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relations hold not only within the cohomology ring, but even at the level of the Chow ring,
i.e. as relations among codimension-two cycles modulo rational equivalence. We verify this
conjecture in non-trivial examples with Abelian and non-Abelian gauge groups factors.
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relate different types of gauge backgrounds on elliptically fibred Calabi-Yau four-folds.
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1 Introduction

Anomalies provide a beautiful window of opportunity to study the consistency of quantum
field theories and their coupling to gravity in various dimensions. As a celebrated ex-
ample, the absence of gauge and gravitational anomalies in perturbative string theory [1]
implies the cancellation of one-loop anomalies in the effective 10-dimensional supergrav-
ity by the classical Green-Schwarz counterterms. Given the absence of anomalies in ten
dimensions, compactifications of string theory to lower dimensions are automatically free
of gauge and gravitational anomalies provided all string consistency conditions are cor-
rectly obeyed. For instance, in perturbative orientifold compactifications, the cancellation
of gauge or gravitational anomalies in the low-energy effective action is ensured by the
tadpole conditions [2-5], as reviewed e.g. in [6, 7] and references therein.

In F-theory, tadpole cancellation is automatically built into the topological and geo-
metric properties of the torus-fibration underlying the definition of the F-theory vacuum.
Hence the absence of anomalies in the F-theory effective action can serve as a unique tool
to gain valuable insights into the mathematical structure of such fibrations. In this work we
find a number of non-trivial relations in the cohomology ring of elliptic fibrations which are
equivalent to the cancellation of all gauge and gauge-gravitational anomalies in F-theory
compactified to four and six dimensions.

Assuming the absence of anomalies in the effective theory, as suggested by the above
reasoning, therefore provides a physics proof for these novel and non-trivial mathematical
relations among codimension-2 cycles; these identities must then be valid on every flat,
smooth, elliptically fibred Calabi-Yau 3- and 4-fold irrespective of its interpretation as the
compactification space of an F-theory.

The constraints imposed by absence of anomalies in an effective supergravity are par-
ticularly strong in 6-dimensional N = (1,0) supersymmetric vacua. These chiral theories
are obtained, in the context of F-theory, via compactifications on elliptic Calabi-Yau 3-
folds.! The 6-dimensional generalisation of the Green-Schwarz mechanism [14, 15] acts on
the self-dual tensor fields in the effective action such as to cancel all factorisable gauge and
gravitational anomalies. Its realisation in F-theory was first described for ADE type gauge
algebras in [16] and extended further to all simple non-Abelian gauge algebras in [17, 18].
In particular, [18] has identified a set of relations in the Chow group CHg(Bz2) of points
on the base Bs of an elliptically fibred 3-fold which are sufficient to guarantee the can-
cellation of all gauge-gravitational one-loop anomalies by the Green-Schwarz terms. The
cancellation of 6-dimensional anomalies in F-theory has been extended in [19] to include
also Abelian gauge group factors. The same reference furthermore shows that a certain
set of intersection theoretic identities ensures cancellation of all gauge and gravitational
anomalies. These identities relate the intersection numbers between divisors and curves on
the fibration which, respectively, represent the coroot/coweight and the root/weight lattice
of the effective gauge theory. Similarly to the set of relations investigated in [18] they hold

!The constraints imposed by anomalies on globally consistent 6-dimensional F-theory vacua have been
studied in detail in the literature, including [8—12] and references therein. Some extensions of this reasoning
to 4-dimensional compactifications have appeared in [13].



for any elliptically fibred Calabi-Yau 3-fold even though the proofs presented in [18, 19]
proceed in purely physics terms via the connection to gauge anomalies.

By comparing the 6-dimensional F-theory effective action to its dual M-theory in five
dimensions,? the cancellation of anomalies in F-theory is deeply related to the structure of
Chern-Simons terms in M-theory, as studied in detail in [20-24]. According to [23], such
reasoning implies that the cancellation for instance of all Abelian gauge anomalies in the
F-theory effective action is equivalent to a symmetry among all sections as to which serves
as the zero-section of the F-theory fibration defining the Kaluza-Klein U(1) in the dual
M-theory.

Our analysis of anomalies begins in the 4-dimensional context. Local anomalies in
4-dimen-sional A/ = 1 supergravity theories occur only if the massless spectrum is chiral.
In F-theory compactifications on elliptically fibred 4-folds Y, this requires the presence of
gauge flux. Duality with M-theory translates the latter into a flux for the field strength G4
of the M-theory 3-form potential Cs, as will be briefly reviewed in section 2.1. As in six
dimensions the anomalies comprise two parts, the 1-loop and the Green-Schwarz terms: the
one-loop induced gauge-gravitational anomalies involve chiral fermions running in triangle
diagrams. The chiral index of the relevant fermions is determined by the intersection
theoretic pairing of the flux G4 with certain matter surfaces inside 374. In any consistent
vacuum, these 1-loop anomalies are cancelled by the 4-dimensional Green-Schwarz terms.
For F-theory compactification on Y; the latter have been derived in [22]. As will be reviewed
in section 2.2, the Green-Schwarz terms can likewise be formulated as the intersection
theoretic paring between G4 and a set of 4-cycle classes on Y,. Cancellation of all anomalies
implies a relation between these intersection numbers which must be valid for all types of
consistent gauge fluxes G4 [22].

Starting from this formulation we will derive, in section 3.2, a set of relations between
the cohomology classes of the matter surfaces and the divisors spanning the coroot/coweight
lattice of an elliptically fibred Calabi-Yau 4-fold. These relations go beyond the intersection
theoretic identities of [22] in that they hold independently of any projection onto a gauge
flux G4. To arrive at such relations it is important to note that the structure of the matter
surfaces must not only reflect consistency of the anomalies of all geometrically realised
gauge symmetries, but also include consistency of anomalies if the gauge algebra on a 7-
brane is broken by a gauge background to some subalgebra. This point will be discussed
in section 3.1. Taking into account the contribution of charged matter states in the bulk
of the 7-branes allows us to isolate a set of identities which is summarized, for a general
fibration, in equation (3.18) and (3.21). These identities extend and generalize previous
observations in [25], which attributed the vanishing of anomalies in a class of fibrations
with the MSSM gauge group to homological relations among 4-cycles.

In fact, in section 5 we will verify, for prototypical example fibrations containing
Abelian and non-Abelian gauge algebras, that these relations hold not only as relations
within the cohomology ring, but as relations among algebraic complex 2-cycles with ra-
tional coefficients modulo rational equivalence. We conjecture this to be the case more

2Similar relations hold for dual F /M-theory pairs in lower dimensions.



generally as made precise in equation (3.23) and (3.24). The Chow ring of algebraic cycles
modulo rational equivalence is a refinement of the cohomology ring and general properties
of this ring in complicated geometries are hard to come by. The specific set of relations in
the Chow ring described in this article implies useful relations between the possible gauge
backgrounds on an elliptic fibration §74. Indeed, the gauge backgrounds can be represented
by complex 2-cycles modulo rational equivalence [26]. Relation (3.24) already entered the
computation of the exact massless charged matter spectrum on the background analyzed in
section 5.1 in [27]. In section 5.4 we present another verification and application of (3.24):
it has been known that in sufficiently simple fibrations no vertical gauge fluxes can exist,
an example being the family of generic Tate models with gauge group SU(n) for n < 5 [28].
As we will exemplify, this is a direct consequence of the general constraint (3.24) which
consistent flux backgrounds have to obey.

The proof of the cohomological relations in the examples of section 5 makes use of
the structure of the 4-fold fibration, but not of the base. This raises the question of
their validity also for elliptic fibrations of different complex dimension. Somewhat surpris-
ingly, in section 4 we will see that the same relations (3.18) and (3.21), applied now to
elliptically fibred Calabi-Yau 3-folds, imply the cancellation of all gauge and mixed gauge-
gravitational anomalies in 6-dimensional F-theory vacua, and in turn follows from these.
More precisely, intersecting the cohomological identities (3.18) with generators of the co-
root/coweight lattice reproduces the intersection theoretic relations of [19] governing the
structure of 6-dimensional anomaly cancellation. Intuitively, this connection may be un-
derstood as follows: (3.18) directly incorporates the cubic nature of the gauge-gravitational
anomalies in four dimensions. Intersection with another divisor adds an external leg to
the anomaly it represents as required to make the connection to the quartic anomalies in
six dimensions. Nonetheless, given the rather different structure of Green-Schwarz coun-
terterms in dimensions four and six, we find it intriguing that the same set of cohomological
identities governs the cancellation of the 1-loop induced anomalies. Again we conjecture
that these relations hold more generally within the Chow ring, as suggested by the ana-
lysis in section 5. In this sense, (3.18) can be viewed as a fundamental set of identities
which universally governs the structure of gauge and gauge-gravitational anomalies in 4
and 6-dimensional F-theory compactifications. In section 6 we conclude and list some open
questions.

2 Anomalies in 4-dimensional F-theory vacua

This preparatory section reviews the intersection theoretic identities implied by anomaly
cancellation in 4-dimensional F-theory vacua. We define our notation and conventions in
section 2.1, which collects the most relevant properties of F-theory compactifications on
elliptic 4-folds used in the sequel. In section 2.2 we review the geometric formulation of
the Green-Schwarz mechanism in four-dimensional F-theory provided in [22].



2.1 F-theory on Calabi-Yau 4-folds

Our primary interest in this paper is in F-theory compactifications to four dimensions with
gauge group

nu(1)

nag
G = [[Grx J] U(M)a. (2.1)
I=1 A=1

Here G denotes a non-Abelian Lie group and U(1) 4 an extra Abelian gauge group factor.
Such a vacuum is described in terms of an elliptically fibred Calabi-Yau 4-fold Y; with
projection

w: Yy — Bs. (2.2)

The codimension-1 singularities of the fibration lie over divisors Wy in the base Bs. They
are associated with 7-branes carrying gauge group G;. Resolving the singularities of Yy
leads to a smooth fibration 1?4, which we assume to be Calabi-Yau.?

Fach of the non-abelian gauge group factors G is related to the resolution of the
codimension-1 singularities over the respective divisor Wj. This process introduces the
;@ = 1,...,1k(Gy), which take the role of the generators of the
Cartan subgroup of G7. In short, the gauge potential A;, associated with Ej;, arises by

resolution divisors FE;

expanding the M-theory 3-form as
03:Ai1/\EiI+---- (23)

More precisely, each resolution divisor F;, is rationally fibred over W7;. Its fibre is given by
one of the rational curves IP’}I inserted at the singular point in the fibre of Yy in the process
of the resolution.* The group theoretic interpretation of the E;, and the resolution curves
IP’}J follows from their intersection numbers

[Ei,] - [P},] = =61 Cs

! (2.4)

1J1

where Cj,;, denotes the Cartan matrix of Gy. Here [E;,] denotes the (dual) cohomology
class associated with the divisor E;, € Cl(Yy). Up to a minus sign, this matches the action

ﬁ[’ah) = Ci[j‘]‘aj.l> (2'5)

of a U(1);, generator 7;, in the coroot basis on a simple root a;,. We therefore identify
A;, with the U(1);, Cartan in this coroot basis, and an M2-brane wrapping one of the
linearly independent fibral curves IP’}J with a state of weight vector —a;;.

3We furthermore assume Y; to allow for a flat, i.e. equi-dimensional, fibration in order to avoid possible
extra matter states in addition to those associated with the codimension-one and -two fibres as described
in the sequel.

4This simple picture is true for the simply-laced, i.e. ADE, gauge groups. For non-simply laced gauge
groups there exist exceptional divisors E;, such that the fibre of the E;’s split into several P's, which are
exchanged by monodromies along W; [29]. This is nicely explained in [19] and references therein. In this
case we denote by IF’%I the basis of linearly independent rational curves in the fibre associated with the
negative of the simple roots.



Of some relevance for us will be the fact that the projection 7 of the fibration Vs
induces the pushforward 7, : Hi(Ys) — H(Bs3). It is defined such that for instance

[Ei1] 3, [Ej.7] -5, [DR) -5, [DR] = 7 ([Ei,l] ‘%, [Ej,ﬂ) B, [DY] -5, [DY] (2.6)

for all [DP] representing basis elements of H!(Bj). Here -y, denotes the intersection

product on 17'4 and - g, the intersection product on Bs, but we will mostly drop the subscripts
when the context allows it.° With this notation, we have the important relation

T ([Eig] - [Ejg]) = =615 Cipjy (Wi (2.7)

where

(o, ) max 2{cv;, o) _ 2 1
(aj,a5) (aj,a5) Aoy, o)

Q:ij = Cij . (2.8)

The object («, @)max denotes the length of the longest root and is related to the so-called
Dynkin index of the fundamental representation, A, via

R (2.9)

<aa a>max

For the simply laced Lie algebras, i.e. the Lie algebras of ADE type,
¢;; (ADE) = C;; (ADE) (2.10)

but both quantities differ for the non-simply laced Lie algebras. As a last technicality that
will appear again later we note that the same object &;; governs the normalization of the
coroot basis via

tre T;T; = A€y cld) . (2.11)
(n)

In (2.11) we introduced the group theoretic constants ci’ which interpolate between the
trace in representation R and the trace in the fundamental representation via

treF" = ¢ trama P, n=2,3. (2.12)

For more details we refer to the group theoretic discussion in [19].
Let us now turn to the Abelian gauge group factors U(1) 4, which are related to the
existence of extra rational sections S4 in addition to the zero-section Sy of the fibration.
To each rational section Sy we assign an element Uy € CH! (?4) via the Shioda map,

Us=8a—So—D"+> ki E;, € CH'(Y)). (2.13)

i

5For future reference, we use the same symbol - to denote the intersection product within the cohomology
and in the Chow ring. The context will make clear which is being used.



Here the divisor class DP on Bs and the coefficients ki, are to be chosen such that Uxy
satisfies the following transversality conditions for all «, 3, 7,

[Ua] - [D2)- [DB]- (D] =0, [Ua]-[Dg] - [Dg]-[So] =0,
U4l - (D2) - (D3] - [Ey,] = 0. (2.14)
In these equations [DP] represents basis elements of H!(B3). Such U4 serves as the
generator of the Abelian gauge group U(1)4. The U(1)4 gauge potential A 4 arises by
replacing E;, in the expansion (2.3) with Ugy.

For future purposes it is useful to introduce the combined notation

Fs € {EipUA} (2.15)

for these two types of divisors. By the Shioda-Tate-Wazir theorem [30-33], HY1(Y}) is
given by

H“(¥,) = spang {[So], [Fy], [Dg]} . (2.16)

There are two types of massless matter in such F-theory compactifications: the so-
called bulk matter arises from states which are free to propagate over the divisors W; and
which transform, in absence of gauge flux, in the adjoint representation of Gjy. We will
come back to this type of matter in section 3.1. For now our prime interest is in the matter
localised in codimension two in the base and which transforms in some representation
R of the full gauge group G. We will denote the matter curve on Bs on which these
massless states localise by Cr. The origin of such matter states are M2-branes wrapping a
suitable combination of rational curves in the fibre of Y; over Cgr. Let us denote by B¢ (R),
a=1,...,dim(R), the weight vector associated with representation R. Its entries are the
charges of the a-th state in the representation under the Cartan U(1) with generator Ej,.
To each state in representation R we have an associated matter surface S%, given by a
linear combination of fibral curves over Cr. M2-branes wrapping this linear combination
of fibral curves S§ give rise to the a-th state. The weight vector is identified with the
intersection number®

iy (R) [Cr] =7 ([E3] - [SR]) - (2.17)
Note that in some cases it may be necessary to allow for fractional coefficients in the
definition of S%(R) in order to achieve (2.17), i.e. in general a matter surface defines an
element in CH2(174) ® Q. An example of this phenomenon is presented in appendix E.1.
Each of these states carries furthermore charge

g4 (R) [Cr] = 7. ([Ua] - [SR]) (2.18)

SIn order to ensure for (2.17) we allow S§ to be either a linear combinations of holomorphic fibral curves

with non-negative coefficients or a linear combination of anti-holomorphic fibral curves with non-negative
coefficients. Alternatively, we could stick to linear combinations of holomorphic fibral curves with non-
negative coefficients only, but then we would have to include suitable minus signs in (2.17), depending on
the phase of the resolution [20, 34-36].



under the non-Cartan U(1)4. In the spirit of (2.15), we will sometimes find it useful to
collectively denote the Cartan and non-Cartan charges by 8% (R).

A gauge flux G4 is described, at the level of cohomology, by an element of Hé’/é(}q)
which satisfies the so-called transversality conditions

Gy - [So] - [DP] =0, Gy [DY)]-[DBl =0, (2.19)

for any two DP, Dg € Div (B3).” In order for G4 not to break the non-Abelian gauge group

factors G, we require in addition
Gy4-[E;,]- D=0 (2.20)

for all exceptional divisors E;, and all base divisors D2 € Div(B3). For later purposes
we note that the full cohomology group H?2(Y};) in which the fluxes are valued enjoys a
decomposition (over Q or R or C) [37, 38]

~

H>(Yy) = H22,(Ya) ® HE2(Ya) ® H22 (Ya), (2.21)

ve rem

where elements of the three subspaces are mutually orthogonal with respect to the homo-
logical intersection pairing on Yj.
An important property of gauge flux is that it induces a chiral index of the form

x(R) =G4 [Sg] - (2.22)

For gauge invariant flux, this result is independent of the choice of a as a consequence
of (2.20), and with this understanding we have suppressed this index in writing y(R).

A more refined characterization of the gauge background is possible by specifying an
equivalence class of complex 2-cycles modulo rational equivalence, i.e. an element of the
Chow group A € CH2(Y}). Its associated cohomology class describes the gauge flux [A] =
G4, but the Chow class A contains much more information about the gauge background
including the information about the C3 Wilson line degrees of freedom not encapsulated in
the field strength G4. More details can be found in [26, 27] (see also [39] for the construction
of gauge fluxes in terms of algebraic 2-cycles). Note furthermore that the Chow group
CH! (}74), i.e. codimension-1 cycles modulo rational equivalence, coincides with the divisor
class group CI(Y}).

2.2 The Green-Schwarz mechanism with gauge invariant fluxes

Anomaly cancellation implies a number of relations among the chiral indices of the matter
states in the presence of a gauge flux which satisfies both (2.19) and (2.20). To gain some
intuition let us assume for a moment that the gauge group is of the form G x U(1) 4, before
treating the case (2.1) in full generality.

First, the absence of cubic non-Abelian anomalies requires that

S e x(R)=0. (2.23)
R

"Note that the superindex ‘b’ will be used throughout this article to indicate divisors in the base space
Bs or more generally B,.



Figure 1. 4d cubic anomalies and their cancellation via Green-Schwarz counterterms.

Here we are using the group theoretic constants defined in (2.12). Consider now a matter
surface Sk, a = 1,...,dim(R), associated to one of the weights 3%(R) of representation
R. In view of (2.22), relation (2.23) is equivalent to the statement that

S el [Sa]-Ga=0 (2.24)
R

for all vertical fluxes G4 which leave the non-Abelian gauge group factor G unbroken, i.e.
for all G4 € H22(Y}) satisfying both (2.19) and (2.20).

Extra relations of similar type ensure the consistent cancellation of the mixed Abelian-
non-Abelian, the pure Abelian, and the mixed Abelian-gravitational anomalies. The one-
loop generated anomalies induced by the localised matter representations R of U(1) 4 charge
gA(R) need not vanish by themselves, but must be cancelled by the classical generalised
Green-Schwarz counterterms [15] (see figure 1). First, the mixed U(1)4 — G? anomalies
cancel if

Y aa(R) oy Z ¢4 (R) o Gu- [S) = Gu- [Ua] - [Dhecl (2.25)
R

The Green-Schwarz counterterm on the r.h.s. is expressed in terms of a certain base divisor
class D8, € HY!(B;3) [22] and the generator Uy € H 1’1(?4) associated with gauge group
U(1)4 as defined in (2.13). We will discuss D5, momentarily. In particular, for fluxes
orthogonal to the subspace spanned by spanc{Us A D? | D? € H''(Bs3)} these Green-
Schwarz counterterms vanish. This is in agreement with the fact that such fluxes do not
render U(1)4 Stiickelberg massive and hence the field theoretic anomalies in (2.25) vanish
identically.

Similarly, cancellation of the U(1)3 anomalies and the mixed gravitational U(1) 4 — R?
anomalies imply relations of the form

ZQA ) dim (R ZQA )dim (R) G1-[Sk] = G1-[Ua]- [DRaa]  (2.26)

ZqA ) dim (R ZqA )dim (R) Gy - [S&) = G4 - [Ua] - [DRgr]  (2:27)

for suitable divisor classes D% , ,, D% € CH'(Bs).

The form of the Green-Schwarz counterterms in F/M-theory appearing on the r.h.s.
has been derived in [22], for a very general F-theory vacuum with a gauge group of the
form (2.1). As shown in [22] the relations (2.23), (2.25), (2.26), generalised to multiple



gauge group factors, can be elegantly summarized in the single compact expression®

%Zznizr (R) (Ga-[SR]) = Ga- [Fir] - [7e (Fa - Fyy)] - (2.28)
R a

The numerical coefficients

nisr (R) = 85 (R) 65 (R) At (R) (2.29)

are computed geometrically via (2.17) or (2.18).

Expression (2.28) is valid for all fluxes G4 which leave the non-Abelian gauge group
unbroken. The r.h.s. of (2.28) represents the Green-Schwarz counterterms derived in [22],
with the indices I'; A and ¥ totally symmetrised. Recall that the operation 7, denotes
projection of a complex 2-cycle class in }/}4 onto the base Bs, where it yields a divisor class.
For instance if all F)\ are chosen to represent some of the non-Abelian resolution divisors,
then the r.h.s. of (2.28) vanishes identically since, by assumption, G4 does not break the
non-Abelian gauge group. Thereby we recover (2.23).

Similarly, the mixed Abelian-gravitational anomaly cancellation condition takes the
form [22]

%ZZBX (R) (Ga-[SR]) = —2Ga - [Kp,] - [FA] (2.30)
R a

with K g, = ¢1(B3) the anti-canonical class of the base Bs.

It was stressed already in [22] that (2.28) and (2.30) can be viewed as a set of relations
satisfied by the matter surface classes [S§| on any smooth elliptically fibred Calabi-Yau
4-fold }/;4. More precisely it is a relation satisfied by the intersection products of matter
surfaces with any element G4 € H22(Y}) subject to the conditions (2.19) and (2.20).

3 General relations in the Chow ring and anomalies

In this section we promote the identities (2.28) and (2.30) to a considerably stronger set
of relations between the involved matter surfaces Si. To this end we first extend, in
section 3.1, the Green-Schwarz terms in such a way as to allow also for fluxes breaking the
geometrically realized gauge group. This will then lead, in section 3.2, to a set of identities
within H2’2(}Af4) and even CH2(174).

3.1 Non-gauge invariant fluxes and their anomaly relations

It would be tempting to declare (2.28) and (2.30) to be valid as a relation among complex
2-cycles even without the need to project onto the flux G4. This, however, cannot be correct
because (2.28) and (2.30) do not hold if G4 breaks the non-Abelian gauge group factors G
by violating (2.20). The physical reason is that in such a situation it is not the anomalies
of the original non-Abelian gauge group G which need to be considered, but rather the
anomalies of its subgroups to which it gets broken by the flux. Decomposing the massless
spectrum into irreducible representations of these subgroups we find extra contributions

8Note that in our normalisation the symmetrisation of I, A, & on the r.h.s. comes with a factor of 1/3!.

~10 -



to the anomalies which must be taken into account. These extra contributions are due
to matter states localised in the bulk of the 7-brane divisors W associated with the non-
Abelian gauge group Gy. While for gauge invariant flux, the bulk matter transforms in the
adjoint representation of G and hence does not contribute to the anomalies, more generally
one finds extra chiral massless states which must not be neglected.

To determine these extra contributions suppose that the flux G4 breaks G as

G[ — H[ X U(l)HI (31)
adj(Gr) — @rml , (3.2)

where the irreducible representations r,,, of the non-Abelian subgroup Hy carry U(1)g,
charges q;(r,,). To each such r,,, we associate the weight vector 3%(ry,,).> The state with
weight 3%(r,,) arises from an M2-brane wrapping a linear combination of rational curves
in the fibre over the 7-brane divisor Wr. Since the representation r,,, descends from the
adjoint representation of GG, the rational curves in question are just suitable combinations
of rational curves le] associated with minus one times the simple roots «;,. Let us denote
the linear combination of IP’%I with charge 5%(ry,,) as

C (B (rp,)) Za” Ty, a) P (3.3)

An important result for our analysis is that the chiral index of these states induced by
the flux Gy is

X (rm) = G4 Cl WI Za” Tmp, @ 7;1} (34)

for any choice of weight a associated with representation r,,,. Here ¢;(WW) denotes the
first Chern class of the divisor W;. For simply laced Lie algebras, @;, (rym,,,a) = ai, (tm,,a)
because each ]P’1 is the fibre of the resolution divisor E;,, but for non-simply laced Lie
algebras, the ﬁbre of E;, splits locally into various rational curves, all homologous to
Pl , which are exchanged by a monodromy along W;. In this case @;,(ry,,a) includes a
fractlonal correction factor to account for this monodromy.

To see this one first identifies the cohomology groups on W counting massless bulk
matter in representation r,,,. If we denote by L,,, the line bundle induced by the flux
background to which the bulk states in representation r,,, couple, the results of [40] imply
for the associated chiral index

X (Emy) = — / e1 (W1) - €1 (Lmy) - (3.5)
Wr

In order to connect this to the formula (3.4) we need to extract the line bundle L,
on Wy from the flux data incorporated in the G4 flux on Yj. This step has been spelled

9For notational simplicity we do not introduce a new parameter to label the different weights of each
subgroup H;. It should always be clear from the context which values the index a takes.
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out in [27], to which we refer for more details. The prescription is to intersect the algebraic
complex 2-cycle class, i.e. the element in CHQ(XAQ), underlying the definition of G4 with
the linear combination Zz‘, a;, (rm,,a) E;, of resolution divisors. Projecting this onto Wi
defines an element in CH; (W), i.e. a line bundle on Wy, which we identify with L,,,. Due
to the projection onto Wi, the result is the same for each choice of weight vector 8%(r,,)
in (3.3). The chiral index (3.5) can then be rewritten as in (3.4).

For compactness of notation we define a complex 2-cycle associated with each repres-
entation r,,, of the form

rmI Zaz[ rm;a EU|KW . (3.6)

Here E;,| Kw, denotes the restriction of the resolution divisor Ej;,, which is a fibration over
Wi, to the canonical divisor Ky, on W;. Let us point out that in general ng, defines a
class in CH2(Y,;) ® Q, as do the matter surfaces S%(R) of the localised matter states. Note
furthermore that [Kw,] = —c1(Wr). Then the expression (3.4) for the chiral index of the
massless bulk matter can be rewritten as

X (Cm, ) = Ga - [Sy,, ] (3.7)

I‘mI

We are now in a position to generalise (2.28) such as to be valid also for fluxes G4
not respecting the non-Abelian gauge algebra. If G4 is responsible for a breaking of the
form (3.1), the correct modification of (2.28) is to add on the L.h.s. the contribution to the
anomalies from the chiral bulk matter states in representation r,,,. Group theoretically,
the set of all weights 3%(r,,,) equals the set of all weights of the adjoint representation of
G, i.e. the complete set of roots of G;. Labelling the roots of G; by p; = 1,...,dim(Gy),
we define the complex 2-cycle

SPI — Zau (,O[) Ei]‘KWI ) (3'8)

which is to be viewed as the analogue of (3.6), but directly for the adjoint representation
of G;. With this notation in place the generalisation of (2.28) is

Gy Z Zn(fmr( ZnAEF [S71] =3 - [F( ] ' ﬁ* (FA'FE))] =0.
R+#adj a
(3.9)

Here we are introducing, in analogy to (2.29), the abbreviation

”Azr = B g 5181 . (3.10)

The extra factor of 1/2 in the second line appears because the adjoint is a real represent-
ation and we are summing over all roots, positive and negative. Similarly, relation (2.30)
generalises to

G | 0 S BR) Sl + 5 X0 60 15+ 6[Ks - [F] | =0, (31)

R+#adj a
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3.2 Anomaly relations in the Chow ring

According to (3.9) and (3.11), the sum of the expressions in the brackets is orthogonal to
each element of H%2(Y,, Q), more precisely to each element of H22(Y}, 37, which satisfies
the transversality condition (2.19).10 This is equivalent to a consistent cancellation of all
anomalies in F-theory including those of the G subgroups in the presence of non-gauge-
invariant flux. We will now promote (3.9) and (3.11) to relations among cohomology classes
within the cohomology ring H?*?2 (}/}4), and even to relations between equivalence classes of
complex 2-cycles within CH2(Y}). It had already been observed in [25] that the cancellation
of gauge anomalies can be interpreted as a consequence of suitable homological relations
between the matter surfaces up to terms orthogonal to all gauge invariant fluxes. The
results of this section are a systematic generalisation of these observations to a considerably
stronger set of relations which hold even up to rational equivalence.

To make the argument it suffices to focus on (3.9). As recalled above, the expression
in brackets is orthogonal to all gauge fluxes G4 satisfying (2.19). Combined with the
manifest orthogonality properties of the various classes appearing in brackets, this implies
orthogonality to the space

Vi = spang {[EU -DP,[U4 - D], [So - DY), [DE - Dg]} C H2X(Y)). (3.12)

Indeed, orthogonality to all elements of the first two types in (3.12) follows because these
are examples of consistent G4 fluxes. Furthermore, elements of the form [DP - DB] are
manifestly orthogonal to any of the matter surfaces S§ and SP7 because the latter are
fibrations over curves in the base and hence the topological intersection with two base
divisors vanishes for dimensional reasons. As for terms of the form [Sy - D2], note that the
zero section Sy does not intersect any of the fibres of the matter surfaces S§ or S*7, nor
does it intersect the fibres of the non-abelian resolution divisors. By construction of the
Shioda map, we know in addition that [So- D2]-[Ua- Dg] = 0 with U4 one of the generators
of the non-Cartan U(1) gauge group factors. Hence [Sy - DP] is orthogonal to all types of
terms appearing in the brackets of (3.9). This establishes the claim.

V1 is a subspace of the vertical cohomology group Hgéft(ﬁ) =H 1’1(3?4) NH 1’1(?4) ap-
pearing in (2.21). By the Shioda-Tate-Wazir theorem (2.16) we can express this space as!!

~

HZ2 (V) = Vi U Vs, Vo = spang {[Ei, - Ej,], [Sa- Ei,], [Sa-Ss], [So-Sal} . (3.13)

vert

The important point to notice is now that to each element in V5 we can associate a gauge

invariant 4-form flux element G4 € H. 2,2

Vert(ﬁ;) by adding suitable correction terms such

that the flux satisfies (2.19) as well as (2.20). As we prove generally in appendix A, the
necessary correction terms lie in V;. Together with the fact that the terms in brackets
in (3.9) are orthogonal to the set of all G4, this implies that they are orthogonal to all
elements in H>2 (Y,).

vert

ONote that in general G4 is only half-integer quantised upon demanding that G4 + %cz (374) e H*? (174) N
H*(Y4,Z). Unless stated otherwise, in the sequel we will always mean H*?(Y,, Q) when writing H*?(Y,).
"'Note that So A E;, vanishes on Yy since the zero-section does not intersect the resolution divisors.
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To proceed recall the orthogonal decomposition (2.21) of H22(Y;). We need to dis-
tinguish two qualitatively distinct situations. First, suppose that the cohomology groups
associated with all matter surfaces lie in the primary vertical subspace, i.e. suppose that

[Sg] € HZ (V) V¥ Sg. (3.14)

This is in fact the situation in most explicit examples of elliptically fibred Calabi-Yau 4-
folds studied in the literature as of this writing, with the exception of the construction
in [41]. Since the three subspaces in the decomposition (2.21) are mutually orthogonal, the
expression in brackets in (3.9) is orthogonal to Hﬁfr(ia) and HZ2(Ys). Furthermore, as
just shown, it is orthogonal on H>2 (Y,). All of this together implies the following relations
in cohomology

> D nker(R) | Znur [5°1] =3 - [Fir] - [Re (Fa - Fy))] = 0, (3.15)

R+#adj a
> BR) [S]+ 52 B[S +6 [Kp,] - [Fa] = 0, (3.16)
R#adj a P

where (3.16) follows by applying similar reasoning to (3.11).

The second situation corresponds to configurations where some of the matter surface
classes have a part in the remainder erﬁl()a) In this case, we can split the classes of the
matter surfaces into orthogonal components

[S&] = [S&]vers + [SR]rem - (3.17)

We will convince ourselves in appendix B.1 that in this case

> D nksr (R) [Silver + 5 ZnAEF [SP1] =3 [Fir] - [x (FA - Fyy)] (3.18a)

R#adj a pPI
Z Z /BA SR vert T 5 Z BPI Sp] =6 WBS] ’ [FA] : (318b)
R+#adj a

The cohomological relations (3.18) fully incorporate the cancellation of gauge and
mixed gravitational anomalies in 4-dimensional F-theory compactifications. Interestingly,
we can derive, in addition to (3.18), another type of cohomological relations from (3.9)
and (3.11) which are of some relevance by themselves. To arrive at these, note first that
to each matter surface 2-cycle S§ one can associate a flux 2-cycle class

A*(R) = S& + A% (R) € CH*(Y,). (3.19)

The correction factor A%(R) is chosen such that the cohomology class [A%(R)] € H22(Y;)
defines a bona-fide 4-form flux G4 satisfying the two constraints (2.19) and (2.20). The
transversality condition (2.19) holds automatically by construction of the S¢(R).!? To
implement (2.20), it suffices to add the correction term [27, 42]

A" (R) = (ﬂa( )" e ]) Ej,|e,, € CH(Y)) . (3.20)

12Tp particular, S& does not contain the components of the fibre intersected by the zero-section as the

associated wrapped M2-brane states correspond to KK non-zero modes in the dual M-theory vacuum.
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Here we recall that €;,;, governs the intersection numbers of the resolution divisors as
n (2.7), with summation over repeated indices understood. Slightly modifying our argu-
ments that lead to (3.18) we show in appendix B.2 that the following relations hold in
cohomology on 174,13

DD 0 ke R) [AY(R)] oy =0 € H*(Y;) (3.21a)
SN nfisr (R) (A" (R)] gy — 3 [Uga] - [Fe (Fs - Fry)] = 0 € H**(Y)) (3.21b)
Z ZQA [Aa (R)]Vert +6 [UA] ' [?Bg] =0¢c H2’2(i}4) . (3.21C)

Note that the cohomological relations (3.21) are in general independent of (3.18). For
instance pick A, X, " = iy, js, kx and consider the difference of (3.18a) and (3.21a). This

gives

Z Z_n?]jjk']{( ZnZI]JkK Sp] -3 |:F('LI:| ’ [%* (F]J ’ FkK))] =0.

Radj a
(3.22)

This relation is trivial when intersected with [Ua]A[DY], but its intersection with [E;,]A[DY]
is equivalent to the intersection of [E;, ] A[D%] with (3.18a). In particular it is (3.18a) which
encodes anomaly cancellation for the remnant gauge group after breaking Gy — HyxU(1);,
via Gy = [E”] A [DB]

To summarise anomaly cancellation in F-theory compactified on a smooth, flat el-
liptically fibred Calabi-Yau 4-fold Y, implies the relations (3.18) and (3.21) within the
cohomology ring (over the rationals) of 174. In fact, we conjecture that under suitable con-
ditions these relations are valid not only in cohomology, but at the level of the Chow group,
at least with rational coefficients. This means they hold as relations among rational equi-
valence classes of algebraic cycles of complex codimension two, which form the elements of
CH2(Y;) ® Q. More precisely, our claim is that the relations

Z ZnAEF ) Sklvert + 5 Z”Azr SPL=3F - T (Fp - Fyy) (3.23a)
R+#adj a
> 37 B R) Shlnc + 5 > 4 S = 6K, - Fy (3.23b)
R#adj o o1

and

Z Z nZIJKkK Aa ( )|Vert =0 (3.24&)
DY nbhsr (R) A (R)|yey —3Uia -7 (Fx - Fy) =0 (3.24b)

ZZqA Aa )’vert +6U4 'FB?’ =0 (3.240)

13Since A%(adj) = 0 by construction we can sum over all representations.
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hold as relations in CH2(174) ®Q, at least in the following situation: the fibre of the smooth
resolution ?4 of the elliptic fibration possesses a locally closed embedding into a toric fibre
ambient space, possibly with orbifold singularities. This embedding must be such that the
fibral component of every matter surface cohomology class [Sg |vert can be expressed as the
pullback of a sum of cohomology classes on the fibre ambient space given by the product of
ambient space divisor classes, and for these classes rational equivalence and cohomological
equivalence on the fibre ambient space agree. These conditions are satisfied for instance
when the underlying singular model Y; is given as a crepant resolvable Tate model, or
generalisations, over an arbitrary base Bs with non-Abelian divisors W; represented as
arbitrary hypersurfaces on Bs. We stress that a priori we only conjecture the above relations
to be valid in the Chow group over the rationals, i.e. ignoring potential torsional effects,
but they may well be true more generally. The reason is that at least in our explicit proofs
of the examples, we have to allow for rational coefficients and hence cannot detect potential
torsion effects, but this may well be overcome more generally. From now on, whenever we
write CH®*(Y;) we understand that this space is taken over the rationals.

Apart from being beautiful in itself, the practical importance of (3.24) lies in the
fact that it provides us with relations between different gauge backgrounds represented by
the cycle classes A%(R). In [27] these relations have been used in order to facilitate the
computation of massless matter states in the presence of such gauge backgrounds. For
example, by expressing a given element A%(R) as a sum of other elements of the Chow
ring via (3.24) it is possible to convert non-transverse intersections within the Chow ring
into transverse ones, which are considerably easier to evaluate. For a detailed example
illustrating this point we refer to section 5.1 in [27].

While we do not have a general proof that (3.23) and (3.24) hold at the level of the
Chow ring, and not merely in cohomology, we will exemplify the validity of our conjecture
in section 5 in concrete setups (including those cases used in [27]). What simplifies this
analysis is that all A*(R) give rise to the same 2-cycle class, i.e. A*(R) = A(R) for all a.
This allows us to simplify the expressions further.

To avoid too heavy notation, let us spell this out for a gauge group of the form G x
U(1)a. Consider for instance (3.24b): let us take ¥, I" to be non-Abelian indices, i.e. ¥ =i
and I' = j. Then (3.24b) takes the form

D 0%y R)AR) |y — Ua - 7o (Bi - Ej) = 0 € CHY(Y,). (3.25)
R a

From the definition (2.29), the trace relation (2.11) and the intersection numbers (2.7) it
follows that

ZnaAij (R) = (4R tI‘R 7;73 = chg) A Q:ij s %* (EZ . Ej) = —Q:Z'j . W. (3.26)

Therefore (3.25) is equivalent to

U ~
>oarely) AR — - (-W) =0 € CH(Y). (3.27)
R
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By evaluating (3.24b) for ¥ = A,T' = A and for ¥ = i, ' = A and applying similar
reasoning to the other two equations in (3.24), it is found that these three equations give
rise to the following four anomaly conditions for gauge group G x U(1)4:

Skt A(R)| e = 0 € CHY(YV)), (3.282)
R
1 ~
ST arely) ARy + TUa-W =0€ CH(Y)), (3.28D)
R
> gl dim (R) A (R)| e — Ua - 37, (Ua - Ua) = 0 € CH*(Y}), (3.28¢)
R
> " grdim (R) A(R)|yq + Ua - (6Kp,) =0 € CHX(Y)). (3.28d)

In section 5 we will prove these relations in non-trivial examples.

Finally, let us point out that the relation (3.28a) derived from cancellation of the cubic
non-Abelian anomalies can be only as powerful as the underlying constraints from absence
of anomalies themselves. A representation R can only contribute to the cubic non-Abelian
gauge anomalies if it is complex and if the anomaly coefficient cg) is non-vanishing. As
is well-known, the only non-Abelian gauge groups with representations satisfying both of
these conditions are SU(N) with N > 3 and SO(6). This does not mean that there may not
exist similar interesting relations between complex 2-cycles in fibrations featuring different
gauge groups, but their relation to constraints in the 4-dimensional effective field theory

would necessarily have to be a different one.

4 TImplications for Calabi-Yau 3-folds and 6-dimensional anomaly cancel-
lation

The derivation of (3.18) and (3.21) for elliptically fibred Calabi-Yau 4-folds Y, as presented
here rests on the absence of anomalies in the 4-dimensional low-energy effective action ob-
tained by compactifying F-theory on ?4. While we do not have a purely mathematical proof
of these relations in general, we will verify the stronger set of relations (3.23) and (3.24) for
explicit non-trivial examples in section 5. This analysis does not rely on specific properties
of the base B3, but only on the structure of the fibration over it. In particular the complex
dimension of the base of the fibration does not enter explicitly. Therefore, (3.23) and (3.24)
continue to hold as geometric relations in CHQ(EA/HH) over a base B,,. We conjecture that
this is the case not only for the explicit examples of section 5, but more generally as long
as the fibration satisfies the conditions stated after (3.24).

This raises the interesting question how to interpret these relations for general complex
dimension n of the base B,. As we will now show, for n = 2 the weaker version (3.18)
is equivalent to the consistent cancellation of all gauge and mixed gauge-gravitational
anomalies in the 6-dimensional N = (1,0) theory obtained by compactification of F-theory
on T: }A/g —» Bsg. This is an intriguing result because a priori the structure of loop-induced
anomalies and their Green-Schwarz counterterms in six and four dimensions is very different
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Figure 2. 6d quartic anomalies and their cancellation via Green-Schwarz counterterms.

(compare figure 1 and figure 2). The geometric manifestation of anomaly cancellation in 6-
dimensional F-theory models has been studied in great detail in the literature, most notably
n [17, 18] and [19], as reviewed already in the Introduction. The fact that the anomaly
equations in four and six dimensions are governed by a universal set of cohomological
relations among algebraic codimension-2 cycles, however, is a new and stronger result.

For simplicity, assume a gauge group of the special form G x U(1)4. Generalisations
to several gauge group factors will be immediate. The second Chow class CHQ(}//\})) in
which (3.23) is valued now describes the rational equivalence class of curves on 173. Spe-
cifically, the curve classes appearing (3.23) are located in the fibre over isolated points on
Bjy. For R # adj(G), S describes such fibral curves over isolated points, whose Chow
class we collectively denote by pr € CHo(B2). M2-branes wrapping the fibre of S§ (in
both orientations) give rise to one hypermultiplet over each of these points with weight
vector B%(R) and U(1) 4 charge g4. It will turn out useful to take the intersection product
of (3.23) with the divisors of Ys, beginning with the resolution divisors Ej; associated with
the Cartan generators of G. The intersection product of Sg with E; within the Chow ring
on Yg, gives an element in CHg (Yg,) the Chow group of points on Yg, Its projection to the
base describes the point class pr € CHg(B2) with a multiplicity given by the intersection
in the fibre. Since this fibral intersection reproduces the weight vector, we find

T (Ei - Sg) = Bf (R) pr. (4.1)
Similarly, the intersection with the U(1)4 divisor Uy gives
7 (Ua- Sk) = qr PR - (4.2)

The cohomology class zr = [pr| € Ho(B2,Z) equals the number of points in Chow class
pr. This coincides with the number of hypermultiplets in representation R. Hence, at the
level of cohomology,

[Ei] - [Sr] =5} (R) zr,  [Ua]-[SR] = rar. (4.3)
By construction, all remaining divisor classes have trivial intersection with S§,

So-S& =0, D°.-S&=0 VDPeCH! (B). (4.4)
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The cycle classes S? associated with the adjoint representation are defined as in (3.8),
with W now representing a curve on the base Bs. Hence S” defines a class of fibral curves
located over the canonical divisor Ky of W. For a genus g curve W, Ky is the divisor
class of degree

deg (Kw) = —/cl (W) =2g—2. (4.5)
w

The intersections within the Chow ring are'4

7w (E; - SP) = pite (Kw) T (Ua-SP)=0 (4.6)
and at the level of cohomology
[Ei] - [S°] = pi(29-2),  [Ua]-[5°] =0. (4.7)

Here p; is the component of the root p with respect to the coroot 7; defined in section 2.1.
After this preparation, consider the intersection product of E; with (3.18a), for indices
A X, T =14, 4, k. At the level of cohomology, this yields

DYl R)zr+(g—1)) nhw =3 [7e (Er- E)] By [7e (Ej - Ey)] =0, (4.8)
R#adj a P

where we have defined

nige(R) = B (R) 57 (R) 87 (R) B (R),  njyyy = pi1pipipr - (4.9)
Summation over all weights and roots gives!'®
dim(R)
ST 0 (R) = tur T T T = ey tund T T T3 T + diy) t0una T T t6una T Ty
a=1

Z nfijk = tragj T'T;i 7; Tk = ngj tTtuna 71 Ti 7; T + ng trfund 7?7V(z trund 7; 77?) .
p
(4.10)

The quartic and the quadratic traces are, for general indices [, , j, k, independent. Separ-
ating them results in the two equations

Z :ERc(é)—l—(g—l)cggj:O,

Hred (4.11)
2 2 w w )
ST ardy) + (g - 1) d; :3[A] ‘B, [A]
R+#adj

where we used (2.7) and (2.11) to bring the second equation into this form. (4.11) coincides
with the conditions for cancellation of the non-factorisable and, respectively, factorisable

4, W < Bs is the embedding of W into the base By of the elliptic fibration f/;
5The last identity is often written rather as trg F* = cgp tTung F* + d(R2) (trfund F2)2.
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quartic non-Abelian anomalies, as listed e.g. in section 2 of [19]. The r.h.s. of the last
equation is the Green-Schwarz counterterm for the factorisable part. If we intersect [Ua]
with (3.18a), for A, X, I" =i, j, k, the same logic gives, at the level of cohomology,

Z qr c(R?’) zr =0. (4.12)
R
This is nothing but the condition for cancellation of the mixed U(1) 4 — G® gauge anomaly
in the 6-dimensional effective action.
This logic can be repeated for all conditions (3.18), with the final result

S arey + (g -1y =0, (4.13a)
R-£adj
ST ardy) + (g - 1) - ?,WVA]-B2 [VAV] =0, (4.13b)
R+#adj
- ZqR cg) xr =0, (4.13c¢)
fo &) e + w ([UA] - [Ua]) -5, W] = 0, (4.13d)
> qrdim (R) 2r + 37, ([Ua] - [Ua]) B, 7 ([Ua] - [Ua]) = 0 (4.13e)
and
Y dert(g-1) fj}ﬁ(s[vf] 5 [Kp,] =0, (4.14a)
R+£adj
> g dim (R) g + 6. ([Ua] - [Ua]) -5, [K,] = 0. (4.14b)

These are precisely the conditions for cancellation of the gauge and the mixed gauge-
gravitational anomalies including the correct Green-Schwarz counterterms [19]. General-
isations to several Abelian and non-Abelian gauge group factors are straightforward.

Let us summarize the logic so far: 4-dimensional anomaly cancellation implies (3.18)
on any smooth elliptically fibred Calabi-Yau 4-fold }?4. Assuming that (3.18) holds more
generally on any smooth elliptically fibred Calabi-Yau 4-fold i;n_i'_l, as suggested by the
considerations of section 5, we have derived the 6-dimensional anomaly cancellation condi-
tions from (3.18) interpreted as relations in H22(Y3). We can now turn tables round and
take anomaly cancellation in six dimensions as the starting point to derive (3.18) on 173:
namely, the cohomology class of a curve in H 2’2()73) is trivial if and only if its cohomolo-
gical intersection with every element in H'!(Y3) vanishes. By construction, (3.18) on Y3
is orthogonal to any base divisor class [DP] as well as to the zero-section Sp. Intersection
with [U4] and [E;,] gives rise to a set of equations which, as just shown, are nothing but the
6-dimensional anomaly equations. Hence anomaly cancellation implies (3.18) at the level
of H 2’2(}?3). This statement is of course in the spirit of the intersection theoretic identities
derived from 6-dimensional anomaly cancellation in [19].
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Fa

Figure 3. The transition from the 4d to the 6d anomaly: intersecting Chow classes encoding the
structure of 4d cubic anomalies with the U(1), divisor Fa corresponds to adding an external leg to
the loop diagram. A similar relation exists for the Green-Schwarz counterterms.

The fact that the same cohomological relations govern anomaly cancellation in four
and six dimensions is intriguing, but in retrospect maybe not completely surprising: the
gauge and mixed gauge gravitational anomalies in four dimensions are generated by cubic
Feynman diagrams. Intuitively speaking, intersecting the cohomological relations on 574
(which incorporate these diagrams geometrically) with the divisors F;, and Us adds an
extra external leg for the associated gauge field (see figure 3). The resulting relation hence
encodes the information of the quartic box diagrams underlying the structure of anomalies
in six dimensions.

Particularly interesting is furthermore the role of the cycles S” appearing in the rela-
tions (3.18): in four dimensions these terms are required for cancellation of all anomalies
associated with the possible subgroups of a geometrically realized gauge group Gy once it
is broken by gauge flux. In six dimensions, no such breaking of the gauge group by fluxes
can occur, but at the same the states in the adjoint representation, which are accounted for
by S?, contribute to the Gy anomalies due to their quartic nature. In this sense the more
complicated structure of the anomalies in six dimensions is shadowed by the possibility of
gauge group breaking flux in four dimensions.

We can, however, go even further: according to our conjecture, on any lAfg (3.23) holds
at the level of Chow classes (at least with rational coefficients and subject to the conditions
stated after (3.24)). We can now consider the intersection of (3.23) with E; and U4 within
the Chow ring and project the result to the base By, using (4.1), (4.2) and (4.6). This gives
rise to a set of relations analogous to (4.13) and (4.14) (and their obvious generalisations)
valued in CHy(Bz), the Chow group of points on the base. These are obtained from (4.13)
and (4.14) by replacing zr by the point class pgr and g — 1 by %KW, interpreted via
pushforward as a Chow class on Bs. Finally, the cohomological intersection product -p,
in the Green-Schwarz terms is to be replaced by the intersection in the Chow ring of Bs.
Though formulated slightly differently, a set of relations among Chow classes of points on
By has been discussed in [18] and shown to imply (non-Abelian) anomaly cancellation.

Note that once (3.18) is established to hold on elliptic Calabi-Yau 3-folds, their cousin
relations (3.21) follow in the same way as on elliptic 4-folds. On Calabi-Yau 3-folds,
however, (3.21) does not have an interpretation as relations among valid gauge backgrounds
as F-theory compactifications to six dimensions do not allow for such backgrounds. It would
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be interesting to see if one can nonetheless attribute a physical meaning to these equations
(and their conjectured stronger version (3.24) also on Calabi-Yau 3-folds.

5 Chow relations exemplified

In this section we prove the Chow relations (3.23) and (3.24) for a prototypical class of
elliptically fibred Calabi-Yau 4-folds 174 over a generic base Bs. Apart from supporting
our conjecture concerning the general validity of these equations within the Chow ring,
the following analysis will illustrate the usefulness of (3.23) and (3.24) for studying gauge
backgrounds in F-theory. In order to exemplify the structure of all non-Abelian and mixed
Abelian anomaly relations, the minimal requirement for }?4 is to contain a non-Abelian
enhancement locus and at least one extra rational section linearly independent of the zero-
section, giving rise to an extra Abelian gauge group factor. The simplest geometry with
this property is the U(1) restricted Tate model [43], in which we furthermore engineer an
additional non-Abelian gauge group factor. If we consider for instance Tate models with
I,, singularities, the existence of vertical gauge fluxes in addition to the flux canonically
associated with the extra rational section requires the gauge group to be at least SU(5) [28].
For these two reasons we specialise, in section 5.1-section 5.3 to a U(1) restricted Tate
model of gauge group G = SU(5) x U(1)x. This model, which has been introduced in [44],
suffices to exemplify the full structure of the relations (3.23) and (3.24). In section 5.4
we will exemplify how the relations (3.24) explain the aforementioned absence of vertical
fluxes for I,, Tate models with n < 4, focussing for concreteness on the most interesting
case n = 4.

5.1 SU(5) x U(1)x Fibration

To fix notation, we very briefly recall the relevant properties of the G = SU(5) x U(1)x
elliptic fibration. More details can be found in [44] and in the recent [27], whose conventions
we will be using throughout. For convenience of the reader the most crucial properties of
this fibration are listed in appendix C.
After resolving the singularities, the elliptic fibration is given by a smooth 4-fold
T }/;4 —» Bg described as the vanishing locus of the polynomial
Pf = y2sege4 + a1xyzs + a3,2yz3e%ele4 — SL‘3$2€1€%€3

2

2 4.3 2 (5.1)
— a271x z-Sepe1€9 — a473xz €p€1€2€4

inside an ambient space )?5. Here a; ; is a section of F]‘% ® W7 with W the divisor class
associated with the brane stack with gauge group SU(5) and K p, the anti-canonical bundle
of Bs. From the toric ambient space of the fibre we inherit the linear relations as encoded
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in the following table of toric weights:

€p | €1 €2 €3 €4 | X y 2z s
?33 . . . . . 9
w 1
| -1]1 . . - -1 -1
Ey, | -1 | - 1 . -l =2 =2
FEs | -1 | - ‘ 1 - | =2 =3
Ey, | -1 - . . 1| -1 -2
VA . . . . . 2 3 1
S . . . . Sl=1 =1 - 1

Explicitely these relations take the form
X-VA+Z+E+E+E&-W+Kp, =0e CH'(X5),
—BX 42V -8 —E — 26+ & =0 CH(X5), (5.2)
QX - Y- Z+8+E 428 +E& —Kg, =0e CH'(X5).
Furthermore, the Stanley-Reisner ideal includes

Isg (top) = {zy, xeges, veies, xey, yepes, yer, yes, 28, ze1e4, zeaey, -

ze3, $€p, s€1, Séq, €epea, 2€4, €1, 2€2, S€E2, €EQEZ, 6163} . ( ' )
The Cartan generators of SU(5) are denoted by E; € CH'(Yy), which at the level of
analytic cycles corresponds to the vanishing locus V' (e;). Similarly, Z € CHl(ﬁ) and S €
cht (574) denote the zero-section and the extra independent rational section associated with
V(z) and V (s), respectively. The Shioda map furthermore identifies the U(1) x generator as

Ux :=—(5(S—Z — Kp,) +2E1 + 4E> + 6E3 + 3E;) € CH'(Y)). (5.4)
The charged massless matter fields localise on the matter curves
C10, =V (eo,a1p) , Cs, =V (eo,a32) ,
Cs_, =V (eo,a1a43 —az1a32) ,  C1; =V (as3,a32) - (5.5)

The explicit form of the matter surfaces Sg associated with the various weights can be
found in appendix B of [27]. Since for the applications of this paper we need the explicit
form of the fibre of 174 over the matter surfaces, we list the fibre components in appendix C
for completeness. In terms of these, the matter surface fluxes, whose general construction
is given in (3.19), take the form

200 A 2\
A(10,) = A(10 —— o=, —
10 = 4101 (0.0.- 2.3 -2. %
A2
5" 57 57575

) e cie).

A (55) = A (5) <o, - ) € CHA(V)),

A 2X2 0 32X ) ~
A(5_y) = A(5_ AT H2(Y,
(5 2) (5 2) <0a 5a 5 ) 5 ; 5 3 5) cC ( 4)7

A (15) = P}4 (15) =\V (PT, 5,032, CL473) S CHz(i}zL) .
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The notation is e.g.
A(10¢) (ag, a1, . .,as5) = agP (101) 4+ a1 Pl (101) + ... + asPip (107) (5.7)

in terms of the rational curves over the respective matter curves, in the order as appearing
in the list in appendix C. The overall coefficients A € Q have to be chosen subject to
the usual flux quantisation condition of [45]. For sake of simplicity, the following analysis
makes the choice A = 1.

As the final piece of information which we quote from [27] we note that these cycles
can be expressed as elements A € CHQ(X5) such that Alp = A. The explicit form of A
—for A=1—1is

1 _
./4(101) = —5 (251 — &+ & — 254) . ICBg — & &y,

A(B3) = —= (E14 28 — 283 — &) - (3Kp, —2W) — &3+ X,

_1
5 (5.8)

.A(5_2) = (51 4+ 2&5 + 3E3 — 54) . (5%33 — 3W) + (53 KB:’, +&-Y—E&3- 54) ,

1

5
A(15) =8 (3Kp, —2W) - S - X.

The U(1)x gauge background is described by

1 _
Ax (F) = —5}"- (58 — 5Z — 5K p, + 2&1 + 4E; + 63 + 3&4) . (5.9)

5.2 Relation (3.24) for SU(5) x U(1)x

Let us now evaluate the relations (3.24) for the SU(5) x U(1)x model introduced in the
previous section. These equations have been specified to a gauge group of the form G x
U(1)4 in (3.28), and it remains to evaluate these expressions in the case at hand. For
G = SU(N), the relevant values for group theoretic constants cgf) and A, defined in (2.12)

and (2.9), are (see e.g. [46])

Be=N-4, & =N-2  r=1. (5.10)

For the U(1) x generator in the model under consideration 7, (Ux - Ux) = 30 W —50 K p,.1
With this information (3.28) becomes
A(101) + A(83) + A(52) =0 (
3A(101) +3A4(53) —24(50) + Us - W =0 (5.12
2A(107) +27A (53) —8A(5_2) + 254 (15) + Ua - (30Kp, — 18W) =0  (
104 (101) + 15A (55) — 104 (5_3) +5A (15) + 6 - Uy - Kp, = 0.  (5.14

It is readily seen that (5.11)—(5.14) are not independent. Rather they are equivalent to the
following three linearly independent relations within CH?(Y}):

A(53) = —A(5-2) — A(104) , (5.15)

A(5-2) = Ax (W), (5.16)

A(15) = —Ax (6K, —5W) + A(10y) . (5.17)

'In particular, for every base divisor D, DB, [Ux|-3, [Ux|-g, [D&]-5,[DE] = [F«(Ux -Ux)]-85 (D8] 55 [DB).

Yy 3 L
This integral has been evaluated for the model at hand in [44], leading to T« (Ux - Ux) =30 W — 50 K p,.
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In appendix D we prove that these relations indeed hold true as relations between equi-
valence classes of algebraic 2-cycles modulo rational equivalence, i.e. between elements of
CH? (}/}4). The proof rests on two important properties of the Chow groups.

First, on any algebraic variety X, two cycles C1,Cs are rationally equivalent if and
only if one can find a rationally parametrized family of cycles which interpolates between
C; and Cy. This means that we can find a cycle I'(t) on P! x X such that

Pt=t)=C, T(t=t)=0 (5.18)

with ¢ € P! parametrising the interpolation between C; and Cs. In other words, C; and
Cy are related by a ‘rational homotopy’.

The second property we are using is specific to the fact that the elliptic fibre of 174 is
embedded into a toric fibre ambient space. Given a regular embedding ¢: X — Y between
two algebraic varieties, the pullback map is a well-defined linear map [47]

*: CH? (Y) — CH? (X) . (5.19)

This means that if two algebraic cycles C7,Cy C Y are rationally equivalent on Y, then
their pullbacks to X are rationally equivalent on X. The importance of this property of
Chow groups is that for cycles arising as pullbacks from the ambient space we can use
rational equivalence in the ambient space Y to check for rational equivalence on X. This
leads to drastic simplifications if the space Y is a complete toric variety which in addition
is simplicial or even smooth [48]: for a smooth and complete toric variety Y, rational
equivalence coincides with homological equivalence, i.e. CH*(Y)z = H*(Y,Z), and to check
rational equivalence for pullback cycles on X we are hence allowed to perform operations
on the pre-image of the cycle on Y as long as these preserve its homology class on Y. Even
if Y is merely a complete and simplicial toric variety, we still have CH®*(Y')q = H*(Y, Q).
These properties, which indeed hold in the example studied in this section, motivate the
conditions stated after (3.24) for our more general conjecture.

Note that even though anomaly cancellation alone suffices to show that the rela-
tions (3.24) and hence (3.28) hold true as relations in H*(Y}), it is in general not the
case that they hold already for the homology classes of the cycles A on the ambient space
)?5 from which the cycles on 17'4 descend via pullback. If this were the case, then by the
above reasoning it would be immediate that the relations hold in CH'(EAQ). Instead, we
have to have work harder to show this latter, stronger statement.

5.3 Relation (3.23) for SU(5) x U(1)x

We now turn to the proof of (3.23). Since (3.24) has already been established (assuming
the reader has dragged themselves through appendix D), it suffices to analyse the difference
of both types of equations with compatible index structures. If all gauge indices are purely
non-Abelian, the relevant expression is (3.22). In the present example, the Lh.s. of (3.22)
simplifies to

= a a 1 ~
Sigk = Z Z Nk (R)A" (R) + 5 Z Bf)ﬁ;ﬁzs’) — 3E(; - T (Ej . Ek)) . (5.20)
R#adj a p
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We will exemplify this computation for ¢ = j = k = 1 and start by evaluating the first
sum. With the help of the explicit form of the matter surfaces S and their associated
weight vectors tabulated in appendix C we arrive at

S 341 (R)BF (R) 87 (R) A" (R) = —3PL, (10,) — P} (55) B} (52) . (5.21)

R+#adj a
The second sum in (3.22) refers to the adjoint representation of SU(5) x U(1)x. The matter
surfaces associated with the negative roots of SU(5) are given by
52 (SU(5) x U(1)x) ={E1, Bz, E3, E4,
Ey + Es, E3 + E3, E3 + Ey,

(5.22)
Ey + Ey + E3, By + E3 + Eu,
Fy+ Es+ Es + E4}’KW )
and for the remaining 10 positive roots by S% = —S”. This leads to
1 _
5D BIBIBYSP = —11E) - (W — Kp,) . (5.23)
p

As for the third term in (3.22), the analogue of (2.7) in the Chow ring implies
—3Eq -7 (By- Eyy) = =3B, -7, (B - E1) = —=3E1 - (—2) W =6E,- W (5.24)
and altogether we find
Ein1=11F,-Kp, —5E; - W — 3P}, (101) — P} (53) — P} (5_3) . (5.25)
Finally recall

P14 (10) = By - Kp,, P}(53)=E;-(3Kp, —2W), Pi1(5.5)=FE - (5Kp, —3W).
(5.26)
This leads to E117 = 0 € CH'(?4). It is simple to repeat this analysis for all (i,7,k) €
{1,2,3,4}3 and to convince oneself that Z;;; is the trivial cycle in CH'()A/4) for any such
indices i, j, k.
The analogue of (3.22) for the mixed Abelian-non-Abelian, cubic Abelian and mixed
gravitational anomalies are the relations

Y Y nix AR =0, > > nkyx (R)A(R) =0,

Radj a R£adj a

> ) wA"(R)=0.

R+#adj a

(5.27)

In these equations the label ‘X’ refers to the Abelian U(1) x-group. Along the same strategy
these sums can be shown to vanish identically in CH®(Ys). This completes the proof
of (3.23) in the model under consideration, for any base Bs.

— 96 —



5.4 Fluxless SU(4)

As a further amusing application we now exemplify that the absence of certain matter
surface fluxes for F-theory models in I, Tate models with n < 5, observed already in [28],
can be traced back to the relation (3.28a).

For brevity we only consider the model with n = 4 in detail. A brief summary of
the geometry of the SU(4) Tate model is provided in appendix E.1. The SU(4) divisor
W contains two matter curves associated with massless matter in representations 4 and
6 of SU(4). From the form of the SU(/N) index in the anti-symmetric representation,
cng = N — 4, with N =4 it is clear that the matter surface flux A(6) constructed from
the matter surface S§ does not appear in (3.28a). Hence the relation in homology derived
from absence of cubic anomalies is simply'”

[A(4)] =0e H*(Y)). (5.28)

In fact, we show in appendix E.2 that this relation does hold also at the level of Chow
groups, as stated by our more general conjecture.

The result fits with the aforementioned observation of [28] that this model does not
allow for any matter surface fluxes. Indeed we will show in appendix E.2 that, in addition
to (5.28) the only other candidate for a matter surface flux A(6) = 0 € CH2(Yy). This
result, or rather its a priori weaker version in cohomology, is also related to absence of
cubic anomalies, but not quite in the way written in our relation (3.28a). Namely, since
6 = 6 the chiral index

Xx(6) = [A(6)]-[S(6)] = 0. (5.29)

Then by anomaly cancellation clearly also
\(4) = [A(6)] - [S (4)] = 0. (5.30)
We can now show that this implies
[A(6)] =0 € H>2(Y)) (5.31)

using similar reasoning as in section 3.2: by construction [A(6)] is orthogonal on the
subspace V; defined in (3.12) (recall that there are no extra sections). Furthermore, each
of the generators of V5 appearing in (3.13) can be interpreted as the class of a matter
surface plus a sum of terms in V. This is because each such element can be written as a
vertical flux plus terms in Vj. In absence of a U(1) the only vertical fluxes are the matter
surface fluxes, and their explicit form A(R) = S*(R) + A%(R) with A%(R) € V; then
implies the statement. Hence (5.31) even follows without explicit computation.

6 Conclusions and outlook

In this note we have presented a system of cohomological relations on elliptic fibrations
which are equivalent to the cancellation of all gauge and mixed gauge-gravitational an-
omalies in F-theory compactifications to four and six dimensions. These relations, given

1Tt should be noted that the matter surface flux A (4) is a vertical flux by construction, see [27] for more
details. Hence it is not necessary to indicate the restriction to the vertical subspace as in (3.21).
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by (3.18), hold in H%2(Y,,1,Q) with n = 2 and n = 3 referring to compactifications to six
and four dimensions, respectively. To relate them to the structure of anomaly cancellation
one must intersect (3.18) either with the set of possible gauge fluxes G4 € H22(Yy, Q) for
n = 3 or with the divisors spanning the coroot/coweight lattice in compactifications to
six dimensions (n = 2). Interestingly, the consistent cancellation of local anomalies both
in four and six dimensions is therefore governed by the same type of cohomological rela-
tions in F-theory. This illustrates the remarkably unifying amount of physics information
encoded in the structure of the F-theory fibration as such, irrespective of details of the
base. Note that in order to avoid possibly additional matter states in addition to the ones
studied in this paper, we have restricted ourselves to Weierstrass models which allow for a
flat resolution. It would be interesting to extend our results to more general geometries.
On the other hand, our assumption that the fibration allows for a section (rather than a
multi-section) seems to be a far less severe limitation: given the analogous construction
of fluxes described in [49] in absence of a section we expect a direct generalisation of our
results to genus-one fibrations without sections.

Our derivation of (3.18) relies on arguments from string theory, building on and extend-
ing the earlier work [22] and reproducing the identities of [19] as a corollary. The result
generalises observations made in [25] in concrete example fibrations. Despite the string
theoretic nature of their derivation, the relations (3.18) must hold as general mathemat-
ical identities valid on any elliptically fibered Calabi-Yau 3-fold and 4-fold which admits a
smooth, flat, crepant resolution. This begs the question for a direct proof within ‘formal
mathematics’ which would complement the string theoretic arguments given within the
realm of ‘physical mathematics’ in this work.

Another immediate question for future research concerns the relation between the
cohomological identities described in this work and the structure of anomalies in 2-
dimensional N = (0,2) supersymmetric F-theory compactifications on Calabi-Yau 5-
folds [50-53]. A notable difference from compactifications to four and six dimensions is
the appearance of chiral charged zero modes at the intersection of 7-branes and D3-branes
wrapping curves on the base of the fibration. These provide a crucial contribution to the
gauge and gravitational anomalies [50, 51, 53] which remains somewhat mysterious to date
(cf. [54] and references therein).

Based on circumstantial evidence in concrete examples we have conjectured in this
article that the cohomological relations (3.18) and (3.21) hold not only in H22(Y,,11,Q), but
more generally as relations in the Chow ring of algebraic cycles modulo rational equivalence,
at least with rational coefficients. We have described the specific assumptions underlying
this conjecture after (3.24). It would be very instructive to understand the difference
between the relations in cohomology versus rational equivalence from a mathematical point
of view: a priori the Chow ring contains considerably more information than cohomology.
However, we cannot completely exclude that under the assumptions stated after (3.24) the
two coincide, at least as far as the subspace of cycles is concerned for which our conjecture
holds. If this is not the case, we face the question of the physical meaning of the extra
amount of information encoded at the level of the Chow ring. For anomaly cancellation as
such the relations (3.18) within H 2’2(?n+1, Q) are both necessary and sufficient. On the
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other hand, the identities (3.24) within the Chow ring have important consequences also
in the context of F-theory, to the extent that they relate the possible gauge backgrounds
on elliptic Calabi-Yau 4-folds. This has already been used in [27] and furthermore explains
the absence of vertical gauge backgrounds in certain classes of elliptic fibrations [28].

In this work we have focused on the interplay between the geometry of elliptic fibra-
tions and the structure of local gauge and mixed gauge-gravitational anomalies. It would
be equally rewarding to investigate the structure of global anomalies from a similar per-
spective. For example, in perturbative D-brane models cancellation of global SU(2) Witten
anomalies is equivalent to cancellation of all K-theory charges carried by the D-branes [55].
In [56] the absence of Witten anomalies in F-theory has been attributed to suitable quant-
ization of the dual M-theory flux GG4. The latter in turn is determined geometrically by
the divisibility properties of the second Chern class 02(}?4), which enters the Freed-Witten
quantisation condition G4+ 1co (Yy) € H4(Y4,Z). Indeed, the absence of a Witten anomaly
in F-theory models with gauge group SU(2) (and further Abelian gauge group factors) has
been explicitly traced back to such divisibility properties in [25]. It would be interest-
ing to pursue a more general formulation of the connection between global anomalies and
arithmetic properties of the cohomology ring of Calabi-Yau n-folds.
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A Construction of vertical gauge fluxes

In this appendix we prove the following assertion for a smooth elliptically fibred Calabi-Yau
4-fold Y} arising as the resolution of a singular Weierstrass model: given the decomposition
of the primary vertical subspace

H2Z(Yy) = ViU Vh (A1)
with
i = Span{[EiI -Dg), (DY - D), [So - DE], [Sa - DE]} , (A.2)
Vo = span{[E;, - Ej,], [Sa- Ei;], [Sa-SB], [So- Sal} , (A.3)
2,2

one can associate to each single generator of V5 as listed in (A.3) a 4-form flux G4 € H%;
satisfying the conditions (2.19) and (2.20) by adding elements of V;.
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The proof relies on general properties of the intersection numbers of the elements in

~

H2? (Ys). Namely, for each element [X - Y] € V3, the following intersection numbers hold:

vert

[X]-[Y]- [So] - [Dg] = [So] - [Cxy] - [D}], (A.4)
[X]-[Y]-[DY] - [D§] = [So] - [Dxv] - [DL] - [Dy], (A.5)
[X]-[Y][E;]- [DE] = [Sol - [Fxv,,] - [Wi] - [DE], (A.6)

where C'xy describes a curve class on the base B3 (which may well be zero as e.g. for X =
E;,, Y = E;,) and Dxy and Fxy,, are divisor classes on Bs. The rationale behind (A.4)
is simply that the 1.h.s. can be expressed as an intersection product entirely on the base Bs,
which is the hypersurface in Y, defined by the zero-section Sy. For every given fibration
over a general base B3 the curve and divisor classes on the base appearing on the r.h.s.
can be explicitly computed, but their concrete form will not be needed for our argument.

In terms of the classes C'xy, Dxy and Fxy,;, we can define the algebraic 4-cycle class

AX-Y)=X Y - Cxy — (50 + D'g) Dxy +€ B Fxym, € CHX(Y,), (A7)

lpmpg

where the matrix €;, ,,,, governs the intersections of the resolution divisors as in (2.7) and
furthermore the divisor class DS on Bs is defined by the property that

[So] - [So + D] - [De] - [DF] = 0. (A.8)

The homology class associated with 4-cycle class A(X -Y) then gives rise to a transversal
and gauge invariant flux
Gi(X-Y)=[A(X-Y)] € HY? (A.9)

vert *

To show this we need to verify the transversality conditions (2.19) and gauge invari-
ance (2.20). To this end, observe first that

Ga(X-Y)-[So] - [DR] = [So] - [Cxv] - [DR] = [So] - [Cxy] - [DR] = 0, (A.10)
where we used (A.8) and [So] - [Ey,] = 0. Similarly
Gy (X -Y)-[D2]- [D§] = [Dxy]- [D2] - [Dg] - [So] — [Dxv] - [D2) - [DF] - [So] =0 (A.11)
with the help of
[D2] - (D3] - [DY]-[Dg) =0, [By]-[Dg]- [Dg]- DY) = 0. (A.12)

(A.10) and (A.11) establish transversality of the flux.
Finally, gauge invariance of the flux, (2.20), follows from (2.7), which can also be
written as

[E:,] - [B5,] - [DR] - [DB) = =015 €y [So] - W] - [D2] - [D], (A.13)
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because
Gi(X-Y)-[E;]- [Dg]

- [SO} . [WI} ' [FXY’iI] . [Dg] o Q:lzlrnkfelLi[ [WI] : [FXY,mM] . [Dg] . [So} =0. (A14)

Note that the fluxes constructed in this way from elements of V5 are in general not linearly
independent as elements of H. Vert (Y4) In particular, it is a priori not guaranteed that the
class [A(X -Y)] is non-trivial in H22 ( Yy). What is important for us, however, is that the
homology classes associated with the correction terms in (A.7) needed to render [A(X -Y)]
transversal and gauge invariant indeed lie in the subspace V.

B Details of the proofs of section 3.2
In this appendix we provide the missing proofs for some of the statements in section 3.2.

B.1 Cohomological relations in presence of non-vertical matter surfaces

We begin by considering a situation in which some of the matter surface classes have a part
in the remainder er’ﬁl()a). An example would be a situation in which the matter curve
CRr on Wy splits into several components which are individually not complete intersections
of Wi with a divisor from the base Bz [41]. In this case, we can split the classes of the
matter surfaces into orthogonal components

[Si:l{] = [Sﬁ]vert + [Si:l{]rem ' (Bl)

and hence start from

0=Gy- Z Z"?\EF(R [Selvert T 5 ZnAEF [571] =3 - [Fir] - [Fe (Fa - Fyy)]
Radj a

Z Z n?\ZF (R) [Slai]rem :

R+#adj a
(B.2)

(Y4) and are thus orthogonal to er?n()a)
and Hhor(Y4) while the terms next to G4 in the second line are orthogonal to Hvert(Y4)

The terms in brackets of the first line all lie in HVert
and Hhor( 1). Repeating the arguments leading to (3.15) in section 3.2, the expressmn in
the first line is found to be orthogonal to the space V; and to all fluxes in Hvert (YZ;), which
is sufficient to conclude that the relations (3.18) hold in cohomology on Yi. The second
identity follows again from (3.11). In addition, anomaly cancellation implies

Z ZnAEF Slrem =0, Z ZBA lrem =0 (B.3)

R#adj a R#adj a

for every choice of transversal flux GG4. In order to determine if a stronger set of relations
can be deduced directly at the level of cohomology, more information is needed about the
nature of [S?(R)]rem in non-trivial situations. As noted already, there do currently not exist
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any examples of fibrations with non-trivial [Sk]rem except those where a single [Sg]| splits
into various components, each with some contribution from er’ﬁl(ﬂ), but such that the
net [Sk] remains purely vertical. In particular, if the only contribution to [S§]rem comes
from a splitting of Cr into several curves which are not all obtained by intersection with
a divisor, then for fixed R the sum over all distinct components of [Sg] is again purely
vertical because the different components belonging to the same representation R come
with the same prefactor. Hence in such examples the components along er?n()a) trivially
sum up to zero and there are no non-trivial relations among [S*(R)]em for different R.

B.2 Proof of homological relations for flux cycles

In this appendix we prove that the cohomological relations (3.21) are implied by anomaly
cancellation in the 4-dimensional effective action obtained by F-theory compactified on

a smooth elliptic fibration 1?4. Our starting point is the gauge anomaly relation (3.9),

rewritten in terms of (3.19) as'®

0 =Gy <ZZ”7\EF (R) [A“ (R)]>
R a

+Gy - Z Z —niyr (R) [A% (R)] + % Z nhk . [SP1] (B.4)
R#adj a o1

+Ga - (=3 [Fr] - [7e (Fa - Fy))]) -

Similarly the gravitational anomaly relation can be formulated as
- (ST m Lrm )
R a

1 | S s ) (AT (R)] 4 SR (57 (B.5)

R+#adj a pr

+Gy- (6 [Fr] - [Kp,)) -

The expression in the first line of (B.4) is by construction orthogonal to the subspace V3
of H?2(Y}) given by the span

Vs = span { By, - D), [So- DE), (D2 - Db|} € H*(¥)) (B.6)

because the classes [A%(R)] represent gauge invariant fluxes which satisfy (2.19) as well
as (2.20). The expression in brackets in the second line, which involves the combina-
tions (3.20), is manifestly orthogonal to

V4 = span {[UA - D®], [So - D], [D® - Dg]} c HX(YY). (B.7)

!8Note that for R = adj, A*(R) = 0 and therefore we can sum over all representations in the first line.
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To see this note that both A%(R), defined in (3.20), and each of the S, given in (3.8), can
be expressed as a sum of terms each given by the restriction of some resolution divisor Ej,
to a curve in the base. Such a 4-cycle class is orthogonal to any class of the type listed in
V4. The expression in brackets in the second line is also manifestly orthogonal to the set
of all gauge invariant fluxes G4 satisfying (2.19) as well as (2.20).

The nature of the Green-Schwarz counterterms in the third line depends on the choice
of indices A, X, I". Consider first the case where A, X, I" = iy, jj, ki exclusively refer to the
Cartan generators of the non-Abelian gauge group factors. As a result of (2.7) also the
expression in brackets in the third line is orthogonal to V; and to the set of gauge invariant
G4. The sum of all three terms in brackets is orthogonal to the set of all gauge fluxes, which
includes spanc{[Ua- D8]} and spanc{[E;,]- D2]}. Combining these statements implies that
the sum of the terms in brackets in all three lines is orthogonal to V3 U V4. But since the
sum of the terms in brackets in the second and third line is orthogonal to Vj by itself, also
the terms in brackets in the first line must be orthogonal to V4 by themselves. Since we
know from above that they are orthogonal to V3 by themselves, they are hence orthogonal
by themselves to V3 U Vy. Note that this space coincides with the space Vi we had defined
n (3.12), V4 = V3 U V4. By the same arguments as those given after (3.12), orthogonality
of the terms in brackets in the first line to V; implies their orthogonality to erft(ﬂ)
With the same caveat as in the main text regarding the possibility that some of the matter
surfaces might have a contribution in erﬁl(fﬁ) we conclude

DYk (R) (A" (R)] o = 0 € H?(V2). (B.8)
R a

If one or several of the generators Fy, are associated with a non-Cartan U(1) 4, the expres-
sion in brackets in the third line has the same orthogonality properties of as those in the
first line. The same arguments as before now imply that

ZZn %er (R) [A% (R)] oy — 3 [Uga] - [7s (Fs - Fry)] = 0 € H**(Y)) (B.9)

and sumlarly

SN 4 (AT (R)) oy +6 [Ua] - [Kp,] =0€ H¥ (). (B.10)
R a

Note that the analogue of (B.10) with the index A replaced by a Cartan index would be
YR 2o B (R) [A%(R)]vert = 0 (without a Green-Schwarz term). This is a trivial relation
since A?(R) is independent of a and ), 37 (R) = 0 for a semi-simple Lie algebra.
Finally, let us point out that if we subtract (3.18a) with A = A referring to a non-
Cartan U(1) 4 from (B.9) and use that n/s,. = 0 (since 8%’ = 0), we arrive at the relation

> ) nbsr (R) [A*(R)] =0. (B.11)
R+#adj a

This is the analogue of the relation (3.22) with A, X, T" = iz, js, kx. Similarly, it follows
from the gravitational anomaly relations that

Y. D Bi(R)[A"(R)]

R#adj a

I
o

(B.12)
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C Fibre structure of the SU(5) x U(1)x model

In this section we present a brief summary of the P'-fibrations realised over the matter
curves in the model discussed in section 5.1. For further information we refer the interested

reader to appendix B of [27] or the original literature [44].

Pl-fibrations over Cjg,. Over Cig, the resolution divisors Fj; split according to the
pattern

EO‘le = IP)(I)A (104) , E1|Clol = Ph (104) ,
B3| ¢y, = P34 (101) 4+ P (101) , E3|0y0, = P3¢ (107) (C.1)
E4‘C101 = ]P)}LD (101) + Ph (104) .

The so-defined surfaces are explicitly given by
° ]P%A (10,) =V (a170 (%), €0, y’eq — I3561€§),

o Pi, (101) = V (a10 (2) , €1, e4),

P34 (101) =V (a1 (2:) , €2, €4),

P}p (101) =

(a1,0 (i), e2,yses3 + az 2 (zi) 236361)’

Vv ),
IF’%,)C (10,) =V (a1,0 (i), e3,a32 (2i) yzeoes — azy (2;) v2sea — aqs (2;) x2263616264),
\% ),

P}lD (10¢) = (al,o (2i),eq,xs€2€3 + a1 (%) 2260).

The matter surfaces Si(l((l))1 over C1g, are linear combinations of these fibrations. Our

notation is that P is a list of the multiplicites with which these P!-fibrations appear in the
above order. Hence

P =(0,1,0,4,0,0) <+ 1-Pl, (10;) + 4 - Pz (10,) . (C.2)

3 indicates the Cartan charges of such a linear combination, i.e. lists the intersection
numbers with the resolution divisors E;, 1 < i < 4. The matter surfaces over C19, are as
follows:

Label P J¢; Label P ¢

St 1 (0,-1,-2,-1,-1,0) | (0,1,0,0) | S |(0,0,0,0,0,1) | (1,0,0,~1)

2)

S§01 (07_17_1>0>_170) (17_17170) Sﬂ))l (07070717070 (07_1a071)

)
)
(3) _ _ _ (8) _ _
5101 (0707 1707 1a0) ( 1a03170) 5101 (03130707071) ( 1’1a0) 1)
)
)

S| 0,-1,-1,00,00 | (1,0,-1,1) | S92 |(0,1,1,1,0,1) | (0,-1,1,-1)
S® 1 (0,0,-1,0,0,00 | (=1,1,-1,1) | S& | (0,1,1,1,1,1) | (0,0,—1,0)
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Pl-fibrations over Cs,. Over Cs, the splitting of the resolution divisors takes the form

Eolos, = Pg (53) , Eilos, =Py (53) , Bslcs, = Pap (53) (C.4)
Es|cs, = P, (53) + P3p (53) Eylcs, =Py (53)
with
e Pl(53)=V (a3,2, €0, a1,0TYz — e1€3e38x> + €3€4y2),
e P{ (53) =V (a3, e1,e3e4y + a1,022),
o Pl (53) =V (asp,es, e3e4y + a1,072),
o Py, (53) =V (a32, €3, 2),
° IP;)F (53) =V (ag,g, €3,a1,08Y — A2,1€0€1€25TZ — a473€86%626423),
° IP& (53) =V (a372, e4,a1,0Y% — 616%638332 — agvleoelegazzQ) .
The matter surfaces over Cy, are as follows:
Label P! ¢ Label P! 3
S§ 1 (0,-1,-1,-1,0,0) | (1,0,0,0) | S5 | (0,0,0,0,1,0) | (0,0,-1,1)
S| (0,0,-1,-1,0,0) | (~1,1,0,0) | S | (0,0,0,0,1,1) | (0,0,0,-1) (€9
&1 (0,0,0,-1,0,0) | (0,~1,1,0)
Pl-fibrations over Cs_,. Over C5_, the splitting follows the pattern
Eolcs_, =Py (5-2), Eilos_, =Pi (5-2), Bslcs , =P5(5-2),
E3|Cs_, = Py (5-2) + Py (5-2) Eq|Cs_, =P} (5-2)
(C.6)
with!?
P(l) (5_2)=V (a372a2,1 — a4,301,0, €0, esesy’ + a1, 0TyYz — ele%egsx?’) ,

~
— =
—~
(934
S

~—
I

V (az2a21 — as3a1,0, €1, €3€4y + a1,0x2),
P} (5_2) = V (as2as,1 — asza1, 2, e3z°e1eaa3,2 + yseses + a1 028,
a1,0a4,3€(2)236164 + az,1yseseq + a1,0a2,19028) )
IP%G (52)=V (03,2@,1 — 44,3010, €3, a4,36(2)226164 + az 1S, a3,26(2)22€1€4 + a1,0$5) )
IP’%,H (5—2) =V (a3,2a2,1 — (4,.301,0, €3, A4,360TZ€1€2 — A32Y, A2 1€0TZ€1€2 — a1,oy) )

1 2 2 2
Pj(5-2) =V (as2a21 — as3a1,0, €4, a1,0Y% — G2,1€0€1€2T2° — €1€5€35T" ) .

Y These results differ slightly from [44], which did not make use of primary decompositions.
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The matter surfaces over C5_, are as follows:

Label P! ¢ Label P! 3
S 1 (0,-1,-1,-1,0,0) | (1,0,0,0) | S | (0,0,0,0,1,0) | (0,0,~1,1)
&1 (0,0,-1,-1,0,0) | (~1,1,0,0) | S& | (0,0,0,0,1,1) | (0,0,0,~1) (©7)
S 1 (0,0,0,-1,0,0) | (0,-1,1,0)
Pl-fibrations over Ci,.
Label Vanishing Locus q B
}P}q (15) = S, Vi(asz (zi),a43(2),5) 5 |(0,0,0,0) (C5)

2
1 V (a3, a43,y%eseq + a107yz
Py (15) 3 2 2.2 -51(0,0,0,0)

—I8€1€65€3 — 21T 2 606162)

Since P} (15) intersects with z = 0, it is discarded as matter surface.

D Proving the Chow relations for SU(5) X U(1)x

In this appendix we prove the relations (3.24) for the SU(5) x U(1)x model considered
in the main text. In the concrete geometry at hand, (3.24) reduces to the system of
equations (5.15), (5.16), (5.17).

D.1 Proof of relation (5.15)
Let us first recall that (5.15) states

A(53) = —A(5_5) — A(107) . (D.1)

To modify this identity, we first make use of the explicit representation of the involved
fluxes. As stated in (5.8) we can write in terms of the ambient space X5 that

1 _
A(10;) = 5 (281 — &+ E3 — 2&) - Ky, — &2 - &u,

1 _
./4(53) = —5 (51 + 2E9 — 283 — 54) . (3’CB3 — 2W) —&- X, (D'Q)
1 — _
A(5_2) = —5 (81 4+ 2&5 + 3E3 — 54) . (5ICB3 — 3W) + (53 ’CB3 +&&-Y—E&s- 54) ,

A(15) =8 (3Kp, —2W) - S - X.

We slightly transform these expression further by use of the results in (C.1), (C.4) and (C.6).
For example over Cjg, we have

—& - 54|}7 =-V (P%,62,64) =—-&- /CB3|57 +IP’%B (10,) . (D.3)
fl 1
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By use of (C.4) and (C.6) one also find

Es - X|?4 =& - (3Kp, — 2W)|)74 - Pil’)F (53) ,

(D.4)
E-Kp, +EY — 5354‘}74 =& (5/CB3 — 3W)‘}74 — ]P’:lgG (5_2) .
With these results it is readily found that (D.2) is equivalent to
1 —
A(]_Ol) = — g [251 +4Ey + E3 — 254} . KBg R + P%B (101) ,
Yy
1 —
A(53) = — < [E1+ 26+ 383 — &) - (3K 5, —2W) |+ P3r (53) (D.5)
Yy
1 —
A(5_g) = — s (€14 260 — 283 — &4] - (5K, — 3W)|  —Piq(5-2) .
Yy
We then see that (D.1) is equivalent to
Pig (5-2) — P3p (53) — P3p (101) = (W — 2Kp,) - (€1 + 262 — &3, - (D.6)

We are thus left to connect the matter surfaces P, (5_2), P} (53) and P};(10¢), whose
explicit form in terms of vanishing loci of certain ideals is given in appendix C, to the
pullback on the r.h.s. To prove that (D.6) holds true in CH®(Ys) we proceed in various
steps.

1. We first observe that up to rational equivalence in ?4, the involved surfaces satisfy
Pig (5_2) — Pip (53) + Py (101) =V (Pr,es,e4) — V (Pp,e2,2) (D.7)
We will justify this statement below.

2. Let us now subtract 2P} 5(10;) from both sides. By use of the explicit representation
of P}5(10;) given in appendix C, we arrive at

Pig (5-2) — Py (53) — Py (101) =V (Pr,es,eq) — V (Pp,e2,2) — 2V (Pp, Ky, €2)
+2V (P}, e, 64) )
(D.8)

3. The final step consists in showing that the r.h.s. can be simplified further. As detailed
in appendix D.4.2, we have the following identity in CHQ(X5)

(W*2K33) . (51 + 2&5 *54) 253'54*52-%'*2%33 cE9+ 28 - &4 (D.9)

According to the discussion around (5.19), pulling back all terms to Vi gives a cor-
responding relation in CHQ(EAQ). In particular we show in appendix D.4.2 that after
pullback to Y, the r.h.s. of (D.9) and of (D.8) coincide. Thereby we arrive at (D.6),
as desired.
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To complete the proof, it remains to justify (D.7). By performing a primary ideal
decomposition we obtain the following two identities in rational equivalence of Y,

\% (P%, es, CL372€(2)Z26164 + aLoxs) = ]P%x (53) + P%G (5_2)
+V (63, e, 6322616461372 + xsalyo) , (D.10)

/ 2.2 1 2.2
\% (PT, e, epz ereq4a32 + xsal,o) =P, (10;)+V (63, e, epz ereqa32 + l‘SCLl’U) .
As a consequence, we learn

P%;G (5_2) + ]P’:l,)x (53) — IP%ZL (10,) =V (lew, es, a3,2632’261€4 + a170338)

D.11
-V (P}, €2, a3,263z26164 + alygxs) . ( )

At this stage we make use of the very definition of rational equivalence as recalled around

equation (5.18). To this end we define a cycle I';(t) on P! x Y, parametrized by t € P!

such that I'1(t) = V (P}, es, a3 2e32%e1eq + taypxs). By definition, I'1(t = 1) and T'y(t =
0) = V(P;,es, (137263226164) are rationally equivalent cycles. Note also that
/ 2 2 _ 2 2 _ -

\% (PT,eg,CL;?,QGOZ 6164) =V (63,(1372602 6164)’?4 = V(63,CL37264)’},4 (D.12)

where the second equality makes use of the Stanley-Reisner ideal (5.3) of the top. Con-
sequently we learn that in rational equivalence of Yy

Vv (l%7 es, CL3,26(2)Z26164 + aLOxS) =V (P}, es, a372) +V (quﬂ, es, 64) . (D.13)

Similarly we can consider the cycle I'y(t) = V(Pr, 62,15@3,26(2)226164 + a1 ozs) and exploit
the rational equivalence of I'y(t = 1) and I's(¢ = 0) to conclude

\% (P}, €, 037263226164 + al,ga:s) =V (P:/p, e, aLo) +V (P}, e, x) . (D.14)

The first terms on the r.h.s. of (D.13) and (D.14) represent two roots restricted to the
matter curves Cs, and Chg,, respectively. As detailed in appendix C, these are related to
the relevant surfaces in (D.7) as follows

—P}4 (101) = Pp (101)~V(Pp,e2,a10) . Py, (53) = —Pyp (53)+V (Pr,es,a32) . (D.15)
Plugging everything into (D.11), we recover (D.7) as claimed.

D.2 Proof of relation (5.16)

The second relation, (5.16), is equivalent to the following statement in CH? (}74):

P:l))H (5_9) = KBS (& + 282 + 383 — 54)‘}74 —W- (& +285 + 353)|3';4

_ (D.16)
+ ’CB3W‘{,4 - SW’@ + ZW|}74 .

We proceed in several steps for the proof.
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. First, a primary decomposition of V (P;, e3, az1epzzeies — aroy) yields

}P’%H (5.9)=V (P}, es, az,1e0Tz€1€2 — al,oy) -V (P}, es, 64) ) (D.17)
By the method of rational homotopy on P! x Yy we find the relation
% (P:'p, €3, a2 1€0T2€1€9 — aLoy) =V (Pp,es,a10) +V(Pp,es,y) € CHQ(S}4) . (D.18)
We combine these finding to conclude that in rational equivalence on )?4
Pip (5-2) = & - Kpyly, + & - Vg, — & - Eulg, - (D.19)
To compare this with (D.16), first note that

& (¥ —Elg, = Kp, - (61428 +28 — Ea)|g, — W (&1 + 286+ 383) 5,

_ (D.20)
+/CBS-W‘)A,41*S-W|?4+Z-W|?4
holds in rational equivalence on Y, if and only if
0=-— 5051|)’;4 + 50%33’?4 + 802“74 . (D.21)

The equivalence of (D.20) and (D.21) follows readily from the linear relations induced
by the SU(5) x U(1)x-top and the trivial restrictions introduced in appendix D.4.1.
Since (D.20) and (D.19) imply (D.16), it remains to prove (D.21).

Indeed, a primary decomposition shows

|4 (P}, eo, m?’seleg — y2e4) =V (eo, aio, :v?’sele% — y264) +V (eo, Z, x?’seleg — y2e4)
=V (Pp,e0,a10) +V (Pr,e0,2) .
(D.22)

Using a suitable rational homotopy, we furthermore have the following identities in
rational equivalence of Yy

\% (P:'p, eo, x3sele§ — y264) =V (P:’p, 60,3335616%) =V (P}, €o, 61) , (D.23)

where the last step uses the Stanley-Reisner ideal on Y. Combining (D.22) and (D.23)
implies (D.21), as desired.

Proof of relation (5.17)

. First we make use of (5.9) and (5.8) to write the final relation (5.17) as

_ 1, —
S (3Kp, —2W - X)|g, = s (6K B, —5W)
(2861 + 48 + 683+ 364 +55 — 52 — 5Kp,)|p, (D.24)

1 —
— (26 - &+ 8- 28)Kp,| - &,
Yy
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which in turn is equivalent to

0=-— 5254“74 +2 glkBg +5 52K33 +7 53%33 +4 54%33

— 6K,

s, B s, g,

N +3KB3S‘}7 — 285 W|g, — 4&W|p — 6E3W]o (D.25)
v, f 1 1 4

— 3EWlp, + 5Kp,W|p, —3 SWIp, + SX|p, — 6K, 2|5, + 5WZ], -

2. By use of the linear relations induced from the SU(5) x U(1)x-top and the trivial
restrictions introduced in appendix D.4.1, it can be seen that (D.25) is equivalent to

0=3V (P}, €o, 61) -2V (P}, €9, 63) -3V (P;’ﬂ, €o, 64) +V (le", es, 64)

D.26
—V(P},eg,s) -3V (Pq’w,eg,x) +2V (P’1/“7€37y) : ( )

As argued in appendix D.4.2, V(Py, eo, e1) = V(Pr, €o, e4) in rational equivalence of
Y. Therefore (D.26) is equivalent to
0=-2V (lew, €9, 63) +V (P7',7 es, 64)

D.27
—V (Pr,es,s) =3V (Pr,e3,x) + 2V (Pp,es3,y) . ( )

3. We can rewrite (D.27) as

0=—2¢&; (252—54+S+3X—2y) (D.28)

9, -
Upon use of the linear relations on Xy induced from the SU(5) x U(1)x-top we see
that this in turn is equivalent to 0 = & &y, . And indeed this is true. Namely
V(Pr,e1,e3) = () because ejes € Isg(top). This completes the proof.

D.4 Auxiliary identities

D.4.1 Trivial restrictions

Consider the cycle V(e1,z) € Z2(X5). This cycle is non-trivial in X5. Nonetheless we have
V(Pr,e1,x) = V(e1,, esessy®) = 0, so this cycle pulls back to give the trivial cycle in Yj.
Similarly we have

V (Pp,x,2) =V (Ppy,z) =V (Pp,eo,z) =V (Pr,e0,y) =0. (D.29)
Hence the restriction of all these non-trivial cycles in )?5 gives trivial cycles on }74.

D.4.2 A useful identity

In this subsection we justify the following identity, which we made use of in (D.3).

(W — 2%33) (51 +2&E — &4 = 5354|}’;4 — 52?(’}74 -2 KBS(SQ‘}’}4 + 2 5254|§,4 . (D.30)

I,
We proceed in a number of steps to justify this result.

1. First of all we exploit the linear relations induced from the SU(5) x U(1)x-top and
its Stanley-Reisner ideal. Thereby one can show that (D.30) is equivalent to

51W|}74+4 EQW‘?LL—Q glfBg‘ﬁ—G EQEBS|?4 = 5152|§4—2 5253|574+5054|§4 . (D.31)
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2. By use of W = 2K g, +(W—2Kp,) and W = 3Kp,+1(2W—3Kp,) we find that (D.31)
is equivalent to

-V (lev, e1, a271) -2V (lev, 62,&372) =V (lev, e1, 62) -2V (lev, €9, 63) +V (leﬂ, €0, 64) .
(D.32)

>~

3. The SU(5) xU (1) x-top is a complete and simplicial toric variety. Hence CH®*(top)qg
H*(top, Q) [48]. By exploiting this we find the following identities in CH®(X5)g:

V (e1,ezezsx) =V (61, 60&2’122)
SV (61, 62) +V (61, x) =V (61, 60) +V (61, a271) (D.33)
& Vier,ea) =V (er,e0) +V(er,a21) — V (e, x) .

Similarly V(eg,e%ela37223) = V(ea,e3sy) is equivalent to V(ez,e3) = V(ea,e1) +
V(e2,a32). By use of these two identites it can be shown that (D.32) is equivalent to

0=V (le", €o, 64) +V (P}, el,m) -V (P;'p, e1, 60) . (D.34)

4. Next recall from appendix D.4.1 that V(Pr, eq,z) = (. Hence all we are left to show
is that V (P, ep,e1) = V (P, eo,eq) holds true in CH?(Yy). To see this we start with
a primary decomposition, which shows

1% (P}, eo, el) =V (ep, e1,yezes +xza10) =V (P;'p, €o,ysezeyq + SL’Z(LL()) . (D.35)

By use of a suitable interpolating cycle in P! x }74 we thus arrive at V(Pr, e, e1) =
V(Pr, e, zza10). A primary decomposition of V(Pr., eg, xza1,0) now shows

\% (P}, eo, el) =V (am, eg, :cgseleg — y264) +V (z, €g, w3sele§ — y264) . (D.36)

For V(Pr, eg, e4) we proceed along the very same lines. Namely first we obtain from
primary decomposition

V (P}, e0,e4) =V (Pp, eq, ea, 7% ser1€3e3 — yzai ) (D.37)
=V (P}, €g, x2sele%eg — yzal’g) . ‘

By use of an interpolating cycle in P! x Y, we see V(Pr, e, e4) = V(P eo,yza10)-
Finally a primary decomposition of V(P;, eg, yza1,0) yields

\% (P}, €0, 64) =V (am, €0, x‘?‘sele% — y264) +V (z, €0, x3sele% — y264) . (D.38)

Indeed, these results imply that V' (Py,eg,e1) = V(Pr, eg, e4) holds true in CHZ()A@),
which completes our proof.
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Table 1. Toric fibre ambient space for SU(4) Tate model.

E Details of the SU(4) model

E.1 Fibre structure

We consider the resolved SU(4) Tate model defined by Y; = V(Pr) C X5 with

Pr = y263 + a1 0ryz + a3,2y23egeleg — xgele% — a271$2226061€2 (E 1)

— a472$24€%61 — a674zﬁeée%63 .

The divisors E; = V(e;), i = 1,2,3, denote the SU(4) Cartan divisors, and Fy represents
the fibration of the affine node over the SU(4) divisor W = V(w) C Bs. The Stanley-
Reisner ideal

Isg (top) = (zyz, zyeq, ze1, zeg, ze3, ye1, ez, €pez) (E.2)
and the linear relations
X —-27Z—-Ey+FEy—2Kp, +W =0,
~X+Y - Z+E;—Kp, =0, (E.3)
~Y +3Z+2Ey+ Ey +3Kp, —2W =0

both follow from the toric data of the fibre ambient space collected in table 1. From the
discriminant of Py one can read off that the enhancement loci are given by the curves

Ce =V (w, al,o) , Cy=V (w, a4,2 (0472 + a170a372) — a%,0a6,4) . (E4)

Over generic points of the matter curve Cg = V(w, a;0) the resolution divisors behave as

E0|Ca = IP)(1) (6) ) E1|Ce = P%?) (6) ) (E 5)
E2‘CG = ]P% (6) ) E3’06 = P%S (6) + Pil%A (6) )
with
P} (6) =V (aLo, eo, T3e1e5 — y263) ,
P%iﬁ (6) =V (a’LOv €1, 63) 5
1 4.6.2 2 3 2 4 2 (E.6)
P;(6)=V (CL1,0, e, €02 e1e3a6,4 — €pYz°e1es3asg s + egrz e1as s — y 63) ,
}P%A 6)=V (a1,0, es, e%z4a472 + eomz2ega2,1 + xQeg) .
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The resulting intersection numbers in the fibre with the Cartan divisors are as follows:

P (6) | Pi3(6) | P3(6) | P34 (6)
Ey | -2 1 0 0
B 1 -2 1 2 (E.7)
Ey| 0 1 —2 0
Es| 1 0 1 -2

Consequently the weight vector 3 associated with P} ,(6) satisfies B(P31 ,(6)) = (2,0, —2).2
The matter surface associated with the 6 weight (1,0, —1) is therefore $P} ,(6), defined as
an element in CH?(Y}) ® Q.

Over C4 =V (Q,w) with Q = ag2[as2 + a1,0,a32] — aioaﬁA, the fibral structure is

Eolc, = Pj (4)

L (E.8)
Eb|c, = Pap (4) + Py (4) Eslc, =

IP)(1) (4) =V (607 Q7 1‘3616% — xYzaio — y2€3) 5

1 2
Py (4) =V (e1,Q, wza1,0 + yes, yesaspas s — x2a3 9 — Ye3a1,006.4)

~
N =
8]
®
I

V (e2,Q, efz*erass — yai o, eg2 e1a1,0a6.4 — yai,0as2 — yas,
6%266%04674 — egyz?’elag,g — yz) ,

IP’%C 4)=V (62, Q, e%z3elega4’2a6,4 — ye3a3 2042 + xzaiQ + yesai 006 4,
63236163611,0%,4 + xza10a4,2 + yesay 2,
632’36163@170@372 + 6%2361636L472 + xzaio + yesa1 0,
8%26€%€3a6’4 — e%yz?’elegag,z + 6(2)332461&472 — zyzaio — erg) ,

Pi(4) =V (e3,Q, edz"erasn + eorz’eresans + x’ere3 — yzai o,
e%z4ela%70a64 + egmz2eleza1,0a2’1a3,2 + 6033‘226162(12,10472 + $2€1€%a1’0a3’2

2. 2 2
+aerezaq,2 — yzaj paz2 — yza170a472) .

The fibral intersection numbers with the divisors E; are

Py (4) | P1(4) | Pyp(4) | Pio(4) | P3(4)
Ey| -2 1 0 0 1
E —2 0 1 0 (E.9)
Ey| 0 ~1 -1 1
Es| 1 0 1 0 -2

20Note that for this matter surface there are actually two P*’s over every point of the 6-curve of the base.
Since these P'’s are exchanged around the points w = a1,0 = a3, — 4a4,2 = 0 they are indistinguishable
and become identified. This is also the reason why we put a one-half in front of P4 4(6) to define the ‘right’
matter surface.
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The resulting weight vectors associated with the split surfaces,

identify the latter as matter surfaces for the 4 and 4 representations, respectively.

E.2 Proof of fluxlessness

To verify explicitly that the matter surface fluxes A(4) and A(6) are trivial in the Chow
ring, we use the fibral structure discussed in appendix E.1. Over Cg, the fibre of E3 splits
into P{5(6) 4+ P} ,(6), and the weight vector associated with S1(6) = 3P} ,(6) is 8 (Sg) =
(1,0,—1). The associated matter surface flux is therefore indeed trivial in Q @ CH?(Y;)
because

. P1; (6)
A(6) = §P§A (6) +57(6)C"- P (6) (E.11)
Pi; (6) + P}, (6)
= % (P34 (6) — (—Pi5(6) + Pl (6) + P34 (6))) = 0. (E.12)

Here BT denotes the weights of the 6 representation.
Over (4 it is Ey which splits into two surfaces with weight-vectors

B (P (4) = (0,-1,1),  B(Pi(4) =(1,-1,0). (E.13)
We can for instance start with S} = P};(4) and deduced the gauge invariant flux
1 1
A4) = 7 (Ph(4) - PL(4) + 5 (Phs (4) - Pho (4)) (B.14)

With the help of

]P)% (4) = V(PT,Q,Gl) )
Pl (4) =V (Pr,Q,e
3(4) T, Q,€3) (E.15)
P (4) =V (Pr, ez, g2 e1ass — yaip) — V (Pr, ez, e3) ,
P%C(él:) = V(PT7Q7627)_IPQB( ) )

with Q = aalas2 + a10,a32] — af gag4 the polynomial cutting out Cy in (E.4) we realise

that this surface can be written as a restriction from )2'5 to ?4,

A (4) = (—52 -E3 — 281 'EBg —3& 'KBg + 2&3 'KBg

(E.16)
+E W26 W —E3 W+ E- )5, -

We are now free to use the Chow relations on )?5 to manipulate this expression without
changing the Chow class of A(4) on Y. Let us therefore employ the linear relations (E.3)
and rewrite A (4) as

Ad)=(&-(&—-8&)—-X &)y, (E.17)
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Applying the linear relations (E.3) of the ambient space once more to rewrite & — &3 =
2Y —3X —2&,, we find that A(4) = 0 € CH?*(Y,). This is a consequence of the Stanley-
Reisner ideal together with the fact that the vanishing sets

V(607x) ) V(€07y) ) V(ZL‘,Z) ) V(elvx) ) V(ya Z) (E18)
are empty once restricted to the hypersurface lA/Z;.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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