PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: July 31, 2017
REVISED: September 17, 2017
ACCEPTED: October 23, 2017

PUBLISHED: November 9, 2017

Weak gravity conjecture, multiple point principle and
the standard model landscape

Yuta Hamada®® and Gary Shiu®
@ Department of Physics, University of Wisconsin-Madison,
Madison, WI 53706, U.S.A.

YKEK Theory Center, IPNS, KEK,
Tsukuba, Ibaraki 305-0801, Japan

E-mail: yhamada@wisc.edu, shiu@physics.wisc.edu

ABSTRACT: The requirement for an ultraviolet completable theory to be well-behaved upon
compactification has been suggested as a guiding principle for distinguishing the landscape
from the swampland. Motivated by the weak gravity conjecture and the multiple point
principle, we investigate the vacuum structure of the standard model compactified on S!
and T2. The measured value of the Higgs mass implies, in addition to the electroweak
vacuum, the existence of a new vacuum where the Higgs field value is around the Planck
scale. We explore two- and three-dimensional critical points of the moduli potential arising
from compactifications of the electroweak vacuum as well as this high scale vacuum, in the
presence of Majorana/Dirac neutrinos and/or axions. We point out potential sources of
instability for these lower dimensional critical points in the standard model landscape. We
also point out that a high scale AdS4 vacuum of the Standard Model, if exists, would be at
odd with the conjecture that all non-supersymmetric AdS vacua are unstable. We argue
that, if we require a degeneracy between three- and four-dimensional vacua as suggested
by the multiple point principle, the neutrinos are predicted to be Dirac, with the mass of
the lightest neutrino ~ O(1-10) meV, which may be tested by future CMB, large scale
structure and 21cm line observations.
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1 Introduction

String theory is one of the most promising candidates for a consistent quantum theory of
gravity. While there is no free parameter in string theory, there appears to be an enormous
large number of vacua, usually dubbed as the string theory landscape. A natural question
is whether the theory is so rich that any low energy effective theory can be realized in the
string landscape? At present, the space of low energy theories that can(not) be realized
in string theory is not entirely known. The set of classically consistent effective field
theories which turn out to be inconsistent when coupled to quantum gravity is referred to
as the swampland [1]. Identifying the boundary between the landscape and the even vaster
swampland has become an active research area in recent years.

Among the vast number of seemingly viable low energy effective theories, particularly
interesting are those that reproduce the standard model (SM) spectrum at energies below
the electroweak scale. If string theory is the ultraviolet completion of the SM, it is certainly
important to examine the region of the string landscape where the SM vacuum resides.
Understanding how our SM vacuum arises from compactifications of string theory may give
us insights to the principle behind how our vacuum is selected. But equally interesting are
vacua that arise from compactifying the SM down to lower dimensions, as they show that
the rich structure of a landscape is not unique to ultraviolet complete theories of quantum
gravity, but is already manifest in well understood theories such as the SM. It was in
this spirit that the vacuum structure of the SM upon compactification on S' and T2 was
investigated in refs. [2-5].

In this paper, we improve on these earlier works in several fronts. First of all, in light
of the discovery of the Higgs boson [6, 7], we can now provide a more accurate analysis up
to the electroweak scale while in lack of the LHC data, previous works only focussed on the
contributions from physics at the meV scale. Moreover, the measured value of the Higgs
mass implies the existence of a new vacuum where the Higgs field value is around the Planck
scale (see e.g. refs. [8-10]). Thus, in addition to mapping out the landscape of the standard
model upon compactifying the electroweak vacuum, we also analyzed the landscape arising
from this high scale vacuum. On a technical level, we also generalized these earlier studies
to include the most general boundary conditions for the SM fields in the compact space,
and with general fluxes supported on the internal cycles. These generalizations allow us to
find many more lower-dimensional vacua in the SM landscape. We also performed a careful
analysis of the perturbative stability of the candidate vacua in two dimensions. Our results
can thus be taken as a starting point for future systematic studies of the SM landscape. As
we shall see, some of the salient features of the SM landscape can be exhibited in a simpler
setting. To this effect, we have examined the vacuum structure of the compactified U(1)
gauge theory with matter. We will first present our results for the U(1) case as a warmup
before we discuss our findings for the full-fledged SM landscape.

There are several motivations to study compactifications of the SM, along the lines we
developed in this paper. First of all, our analysis may lend insights to the weak gravity
conjecture [11], see also refs. [12-26] for some recent studies. A proposed criterion for a
low energy theory to be ultraviolet complete with quantum gravity is that it should be



consistently behaved upon compactification, and requiring this consistency leads to non-
trivial constraints on the low energy effective theory [14, 27-29]. This criterion implicitly
assumes that the size of the compactification can be chosen freely. While this assumption
may hold if supersymmetry is preserved in the lower dimensional theory,! it may not hold
for non-supersymmetric theories. Therefore, it is important to explore the conditions un-
der which lower dimensional vacua exist. Furthermore, it has recently been conjectured
that non-supersymmetric AdS vacua are unstable [30, 31]. This conjecture is based on
the picture that AdS vacua can be identified as the near horizon limit of the extremal
black hole.? Ref. [30] further pointed out that their argument rules out minimal Majorana
neutrino masses for the SM if they give rise to stable non-supersymmetric AdSs vacua,
and thus suggested a novel connection between the weak gravity conjecture and neutrino
physics. Key to this line of arguments is an understanding of the vacuum structure and the
possible sources of instabilities. Our work therefore sets the stage for a systematic investi-
gation of this picture at the quantum level. We found that the moduli potential in some
cases develops a runaway behavior in the small compactification scale region (<GeV™1).
Therefore, even though there exist two- and three-dimensional AdS critical points of the
SM landscape, we argue that these candidate vacua may be subject to quantum tunneling
instabilities.

Another motivation for investigating the SM landscape is to explore the implications of
the multiple point criticality principle [33, 34], see also appendix D of ref. [35] for a review
and refs. [36-38] for its possible interpretations. This principle requires that the parameter
of the theory to be tuned so that there are multiple vacua that are degenerate in energy.
Based on this principle, Froggatt and Nielsen [33, 39] predicted the mass of the Higgs boson
in 1995. In the present work, we show that the mass of the lightest neutrino may also be
predicted using this principle, by requiring the 3-dimensional vacuum is close to the flat
vacuum. Thus, while it is unclear whether the aforementioned 2- and 3-dimensional AdS
vacua in the SM landscape are stable, we still find an intriguing constraint between the
neutrino mass and the observed cosmological constant based on a rather general principle
that had some success in a different particle physics context.

Finally, our investigation of the SM landscape provides a starting point to discuss the
possibility of dynamical compactification of the SM [40], which may determine the final
fate of our universe.

This paper is organized as follows. In section 2, we review the 4 dimensional SM Higgs
vacua. In section 3 and section 4, we present our results for S and 7% compactifications of
the SM. We summarize our findings in section 5. Some detailed calculations are relegated
to the appendices. For convenience, we summarize the models which will be analyzed in
this paper in table 1.

Note added. While this work was being written, ref. [41] appeared where the constraints
on the neutrino mass and the cosmological constant from the weak gravity conjecture were
considered.

'Even in this case, non-perturbative corrections can generate a potential for the moduli.
2This point of view was emphasized in ref. [32].



model Reference, section
U(1), neutral Sec. 3.3.2
U(1), charged Sec. 3.3.1
SM, vr Ref. [2], Sec. 34
St SM, vp Ref. [2], Sec. 3.4
SM, vy, high scale Sec. 3.4
SM, vp, high scale Sec. 3.4
axion Sec. 3.6
U(1), neutral Sec. 4.2.1
U(1), charged Sec. 4.2.2
T2 SM, vy Ref. [3], Sec. 4.3
SM, vp, NH Ref. [3], Sec. 4.3
SM, vp, TH Ref. [3], Sec. 4.3
axion Sec. 4.4

Table 1. The models which will be analyzed in this paper. Related earlier works are also shown.

2 The SM vacua in four dimension

In this section, we review the SM vacua in four dimensions with the current experimental
values of the SM parameters, see e.g. refs. [9, 10, 42] for details. The Higgs potential is

written as
Vir = —m?|H> + X (|H])®, (2.1)
and our electroweak vacuum corresponds to
2 m’
H|*) = —. 2.2
(IHP) = 5 (22)

At a high scale compared with the electroweak one, we can neglect the quadratic term
in the potential, and obtain
h* RS

Vi = det(pt) — + cs

— t... 2.3
et (2.3)

where g is the effective quartic coupling which includes the quantum corrections to the
Higgs potential, Mp is the reduced Planck scale, h = /2 (H) is the physical Higgs field,
and p is the renormalization scale. Usually, u = h is taken in order to optimize the log term
in the quantum correction. The Planck suppressed term represents the effect of gravity.
Interestingly, the current values of the SM parameter indicates the existence of a new
vacuum at the high scale.® In figure 1, we plot the Higgs potential as a function of h.

3Here we assume that the SM plus Einstein gravity is valid up to the high scale. Any new physics beyond
the SM may change the structure of the second minimum, or eliminate it altogether.
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Figure 1. The 4-dimensional Higgs potential as a function of the physical Higgs field h, eq. (2.1).
In the left panel, we put ¢g = 0. The potential has AdS, flat or dS vacua depending on the value
of the top mass. In the right panel, the cg term is included while M, is fixed. We again have AdS,
flat or dS minima corresponding to the value of cg.

Depending on the mass of the top quark and the value of ¢g, the cosmological constant of
the high scale vacuum can be positive, zero or negative.

In the following, we consider compactification of the SM where the Higgs field takes
either the electroweak scale or the vacuum value at the high scale.

Before going to the analysis of the compactification, we would like to comment on the
relation between the 4D SM vacua and the conjecture that all non-supersymmetric AdS
vacua are unstable [30, 31]. If the high scale vacuum of the SM has a negative cosmological
constant and is stable, it would seem to be at odd with the weak gravity conjecture. This
may indicate an interesting connection between the Higgs potential and the weak gravity
conjecture, which we plan to investigate in future work.

3 The SM vacua from S! compactification

In this section, we consider the compactification of the SM on S'. We calculate the one-loop
effective potential, and investigate the vacuum structure.

3.1 Effective action

Let us consider the situation where the SM is compactified on S'. First, the four dimen-
sional action is

1 1
S = /d4;1:\/7—g <2M1%R Ve 2 Fuw F > , (3.1)

where L is the radion field of S, F,, is the field strength of the U(1) field, and A4 is
the cosmological constant of the four dimensional theory. We adapt the mostly positive
metric convention. In our universe, we have Ay ~ 3.25 x 10meV*. If we consider the
high scale vacuum in four dimensions, A4 can take other values. We also add V;lll, the
one-loop Casimir energy, for later convenience. The remaining terms include the Higgs

boson, fermions and the SU(3) x SU(2) gauge fields.



Since the radius of S* is denoted by L, the volume of the compactified space is 27 L,
and so the momentum is quantized as 27n/L. The metric of this S compactification is

d82 = (gij + LQAiAj) d:l,‘leE] + 2L2Aid$idl'3 + L? (dl’g)z R (3.2)
where 3 is the compactified dimension, 0 < z3 < 27, A; is the graviphoton, and 7, =0, 1, 2.
Then, we have the following decomposition:
1

4L2FWF“”, (3.3)

1
det (—guw) = L2 det (—9i5), R= R® _— QszL _

where p,v = 0,1,2,3, R®) is the Ricci scalar constructed from gij- The dimensional
reduction yields

1 1 1
S = / a3/ —g® (2nL) [QM]% {R<3> ~2- V2L - 4L2FWFW} — Ay — V;P]

1 1
= / dzy/—g® (27 L) [2M1% {R<3> - 4L2FWF“”} — Ay — V;P} : (3.4)

where the total derivative is omitted in the last equality. Performing the redefinition of the
metric g;; = (27TL/L0)*295, we obtain?

—9®) = (2nL/Lo) "%/ —g"@®),

Eij9H. 1.9
R®) = (2nL/Ly)? {RE<3> +4V2In(27L) — 29‘%‘%} :

L2
990, LO;L = (2w L/ Lo)*g"90,L0;L, g"°g"" Fu Foe = (2L ) Lo)*g" P gF " F ) Fp.

(3.5)

Note that the formula for D-dimensional Weyl transformation is
R=e{R-2(D-1)V*w — (D -2)(D - 1),wd'w}, (3.6)

where R and R are constructed by CNJW = eQwGW and G, respectively.
The resultant action is

1 gFio,L0;L  [2xL\*1 L3N, L3val
S = L M2 RE(3)_2 [t *LQF VF/LV 0 __“0o¥s
T3d, B o { L2 Lo 4 a (2rL)? (2wL)?
1 g9, LO;L  LoM% (2rL\? L3Ny LEVa!
= —LoMARE®) — Lo M? i P L2F,, F" — _ S|
/xsd,E F P L2 8 LO " (27TL)2 (27TL)2
(3.7)
3 E(3 ; . 1 ,
where fxsd,E = [ d3x+/—g¥®). Furthermore, by performing A; — WPLOBZ and denot-

ing the field strength for B; by B;;, we arrive at

S= (Lo)

z34,F

POOLOL 1 (L' oy ML VAL 35)
“ (2rL)?2 (2rL)2|’ '

[ E(3) 24
yMPH M= 4 \ Ly

which agrees with ref. [2].

4Lo is introduced in order to keep gi; dimensionless.



Let us calculate the one-loop correction to the effective potential. The procedure is
the same as that of thermal effective potential, see appendices A and B for the details. As
a result, we obtain® [2]

(1) 1—2z
Ve > (=D)*n Vs <L’Mp’qPA¢+ 2p)
(QWL)Q Particle ' (27TL)2 ’
(1) B > cos(2mnh)
Vol (L, M,0) = = Z @rLain) K2(27TLMn)
11 7 1
vi(L,0,0) = — vi(L,0,1/2) = (3.9)

360L7 (2m)2’ 2880L4 (27)2’

as the one-loop Casimir energy. Here M, is the mass of the particle, s, is the spin of
the particle, n, is the number of degrees of freedom of the particle, A4 is the Wilson line
modulus and z, is the boundary condition of the particle which we discuss below. z, =0
and 1 correspond to anti-periodic and periodic boundary conditions, respectively. Now we
can see that
L
(2wL)?

(A4 + va“) (3.10)

is the Einstein frame effective potential in 3 dimensions.
Note that the canonically normalized field y is related to L by the relation

_ X
L=ec¢ MpVTo, (3.11)

3.2 Boundary condition

In order to define the theory on a compactified spacetime, we have to specify the boundary
condition of each field as well as the action. The restriction is the requirement of the single
valuedness of the action, from which one can see that the gauge boson should be periodic
because the covariant derivative term is linear in the gauge field. Similarly, the graviton
should be periodic because the Einstein Hilbert term behaves as

/d4x\/—gR—> /d4x\/—gRei°‘, (3.12)

under g, — ei"‘gw,.
On the other hand, fermions can have non-trivial boundary condition (spin structure):

Flepton (73) for Majorana neutrino,
¢lepton (l‘g + 27TL) =

eiQL Pepton(x3)  for Dirac neutrino.

wbaryon(x?) + 27TL) = eiQBwbaryon ($3) (313)

5At the next order in perturbation theory, we may need to include the effect of the ring (or daisy)
diagram, which will be presented elsewhere.



These correspond to the symmetries of the classical action, U(1)y, and U(1)p, respectively.
In terms of eq. (3.9), the fermion behaves as

1—=zp

Y(zs +2mL) = e%(qu"’—Ir 2 )¢(x3) (3.14)

3.3 U(1) gauge theory on S?!
3.3.1 With charged matter

Before we get into the complicated structure of the SM, it is instructive as a warmup
exercise to first analyze the vacuum structure of a U(1) gauge theory. The field content
includes a charged Dirac fermion as well as a U(1) gauge field. The one-loop potential is
given by

yehased _ L8 fy L (o g o 3.15
s T @RnZ M 0ien)t s\ e At (3:.15)

where M., g. are the mass and charge of the fermion, z. is the boundary condition of the
fermion and A is the U(1) Wilson line. The second and third terms correspond to the
photon and charged matter contributions, respectively.

We recall that L is not the canonically normalized field. However, the extrema of the
potential in term of L corresponds to extrema in terms of canonically normalized field x
because 0,V o< OrV. In this sense, the potential in terms of L is useful. Moreover, the
curvature of the potential is obtained by

Ox2

2 2 92 2
8V:<8L> 0V 6L<6 8L> ov._ 1 (LQOV 81/). (3.16)

ax) a2 "oy \arax) or ~ apLo \“ a2 Tl
Therefore, at the extreme 0V = 0,V = 0, the positive curvature condition 8§V > 0 is
equivalent to the condition 8%‘/ > 0.

In the left panel of figure 2, we can numerically see that, when g. A + 1;2% =1/2, the
potential V' takes its minimum with respect to A, and —4VS(P takes negative value at the
minimum. Setting g.A + 17726 = 1/2, the potential for the L field is plotted in the right
panel of figure 2. No local minimum appears in the potential.® This conclusion is valid if
we add a four dimensional cosmological constant.

Therefore, there are no vacua in S' compactification of QED. One may think that the
Wilson line field need not be fixed at the minimum because tachyons are allowed if the
three dimensional space is AdSs. As discussed in appendix C.2, this does not help. While
the typical mass scale of Willson line is determined by compactification scale L™, the scale
of Ricci curvature is L™ /MI% Hence, as long as the compactification scale is below the

Planck scale, the stability condition is effectively the same as that in flat spacetime.”

SWe note that, in the figures, the potential is multiplied by L® for illustration. We need to be careful
when we see the conditions 9,V = 0 and 82V > 0 from the figures.
"This is not obvious for T2 compactifications, which we will see in section 4.
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Figure 2. Left: the potential of the U(1) gauge theory with a charged Dirac fermion, eq. (3.15),
is plotted as a function of the Wilson line. The potential takes minimum at g, + (1 — z.)/2 = 1/2.
Here we take A4, = 0. For the illustration, the vertical axis is not the potential itself, but the
potential multiplied by L 2L5. Right: the potential as a function of L, the radius of S*. The value
of the Wilson line is set to be at the minimum of the potential.
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Figure 3. The potential of compactified U(1) gauge theory with neutral matter. In the left figure,
Ay is set to be zero. In the right figure, periodic boundary condition, z, = 1, is taken.

3.3.2 With neutral matter

the potential is given by

L
(2w L)?

1
Gyt~ e <

In contrast, compactified vacua can appear if the matter field is neutral under U(1), where
1
La M€7 e

0 o)f

We can plot the potential as a function of L for various value of z., which is shown in the

Vélleutral — (3. 17)

"~ 180L4

left panel of figure 3. Here Ay = 0 is taken. We can see that, if the boundary condition is
close to the periodic one, a stable vacuum appears. In the right panel, we plot the potential
for various A4 with a fixed z, = 1. If the value of A4 is small, the minimum corresponds
to AdSs. For the larger value of A4, the vacuum becomes Mj3 or dS3. This is shown in
the right panel of figure 3. The lower dimensional AdSs, M3 or dS3 vacua are obtained for
Ay S10728M2, Ay~ 10728 M2 and 10728 M2 < Ay < 1072602, respectively.

3.4 SM on S?

Next, let us move on to the vacuum structure of the SM. The particle contents contributing
to the Casimir energy in the SM are shown in tables 2 and 3. The potential of the standard



particle mass (1% | qu()pm
graviton 0 2 0
photon 0 2

v $0.1eV | —6 or —12

e 0.511MeV —4 -1

[ 100MeV —4 -1

™ 140MeV 3 (1,0,-1)

K 500MeV (1,0,-1)

8 550MeV 1 0

Table 2. The particle contents contributing to the Casimir energy below the GeV scale.

particle mass (=%, | qutye qsu(3)1 qsu(3)2
graviton 0 2 0 0 0
photon 0 2 0 0 0
gluon 0 2 0 (2,1,1,0,0,—1,-1,-2) | (1,1,0,0,0,0,—1,—1)
v <0.1eV | —6 or —12 0 0 0
e 0.511MeV —4 -1 0 0
I 100MeV —4 -1 0 0
u 300MeV —-12 2/3 (1,0,-1) (1,1,-2)
d 300MeV —-12 -1/3 (1,0,-1) (1,1,-2)
s 300MeV —12 -1/3 (1,0,-1) (1,1,-2)
c 300MeV —-12 2/3 (1,0,-1) (1,1,-2)
T 1GeV —4 -1 0 0
b 3GeV —-12 -1/3 (1,0,-1) (1,1,-2)
w 80GeV 6 (1,0,-1) 0 0
Z 90GeV 3 0 0 0
Higgs 125GeV 1 0 0 0
t 173GeV —12 2/3 (1,0,-1) (1,1,-2)

Table 3. The particle contents contributing to the Casimir energy above the GeV scale.

model is given by
L3

VSM —
St (2rL)?

(Aa+vgh). (3.18)
In our calculation of the Casimir energy, the neutrino masses were chosen numerically
as mi—m? = 7.53x 1075 eV?, |m2 —m3| = 2.44 x 1073 eV? [43]. The lightest neutrino mass,
My lightest, 15 M1 for the normal hierarchy (NH), and is mg for the inverted hierarchy (IH).
We plot the Casimir energy as a function of L in figure 4. Below the QCD scale
~ 0.3 GeV, we use the particle contents in table 2 while we use table 3 above 1 GeV.® The

8For simplicity, we neglect the effect of SU(2)z, Wilson line, w, which would not change our result. Ne-
glecting the effect of w is equivalent to fixing the value of w to be zero. If we consider the dynamics of the
Wilson line moduli, we may find the true minimum which has an even smaller energy, but this only strength-
ens the runaway behavior, and our qualitative conclusion about the runaway behavior does not change.



vertical axis is the height of the potential normalized by L(%LG. The Wilson line moduli
is fixed to be at the minimum of the potential. The upper and lower figures correspond
to Majorana and Dirac neutrinos respectively. For simplicity, we take the same boundary
condition for leptons and baryons. It would be interesting to consider different boundary
conditions. The right figures are the enlarged view of the left figures. We note that the
vertical axis of the figures is the potential multiplied by Ly 215, so one has to be careful
in locating the stationary points from the figures. For example, at the mass threshold of
the electron ~ 1073 GeV, the vertical axis exhibits a step function-like behavior because of
this normalization we have chosen, making it seem like there is a stationary point at that
mass scale. However, a stationary point exists only if the sign of the vertical axis changes
at around the mass threshold.

The reader may wonder why we choose Ly 215V as the vertical axis rather than the
potential V itself. The reason is as follows. Since V is very steep, it is unfortunately difficult
to find its minima from the figure where V itself is the vertical axis and the horizontal axis
L' covers the wide range of values that we consider. For example, if we try to draw the
figure corresponding to the upper right panel in figure 4 without the L% normalization, we
obtain figure 5. The left panel is a linear plot of V', and the right panel is a log plot of
the absolute value of V. It is not easy to find the neutrino minimum from these figures. If
we concentrate on a small segment of L~ which is close to neutrino minima, then a figure
where the vertical axis is V' (which we show in figure 6) is more illustrative of the features
of the potential. On the other hand, if one wants to see the full behavior of the potential
for a wide range of L™, the figure with the Ly 215 normalization is more appropriate.

We also note how one can infer the existence of the neutrino minimum from figure 4.
In figure 4, we have plotted the flat and the AdS neutrino minima. For the flat case, the
minima of Ly 2L5V is same as that of V itself. For the AdS minima, the point is that the
sign of Ly 2L5V is the same as that of V itself. Then, if the sign of Ly 2L5V changes as
plus— minus— plus as we increase L™!, then V should follow the same sign change, and
hence there should be an AdS minimum. In this way, the existence of the AdS minima is
common for Ly 215V and V itself although the precise value of L' corresponding to the
minima is different. To summarize, the change of the sign of the vertical axis signals the
existence of a stationary point.

We can see that, if the boundary condition is close to the periodic one, the potential has
a minimum at around the neutrino mass scale, and this vacuum is likely to unstable under
tunneling to the runaway vacuum at high energy scale because the potential behaves as
V o« —L7% at high scale, and the runaway vacuum has a smaller energy than the neutrino
vacuum, see the left panel of figure 5. We leave the construction of the concrete bounce
solution describing the tunneling to a future work. On the contrary, if it is found that
the AdS3 vacuum is stable,'” we can constrain the mass of the neutrino, and exclude the

9Whether this runaway behavior continues to smaller L or becomes an extremum depends on the UV
completion of the SM. It would also be interesting to investigate the robustness of the runaway behavior
by considering the contributions of new particles in various extensions of the SM.

108ee, e.g. section 4.2 of ref. [44] for the claim that tunneling to and from AdS space cannot occur.
Another possibility is that the bubble size is larger than the AdS length so the decay does not happen.
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Figure 4. S' compactification of the SM. The effective potential as a function of the radion L.
Here the Wilson lines are fixed at the potential minimum. “vy;(py” represents Majorana (Dirac)
neutrino, and z is the boundary condition of fermion ¢y — —e™""*1). The shaded region is close
to the QCD scale, 0.3-1GeV, around which perturbation theory is not good. Right figures are
enlarged view of the left figures. The solid and dashed line correspond to the normal and inverted
hierarchy, respectively. We can see that there is vacuum at around the neutrino mass scale if the
boundary condition is close to the periodic one.
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Figure 5. The potential is the same as the upper right panel of figure 4, but the vertical axes are
V (left), and log,, |V|(right), respectively. Here the scale Lg is taken to be 1 GeV ™!,

Majorana neutrino alone the lines of refs. [30, 31]. Note that, since this vacuum requires
a non-trivial spin structure of the fermion, it does not decay by the Witten’s bubble of
nothing [45].11 For Majorana neutrino, we show the results for m, jightest = 0 and 0.1eV,
where my, Jightest i the mass of the lightest neutrino. Both of them leads to an AdS3 vacuum.
On the other hand, my jightest = 8.4 meV is taken for the Dirac neutrino case, which give
a flat 3-dimensional vacuum with periodic neutrinos. The vacuum becomes d.S3(AdS3) for

"Even if the fermion has a non-trivial spin structure, the Witten bubble of nothing can happen if the
fermion couples with the Wilson line and the boundary condition becomes anti-periodic by the background
Wilson line value [46]. However, this subtlety does not change the arguments that follow as the neutrinos
are uncharged under the Wilson line.
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Figure 6. The radion potential around the neutrino mass scale for NH. Here the scale L is taken
to be 1GeV~!. The potential is same as that in figure 4, but the vertical axis is the potential
V itself, and the horizon axis is the small segment of L~' around the neutrino mass scale. As in
figure 4, for the Majorana case, the z = 1 plots correspond to AdS minima. For the Dirac case,
z =1 and z = 2/3 correspond to the flat and AdS minima, respectively.

smaller (larger) m,, jightest- Explicitly, AdS3 is obtained for 8.4(3.1) meV < m,, 1(3) and dS3
is obtained for 7.3(2.5) meV < m,,1(3) < 8.4(3.1) meV for NH (IH).

In the analysis above, we take the Wilson line to be at the global minimum of the
potential. Here we examine the possibility of local minima of the Wilson line potential.
For a massless particle, we approximately have

cos (270) , (3.19)

1
~ [ — 2 —
Vsl,M:() - ( 1) spnp16ﬂ_6L4

see around eq. (B.8) for the derivation. As for the quarks, leptons and gluons, it is obtained
that

L? 1—2 1—2
V31M 0= 167rgL6 [3cos{ < A+ 5 L)}+3cos{ < Ac+Ag+Agp+ B)}
1—zp
+3COS{ <3A +Ap+—— 5 >}+3cos{ <3A —Ay—2A >}

+3cos {27T <—;A8+A92+ 1_;B> }+3cos {27r <—;A6—A91 2A52+ 1- 5
—[cos{2m (2441 +Ag2) }+cos{2m (An +Agg)}+cos(27rAgl)]} +... (3.20)

+3cos {271' <—;A6—Ag1—2A92—|— 1_22B) }

where ... represents functions which do not depend on the Wilson line moduli. If a local
minimum with positive value of VSM 51 M =0 exists with respect to the Wilson line, it may
indicate the existence of a new 1oca1 minimum in the S' compactification. Positivity of
the potential at its minimum would be needed because 8>2<V should be positive in order to
obtain a minimum of the potential.'?

12Precisely speaking, the coefficient of L~¢ should change from negative to positive around the mass
threshold of the new particle. However, the positive minimum condition is sufficient for the following
discussion.
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Although we do not exclude this possibility completely, within our numerical analysis,
we do not find positive energy minima in VSS}Y[M:O with respect to the Wilson line.

We also consider the lower dimensional vacuum corresponding to the high scale Higgs
vacuum, whose cosmological constant can take positive, zero, or negative value. For def-
initeness, we take (H) = 106 GeV, and assume the existence of heavy right handed neu-
trinos whose masses are smaller than 10'6 GeV in the case of Majorana neutrino. In the
high scale vacuum, the SM mass spectrum drastically changes. The Dirac neutrino mass,
yy (H), can become larger than the Majorana mass. The QCD scale increases, and becomes
around 10% GeV. The masses of the quarks and charged leptons are given by

Mg = Mg EW (<f<]j;{E>VV> ) Mg = My EW (&) ; (3.21)

where my gw and my pw are masses of our electroweak vacuum. If the neutrino is of the
Dirac type, the mass is given by m, gw (H) / (H)gw- For the Majorana fermion, the mass
matrix and mass eigenvalues are

( 0 <H>> 7 my = % (MN + \/M]2V + 42 <H>2> ’ (3.22)

Yv <H> My

where My is the Majorana mass of the neutrino. Note that the neutrino mass in the
electroweak vacuum is m, gpw ~ (H >]23W y2/My. Therefore, even if we fix myEwW, there
remains a freedom to choose Mpy. In our numerical calculations, we take My = 1012 GeV
as a canonical value.

We summarize the numerical results in figure 7. It is found that a perturbative stable
vacuum only appears for A4 = 0 and Dirac neutrino.'® This can be understood intuitively.
If the neutrino is of the Majorana type and the neutrino Yukawa coupling is not small,'* the
neutrino is not the lightest matter in the theory. The electron, up quark and down quark
become lighter than the neutrino due to their small Yukawa couplings, ¥e,¥u,yq ~ 1075,
Therefore, the lightest particle is the charged one, and the vacuum can not be found as in
the compactification of U(1) gauge theory. This is why the vacuum disappears for Majorana
neutrinos. Even if the neutrinos are of the Dirac type, the neutrino vacuum does not appear
if the absolute value of the cosmological constant is large compared with the mass of the
neutrino. In this case, A4 term dominates the potential (3.18) up to L~ ~ (A4)Y*, where
the charged particle contribution becomes large. Therefore, the effect of the neutrino loop
is not effective, and the vacuum does not appear.

To summarize, there are no vacua except for the neutrino one, and this neutrino
vacuum in 3 dimensions is likely to be unstable through tunneling to the runaway solution.

13As in figure 4, the vertical axis is Ly 2L%V in figure 7. We can guess the existence of minima in the
upper right figure in figure 7 in the following way. If z 2> 2/3 is satisfied, LEQLGV becomes positive around
L™! ~ 10*GeV, and hence V is also positive there. Moreover, V behaves as V o —L~% for smaller L™*
where only the gauge boson and graviton contributions are present, see eq. (3.9). Combining the fact that

! and is positive around L™ ~ 10*GeV,

V' is negative and a monotonically decreasing function at small L™
we can see that there should exist AdS minima. We also plot the figure where the vertical axis is V' around
the neutrino mass scale in figure 8.

"Here we use 4y ~ 0.01 which is obtained from My = 10'2 GeV as a canonical value.
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Figure 7. Upper: S' compactification of the SM where Ay = 0 and (H) = 106 GeV. For
vp, the vacuum exists around L=! ~ 1072 GeV. Middle: S! compactification of the SM where
Ay =—10"2 (H)* and (H) = 1016 GeV. For L=! < 10 GeV, the main contribution is the cos-
mological constant while the Casimir energy dominates for L=! > 106 GeV. There are no vacua.
Lower: the S! compactification of the SM where Ay = 102 (H)* and (H) = 10'® GeV. There are

no vacua.
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Figure 8. The potential of the S compactification of the SM where Ay = 0 and (H) = 1016 GeV
around the neutrino mass scale with NH. Here the scale Ly is taken to be 1 GeV~'. The potential is
same as upper right panel of figure 7, but the vertical axis is the potential V itself, and the horizon
axis is the small segment of L~! around the neutrino mass scale.
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We comment on the relation of our results with that in previous works [2, 41]. In
refs. [2, 41], the Wilson line was taken to be zero (or m).1> Since the potential around the

t16 and the maximum of the potential satisfies the Breitenlohner-

neutrino vacuum is very fla
Freedman (BF) bound in AdS, vanishing Wilson line is a valid solution. It would be inter-
esting to study if there can be tunneling transitions from those vacua with a zero Wilson

line to the runaway found in this paper which has a different value for the Wilson line.

3.5 Multiple point principle and prediction on the neutrino mass

Here we briefly review the multiple point principle and apply this principle to the SM
landscape. See also ref. [33] for the original argument, and appendix D of ref. [35] for a
review of this material. In the standard argument of statistical mechanics, the fundamental
concept is the principle of equal a priori probabilities in the micro-canonical ensemble.
The canonical ensemble is derived by dividing a large system into a heat bath and a small
system, and applying the micro-canonical ensemble to the whole system. On the other
hand, the starting point of quantum field theory is the path integral which may correspond
to the canonical ensemble of statistical mechanics. The natural question is what happens
if we start from a micro-canonical type path integral.

With this motivation in mind, Froggatt and Nielsen [33] started from the micro-
canonical type path integral

/D¢>5 </ dz|H|)? — 12> e, (3.23)

where the delta function is the analogue of micro-canonical ensemble where the energy is
fixed. Instead of the energy, the spacetime integral of the Higgs field squared is fixed to
be some constant I,. Here S is the action of the SM other than the Higgs mass term.
They argued that, if there is a new vacuum around the Planck scale which is degenerate in
energy with the electroweak vacuum, then the delta functional constraint can be satisfied
by considering the coexisting phase/superposition of the high scale and the electroweak
scale vacua.
Here, we further speculate that there is a micro-canonical type constraint

5 (/ d'xL? — Ig) : (3.24)

in the path integral, and the coexisting phase/superposition of the two vacua of the radion
field realizes the delta functional constraint. In this respect, it is interesting that the S!
vacuum can be dSs, M3 or AdS;. If we apply the multiple point principle, it would be
natural to require that the three dimensional vacuum to be close to M3, otherwise either
the 3 dimensional or the 4 dimensional vacuum is favored from energetic considerations,
and it is difficult to maintain the coexisting phase/superposition. Then, we can predict that

5Tn table 1 in ref. [2], the coefficients of the Casimir energy at each mass threshold were presented for a
fixed Wilson line zero or .

16Because the lightest charged particle (electron) is much heavier than the neutrino, the potential of the
Wilson line is exponentially suppressed [2].
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the mass of the lightest neutrino to be O(1-10) meV. The multiple point principle provides
an interesting suggestion that the measure of the possibility of the vacuum selection in the
string landscape is not equally distributed, but there is some bias. It is important to clarify
the phenomenological predictions of the multiple point principle, and compare them with
experiment.

3.6 Flux vacua

So far, we have considered a constant background for the Wilson line. However, in general,
we can also consider flux vacua if we add an axion-like particle a to the theory. Then, the
following term is added to the action:

AS = /d%ﬁ( =2 (0,a) )
~ /(27rL) doy/—g® <—ffgij8¢a3ja— in (050)? +>
/d3 \/—g ( 2L4f2 (83@)2+...> (3.25)

where f, is the decay constant of the axion. The flux vacua is given by a = wx3 where
w is the winding number, which gives a positive contribution to the tree-level potential in
the Einstein frame,

L3

(B) — __~0
AV 22m) LA

w’ fa. (3.26)

The contribution of the flux is stronger than the Casimir energy but weaker than the
cosmological constant for large L. Typically, this erases the vacua with L > f,'. This is
reasonable because the flux effect is classical while the Casimir effect is quantum, and the
classical term is expected to be dominant at low energy, i.e., large radius.

If we consider the high scale vacuum with A4 < 0, we have many AdS3 x S minima
corresponding to w. Indeed, the classical potential in the Einstein frame becomes

LS w2 f2
yE — 20 <A “) . 3.27
(27TL)2 4+ 2 L2 ( )

The expression in the parenthesis in the potential is shown in figure 9. We can see that
there are many AdS minima. This vacuum is stable at least at tree level. Thus, the SM
supplemented by an axion (and nothing else) seems to be at odd with the conjecture [30, 31]
if the high scale vacuum has negative cosmological constant.!” It would be interesting to
look for the corresponding extremal black hole solutions. Notice that this potential is
similar to that employed by Bousso and Polchinski [47] in illustrating the flux landscape.

17Tn section 2, we have seen that the SM with the high scale AdS, vacuum is at odd with the conjecture.
Here we point out that this potential conflict with the conjecture can also be found in S compactification.
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Figure 9. The tree level potential of S' compactification of the SM with the high scale vacuum,
eq. (3.27).

4 The SM vacua from T? compactification

In this section, we consider the vacuum structure of T2 compactification of the SM. The
same issue was discussed in refs. [3-5], where only periodic fermion and the potential around
the neutrino mass scale was discussed. In contrast to these earlier works, the generalized
formulae and analysis we present here allow for general spin structures of the fermions. As a
result, we can carefully consider the vacuum condition for general compactifications on 72.

4.1 Effective action

In the T? compactification, the metric is decomposed as
ds* = gagd:cada;ﬁ + p’y,-jdyidyj + B! dz®dy’, (4.1)

where 7 is the shape moduli, p is the volume moduli of T2, o, 8 = 0,1, i,j = 2,3, B, are
graviphotons, and +;; is the metric of the two-torus:

1 1 T1
= — . 4.2
Yig To (7_1 |7_|2> ( )

The Laplacian on 7?2 is

Af = plm (B3F — 1010f + (77 4+ 73) 02F) . (4.3)

and hence the normalized eigenfunction which is periodic on T2 is obviously

1 . .
¢m,n = m €xXp [ZmyZ + Znyl] ) /dZy\/ p’)’ijw:;z,nwm,n = 5m,n7 0 < Y1, Y2 < 2m.
(4.4)
The corresponding eigenvalue is
. . Im — nr|? . .
A (exp [imy2 + iny1]) = Ee— exp [imy2 + iny1] . (4.5)
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The extension to other boundary conditions is not difficult:

Yy +2m) =2y (yy), P(y2+1) =20 (1),

. . |[(m+62)— (n+6,)7|?
_— expli(n+0 +4(m-+0 , Ay =—
VY, 27 Jp pli(n+01)y1+i( 2)Y2] U, P

Ymn -
(4.6)
Once we solve the eigenvalue problem, we can calculate the one-loop potential with

general boundary conditions by evaluating the one-loop determinant. As calculated in
appendix B, the total Casimir energy after renormalization is

2

Val(o,m,00,00) = 3 (—1)¥em VY <p, gy Ay +

particle

]_ —
le7qu2 + 222P> ’ (47)

where s, is the spin, n, is the number of degrees of freedom, z, = 0(1) corresponds to anti-
periodic (periodic) boundary condition. If ; = 0 = 0, there is modular invariance in the 7
plane, and the potential has its extrema at 7 = ¢/™/2 and ¢/™/3. As in S compactification,
we have to specify the boundary conditions for two 1-cycles of T? in order to define the
theory. The fermions can have non-trivial spin structures corresponding to U(1); and
U(1)g. As in S' compactification, for simplicity, we choose the same boundary condition
for the leptons and baryons in the numerical analysis. Here VT(;) is

V.Y (p,7,01,00) = — lf; gi‘f; cos (2ml0;) K, <27rz\/\/£1\4) (4.8)
- 647T51PQT2 n:ioo [27r\/(n+91)2722+M2p72 {Lis (¢7+)+Lia (€7~) } +{Lis (e7+) +Lis (- )}} ,
where

. <ii {~(n+ 0071 + 02} —\/(n + 00273 + Mp272) . (4.9)

Now the action including the Casimir energy is
4 1 2 all 1 v
S: dl’\/—g §MPR—A4—VT2—1FMVF’UI + ...
1 P a
~ /dz:ﬂx/—g@) [2M1% {PR(Q) 5.2 {(9am)? + (aaTz)z}} — pAy — pVjs
2
_Pr or_ P~ 23 _ P 2 2
L Fon P! — £ Fpg P — {(0ada) + (9245} + .. } . (4.10)

Note that, in addition to the 72 moduli 7 and p, we have the Wilson line moduli
corresponding to the extra dimensional component of the gauge field. The conditions
of a vacuum for these moduli to be stable against localized perturbations is derived in
appendix C.3. It should be stressed that, among 7,g.3 and p, only 7 has dynamical
degrees of freedom with a kinetic term in the action.
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The condition of vacuum stability is summarized as follows (see appendix C.3 for the
derivation). First, in order to obtain the 2d spacetime independent solution, it is needed

V=0 0.V =0 (4.11)

Here V is the full 2 dimensional potential term, 0;, and 0, refer to the derivatives with
respect to 7, and the Wilson line moduli, respectively. Since the p field is not dynamical,
it is fixed by the constraint equation V' = 0. The curvature of 2d, R(y), is not determined
by the height of the potential, but by R = 20,V/M3%. Therefore, 0,V > 0,0,V =0 and
0,V < 0 correspond to dS2, My and AdSs, respectively. Next, to guarantee the stability
of the vacuum against localized perturbations, it is required that

07,0,V >0, OOV > 0, for dS5 and Mo,
1673
—507,0:,V > Rig), 0y0uV > Ry, for AdSy, (4.12)
pMp
where w is the dimensionless Wilson line field. In terms of the field in eq. (4.10), w corre-
sponds to A; = w;/ V/P- Notice that, in the case of AdS; vacua, some amount of tachyonic
mass is not in contradiction with the stability condition, known as BF bound [48, 49].

4.2 U(1) gauge theory on T2

4.2.1 With charged matter

As in the S' compactification case, we start as a warmup analyzing the compactification
of U(1) gauge theory with matter, before turning to the more complicated structure of the
SM landscape. As we will see, just as in the S? case, we can not find perturbatively stable
solution of T2 compactification. More explicitly, the potential is given by

charged — Ay + zvj(é) (p, 7,0, 0)’

1—2 1—=z
T - 4V’_‘[(é) <p77—7 QeAl + 167QGA2 + 26) )

2 2
(4.13)
where the second and the third terms correspond to the photon and electron contributions,

M=0

respectively.
We plot V;};arged as a function of the Wilson line moduli in the left panel of figure 10,
from which we can see that the potential is minimized when the Wilson line is at

geA1 + 1*% = % and g.As + 1*% = % However, stabilization of the 7 moduli can-
not be achieved in this case. In the right panel, the potential of the 7 moduli is plotted,
from which we can see that the potential is unbounded, and so there is no vacuum in this

compactification.

4.2.2 With neutral matter

Next we consider T? compactification of U(1) gauge theory with neutral matter. We show
that perturbatively stable d.Ss, Ms or AdSs vacua can be obtained. The potential is

1-— 1-
- 4V1(“;) (p7 T, 2Z16 ) 2226> ’ (414)

vasial — Ay + 2V, (p, 7, 0, 0)'
M=0
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Figure 10. U(1) gauge theory with charged matter. Left: the potential as a function of the Wilson
line moduli. Right: the potential as a function of the 7 moduli.

First, we consider a neutral Dirac fermion with periodic boundary condition. In this

i7r/3, eiTr/Z

case, the potential possesses modular invariance, and the fixed points 7 = ¢ are

extrema of the potential. Therefore, we fix 7 = €/™/3 in/2

or e/ and analyze the potential
for p, which is shown in figure 11. Depending on the value of Ay4, there exists two, one or
zero solution(s) of the Hamiltonian constraint V' = 0. These are candidates for a vacuum.
Notice that 9,12V < 0,0,-12V =0 and 9,-1/2V > 0 correspond to dSz, Mz and AdS,
respectively.

By looking at the figure, we can see that, for 7 = €/™/3 and Ay < 1072M%, we have
one vacuum candidate for dS5, and one for AdS,. For Ay ~ 10*2M§, we have a vacuum
candidate for Ms. Similarly, for 7 = /2, dSy and AdS, vacuum candidates exist for
Ay £1072M%, and a My vacuum candidate appears for Ay ~ 1072M2.

Next, we need to check the perturbative stability of the vacua, whose condition is
summarized in eq. (4.12). In order to examine the vacuum stability, the mass-to-curvature
ratio, SmZa/|R(2)| is plotted in figure 12. If this is smaller than 0 (for dSy/Ms) or —1
(for AdSy), the vacuum is perturbatively unstable. It can be seen that only the 7 = e™/3
AdSsy vacuum is stable for Ay < 10_2M§. Furthermore, if A4 is close to 10_2Mg1 both
the 7 = /3 and the /2 dS, vacua can be stable. These are the results for a periodic
fermion. The vacuum structure of this model is summarized in figure 13.

If we slightly change the boundary condition from a periodic one, we still have extrema
around 7 = /3 ¢™/2. We found essentially the same result, i.e., the existence of AdSs
and dSy vacua. More comprehensive analysis with general boundary conditions will be

presented elsewhere.

4.3 SM on T?

Now we move on to consider the vacuum structure of 72 compactification of the SM.
Unfortunately, it is difficult to completely analyze the extrema of a multi-dimensional
potential. Nevertheless even though a general analysis is too complicated, we can argue
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Figure 11. U(1) gauge theory with neutral matter. The potential as a function of p, the
volume of T?2.
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Figure 12. U(1) gauge theory with neutral matter. In the upper left figure, the value of p, which
satisfies V(p,) = 0 is plotted. The ratio between the mass of the 7 moduli and the curvature of
2-dimensional spacetime is depicted in the other plots. The vacuum is perturbatively unstable if
this is negative (dSz, Ma) or smaller than —1 (AdSs).

that if the charged matter contribution dominates the potential, the global minimum in
the 7 plane disappears. To see this, let us consider the 7 — oo limit. The potential is

v (p,7,01,00) — T {Li4(62’”'91) + c.c.} . (4.15)
T2 s Iy 9 327T6p2
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Figure 13. A schematic picture of the perturbatively stable vacuum structure of T2 compactifica-
tion of U(1) gauge theory with neutral matter.

particle (potential at minimum)x (327%p?/73) | (441, Ag11, Ag21)
graviton, —8.7 (=)
+v 4.3 (=)
+e —3.2 (1/2,-,-)
+u —11 (1/2,—,-)
o —9.2 (1/2,-,-)
+K —9.7 (1/2,—,-)
g n (1/2,-,)
SM-+graviton wo/ t, W, Z, H —86 (1.3,0.1,0.7)
Full SM+graviton —110 (2.7,0.1,0.7)

Table 4. The minimum of eq. (4.15) as a function of the Wilson line is shown. Here the neutrino
is periodic and Majorana. The third column is the value of the Wilson line field corresponding to
the minimum.

For massless contribution, this is valid for 5 > 1. A necessary condition for the existence of
a global minimum is the positivity of eq. (4.15), which we will check below. More precisely,
we check the positivity of eq. (4.15) for each p, where only the contribution from particles
whose mass /pM < 1 is considered. The results are summarized in tables 4, 5, 6, 7 and 8.
In the tables, the minimum of —(Liy(e?™1) 4-c.c.) as a function of the Wilson line moduli
is evaluated for Majorana and Dirac neutrinos with various boundary conditions. Then,
we can see that the 7 moduli do not have a global minimum for p='/2 > GeV and for
boundary conditions other than the periodic one. This situation does not change if we
start instead from the high energy vacuum in 4 dimensions.

When the neutrino term is dominant in the potential, we may have lower dimensional
vacua according to the discussion of section 4.2.2. We show the potential V = V;%l + Ay
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particle

(potential at minimum) x (327r6p2/7'22)

(A'yla Agll ) Ang)

graviton, y
+v
+e
+h
+7
+K
+1s
SM-+graviton wo/ t, W, Z, H

Full SM+-graviton

—8.7
—20

—28

—35

—42

—50

—44

—180

—220

Table 5. Same as figure 4, but for anti-periodic, Majorana neutrinos.

particle (potential at minimum)x (327%p?/72) | (441, Ag11, Ag21)
graviton, —8.7 (== )
Ty 17 (==-)
Le 9.7 (1/2,-,-)
+u 2.2 (1/2,—,-)
i 3.8 (1/2,-,-)
VK 3.2 (1/2,-,-)
g 1.6 (1/2,~-)
SM-graviton wo/ t, W, Z, H —73 (1.3,0.1,0.7)
Full SM+graviton —94 (2.7,0.1,0.7)

Table 6. Same

as figure 4, but for periodic, Dirac neutrin

0OS.

particle (potential at minimum)x (327%p2/73) | (441, Ag11, Ag21)
graviton, —8.7 (== )
+v —10 (=)
+e —18 (3/4,—,-)
i —25 (3/4,—,-)
St _98 (0.8,-,-)
K 34 (0.8, )
s 30 (0.8,-,)
SM-graviton wo/ t, W, Z, H —170 (1.8,0,0)
Full SM+graviton —182 (0.9,1,0.7)

Table 7. Same as figure 4, but for z = 1/2, Dirac neutrinos.
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particle (potential at minimum)x (327%p?/73) | (441, Agi1, Ag21)

graviton, -y —8.7 (=—)

+v —31 (-, —)

Te —39 (0,—-)

tu 47 0,-,)

T —53 (0,—-)

K —62 (0,--)

+7s —55 (0,—,-)
SM+graviton wo/ t, W, Z, H —188 (1,1,0.3)
Full SM+graviton —230 (1,1,0.3)

Table 8. Same as figure 4, but for anti-periodic, Dirac neutrinos.

v, 32r8(V p?)/1,2, T, periodic
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Lo my=0eV, 1=e 2,IH

-11-10 -9 -8 -7 -6 -5 -4
log1o(0™"[GeV])

s
----- my=0eV, 1=¢ 3 ,IH

Figure 14. Periodic Majorana neutrino. The potential for the volume moduli p.

below the MeV scale in figures 14, 17 in the case of periodic boundary condition. Figure 14
corresponds to Majorana neutrino, and there are two solutions of V' = 0 for any value
of My Jightest allowed by the experiment, my jightest S 0.1€V [50, 51]. In the left panel of
figure 15, we plot the value of p moduli, p,, corresponding to the solution of V.= 0. In
the right panel of figure 15, the perturbative stability of each solution is investigated, from
which it is concluded that only the AdSs vacuum corresponding to 7 = €™/3 is stable. This

result is summarized in figure 16, and is consistent with ref. [3].

In the figure 17, the potential corresponding to Dirac neutrino is plotted. If
my S 4.5meV or mz < 1.1meV, no solution of V' = 0 exist. The value of p corresponding
to the V = 0 is plotted in figure 18. The stability of the solution is shown in figure 19. Up-
per and lower figures corresponds to the NH and IH neutrinos, respectively. Regarding the
case of NH, there always exists the AdSy vacuum where 7 = €/™/3 for m; > 4.5meV. The
dSy vacua where 7 = €/™/3, ¢i™/2 are perturbatively stable for 4.5meV < m; < 6.3meV and
6.3meV < m; < 6.5meV, respectively, as summarized in the left panel of figure 20. On the
other hand, in the case of IH, the stable AdSs vacuum with 7 = /3 can be obtained for
ms > 1.1meV. The dSy vacua with 7 = €™/ and €/™/2 appear if 1.1 meV < m3 < 1.5 meV

and 1.5meV < mg < 1.55meV, respectively. The non-perturbative stability of these

~
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Figure 15. Left: the value of p, which satisfies V(p.) = 0. Right: the ratio between the mass
of the 7 moduli and the curvature of the 2-dimensional spacetime. One can see that the only

perturbatively stable vacuum is the AdS minimum with 7 = e*7/3,

T?, SM, Majorana v, z; = 2 = 1

stable AdSy at 7 = ¢™/3(NH & TH)
-

CMB bound

e

~ 0.1eV My lightest

Figure 16. Same as figure 13, but for the SM with periodic Majorana neutrinos.

32n6(V p2)/122, T2, periodic, vp, 1=e/ 2 32n6(V p2)/122, T2, periodic, vp, r=e/ 3
g'o mq=0eV, NH 2.0 7 mq=0eV, NH
5 15 ,I
.0 7“4 my=4meV, NH V4 my=4meV, NH
15 7 10/
1.0 &/ m=8meV,NH T/ my=8meV, NH
0.5 ’ !
oo—¥f— 1 - ms=0eV, IH 0.0 ;7' ----- my=0eV, IH
-05 ’ v
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12 -10 -8 -6 -4 ma=4meV, IH “11-10 -9 -8 -7 -6 -5 -4 ma=4meV, IH
Iogm(p’”z[GeV]) ---- m3=8meV, IH Iog10(p’”2[GeV]) ----- m3=8meV, IH

Figure 17. Periodic Dirac neutrino with normal and inverted hierarchies.

vacua is not clear. It would be interesting to investigate this issue further. If it turns out
that these vacua are stable, we can constrain the neutrino parameters according to the
conjecture [30, 31].

Interestingly, if we apply the multiple point criticality principle, as in the S! compact-
ification, the lightest neutrino mass is predicted to be around O(1-10) meV where the T2
vacuum has a curvature close to the our four-dimensional vacuum.
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Figure 18. The value of p, which gives V(p.) = 0 as a function of the lightest neutrino
mass, My lightest- 10 order to have a solution, we need to have 4.5meV < my tightess for NH and
1.1meV < my jightest for ITH, which is consistent with the result of ref. [3].

Even if the values of z1 o are away from 1, as long as they are close to 1, the minimum
in the 7 plane survives though it is no longer a global one. Numerically, we have checked
< 1.1, see figure 21. Indeed, we can find

~

that the local minima exists for 0.9 < 212
perturbatively stable vacua for this range of boundary conditions. In the right panel of
figure 20, the condition for the neutrino mass to obtain perturbatively stable AdSs vacua
im/3

with 7 ~ e is presented.

4.4 Flux vacua

Similarly to the S! compactification, we can consider flux vacua at the tree level. One
crucial difference from the S! compactification case is that we can introduce a magnetic
field without violating the Lorentz symmetry in 2 dimensions, with a contribution:

1
Stux = /dgx\/%[ - gF23F23 - pA4} = d%\/%[ — 2—szng17%’¥3[ — pAy
1

~ /dzgv1 /—=9(2) [ — %FQ% - pA4] . (4.16)

In the last line, we have assumed a flat 2d spacetime. The magnetic flux in compactified
space should be quantized: Fb3 = 2mm where m € Z.
Therefore, if we add a magnetic flux, the potential is modified to

1(2 2
V:,OA4+*( ﬂ-m) .

5 (4.17)

Then, we can find a solution to the Hamiltonian constraint, V = 0 for a negative cosmo-
logical constant. Note that the 7 moduli does not acquire a tree-level potential from the
flux contribution, and we may need the Casimir energy to fix 7.
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Figure 19. Upper left: the mass and curvature ratio is plotted for the periodic Dirac neutrino with
NH. The AdS,; minimum corresponding to 7 = €'/3 is always stable. Upper right: the enlarged
view of the upper left figure around 6 meV. One can see that the dS, minimum where 7 = ¢//3
is stable for 4.5meV < my tightest S 6.3meV, while the dS; minimum where 7 = ei™/2 is stable
for 6.3meV < mylightest S 6.5meV. Lower left: same as upper left figure, but for IH. Lower
right: the enlarged view of the lower left figure around 2meV. If 1.1meV < my jightest S 1.5meV,
the dS, minimum with 7 = e“/3 is stable. The dSs minimum where 7 = ¢/2 is stable for
1.5meV < my jightest S 1.55meV. The dSs solutions were overlooked in ref. [3].

Next, let us consider the effect of the axion flux. If we add two axion-like particles, we
can fix the p and 7 moduli at the tree level if A4 < 0. Explicitly, we have

Saxion = /d4l‘\/ —g |:(I’>(1(A(I)1 + @SA(I)Q — Ay

|my — 1117'|2f2 lmg — n27|2
AL S L LA R

2
2o — A 4.18
P72 P72 J 2 : ( )

~ [ dz —9(2) [—

where ®; is the U(1)pg breaking field, and we have put ®; = f,; exp [in;y1 + im;iya].

|m1 — 77,17'|2 ‘mg — n27'|2 2

V = pAy + 2+ —, for mimi€l (4.19)

This shows that if A4 < 0, we can fix all moduli at the tree level. The 7 moduli can
be fixed by an appropriate choice of (mj2,7n12), and V can become zero for p ~ —f2/A,.
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Figure 20. Same as figure 13, but for the SM with Dirac neutrino. Regarding the boundary
condition z; = z9 = 0.9, we concentrate on the AdSy vacuum where the value of 7 is around eim/3,

The corresponding two-dimensional vacua is AdS, x T2. For example, if we take the
parameter set (my,n1, mao,n2) = (1,1,1,2), we can fix the 7 moduli as shown in figure 22.
We can see that the minimum is around (71, 72) = (0.6,0.3). As discussed in section 3.6,
this may imply that metastable electroweak vacuum with the addition of axions cannot
be consistently embedded into a quantum theory of gravity. There is also a possibility
of moduli stabilization thanks to both the tree level potential and the one-loop Casimir
energy. The tree level potential fixes the 7 moduli at 71 = m/n, and the one-loop potential
fixes the 7 moduli.

5 Summary and discussion

In this paper, we have investigated the vacuum structure of the standard model upon
compactification to lower dimensions. Our work was motivated by the weak gravity con-
jecture and the multiple point principle, though our results are of interest in their own
right. Understanding the myriad of vacua in the SM landscape may give us insights as to
how we evolve to our four-dimensional universe with the observed particle spectrum and
interactions. Results from the LHC suggest the possibility that we can extrapolate the SM
to rather high energies. Thus, studies along the lines of the present work may also eluci-
date what kinds of vacua (albeit lower-dimensional ones) are permissible in an ultraviolet
completable theory.

The vacuum structure of the SM (and the warmup U(1) gauge theory example) com-
pactified on S and T2 is summarized in table 9. For an S compactification, we found that
there are no 3D vacua except for the neutrino one, and this neutrino vacuum is likely to be
unstable under tunneling. However, if the SM is supplemented with an additional axion,
we found a lot of flux vacua from compactifications of the high scale vacuum with a nega-
tive 4D cosmological constant. For a T2 compactification, we have calculated the Casimir
energy for general boundary conditions of fields in the compact space. We have clarified the
criteria for a perturbatively stable vacuum upon compactifiying on an 72. As a result, we
found new dSs x T? vacua which were overlooked before. Moreover, previous studies have
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Figure 21. The minimum around 7 = e survives as a local minimum if the boundary condition

is close to periodic.

mostly been focussing on the compactifying the electroweak vacuum. In this work, we have
considered compactifications not only of the electroweak vacuum but also of the high scale
Higgs vacuum. The non-perturbative stability of 72 vacuum is more subtle than the S*
case. Following the discussion in the first part of section 4.3 around tables 4, 5, 6, 7, 8, we
have found that for sufficiently small p, the potential for 7 moduli is unbounded. However,
p is not dynamical field, and hence it is not clear that this unbounded potential implies
the instability of the neutrino vacuum. This point needs further investigation.

In the case of S compactification with Casimir energy, our results seem to be consistent
with a recent conjecture that all non-supersymmetric AdS solution are unstable [30, 31].
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Figure 22. The tree level stabilization of 7 moduli.

model AdS flat dS
U(1), neutral Ay 10728012 Ay~ 10728012 1072802 < Ay S 10726072
U(1), charged - - -
SM, vys always - -
St SM, vp, NH 8.4meV < My lightest | Mulightest ~ 8-4meV | 7.3meV S my jightest S 8.4 meV
SM, vp, ITH 3.1meV < My lightest | M lightest ~ 3.1meV | 2.5meV < my jightest S 3.1 meV

SM, vy, high scale - - -

SM, vp, high scale | A4 < (neutrino mass)* - -

axion Ay <O - -
U(1), neutral Ay 10721072 Ay~ 1072102 1072502 < Ay S 1072102
U(1), charged - - -
T2 SM, vys always - -
SM, vp, NH 4.5meV S My lightest | Mulightest = 4.5meV | 4.5meV S my jightest S 6.5 meV
SM, vp, ITH 1.1meV S mylightest | Mulightest = 1.1meV | L.1meV S my lightest S 1.55 meV
axion Ay <O - -

Table 9. A summary of the analysis in this paper. Here the periodic boundary condition is taken.
We also impose the current upper bound on the neutrino mass, m, lightess S 0.1€V [50, 51].

However, the fate of these AdS solutions is not entirely clear, and we leave the construction
of the solution which describes the decay of the lower dimensional vacuum for a future
publication. On the contrary, if it is found that the lower dimensional AdS vacuum cannot
decay (e.g., due to arguments alone the lines of ref. [44]), we can constrain the nature
(Majorana vs Dirac) and the mass of the lightest neutrino according to the discussion of
refs. [30, 31].

The present work fits in the broader context of distinguishing the landscape from the
swampland based on the requirement that quantum gravity should be well-behaved under
compactification. This consistency requirement has been tested against the weak gravity
conjecture [14, 27-29]. Recently, ref. [29] discussed the consistency of quantum gravity

— 30 —



upon compactification to two dimensions. In this work, we presented the criterion to
obtain perturbatively stable vacuum in two dimensions, and thus we expect our findings
to have applications in this and related contexts.

Furthermore, we speculated on the nature and value of the neutrino mass, based on
the multiple point criticality principle. By requiring the existence of lower dimensional
vacua is close to the flat vacua. we predict that the neutrinos have a Dirac mass, with
the mass of the lightest neutrino ~ O(1-10) meV. This prediction implies the absence
of the neutrino-less double beta decay. Current CMB measurements put a bound on the
sum of the neutrino mass to be ~ 0.2eV [50]. Our prediction for the sum of the neutrino
mass is ), my; ~ 0.06-0.07eV for NH and 0.10-0.11eV for TH. Future 21cm observations
such as SKA [52], CMB observation such POLARBEAR-2 and the Simons Array Experi-
ment [53], and baryon acoustic oscillation observations such as DESI [54] further constrain
the neutrino mass to a precision that our prediction could be tested [55, 56].

It would be also interesting to study the cosmological consequences of the existence of
anisotropic [57] vacua such as those arising from compactifications on S* and 72. We hope
to return to this issue in the future.
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A One-loop effective potential in curved spacetime

In this paper, we calculate the one-loop effective potential by the path-integral formalism.
Since we work in curved spacetime, a careful definition of the measure of the path integral
is needed.

The measure is determined once we fix the infinitesimal distance in the functional
space. Because we want to preserve general covariance, the following definition of the
distance might be most appropriate:

166]2 = / d'z /=g8* (2)56(2). (A1)

Namely, by defining ¢ := (—g)%p,¢* := (—g)Y/*¢*, it is suitable to use DPDg* as a
measure of the path integral. This definition fixes our calculation of the one-loop effective
potential.

B Calculation of the Casimir energy

In this appendix, we present the calculation of the Casimir energy for S' and T2 compact-
ifications. A related reference is ref. [58]. The calculation of S compactification is the
review of known material. As for T? compactification, the new result is presented.
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B.1 S! compactification

The effective potential is

1) _ 25p1lp N1 d3k 2 12, 1.2 o (n+0)?

_ 2s+1”p d*k 2 s (n+0)*\7°
= (-1 2 s Z 27rL/ <k0+/~c + R+ M? 4

_ 2s,+1 " 11 3.
= (=1)% 5 127r2L4F( 10, ML ). (B.1)

s=0

Here s, is the spin of the particle while n), is the real degrees of freedom, and F is [59]:

o0

1
F(s;a,c) = Z Tl (B.2)

n=—oo

_ \/77- 1—2s 1 - s—1/2
_F(S)M Ts—3 +4pz_:l(7rp\d) cos (2mpa) K15 (27ple]) | |

In general, this is divergent. But if we consider sufficiently large s, this summation is
convergent, and we can define the summation with s = 0 by the analytic continuation.
Note that the factor 1/(27L) in the above expression comes from the normalization of the
wavefunction in S'. Namely if we use

1
V2mL

as a normalized and orthogonal basis, the functional trace of the S' part is

27
Y = —ehrm, /0 A3 /G5 = b (B.3)

1 _
trsp(—85p) = Z%trw —0ip — L7202, )¢n = %ﬁzn:tr4D(—aZD+L K5). (B4

Finally, we obtain

o0

5167‘(2(_1) rnpl(=2) = Pnpz SmdL2 n?

(Eq. (B.1)) = — cos(2mn#),

(B.5)
where we have used Ks(z) = K_s(z). The first divergent term is removed by the coun-
terterm of the cosmological constant which is same as the flat space one. Explicitly, in the
case of the flat spacetime, we have!'®

d4k 2 2 2 2 2 d d4k; 2 2
—(2ﬂ)4log(ko+k1+k2+k3+M) i) Gy (R R R+ M) .
d[ 1 T(s—2) 4 1/1)\° .
- — DM = I(—2)M*. B.
as [(4@2 (s) . ) T2 (B-6)

18Gee e.g. (7.85) of ref. [60] for the calculation here.
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Therefore, only the second contribution should be taken into account. As a result, we have

9 0
1 9 M cos(2mnh)
VR =~y n§:1 S Ka(2mn ML), (B.7)
If M =0, this reduces to
(1) _ 2s . —2mif
V517M:0 = —(—1) pnpw {Ll4(€ ) + C.C.}
~ 2s
~ —(—1) pnpw COS (271'9) . (B8)

In the second line, we have made the approximation that only the leading term of the
polylogarithm is taken.

B.2 Generalized Chowla-Selberg formula for T2 compactification

Our purpose is to calculate

o0

f(s;4,B,C,D,E,Q) = > (

n,m=—00

1
Am?2 + Bmn+ Cn?+ Dm+ En+ Q)*’

(B.9)

under the zeta functional regularization. This summation naturally appears in the calcu-
lation of the Casimir energy on T2, as we will see in the next subsection. First we divide
the summation as

- 1 - 1
/= nm:zoo nt0 (Am? + Bmn+ Cn?+ Dm + En+ Q)° * m:zoo (Am? + Dm + Q)°®
=: fi(s;A,B,C, D, E,Q) + f2(s; A, D, Q). (B.10)

The second term can be calculated as

. — 1 S OO s—1 D 2 D?
f2(8,A,D,Q)—F(S)m;oo/O dtt® " exp —{A<m+2A> +(Q_4A>}t

R L Ry B _D72 = TpD\ —r2p?
_F(S)\/;/O dtt exp[ <Q 1A t 1+2pZ:;COS 7A e At

S R R s

s—1/2
= D 2 D?
—|—4Zcos<mj4 > ™ : KS_1/2<\;T£ Q_4A> , (B.11)
VAo z
where we have used the formula
(e T 11428 6™ cos(2 B.12
—(n+z)*w _ s w2 .
nzzooe ” + ;e cos(2mnz) | , ( )
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in the second line. This formula can be easily derived by using the Poisson summation

formula,

> iw= 3 s o= [ " fe)e e, (B.13)

k=—00 n=—oo

with f(z) = e~ (@+2)*w_ We have also used the property of the modified Bessel function of
the second kind,

/Oo dtt* L exp {—oﬁt - /BQ] =2 <ﬁ>s Ks(2ap), (B.14)
0 t o

in the third line of eq. (B.11).
Similarly, the first term becomes
fl(S;A7B707D7E7Q)
1 a1 Bn+D 32 2 BD D?

_Zrls/oodtt51\/7{l+226 T cos(meBZ:;D)}exp {— (%(n—no)Q—l—q)t]

(s— 1/2

n¢0{4A n—no)*+ }

s—1/2
n#0
4 T Bn+D wm/\/z 2rm | A
+7\/jz cos (27rm ) K, 12 < (n—mno) +Q>
F(S) Am:l 2A ﬁ (n_n0)2+q \/Z 4A
I(s—1/2) EA A A 1
_7F(8) f2 2744’ 2An0a4An0+q (4an3+q)s—l/2

s—1/2
En;d'fOCOS 9 mBnJrD Trm/\/z K 2mm A ( ) I
A ] T A N 2+q s—1/2 7\/Z 4A n—no q),
m= 1

i (n—no)
(B.15)

s—1/2

where we define

1E- B2 D2 1(E— ’55)
- e Y S ¥ WA A = 4AC — B2 B.16
no 2 C— fj’ q= Q 4 C ) ( )

For the application to 72, we calculate the following quantities,

d
df2(A, D, Q) ::—£$%f2(s 1:4,D,0)
1

~8m3A 3A

+A{Lis (e™)+Lis (")} H , (B.17)

s=0

(4AQ D)4 A{m/4AQ—D2 (Lig (€™ )+Liz ("))
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d1l 1
dfl(AaB>CaD7E’Q)’ dsﬂlifl( ]-7A7D)Q) o
1 F 2 3.A A A N
T3/a?\ 2714 24 no, jA "t
LA, \P2
1 . o . o s (o s (0
+873 [ﬂ'\/(n—no)QA—HlAq{ng (e7*)+Lig (e77) }+ A{Li3 (e°*)+Liz (e ) }|,
n#0
where
+inD — m\/4AQ — D? +in(Bn + D) — m\/(n — ng)2A + 4Aq
Nt = A ;o O i= VI . (B.19)

B.3 T? compactification

As discussed in eq. (4.6), the eigenvalue corresponding to the quadratic term in the action is

M2 |[(m + 62) — (n 4 61)7|? _ LmQ _ ﬁ —i—ﬁn
pPT2 pP T2 pP T2 P T2
205 — 2710 —27105 + 267|72 02 — 270,60 292
L 22=2n60 | —2ms + 26:7] n+<M2+ 2 = 2n6165 + || 1). (B.20)
pT2 pT2 pT2

Hence, the Casimir energy consists of

1 d’k 11
- Z / (k§+k:%+M2+\(m+62)—(n+91)712>
1 d Pk [, o, . 11 -
= — — M - - 2
5% ds m;)o/ e (8180002 Lm0 = o) |
1 d < 1 1 1
_ a = B.21
8m2p ds mnz::oo A1 — s {M2 + |(m + 02) — (n + 01)7]%/ (p72) }* " |0 (B2

)

Using the functions defined in appendix B.2, we find that the one field contribution is

1
Vi (pm,01,02)
1 d1 1
- 8n2pdsdm1—s
><f<s—1-1 ﬁ |T]2 209 —27101 —271024—201]7\2 A2 9§_2719192+|T’29%>
2 pm e’ pT pT2 pT2

s=0
_ 1 |:d <1 27‘1 ‘TP 205 —27164 —27’1924—291’7"2 M2+9§—27‘10102—H7”29%>
8m2p pr2’ pme pr2’ P pT2 pT2
1 209—270 02 —27,60,6 2p2
+df2< 22261 2 05=2m016a+ 7] 1)] (B.22)
pr2’  pTy pT2
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Note that above parametrization gives

4 .
A:?, no=—01, q=M? 771:27T<i2(92—7191)— 7229%+PT2M2>a

2 M2 67
4AQ—-D" =4 <A27-2 +A4> , Ox=2m <ii{—(n+¢91)7'1+02}—\/(n+91)27'22+M2p7-2> .
(B.23)
The divergent cosmological constant term is contained in the dfs term
1 3 A A A P )
— —_ = ~M*=T + (finite t B.24
3\/Zf2< 274A7 2An074AnU+q> 4 ( ) ( nie erm)’ ( )

which should be subtracted by the counterterm of the cosmological constant in flat space-
time. The total Casimir energy is

(1) I e v 4 5 " 2mp/pM
VT2 (p77_701702> 87['2/) 4 + Z(ﬂ'p p) COS( 7Tp91) 2 \/E

871'31,07-2 Z [QW\/(TL+91)27'22+M2p72 {Lis (€°+)+Lis (7~ )} +{Lis (¢”+)+Lis (ea)}]
n#0

1 ]\42 9 1 . . _
+8? 27 o ,0 — (Lig (™) +Li (e~ ))—f—E{ng(e"*)-i-ng(e" el (B.25)

The finite Casimir energy after the subtraction is

) 1| = M? 2l /pM
= — 2 Ko| ——— B.2
Via' (p,7,01,02) o ; o cos (2ml6y) 2( s (B.26)

1 Z {27r\/(n+91)27'22+M2p7'2 {Lig (7*)+Lig (77 )} +{Lig (e”+)+Liz (e~ )}}] )

+
3
8o pTo L

The Casimir energy including all fields in the theory can be written as

Vil (p,m.01,0:) = > (1), V) <p,7 g1 + -

particle

]_i
g, As + 2221’), (B.27)

where s, is the spin, n, is the degrees of freedom, z, = 0(1) corresponds to anti-
periodic(periodic) boundary condition.
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B.3.1 Consistency with ref. [3]

For the periodic particles (6; = 02 = 0), eq. (B.26) becomes
V22 (p.7.0,0)

1 | 2 27l /pM
__ §o Mg, (2T
8m2p w22 VT2

=1

87T31p7'2 Z [27r n27'22 + M2pry {Lig (e7) + Lig (¢77)} + {Li3 (e?*) + Lis (ea)}]
+ 8—; [%\/j\% {Li (¢™) + Liz (¢")} + plTQ {Lis (¢"*) + Lis (en)}” 7 (B.28)

where we have used

ne — —2nM\/pra, o4 — —2m (iinn + \/n27-22 + MQ/)TQ) . (B.29)

Moreover, in the massless limit, we have

V2 (p,7,0,0) (B.30)

N ERCRS
8m2p | 180p 473 pry

[e.9]

1 > [2”‘””2 {Liz (e”*)+Liz (e’ ) } +{Li3 (e”*)+Lis (e~ )}] ]

3
8o pTo i

1 [w%} ¢(3) 1

T 16742 | 90 2

o0

1

21T
n=1

{27‘(’717’2 {L12 (6—27rin7_') +Lis (627rin7') } —|—{L13 (6—27rin7‘) —|—Li3 (627Tin7') } }] ,
where

Ny — 0, o1 — =27 (Lint + |n|m2). (B.31)

Recalling the identity,

o0 3/2
4.\/T9 Z (Z) cos (2mnpt1) K39 (270pT2)
n,p=1

1 . . 4 .
= —— [2mn7 {Lia(e*™7) + Lia(e *™"7)} + {Liz(e*™"7) + Liz(e >™"7)}], (B.32)

27Ty

our result in the massless and periodic case is consistent with eq. (17) in ref. [3].
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Next let us compare our massive periodic expression with eq. (16) in ref. [3]. Our

5 (280 (2
Wmfj[%\/n? 3+ M2pr {Lia () +Liz () }+{Lis (") +Lis (¢” )}}

1 M 3 N+ is (- i ia (et iz (-
g2 {Lia (67 L (7)) L (€7 +Lia (7))

expression is

V.3 (p,7,0,0) =

+

8m3
1 > 2pmo M? 2mp/pM
- 422p22 KQ( DVP )

1674 p =P VT2

1 oo

Z {27’1’ n27'22+M2p7'2 {ng (eUJr)—‘rLig (e”* )}+{L13 (€a+)+Li3 (60-7 )} }
27Ty ot
VPeM —27M /P : —27M /P
+ N Lis <e )—i— Sy Lis (e ) . (B.33)

We confirmed that this is consistent with eq. (16) in ref. [3]. We note that the identities:

2(/pM)*? & 21\ /pM /72 Lig (e 2VPM™V2) 4 Lig (e 2VPMTVT2
\[1/4 ZK3/2 27_‘_pr\/7_>2) f \/> ( - ) ( ) ’
Ty 2
4y/12 n%:1< ) <n2+p7_2 > cos (2mnpt1) K39 | 2mpT2 pTQ

1 72in7r7'1727r72 ”M +n2 ) QinmT —27wTs pfrVIQ +n2
= Lis +Lig | e 2
27?7'2
2 2
M2 —2inmr —2mTay [ PME 2 2inmr —2m7r2y | LM {2
2 3 T . p
+n“qLiz | e 2 +Liy | e 2 ,

+ 277y
T2
(B.34)
are needed for comparison. More explicitly, the correspondence is V(Q) = p‘()b)s where p?b)s
is the quantity which appears in ref. [3], and we identify p = a2.
We recall the well-known equivalence between
dN [ dVkg
F .= / n(k? + M? — ie) (: i / BN In(k% + M2)> : (B.35)
and
dN— 1k
G = / VIR + 2, (B.36)

up to a M?-independent constant. The calculation in ref. [3] employs G for deriving
the Casimir energy. The equivalence can be easily seen by taking the derivative respect
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with M?2:

d _/ d'k 1
oM?2~ | (2m)N k2 + M2 — e

_/ dk —1
) @mNA{RY — (B, — i)} {0 + (B —ie)}

o dVN e -1,

where Ej, = 1/|k|2 + M2. Hence, one can see F' = iG + const..

B.4 Consistency between S' and T? compactifications

If we take the limit where the one of the radius of 72 becomes infinite, the potential should
becomes that of the S* case. Note that

2

p = L1L2 , L2 = L1’T‘ (B38)

|7
where L1 and Lo are the radii of the two 1-cycles. If one take L1 to be fixed and Lo — o0,

then

|| — o0, p — 00, L= T% = fixed. (B.39)

We can see that the first term dominates eq. (4.8), and we have
o0

(1) T2 M2 T2
- - 2 Ko | 2nlM | — B.4
Vi — 1221 S S cos (27l01) Ky ( i p> (B.40)

which is the same as eq. (3.9) under the identification p/7 ~ L.

C Vacuum condition

In this appendix, we examine the conditions for the stable vacuum against localized per-
turbations in S and 72 compactifications. These conditions are different from that for the
conventional 4d flat spacetime because there can be negative curvature, and the dynamical
degrees of freedom is different in lower dimensions. The material in this appendix is new
except for appendix C.1.

C.1 Breitenlohner-Freedman bound in AdSg44; spacetime

It is well-known that AdS;y; spacetime allows some amount of tachyonic mass. In order
to see this quickly [61], we start from the equation of motion (EoM) of the scalar

1 1
(\/jgau (V=99"0,) — M2> ¢ =0, ds* = = (dz* + nudatdz") . (C.1)

More explicitly, we have

d—1 . M?
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By performing the Fourier transformation except for the z direction, this becomes

d—1 M? o
(65 - 0, — k k! — z2> o =0, d(z,x) = go(z)e’k , (C.3)
which leads to
- 1 d>—1
(—83 + V(z)) o(z) = w2cp(z), V =K+ ] (M2 + 1 ) , (C4)

by p(z) = 272 ¢(z). Combining the fact that a time dependent Schrodinger equation
only admits a stable solution if V' > —1/4, we get

d2
M?L3q4s > R (C.5)
where L2Ads is the radius of the AdS.
C.2 Vacuum condition of the S' compactification
In the case of the AdSs vacuum, the BF bound reads
L e e (C.6)
Lies 6 °
Let us derive the stability condition for the Wilson line moduli. The action is
1
S = /d4x\/—g <—4FWF’“’ —~val4 .. )
1 1 A2 vElL3
= Lo) | = M3ERE®) — —_(9;A3)% - o S04 . C.7
/xgd( o) |3Mp o2 (9i4ks) @rL)?  @nL)? (€D

Ly is the arbitrary length parameter which is introduced just for convenience. As we will
see below, the physical condition eq. (C.6) does not depend on Ly, as it should be. The
Einstein equation says

1 14
(£abi3) (~RED + LB ) = JVa Lo, (©8)
whose trace leads to
3 Valll L2
RFG) — S0 (C.9)
(2m)2 M3 L?
On the other hand, the mass of the Wilson line a = Ay is
LQ a?va}l
2 _ 0 S
m; = 2r? Oa? a:a*, (C.10)
where L,, a, are the spacetime independent solutions. Now eq. (C.6) is
m:  1LRMROVE 1 (©.11)
REG) 3 vl 9a? | _, — 6 '

Practically, the value in the left hand side is too large to save the tachyonic Wilson
line field, because the Mp factor in the numerator is much larger than the compactifica-
tion scale.
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C.3 Vacuum condition of the T? compactification

Unlike in other dimensions, we cannot go to the Einstein frame because of Weyl invariance
of the Einstein Hilbert action. The condition for perturbatively stable vacuum is briefly
analyzed in ref. [2] assuming a flat 2d spacetime. Here we present the extension to dS; and
AdS, spacetime.

First, we derive the equation of motion starting from

S= / /g0 BM}; <pR(2) - 2% (Bam)® + (aam)?)) - V(p,T)} L (12

The variations by p, gas, Ta are given by
1 1 1
9pS :/ [2Mz% <R(2) = 52 ((am)* + (3a72)2)> = 0Vip,m) =7 aﬁFQB} op,
T (P
55— [ 1 a2 (—0o8v? + vevs — RS sq o 4 PFOYFS, s
s = 2]\/.I'Pp g*PVi+VeVP — R 9ap + 2F F"g4509ap
+ EMQPR 2) — L ((6a7—1>2 + (aaTQ)Q) — 1‘/v - BF BFOCB gaﬁég ¥%;
4 PP Ty 27 8 ° *
1 1
_ / 3gas [ZMI% (~9"792 + VoV p+ z (F‘WFﬁ7 - 2F75FW5)
P ) 2 ) 2 1V af
- p((oﬂ'l) +(047-2))+§ g,
M2
57,8 = / [23(%7&)257 — R (D) (0%67s) — (aTaV)(sTa}
T Ty 2 T
M2
= / [571 <2Pp2V27'1 - Mg%(aaﬁ)(aﬂl) - 371‘/)
x T3 T2
M M
10 <2P”3(aa7a)2 + MEL(0°75) (0uma) + =L LV amv)} (C.13)
Ty TS 2 T

where [ := [d*x,/=g@). Therefore, EoM is

5 2 (R(z) L (0am)? +(am)2)> —8pV(p,T)—iFa,3Fa5:O,

5MP( O‘ﬁVQ—l—V‘XVB)p-i- <F‘”FB — F(sF”‘S aﬁ) {4 5 ((Oam)? (aa72)2)+;v}gaﬁ=o,
J\g}% P 72— M2 3(3%)(3&71)—@11/:0,

]‘?%(aﬂa)%r]‘{iz’p(a%g)(am)ﬂfv% Or,V =0. (C.14)

If we focus on the solution which does not have spacetime dependence, the EoM
becomes

1
5MI%R(Q) — 9,V =0, V =0, 9.,V =0. (C.15)

The curvature of the two-dimensional spacetime is determined by d,V. Next, we con-
sider localized fluctuations of the solution, dgng,dp, 674, around the spacetime independent
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background in order to discuss the stability of the solution. The equations for the localized
fluctuations are written as

%M%(SR(Z) —(92V)5p — (0,05, V)o7" = 0,
1 1
§M1% (=9asV? + VaVy) 6p — 5(90V)gap0p =0,
Mp p o
TPT—QQV 670 — (8:,0,V)8p — (07,07, V )7, = 0. (C.16)

The first equation is just the constraint. The perturbation of gravity, 6 R(y) is fixed by this
equation. The second equation is also not dynamical. By taking the trace, we have

MEV?5p +2(8,V)op = 0. (C.17)
By substituting this again, the second equation becomes
1 1 1
§M1%vav55p + 5(95V)gas0p = 1M]% (=9asV? +2V,Vj) 6p = 0. (C.18)
By employing the conformally flat gauge, g.g = 62“’%5, this leads to
{8081 - (81&))80 — (80(4))81} (Sp = 0,
0,V
{83 — (80w)80 — (alw)al — ]\2262“)} 6p =0,
P
2 apv>2w
07 — (Opw)dp — (O1w)0h + M—I%e op =0. (C.19)

The e = 1/3:(2),1 and 1/2? correspond to dSs, Mz and AdSs, respectively. In these
background, we can show dp = 0 from

{93 + 0% — 2(0ow)do — 2(01w)dr } Sp =0, {3601 — (01w)0p — (Fow)Dr} 6p = 0. (C.20)

More concretely, for d.Ss, we have

2 1\? 1
{ag + 02 + ao} op = { (80 + ) + a%} 5p=0, <ao + > dop=0. (C.21)
i) i) i)

By introducing dp = 0545/, this becomes
1 B 1 _
— (8§ + 9%) 6pas =0, —0p010pas = 0. (C.22)
o )

Therefore, we cannot take the localized dp as an initial condition. Similarly, we get following
equations in the case of My and AdSs,

(95 + 07) dp = 0, Doddp =0,  for Mo,
(08 4+ 07) 6paas =0,  0p010paas =0,  for AdSs, (C.23)

where 0p = dpaqs/z1. Hence, we can safely put dp = 0 to study the stability against
localized perturbation.
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Finally, let us move on the third equation of eq. (C.16). Now, it is

277
2 2 _
V (STa - m(@TaaTbv>6Tb =0. (024)
If the 2-dimensional space is flat or dS, this says that the matrix 9,,0,,V should be positive
definite. In the case of AdSs, the stability condition is given by the BF bound:

2T22 1 1 R(z)
2T (5. 0, V) > -t = 1) (C.25)
pM3, ' 41345 8

where R(p) = —2/L3 45"

Note that, unlike the discussion in ref. [3], we conclude that dSs and Mj are possible.
The point is that the discussion in ref. [3] is applicable only to 2 + ¢ dimensions. The limit
€ — 0 is not smooth because the Einstein Hilbert action becomes Weyl invariant.

Indeed, our argument matches the number of physical degrees of freedom. The 4-
dimensional graviton has 2 physical degrees of freedom. In term of T2 compactification,
this corresponds to the fluctuation of the 7 moduli. So we only need to consider the stability
of the 7 fluctuation, and the other fluctuations are determined by the constraint equations.

To summarize, we need to solve

V=0 9,V=0, (C.26)

in order to obtain the 2d spacetime independent solution of 72 compactification. The
curvature of 2d is determined by R(Q)MI%/Q — 0,V = 0, namely, 9,V > 0,0,V = 0 and
0,V < 0 correspond to dSz, Mz and AdSs, respectively. To guarantee the perturbative
stability of the vacuum, it is required that

(47‘2)2

0, 0,V >0, for dSy and Mo,
2O = or 2 an 2 pMI%

0r, 07,V > R(g), for AdSs, (C.27)

The dynamics of the Wilson line is similar to that of the 7 moduli. The EoM requires
that the Wilson line sits at the extremum of the potential. There is a lower bound on the
mass depending on whether the extremum is dSs, My or AdSs.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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