PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: October 19, 2017
ACCEPTED: November 21, 2017
PUBLISHED: November 24, 2017

ABJM 6-Bremsstrahlung at four loops and beyond:
non-planar corrections

Marco S. Bianchi® and Andrea Mauri®

@(Center for Research in String Theory — School of Physics and Astronomy,
Queen Mary University of London,
Mile End Road, London E1 4NS, U.K.
b Dipartimento di Fisica, Universita degli Studi di Milano-Bicocca
and INFN, Sezione di Milano-Bicocca,
Piazza della Scienza 3, I-20126 Milano, Italy

E-mail: m.s.bianchi@qmul.ac.uk, andrea.mauri@mi.infn.it

ABSTRACT: We consider the Bremsstrahlung function associated to a 1/6-BPS Wilson
loop in ABJM theory, with a cusp in the couplings to scalar fields. We non-trivially extend
its recent four-loop computation at weak coupling to include non-planar corrections. We
have recently proposed a conjecture relating this object to supersymmetric circular Wilson
loops with multiple windings, which can be computed via localization. We find agreement
between this proposal and the perturbative computation of the Bremsstrahlung function,
including color sub-leading corrections. This supports the conjecture and hints at its
validity beyond the planar approximation.

KeEyworDS: AdS-CFT Correspondence, Chern-Simons Theories, Supersymmetric Gauge
Theory, Wilson, 't Hooft and Polyakov loops

ARX1v EPRINT: 1709.10092

OPEN AcCESs, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP11(2017)166


mailto:m.s.bianchi@qmul.ac.uk
mailto:andrea.mauri@mi.infn.it
https://arxiv.org/abs/1709.10092
https://doi.org/10.1007/JHEP11(2017)166

Contents

1 Introduction 1
2 The ABJM 6-Bremsstrahlung 2
3 The perturbative computation 3
4 Matrix model computation 7
5 Conclusions 8
A Master integrals definitions and expansions 9
B Results for the four-loop diagrams 13
C Two-loop scalar propagator corrections 14
D Scalar bubble corrections 15
E Matrix model correlators 16

1 Introduction

ABJM theory in three dimensions [1, 2] can be localized [3], which allows for computing
some supersymmetric observables exactly, or at least boiling their computation down to a
matrix model average [4—6]. This in particular includes the expectation value of certain
supersymmetric circular Wilson loops. Remarkably, also the calculation of specific non-
BPS quantities can be related to such objects and therefore mapped to localization results.
This reasoning applies (with a certain degree of speculation) to the small angle limits of
generalized cusps constructed with supersymmetric Wilson lines, i. e. the Bremsstrahlung
functions, and another example is the limit considered in [7].

In this paper we focus on the cusp constructed with two 1/6-BPS Wilson lines meet-
ing at a geometric angle ¢ whose connection is endowed with a coupling to the scalars
of the theory [8-11]. It is possible to introduce a second angle 6, describing a kick in
the coupling to the scalars of the theory, occurring at the same Wilson loop time as the
geometric cusp [12]. Both angles produce a divergence and the resulting cusp anomalous
dimension depends on two angles. The small angle limits of this object are controlled by

Bremsstrahlung functions and in this case we distinguish that associated to the geomet-
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1/67 which are a priori two

ric angle Bf /6 and that associated to the internal space one B
different objects.



In a recent publication [13] we computed the weak coupling four-loop corrections to the
f-Bremsstrahlung function (see [14] for a recent four-loop computation in four-dimensional

QCD). Based on this result, we put forward a conjecture that relates Bf /6 to Bf /6 by a
%)

1/6°
jectured [15] to be computable in terms of supersymmetric 1/6-BPS Wilson loops with

simple factor of 2. The geometric angle Bremsstrahlung function B in turn, is con-
multiple windings, which can be evaluated [5, 6, 16] using localization [3] in the ABJM
model [4]. Both the original analysis of [15] and the computation and consequent con-
jecture of [13] were confined to the planar approximation. In this paper we non-trivially
extend that computation to color sub-leading corrections and widely comment on the result
we obtain.

The paper is structured as follows. In section 2 we begin by reviewing the basics of
the cusp constructed with two 1/6-BPS rays and the conjecture for the -Bremsstrahlung
function. Next, in section 3, we outline its calculation at four loops in weak coupling
perturbation theory. We perform the computation for generic gauge group ranks N; and
N>. In particular, no planar approximation is enforced. The steps of the computation
are qualitatively similar to the analysis in [13] and we mostly stress the new features of
the color sub-leading corrections. More technical details can be found in appendix A,
where specifically all the required master integrals are defined and evaluated. Comparison
with a localization based prediction for the Bremsstrahlung function is attained by first
determining an explicit expression for the 1/6-BPS circular Wilson loop, multiply wound
around the great circle. We perform this starting from the matrix model [4-6] obtained
from localization of the ABJM model. In particular, in section 4 we expand the matrix
model average for the Wilson loop at weak coupling up to the required order for comparison
with the perturbative computation of the Bremsstrahlung function, that is four loops and
for generic gauge group ranks, including the complete genus expansion (which at four
loops entails both sub-leading ~ 1/N? and sub-sub-leading ~ 1/N* corrections). Finally,
we compare the predicted result for the #-Bremsstrahlung function stemming from the
conjecture and our perturbative computation and observe perfect agreement. We interpret
this as a strong evidence for the correctness of the proposal of [13] and for its extension
beyond the planar limit.

2 The ABJM 60-Bremsstrahlung

We consider the U(Np), x U(Na)—r ABJ(M) model. This is a level k& Chern-Simons theory,
described in terms of the two gauge fields A and A which couple to a matter sector given
by bi-fundamental complex scalars Cr,C” and fermions ¢!, v (with I,.J = 1,...4). We
work with the Euclidean version of the ABJM action and refer the reader to [17] for the
its full expression and corresponding Feynman rules.

The 1/6-BPS Wilson loop [9-11]

21

1 _
Wy 6[l] = N Tr [Pexp —i/FdT <AM$'” - 7\az| M, IC'ICJ> (7')] (2.1)



can be defined on a cusped contour I'

r: 2°=0 xlzscosg xzz\s|sin§ —o0<s< o0 (2.2)
given in terms of the angle . The geometric cusp can be generalized by the introduction
of an additional internal angle 6, by taking different scalars coupling matrices M on the

two edges of the cusp

0

—cosg—sin§ 00 —cosg sing 0 0
.0 0 i 0 0
I —sing cosz 0 0 I sing coss 0 O
ML] = 0 2 02 10 and MQJ = 02 02 1 (23)
0 0 01 0 0 01

Unlike the standard straight line case, for this configuration no BPS condition holds leading
to an unprotected operator which develops an anomalous dimension I'y /G(go, 0) that depends
on the two angles and the couplings of the model. The small angles limits of I'; /5(¢, 0) are
controlled by corresponding Bremsstrahlung functions

Ly/6(0,0) ~ 92B?/6 - SOQBf/G

which are in principle two independent functions of the couplings. Quite surprisingly the

weak coupling expansions of these observables suggest that they might be related in a simple

©
1/6
to two loops [12, 18] and a conjecture for its all-loop expression has been given in [13, 15].

fashion. Indeed, the geometric angle Bremsstrahlung BY,. has been directly computed up
This also agrees with the strong coupling result up to the sub-leading order [19, 20].

The internal angle Bremsstrahlung function B? /G(k, N), has been computed at weak
coupling at two- [18] and four-loop orders in the planar limit [13]. It was found that the
simple relation

1

0

2 By 6(k, N) cong [13] Bf/(;(ka N cong (15] 42 On |Wh(k, N1, Na)| (2.4)
Ny 2>1 Npo>1

n=1

holds up to the four-loop order and in the planar approximation. The simplicity of this
relation, together with some additional group theoretical arguments [13], suggests that it
could hold true at all loops.

In the absence of a general argument justifying the relation (2.4), further checks are
needed to avert the possibility that it could be an accident of the first few perturbative
orders. In this paper we provide a striking test of (2.4) by computing the full non-planar
Bf/ﬁ(k, N) at four loops and comparing it with the conjectural form of Bf/G(k, N).

3 The perturbative computation

The computation of B? /G(k, N) at finite N goes along the lines of its planar counterpart
and we refer the reader to [13] for further details. As a result of the analysis of [13], the
calculation can be performed taking advantage of a number of relevant simplifications.
Indeed, we only need to consider 1PI four-loop diagrams at ¢ = 0 with relevant factors
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Figure 1. List of planar diagrams contributing to the four-loop #-Bremsstrahlung function. Gray
bullets stand for 1-loop corrections to the gauge propagator. The gray box collects the two-loop
corrections to the bi-scalar two-point function.
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Figure 2. List of non-planar diagrams contributing to the four-loop #-Bremsstrahlung function.

of the angle 0 for the #-Bremsstrahlung function. In particular this requires the presence
of at least two insertions of the scalar bilinear operators in the connection (2.1). These
diagrams are depicted in figure 1 and 2. We use standard notation to represent the fields,
with double lines for the Wilson contours, solid, curly and dashed lines for fermion, vector
and scalar fields respectively. Diagrams (a)-(o) are topologically planar and are the same
as in [13]. Some of them have contractions which generate color sub-leading terms, which
we have computed generalizing the analysis in [13]. These can arise by exactly the same
diagrams as in the planar case, but where different possible contractions of the fields are
possible, or by diagrams which are topologically the same but where different gauge fields
contribute. For instance, in the diagrams with a one-loop gluon self-energy, also the mixed
(AA) has to be considered.
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Figure 3. non-planar corrections to the scalar bilinear two-point function.

Diagram (p) collects the corrections to the scalar bilinear two-point function. These
include planar topologies as in [13] and two new non-planar diagrams, which we depict in
figure 3. Incidentally, these two diagrams are both proportional to (N7 — N3) and hence
do not contribute for equal gauge group ranks. The detailed results for diagrams (p) are
reported in appendix D.

Diagrams (q)-(u) are genuinely non-planar and need to be evaluated from scratch.
We recall that in some graphs the cusp point can be placed in different inequivalent posi-
tions along the Wilson line. We sum over all these configurations, provided they generate
f-dependent factors. A bunch of other possible diagrams are found to vanish and we have
not displayed them here. For instance these include the non-planar version of diagrams
(1) and (m) where the gluons land on different scalar propagators. Moreover all graphs
with two separate gluon propagators connecting a scalar and the Wilson line (there are 8
topologically inequivalent such graphs) are found to vanish. This can be argued solely on
(anti)symmetry grounds.

The computational steps are the same as those followed in the planar case [13]. We
first write the diagrams in momentum space and convert contour integrations to heavy
quark effective theory (HQET) propagators [17, 21]. Then we perform reduction to master
integrals using LiteRed [22, 23] and FIRE [24-26], which implement the application of
integration by parts identities (IBP) [27, 28].

Graphs (q) and (t) have a central HQET propagator which is a linear combination of
the other two. Thanks to the linearity of HQET propagators they can be decomposed by
partial fractioning into planar integral topologies, which we performed by an automated
routine. Diagrams (r), (s) and (u) involve instead new non-planar master integrals.

After reduction each diagram is expressed as a linear combination on a basis of 21
planar master integrals which have been fully dealt with in [13] and three additional non-
planar integrals. The full list of master integrals is sketched in figure 4 and they are
explicitly defined and evaluated in appendix A. The last non-planar topology emerges
exclusively from diagram (pg) in figure 3 and can thus be discarded in the N7 = Nj case.
Additional non-planar master integrals do arise in the master integral reduction of some
diagrams, but they eventually do not contribute to the cusp anomalous dimension.

Ultraviolet and infrared divergences are dealt with dimensional regularization
(d =3 — 2¢) in the dimensional reduction (DRED) scheme [29] and the introduction of
a residual energy for the heavy quark. The final result does not depend on the infrared
regulator. The e expansion of the master integrals up to the order required in the compu-
tation is given in appendix A.
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Figure 4. Non-planar master integrals needed for the computation. The double line represents an
HQET propagator.

Putting everything together we get the results for the e expansions of the sin-
gle diagrams, which we collect in appendix B. Keeping only the part relevant for the
f-Bremsstrahlung function, the (logarithm of the) 1PI cusp expectation value at ¢ = 0 at

four loops evaluates
B C’gNlNg NgCg

logW |, —0 = —"5— = o, (N2NT (6Cy + 5% —12) + m° N3 Ny (3.1)
0-dep

+72Ny (1 —2Cy)) + Ny (—6Cy — 57° +12)) + O (k7%) + O ()

where Cy = cos g.
We have several consistency checks on the new, non-planar part. Since four loops is
the first order where sub-leading corrections occur, only simple poles in € are expected.
This is the case in (3.1), as a result of the non-trivial cancellation of cubic divergences
among diagrams (b), (g), (h), (r), (s) and (u) and of double poles originating also from
various additional diagrams. Moreover, various graphs involve the one-loop corrected gauge
propagator. This contains a non-gauge covariant piece, which is expected not to contribute
to physical, gauge invariant expectation values (see e.g. discussions in [9, 12]). We have
indeed verified that such terms drop out of the final result.
From equation (3.1) we can extract I';/5(¢,0) and then get the ¢-Bremsstrahlung
function
NNy 7Ny (5NENy + NiN3 — 3Ny — 5N;)
4k2 24k4

for generic ranks of the gauge groups. We observe that this result exhibits maximal de-

BY j5(k, N1, Ny) = +OKS)  (3.2)

gree of transcendentality, notwithstanding the mixed transcendentality of the expectation
value (3.1).



4 Matrix model computation

In the planar limit the geometric angle Bremsstrahlung was argued to be obtained as a
derivative of a multiply wound 1/6-BPS Wilson loop [15]. Moreover, in [13] we proposed
that also the #-Bremsstrahlung function could be obtained this way (with a relative factor
of 2 compared to Bf /6) and extended the conjecture to different gauge group ranks. In order
to check a possible extension to the color sub-leading case, we need an explicit expansion
of the multiply wound 1/6-BPS Wilson loop to four loops.

We computed such a quantity from the matrix model [4-6]

N N. N . 2 N. . 2
7 _/ ﬁ d)‘a eiﬂ'k)\g ﬁd,u«b e*iﬂ'kﬂg Ha<1b sinh S\Z()\a ];2)%)) lgaib sinh (TI'(IU,Q - 'ub))
a=1 b=1 [To2: T2, cosh®(m(Aa — 1))
(4.1)

computing the average

N1
(W) (k, N1, N2) = ]\171 <Z 6"’\i> (4.2)

i=1
For the purposes of this paper a pedestrian expansion of the matrix model average at weak
coupling is sufficient. This boils down to computing the relevant multi-trace correlators in
a Gaussian model (whose explicit expressions can be found in appendix E), after which we
obtain the following expression
itn®Ny  w2n? (n? (2N? + 1) + 2N7 — 6N, Np — 2)

(Wa) (b, Ni, Ng) = 14 == — o

imdn? , , , \ )
ST (n* (N +2N1) +n® (AN7 — 12N, N7 — ANy — 6N,)
+N} + 9NN — Ni — 6NT N, — 3No)
4,2
+ ?:TGOT;:‘1 (nﬁ (2Nil - 10N12 + 3) + 200 (Nil - 3N2Nf’ — 6NNy — 1)
+ 2n2 (13]\7{l - 75N2N13 +5 (24N22 — 5) ]\712 + 15Ny Ny + 60N22 + 12)
—60Nz (NoNf + (N3 — 1) Ni = Na)) + O (k7°) (4.3)

some of whose perturbative orders can be checked to agree with available expressions in
literature in the planar case and/or for single winding [4-6, 9-11, 15, 16, 30-34]. Taking
the derivative with respect to the winding number, we derive the following conjectural
predictions for the Bremsstrahlung functions

1
B (k. N1, No) = 2B 4(k,Ni,No) = 1.2 On [Wa(k, N1, N2)|
conj

conj 47 n—1

NNy Ny (5NEN2 + NiN3 — 3N1 — 5N\>) 6

= - O (k 4.4
2k2 12k4 + ( ) ( )

We observe that albeit the Wilson loop (4.3) features a plethora of color structures en-

compassing all possible ones (Né at [ loops is in general not possible for this observable by
construction), only a subset of them survives in (4.4). We comment more on these aspects

in the next section.



5 Conclusions

The main result of the paper is the agreement between the prediction (4.4) and the per-
turbative computation (3.2). On the one hand this further underpins the conjecture for
Bf /6 but forward in [13], adding two more data points that verify the relation. On the
other hand the result of this paper hints at its validity including non-planar effects. In
conclusion we propose the conjecture

On [Wh,(k, N1, N2)| (5.1)

n=1

By s(k, N1, N2) et 2B$/6(k;, N1, No) o 4%2
holds for all values of the parameters k, N1 and Ns.

We stress that such an agreement is practically tested against six different data points:
the two-loop computation [18] and the five coefficients of the four-loop result, proportional
to the different color structures NNy NZNZ, N1N3, NiNy and N2. These are not all
the possible color structures, but it is obvious from the perturbative computation that the
others vanish trivially. For instance Né at [ loops cannot be generated by construction,
whereas N{ would correspond to a pure Chern-Simons contribution to the cusp anomalous
dimension which we do not expect. Actually, also the color structure Nj Ny vanishes in the
four-loop result (3.2), but non-trivially, as a result of cancellations between diagrams and we
counted it as a data point. In fact, as remarked in [13] the localization prediction suggests
that the color term N{_lNg at loop [ is not present in the Bremsstrahlung function, but we
lack an explanation of this phenomenon both at the level of the matrix model prediction
and of perturbation theory.

As observed in [13] we stress that the Bremsstrahlung function, including the color sub-
leading corrections, is proportional to an overall factor No. We can interpret this occurrence
from Feynman diagrammatics, by recalling that the computation of the #-Bremsstrahlung
function requires the presence of at least one two-point function of bi-scalar insertions. This
practically forces the presence of such a color factor. In particular, it forbids the appearance
of an otherwise possible term of order N in (3.2). This fact has a rather clear explanation
from the Feynman diagram expansion viewpoint, but it lacks an obvious interpretation (at
least to us) from the matrix model computation. In particular this observation seems to
pose a set of [/2+1 constraints on the perturbative expansion of log |(W,,)| at (even) [ loops,
stating that the coefficients of certain color structures (those surviving the No — 0 limit)
have an extremum at n = 1. These are not particularly powerful constraints in practice,
but it would be interesting to understand their origin from the matrix model computation.

While the planar part of this result might be amenable of a complementary derivation
using integrability, following results in N/ = 4 SYM [35-40], non-planar corrections are
probably not embraced by this framework (at least according to the current understanding
of it). Still, it looks that they can be computed exactly using localization results. Finally, we
recall that despite progress on the strong coupling description of Bremsstrahlung functions
in ABJM [19, 20], no direct results are available at the moment for the §-Bremsstrahlung,
let alone non-planar effects. We hope that our results could possibly shed more light on
the strong coupling picture of the #-Bremsstrahlung function.
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A Master integrals definitions and expansions

The (Euclidean) HQET planar integrals at four loops were defined in [13] by the following
products of propagators (d = 3 — 2¢)

[ d%ky d%y ks diRy 1y 1
Gal,...,a14 _/ (27T)4d H P (Al)
=1 1

where the explicit propagators read

P1:(2k1"l7—|-1), ( —1—1), P3:(2k‘3'1~}—|-1), P4:(2]€41~}+1)

Ps = k2, kg Pr = k3, Py = ki

Py = (k1 — ks)?, P10 = (k1 —k3)®,  Pi= (k1 —ka)?

Pig = (ky —k3)*,  Piz= (k2 —ka)®,  Pra= (k3 —ka)? (A.2)
and 92 = —1. Non-planar master integrals can be defined from (A.1) with the following

two sets of propagators

PYPY = (2k1-041), Pyt =(2kg-041), P =(2kz-0+1),  Pplt=(2ks-0+1)

Py =12, Pt =k, Pr=1kj, PYPY = (k) —ky)?
PyP = (k1 —k3)?,  PRCY = (ki —Fka)?, PNPY = (kg —kyg)?

PRV = (k3—ky)?, PN =(ki—ks—ks)?, PN = (ko—k3—k4)? (A.3)
and

PYP2 = (2ky-041), PyT2=(2ke-041), PYT2=(2kz-041), P2 = (2ky-041)
Py =k, Py =3, P2 =3, P =kj

PyP2 = (ky—ko)?, PR =(k1—k3)?, PN'2=(k1—ks)?

PEY2 = (ky—k3)?,  PN2=(ka—ks)?, PN =(ki4+ka—ks—Fky)? (A.4)

The required topologies fall within these categories taking subsets of their indices to be
non-negative. We used these definitions for reductions with LiteRed and FIRE.

The computation presented in this paper entails the expansion of the 21 master in-
tegrals of [13] to certain orders in e. From reduction of the relevant non-planar diagrams
it turns out that only three non-planar master integrals are needed for the computation
(other non-planar integrals arise in tensor reduction of some diagrams, but eventually do



not contribute to the four-loop Bremsstrahlung function). These are

GNP1(1,1,1,0,0,0,1,0,0,0,1,0,1,1) = :@ (A.5)

GNP1(1,1,1,0,0,0,1,0,0,1,1,0,0,1) = % (A.6)
GN2(1,0,0,0,0,1,1,1,0,1,1,1,1,1) = @ (A.7)

Their evaluation up to the required orders in € can be attained straightforwardly by stan-
dard techniques.

We start recalling the expressions for the basic bubble integrals
az

1 T(ayg+2a—d)'(d/2 —a
=I(a1,a2) = Gayap = T (a1 + r?al)l“)(ai)/ 2) (A.8)

ay

B B 1 F(d/? — al)F(d/Q — ag)I‘(al +ag — d/2)
= Boves = (iE T T(anTaa)T(d— a1 — az) (4.9)

where in the following we drop the 47 normalization and g factors.
Integral GNF1(1,1,1,0,0,0,1,0,0,1,1,0,0, 1) is the easiest to evaluate. After integrat-
ing the two bubble integrals we obtain

:% = 1%(1,1) J(2¢,2¢,1,1,1) (A.10)

where the function J corresponds to the two-loop integral with generic indices, and which

was computed in [41]

. /\
J(nlyn27n3an4an5) = w o

o

F(g—n4)1“(g—n5)P(—d+n1+n3+2n4)F(—2d+n1+n2+n3+2n4+2n5)

I (m + ng) T (77,4) T (77,5) T (—d +n1+no+nsg+ 2714)

% 3 ( ni, —d + ny + nsg + 2ny4,d — 2n5 1) (A1)

ny +ng, —d +ny1 +na +ng + 2ny
Integral GNP1(1,1,1,0,0,0,1,0,0,0,1,0,1,1) can be dealt with first integrating the inner-
most bubble integral and then Mellin-Barnes decomposing the resulting expression. The

result consists of a one-fold integral, whose expansion coefficients can be directly reduced
to numbers, up to the required order in e.

,10,



Finally, integral GNF2(1,0,0,0,0,1,1,1,0,1,1,1,1,1) arises from the three-loop non-
planar correction to the scalar two-point function

@ — I(7/2 + 36, 1) @ (A.12)

The three-loop non-planar integral can be computed using the GPXT technique [42]. This
turns the integral into a three-fold series of 30 pieces arising from integration of the radial
part. As for the four-dimensional case an overall factor of € is present which (up to the
required order) allows to retain the pole part of the sum only. This simplifies the evaluation
substantially, reducing it to a set of at most one-fold sums. At a difference with four
dimensions intermediate double poles are generated in intermediate steps, which cancel in
the final answer. The integral thus evaluates [43]

SO -tumow s

Altogether, the expansions of the master integrals (including the planar ones already
evaluated in [13]) read

T 21 46l0g2)
= I8 36 g

— 555 (7% (57r2+8(170+6log 2(22+610g2)))) e+ O (¢2) (A.14)
N = n? | m?(2+2log2)
e N Tyt

+ 357 (1172 +24(6+2log 2(4+210g2))) +O (') (A.15)

é E _ 2 B 7% (34-41og?2)
R 6e2
7% (1172 +12(9+41log 2(34+21og 2))
— ( 36c ) +0 (60)

3 3 (m*(1+10g2))
LA TTma s

2 (1372496 (2+2log2+1og?2
_71'( m (32 g og ))+O(60)
€

377 Jr37r2(5—|—410g2)
T 64e? 32€¢

+ oom? (572 4-8(10+ 2log 2(5+210g2))) +O (') (A.18)

4
1
A :—%—§7r4(2+310g2)+(’)(61) (A.19)
7w 7(3+2log2)

(A.16)

(A.17)

+4i87r2 (177%+24(14+2log2(6+210g2))) +O (') (A.20)

_w® | 7*(9+8log2)

A Twet e
+ 52 (18941372 +216log 2+ 9610g>2) +O (¢ (A.21)

— 11 —



_ w0 m(T+4log2)
T 8e2 de

— ;7 (1172 +12(37+410g2(7+21l0g2))) +O (') (A.22)

N =T s rram) o (@) (A.23)
@ _ +M+@ () (A.24)
L=\ =Kot e
é& . +W+@ () (A.26)

2 2 1 It
L (1 +12(25J;;460g2(5+2 0g2)))+0(60) (A.27)

1
LON o) e
o 7t O 0 A2
LT = to) 429
2 4
LI\ =5 A
I -
4
LN 5o A
@ = %4— 47r2i0g2 —|—é7r2 (—84—1—77r2—i-9610g2 2) +0 (61) (A.33)
@ = %+4W2i°g2 + 7% (—180+2372+9610g?2) + O (¢!) (A.34)

7 7*(1+log2) 72 (1372496 (2+1log” 2+log4)) 0
%%iix—ww— . = o) ()

7 7?(1+log2) 72 (5m°+32 (2+1og” 2+2log2)) 0
:%: T16e 22 16¢ +0 (") (A.36)
1 (832" 128x"
@ T ( 5 15 >+O (<) (A.37)

where an overall factor e=47#¢/(47)2? is omitted.

— 12 —



B Results for the four-loop diagrams

In this appendix we list the results for the diagrams of figure 1 and 2, including the color

6746"{E

4
W) is understood. The planar topologies of

sub-leading factors. A common factor (
figure 1 yield

 ST2NEN3CE (C3 - 2) . 32m2NZNZCZ ((2log2 — 1)C2 — 4log 2)

(a) 2 - +0 (") (B.1)
(b) = 472Ny (N2 + 1) N»C3 N 3272Ny (N2 + 1) N2 log 202
€3 €2
4Ny (Nf +1) Ny (137* 21og?(2)) C?
N 1 (NE+1) 2(3; + 967 og())09+0(60) (B.2)
16 QNQNQCZ 2 n\T2 NT2 o 2
(0= (m 6; 3C3) | 167 NEN (76 8log 2)C3 L0 (B.3)
(d) = 16m2NZN3C? N 16m2NZNZ (1 + 8log2)C2 L0 (B.4)
€? € ’
12872 (N? — 1) N3C?
(o) = 12 > INSCE L o () (B.5)
32 (7?2 (7% —4) (N? — 1) N3C?
= REEHOEONG) o (B.6)
() 2 (n2Ny (N +3) NoC3) 2 (w®Ny (N7 +3) N2(8log2 — 1)C3)
9) == 3 - 2
€ €
4 (7®Ny (N2 +3) Na (=9 + 772 + 12log 2(41log 2 — 1)) C2
o (71— 1( 1 + ) 2( +3’: + 0og ( og )) 9) +O(€O) (B?)
() — 2(mNy (Nf +3) NoCf) 2 (n° N1 (NF +3) Na(8log2 — 1)C5)
N €3 €2
2 (72N (N Ny (1772 4 6(4log2(4log2 — 1) — 2
2N NE 9 Na (I Slog2los2 - D =G Loy ()
274 N1 N (N2 +3) C3
() = - 22;* )  +0() (B.9)
4(NT2N2 2\ 12
() = 874 (N? N3 2312711\12 +NOCE () (B.10)
4(NT2 N2 2\ 12
() = 8 (NYN; 23]:71N2 + N3)C? L0 () (B.A1)
42 2
() = T DG g () (B.12)
42 2
(m) = A7* (N3 31)]\71]\7209 +O(€O) (B.13)
4(NT2 N2 2\ 12
(n):_87r (N{N3 23]271N2+N2)C'9 +0 (&) (B.14)
4(N2NT2 2\ 12
(o) = SN ?ZlNﬁN?)C@ +0 (<) (B.15)
4 (72 (N — 1) No (N1 + 4N3) CF)
(p) =— : > 6 (B.16)
2 2
—&—%(3%3 (=6 + 7% — 8log 2) + 4N N{ (7% — 6(7 + 41og 2))

+ Ny (7 (1= 4N3) +6(3+4log2)) — 4Ny (7° — 6(7 + 4log2))) + O (%)
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We observe that diagrams (1)-(o) cancel pairwise. The non-planar diagrams of figure 2 read

(@) = N2C? (1222 . 3272 (03: 4log 2)) Lo B17)
(r) = N3C} (—326(;2) 2 (F2(1j810g2))> +0 (& (B.18)
(5) = NuNoC (4:32 . 327r26210g2 4 (x4 (8C2 + 33)64r 9672 log? 2)) Lo (B19)
(1) = Ny NoC2 (4:32 N 32%26210g2 N 4m? (1977234; 96 log> 2)) L0 (B.20)
() = N N2 G (_ 166(:2) . 3272 (72 — :;(63 + 4log 2))) Lo () (B21)

C Two-loop scalar propagator corrections

As a by-product of this computation we present here the two-loop corrections to the scalar
self-energy, including color sub-leading corrections. We recall that the planar part was
computed in [44]. Sub-leading corrections arise from different contractions of the planar
topologies of (C.1)

%+fo“1 1)
G = NiNy (N - ANa Ny + N+ 2) (%+27T+O(61)> (C.2)

_@_ = N1N3 (N1N3 — 1) <—536: — 1127+ 0O (61)> (C.3)
47
m = NiNg (N} + N3 —2) <—36+7r(7r2—8) +O(el)> (C.4)

‘%“=N1N2 (N1Ng — 1) <—167r+47T (n* —8) +O(61)> (C.5)

3€

Q’FFPQ\M@ = N1N2 (N1N — 1) <6;: + 647 + O (61)> (C.6)

The corresponding contributions to diagram (p;) are obtained by multiplying these by
8 B(1+ 2¢,1)1(2,1/2 + 3¢), where a factor of 2 stems from the two scalar propagators, a
factor 4 comes from the normalization of HQET integrals and the indices of the bubble
integrals are fixed by dimensional analysis.
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Figure 5. Scalar bubble corrections.

D Scalar bubble corrections

Diagram (p) of figure 1 comprises the corrections to the scalar bilinear two-point func-

tion. Its non-vanishing contributions (some possible contractions generate for instance

TI‘MLQ =

0), including color sub-leading ones are listed in figure 5. In addition, dia-

gram (p;) involves the 2-loop correction to the scalar propagator, which we detailed in

the previous appendix. Altogether, the various contributions from diagram (p) to the cusp

expectation value read

(p1) =

(p2) =
(p3) =
(pa) =
(ps) =
(p6) =

(p7) =

(ps) =

(po) =

4 (w*N1 Ny (Nf + 4N2 Ny + N3 — 6) C5)
2

€
N 472 N1 Ny C}
€

—6m% 4 100 + 481og 2) + O ()
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E Matrix model correlators

The perturbative expansion of the Wilson loop is straightforwardly reduced to a combina-
tion of correlators in a Gaussian matrix model

7= / dA e oT(A?) (E.1)

where A is a N x N matrix. The correlators needed for the computation of the four-loop
Wilson loop (4.3) evaluate

()= many 22 () - YT
(1) <2 (gneyt) ARG (o) -5
(roat) = SRy < I D gy < 100
<(TrA)4TrA2> 3N28g;+4 <TrA TrA2> N(N4;f?»]V2+8)’
roamoty = YCVEONTED) oy NPV 413)
(TrATrA’TrA®) = %7 (TrATYA®) = iNW
<(TrA)6TrA2>:%, ((Tea%)? >:%’
((1ea)? (ra%)") = ((1ra%)") = ol (N6+121]Z:j44N2+48)’
<(TTA) TTA3> W, <(TrA)3TrA2TrA3>:3N <3N41+622N2+12)7
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