMP)V?)}

with Wenrs(svp),i and Gsars(syp),; obtained from the imaginary parts of the functions
T and S in (B.18), (B.19) and (B.20)—(B.23).



Continuing with the distributions, we have:

d4r44
= Nler|*
dq?d(v-q)dEydcosfp

{16(q2m%>(q2+2m§> (Wra+Wrg)

+16 [—(¢* —m§) +8E,(v-g— Ep)| (Wra+Wre—Wrio)
+16 [(qz—mi)v-q—i—élm%(v-q—Eg)] (2Wrs+Wrr+Wrs—Wri1 —Wria)
+16[m§+q2(v-q—2Eg)2—m§ (q2+v-q(—31j-q+4Eg))] (Wr1a—Wr1s)

0
—8— = (m}+q*—2Ev-q) | [~(a—m})+8Es(v-q—E0)] (Gra+Gro)

\/ EZ—m3

+ [(QQ —m?)v-q—|—4m§(v-q—Eg)] (2G5 +Gr7+Grs—Gr11—Gri2)
+2[m3 (v-g—2E0)+v-qlg>~4Ee(v-q— E)]| Grao| (4.13)

—4Ey (2G114+Gr23+v-qGroa+Gr3o+Grse—Gr3s—Grse)
—(3mi+4¢*) (2Gr15+Gr31+Gr3z—Grss — Grar+Grara+Grars)

+2[mZ+Ey(v-q—2Ep)| (Grara+Grarp+Gras —Grag) }

—32cosbpy/ Ef —mj [Q(U'q— 2Ey) (2GT14+Gr23+v-qGr24+Gr30+Grae—Gr3a—Grse)
—2m? (2G715+Gr31+Gr33 —Gras — Grar+Grora+Grars)

+ [mi +v-q(v-q—2Ey)] (Grara+Grarp+Gras —Grag) } }

with Wp; and Gp; from the imaginary parts of the functions 7" and S in (B.28)—(B.60);

d4r14+41

dq?d(v-q)dE;dcosfp N2Re[(1+ev)er)me

{ 16(v-qg—E¢) [—3Wsnmra1+3Wsnrs— (v-q)(Wenrs+Wsnrr)]

+8(q*—mj) (=3Wanr2+3Wsmra+Wsnrs+Wsmrr)
+8me[2¢° Ee—(mi+q*)] (Wsmre+Wsnrs)

cosf
8 (¢*+mi —2(v-q) Er) [(U'q—Ez) (3Gsmra —3Gsmrs—Gsmri1+Gsmr,2s)
\/Eg—mg
—3Gsmr9+3Gsmri0—Gsmuri2+Gsvri6—v-q (Gsyvri3—Gsmr,i7) (4.14)

+E¢(=Gsyur1a+Gsmr,s) } —16cosfpy/ Ef —mj [3GSMT,9 —3GsmT,10

+Gsmri2—Gsmrie+v-q (Gsmuriz+Gsvria—Gsvrir—Gsmr,is) } }



with Wsyr,; and Ggyr, from the imaginary parts of the functions 7" and S in (B.62)-
(B.70);

dAT24+42(34+43)
dq?d(v-q)dEydcosfp

= N2Re[€T€§(P)]

{ —8[(¢°+m7)(v-q)—2¢*Ee] (Wsr(pr).1+ Wsr(PT) 2)

cosfp
+4— (q2+m§—2(v-q)Eg)

,/Eg—m%

+(¢®+m7) (Gsripr)3—Gsr(pr)4) +2E0 (Gsr(pr) 5+ GsT(PT) 6)

[(¢®+mF)(v-q)—2¢*E¢] (Gsrpr) 1+ Csr(pr) 2)

+16cosOpy/ Ef —mj] [q2 (Gsrpr)3—Gsr(PT)a) Tvq (GST(PT),5+GST(PT),6)] } (4.15)

In this last case Wgr; and Gs7; are obtained from the imaginary parts of the functions T
and S in (B.72)—(B.76).
The distributions related to the Og operator
JAT55 JAT15+51

d 4.16
dg?d(v - q) dEydcosfp an dg?d(v-q) dEydcosfp (4.16)

have the same form of eq. (4.9) with suitable substitutions: d*I'>® is obtained from eq. (4.9)
replacing | (14 ey) |2 = |er|?, Wo = Wre = %ImTRa and G, — Gpr, = %ImSRa with
the functions Tx and Sg collected in (B.77). In the case of d*I''**5! the replacements
are: |(14ey)|?> — 2Re[(1 + ev)erl, Wa = Wsnmpa = %ImTSMRa and G, — GsMRe =
%ImSSMRa, with the functions Tsprr and Sgarr collected in (B.78)—(B.86).

Analogously, the distributions

JAT25+52(35+53)
dg? d(v - q) dEydcosfp

(4.17)

have the same form of eq. (4.12) substituting Re[(1 + GV)E*S(P)] — Re[eRef‘g(P)],
Wsnssvpya — Wrspya = 2ImTrgrpya, and Gsyssmpa —  Grs(rpja =
%ImSRS(RP)a. The functions Trg(rp) and Sgs(rp) are collected in (B.87)-(B.88).
Finally, the distributions
d4r45+54

dg?d(v - q) dEydcosfp

(4.18)

have the same form of eq. (4.14) with the substitutions: Re[(1 + ey )e}] — Releger],
Wesvta — WRTe = %ImTRTG and Gsyra — GRs(Rp)a = %ImSRTa, and the functions
Trr and Sgr collected in (B.89)—(B.109).

The above expressions can be used to compute all double and single decay distributions.
We do not present the lengthy formulae here, but only give the full decay width, which can
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be cast in the form:

0 3
- i (l) (%) (i) | PLS ~(i)
F(Hb—>X€ l/g PbZ{CO + C + C mnggb + mg Cpis}, (4.19)
. G2mbV32 . Ce g . . .
with I'y, = =557, The index 7 indicates the contribution of the various opera-
tors and of the interferences: ¢ = SM,S,P,T,R, SP,SMS,SMP, SP,ST,SMT, and
SMR,SR,PR,TR. The coefficients C® are collected in appendix C and contain the
(4)

couplings ev s.pr.R 0 the effective Hamiltonian. All C'y vanish.

For the SM terms in eq. (4.19) various perturbatlvechoSrrections are known. The leading
electroweak correction A, = 1.014 is a multiplying factor. QCD corrections are known
at O(a?) for the leading term and at O(as) for the 1/m? terms in (4.19), and can be
included following, e.g., [73-78]. In ratios of decay widths involving different lepton species
such corrections largely cancel out. We do not include QCD corrections in the decay

distributions analyzed in the following.

5 Numerical results

In our numerical study we use the heavy quark masses in the kinetic scheme mkm(u =

0.75GeV) = 4.62 GeV, mF™ (1 = 0.75 GeV) = 1.20 GeV, and the up quark mass in the MS
scheme M, (2 GeV) = 2.16+]32 MeV [79]. In the case of B mesons the HQE parameters are
constrained fitting the measured lepton energy and the hadronic mass distributions and
their moments in B — X (i, decay [78]. For A, only few theoretical estimates of u2(Ap)
exist [80]. A relation between p2(Ay) and p2(B) in terms of the measured mass differences
between beauty and charmed mesons and baryons can be exploited [81]:

2mpme

pz(B) — Hz(Ap) = [(ma, —ma,) — (Mg —mp)] (1+O(1/mj.)) (5.1)

mp — Me

(M p.p is the spin-averaged B*) and D®*) mass), to obtain u2(A) from the value of 12 (B).
Moreover, the approximation p%,(Ap) ~ p3,(B) can be adopted, increasing the uncertainty
on p3(Ap) with respect to the value for B. In our analysis we use: p2(Ap) = (0.50 £
0.10) GeV? and p%)(Ap) = (0.17 £ 0.08) GeV3. The HQE parameters p2 and p? ¢ are
sensitive to the total angular momentum of the light degrees of freedom in the hadron.
For Ay they vanish since the light degrees of freedom have spin zero, but for other baryons
they are different from zero. For this reason we include the contributions involving such
parameters in the various expressions in the appendices, so that they can be used for
different heavy hadrons.

The description of NP effects requires input values for the couplings 6€/, spT.R D the
Hamiltonian (2.2). As anticipated, in the phenomenological analysis we do not consider
the contribution of the operator O, hence we set e% = 0. For U = u, allowed regions for
the other couplings have been determined from the analysis of purely leptonic B decays
and of semileptonic B transitions to m and p(770) [82]. Accordingly, for b — u p v, we set
the benchmark point (BP): (Rele};], Im[e};]) = (0, 0), (Re[elp], Im[el]) = (—0.03, —0.02),
(Relé], Im[ef]) = (0.12, 0) and (Releg], Im[e]) = (—0.04, 0). For b — w7 o, the BP is:
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SM
B(Ap — Xepw,) | 11.0 x 1072
B(Ay — X .T77;) 2.4 x 1072
(
(

B(Ap — Xypui,) | 11.65 x 1074
B(Ay — X, 10;) | 2.75 x 1074

Table 1. Inclusive semileptonic A, branching fractions in SM, obtained for the central values of
the parameters.

€, =0, €5 = 0, (Re[ep)], Im[ep]) = (0.01, 0) and (Re[e]], Im[e}]) = (0.12, 0). For U = ¢
we discuss NP effects i) considering only the tensor operator, with (Re(ef.), Im(e})) =
(0.115, —0.005) and (Re(ef), Im(ef.)) = (—0.067, 0), as fixed in [5]. For one observable we
also consider ii) non vanishing couplings only for the 7 mode, with Re[e{;] = 0.16, Releg] =
—0.235, Re[ep] = —0.095 and Rele},] = 0.05 fixed in [59]; the values iii) Re[ef;] = 0.07 and
iv) Re[eg] = 0.025, Relep] = 0.535, also set in [59].

At odds with the B case, at present there is not enough experimental information on
Ay decays to restrict the ranges of the effective couplings. For b — ¢ modes, semileptonic
Ay transitions to AT, A7 r™ A.(2595), A.(2625), X.(2455)%7F and ¥.(2455)T 7~ have
been observed. The branching fractions are measured for the modes into A. baryons, and
the result B(Ay — Al~7p+anything) = (10.942.2) x 1072 is quoted, with £ = e, p [79]. For
b — u, the exclusive branching ratio B(Ay, — pu~7) = (4.1 £ 1.0) x 10~ is measured [79].

Using |Vep| = 0.042 and |V,,| = 0.0037, together with 75, = (1.471 4 0.009) x 1072
s [79], we obtain the inclusive Aj branching fractions for the two quark transitions and
for final 7 and p lepton. The results for the Standard Model, for the central value of the
parameters and neglecting QCD corrections, are collected in table 1.

A remark about the various sources of uncertainties is in order. In a first-principle
computation, such as the one we have described here, the theoretical uncertainties are
connected to the quark masses, to the hadronic parameters, to the perturbative corrections
and to the size of next-order terms in the heavy quark expansion. All such uncertainties
can be reduced in a systematic way. This is the case, in particular, of the values of the
hadronic parameters, the knowledge of which can be improved using nonperturbative QCD
methods, such as QCD sum rules and lattice QCD. For example, for p2(A,) and p3(Ap)
we have quoted an uncertainty of 20% and 50%, respectively, which could be reduced by
dedicated QCD analyses. For other baryons, such parameters are even less known and
deserve new studies. On the other hand, the sensitivity to NP effects of the observables we
have described needs to be assessed in the actual experimental conditions. In this respect,
the analytic formulae we have provided can be used, e.g., to scrutinize by appropriate
simulations the individual effects of the various low-energy operators in (2.2), when the
experimental analyses are planned.
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Figure 1. Contour plots of the distribution %t@fﬁ for Ay — X Apy. The top and bottom

panels refer to £ = p and £ = 7, respectively, the left and right plots to the Standard Model and to
NP at the benchmark point.

5.1 Observables in the A, — X £V mode

The double differential distribution Flbd&‘fﬁ for the SM and NP at the chosen bench-
mark point is shown in figure 1 for the muon and for the 7 final state. In the case of NP
there is an enhancement of the distribution, more pronounced in the 7 case, for charged

lepton energy E,, ~ 1.7GeV and E, ~ 2.1 GeV.

The charged lepton energy spectrum is useful to assess the role of the various terms
in the 1/my, expansion. In figure 2 we show the result for the muon and the 7 case. The
impact of the next-to-leading and next-to-next-to-leading corrections in the HQE is higher
for large values of Ey (¢ = u, 7), excluding the end-point region where the expansion
breaks down. In the case of T the corrections affects a wider energy range. The parametric
hierarchy between 1/m? and 1/mj corrections is numerically confirmed.
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Figure 3. Charged lepton energy spectrum for A, — X f0p, with £ = p (left) and ¢ = 7 (right).
The solid line is the SM result, the dashed line the result for NP at the benchmark point.
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Comparison of the SM prediction (at O(1/mj)) to NP at the benchmark point is
provided in figure 3, where the NP enhancement already observed in the double distribution
is evident, in particular for the 7 mode. The enhancement due to NP can also be observed
in the ¢ spectrum, figure 4: in the muon mode the impact is larger for smaller values of
¢, while in the 7 modes the spectrum displays an enhancement in almost all the ¢ range.

— 14 —



‘
SM
0.6>.
HmNP
= —
N 051 1S
S 3
| & oaf | &
Tl 8 Tl 8
< L <
S| = 03 2=
= sy
= L =
5 02 5
- = f— =
= 01l |
0.0
-1.0 -05 0.0 0.5 1.0 -1.0 -0.5 0.0 05 1.0

cos Op cos Op

Figure 5. F%,dcggep distribution for Ay, — X 40, with ¢ = p (left) and ¢ = 7 (right). The solid

line is the SM result, the dashed line the NP result at the benchmark point.

”~
012} P
e
-
H  odtof s .
- 7 e
=S PR W sM
YE oost =" 4 MNP (BPI)
= P B NP (BP2)
5 ="
= 0.06 _,—“' 7 ] Monly €
- —
= P Z only €f and €},
004|527
; . . .
-1.0 -05 0.0 05 1.0
cos Op

Figure 6. F%, dcgsl,—\ep distribution for Ay, — X.77, in SM and in NP scenarios with different values

of the effective couplings. The line NP(BP1) corresponds to €}. chosen in this paper. The lines
NP (BP2), “only €],” and “only €% and €p” correspond to the values of the couplings fixed in ref. [59],
see the text.

A significant sensitivity to NP is found in the cos #p distribution displayed in figure 5.

dr
dcosfp

and the intercept of the curve. In principle, a measurement of few points in the distribution

The dependence of on cos Op is linear, and NP contributions modify both the slope
would allow to access NP. This is confirmed by the comparison of different scenarios,
corresponding to different benchmark points. Figure 6 shows how the various operators
have a different impact on the intercept and slope of the distribution. In particular, the
tensor operator produces a large deviation from SM.

5.2 Ap - X, v mode

b — wu transition displays similar features. The enhancement due to NP appears in the
double differential spectra in figure 7, although in this case it is similar in the p and 7
mode. The various terms in the HQE alter the lepton energy spectrum for large energy, as
shown in figure 8. NP affects a wide E, range, with a similar impact for the muon and 7
modes, figure 9. The enhancement in the ¢? spectrum, displayed in figure 10, is lower than
in the decay to charm. The distribution in cos fp is sensitive to NP also in this mode.
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5.3 Ratio Ra,(Xv)

For inclusive semileptonic Ay decays it is interesting to consider a ratio analogous to R(D(*))

for B meson, to compare the 7 and the muon mode using a quantity in which several

theoretical uncertainties are canceled:

F(Ab — XUTDT)

RAb (XU) =

F(Ab — Xy ,LI,D#)
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For this ratio we obtain:

Ry, (Xu)"M =0.234, Ry, (X,)VP =0.238, (5.3)
Ry, (X.)M =0.214, Ry, (Xo)VP =0.240.

As with the other quantities in this study, the ratios (5.3)—(5.4) are obtained at leading

2

%) corrections have been included in the ratio Ry(X,) [83], showing that

order in a,. O(a
they are small and supporting the expectation that perturbative corrections cancel in the
ratios to a large extent. Our results suggest a higher sensitivity of the charm mode to NP.
It would be important to observe the correlation of this measurement with the results for
B mesons.

As a last observable, we define another ratio sensitive to lepton flavour universality
violating NP effects. It can be constructed from the distribution %SXQI;W = Ag/ +
Bg cosOp. The intercept of the distribution is Ag = %F(Ab — Xyloy), hence Ry, (Xy) =
%. The ratio of the slopes Rg = % has a definite value in SM, and can deviate from it due

to NP. In SM we find: R§ = 0.1 and RY% = 0.08. A correlation between Ry,(Xy) and RY
can be costructed. As an example, for A, — X .70, with the effective Hamiltonian extended
including a tensor operator, we vary the couplings (Re(ef.), Im(ef.)) and (Re(eZ.), Im(ef.)) in
the regions determined in [5]. The correlation plot in figure 12 shows that the (challenging)
measurement of the two ratios would separate SM from NP.

6 Conclusions

We have presented a reappraisal of the calculation of the inclusive semileptonic decay
width of a heavy hadron, focusing on polarized A,. We present the expressions for the full
differential decay distribution and for the fully integrated width at order O(1/m}) in the
HQE, at leading order in o and for non vanishing charged lepton mass. The computation
is done extending the SM effective Hamiltonian by the inclusion of the full set of D = 6
semileptonic operators, each one weighted by a lepton-flavour dependent coefficient.
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Our study improves the SM result, previously known at order O(1/ m%) for a polarized
hadron, providing the expressions of the hadronic matrix elements. This allows to ana-
lyze other b-flavoured baryon modes, as well as other inclusive processes. Moreover, the
study supplies the elements for analyzing different operators in the effective weak Hamil-
tonian density.

Possible NP effects are systematically investigated in various distributions. In particu-
lar, in view of the tension in the ratios R(D™)) for B mesons, we have studied the analogous
ratios Rp, (X¢4). Among other results, we have found that the dCffTF(h) distribution, linear
in cos fp, is sensitive to NP. The slope of the distribution, for a hadronic final state X,
or X, depends on the final lepton species, hence the ratio RZ" of the slopes, for ¢ = 7
vs £ = pu, is sensitive to possible lepton flavour universality violation. For A, — X .fuy
when the effective Hamiltonian includes a tensor operator, we have shown that a deviation
from SM in Ry, (X.) is related to a deviation in Rg, an interesting, although challenging,

correlation to investigate.
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A Hadronic matrix elements

In this appendix we collect the hadronic matrix elements involved in the heavy quark
expansion to O(1/m}). The relations are employed:

i Py Piygys Py = —Py(—io™)Py ot = —%Euyaﬁaaﬁ%- (A1)

The terms independent of the spin four-vector s, agree with ref. [64].

Dimension 6 operator. The matrix element is computed in HQET:

(Hy(v,5)|(ho)a(iD)T(iD)(iD) (he )| Hy(v, 8)) = (APO) A7 (Py )yt (BPO) AT [Pryyys iy,
(A.2)
with a, b Dirac indices. AP and BP9 are parity-even and parity-odd, respectively. Using
the expansion

(A(D6))T>\<7 _ A§D6)HTJUA + AéD(S) ie‘l‘a’@éﬁvasﬂv)\

(BLOhou — O roAgn 1 BP0 ; roamy, A (A3)
we find:
APO) — _pPo) _ % P
AP0 = g (A4)
B{PY) — %ﬁ%s-
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This gives the expression of the matrix element:

<Hb(v,8)!(ﬁv)a(iD)T(iD)A(iD)”(h JolHy (v, ) =
(@ﬁi’bnravk + 710 Taaﬁ,u SQUA> [PJr]ba

3 2

mmg .
+ (—%p%HT“vAS“ + T” i€ 7 v ) [Py 5 Pl - (A.5)

Dimension 5 operator. The matrix element, computed in QCD, can be expressed as:

(Hy(v,5)|(by)a(iD)7 (iD) (by)o| Hy (v, 5)) = (AP g+ (BP) T (50 + (CPD) 7 (7)1
+ (DY (3,75 )b+ (EPD) O (i, )b,
(A.6)

with AP ¢(D5) p(D5) parity-even and BWD5) p(D5) parity-odd. They can be expanded

as:

(A(D5))TU :A§D5) TU+A(D5) T U+AéD5) Taaﬁvas/g

(B(D5))m :B%D‘:’) T a+B( 5) 4Ty

(C(DS))TUu _ C(DS) TO JrC(D5) Thy,o +C(D5) ghouT JrC(DS)UT T

+C(D5) croaby, sﬁv“—i—C(DS)zegaﬁuvasﬁv +C'(D5) eTOBy, 550°
(D(D5))Ta,u _ D§D5)g”’s“ +D§D5) TGl 4 D(D5) 770y

+ D£D5)g““87 + DéD )gms + Dé 5) ho? g7 + D'(7D5)UHUTSU (A.7)
( E(D5))TUW _ E£D5) (g" "% — g""gh°)

—|—E§ )( T YT +E(D5)(g,uo,uu_guavu)v7'

+ EZ(LD5)gT ie“”o‘ﬁva% + Eé 5T v”ie””o‘ﬁva%

+ EéD5) i €M7 %squr + EéDS) 1 e TYsq0,

D5) . D5) .
+ Eé ) i e;woavaST + Eé )Z euu‘ravasa )

We obtain:
~3
(D5) _ _ 4(D5) _ _MH .2 (D5) _MH[.2  PptPLs
A = 6 /' A= 4 {MG+ mp }
(D5) _ (D5) _ MH 3
B —B, = —
12my" P
D5 my . D5 D5)_ MH_
ef )2*76 fiz 37 =5 = T2, (pp+pLs)
(D5) _ MH .o  TH (.3 (D5) _ MmH [ pD_‘_pLS}
C g Fn b (PD +5%s) Cs 4 |fat -
D D
o7 = -0 = I (20 +30}s)
3 | -3
(D5) _ _ (D5) _ ™MH 9 (D5) _ MH [A pD+pLS}
D, —D, — D -4 FDTFLS
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D(D5) D(D5) mg .3

12mpr
D5y mp Ph+0ls D5 D5) My
B =-31 i+ TS } B =B = kD “%+12 (Pp+7Ls)
(D5) _  MH .o (D5) _ MH .9
E ——EHW Eg™ =5 fn— 24 (2PD+3PLS)
D5 D5 D5 D5 D5 D5
BB g sty D D{ £ £,
The previous expressions allow us to write the matrix element:
_ ) ) m
(Hy(0,5)|(5,)a iD) (iD)° (by)ol Hy(v,8)) = =2 077 | P —s, 5%
53 1 A3
my (. Pptp . TO 14 my T O o.T
+7<Mé+%>ze B, [SﬂP++§Sg}ba+6—mp3D (0787 Pyys—v7 8" v5 Py,

M
~ o (Pb+0is) [—UTSJP+75—UUST’Y5P++(QUTUUP+—UG’YTP+—UTP+70)(1—5/75)} .

My . T O o.T T,0 o.T T o
~Tom. P%s[ V787 Pyys —v7 8Ty P — (20707 P =07y Py —vT Py )s‘/%]ba- (A.8)
Dimension 4 operator. The procedure for computing the matrix element in QCD,

using the expansion in Dirac matrices, is analogous to the D = 5 case. The results is:

(0,91 5)lD) (b 9) = 5ot (=) | (47 P4 =67 =07) ) (1= 20)|
mH .2 g7

—Tﬂw [P+75]ba

MH .9 {_ T T 3s7 ]
o, G (V=0T #4387

mpy

+——5 (pb+0is) V=4 ¥]ba
12m§

my A3 T s7
— A.
+12m DV 75— 5" Y V5]0, (A.9)

mHA
tom 2‘%[

—207Y)dvs+s" 75} .

my
+ 2 [— T 3u" +57 }
8m§pLS (V" =30"Y) g5+ .
Dimension 3 operator. The matrix element computed in QCD reads:

(Hy(0,5)] (B (b0)o 0, 5)) = [(mm—mff (ﬂi—ﬂé)) (1—%)} (A.10)

2
4my, ba

53
(1208 [P bl (2422 ) [P sl

2 2
4mb 6mj,

The matrix elements can be related using the equation of motion for b,:
_ 1 _
(Hy(v,5)[by(iD)* ... (iD)*" Tby| Hy(v, 8)) = 5 (Hp (v, 8)[bo (1D)* ... (iD)*"{T, o/ }bu | Hp (v, 5))

1 _
5 (Hy(v,5) {0 D), (D). (iDY" Tby | Hy(v5)) (A.11)
b
for a generic Dirac matrix I". This allows to relate the coefficients of matrix elements of

operators of different dimensions, providing a check of the results [84].
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B Hadronic tensor for the Standard Model and for the extended Hamil-
tonian

We provide the tensor T% for the b — U modes (U = u, c) for the Standard Model and for
the effective Hamiltonian in eq. (2.2), expanded in invariant functions. We provide their
expressions for the single operators (Standard Model, S, P, T) and for the interferences.

e Standard Model
This case amounts to choosing i = j = 1 in eq. (3.2) and Jle) = Uvu(1 — 75)b. For
a polarized baryon the corresponding tensor T 5]1\'/[ can be expanded in terms of the
functions 77, 5 and Sy, 13 [68]:
ThY, = —g" Ty + v'v" Ty — i € PuaqsTs + ¢"¢" Ty + (¢"0” + ¢"v*) T
—(gq-s) { — g" S + " Sy — ie“”"‘ﬁvangg + ¢"q" Sy + (¢"v” + ¢"v*) S5
+ (s"0” + s70M)Sg + (s'q” + 87 q")S7 + i € Puysg Sy + i P guss So
+ (sfv” — s"v*)S10 + (s*¢” — s"¢")Sn (B.1)
+ (v“ e”aﬂ‘sqavﬁs(s + v e“aﬁ‘sqav555> 1519

+ <q“ e”aﬁ‘sqavgs(; +q¥ e“o"%qavgs(;> 1513.

The 1/my expansion of the these functions reads:

53 3
T1:2mH{A10 |:2(mb_v.q)_|_ K (pD+pLS):|

3myp 3m127
2 ~ N
+ gz | (02— i) 26— (v 0)?)

+3(v-q)(mp — v - q)] + figdmp(my, — v - q)
(7% + pis) [

o [6me(my — v - q) - ¢* +4(v-q)*] - 4mbPA%S}
8 . ~3 + ~3
— 37 [0 = (v 0)%) (mp —v- q) |2 — PP (B.2)

— %ﬁ% [ = (v-q)*] (mp—v- q)Q}

3my

2 5 . . 4 R )
1y = [+ 55 62— ) = 5 (+ 1) |
4 ol A~
T 3m,Az [7"”’” - q iy mu(2my, — 50 - q) i
+6(my, — v+ q) ph + 2(2my, — 30+ q) pis] (B.3)
8 (1 A N ~
T 3A7 Pmb [ = (v-0)*] A2 —20-q(my — v - q) (20} + pls) + qu‘?iS}

32
- bl - (-0 malm -0}
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2 2 72 2 242

+2(3my — 20 - q) (P + pig) }
8 . 53 3
a7 | [P = 00?2 + 0 (my— v )2 — (my— v )? 22
16 .
bl ool -0 -
_ 4 ~9 ~2 (/3% +/3?is)
R N U
(B.5)

8 A ~
+M[2(mb_’l}‘q>p?b+(mb—2y.q)p%S:|}
[~ amop2 — 50+ (2 - ) + 452 (3% + i)

2 2
T5 :2mH{ _K0+73mbAg
8 N b
+ 387 [ [q2 —(v- q)2} (2 + [—ng +mpv-q+ (v- q)2] n’i (B.6)
.3
2 21 PLs 16 3 12 0 \2 o
+ [-mi +mpv- g+ (v q)?) mb} + 58100 [0 = (v- )] (my — v q)}
_ 2 Thx - 9% | Pp
51 _QmH{AO [ T m b
+ Gonaz [0V @iz +3(v-q = 2ma)isg; — 4pp — 3p1s]
| = 0 22 v qmy— v )2 (B.7)
3A3 4 b mp ’
16 .3 2 2
+ g Pp(my —v-q) [¢* = (v-q)?]
0
2 . . . R
Sy = 2mH{:mg [4mb,u,2r — 6myiz — 8p% — Qp%S]
8 N A~
+ 53 20— v b~ 300 0) ] | (B.5)
2 2, PD 4 3 -3
S3 = —2mpg 3moAl [2,u7r + mJ Sy A [Q(mb v-q)pp — 3mprS} (B.9)
with S4 = 0 and S5 = S3,
S — 2 9 L o(e2 | 22 b
6= ~mH fo[_ mb_rmb('u”—l_uc)_i‘mf
1 R ﬁB ﬁ3
+m[—100-qui—4(mb+v‘q)ﬁ;—9 qmiﬂ
4 o N N
+ 353 [2mb[q2 — ()’ 2 — 20 q(my —v-q)ph +3[¢* — (v-9)*] i
16 o
+ g ld? = (v-q)’)(mp — v - q)p (B.10)
3A
0
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“2 gn2 A3

Ao 12m? 6m?
+ ;[2(2m + 30 - Q)12 + 6(mp — v - q) 1% + 2(2m —v-q)ﬁ% + 353
3mpA2 b Hor b e b ™ LS
8 N A~
+ 557 | — 27— (- )i + (my — 0 )0 (B.11)

~ gl = (- ) my — - q)ﬁ%}

_ 2my [1 542 - 342 f)D]
S8 = 2mH{ Ao [1 12m2 6m?

1

.3
. . p
+W{—101)-q;z72rf12(mbfv-q),u%74(3m1)72@'q)%+9v-q niﬂ
4 N I A
+ 5a3 [14° — (v-@)%] [2mofi = 35}5] — 20 (my — v - )p (B.12)

16 .
+ gaaPpm(my = v-9)lg = (v- Q)Q]}

~2  gn2 ~3
Sy = 2mH{2[1 _ Tir =9 | Pp }

JAS 12m§ 6mg
[2 -2 b 3
+M[2(2mb+3vq)MW+6(mb_Uq)MG_2vqmb _3pLS
8 ~ ~
* 3a3 { — 1 = (v @)’} iz + (my — v Q)p%] (B.13)

— 5a1Pb(ms —v-9)lg® — (v Q)Q]}

and S10,11,12,13 = 0.

e Scalar operator in Heg

This case amounts to choosing i = j = 2 in eq. (3.2). T is expanded as

Tg=Tg1 + (q . 5)551 (B.14)
with
_ 1 my+ My o o
Ty _2mH{A0 [(mb—i-my v-q) 2 (fiy MG)]
b (20 0 02 4 30 gy — v 0)) (22— )
3mpAg i G
3, -3
2 21PD 1 PLs
— —4(v - e B.15
@ — 4w~ q)) 2P | (8.15)
+i[q2—(v‘Q)2] —(mb+mU—v-Q)ﬂ2+(mb—v-Q)@—v-qﬁiS
3A3 " my my
8 R
— gaald’ — (0@’ = v - g)(my + mw — v Q)ng}
0
and Sg1 = 0.
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e Pseudoscalar operator in H.g
The tensor is obtained choosing i = j = 3 in eq. (3.2), and is expanded as
Tp=Tp1+ (q-3)Sp1. (B.16)
The two functions in (B.16) are given by the corresponding ones in (B.14) replacing

my — —my.

e Interference between the SM and the scalar operator in Heg

The tensor is obtained when (7, 5) = (1,2) and (2,1) in eq. (3.2). We denote the two
contributions as Tsyrs and Tssas, respectively. Using the expansion

Térrs = Tsmsa v + Tsurs2 ¢ (B.17)
—(q-9) [SSMS,l v + Ssars2 " | + Ssarsz s + Ssarsai P qaugss

and the analogous one for Tsgys, we find:

1
Tsms1= 2mH{ N (my+myr)

- 3:%13 [_5mb(mb+mU)ﬂ3r+mb(mb+5mU)ﬂ%¥_4(mb_mU) (#b+7Ls) }
4 X .
T [mb(mb+mU) [¢° = (v-)*] fiz = (my+mu)v-q (my—v-q)pp
o+ o [q— (0-0)?) 0 (0-0)?] s (B.18)

~sagbtmtmo) s —va) [P~ (o) |

1 a5 — i

2
2mj

1 N N N N ~ ~
T [ (2mus+3v-q) (2 — ) +2m3 (2+7%) + (my—mu) (ph+is) |
(B.19)

4 « A A
ETWN [—mb[QQ_(U'Q)Q}Ni+P?]i)(mb+mU)(mb—U‘Q)_mUU'QP%S}
b2

+aagblms—v0) [~ (-0 |

5A2_3A2 A3
SSMS,1:2mH{ ! [1—( fin —Sic) pD]

Ao 12m2  6m}

1 ~2 ~2
SmIAz {mb(2m5+2mU+5v-q),u,r—6mbv-un

+
A 9
(= my —4v-q)5h— 5 (v-0) pis | (B.20)

2 N A A
Gy |~ 2mola? = (v )% 2+ 2(my—v-q) (my+my +v-0)ph—3(0-0)%01 s

b0 [ (] |

1 . . . .
Ssms2 = 2mH{ GmIA2 [—4mbui+6mbu%+4p%+3pis}

2 . .
+3mbAg[_2(mb—U‘Q)P%+3U'QP%S}} (B.21)
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1 Tmy+Tmy —5v-q .9
Ssmsz= QmH{AO [—mb—mU‘f‘U'Q‘FTMW
b

_ 3mp+3my —v-q .9 _ Mp+my+v-q 3 }

4m? G 6m3 D

1 X

A [— (2¢° +v-q(3mp+3my —5v-q)) fi2
A
+3 (¢ +v-q(mp+my —20-9)) fig; + (20° +v-q(—mp+my —dv-q)) 72
.3

2 21PLS

+3[g"—3(v-q) ]me} (B.22)

2 N N A
+ G 47— (0-0)?] [2mp(my 4y —v- )2 —2(my —v- ) +3v-0 s |

+328ﬁSD(mb_U'q)[qQ_(U'Q)Q](mb—I-mU—U'q)}

_ 1 (5ix—301e) _ pp
Ssmsa=2muy { A [1 T mmzom

+3- 2A2 5myv-qfi2 +6my(my —v-q) iz, +2(3mp—2v-q) po + 5 (4mb—3v-q)ﬁis]

— g [2mla — (0-0) 2 20 q(my—v-q)y+3 [(my —v-g) 2+ mymo] s
(

~sgblm vl (o)} (5.23)
and Tssnri = Tsms (for i = 1,2), Sssni = Ssmsi (for i = 1,2,3), Sssma =
—Ssms.4-

e Interference between the SM and the pseudoscalar operators in Heg
The tensor is obtained for (i,5) = (1,3) and (¢,5) = (3,1) in eq. (3.2). We denote
the two contributions as Tspsp and Tpgys, respectively, with the expansion

Tsyp = Tsmp 10" + Tsmpa ¢" (B.24)
—(q-s) [SSMP,l V" + Ssnmp2 " | + Ssaps s + Ssapa i€ qavgss

and the analogous one for Tpgy. The functions in (B.24) are given by the corre-
sponding ones in (B.17) replacing my — —my.

e Interference between the scalar and pseudoscalar operators in Heg

This case amounts to choosing (7, j) = (2,3) and (7,j) = (3,2) in eq. (3.2). We denote
the two terms as Tsp and T'pg, respectively. Writing

Tsp = Tsp,l — (q . S) SSP,I (B.25)

and analogously for Tpg, we have Tsp1 = Tps1 = 0 and

1 (7p2 —90E) 5 v-q 2 2
S =5 =2 1-— 5% — 3
sp1 = 09Ops1 = mH{ A, m 12m2 + 6 + Sy AL ( o MG)
[—mp[® = (v @)?]fi% + v - a(mp — v - Q)pD)] (B.26)

+ 3mbA%

- ?’iélﬁ?b(mb —v-q)g’ - (U'q)Z]}.
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e Tensor operator in Hqg

This case amounts to choosing i = j = 4 in eq. (3.2). The corresponding tensor T
can be expanded as:

T#’V'#V — vV [Tro — (g 5)Sro] + [gw’guu’ . guulgu//:| [Tr1 — (g 5)S71]

+ { — g [v”v”/ [Tr2 — (¢ - 5)ST2]

— i *Puaqs [Trs — (¢ 5)Srs) + ¢”¢” [Tra — (q - 5)St4]

+ (¢"v” 4+ ¢" ") [Tps — (q‘s)STg)]} +(pevip o) —(pev)— (W e 1/)}
+ {iv“ew“ll/va [Tre — (g - 5)Sre] +iq"e™* v [Tr7 — (g - 5)Sr7]

vt Y g [Trg — (g - 8)Sts] + 1 ¢"e™ " qo [Trg — (q - 5)Sto) — (1 V)}

+ {ivulea”/‘wva [Tr10 — (g 8)Sr10] + i ¢" € ™o [Trin — (g - 5)S711]
+ivt e gy [Tria — (g 8)St12) +i¢" €" qo [Triz — (q- 5)St13] — (4 <> V')}
+ { — g””/ [(s”v”/ + SV/UV) St14 + (q”s’/ + q’/s”) St1s + 1 ewlaﬁva‘s‘g ST16

+1 e”’/o‘ﬁqas/g Srir+ (s"v” — s ") Sis + (¢Vs” — ¢”'s") Srg

6zzoz,B

. ! . /
+iv” € *Pg 555 Srana + iv” 2901555 ST20B

+iq” fylaﬁé%vﬂsé Sto1a +iq” P g ugss STQIB} (B.27)
+ ot [(q - 8)1 e””laﬁqavg St9o + 1 6”’/0‘511055 Sto3 + 1 e’jl’laﬁqasﬁ ST94

+iq” P govpss Srasa +iq” P gaupss ST25B}

—1 e"“/aﬁvaq[g 0’8" Spog + q“v“/ [z el”/o‘ﬁvas[g ST27A} + q“/v“ [z e””/"‘fBUQSB ST97B
+(;LHU/\MI<—>I//)7(,LLHV)7(,u/(—)ljl)}

+ i (¢"v” — quu)ﬁulylaﬁvaq,g Trig +i ("0 — qV,U”/)GWQBUaQﬁ Tr1s

+1i(gMv” — q”v”’)e“/”/aﬁva% Stog + 1 (q“,v”/ — q”/v“/)e“”a'gvasB ST99

+ {z SV o S0 4 1 5PV g0 Sa1 + i VR 5o Srgo + 1 gRe™ Y 8o Stas
~(nev)}

+ {2 s eo"’/“”va StT34 + 1 s“/eo‘”/“”qa ST35 + i vt eo”’/’“’sa ST36

+ iq”leo"'lw’sa Sta7 — (;/ > I//>}
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The various functions are given by:

1 5 (9 o 4 3 .
TTo:QmH{AO[_Q( —Uq) =g - (M?r—MQG)‘Fw(P%—FP%S)]
2
gz | [ 262 = 3muv-q-+5(0-0)? i+ [~ 3mi 424+ 6myv-q—5(v-0) )iy
b=0
7 v+ —4w-q)? .5 R
+ me(my Un(,]i q (v-q)® (P%+P%s)+3mbﬂ?is} (B.QS)

+ g (o =0 0)la— (0-0)°) [mofi2 — (7 + s

iy (-0l (005 |

_ 2 (Thz-90%) | B 2 9 .2 | A3
o1 _QmH{Ao {1_W+6m2} T 3maz [5U'q“ﬂ+3(mb—v'qm@+ﬂp
8 ) o .
+m[_mb[q —(U'Q)Q]uﬁv-q(mb—v-q)pp} (B.29)

sy -0l (007 |

Try =2mH{A10 20, —v-q)+ 5 (12 =) — 55z (Ph+ ) |
+ﬁ [[2q2+(3mb_5U'Q)U'qm3r+[47711%—2q2—7mbv-q+5(v-q)2]ﬂ%;
t 4mbﬁ%+w (Fh+its) | (B.30)
~ gl (00 [(m—v-) (mai2 = ) ~ im0 )]

sy (=0l (007 |

Tra=2mn{ 2 (2t 52 (22 )~ (k)
gz | T v @)y (4my—5v-q) 2
+2(4mb—3v-q)ﬁ%+2(2mb—3v'q)ﬁ%3}
+ 387 | —2mula’ — (v-0) )2 +4v-g(my—v-0) (B.31)
+lo* +2U'Q(mb—U'Q)]P%S]
— Rl a)i (-0l

2 2 N A N
Tr3= 2mH{ A0 3miAZ [5mbv-q (Mgr*:u%*) +6m§ué

+2(3mp—2v-q) (pH+p1s) }
2
s

+3m§A3 [mb[q —(v-q)?)i2 —v-q(mp—2v-q) i+ (mp—v-q) P?is}

3y (m—v-a)la? (07 | (B.32

~ 98 —



Try= 2mH{3n§Ag |:2mb (ﬂi_ﬂé) - (ﬁ%"‘ﬁ%é&}

8 A
t3mag [Q(mb—U'Q)P%Jr(3mb—2v~q)pis} } (B.33)

2 2 ~ (
Trs = 2mH{ T Ao 3miA] [mb(4mb+5v-q)ui+mb<2mb—5v'q%

+2(my~2v-q) (6 +pls) |
8 1 A,
+ g [l — (0 )P+ [ =2+ mg-q-+ (0-0)?]
H_mg_mbU'H(U'Q)Q]ﬁ%s} (B.34)
16 ) b
+ 371 (mp—v-q)[a = (v-0)]p}
0
and

_ 2 (Thz—90&) | P
St = 2mH{_A0 [1_ 12m3 +6m§}

bt [ v (Br2—3p%) +2 (265 +35s) |

8 ~ A
e [mb[qz— (U'Q)Q]Mi—v‘Q(mb—v-Q)p%} (B.35)
16 R
gm0l (005 |
0
2 ~ ~ ~ ~
St = 27”1{{3%Ag [me (212 +30¢;) +8p§5+9p‘25}

8 ~ A~
t3a3 {Q(mb—v-q)p?b+3v-qp%g]} (B.36)

2 o 4 . .
St3= 2mH{ ~ A [2my iz +pp) — ETwN] [Q(mb—U‘Q)P% _3mbP%S} } (B.37)

with Spy =0,
Sts=2mpq — [meﬂz‘i‘ﬁ%]_i[Q(mb_U'Q)ﬁ?’D"i‘i%mbPA%S] (B.38)
3mIA2 4 3mpAd
4my, 5 9 9 2 3 3
Tre =2 —[1 N )
T6 mH{ A +6m2 (Az—ié) 3mp (Pp+01s)
+—0 [14mb(v‘q)ﬂi+mb(7mb— 10v-q) 2,
ImpAj
+3(5mb—4v-q)ﬁ%+4(2mb—3v~q)ﬁ%5] (B.39)
16 . N .
— g |l = (v-0)?) 2 —v-q (my—v-q) (25h+ i) |
0
32 .
—garmlm—vald —(alh}
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16 .
Wﬂﬂ+w(mb—v'Q)P%} (B.40)
0

3m%A%
8 . R .
o [mla® = (0-0)2) 2+ (=2 g+ (0-0)) — [ — (0-0)°)
3mbA0
16 —v-la®=(v-0)25 B.41
+ oz (me—v-q)lg”—(v-9)"]pp (B.41)
3A8

2 8
S7rr = 87¢ = —9 =9 =92 — (2 2 By _ —a.0) 3
T7 = OT8 T11 = OT12 mH{ 3mZAL (2mpfiz+pp) 3my Al (mp—2v-q)pp

(B.42)
Trs =2 2
=2M _——
T8 H AO
2 . . 3 .
SIAZ [mb(4mb+5U'Q)M72r+mb(mb_5U'Q)/‘%‘+(mb_4v'Q) (P?’DJFP%S)}
b—0
8 A ) )
g ol (0] 2+ [2m g+ (00— g — (0-0)°)
0
16 —v-a?=(v-0)25 B.43
+ o (my—v-q)[¢"—(v-¢)°]pp (B.43)
Trg=2mpyg L[me(ﬂQ—ﬂZ)—(ﬁg +p} )}+L(mb—U‘Q) (Ab+its)
SmEA% T G D LS SmbA% D LS
(B.44)
_ _ 2 42 4 53 B.45
Trio=2mpy 3A2(mbMG+pD) (B.45)
0
Tri1=2mpyg l+i {5mb(U'Q) (ﬂQ _:&QG’) +6mpfigy
Ao 3m§A% T
+2(3my—20-q) (ph+7is) |
8 A . )
—@[mb[qz—(v-ﬁ]ufr—v-Q(mb—v-q)p%+(mb—v-q)2p?is
0
_ 16 —v-a?=(v-a0)25 B.46
1(mp—v-q)lg"—(v-9)"]pp (B.46)
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— 5 [Bmov-q (A2 — ) +5mi i+ (5my—4v-q) (5 +7s)
b=0

o [mula® = (0-0)) i —v-g(mp—v-q) i+ (my—v-0)? p 5|

3mbA8
16

+w(mb—v-q)[q2—(v-q)21ﬁ%} (B.47)

with T3 = S19 = ST10 = ST13 = 0,

16mpy .
Tria=—-Tr15= —7;[ Pls (B.48)
302

2n%[1+(ﬂ%+ﬂé) ﬁ%}

Sria=2mp{ —
T =S { Ao am? | 6m}

1 ) R (4mp—3v-q) 4 v-q .5
——|100-q 2 +12(my—v-q) i+ AT 53 97 }
347 [ v+ iz +12(mp —v-q) i+ o9, PLs

s |12 = (00?22 — 3pL) 20 (my —v- ) |
3A3

L6
3AL

9 7’&2 _9'&2 ﬁ3
Sris=2mpd — [1— ~ MG | PD }
o =S { Ao 12m2 " om}

my(my—v-q) [qz—(v-(ﬁ]ﬁi”)} (B.49)

1 . . . .
t—5s [me@mb—HﬁJ'Q)Ngr+6mb(mb—U‘Q)#2G_QU'QP3D_3mbP%S
3mj Ag

*3a3 (6= (0?2 + (my—v-0)p | (B.50)
16

—BAé(mb—w)[q?—(v'Q)Q]ﬁ%}

omy 1 (502 -305) A%
Sri6=2mud — [1— - ]
16 = S { A 12m2  6m}

2 ) ) 49
‘|‘72{—5mbU‘QMi_6mb(mb—U'Q)N%}_2(3mb—2U’Q)P%+*U'QP%S
3mpAG 2
o 42— (00 2moi2 =391 )~ 20-qlmy—v- )

0
16 — 2_ 93 B.51
+ aam(my—v-q)[¢”—(v-q)°]pp (B.51)
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2 1 (TA2-90) | pt
Spi7=2 [1_ r D }
i { Ao 12m2 ' 6m}

2 ~2 <2 3 3
+3m§A§ [mb(2mb+3v'Q)Nw+3mb(mb_U'Q)MG_v'qu B prs]

8 o 212 ~3 16 2 2143
—?)Ag[[q —(v-q) ]uﬂ—(mb—v-q)pD] 3A4(mb—v Qg —(v-9)°]pp
(B.52)
L 3
ST22:—16mHFpLS (B53)
0
4 <2 | -3 8 5.3
ST23:2mH{A3(mbHG+pD)qu PLs (B.54)
1 R
Sto4= 16mHE<’U'q>P%S (B.55)
0

with St18 = S719 = S7204 = ST20B = ST214 = ST21B = ST254 = ST25B = ST26 = 0,

dmp | o | (Ph +ils)

Ny =S = — - =27 B.56
T27A T27B A (2) {Mc + ™ ( )
S = -5 = A 3 + 557 + 6p (B.57)

= = m, .
728 729 3. % b,uc PD P’Ls

2my, 1 1
St130 = ST30 = 2 {1—1—— 12+ 2 3}
T30 T32 mH{ 2 0 4 2 (//(/ﬂ' ta ) 6 PD

2
" 3mA7 Sy~ i+ ma(my — v - )i + (5 — 20 0)p |
8 o A
+ A3 [mul® = (v @) 2 — v - gy, — v - @) (B.58)
0

16 )
* TAgtmb(mb —v-q)lg®— (v- Q)Q]P?b}

2 1, 1
A [  (TR2 = 93%) + b

6m;

St31 = St33 = S135 = —ST37 = 2mpyy -—
12mb

- o) 52 A3
T 32A2 [mb@mb + 30 - q)fiz + 3mp(mp — v - q)fig; + (mp — v Q)pD}
8 ~ ~
~3A3 (lg* = (v 0)?] 2 = (my, — v @) | (B.59)
0
16 .
~3agme v a)lg* — (v- Q)Q]p%}
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2m 1 A . 1 .
St34 = —Str36 = 2mH{ - == [1 - (542 — 3) — WP%}

AO 12mg 6 b
2 o ~ A
- 3mbA(2) [Smbv : q:u’gr + 3my(mp — v - q)ué + Smbp%}
8 N ~
YN [mola® = (v- @) 2 — v - amy, — v+ @) (B.60)
0

16 )
+ mmb(mb —v-q)lg®— (v- Q)Q]P?b}

e Interference between the SM and the tensor operators in Hg
The tensor is obtained for (i,5) = (1,4) and (¢,5) = (4,1) in eq. (3.2). We denote
the two contributions with Tsy;r and Trgas, respectively. We write:
TS =1 (g™ 0" — g™ o) Tsnr,1 +i (9™ 67 — g™ @) Tonira +€**P vg Tonr s

+e8 g5 Tonr a+i v (¢ v — " v*) Tomr s +i 9% (¢" v* — " v*) Tsnr6
+u* e yg g5 Tonr.r+q% ? vs 45 Tsmrs
—(gq-s) [Z (g™ v” — g v") Ssnmr,1+i (g™ ¢ — g™ ¢) Ssmr.2+ € v St 3
+e28 g5 Sonira+iv® (M v” —g” o) Ssnrs+ig® (¢ v —g” v*) Ssnts
+u® P y5 g5 Ssnrr+q% PP ug gs SSMT,S}
+i (g 8" — g™ ") Ssniro+ €™ 5 Ssnri0+i 8™ (¢ v —q” v") Ssnir, 11
+iv® (vF s —v” ") Ssnur 12 +iv* (¢ 8" —q" s") Sswmr,13
+iq® (v s” —v" s") Ssmr1a+19% (¢" 8¥ —q" s") Ssmr,15
+0® P g 55 Ssnr 6 +v* € qp 55 SsnT iz
+q% Py 55 Ssnr s +q% €7 g 55 Ssni 10
+(g™ €T qgug s — g™ T qgvs s7) Ssnr0
+ (v covBo vgs5—v” o vg 85) Ssmr,21 + (V" covBo ggss—v” O1Bo 48 S5) SSMT 22
(g PP g 55 —q” P vg 55) Ssnr oz (q" €2 qp s5—q” € 5 55) SsniT 24
+5% e ggvs Soniras + ("0 — g ") eapsnq’ v’ s’ Ssarr26 (B.61)

The results for the various functions read:

Tsyur, = —Tsvrs

2my 2my 9 a9
= 2m [5,m : -
H{ AO + 3 [%A% bV Q(:u‘rr :U’G)

+4m? 2+ 4 (my — v - q) (5 + p.s)]
_ 8mu_
3mbA8

(mp—v-q)[¢* = (v-q)?] ﬁ%}

[ 6% = (q-0)?) 32 = (my, —v- @) v g (B + pls)]  (B.62)

B 16my
3A
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2mU ~ ~
Tsymre = —Tsmra = 2mH{ T3 IA2 [me (02— ) — (65 + P?is)]
mjy A

8mU ~3 ~3
T 3myAl (my —v-q) (Pp + PLs) (B.63)
8my .
Tsmrs = Isvry = 2mH{ Ag ,0%5} (B.64)

with Tsvre = Tsmrs = 0,

_ _ my ~2 | A3 ~3
Ssmr,1 = —SsmT,3 = QmH{BgAg (2my iz + pp) + 3yl (my —q-v) PD}
(B.65)
2my T -9 | ph
Seriro = —SsnT 10 = 2 _ [1 _ }
SMT,9 SMT,10 = 2mpy { Ao 12m? 6m?
2my 3 ~2 .9 6m2 2 A — v - a) 53 4+ 3mn 5
TSI AD mpv - q (i — i) + 6my g + (4mp — v - q) pp + 34 prg
mb Aj
8my ¢ o 21 -2, 16my 2 27 A3
+TA%[Q—(U'Q)]MﬂJFTA%(mb—U'Q)[q—(U'(JHPD (B.66)
4mU ~3
Ssmr,11 = 2mpy — A3 PLs (B.67)
0
4mU ~9 ~3 9 ~3 8mU ~3
SSMT,12 = 2mH{gmbA(Q) [3 mp fig +4pp + B pLS} + T% vV-qpPLs (B.68)
S —omy ] — 2 [ﬁm + 855 +9p ] UL (B.69)
SMT,16 = H 3y A% bl PD PLS A% apLs (- .

Several functions vanish: SSNIT,(2,4,5,6,7,8) =0 and SSI\'IT,(15,19,20,21,22,23,24,26) =0. The

. ) _ _ 1 _ _ _
relations hold: Ssnr13 = Ssmr,14 = —355smT,17 = —Ssmr,18 = SsMT,25 = SSMT,11
and

(1=1,2,5)

Trsmi = Tsvri (1=3,4,7)

Srevii = —Ssuri (i=1,9,11,12,13, 14) (B.70)
(i = 3,10,16, 17, 18, 25).

Trsm; = —Tsmr,i

Stsm,i = Ssmr,i

e Interference between the scalar and tensor operators in Heg

The tensor is obtained for (i,7) = (2,4) and (¢,5) = (4,2) in eq. (3.2). We denote
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the two contributions as T§}. and Tjg, respectively. Writing

Tt = % va g5 Torn + i (¢" v — 4" v") Tsr
—(q-8) [P va qg Sst1 + i (¢ v” — ¢” v") Ssr2]
+ P g, 55 Ssr +i(g"s” — q” ") SsTa
+ ey, 55 Ssr5 + 0 (5" v — 0¥ s*) St (B.71)
+ {q’“‘ P g, 0585 — q” e”o‘ﬁ‘sqavfgsg} Ssr7

+ {v“ e”o‘ﬁ‘sqavgs(g — ¥ e”anavgs(g] SsT.8

we obtain:

1 1 ~ N ~
Tsri=Tsr2= QmH{_Ao_Sm,%Ag [5mbU‘Q(M72r_ﬂ2G)+4m12;N%‘

+4 (my—v-q) (ﬁ%+ﬁ3ﬁs)]

4 ~ A,
T [[qg—(U'Q)Q]ui—(mb—v-Q)v-qp?b (B.72)

+[(mb—U'Q)2+mme]/3?is] +3%3 (mp—wv-q) [qz—(U'Q)Q]ﬁ?b}

1 N N 2 N N
Sst1==SsT2= 2mH{ ~3.2A2 (2mbu72r+0?))—m [Q(Wb—U'Q) Pzz)’)+3mbpyis}
(B.73)

_ _ L[ T2=9i% b ]
Ssr3= SST,4—2mH{ Ay [1 Tom? +6m§

S
3mZ A2

o 3 ~
o+ [20mp—mur) —v-q) ph+ 3 (my—mu) i | (B.74)

[mb [2(my+my)+3v-q) fi2+3my, (mp—my —v-q) figs

4 R . 3 A
+m |:mb [q2—(U-q)2]u72r_(mb—’U-q) (mb+mU)P?b+§mUU'qp?iS

g (om0l (000

_ _ mp+my 5iz—3i& _ Ph ]
Ssts=9Ss16=2mpg { AL {1 T2m2 63

1 o A

+m {577% (mp+my)v-q i —6mymyv-q i,
~ 9 .

+(mb—mU)v-q(4p?b+§p%S)}

1 2 2] -2 3
 3myAd (mb(mb+mU) (¢ —(v-q)*] iz — (mp—v-q) (Mp+my) q-v pp

3 ~

+5 (o = (my—mu) (v-0)?) | (B.75)

53 () (my—0-0) g~ (001
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and Sgr7 = Ssr,8 = 0. The relations hold:

Tsti = Trs, and Ssr; = Srs; (1=1,3,5,7,8)
Tsr;=—Trs; and Ssr;=—Srs; (i=2,4,6). (B.76)

e Interference between the pseudoscalar and tensor operators in Heg

This case amounts to choosing (i, 7) = (3,4) and (4, 3) in eq. (3.2). We denote the two
contributions with T%7. and T47, respectively. We use the same expansion as for the
scalar-tensor interference in eq. (B.71). The functions Trp; and Stp; are obtained

from the corresponding ones in (B.71) substituting Trp;(my) = —Trsi(—my) and
Srpi(my) = —Stsi(—my). Analogous relations hold between Tpr;, Spr;, and
Trsi, Sst,i-

e Right-handed operator Og in Heg

This case amounts to choosing ¢ = j = 5 in eq. (3.2). The corresponding tensor T%"
can be expanded as in eq. (B.1), substituting 7; — Tr; and S; — Sg;. The following
relations hold:

Tr, =T; (i=1,2,4,5) Trs =13
Spi=2S; (i=3,4,8,9,10,11,12,13)  Spi=-5; (i=1,2,5,6,7) (B.77)

e Interference between the SM and the Op operators in Hg

2 ~n2 _n2
Tsyry = 2mH’mU{ - (1 - M)

AQ ng
2 . . . . .
S 57 | 30002 = i) — 4moi; =2 (0h + k)| (B.78)
8 2 21 ~2 16 2 21 3
T 3a3 [" = (v-q) MW+3T3(mb—v-Q)[q —(v-9)7pp
8 (. (P + pls) 16 )
T =2 2, 492D LS qp B.79
SR mHmy { 3A3 <'MG + my - 3A3 v-qpLs ( )
Tsvrz=Tsmra=0 (B.80)

16mpy mu ﬁ%s

B.81

TsvRrs =
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2

S =2 —1
SMR,S8 mpg my {Ao (

B 3

L R
12m?  4m?  6m;

+ ——— [10v-qp2 +12(my — v - q) il
SmbA%[ ( ) fic
53 ~3
+4(3mp—2v-q) P2+ 3(dmy, — 3v- q)pLS} (B.82)
mp mp
8 2 21 ~2 D 3 9 Pls
_37A8 [q —(U'Q)]Mw—U'Q(mb—U'Q)Hb— v-q( mb—U'Q)Tmb
16 N
—?Aé(mb—v'q)[qQ—(%q)Q]pi’)}

Ssmr9 = —2mpgmy L 4/12—6/12—4@—3@
’ 3mbA(2) T ¢ my my

8

+ 3mbA8

((mb —v-q)pH+ ; (2mp —v-q) ﬁ%s) } (B.83)

1 5/12 /12 [)3
S =2mgmy{ — |2 - —5% ¢ _ D
SMR,10 H My {A()( Gmg 277’1% 3ml§

1 ~9 ~92 ﬁ?b ﬁ%s
10v-qpz—12v-qpg—4(mp+2v-q) —= — v -qg—=

+ 3mb A% my my
=B (-0 02— v alm— 0022 4 30 LS
347 " my 2my
16 2 21 A3
— o (my—v-9) (¢ — (v-9)7] pp (B.84)
3A;
1 . [)3 ﬁg
S =2 — = | 482 4+60%+4552 4 3ELS
SMR,11 mypmy {Smb A% < b +6ug+ p— + o
8 3 3 .3
_?)TnbAg<(mb_U'Q)pD_2v'quS>} (B.85)
and Ssnr (1,2,3,4,5,6,7,12,13) = 0. In addition we have:
Trsmi = TsMR,i (i=1,2,3,4,5)
SRSM,i = SSMR,i (7’ = 172;35455565778797 127 13) (B86)

SrsM,i = —SSMR;i (1 =10,11).

o Interference between the right-handed and the scalar operators in Hg

The tensor is obtained when (4,7) = (5,2) and (2,5) in eq. (3.2). We denote the
two contributions as Trg and Tsg, respectively. Using the expansion as in eq. (B.17)
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changing Tspyrsi — Trsi and Ssarsi — Srsi we find:

Trsi = Tsmsi (1=1,2)
Srsi = —Ssmsi  (1=1,2,3) Srsa = Ssmsa (B.87)

and analogous relations in the case of the structures in Tgg.

e Interference between the right-handed and the pseudoscalar operators in Heg

The tensor is obtained when (7, j) = (5,3) and (3,5) in eq. (3.2). We denote the two
contributions as Trp and Tpg, respectively. Using an expansion analogous to (B.24),
substituting Tspspi — Trp; and Sgyrpi — Srpi, we find:

Trpi = —Tsmpi (1=1,2)
Srpi = Ssmpi (i =1,2,3) Srpa = —Ssmpa (B.88)

and analogous relations in the case of the structures in Tpg.

e Interference between the right handed and the tensor operators in H.g

The tensor is obtained for (i,7) = (5,4) and (4,7) = (4,5) in eq. (3.2), with the
two contributions denoted as Trr and Trg, respectively. Using an expansion as in
eq. (B.61), with Tsprr; — Trri and Ssyri — Sgrri, we find:

— - _2me 2
Trr1 = —TRrr3 =2mpy { Ao 322

[57} Cq i2 4 (dmy — 3v - @) + 4p%
8 X A
+ 537 [mole® = (a- ) 2 = (mp —v-q)v- ) (B.89)

16 ~
+ it (my —v-q) [¢* = (v- ¢)?] p‘ob}
0

2 [, B
Trr2 = —TgrT4 =2mpy {Ao [1 — o2 G}
b

1 [2(2mp +3v-q) 2(4mp — 3v - q) 2 . «
T Az [ gmb pz + gmb e+ Tm(ﬂ?b + P?}Js)]
8 A~
~ a7 |14 = (V- @)% 2 = (my — v - q) ) (B.90)

16 ~
- g5y - ) - (00}
Trrs = Trrr = 2mu § gxz 18+ (6 + )| + 5rav - 0] (B.91)
rT5 = TR H Y\ 352 MG+ (PD +0Ls) | + 333V 4PLs :

8
TRT,G = TRT,S = —2mgpg {mpis} (B92)
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TR
SRT,1:_2mH{AO[2_M+MG pD}

2 2 3
6m;; 2mj 3m;,

1 2mp(2mp +5v - q) 9 dmp(mp —v-q) 2
- A2 [ 3m? fim F m? Ha
2(5mp —4v - q) 3 dmy — 3v - q A3
o 2O i 4 R (B.93)

1 8 8 A (2my —v-q) 4
T A {—g[qz— (q'v)z]u%%(mi—v-q2)0%+4v~qup%s

- gy o= v )l (a0

_ 1 [(dpz —6ug) 49 + 3ﬁis]
Srr2 = 2mu {Ag [ 3 3m?

I A ) (B.94)

Ag 3myp mp

_ 2 Suz —3u&  Pb }
Srrs = 2mu {Ao [1 2m2 omd

2(5my —4v - q) A3

1 [2(2my+5v-q) o 12(mp —v-q) o2
gy | ST,y 2O S g
3(4my — 3v - q) .
BT 35
b

4 2[mj — (v-9)*] .3 3v-q(my—v-q)
T 3A3 [2 [° = (v @)z — = - P — nzb P%S]

- gy o =00l (a0

1 453, + 355

mp
4 3 -3
= paz (M — V) (20p + 3pLS)} (B.96)
4
Srr7 = SRT,26 = —2mH§gP?is (B.97)
. 2my [my —v - g mp + v - q 2 mptuv-g 2
SRT’Q = 2my { Ao [ mp + 12m; m am3 Ha
—3mp +v-q A3 1 .3
+ 76bm§ PD — mﬂw}
1 [2[2¢° + (3mp —Bv-qu-q] o = 4mi —6mpv-q+4(v-q)® —2¢*> o
+ Kg [ 3Z;nb M + : - me ha
2(8mj —2¢° — Tmyv - g +4(v-9)*) .3 | 2mp —¢* —6mpv-g+3(v-q)* 3 }
+ Bm?2 Pp + m2 PLs
4 9 2 2 (my —v-q) ~3 2mp —v - q .3
~3az 4"~ (@-v)7] [Q(mb—U‘Q)Mn_Q - Lt 3 — pLS}
16 o
~ gy o =00l (001 (B.9%
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AL G — i)

+ Aig [2[2q2 + (3";;7; 5v-q)u- Q]#?r n 4mj — 6myv - qmt 4(v-q)* —2¢° 12

" 2(8mj — 2¢° — ?))T:L%v ~q+4(v- q)2)ﬁ3D n o2mi — ¢ — 677:;; g +3(v-q)? [)%S}

_ 34?8 (2 = (q-v)3] [2(mb —vqud - Q(mb;:-q)ﬁ% B 3mbr—n:.qﬁis}

- % (mp —v-q)*[¢° = (q-v)’] ﬁ?b} (B.99)
SrT11 = { A—[ 12m2 p2 + 1 2#20 _ ﬁﬁ%]

e e e T ‘%+ e e
g2 — (g o) = el Sty ]
+3a1 (= v q) [0 = (g 0)] ﬁ%} (B.100)

— Am 5u2 —9ud 1053 + 943 S]
SRT12 = 2my { B [1 T 12m2 12m3

b— V- Q) A 3(3mp — 5v - q) 4
3A2 [14v g2 + 6(my — 20 - q)p + 2 —pp T hls
+ 357 [2mb [ — (q-v)?] Mgr_U'Q(mb—v-Q)(‘lﬁ?b‘*'?’ﬁ%S)} (B.101)

32 2 27 3
+ gaamme (my —v-a)[¢" = (q-v) LOD}
2 5 1 1
Srr13 = 2mi {Ao {1 T 12m? Hr + m“é - ngp%}
+L[2(4mb+5v-q) 2 4v-qg o  4mp+2v-q) .3 3v-q.3
A(Q) 3mas T me ba 3m§ D mi PrLs
8 2 21 2, 2mp—myv-q—(v-q)° 3
+@[—[q —(q-0) px + = bmb PD
+ 3#%5} (B.102)
16 R
—w<mb—v-q>[q2—<q-v>21p%}
1 1
SRr14 = { 12m2 T mﬂé - mﬂ?b}
[ (4mp + 5v - q) _dv-qg 9 8vu-g.3 3v-g.3 }
A2 3ms 7r m, PG 3m2 D m2 PLS
8 2m2—mv~q—(v-q)2A mQ—(’U'q)2A3
+T[ [¢* = (g~ v)] iz + = bmb pp+ = sy PLS
16 R
- gy o= v )l — (a0 (B.103)
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2

2 53 -3
Skr15 = 2my { 2 [(4/% 6uc)  4pp +3PLS} _ 8(ms — )(2PD 4 3PLS)}

A2 3me 3m? 3my A3
(B.104)
_ 4dmyp Sz —9ue 1055 4 9pts
SRT’IG =2my {Ao [1 ™ 12m? o 12m} :|
2 12(my —v-q) .3 | 3(3ms —5v-q) 3
+ 3a7 [141) q iz + 6(my — 20 Qg + ———pp + = pLS}
8 R
~ 37 [2mb [¢° = (q-0)*) uz — 4v - q(my — v - q)p} (B.105)
3[¢? —2v-q(my —v-q
Um0l |
32 R
- el = 0 )l — -0
_ 207, 5 o 1 o 1 3
Srra7 = 2my { Ao [1 mzhr 52 HG ~ G pD]

1 [2(4mb+5v~q) 2  4v-q 2 4(my 4+ 2v - q) A3 3v-q .3 }

A2 3ms ™ T, MG T 3m? b — “m2 PLS
8 9 2mi-—mpv-q— (v-q)? .3
—@[—W—(q'?})?]/ﬁwﬂL : bmb PD
3(mi —mpv-q— (v-q)?) . 16 A
4 2 meb ( Pis +%(mb—U'Q)[q2_(Q‘9)2}P%
(B.106)
2 5 2 1 9 1 .3
Srras = 2mu { - E[l ~ Tamzhr T gzhe T @pD]
_L[2(4mb+5v-q) 2 4v-qg 2 8v-g.3 3v-g.3 }
A2 3my 7r my TG 3m2 D mi PLs
8 2 91 2 | 2mp —myv-qg—(v-q)® 3
—ﬁ[—[q —(q-0)pz + = bmb PD
3(mi —mpv-q— (v-q)?) 4 16 A
(B.107)
2 [(4p3 — 6ug) 4PD + 3pLS]
Srr19 = 2mi {Ag [ 3ms 3m2
1 116(my —v-q) 3 | 4(mp —2v-q) 3 ]
g | b + R g (B.108)
2 5 1 1 .3
SRT25—2mH{ E[l_1zm2“i+4m§“20 ﬁm:;,PD]
1 [100-g 5 Almy-—v-g) 5 . 8(2my—v-q) 3
(2)[37711, o + mp ct 3m? D
+ A v “is} (B.109)
my,
4 20-qg(mp —v-q) 4 my — V- q
+Q[2[q —(q-v)* iz — (n;’b L5+ X — Lt

6 o
+ 551 (my —v-q) |6 = (¢-v)*]
0
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and Sgr,(5,6,8,20,21,22,23,24) = 0. Moreover, we have:

Trri = —Trrs  (i=1,2,5,6)

Srri=—Srri (i=1,2,9,11,12,13,14,15)

Trri =TrR, (i =3,4,7,8) (B.110)
Srri=Srr:  (i=3,4,7,10,16,17,18,19,25,26).

C Coefficients in the 1/m; expansion of the inclusive semileptonic decay
width

To provide the coefficients in eq. (4.19) we define the variables

2 2
m m

p= L = (c1)
mb mb

In the formulae v/\ stays for \/m . Factorizing the effective couplings in the Hamil-
tonian eq. (2.3), we define for A =0, u2, p2, p: CI(LlSM) =11 —{—6V|2C1(45M), Cg) = |€¢|201(4i)
for i=S, P, T, R, and C{Y) = 2Re(e;e?)CY?) for (1j)=(S,P), (SM.S), (SM,P), (SM.T),
(SMR), (S,T), (P, T), (RS), (RP), (RT). We also define:

(1+vVX=p+ pp)?

(VAT o= o)

=1 =1 2
Ly 0og [ 4p€ ] ’ Lo og [ 4,0 (C )
With appropriate manipulations our results for SM agree with [8].
e Standard Model:

M = —2c3M = ﬁ[1 Tp—Tp 4 B — (T =120+ Tp?)pe
—7(1+ p)g} + ] (C.3)
+12{(1 = p)L1 + (1 - p})p?Ls )

A

cLSGM) = ‘g [ — 34 5p— 1902+ 5p + (5 + 28p — 350%) py
— (19 + 35p)pj + 5/)?} (C4)
+6{ (15020201 + (1 - 5p})0Ls |
2

e = SVA[17+ p = 1107 + 5% + pe(4 + 180 - 3207)
+p2(—23 — 35p) + 2p§3] (C.5)

- 8{[}?(—1 + 50>+ pe) L1+ [1— pe+ pi (=1 + 5p* + pz)]ﬁz}
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e S and P:

¢ = -2 = ‘? 14+ 4v/p = Tp+ 40072 — Tp2 + 4972 4 g
+ pe(=T = 20/p + 12p — 20032 — 7p?) + p2(=7 — 8\/p — Tp) + pi
{1+ VRO + VR (o)
+ 7% 20+ 2(=1 4 po)* + V(=1 + p})] Ez}
‘g [13 —132\/p + 45p — 24p°/% — 27p% + 129°/% + 5
+ pe(—27 + 84,/p + 68p — 60p>/2 — 35p?) + p2(—3 — 24/p — 35p) + 5p}
+ Z{ 2(1+4y/p —5p)pt L1 (C.7)
+ o2 - 2p? +4( 1+ po)* + p(10 + 4p; — 6p7)
+ %2 (1 = 5p7) + 44/p(—1 +Pe>]£2}
cf)%) 6 [59 +44y/p + 37p — 28032 — 17p% + 8p°/% + 5P
+ pe(—53 + 441/p + 5dp — 40p32 — 350 + p2(13 — 16,/p — 35p) + 5pﬂ

— (14 VB)*(2 ~ 6+ 5p)pPLa (C8)

[+ 2y +50) + 4pe — (1 +/p)X(2 — 63/ + 5p)pf] L2}

In the pseudoscalar case the coefficients are obtained from the corresponding ones in

_|_
——

the scalar case changing the sign of my and of the odd powers of |/p.

. T
C(()T) = —ZCL? = 12\5\[1 —Tp—Tp* 4+ p* = (T—12p+Tp*)ps
—7(1+ p)p} +pﬂ (C.9)
+ 144{(1 —p)piLr+ (1 — p?)pzﬁz}
_ 2\5[ 25— 25p — 49p% + 15% + po(47 + 44p — 105p%)
— p2(73 + 105p) + 15p§’} (C.10)

+ 24{;)5(1 —3p)(3+5p)L1+p(4+3p—(4+ 15p)p§)£z}

ng) = 8\5[3 —11p— 992 + 5% + pe(23 + 6p — 31p2) — 39p2(1 + p) + 5pp
+4(1-p) 1 +p-— PZ)PZ}
—32{ 2[—6 + 5p(1 + 3p) + 4pi L1 (C.11)

+[2—5p+ [—6+5p(1 + 3p)]p} + 4p}] 62}
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e S - P interference: The coefficients vanish.

e SM - S and SM - P interference:

C(()SMS) 2C(SMS)
VA
= (L= VRV 1 +3v5 — 20+ 3072 + 7
+ pe(10 4 15,/p + 10p) + pﬂ
=3y e+ V) [(1 = p)? + (L= v+ p)pe] £4 (C.12)
+ 0" [VA(=1+ pe) + (1= po)* + ppe] £2}
VA
ClMS) = 21 - VIR [5 — 15/p — 10p + 9/

+5p2 + pe(2 + 45/p + 50p) + 5p§}

- g\/@{m [(1+5\/,5)(1—p)2+(1—2ﬁ 2+ 55%/2)p ]El

Vol =24+ 2yp+p— PP+ po(4 — 10p + p¥/2 4 5p%)
(C.13)

+oi(=2-2yp+ 5p)]£2}
c/ﬁiMS) @ﬁ[ — 16 + 28,/p + 2p — 26p%/% + 2p* 4 10p°/2
+ pe(41 — 95\/p — 37p + 103p%/2) — p2(13 — 7\/p)
=3(1+Vp) 1+ p = po)pi] (C.14)
+2v/p2(1 — \/p) [p@ [2—2\/p — 5p+ 472 + 5p> + pu(—1 + 2/p + 5p)] L1
+ [ =1+ p(1+/p)*(2—6yp+5p) +pi(—1+2yp+ 5p)]£2}

The coefficients in the SM-P case are obtained from the corresponding ones in the
SM-S case changing the sign of my and of the odd powers of ,/p.

e SM — T interference:
c§™M™) = —2¢l5MD —12v/AVope| — 2= Bp + p* — 5pu(1 — 20) + ] (C.15)

+72y/ppe { pel(1 = p)? + ppil 1 + pl(1 = po)? + ppul L2 }

uiMT 6V AP [ — 11p + 5p* + pe(—3 + 50p) —|—5pﬂ
+ 12,ﬁppe{pg[—1 — 1dp + 15p% + (2 + 15p) pe] L1 (C.16)

V24 3p+ pe(—4— 14p + 15p%) + p2(2 + 15p)]£2}
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M = 4v/X /e [ 8 — 14p + 10p% + pe(—35 + 103p) + 7p% — 3pe(1 + p — po)
D
+ 48\/01)4{/)6 [ = 5p(1 = p) — pe(1 = 5p)| L1 (C.17)

+ [1=5ppe(1 = p) — pj (1 — 5p)]£2}

e T — S and T — P interference: The coefficients vanish.

o RR:
et = 20ty = >
¢ =Cha w (C.18)
e
c‘R) cl>M
b PD

e SM — R interference:
CSSMR) = —QCSMR Z\f\f( +10p + p* — Bpg — Sppe — 2,0%)
+ 12\/5{ — (L =p)Lr+plp+(1— pz)2]£2} (C.19)
1
CngMR) — _gﬁﬁ (13 — 14p + 13p* + 43p, — TTppy — 86p7)
+ 2@{@(-9 +21p + 4p) L1 (C.20)
+(2=3p+3p° — 6ppe — 6p + 21pp] + 4/)?)52}
8
CéfMR) = —gﬁﬁ (11— 7p + 20% + 14p; — 13pp; — 1907)
D

+ 16\/5{/)?(—2 +dp+pe) L1+ [14pp (=2 +4p+ pzz)]ﬁa} (C.21)

e R — S interference:

CéRS) 9 C(RS) C(()SMS)
c<RS> = c<SMS) (C.22)
”G

C(RS) C(SMS)

pD PD
e R — P interference:
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e R — T interference:
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