PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: August 20, 2017
REVISED: October 15, 2017
ACCEPTED: October 26, 2017
PUBLISHED: November 20, 2017

A proposal for (0,2) mirrors of toric varieties

Wei Gu and Eric Sharpe

Physics Department, Robeson Hall (0435),
Virginia Tech, Blacksburg, VA 24061, U.S.A.

E-mail: weig8@vt.edu, ersharpe@vt.edu

ABSTRACT: In this paper we propose (0,2) mirrors for general Fano toric varieties with
special tangent bundle deformations, corresponding to subsets of toric deformations. Our
mirrors are of the form of (B/2-twisted) (0,2) Landau-Ginzburg models, matching Hori-
Vafa mirrors on the (2,2) locus. We compare our predictions to (0,2) mirrors obtained
by Chen et al. for certain examples of toric varieties, and find that they match. We also
briefly outline conjectures for analogous results for hypersurfaces in Fano toric varieties.
Our methods utilize results from supersymmetric localization, which allows us to inciden-
tally gain occasional further insights into GLSM-based (2,2) mirror constructions. For
example, we explicitly verify that closed string correlation functions of the original A-
twisted GLSM match those of the mirror B-twisted Landau-Ginzburg model, as well as
(0,2) deformations thereof.

KEYWORDS: Sigma Models, Supersymmetric Gauge Theory, Topological Field Theories,
Supersymmetry and Duality

ARX1v EPRINT: 1707.05274

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP11(2017)112


mailto:weig8@vt.edu
mailto:ersharpe@vt.edu
https://arxiv.org/abs/1707.05274
https://doi.org/10.1007/JHEP11(2017)112

Contents

1 Introduction

2 Review of (2,2) Fano mirrors

2.1 General aspects

2.1.1
2.1.2
2.1.3

Basics
R charges

Twisted masses

2.2  Example with twisted masses
2.3 (2,2) in (0,2) language

3 Proposal for (0,2) Fano mirrors

4 Correlation functions

4.1 (2,2) supersymmetric cases

4.2 (0,2) supersymmetric cases

5 Examples

51 P! x P!

5.1.1
5.1.2
5.1.3
5.2 T,
5.2.1
5.2.2
53 dP»
5.3.1
5.3.2

First choice of S
Second choice of S

Comment on Adams-Basu-Sethi result

First choice of S
Second choice of S

First choice of S
Second choice of S

6 Hypersurfaces in toric varieties

6.1 General aspects

6.2 Example

6.3 Brief comment on the quintic

7 Conclusions

A Brief notes on (2,2) mirror ansatz

N O Ot Ot W W W

12
13
18

20
20
21
23
25
25
26
28
30
30
33

34
34
37
40

40

41




1 Introduction

Ordinary mirror symmetry has had a long history in string theory. This paper concerns
a heterotic generalization of ordinary mirror symmetry, sometimes known as (0,2) mirror
symmetry. Whereas ordinary mirror symmetry relates, in simple cases, pairs of Calabi-Yau
spaces X1, Xo, (0,2) mirror symmetry relates pairs (X1, &), (Xo, &), where & — X is a
holomorphic vector bundle such that cha(&;) = cha(TX;).

Ordinary mirror symmetry is now well-understood, but (0,2) mirror symmetry is still
under development, and has been for a number of years (see e.g. [1-7]). Many basics have
been worked out: there is a (0,2) version [2] of the Greene-Plesser orbifold construction [8],
there has been an attempt [3] to duplicate GLSM-based dualities [9, 10], and for the
case that £ is a deformation of the tangent bundle of a ‘reflexively plain’ Calabi-Yau
hypersurface, there is a (0,2) analogue [4] of Batyrev’s construction [11-13]. Furthermore,
there is now a (0,2) analogue of quantum cohomology, known as quantum sheaf cohomology,
which has been developed in e.g. [14—29]. The present state-of-the-art is that quantum sheaf
cohomology has been computed for toric varieties and Grassmannians with deformations
of the tangent bundle. (At present, however, a heterotic analogue of Gromov-Witten
invariants [30] is not yet known.)

Ideally, one would like to understand mirrors to basic cases such as the quintic with
a tangent bundle deformation. At present, not even such basic examples are understood.
One strategy to construct such mirrors would be to use abelian duality [9, 10] to construct
mirrors to toric ambient spaces, and then standard tricks to extrapolate to conjectures for
mirrors to compact Calabi-Yau hypersurfaces.

Such a strategy was attempted in [3], who discovered that the methods previously
applied in [10] seem to crucially require (2,2) supersymmetry — or at least a (0,2) extension
will require new ideas. As a result, the (0,2) version of abelian duality is not presently
understood. Worse, unlike the case when [10] was written, until recently there were no
known examples of (0,2) Landau-Ginzburg mirrors to Fano spaces, not even for simple
cases such as P! x P!, which complicates efforts to extend abelian duality to (0,2) cases.

As part of a program of better understanding (0,2) mirror symmetry, one of the authors
has been engaged with various collaborators in a program of constructing such Landau-
Ginzburg mirrors for Fano spaces [6, 7], to help cut through the difficulties above. In those
works, mirrors were constructed for (0,2) GLSMs for products of projective spaces, toric del
Pezzo surfaces, and Hirzebruch surfaces,! with (Euler-type) tangent bundle deformations.
In each case, mirrors were constructed in a laborious non-systematic piecemeal fashion
by guessing ansatzes and comparing chiral rings and correlation functions to determine
coefficients — no systematic formulas applicable to all cases were produced.

In this paper we propose formulas for (0,2) B/2-twisted mirrors to A/2 models on toric
Fano spaces (and closely related toric varieties), and present corresponding conjectures for
hypersurfaces, for a special class of Euler-type tangent bundle deformations corresponding

"Most Hirzebruch surfaces are not Fano, but as discussed in [7], one expects them to flow to isolated
vacua in the IR, so one expects to be able to use the same techniques to build a mirror to the GLSM, which
is more properly interpreted as the mirror to a different geometric phase (the UV phase) of the GLSM.



to a subset of ‘toric’ deformations. (To be clear, we are proposing a formula for Landau-
Ginzburg mirrors, but we are not claiming to have a worldsheet dualization procedure
along the lines of [10].)

We will check that our systematic construction successfully duplicates results (for this
special class of deformations) for the examples of toric Fano surfaces described in [6, 7].
The methods we present here will only apply to a subset of the deformations considered
in [6, 7], but will produce mirrors systematically and quickly, unlike the methods used
in [6, 7] to arrive at the results presented there.

Our methods will use ideas and results from supersymmetric localization [31], first
applied to two-dimensional GLSMs in [32, 33].

We begin in section 2 by quickly reviewing existing results on GLSM-based mirror
constructions in theories with (2,2) supersymmetry. In section 3 we describe our proposal
for (0,2) mirrors to toric Fano varieties. In section 4 we describe formal arguments for why
correlation functions match between the original A /2-twisted GLSM and the mirror B/2-
twisted Landau-Ginzburg model. In section 5 we describe several examples, checking that
the predictions of our proposal match existing results worked out in [6, 7]. In section 6 we
describe how to formally extend these results to hypersurfaces, following the same pattern
that has been followed for (2,2) mirror symmetry.

Other recent work on two-dimensional (0,2) theories from different directions includes
e.g. [34-44].

2 Review of (2,2) Fano mirrors

Let us quickly review the mirror ansatz for abelian (2,2) GLSMs for Fano toric varieties
in [10].

2.1 General aspects
2.1.1 Basics

First, we consider a GLSM with gauge group U(1)* and N chiral superfields, with charges
encoded in charge matrix (QY).

Following [10], the mirror is a theory with k superfields ¥,, as many as U(1)s in the
original GLSM, and N twisted chiral fields Y;, as many as chiral multiplets in the original
GLSM, of periodicity 27i, with superpotential

k

N N
Wo=>"%, (Z Q4Y; —ta> + 1> exp(=Yi), (2.1)
a=1 =1 1=1

where p is a scale factor.
In the expression above, the X, act effectively as Lagrange multipliers, generating

constraints
N

> QY =t, (2.2)

=1



originating with the D terms of the original theory. We can solve these constraints formally?

by writing
N—k
Y = D Vi + 16 (2:3)
A=1

where 64 are the surviving physical degrees of freedom, #; are solutions of

N
D Qi = ta, (2.4)
=1

and VA is a rank-(N — k) matrix solving

N
STt = o. (2.5)
=1

(The rank requirement goes hand-in-hand with the statement that there are N — k inde-
pendent 04’s.) The periodicity of the Y;’s will lead to interpretations of the space of 04’s
in terms of LG orbifolds and character-valued fields, as we shall review later. Note that
for t;, ViA satisfying the equation above,

N

>y = > 0 <Z‘/;A9A+f¢) = ta,
A A

i=1

and so the ViA encode a solution of the D-term constraints.
After integrating out the Lagrange multipliers, the superpotential can be rewritten as

N [ N—k
W = uz (eti H exp(—V;AHA)> . (2.6)
i=1

A=1

In this language, the (2,2) mirror map between A- and B-model operators is (partially)
defined by

k N—k
> Qioa » pexp(—Yi) = pe’ [] exp(=Vi*0a), (2.7)
a=1 A=1

which can be derived by differentiating (2.1) with respect to Y;. (See for example [10,
Section 3.2], where this is derived as the equations of motion of the mirror theory. In the
next section, we will also see that this map is consistent with axial R symmetries.) In
fact, this overdetermines the map — only a subset of the Y;’s will be independent variables
solving the constraints (2.2). As we will see explicitly later, the redundant equations are
equivalent to chiral ring relations (as must follow since they all arise as the same equations
of motion in the mirror), and are also specified by the equations of motion derived from
the superpotential W above.

2The expressions given here are entirely formal, and there can be subtleties. For example, if the entries
in V;* are fractional, then as is well-known, the mirror may have orbifolds.



In appendix A we will briefly outline a variation on the usual GLSM-based mirror
derivation. Regardless of how the B-model mirror superpotential is obtained, it can be
checked by comparing closed-string A model correlation functions between the mirror and
the original A-twisted GLSM using supersymmetric localization. For (2,2) theories, this
can be done at arbitrary genus using the methods of [45, 46], whereas for (0,2) theories, we
can only apply analogous tests at genus zero. We will perform such correlation function
checks later in this paper.

2.1.2 R charges

Let us take a moment to consider R charges. In the A-twisted theory, the axial R-charge
is in general broken by nonperturbative effects, so that under an axial symmetry transfor-
mation, anomalies induce a shift in the theta angle® by

0 > 094203 QY ta > ta+2iay QF,
% A

for o parametrizing axial R symmetry rotations. The shift above can formally be de-
scribed as
ti — t; + 21,

(using the relation between #; and % in (2.4)). In the same vein, under the same axial R

symmetry, the mirror field Y; transforms as
Y, = Y, + 2ia,

so that exp(—Y;) has axial R-charge 2. If we take ¥, to also have axial R-charge 2, then it
is easy to verify that the entire mirror superpotential (2.1) has axial R-charge 2, as desired,
taking the ¢’s to have nonzero R-charge as described. In addition, the operator mirror
map (2.7) is also consistent with axial R-charges in that case.

2.1.3 Twisted masses

One can also consider adding twisted masses. Recall that a twisted mass can be thought of
as the vev of a vector multiplet, gauging some flavor symmetry. Taking the vev removes the
gauge field, gauginos, and auxiliary field, and replaces them with a single mass parameter
m, corresponding to the vev of the o field. In the notation of [47, Eq. (2.19)], this means,
for a single U(1) flavor symmetry that acts on a field ¢; with charge Qr,;, we add terms to
the action of the form

—2|m[* Z Qildil” — \/QZ Qri (M i +map_1by 5) .

In the present case, for a toric variety with no superpotential, there are at least as
many flavor symmetries as chiral superfields modulo gauged U(1)s, i.e. at least N —k U(1)
flavor symmetries. (There can also be nonabelian components.) For simplicity, we will

3This should not be confused with the fundamental field 4 defined earlier.



simply allow for a twisted mass m; associated to each chiral superfield, and will not try to
distinguish between those related by gauge U(1)s.

Including twisted masses m;, the full mirror superpotential (before integrating out X’s)
takes the form

N k N

W= (Z 2.Q¢ +m> (Yi—t) + n)_exp(-Y)). (2.8)
i=1 \a=1 i=1

This expression manifestly has consistent axial R-charge 2 (using the ‘modified” R-charge

that acts on ;). It differs from the more traditional expression [10, Eq. (3.86)]

k

N N
Wo=> "%, <Z QLY; ta> + ) mY; + pY exp(—Y), (2.9)
a=1 i i=1 i=1

by a constant term (proportional to Zf\i 1 M;t;), and so defines the same physics.
After including twisted masses, the operator mirror map becomes

k
> Qfoq + i+ pexp(=Y;).
a=1
Note that both sides of this expression are consistent with the (modified) R-charge assign-
ments described above.

Generically in this paper we will absorb p into a redefinition of the Y;’s, and so not
write it explicitly, but we mention it here for completeness.

Finally, we should remind the reader that in addition to the superpotential above, one
may also need to take an orbifold to define the theory, as is well-known. This will happen
if, for example, some of the entries in (VZA) are fractions, in order to reflect ambiguities in
taking the roots implicit in resulting expressions such as exp(—V;104).

2.2 Example with twisted masses

To give another perspective, in this section we will review the (2,2) mirror to the GLSM
for Tot(O(—n) — P?), for n < 3 (and no superpotential), and to make this interesting, we
will include twisted masses m;, correspnding to phase rotations of each field.

The charge matrix for this GLSM is

Q - (17 17 17 _n)7

and following the usual procedure, the D terms constrain the dual (twisted) chiral super-
fields as
Y1 +Yo+ Y3 —nY, =t

The standard procedure at this point is to eliminate Y, and write the dual potential
in terms of Yj_3, taking a Z, orbifold to account for the fractional coefficients of the Y;
and its periodicity. In other words,

1
YV1+Yo+Ys—1),

Y =~



hence the (2,2) superpotential is given by

W = m;Y; + exp(—Y1) + exp(—Y2) + exp(—Y3) + exp(-Y),

= " it (exp(=Ya/m))" + (exp(—Ya/m))" + (exp(~Ya/m))"
Z +exp(—t/n) exp(—Y1/n) exp(~Ya/n) exp(~Y3 /).

Phrased more simply, if we define Z; = exp(—Y;/n), then the (2,2) mirror theory is, as
expected, a Z, orbifold with superpotential

W = = minlnZ;+ 27 + 23 + Z4 + exp(—t/n) Z1 ZZs,
7

with the understanding that the fundamental fields are Y;s not Z;s. (For hypersurfaces,
the fundamental fields will change.)

Later, we will use the matrices (V;A) extensively, so in that language, the change of
variables above is encoded in

1001/n
VA =10101/n
001 1/n

Then, we write Y; = ViAHA, and so
Y, = 61, Y = 92, Yg = (93, Yp = (1/n)(91 =+ 92 + 93 — t).

Let us next discuss the operator mirror map. This is given by

n

exp(—Y1) = Z1 ¢ o,
eXP(*YQ) = Zg « 0,
exp(—Y3) = Z3 < o,

exp(—Yy) = Z1Z3Z3 exp(—t/n) <> —no.

2.3 (2,2) in (0,2) language

Now, let us describe (2,2) mirrors in (0,2) language, as preparation for describing more
general (0,2) mirrors. Let (3,4, T,) be the (0,2) chiral and Fermi components of ¥,, and
(Y;, F;) the (0,2) chiral and Fermi components of Y;. Then, the (2,2) superpotential (2.8)
is given in (0,2) superspace by

k N N
W = Z Ta (Z Q?Y; - ta) + Z EaQ?E
a=1 i=1

N
— uZFi exp(—Y;) + Zﬁlle (2.10)
i=1 i=1 j
We integrate out X,, T, to get the constraints

N N

QI = ta, Y QIF; =0,

i=1 i=1



which we solve with the VZ»A by writing

N—-k N—k
Yi= ) Via+ &, Fo=) ViGa
A=1 A=

where (04,G4) are the chiral and Fermi components of the (2,2) chiral superfields 4.
After integrating out the constraints, the (0,2) superpotential becomes

N—k N—k N—k
W =>">"GaVi* (i — pexp(=Y;)) = > > GaVi? <m —pe' T exp(—m-BeB>>
i=1 A=1 i=1 A=1 B=1

(2.11)
As is standard, we remind that reader that depending upon the entries in (VZA), the mirror
may be a LG orbifold, which are required to leave W invariant.

In this language, the (2,2) mirror map between A- and B-model operators is (partially)
defined by

k N—k
ZQ?aa—i—ﬁ% & pexp(—Y;) = pel H exp(=Vi46,), (2.12)
a=1 A=1

which can be derived by differentiating (2.10) with respect to Fj.
In most of the rest of this paper, we will absorb u into a field redefinition of the Y;s
for simplicity, but we include it here for completeness.

3 Proposal for (0,2) Fano mirrors

We restrict to (0,2) theories obtained by (some) toric deformations of abelian (2,2) GLSMs
for Fano spaces, by which we mean physically that we choose E’s such that E; o ¢;,
where on the (2,2) locus ¢; is the chiral superfield paired with the Fermi superfield whose
superderivative is F;.

In addition, to define a mirror, we also make another choice, namely we pick an invert-
ible* k x k submatrix, of the charge matrix (Q¢), which we will denote S. The choice of
S will further constrain the allowed toric deformations — for a given S, we only consider
some toric deformations. Our mirror will depend upon the choice of S, and since different
S’s will yield different allowed bundle deformations, there need not be a simple coordinate
transformation relating results for different choices of S in general. Furthermore, S is only
relevant for bundle deformations — it does not enter (2,2) locus computations, and so it
has no analogue within [10].

For a given choice of S, in the A/2 model, write

k N
= ZZ 5@] +Bz] Q TaPis

a=1 j=1

“We assume that the charge matrix does indeed have an invertible k x k submatrix. If not, then the
theory has at least one free decoupled U(1), and after performing a change of basis to explicitly decouple
those U(1)’s, our analysis can proceed on the remainder.



where in the expression above, we do not sum over i’s. The (0,2) deformations we will
consider are encoded in the matrices B;;, where B;; = 0 if ¢ defines a column of the matrix
S. Note that, at least on its face, this does not describe all possible Euler-sequence-type
(0,2) deformations, but only a special subset. We will give a mirror construction for that
special subset.

Then, the mirror can be described by a collection of C*-valued fields Y; (just as on
the (2,2) locus, dual to the chiral superfields of the original theory), satisfying the same
D-term constraints as on the (2,2) locus, and with (0,2) superpotential

N N
’Q(}j@%@—m)—%EZEJﬁB
=1

i=1

k

ey

a=1

—uZFiexp(—Y;) + ,UZFz' Z BijQ?[(S_l)T]ais exp(—Yig) |, (3.1)

15,7,a

where ¢g denotes an index running through the columns of S, and where the second term
was chosen so that the resulting equations of motion duplicate the chiral ring. (For the
moment, we have assumed no twisted masses are present; we will return to twisted masses
at the end of this section.)

Now, to do meaningful computations, we must apply the D-term constraints to both
Y;’s and F;’s. Applying the D-term constraints to the F;’s to write them in terms of G4’s
(i.e. integrating out X,’s), and for simplicity suppressing the T, constraints and setting
the mass scale u to unity, we have the expression

N—k
- Z Ga ZV;A exp(—Y;) + ZD exp(—Yis) | » (3.2)
A=1 i

where

=D D Vi By QSIS ™) ass (3.3)

Note when B = 0, D = 0, and the expression for W above immediately reduces to its (2,2)
locus form. We will derive this expression for D below.
In this language, the mirror map between A /2- and B/2-model observables is defined by

kN  N—k
ZZ dij + Bij) Qjoa < exp(=Y;) = eli H exp(=Vi16,). (3.4)
a=1j=1 A=1

(Strictly speaking, we will see in examples that these equations define not only the operator
mirror map plus some of the chiral ring relations.)

We can derive the operator mirror map above from the superpotential (3.1) by taking
a derivative with respect to F;, as before. Doing so, one finds

Qioa — exp(— Z Bz]Qa }ais eXp(_Y;s) = 0.

15,5,a



For ¢ corresponding to columns of S, B;; = 0, and the expression above simplifies to
Siaso-a = exp(_}/’is)'
Plugging this back in, we find

Qiog — exp(— —i—ZBmQ 0, = 0,

]a

which is easily seen to be the operator mirror map (3.4).
We can apply the operator mirror map as follows. Recall that the constraints imply

ZQ?Y; - ta

i
hence

[[exp(—Q8Yi) = exp(—ta) = g,

hence plugging in the proposed map (3.4) above, we have
Qy

N
H ZZ 61] +Bz] Q Oq = {a,

which is the chiral ring relation in the A /2-twisted GLSM.

In passing, to make the method above work, it is important that the determinants
appearing in quantum sheaf cohomology relations in e.g. [22-25] all factorize. In other
words, recall that for a general tangent bundle deformation, the quantum sheaf cohomology
ring relations take the form

[[(det My)%s = g,

«

where a denotes a block of chiral fields with the same charges, and M, encodes the E’s,
which will mix chiral superfields of the same charges. In order for the operator mirror map
construction we have outlined above to work, it is necessary that each det M, factorize into
a product of factors, one for each matter chiral multiplet. This is ultimately the reason
why in this paper we have chosen to focus on ‘toric’ deformations, in which each E’s do
not mix different matter chiral multiplets.

Now, in terms of the operator mirror map, let us derive the form of D above in
equation (3.3). The equations of motion from the superpotential (3.2) are given by

GGA ZVAexp ) + ZD exp(—Y;,) = 0.

Now, we plug in the operator mirror map (3.4) above to get

ZV,-A ZZ((SU-FBU)Q?% + ZD ZZ isj + Bigj)Qjoa | = 0.
i a j

~10 -



Using the constraint

> vt =,

i
the first d;; term vanishes, and furthermore, since the matrix B is defined to vanish for
indices from columns of S, we see that in the second term, B;; = 0, hence the equation

> Y VABiQjoa + > > DilSioa = 0.
hj @ is a

Since this should hold for all o,, we have that

> VB, + > DSy = o,

4,J ig

above reduces to

which can be solved to give expression (3.3) for D above.

Thus, the expression for the superpotential (3.2) together with the operator mirror
map (3.4) has equations of motion that duplicate the chiral ring.

In passing, one could also formally try to consider more general cases in which a
submatrix S C @ is not specified. One might then try to take the expression for the mirror
superpotential to be of the form

N—k
WZ—ZG%ZWWWH+Zmem»
A=1 7 7

where now the ¢ index on D is allowed to run over all chiral superfields, not just a subset.
Following the methods above, one cannot uniquely solve for D — one gets families of
possible D’s with undetermined coefficients, and we do not know how to argue that the
correlation functions match for all such coefficients without restricting to subsets defined
by choices S C Q.

Now, in principle, for (0,2) theories defined by deformations of the (2,2) locus, there
is an analogue of twisted masses that one can add to the theory. In the (2,2) case, twisted
masses corresponded to replacing a vector multiplet by its vevs, so that only a residue of
o survived. In (0,2), by contrast, the vector multiplet does not contain o, only the gauge
field, gauginos, and auxiliary fields D, so we can no longer interpret the twisted mass in
terms of replacing a vector multiplet with its vevs.

Instead, we can understand the analogue of a twisted mass in a (0,2) theory corre-
sponding to a deformation of the (2,2) locus in terms of additions to E; = D A?, for Fermi
superfields A’. In particular, the (2,2) vector multiplet’s o field enters GLSMs written
in (0,2) superfields as a factor in such E’s, so twisted masses enter similarly, as terms of
the form

Ei = mip;

(where as usual we are admitting the possibilty of several toric symmetries, and simply
giving each chiral superfield the possibility of its own twisted mass). Such terms are
only possible if the (0,2) superpotential has compatible J’s, meaning that in order for

- 11 -



supersymmetry to hold, one requires £-J = 0, as usual. This is a residue of the requirement
in the (2,2) theory that twisted masses arise from flavor symmetries.

We have already seen, in section 2.3, how (2,2) twisted masses can be represented in the
mirror, described in (0,2) superspace. To describe their combination with FE deformations
is straightforward. Briefly, the (0,2) mirror superpotential takes the form

N—k N N-k
=3 Ga | D Vitexp(-Yi) + ZD exp(—Yig) | + DD GaVitmi, (35)
A=1 i i=1 A=1

with (Df;) defined as in (3.3), and the operator mirror map has the form

kE N
ZZ (6ij + Bij) Qjoq +mi <> exp(— VAGA) (3.6)

a=1 j=1

”':12

4 Correlation functions

In this section, we will argue formally that correlation functions in our proposed (0,2)
mirrors match those of the original theory. More precisely, we will compare closed-string
correlation functions of A- or A /2-twisted GLSM ¢’s to corresponding correlation functions
in B- or B/2-twisted Landau-Ginzburg models. (Often, the Landau-Ginzburg mirror will
be an orbifold; we will only compare against untwisted sector correlation functions in such
orbifolds.) Our computations will focus on genus zero computations, but in (2,2) cases, in
principle can be generalized to any genus. (See also [48] for related work.)

Before doing so, let us first outline in what sense correlation functions match. There
are two possibilities:

e First, for special matrices (V;A), we will argue that correlation functions match on
the nose. In order for this to happen, we will need to require that the determinant
of an invertible k X k submatrix of the charge matrix ), match (up to sign) the
determinant of a complementary® (N — k) x (N — k) submatrix of (V).

e Alternatively, we can always formally rescale some of the Y;s (without introducing or
removing orbifolds) to arrange for the determinants above to match, up to sign. In
this case, the correlation functions of one theory are isomorphic to those of the other
theory, but the numerical factors will not match on the nose. (Instead, the relations
between numerical factors will be determined by the rescaling of the Y;s.)

In either event, correlation functions will match.

5«Complementary’ in this case means that if the k x k matrix is defined by 4’s corresponding to certain
chiral superfields, then those same chiral superfields cannot appear corresponding to any 4’s in the (N —
k) x (N — k) submatrix of (V).

- 12 —



4.1 (2,2) supersymmetric cases

We will first check that on the (2,2) locus, the ansatz described above (i.e. the ansatz
of [10]) generates matching correlation functions between the A-twisted GLSM and its
B-twisted Landau-Ginzburg model mirror. (See also [49] for an analogous comparison of
partition functions.)

First, let us consider correlation functions in an A-twisted GLSM. An exact expression
is given for fully massive cases in e.g. [50, Eq. (4.77)]:

. (_)NC 1 Zl—loop
() = \4 (—2m)rkG§O H

where G is the GLSM gauge group, W its Weyl group, N, its rank,

R(®;)—1
Zl—loop = H (Z an-a> )

=1

(R(®;) the R-charge, which for simplicity we will assume to vanish,) op the vacua, and H
is the Hessian of the twisted one-loop effective action, meaning

a)b
H = det (Z W) (4.1)

using (up to factors) the twisted one-loop effective action in e.g. [51, Eq. (3.36)].

Now, up to irrelevant overall factors, there is an essentially identical expression for
Landau-Ginzburg correlation functions [52], involving the Hessian of the superpotential
rather than H/Zj_j,0p above. Therefore, to show that correlation functions match, we will
argue that the H/Z;_150p above, computed for the A-twisted GLSM, matches the Hessian
of superpotential derivatives for the mirror Landau-Ginzburg model.

First, since we are only interested in the determinant, we can rotate the charge matrix
(QY) by an element U € SL(k,C) without changing the determinant:

a)b el
det =1 |~ detU det = det .
(2 Zc Qfoc ( Z Z QCUC Z Z QCUC
Thus, it will be convenient to rotate the charge matrix to the form®

@ Qi1+ QN

ak Q£+1 Q?\/

Note that for the charge matrix in this form,

o= (f1ee) (11 (S))

SAs we are not conjugating the charge matrix, but rather multiplying on one side only, it should be

possible to arrange for a k x k submatrix to be diagonal, not just in Jordan normal form.
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To put the charge matrix in this form, write
Q = [S]4] = (det5)"/*[S"|],
where S is k x k. Then, multiply in (S")7!, to get
(8)7'Q = (det S)V*[I]4],

which is now diagonal.
It is straightforward to compute

(Qis1)? Q) @iy Q@3
al k+1 N k+1%k+1 NN
P L
— k+1%k41 NN a2 k+1 @y)° .
det foe T Ghoe o T Qe Tt Qe . (43)

We define” t; = a;/0; and Ef =Q%/\/>..Q50¢, then the matrix in the above determinant
becomes
ti+ (Bpy)® + .o+ (BY)® B By +... + ERER
E Bl +...+EYEy ta+ (Ef ) +.. .+ (B |. (4.4)

When all the ¢; vanish, one can straightforwardly see that the matrix above is the product
(ETYTET, for matrix E
1 1 1
Ek+1 Ek+2 EN

E2 E2 L. E2
E=| RN (4.5)
E’;Lrl cee e EJI%

Using standard results from linear algebra, the generalized characteristic polynomial of
matrix (4.4), in terms of the variables t;, is given by

k
Z ( Z tay - - tq,, det (Mal...am)> , (4.6)

m=0 \a1<--<am

where the matrix My, ..q, denotes the submatrix of M = (ET)TET by omitting rows

aj---ay and columns a}---a,, (i.e. a principal minor of M of size k — m). (In our

conventions, the determinant vanishes if M has no entries.) Notice that M = (ET)TET,

so the determinant can be written more simply as

k—1
det M +tq-- -ty + Z Z ta, - tay, Z (det Ea1~~am,i1~--i1\r+m—2k)2 )
m=1

a1<---<am i1<"'<iN+m72k

(4.7)

"The reader should note that the ¢; in this section, defined above, is not related to t’s used earlier to
describe FI parameters.
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where det Ey, ...q,,, denotes the determinant of the submatrix of E formed by

1IN fm—2k
omitting rows aj - - - a,, and columns i1 - - in4m—ok. (We formally require it to be zero
when N +m — 2k < 0.)

Finally, we divide by Zi_io0p to get an expression for H/Z; 150, where H is the Hes-

sian (4.1):

—1 k
dot Mttt > (@) (e’ | ] (ZQ?%) Bar-am | -

Zy_
1—loop 1 \a1<--<am i¢{a1,,am} \a=1

N

3
Il

(4.8)

for

2
Bal_“am = E (det Ea1"'am77;1"'iN+7n72k) 9

11 < <INfm—2k

where det M vanishes for N < 2k. For later use, note that for N < 2k we can expand

k k
det 11 = (H az’@i) H (Z Qz+iac> (Ailf“ ,ik)Q ) (4'9)
=1

Z1-
1-loop ig{ir, i}t \e=1

and the terms for 1 <m < k — 1 are given by

k
agl ce agm H apoyp H (Z Qi—i—z’a(:) (Aim+1,~~ 7ik)2 s (4.10)
ik}

bg{aly"' ,am} ig{i"H»l:” c=1

where A; ...
the charge matrix (Q?) for values of i > k.

i,, denotes the sum of determinants of all (k —m) x (k —m) submatrices of

Next, we need to compare the ratio H/Z;_jo0p above to the analogous Hessian arising
in the mirror B-twisted Landau-Ginzburg model. Here, there is a nearly identical compu-
tation in which the Hessian we just computed is replaced with the determinant of second
derivatives of the mirror superpotential (2.6):

N—k

oW i ( i (H c Ay/B
g eli exp(=V;"0c) | Vi"Vi7 |,
00,400p P

Cc=1
N k
£ ((ge)e)
=1 a=1

using the operator mirror map (2.7).
Thus, we need to compute

)

det (Z V;'A‘/Z'B ZQZCO—C> ;

and compare to the ratio H/Zj_joop from the A model that we computed previously. In
principle, the argument here is very similar to the argument just given for the determinant
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defined by charge matrices. First, using the fact that V has rank N — k, inside the
determinant we can rotate V' to the more convenient form

Vll Vkl )\1
VA= . (4.11)
VE - ka AN=E)

In fact, we can say more. Given that the V' matrix was originally defined to satisfy
>t =0,
i

after the rotation above inside the determinant, the V' matrix should in fact have the form

)‘lQllerl )‘IQ§+1 )\1
——a ce ——
VA = : : . (4.12)
_ARQL AN HQR AN-B)
ay ag

Then, using the more convenient form of V' above, we find that we can write the matrix

(Z %A%BZQfac) (4.13)

)

()\1)2 (Qkz1)’01 ot (QIIEH)Q"’\ + Qz+lgc:| AL)2 Qho1Qh4201 4t Q£+1Qllz+2”k:|
al ay

ag Ak

ag A

= Qry1 @k Qr ., QF Qh0)? QF.5)? ,
A2AL {Jﬂalwz"l 4o SEn k+2”’€} (A2)2 {7( ’“221) 9 yg Qo Qfi420¢

Similarly, we define s; = (A\")2Q¢ Li0c and FP = XQf_;\/04/a, (without summing over the
index a). Then, the matrix above can be written as

si+ (F)?+- 4+ (FF)?  FlF3+-- + FfF}
FyFf +- + FJFf so+ (B2 44+ (1) - | (4.14)

When all s; vanish, one can observe that the matrix is the product F7F, for

Fl Fy - Fy
F{F§ - FR oy

(4.15)

By using the same technique we can show that the determinant of (4.13) vanishes for
N > 2k, and for N < 2k is

det(FTF) + s1---sy_ (4.16)
N—-k—-1 5
+ Z Z (SiySiy " " Siy,) Z (det Fil"'inyal"'a2ka+n)
n=1 1< <lp a1<-<a2k—N+n
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For later use, note that

det FTF = > (det Fayay,_y)*

a1<--<agk—N

N-k k o 2
(o) (T2) | = (X e ot |

A=1 b=1 11 <o <tp 1,

where F,

a1-a2k— N
through aop_ .

denotes the submatrix of F? formed by deleting columns a;

Next, we plug
SZJ = ()\Zj)QQi;—i-ijUC

into equation (4.16), and compare equation (4.8). First, note that we can expand

- (1) (o))

Zl —loop j=1
which matches
N—k k
si-svor = [ (Z Q$+A0a>
A=1 a=1

so long as
N—k k
1M =+]]a (4.17)
A=1 i=1

Analogous results hold for other terms, as we now verify. First we consider the case N > 2k.
The term det M/Z;_jo0p in the previous determinant corresponds to the term n = N — 2k
in the expansion (4.16), which is given by

N—k k

(I AA) NG IO SEOA TR
A=1 a=1 % jo01 iy \e=1

for A ..;, defined previously. It is easy to verify that this matches equation (4.9) for

det M/Z1 _100p s0 long as condition (4.17) is satisfied, just as before. The remaining terms

in expansion (4.16) for any given n correspond to terms in (4.8) with m related by n =

N — 2k 4+ m, and have the form

(Jﬁkx“f I o 11 (Czkjl@i+iac> (Airei)” |

A=1 b{ar,,am} i@{imt1, ik}

and it is easy to verify that this matches equation (4.10) so long as condition (4.17) is satis-
fied, just as before. The reader can now straightforwardly verify that analogous statements
hold for the cases k < N < 2k, which exhausts all nontrivial possibilities.

Thus, we see that correlation functions will match so long as equation (4.17) holds.
Furthermore, we can always arrange for equation (4.17) to hold. If it does not do so initially,
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then as discussed at the start of this section, we can perform field redefinitions and rescale
Y;s to arrange for it to hold, at the cost of making the isomorphism between the correlation
functions of either theory a shade more complicated. For example, the coefficient of

(o))

in equation (4.8) is (ajas---ag)?, and the coefficient of the term of the same order in
equation (4.16) is (A'A2---AN=F)2 We see that equation (4.17) is required for equality
hold, and the choice of sign in equation (4.17) should not have any physical significance.

So far, we have worked at genus zero, but the same argument also implies that the
same closed-string correlation functions match at arbitrary genus. At genus g, A-twisted
GLSM correlation functions are computed in the same fashion albeit with a factor of
(H/Z1-100p)? 7" (see e.g. [45, Section 4], [46, Section 5.1]), whereas B-twisted Landau-
Ginzburg model correlation functions (in the untwisted sector) are computed with a factor
of (H")9~! [52], for H' the determinant of second derivatives of the mirror superpotential.
Demonstrating that H/Zj_joop = H' therefore not only demonstrates that genus zero
correlation functions match, but also higher-genus correlation functions. (For (0,2) theories,
by contrast, higher genus correlation functions are not yet understood, so there we will only
be able to compare genus zero correlation functions.)

Essentially the same argument applies if one adds twisted masses to the theory. One
simply makes the substitution

> Qtoa =Y Qioa +mi, (4.18)

where m; is the twisted mass. The details of the proof above are essentially unchanged.
Also note that we are free to redefine o, to o, + ¢4, and we can use this to set the first &
twisted masses to zero. This leaves N — k twisted masses, consistent with a global flavor
symmetry U(1)V=*,

The arguments above hold so long as one can integrate out all of the matter Higgs fields,
to obtain a pure Coulomb branch. In the (2,2) theory one expects that one should be able
to do this if one adds sufficient twisted masses (see e.g. [45, Section 2.3]). (In particular,
adding twisted masses can act as a substitute for going far out along the Coulomb branch,
which also makes the matter fields massive.)

4.2 (0,2) supersymmetric cases

We will now generalize the previous argument to (0,2) cases.

Our argument here will be very similar to that given for (2,2) cases. We will compare
results for correlation functions in A/2-twisted GLSMs computed with supersymmetric
localization to results for correlation functions computed in B/2-twisted (0,2) Landau-
Ginzburg models.

First, as before, applying supersymmetric localization to an A /2-twisted GLSM, there
is an exact formula for (genus zero) (0,2) correlation functions [25], which has more or
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less the same form as in the (2,2) case, now involving a Hessian of derivatives of a twisted
one-loop (0,2) effective action [22], which takes the form

> QUA;QY
= det (Z S UC) : (4.19)

where Aij = 5ij + B;j.

We assume without loss of generality that the invertible S submatrix of the charge
matrix corresponds to the first k columns of (). Then, one can show that the determi-
nant (4.19) above is equal to

ar Qi+1(Qllc+1+5i+1) + + Q}V( }V+€}V) Qllc+1(Ql%:+l+E%+l) + Q}v( ?V+5?V)
It (QZ+1+E%+1)U“ o ( 7v+57V)”a (Q%+1+5Z+1)"a o ( N+€N)"a
det Qi1 (Qkpr+eiy) Q% (Qx+ei) a Qi (QRiateiss) T+ QX (@A +ek) .
(QZ+1+€‘£+1)% o ( 7V+57v)0a 72 (QZH*‘E%H)U“ (@i +ef)oa ’

(4.20)
where f = 3. B;;Qf.
Now, in the B/2-twisted (0,2) Landau-Ginzburg model, there is an analogous expres-
sion for correlation functions [17], involving the Hessian

0*wW

det 766’,4893'

One can similarly show that the Hessian above is given by (using the (0,2) operator mirror
map (3.4))

Qb, va + b' Qb + b Qb, .
()\1)2 {lej_l k+1( k+1 5k+1)("b +Sk+1} AL)2 |:Z’lj_1< k41 €k+1) k+z°’b]

ap ap

det AZAL [Zk— Qk+1(QkZi+5k+2)%] (A%)? [Zlg:l QZ+2(QZT£+EZ+2)% + Sk+2:| RN
(4.21)
where Spii =, (Qiﬂ» + €z+i) 04
Finally, following the same steps as for (2,2), one can show that the ratio H/Z_io0p
appearing in the A/2-twisted GLSM matches the Hessian appearing in the B/2-twisted
Landau-Ginzburg model,

Z QF Aij Qb N o o O*W
det ( 5 AlmQJC Uc> (H alal> H (Qf +€j)oa | = det 3G90,

i=1 j=k+1

so long as

N-Ek k
=1

(As before, if this does not hold, we can always perform field redefinitions to rescale some of
the Y;s and corresponding Fermi fields F;, at the cost of making the isomorphism between
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correlation functions of either theory slightly more complicated.) Thus, the A/2-twisted
GLSM Hessian matches that arising in B/2-twisted Landau-Ginzburg model correlation
functions [17]. Since correlation functions in the A/2-twisted GLSM and the B/2-twisted
(0,2) Landau-Ginzburg model have essentially the same form, albeit with potential dif-
ferent Hessians, and we have now demonstrated that the Hessians match, it follows that

correlation functions match.

5 Examples

So far we have presented formal arguments for a (0,2) mirror defined by a (0,2) Landau-
Ginzburg theory with the same chiral ring and correlation functions® as the original A /2
theory. In this section we will verify that this proposal reproduces known results in spe-
cific examples.

To be specific, we will compare predictions to mirror proposals previously made in [6, 7].
Those papers were originally written by guessing ansatzes for possible mirrors, constrained
to match known results on the (2,2) locus and to have the correct correlation functions and
chiral ring relations. Here, we will see that the proposal we have presented correctly and
systematically reproduces the results obtained by much more laborious methods in [6, 7].
This will implicitly also provide tests that correlation functions and chiral rings do indeed
match, as argued formally in the last section.

That said, the systematic proposal of this paper will only apply to special, ‘toric’ de-
formations, not all tangent bundle deformations, not even all tangent bundle deformations
realizable by Euler-type sequences. Curiously, the terms in the mirrors described in [6, 7]
that are not realized are nonlinear in the fields, suggesting that toric deformations are
mirror to linear terms. We will not pursue this direction further in this paper, but mention

it here for completeness.

51 Pl xP!

We begin by reviewing the now-nearly-canonical example of P! x P!. The charge matrix
of the GLSM for the chiral fields is of the form

1100
0011}’

and deformations of the tangent bundle are described mathematically as the cokernel of
the short exact sequence

0 — 0% 5 0(1,0220(0,1)> — & — 0,

where the map * is given by
_ [4e Ba
| Cy Dy’

8Technically, untwisted sector correlation functions, if the mirror involves an orbifold.
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where A, B, C, D are constant 2 x 2 matrices, and z, y are two-component vectors of
homogeneous coordinates on either P! factor.
We have the same constraints on fields from D terms as on the (2,2) locus, namely:

Yi+ Yo =11, Y3+ Y, =t

where Y72 are dual to the variables for one P!, and Y34 are dual to the variables for
the other.
Let us solve the constraints above by taking

t1 =0, ta =1t1, t3 =0, t4 = t,

and

so that
Yi=0, Yo=1t —0, G' = F| = —F,,

Ys =0, Yy =ty — 0, G> = F3 = —F}.
5.1.1 First choice of S

We will first consider the case that the submatrix S is given by the first and third columns of
the charge matrix @) above, so that S is the identity matrix. Then, the allowed deformations
are defined by

1 0 0 O
A — | Az Az Ass Az
Y 0 0 1 0

Ay Agp Ayz Ay

(Rows correspond to fixed ¢ index, and reflect the fact that for ¢ a row of .S, values are fixed
to those of the (2,2) locus.) We can find the corresponding tangent bundle deformations
by comparing the E;’s. In terms of the matrix above,

E, = Z A1;Q50401,

J,a
= Ulﬁbl,
Ey = ((A21 + Agz)o1 + (Ags + Asq)o2) ¢,
E3 = 0203,

Ey = (Ann + Ag)or + (Auz + Aaa)o2) ¢,

whereas in terms of A, B,C, D, we have

By = (A11éy + Arago)or + (Biigr + Biag)oa,
Ey = (Ag101 4 Agago)oy + (Baidy + Baaga)oa,
By = (Cr1¢3 + Cra¢a)a1 + (D11¢s + Diada)oa,
Ey = (Ca1¢3 + Co2ps)o1 + (Da1¢p3 + Daopy)oa,



for ¢12 corresponding to homogeneous coordinates on the first P! factor and ¢34 corre-
sponding to homogeneous coordinates on the second. Comparing these two expressions, we
find that in terms of the original 2 x 2 matrices, our ansatz is equivalent to the special case

~fro0o 1 = Jo o ]

A = ) B = 3
0 A1 + Aa 0 Aoz + Ay

- Jo o ] = [1 o ]

C = D= .
0 Ay + Ay 0 Ayz + Ay

From formula (3.3), we have that

Ag1 + Ao —1 Az + Ay

DAY = ,
(Dis) Ap + Ay Az + Ay —1

where the A index counts across rows, and the ig index counts across columns.
The (0,2) superpotential of the proposed mirror is then given by (3.2)

W= -G (e_Y1 —e "2 4 (Agy + Agg — 1)e™™ 4 (Ao + A24)€_Y3)
—Gy (€7Y3 —e Vs + (A41 + A42)€7Y1 + (A43 + Ay — 1)€7Y3) ,

If we define X; = exp(—Y;), then the (0,2) superpotential above can be written
W = -G, <(A21 + Ag2) X1 — )% + (A2z + A24)X3>

—Go ((A43 + Ay) X3 — )‘% + (Ag + A42)X1> _

The operator mirror map (3.4) in this case implies

X1 <~ 01,

X3 < 09.

In fact, the operator mirror map statement earlier also implies

X, = X < (Ag1 + Ago)or + (Aag + Aay)oo, (5.1)
Xy = ;1(—23 < (Ag1 + Ag2)or + (A + Ayg)oo. (5.2)

These two statements are also redundant consequences of the equations of motion
OW/0G12 = 0, which are themselves consequences of the quantum sheaf cohomology
relations, as we shall see momentarily.

Now, let us compare results from [6]. There, it was argued that the (0,2) mirror could
be represented as

X5)? O
— _ X/ b( 2 X/*
W G1<a 1+ X{ + puXy X{)
X1)? P
—Gy | dX} (X3 X — =
2( 9t c Xé + Xy Xé ,
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where
a = det A, b = det B, c=detC, d = det D,
p = det(A + B) — det A — det B,
v =det(C + D) — det C' — det D,
and with operator mirror map
X| < o1, X+ 09,
In the present case,
a=Az + Az, b=0, c=0, d= A3+ Ay, p= A3+ Asg, v = Ay + Ay,

and it is easy to see that the mirror superpotential proposed here matches the specialization
of that in [6], if we identify X; = X, X3 = XJ.
In addition, the quantum sheaf cohomology ring in this model is [22-25]

aa% + bog + poi1os = q1, ca% + da% + voi109 = qo,

which in the present case matches the remaining mirror map equations (5.1), (5.2) above.

Altogether, we see that the mirror proposed here matches results in [6], giving us a
consistency check not only of proposed mirror superpotentials but also implicitly correlation
functions and chiral rings.

5.1.2 Second choice of S

Next, we consider the case that the submatrix S is given by the first and fourth columns
of the charge matrix @, so that S is the identity matrix, and the allowed deformations are

1 0 0 O
Aoy Ago Azz Agy
A3y Ay Azz Az

O 0 0 1

(Aij) =

(Rows correspond to fixed i index, and reflect the fact that for ¢ a row of S, values are
fixed to those of the (2,2) locus.) In other words, in terms of the original 2 x 2 matrices,
we restrict to the special case

[t o 1 -~ Jo o ]
A = 5 B = )
0 Ay + Ags 0 Ags + Aoy
& Az1 + A2 0 D= Aszz3+ A3 0 ‘
0 0 0 1

From formula (3.3), we have that

Aoy + Ay —1 Agz + Aoy

D) = :
(D) —(As1 + Azp) —(Aszs + Asq — 1)

where the A index counts across rows, and the ig index counts across columns.
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The (0,2) superpotential of the proposed mirror (3.2) is then given by

W= =Gy (e —e ™+ (Ag + Ago — 1) + (Aog + Asg)e™ ™)

~Gy (e — — (A1 + Agp)e ™ — (Asz + Agg — 1)e ™M),
= -G ( (Ag1 + Ag2) X1 — Y + (Ags + A24)X4>
-Gy < — (Az1 4+ A32) X1 — (Asz + A34)X4> ,

where X; = exp(—Y;) and with hindsight we have chosen to write the superpotential in
terms of X7 and X4, to illuminate the relation to other mirrors.

Furthermore, the operator mirror map (3.4) implies

X1 ¢ o1, (5.3)
X4 & 09
and also implies
Xo = )% < (A21 + Agg)or + (Aaz + Asq)o, (5.5)
X3 = ;174 < (As1 + As2)o1 + (Asz + Asg)o (5.6)

The latter two relations are a redundant restatement of the chiral ring of the theory, which
can be seen by comparing the equations of motion of the superpotential above, defined by

OW/0G 4 = 0.
Now, in this case the mirror given in [6] is defined by

a=Ax +Ax», b=c=0, d=A33+ A3s, p= A3+ Asy, v= A3z + Az,
and so has the form

W = =Gy ( (A1 + A22) X7 + (Aas + Aog) X5 — X’)

—Go ((A33 + A34) X5 + (Az1 + A32) X — )q; >
2
with operator mirror map

X{ <~ 01, Xé < 02.

With the dictionary X; = X{, X4 = X}, and a sign change on G2, we see that the superpo-
tential and operator mirror map predicted here match that in [6]. In passing, note that the
fact that we reproduce the mirror of [6] implicitly gives an independent check of matching
of correlation functions.
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5.1.3 Comment on Adams-Basu-Sethi result

Let us very briefly compare to the analysis of [3], which also examined (0,2) mirrors to
P! x P'. They primarily considered tangent bundle deformations of the form [3, Eq. (255)]

A—I=D G=0 B= [61 0].
0 €

In principle, a deformation of this form is compatible with making a non-invertible choice
of S, specifically the last two columns of the charge matrix, so that

-

Since S is not invertible, it is not possible to uniquely solve for (D{; )i in our approach,
and we find it intriguing that in their analysis, they also were not able to uniquely solve
for the mirror superpotential without doing further worldsheet instanton computations to
solve for the values of some otherwise-undetermined parameters.

52 F,

Next we consider Hirzebruch surfaces F,,. Now, for n > 1, these are not Fano, but nev-
ertheless one can write down a mirror for the GLSM (which for the non-Fano cases is
more properly interpreted as a mirror to a different geometric phase, the UV phase, of the
GLSM), as discussed in [7]. The charge matrix of the GLSM is

11n0
0011}’
and deformations of the tangent bundle are described mathematically as the cokernel £ of

the short exact sequence

0 — 0 5 01,0260(n,1)®00,1) — & — 0,

where 3 ~
Ax Bx
* = Y18 728
alt Oégt

In the expression above, z is a two-component vector of homogeneous coordinates of charge
(1,0), s is a homogeneous coordinate of charge (n, 1), and ¢ is a homogeneous coordinate of
charge (0,1), A, B are constant 2 x 2 matrices, and 7, 2, a1 2 are constants. (In principle,
nonlinear deformations are also possible, but as observed previously in e.g. [22-25], do not
contribute to quantum sheaf cohomology or A /2-model correlation functions, so we omit
nonlinear deformations.) The (2,2) locus is given by the special case

A:I7 B:O) 7=n, 72:]-70[1:07 ag = 1.
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We have the same constraints on fields from D terms as on the (2,2) locus, namely
it+Yot+nYs=t, Yi+Y =ty

where Y7 o are dual to the x’s, Y3 is dual to s, and Y} is dual to t. We can solve them by

taking
t~1: ) t~2_t17 t~5:07 tt t27
1-100
VA =
V) [0—n1—1]’
so that
Y1:9, }/2:751—(9—715, G1=F1=—F2—77,G2,
Y3 =0, Yi=ty—0, Gy = F3 = —F).

5.2.1 First choice of S

We take the submatrix S C @ to correspond to the first and third columns of the charge

matrix @, i.e.
s—|tn].
01

The allowed deformations are

1 0O 0 O
A9y Agg Az Aoy
(Aij) =
O 0 1 0

Ay Ago Auz Ayy

To find the corresponding elements of A, B, 1,2, o122, we compare the E’s. For the
deformations defined by A;;,

E, = ZQZ%QH = 0191,
Ey = ZAsz?Ua@,

j7a
= (Ag101 + Ao + Agz(noy + o2) + A402) ¢,
Es = (noy + 03)s,

E; = (Agio1 + Agpor + Agz(noy + 02) + Agaoa) t,
whereas for the bundle deformation parameters,
E, = (zzhldh + 12112¢2) o1+ (311% + 312¢2> o2,

Ey, = (zzlmdh + flméz) o1+ (B21¢1 + 322@) o9,
Es = vy1801 + Y2502,

Et = 011150'1 + OéQtUQ,
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from which we read off

-1 0 - o o0
0 Aoy + Agg +nAss |’ 0 Agg + Aoy |’
a=det A= Aoy + Agg + nAog, b=det B = 0, i =Asz + Aay,
Y1 =n, Y2 =1, a1 =Ag1 + Ago + nAys, ap =Ay3 + Ayy.

Next, let us construct the mirror. From formula (3.3),

Di) =
(Dis) n(Ag1+ A —nAos)+(Asi+Aso—nAs) n(Ags+A)+(Asz+Asu)—1

A1 + Agg —nAg — 1 Aoz + Aoy ]

From equation (3.2), the proposed mirror superpotential is then

W =Gy (e —e "+ (Ag + Ay — nAgy — 1)e™" + (Agg + Aog)e™ )

~Go —nme ™2 f eV e
+ (n(Ag + Ago — nAgy) + (Agy + Ago — nAy)) e

+ (n(Aaz + Ags) + (Aaz + Aga) — 1) e_Y3),

= -Gy <(A21 + Ao — nAg) X1 — Xq;(n + (Aa3 + A24)X3>
143

—G [ =B + (n(Ags + Ass) + (Auz + Ag)) X3 — =

X1Xg X3

+ (n(Ag1 + A2 — nAos) + (Aa1 + Aga — nAuaa)) Xl),

where X; = exp(—Y;), with operator mirror map (3.4)

X1 — 01,

_ q1
X X5

Xo < (A21 + Aaz)or + Aag(nor + 02) + Aggoo,

X3 < noy + o9,

I

X, =
4X3

 (Aa1 + Ago)o1 + Agz(noy + 02) + Aggoo.

Note that the operator mirror map relations for Xy, X4 are consequences of the equations
of motion OW/9G 4 = 0.
For these deformations, the quantum sheaf cohomology ring is given by [22-25]

QR = a1, Q@ = @
where

Qry =(A21 + Ao + nAgs)o? 4 (Ags + Aoy)oy09,
Q(s) = no1 + o2, Q) = (Ag1 + Ao + nAyz)or + (Asz + Ag)oo.
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It is straightforward to check that these relations are implied by the mirror map equa-
tions above.

A proposal was made in [7] for the Toda dual to a (GLSM for a) Hirzebruch surface.
Briefly, the mirror superpotential had the form

W = —G1J1 — GaoJsy
for [7, Section 4.2]

X3 —nX;)? _ .
(3X11) — Xt (X1 (X —nX1)T", (5.7)

(X3 — nX1)2> ng1
Jo=nlaXy+ X3 —nX7)+b —
2 ( 1 IU’AB( 3 1) Xl Xl (71X1 + ’YQ(X;} — nXl))n
@2 (mX1+ (X3 —nXy)) (@1 X1 + a(X3 —nXy))

_Y:a—F X3 ’

Ji=aX1+ pap(Xs —nX1)+0b

(5.8)
with operator mirror map
X1 & o1, X3 < noi + o9.

It is straightforward to check that the proposal of [7], reviewed above, specializes to
our proposal here.

5.2.2 Second choice of S

Next, consider the case that the submatrix S C @ is taken to correspond to the first and

- [u1)

1 0 0 O
Aoy Ago Agz Aoy
A3y Ay Azz Az

O 0 0 1

fourth columns of @, i.e.

The allowed deformations are

(Aij) =

Proceeding as before, the corresponding A, B, v1,2, @12 are given by

Fek 0 N
0 Ag1 + Ago +ndos |’ 0 Aog + Aoy |’
a = detA:Agl—l-Agg—l-nAQg, b= dethO, W= Aoz + Asy,
v = A1 + Az + nAss, Y2 = A3z + Az,
Oél = 07 OéQ = 1

Next, let us construct the mirror. From formula (3.3),

(Dis) =

A9y + Aoy +nAgz — 1 Aoz + Aoy
n(Ag1+Aga+nAss)—(Asz1+Aso+nAss) n(Ayz+Agy)— (Asz+Azs—1)
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From equation (3.2), the proposed mirror superpotential is then

W =-G; (B_Yl —e 2 + (A21 + Aoy +nAgs — 1)€_Yl + (Agg + A24)€_Y4)

—Go —me 2 f eV e
+ (n(Ag) + Agg +nAgz) — (A1 + Az + ndss)) e ™

+ (n(A23 + Azq) — (A3 + Az4 — 1)) €_Y4),

XTL
= -Gy <(A21 + Agx +nAag) Xy — ;1%741 + (Ags + A24)X4>
2

@ Xy G
—Go | —n—— 4+ —— + (n(Aa3 + A24) — (Azz + Az4)) X
2 ax X, (n(Ags + Asq) — (Asz + Asa)) X4

+ (n(A21 + Ago + nAag) — (As1 + Aszz + nAsz)) Xl)a

where X; = exp(—Y;), with operator mirror map (3.4)

Xl <~ 01,

X'ﬂ
X, = KIS SN (A21 + Agz)o1 + Aag(noy + 02) + Agyoo,

75 X1
X = ;1(—24 < (A1 + Asz)o1 + Asz(noy + 02) + Asaoa,

X4 < 09.

The operator mirror map relation for Xy is a consequence of 0W/9G1 = 0, and the operator

mirror map relation for X3 is a consequence of that plus OW /9G4 = 0.
A second proposal was made in [7] for the Toda dual to a (GLSM for a) Hirzebruch

surface, in which the mirror superpotential had the form

W = —G1J1 _G2J27

for [7, Section 4.2]

X2 q1 (O¢1X1 + 042X4)n
= (aX Xy+0=2) - = .
Ji <a 1+ papXs+ X1> i X , (5.9)
X2 ¢ (X1 + a2X4)”)
Jo=—naX| + papXs +b2 — =
2 < 1T MHABAY X, qg X,
X? a
+ | agye Xy + 'Ylalf + (moag +y201) X1 ) — X, (5.10)
4 4

with operator mirror map
X1 <~ 01, X4 <~ 09.

It is straightforward to check that this proposal of [7] specializes to our proposal
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5.3 dPs

Let us now consider the del Pezzo surface dP,, corresponding to P2 blown up at two points,
which was also considered in [7]. The charge matrix of the GLSM for the chiral fields is of

the form
11100

0o110],
10001

and deformations of the tangent bundle are described mathematically as the cokernel £ of
the short exact sequence

0 — 0% % 0(1,0,1) ® O(1,0,0) ® O(1,1,0) ® O(0,1,0) ® O(0,0, 1)
— & —0,

where

101 a202 a3z

Bro1 Bag2 B3ds

* = | 7101 Yed2 V303
0191 0202 303

| €11 €22 €303 |

The (2,2) locus is given by the special case

o =1, ag =0, ag =1,
B =1, P2 =p3 =0,

=7 =1 73 =0,

51 =0, Gy =1, 55 = 0,
€1 =€ =0, €3 =1.

We will take

5.3.1 First choice of S

For our first choice of S, we will take the first, third, and fifth columns of the charge matrix,

so that
110

S= 1010
101

With this choice of S, the allowed deformations are

1 0 0 0 0]
Aoy Ao Agz Agy Aos
(Aij) = 0 0 1 0 0
Ay Agg Auz Agg Ags
0 0 0 0 1
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We compute the corresponding bundle deformation parameters by comparing E’s:

a101 + @202 + azoz)dr = (01 + 03)P1,
Bro1 + Peog + PB303)de,
Asi (01 + 03) + Ao + Aas(o1 + 02) + Asoe + Ags03) 2,

= (
= (
= (
= (m01 + 7202 +7303)p3 = (01 + 02)¢3,
= (6101 + d202 + 0303) ¢4,
= (As (o1 + 03) + Ag201 + Asz(01 + 02) + Aga02 + As503) P4,
= (€101 + €202 + €303)¢p5 = 03¢5,
from which we find
a=(1,0,1), ¥y=(1,1,0), €=(0,0,1),
B = (Aa1 + Ago + Ass, Aoz + Asa, Aoy + Ass),
0 = (Aa1 + Asz + Auz, Aaz + Aus, At + Ass).

From formula (3.3), we have

Ao + Az — 1 — Ay Aoz + Aoy —Ago + Aog + Aos + 1

(D) = | Aoi + Ass — Aoyt —Agg + Agy + Ags
Aog + Aoy + Ays + Agy — 1
Ap+ A — Ay % # 43 “ —Aus + Ags + Ags

The proposed mirror superpotential (3.2) is then

W =-G; [(Am + Agg — A) Xy — X(f‘ng + (Agz + A24) X3 + (— A2 + Agg + A2s) X5
-Gy [(A21 + Aoy — Aoy + Ag1 + Ao — Apn) X

¢
X1X3

+ (Agg + Aoy + Ays + Agg) X

_E + (—Age + Agg + Aos — Ao + Agg + Aygs) X5 |,

with operator mirror map (3.4)

Xl < 01+ 03,

q1

X, —
27 X\ X5

(A1 + Axx + Ags)or + (Agz + Aza)oa + (A1 + Ags)os,

X3 & 01 + 09,

q2

Xy === ¢ (Au + Ay + Auz)or + (Aug + Aua)or + (A + Ass)os,

q3
X5 = — &
5 X, 3.

(It is straightforward to check that the nontrivial operator mirror map relations above are
equivalent to the equations of motion derived from OW/0G 4 = 0.)
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Now, let us compare to the first (0,2) mirror proposal for dP, in [7, Section 3.2.2]. In
their notation

a-X =X, v X=X3, - X = X5,
B-X = (A21 + A — A2) X1 + (Aaz + Aoa) X3 + (Aos + Ags — A) X5,
0 X = (Ag1 + Ago — Aga) X1 + (Auz + Aua) X3 + (Asa + Ays — A22) X,

and
q1 qs3
J = — Z X - X
1 X1X3+ X1X5+ 5+5 )
q2 q1
J3 = —— — X +6-X
3 X3 X1X3+6 + )
q3
Js = X5+ 272
5 5+ X, X5
q3
Jz =1— )
Z X, X5

Solving Jz = 0, we get X5 = ¢3/X1, and solving J; = 0, we get Z = —Xj5. Plugging in,
we are left with two independent J’s:

Ji= — = 4 (Agy + Agy — Apy) Xy + (Ags + Apg) Xs + (Ags + Ags — Agy) L2
X1 X3 X
__ %2 @ B B
J3 = X5 X, Xs + (A21 + Agg — Aoy + A1 + Age — An) X1
+(A23 + Ags + Aug + Aga) X5 + (Aos + Azs — Ao + Agg + Ays — A42)%7

which precisely matches the prediction of our proposal.

Finally, let us compare the quantum sheaf cohomology ring relations. There are three
quantum sheaf cohomology ring relations, but only two relations appearing above in the
operator mirror map and equations of motion. Specifically, in this case, the quantum sheaf
cohomology ring relations [22-24] take the form

(01 +03)(01 +02)Q2) = @, (5.11)
(01 +02)Q1) = a2, (5.12)
(01 +03)03 = g, (5.13)

where

Q2) = (A21 + Aga + Agz)oy + (Ags + Ags)oa + (A21 + Ags)os,
Quy = (Ag1 + Ago + Ayz)or + (Ags + Agq)oo + (Agr + Ays)os.

The first two quantum sheaf cohomology ring relations correspond to two of the operator
mirror map statements. The third is realized on the mirror as the relation

X1X5 = (3,

which is a consequence of the D terms, and so automatic.
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5.3.2 Second choice of S

For our second choice of S, we will take the second, fourth, and fifth columns of the charge
matrix, so that S is the identity. With that choice of .S, the allowed deformations are

[ A1 A1g Arg Ara Ass |
O 1 0 0 O
(Aij) = | As1 Azz Azg A3y Ass
O 0 O 1 0
0 0 0 0 1

To find the corresponding bundle deformation parameters, we compare the E’s:

By = (101 + ag02 + a303) 1,
= (A11(01 + 03) + A1201 + A1z(01 + 02) + A1402 + A1503) é1,
= (B101 + B202 + B303) 92 = 0192,
= (1101 + 7202 +7303) 3,
= (Az1(01 + 03) + Az201 + Azsz(01 + 02) + Az402 + A3503) ¢3,
= (0101 + 0202 + 6303)ds = 024,
= (€101 + €202 + €303)¢5 = 0T3¢5,

from which we conclude
a = (Ann + Az + Az, Az + Awg, A + Ass),
=(1,0,0, &=(0,1,0), &=(0,0,1),
Y = (As1 + Asg + Ass, Asg + Asa, A1 + Ass).
Next, we construct the mirror. From formula (3.3), we have

An+Ap+A3-1 Aig+Au A +A4i5-1

(Dié) = -
Az + Azp + Azz — 1 Az + Azg — 1 Az + Ass

then the proposed mirror superpotential (3.2) is

X
W = -Gy <Z;X; — (A + A+ A1) Xo — (A3 + A10) Xa — (A + A15)X5>

-Gy (—(A:n + Az + Aszz) X2 + ;% — (Ass + A34) Xy — (A1 + A35)X5> ;

where X; = exp(—Y;).
The operator mirror map (3.4) is then given by
@ Xy

X
b 3@ Xo

— Aji(01 + 03) + Ar201 + Ai3(01 + 02) + Ar402 + Ars03,

X2 < 01,

q
X3 — fi PN A31(0'1 + 0'3) + A3201 + A33(0’1 + 0'2) + A3402 + A35U37

X4 < 09,

X5 < 03.
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From [22-24], the quantum sheaf cohomology relations in this model are given by

01Q Q) = ¢, (5.14)
O'QQ(g) = qo, (5.15)
03Q(1) = g3, (5.16)

where

Q) = (A1 + Ara + A1z)o1 + (A13 + Ara)o + (A11 + Ass)os,
Q(3) = (A31 + A32 + A33)Ul + (A33 + A34)0‘2 + (A31 + A35)O‘3.

This first two quantum sheaf cohomology relations can be seen to correspond to both the
operator mirror map relations and the equations of motion. The third relation (5.16) is
effectively redundant on the mirror. To see this, note that it corresponds to the statement

X5Q1) = g3

However, X5 = ¢3/X; from the D-term relations, so this is equivalent to

X1 = Quy,

which is the first mirror-map relation.

6 Hypersurfaces in toric varieties

6.1 General aspects

An extension of ordinary mirror symmetry from toric varieties to hypersurfaces therein
was discussed in [10] and further justified in [53]. Let us begin our discussion here by very
briefly reviewing this for the special case of the (2,2) quintic in P*. One begins with the
Toda dual of Tot (O(—5) — P*), the ambient GLSM for the quintic albeit with vanishing
superpotential. The Toda dual is defined by a (twisted) superpotential of the form

5
W =3 exp(—Y;) + exp(~Yy),
i=1
where the D term constraint requires
n
—5Y, + ) Vi = t.

i=1

The effect of dualizing the GLSM with a nonzero superpotential, according to [10, 53] is
to change the fundamental fields from Y; to X; = exp(—Y;/5), which also introduces Zj
orbifolds. As a result, after eliminating Y, with the D term constraint and the change of
variables, the mirror superpotential becomes (Zs orbifolds of)

W= Y X?+ q]] X
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The fact that the B-twisted mirror sits at a Landau-Ginzburg point reflects the fact that
the B model is independent of K&hler moduli, and so topological field theory computations
can be computed at any point on the Kahler moduli space — the Landau-Ginzburg orbifold
point in the moduli space of a hypersurface being a convenient example.

Before considering (0,2) analogues, let us quickly outline a formal justification for
the change of variables above, in TFT correlation functions. We claim that at the level
of untwisted-sector correlation functions, it is formally equivalent to insertions needed
to restrict to the hypersurface. The argument below omits questions of counting and
degeneracy of vacua, as well as how the kinetic terms of the fields change, but is sufficiently
tantalizing that we mention it here.

Begin with a (2,2) supersymmetric GLSM for Tot (O(—5) — P*), labelled the V+
model in [51]. To compute a correlation function matching one on the hypersurface, in
principle one should insert (—)(—50)? (see e.g. [51, Eq. (5.8)]). Correlation functions in
the untwisted sector of the mirror B-twisted Landau-Ginzburg model, corresponding to
certain computations on the hypersurface, should then have the form

- Op exp(—2Y))
det(ayzayj W)

<01 s On>quintic - <Ol T On(_)(_50)2>v+ x Z =

vacua

where we have used the mirror map

exp(—Y,) = e t/? Hexp(—Y}/E)) <~ —bo.

Now, we change variables from Y; to X; = exp(—Y;/5). Formally, in the denominator,

0 0N OW 1 ow
oy, v, 0X; 5 'oX;

*W 1\* *W .
WY, (—5> XiniaXian (no sum on 1, j),

along the critical locus. Now, strictly speaking, after the change of variables, the critical lo-
cus becomes degenerate, the second derivative of the superpotential vanishes at the critical
locus. One could attempt to solve this by turning on twisted masses, possible for certain
special superpotentials, but as our aim here is a formal observation, we shall move on.
The point we wish to make is that formally, if one plugs into the expression for correlation
functions, then glossing over questions of number and degeneracy of vacua,

O1 - Opexp(—2Y))
(—1/5)10 (T, X;)* det (9x,0x, W)

<Ol e On)quintic - Z

vacua

then along the vacua, the factor of exp(—2Y,) = e~2/"([; X;)? largely cancels out the

(T1; Xi)? in the denominator, leaving an expression which (setting aside questions of count-

ing and degeneracy of vacua, as well as how the change of variables would operate on kinetic
terms) formally duplicates the usual expression in the orbifold:

0,0,
Ox,0x, W)

<Ol te On>quintic X Z det

vacua (
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Now, setting aside formal justifications, it is, of course, tempting to conjecture a (0,2)
analogue of the story above. The justification for the (2,2) case in [53] was based on
the claim in [54] that the A model on a hypersurface is equivalent to the A model on a
supermanifold over the ambient space. Unfortunately, at present no (0,2) analogue of [54]
exists in the literature. Mathematically, the idea of inserting Chern classes to restrict to
hypersurfaces is more properly understood in terms of insertions of Mathai-Quillen forms.
A (0,2) analogue of Mathai-Quillen forms has been sketched out (see [55] for definitions
and conjectures), but one open question in that work is whether they have all the pertinent
properties of ordinary Mathai-Quillen forms.

Another question concerns the appropriateness of getting a mirror at a Landau-
Ginzburg orbifold point. In (2,2) theories, for hypersurfaces, since the B model is indepen-
dent of Kahler structures, we could evaluate a B-twisted mirror at any convenient point
on the Kéhler moduli space, and the Landau-Ginzburg orbifold point is a convenient such
point. By contrast, (0,2) theories are somewhat more complicated. It was argued in [22-25]
that A/2-twisted GLSMs are independent of complex structure moduli and some bundle
moduli (Js), and B/2-twisted GLSMs are independent of Kahler moduli and other bun-
dle moduli (Es), but this seems to be an accident of the GLSM’s presentation of moduli,
and we do not understand how to formulate analogous statements in IR nonlinear sigma
models — or indeed if it is even possible to formulate such statements in IR theories. In
any event, for our purposes, this will suffice to justify describing B/2-twisted mirrors at
Landau-Ginzburg orbifold points.

With all that in mind, we will now describe some formal computations for (0,2) theories,
generated by proceeding along the same lines as (2,2) theories, albeit with less justification.

Note that in (0,2) theories, in addition to performing a variable change on (0,2) chiral
superfields, we must also perform a variable change on (0,2) Fermi superfields. For example,
suppose that in the mirror to the ambient GLSM, the fundamental fields are (604,G4),
where O4s are (0,2) chiral superfields and G 4s are (0,2) Fermi superfields, which on the
(2,2) locus together form a (2,2) chiral multiplet. If we define

Xa = exp(—0a/n),

and take that to be a fundamental chiral superfield then to get a Landau-Ginzburg model
that matches the (2,2) mirror on the (2,2) locus, we must also define new fundamental
Fermi superfields A 4, as

0Xa
Ay = —=Gp.
A 905 B

In the example above,

—— = ——X 46

90 n AT
hence )

Ay = —ﬁXAGA (no sum on A),

and we should take A4 to be the fundamental field in the mirror to the hypersurface,
replacing G 4.
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6.2 Example

For an example, we will study the mirror to a (0,2) GLSM describing a degree (n,0) hyper-
surface in P? x P!, with a tangent bundle deformation. There are two dueling constraints
that make finding interesting examples, somewhat nontrivial:

e Our £’s, J’s must satisfy E/ - J = 0 in order to preserve supersymmetry,
e Simultaneously, choices of S C ) constrain the allowed deformations.

We will deal with these issues by considering a hypersurface in the first P? factor,
paired with a bundle deformation over the second P! factor, so that the two constraints
are fundamentally uncoupled from one another. We will ‘follow our nose’ and work out
what naive expectations would predict for the (0,2) mirror given the proposal of this paper;
however, we have not checked any correlation functions or performed other independent
tests to ensure that we have in fact produced the correct (0,2) mirror.

Our GLSM will have six chiral superfields, which we label ¢1,.. 5 and p, with charge

o0 [11100—71].

matrix

00011 O

We interpret ¢;_3 as related to homogeneous coordinates on first factor (P?), and ¢4_5 as
related to homogeneous coordinates on the second factor (P!).
Given the charge matrix () above, we will take

n00 0 0 1
0100 01/n
001 0 01/n
000-11 0

Vit =

Now, since we are going to apply our mirror construction, we pick an invertible sub-
matrix S C (). To be specific, we will take S to correspond to the fourth and sixth rows of

@, so that
g — 0 —n ’
10

and we will consider deformations

1 0
0 0
0 1

o = O
o O O
o O O
o O O

0O 0 O 1 0 O
As1 Asy Asz Asy Ass Ase
0 0 0 0 0 1

Now, the choice of S above is compatible with a more complicated deformation matrix
(Ajj) — for example, the first, second, and third rows could have entries different from
those of the identity matrix. However, to avoid running into difficulties with the constraint
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E - J =0, for simplicity in this example we pick the E’s to be trivial along directions with
nonzero J’s, and so we take the matrix to be of the more specialized form above.
With these choices, it is straightforward to compute

0 0
0 0
Ay

(Asq + Ass — 1)/n —(As1 + Aso + Ass — nAse)

Thus, the (0,2) mirror to the GLSM without superpotential is given by a Landau-
Ginzburg model with superpotential

W = —Gi(nexp(=Y1) + exp(-Y,)) — Ga(exp(—Y2) + (1/n)exp(-Y,))
—G3(exp(—Y3) + (1/n) exp(—Y)))
G4< —exp(—Yy) +exp(=Ys) + %(A54 + Ass — 1) exp(—Ya)

—(As1 + As2 + Asz — nAse) eXP(—Yp)> ;

subject to the usual D-term constraints, which allow us to rewrite Y’s in terms of 6’s. If

we pick
(El) = (050505t2707*t1/n)7
then
91 :)/l/nv 92 :Y2> 03 :Y37 04 :}/:5’
and

Y;, =0 +92/n+93/n —tl/n, Yy = —04 + to,

so if we define
Zy =exp(—b1), Za3 =exp(—ba3/n), Zs = exp(—0a),
the mirror superpotential above becomes
W= —G (nZ? n lezzge—tl/n) — Gy (Z;‘ + izlzzzge—tl/n>
—Gs (Zg + izlzgzge—tl/">

1
~Ga (Za— 2+ = (Asa + Ass—1) 2~ (Asy + Asp + Ass—nAse) Z1ZaZse /")
s n Zy

and the theory has a (Z,)? orbifold, acting on Z3.3, in which the group action preserves
the superpotential above.
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For completeness, the operator mirror map takes the following form:

exp(—Y1) = Z7 > o1,

)
exp(—Ys) = Z3 + o1,
exp(—Y3) = Z3 < o1,
q2
exp(—Yy) = =— & o9,
(—=Ya) Z 2
exp(—Ys) = Zy <+ (As1 + Asz + Asz — ndse)o1 + (Ass + Ass) o2,

exp(—Yy) = 71757571/ & oy

We could also add a twisted mass along the p direction, for example. Doing so would
add the following terms to the mirror Landau-Ginzburg model superpotential

- - 1 1
GAVZDAmp = myp <G1 + -Gy + Gg) ,
n n
and also alter the operator mirror map, by modifying the map for exp(—Y,) as
exp(—Yy) < —noy + my,.

Now, let us consider restricting to the hypersurface. This will involve changing the
fundamental fields, from 8’s to X’s and G’s to A’s.

First, let us consider changing variables amongst chiral superfields. We will take Z;s
to be the fundamental variables. (Physically, this means changing e.g. kinetic terms, and
so changing the physical theory, but here we will primarily focus on the superpotential.)

In addition, we must also change the Fermi fields, as mentioned previously. Following
the pattern discussed previously, we define the new fundamental Fermi superfields

1
A =—-21G1, A3z = *522,3672,3, Ay = —Z4Gy.

Rewriting the mirror superpotential above in terms of the new fundamental fields Z;,
A;, we find it takes the form

W= Ay (2070 + ZaZye ™) 4 Ny (nZ5 " 4 2 Zge ™)

—|—A3 (nZgil + le2e—t1/n)

1
+A4 <1 — % + — (Ass + As5—1) z (As1 + Aso + Asz—nAse)
4

1 2 ZlZ2Z3e—t1/n ’
n Z

Zy

again with a (Z,)? orbifold group action.
The reader should note that the first three terms in the superpotential above appear
identical to those one would expect in a (0,2) expansion of a (2,2) superpotential of the form

0+ Z8 + 28 + Z1 Zo Zze /™,

exactly as one would expect for the mirror to a hypersurface of degree n in P?. Similarly,
the first two terms in the last line appear to be a (0,2) expansion of the (2,2) Toda dual to
P!, defined by the superpotential

q2
Z il
4+ Z4’

again exactly as one would expect. The remaining terms encode the bundle deformation.
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6.3 Brief comment on the quintic

Next, let us consider an example of a different character. Consider a GLSM for a quintic
in P4. As is well-known (see e.g. [56, Section 15.6.3]), one can deform it to a (0,2) theory.
To see this, first rewrite the (2,2)superpotential in (0,2) language as

W =Y AT + AP,

for

J; = J, = G,

P%;
for G a quintic polynomial in the chiral superfields ¢;. Then, one typically deforms off the

(2,2) locus by deforming
oG oG

0o; ~ p%

where the functions G; are constrained to obey
D 6iGi =0,
i

Now, let us consider this theory in the context of the mirror proposals of this paper.
The A/2-twist only depends upon E’s, not J’s, so the deformation above is invisible in the
twisted theory. The dualization procedure we have described does not seem to involve the
G;’s above — we take a tangent bundle deformation on the ambient space and restrict to
a hypersurface, but the G;’s cannot be understood as a tangent bundle deformation of the
ambient space. As a result, using the methods here, the G;’s are effectively invisible. On
the other hand, since the A /2 theory is independent of the G;’s, it is nevertheless a sensible
mirror for the A/2 theory.

7 Conclusions

In this paper we have given a proposal for (0,2) mirrors to toric Fano varieties with special
tangent bundle deformations, subsets of toric deformations, and also described restrictions
to hypersurfaces. Our methods do not apply to all tangent bundle deformations, only a
subset of the toric deformations. We have given formal arguments that the resulting corre-
lation functions always match, and also checked in examples that our methods reproduce
previous results for (0,2) mirrors produced by laboriously guessing and tuning ansatzes.

It would be interesting to generalize the results presented here to all tangent bundle
deformations. On the one hand, for more general tangent bundle deformations, previous
methods have generated nonlinear superpotential terms in the mirror, which we do not
see. On the other hand, naive moduli counting arguments suggest that in many cases it
may be possible to use field redefinitions to rewrite all the GLSM-realizable tangent bundle
deformations in the form we use in this paper.
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A Brief notes on (2,2) mirror ansatz

In this appendix we will briefly outline how symmetries and the operator mirror map par-
tially determine the exponential terms in the (2,2) GLSM mirror superpotential. Suppose
we have not derived the instanton-generated terms, and only have an ansatz for the mirror
superpotential of the form

k N
W = Za <ZQ?Y; _ta) + g(}/i)a (Al)
a=1

i=1

for some unknown function ¢(Y;). (Requiring R-charges match only fixes terms exp(—Y;)
up to an R-invariant function.) Instead of deriving g from a direct instanton computation
in the A-twisted theory, we outline here how the same result could be obtained using other
properties of the theory.

Now, previously we derived the operator mirror map (2.7) from the form of the mir-
ror superpotential, but one can outline an independent justification, and then use it to
demonstrate the form of g. To see this, use the relation [10, Eq. (3.17)]

Y +Y = 2829V 9,
which implies component relations [10, Eqgs. (3.20), (3.21)]

X+ =20,0, X_=—20"y_,

for y the superpartners of Y and v the superpartners of ¢. From [47, Eq. (2.19)], the
equations of motion of @, (in the limit e? — oo, so that the kinetic terms drop out) are

N N -
(Z Q?I¢il2> I
=1 i=1

If we add twisted masses so that only one ¢ field is light, then this becomes

Now, the x,.¥X_ could come from a Y?, but that has the wrong R charge to make the
expression sensible. However, exp(—Y;) has the correct R charge and contains Y2, so up
to overall factors, which can be reabsorbed into field redefinitions, this suggests

Q?Ua +m; = exp(—Y;-),

which is the operator mirror map (2.7). (Granted, we are again using axial R-charges, but
here since we know some components, there is less ambiguity.)
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Returning to the ansatz (A.1), we can now determine the function g. The equations
of motion from the superpotential above imply

ow “ g
aY; - Qz Oq + 8}/;1
=0,

and the operator mirror map implies
Qioq +Ma = exp(—Y),
hence

dg
oY;

= _Q?Ja = m; _eXp(_Y;):

hence
g(Y;) = miYi + > _exp(-Y),
7
up to an irrelevant additive constant.

It is tempting to apply the same methods to (0,2) theories. Unfortunately, the de-
creased symmetry leads to multiple possible potential (0,2) mirror superpotentials, derived
from applying the operator mirror map in different ways, which must be independently
tested against chiral rings and correlation functions.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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