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ABSTRACT: Instanton partition functions of N' = 1 5d Super Yang-Mills reduced on S*
can be engineered in type IIB string theory from the (p, ¢)-branes web diagram. To this
diagram is superimposed a web of representations of the Ding-Iohara-Miki (DIM) algebra
that acts on the partition function. In this correspondence, each segment is associated
to a representation, and the (topological string) vertex is identified with the intertwiner
operator constructed by Awata, Feigin and Shiraishi. We define a new intertwiner acting
on the representation spaces of levels (1,n) ® (0, m) — (1,n + m), thereby generalizing to
higher rank m the original construction. It allows us to use a folded version of the usual
(p, q)-web diagram, bringing great simplifications to actual computations. As a result,
the characterization of Gaiotto states and vertical intertwiners, previously obtained by
some of the authors, is uplifted to operator relations acting in the Fock space of horizontal
representations. We further develop a method to build qg-characters of linear quivers based
on the horizontal action of DIM elements. While fundamental qq-characters can be built
using the coproduct, higher ones require the introduction of a (quantum) Weyl reflection
acting on tensor products of DIM generators.
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1 Introduction

Duality has been one of the most fundamental issues in string/gauge theories, and it has
been studied from many different viewpoints and in various contexts. One of the standard
approaches to the problem is to assign a brane configuration to the gauge dynamics, and
interpret the duality in graphical ways. Such an approach has been taken in NV = 2 super-
Yang-Mills in 4 dimensions (and N’ = 1 in 5d). The corresponding graphical object, the
Seiberg-Witten curve, is expressed through various configurations of D- and NS-branes.
For example, supersymmetric gauge theories with A/ = 1 supercharges in five dimensions
can be engineered in type IIB string theory using the methods developed in [1]. Linear
quiver gauge theories with U(m) gauge groups are obtained from webs of (p, ¢)-branes that
are bound states of p D5 branes and ¢ NS5 branes [2, 3].

A useful algebraic tool to analyze brane configurations is the topological vertex [4].
It has been introduced to reproduce the topological string amplitude on toric Calabi-Yau
manifolds. In fact, the toric diagram of Calabi-Yau threefold can be identified with the
(p, q)-branes web diagrams of type IIB string theory [5]. From this identification, it is
possible to build the instanton partition function of the gauge theory using the machinery
of topological string theory. In order to recover the Nekrasov partition function [6] in a
general Omega-background, it is necessary to refine the definition of the topological vertex
to include the gravi-photon background [7]. The importance of this representation of gauge
theories in the context of the BPS/CFT correspondence was first realized in [8, 9] where
the connection with the decomposition of conformal blocks was also investigated.

In [10, 11], Nekrasov partition functions have been studied from a different perspective,
namely through the representation of underlying quantum algebras: the spherical double
affine Hecke algebra with central charges (SH€) [12] for the 4d gauge theory, and its quantum
deformation, the Ding-Iohara-Miki (DIM) algebra [13-15] for the 5d gauge theory. The
representations of these algebras coincide with those of (quantum) W-algebra [12, 16-18]
while the basis of the representation coincides with the set of fixed points which represent
the equivariant cohomology of the instanton moduli space. This observation was essential
in the proof of the AGT conjecture elaborated in [12]. In addition, the presence of these
algebras reflects the integrable nature of the BPS sector of the gauge theory. It led to
the construction of R and 7 matrices satisfying the standard R7T relation of quantum
integrable systems [19-22].

The main focus of our previous works [10, 11] was the derivation of the qq-characters
from SH¢/DIM algebras. These particular correlators of the gauge theory were first in-
troduced in [23], and further studied in [24-28]. They have the essential property to be
polynomials, thus defining a resolvent for the matrix model representing the localized gauge
partition function. These quantities generalize the g-characters of quantum groups defined
in [29, 30], and naturally associated to the T-operators of integrable systems. In [10, 11],
we have shown that the representation theoretical properties of the Gaiotto state and the
intertwiner associated with bifundamental matter are directly translated into the regularity
property of qq-characters.



A different construction of qg-characters has been presented by Kimura and Pestun
(KP) in [31] (see also [32]). While both constructions are based on quantum W-algebras,
the action of these algebras is seemingly different. In our approach, a copy of the DIM
algebra is associated to each node of the quiver diagram, so that a quantum W, algebra is
attached to each gauge group U(m). On the other hand, the quiver W-algebras constructed
in [31] is based on a Lie algebra whose Dynkin diagram coincides with the gauge theory
quiver. In a sense, the two approaches are S-dual to each-other: in our approach the rank
is the number of D-branes while it is the number of NS5-branes in KP’s work. On the
algebraic level, the S-duality is believed to be realized by Miki’s automorphism [14] that
exchanges the labels (I1,l3) of DIM representations, here identified with the (p,q) charge

of the branes.!

It was realized in [33, 34] that the two different pictures can be better understood
using the refined topological vertex. Indeed, in [35], Awata, Feigin and Shiraishi (AFS)
have reconstructed this object using the generators of the DIM algebra where it plays the
role of an intertwiner between vertical (0,m) (associated to m D-branes) and horizontal
(1,n) (associated to a NS5-brane bound to n D-branes) representations [35]. Hence, like
a string junction, it interpolates between the representations associated to different brane
charges. In this way, different representations of DIM algebra can be combined to form a
representation web [33, 34] that can be identified with the (p, ¢)-web diagram engineering
the gauge theory.? This presentation clarifies the two approaches for the construction of
qq-characters: KP employed DIM generators in horizontal representations [36] while we
used similar generators but in vertical representations [16, 33].

The purpose of this paper is to propose a unified method to build qg-characters and
prove their regularity property. As suggested in [33], the method is based on insertions
of DIM operators in the horizontal representations. However, it also makes use of the
commutation of vertical actions which was instrumental in our previous derivation [11].
The link is made by a set of lemmas that intertwines horizontal and vertical actions on AFS
intertwiners. The AFS lemmas can be regarded as an uplift in the horizontal representation
space of the relation characterizing Gaiotto state and vertical intertwiners obtained in [11].
With this new method, we derive all the (higher) qg-character of linear quiver theories
with U(m) gauge groups, thus largely extending our previous results that were restricted
to fundamental qg-characters. In order to achieve this general treatment of quivers, several
new insights were necessary. First, we generalized the AFS intertwiner to higher level m
of vertical representations, allowing us to treat gauge groups of arbitrary rank. Most of
the previous considerations, including results on integrability, were restricted to gauge
groups of rank one or two. Then, in order to build higher qq-characters, a Weyl reflection
acting on (tensor products of ) DIM generators has been introduced. Called quantum Weyl

'Due to a different choice of conventions for DIM representations, the usual representation of (p, 9)-
branes webs is rotated by 90 degrees, with the NS charge ¢ in the horizontal direction and the Ramond
(D-brane) charge p in the vertical one. Thus, a brane with charge (p, q) corresponds to a representation of
label (g, p).

In [33, 34] this structure was called a network matriz model. However, since we do not use the matrix
model presentation of partition functions, we prefer not to employ this terminology here.



transformation, it keeps the qq-character invariant. In practice, it is used to build operators
commuting with a 7-operator, the vacuum expectation value (vev) of which reproduces
the instanton partition function. This commutation property is directly related to the
regularity property of the qq-character, thus providing another link with the manifestation
of integrability in supersymmetric gauge theories.

This paper is organized as follows. The second section provides the main properties
of DIM algebra and its vertical and horizontal representations. We put some emphasis
on the various duality properties, including the SL(2,Z) automorphisms. This section also
includes a brief reminder on A/ = 1 5d gauge theories. The third section starts from the
definition of the AFS intertwiners and proposes a generalization obtained from horizontal
composition. The generalized intertwiners simplify the computation of amplitudes associ-
ated to the brane-web. In sections 3.3 and 3.4, these intertwiners are used to reconstruct
the Gaiotto state and the vertical intertwiner built in [11]. In the fourth section, the hor-
izontal intertwiner is defined by taking vertical contractions of generalized AFS vertices.
It is shown that it commutes with the co-product of DIM generators. The quantum Weyl
transformation is defined in the section 4.2 as an operation on the tensor product of gener-
ators. It leads to a systematic method to construct qqg-character which is the main result
of the paper. Finally, the details of computations can be found in the appendix, along with
several useful identities.

2 DIM algebra and representations

2.1 DIM algebra

The Ding-Iohara-Miki algebra & [13, 14] can be presented in terms of the Drinfeld currents

=Y g, () =D Ryl v () =) e, (2.1)

keZ k>0 k>0

The modes :Lf and @bik are usually associated to points of a Z®%-lattice representing the
elements of the algebra (see figure 1). We assign Z®2-degree for generators as deg(x;5) =
(£1,n), deg(z;5) = (0,n). The notations and conventions used here are mostly borrowed
from [21], up to minor differences in the normalization of operators. The g-commutation
relations satisfied by the currents read
- gyw/z) +
wiz,wiw 0, P2 (w) = == T ()T (2
0% (2), 6% (w) (2 () = LR ) ()
()2 (w) = 9(§ jFl/Qw/Z):le (WyT(2), ¢ ()™ (w)=g(¥T/*2/w)* 2™ (w)y~ (2)
2 (2)2% (W) = g(z/w) ot (w)e(2)
)

_(1—Q)(1—q L ) -
= (1iq1q2) 2 (6( lz/w)zlﬂr( 1/2 w) — 6(Fz/w)™ (¥ 1/2w))’ (2.2)

with 4 a central element. This algebra has two independent parameters encoded in the
go With a = 1,2, 3 under the relation gig2q3 = 1. It is sometimes more convenient to use
instead the parameters ¢ = ¢2 and t = ¢ ! in particular in the context of representations
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Figure 1. DIM generators represented on a Z®2lattice where the S-transformation of the modular
group SL(2,Z) acts a 90 degrees rotation.

over Macdonald polynomials. We will also introduce the notation v = qé/ 2 =t/ 24172,

These parameters appear through the functions

o= ] 1—qaz _ S(2) SZ):(I_qlz)(l_(Dz)

1-— q;lz - S(qu)’ (1 _ Z)(l _ q3_12:) s (2.3)

a=1,2,3

that obey the unitarity properties g(z)g(1/z) = 1 and S(vz) = S(7v/z) necessary to the
consistency of the algebraic relations (2.2). Since these functions arise from the exchange
of two operators, they are sometimes called scattering factors.

In this paper, representations of level (I1,ls) € Z x Z with a weight u will be denoted
pg vl2) o1 sometimes simply (l1,12)y. The levels are defined through the representations of
the central element 4 and the zero modes w(jf,

o (q) = g2, L L) g (24)

Here, we will focus on the so-called vertical representations (0, m) and horizontal represen-
tations (1,n). The intertwiner defined in the next section relates three different represen-
tations, it will be portrayed as a three-legged vertex. Products and tensor products of such
operators can be described using diagrams resembling the (p,q)-web diagrams of brane
configurations in type IIB theory, they will be called representation webs. Note however,
that here diagrams are rotated by 90°, such that vertical lines (0,m) are associated to m
D5 branes and the horizontal line (1,0) to a NS5 brane. Note also that we will take no care
of the precise slope of horizontal lines: vertical lines in the diagrams will always refer to a
vertical representation (0,m), while horizontal and inclined lines can represent any of the
horizontal representations (1,7n). To avoid confusion, the representation space associated
to each line will be explicitly written on every figure.



The DIM algebra is a Hopf algebra with the following coproduct:

A(at(2)) =27 (2) © 1+ 97 (3], 2) ® 2+ (31)2)
A(a™(2)) =2~ (Y2)2) @ Ut (3r2) +1® 27 (2)
v 12 (2:5)
AT (2)) = ¢+('AY(2 Z) ® T/JJF('AY(U z)
A (2)) = v~ () *2) @ v~ (3112)

with A(§) =9 ®%, 41y =@ L and o) = 1 @ 4.
2.2 Quantum torus and DIM

Before we start the detailed explanation of DIM representations, it is illuminating to men-
tion the simplest representation with level (0,0) which may be identified with the symmetry
of a quantum mechanical system. We consider the noncommutative torus generated by the
two operators U, V satisfying

VU = qUV. (2.6)

where ¢ is not a root of unity. The enveloping algebra of U, V is generated by the elements
wyrs = U"V® identified as the degree (r, s) generators defining the algebra

5172

[Wry sy, Wrysy] = (q1 .

-0 )wT1+81,7‘2+S2 : (2'7)

This algebra has a SL(2,Z) duality realized as the redefinition of the basis, U’ =
AUV V! = BUVY (a,b, c,d € Z) which satisfies VU’ = q;U'V" as long as ad — bc = 1.3
In particular, the S-transformation is realized as S : (U, V) — (V,U~1).

In this simple set-up, the DIM algebra with (I1,12) = (0,0) is realized as

1 B A -
A ) = VBV, A0 () = s = (VU

Z:tl Z:I:l &
“wﬂ»flﬁgaxéﬂig%ﬂ%th@WFﬁw%ﬁ

(2.8)

with 6(2) = > <z 2" In this representation, the expression (2.5) of the coproduct simplifies
(0,0

as py, (4) = 1. In the vector representation, the generators U,V are represented on a basis
labeled by a single integer,

PO i) = Ju,i + 1), pPO(V)|u, i) = ugi|u,i), (2.9)

where u is the weight of the representation.

3A different but similar duality structure is realized by writing ¢1 =: €™ and defining a SL(2,Z)

modular transformation for 71: 7 = Z:llis Then, there exists two generators U ,\7 they satisfy the

quantum torus algebra with ¢} = ™1 and that commute with the original generators [U"V™, U"V?] =
0. This duality is known as the Morita equivalence, it plays a fundamental role in non-commutative
geometry [37, 38], and is also relevant in more recent works such as [39].



It is of some interest to compare the DIM algebra with the loop algebra § of a Lie
algebra g. The generators of g (without the central extension) are defined in terms of the
generator t, of the Lie algebra as J? = t*U"™ where U is a formal variable. DIM algebra
is a natural generalization of this setting in which two formal variables are introduced. It
sometimes referred to as a two-loop symmetry. The algebra (2.7) depending on a single
deformation parameter ¢; can be extended by two central charges, ¢1, ca [14],

S17T2

[wT1817wT282] = (ql P

- ql )le—l-Sl,Tg—l-SQ + 57"14—7’26814-82 (TlCl + 3102)q;181 . (210)

In this formulation, the SL(2,Z) symmetry is manifest, and the S-transformation is realized
on the central charges as S : ¢; — ¢2,c0 — —c1. The introduction of a second quantization
parameter g leads to the DIM algebra [14]. One may identify the levels (I1,l2) with the

representation of the two central charges, pz(f 1’12)(01) = qf,f? pz(f 1’12)(02) = qél.

2.3 Vertical (0,m) representation

The vertical representation (0,1) has been formulated in [15, 16], it is equivalent to the
rank m representation studied in [11] with m = 1 and up to a normalization. Here we
employ conventions similar to the ones used in [11], but with different states normalization
(the change of the convention is summarized in appendix A).

The (0,m) representations depend on a m-vector of weights ¥ = (v1,---vy,) and act
on a space spanned by states in one-to-one correspondence with m-tuple Young diagrams
N = (AD, Ay,

m Y m—1_—(m— 1 - 7
P (@ ()7 X)) =413 6(2/xa) Res [0, X+ ),
. z=x= 2V5(2)
T€A(N)
(0,m), — G X)) = ~—2ml m—1 5 Res 2 1 V-(za- )5 X — (2.11)
ps " (@ (T X)) =TT Y L 6(2/xa) Res 2T Vs (25 )IE A - @),
zeR(X)

1

PO (G ()7, X)) =4 [T5(2)] 15, X))

- -

where A(\) and R(A) denote respectively the set of boxes that can be added to or removed
from the set of the Young diagrams Aq,--- , A\y. These expressions involve the functions
Us(z) and Y;(z) that depend on a m-tuple Young diagram. Their expression can be
factorized in terms of individual Young diagram contributions,

Vi(2) = [on ), ¥502) = [ ¥ao(2), (2.12)
=1 =1

zq7t v = 1—271 T
Ualz) = J})i)()\é%)), Yale) = <1 - ;) erAS(Xw/Z) - HI;IGR:)(?— (zq3)‘X1xx’ (2.13)

Here, each box x € X is defined by three integer labels (1,4,7) such that (7, 7) indicates the
position of the box in A(Y). The associated box coordinate reads x, = vlqi_lqé_l.

As in [11], it will be important to add a set of diagonal operators V¥ (z) such that

VEETA) = [Vx()] L 18,X) (2.14)



The notation [---]+ refers to an expansion in powers of zF! of the quantity inside the
brackets. They will be used to define the qq-character.

The action on the bra states will be referred to as the dual vertical representation. In
this representation, the roles of 2™ and 2~ are exchanged:

(@ X2 ™ @ (2) = =" 3 8(=/xa) Res 2 Vy(aay (0. X ~ 2,

-

zER(N)
e

Y ()] (@A

—
—
S
>
R
<y /8
2
—~
<
H
—~
N
N~—
SN—
Il

and pAq(,O’m) (%) = 1. Strictly speaking, this is not a representation of the DIM algebra

because some of the g-commutation relations are no longer satisfied. Instead, it should be
seen as a representation on the dual states ((#, A| that are orthogonal to the basis |, A)),*

(T, X7, X)) = 65 5 azl, (2.16)
such that we have the property
(4@ X1 ()) 15, X)) = (@, X] (o™ (€)1, X)) (2.17)

for any element e of the DIM algebra. The norm of the states involves the coeflicients
ay which will play an important role in the construction of instanton partition functions.
They are defined in terms of the vector multiplet contribution to the instanton partition
function Zyect (U, X) as follows,

a5 = Zyeet. (7, X) 1_[(*’77%)_‘)\| H Xa- (2.18)
=1 zEX

The vector contribution Zyect (7, X) will be defined in the section 2.5 below, it is expressed
in terms of the Nekrasov factor (2.33) as a result of localization. As shown in [11, 40], the
Nekrasov factor obeys a set of discrete Ward identities. Consequently, the coefficients ay
also obey similar identities. They can be written in terms of the function Y;(z) as

A4 1 —qiqo m. —m 1
— YX Res — 1\
ag  (—@)d—a) ™ = Vi(2)Vx(2q5") (2.19)
ax_g — 1 —q1g2 ,_Y—mxm—2 Res y~(z)y~(zq_1). '
o O-a)i-g)! X B Este

“Due to the change of states normalization performed in appendix A, and since the original states were
orthonormal, the coefficient as is expected to be proportional to /\/’()\)72. The additional factors are chosen
to simplify the formulation of the AFS lemmas below.



2.4 Horizontal (1,n) representations

Horizontal representations [36] of level (1,n) act as a vertex operator algebra in the Fock

space of g-bosonic modes with the commutation relations®
1-— qk
[ak,a_i] = kﬁ@J, k,l>0. (2.21)

The representations involve the positive/negative modes of the vertex operator

> 1— t:tk
Vi(z) =exp ( F ), ——= s | | (2.22)
k=1

and can be defined in terms of the following operators:

n(z) = Vo(2)Vi(2), €(z) =Vo(r2) WValz/9)h 05 (2) = V(' 2o)Va (7 F9/%2) 71,

(2.23)
Explicitly, we have
1—1t 1—t
n(z) = exp (Z ? zkak> exp (— ’ zkak> ,
k=1 k=1
o0 _k o0
1—1t 1—-t _
£(2) = oxp (— > 7> 0 (z Lt ) ,
h= k=l (2.24)
— 1 - U\ k)2 —k
et =exp | =) —— 1=
k=1
— 1 —tF 2%k —k/2 _k
¢~ (2) = exp (L= ey )
k=1

Useful commutation relations involving these operators are presented in appendix B. The
horizontal representation (1,n), reads

pg’") (a:+(z)) = uy"z"n(2), pl(tl,n) (7 (2)) = u_l,y—nznf(z)’
AP () = 7 ), AV @) = (), )
(1,n)

and py, " (%) = ~. Similarly, it is possible to define the representation (—1,n), using the

same vertex algebra,

AT E) = u T, AT () = e,
AT W) = v e (), AW () =Y, (2:20)

with pi "™ () =471,

SHere we use parameters ¢, ¢ instead of g, to follow the convention of [35]: ¢ = g2, t = ql_l. The oscillator
modes can be represented on symmetric polynomials as follows:

_ k
pl=a 2
1—tk Opy

PMacdonald (A—k) = Pk,  PMacdonald (Gk) = (2.20)

where pj denotes the power-sum symmetric polynomials.



By definition, the vacuum state |()); ,,), is annihilated by the positive modes aj, and

ot (z )\@>(1 e = 19)(1,n),- The dual vacuum state (1,n).{0] is annihilated by negative modes,

and <@|<,0 (2) = ( n)u{0]. The normal ordering, denoted : --- :, corresponds to write

all the pos1t1ve modes on the right, and all the negative modes on the left. Correlators of
operators O;(z;) acting in the Fock space are defined as the vacuum expectation values

(O1(z1) - On(2n)) = 1. (0101(21) - - On (28)[0) (1,m)., (2.27)

with the radial ordering |z1]| > |2z2] > -+ > |z2n]-

2.5 Reminder on 5d N = 1 instanton partition functions

The quiver Super Yang-Mills gauge theories with A" = 1 in 5d reduced on S' are charac-
terized by a simply laced Dynkin diagram I". Each node 7 € T" is associated to a vector
multiplet with gauge group U(m;), and an exponentiated gauge coupling q;. To each edge
< 1j >€ I' corresponds a bifundamental matter multiplet of mass y;; that transforms un-
der the gauge group U(m;) x U(m;). In addition, a Chern-Simons term of level x; coupled
to the gauge group U(m;) can be introduced at each node i. Thus, each node bears two
integer labels (m;, r;) with m; > 0 that will later be related to the levels (I1,l2) of DIM
representations. Extra matter fields in the fundamental/antifundamental representation of
the gauge group U(m;) can also be attached to each node, and the corresponding masses
will be denoted qu(fj) with j =1--- f;, and uz(»?jf) with j=1--- fz respectively.

The expression of the instanton contribution to the (K-theoretic) partition function
reflects the particle content of the theory. It is written as a sum over m;-tuple Young
diagrams X;, and each term is factorized into vector, Chern-Simons, (anti)fundamental
and bifundamental contributions:

mst Z H q,‘L)\ |Zvect i Xi)ZCS(Hiv Xi)qund.(ﬁ@('f)a Xi)za.f.(ﬁl('af)a Xz)
{/\1} i€l
< ] Zota X, 5, X i), (2.28)
<ig>el

where the (exponentiated) Coulomb branch vevs @; are related to the vacuum expectation
value of the scalar field in the gauge multiplets. From this expression, it is possible to
define a normalized trace of functions depending on the realization of the set of (tuple)
Young diagrams {X;} as follows,

<F[{Xi}]>gauge mst ZF {)\ } qu VeCt )ZCS(H“ )\‘)L'yfund-(ﬁz(f)7 XZ)

el

X Z ( (af) )\ H bed. ’Ui)\i,vj,)\ﬂ,uij). (229)

<ij>er

This operation will be very useful in order to express the qgq-characters of the gauge theory.
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The bifundamental contribution with U(m) x U(m') gauge group can be decomposed
as a product of Nekrasov factors,®

Zpga (TN, TN |p) = H H (v, AW, oty XED, (2.31)

Various expressions of the Nekrasov factors have been written, the one given here has been
obtained by solving the discrete Ward identities derived in [11, 40],

N(v1, Ao, 00) = [ S<Z> I1 < q?;) < ] <1—;i>. (2.32)

TEN] TEAL TEN
YEAg

The vector multiplet contribution is expressed in terms of the Nekrasov factors as follows:

VeCt )\ ]1 ”Ul’ l) oy, )\(l/)) (233)

Finally, the Chern-Simons and fundamental /antifundamental contributions are expressed
in terms of a simple product over all boxes in the Young diagrams,

Zos(kX) = ] @) Ztuna. (), HH(l_XxQ3 ) 1),

zEX zeAJ 1

Zoe (0, X)) HH —1fhah. (2.34)

zeXi=1

The instanton partition functions defined in (2.28) are invariant under the rescaling
U — i, 4 — o T, ﬂgf) — ME b, H,E D ,u( D and pij — (ai/aj)pij. This
invariance can be used to set the bifundamental masses to a specific value which simplifies
the algebraic formulation developed here. Thus, from now on, all bifundamental masses
will be set to p;; =yt

These N = 1 supersymmetric gauge theories can be engineered in type IIB string
theory [1]. Linear quiver gauge theories with U(m) gauge groups are obtained from webs
of (p,q)-branes that are bound states of p D5 branes and ¢ NS5 branes [2, 3]. The branes
occupy the dimensions 01234 corresponding to the space-time of the 5d gauge theory, plus
an extra one-dimensional object (line) in the 56-planes. In order to preserve supersymme-
try, the lines have the slope Az%/Ax5 = p/q, so that the world-volume of D5-branes with
charge (1,0) occupy the dimensions 012346, i.e. they are vertical segments in the 56-plane.
On the other hand, NS5 branes of charge (0,1) are extended in the 012345 directions, and

correspond to an horizontal line in the 56-plane. A representation of DIM algebra has been

5The Nekrasov factors enjoy the property

N(v2, 2,000 5, A1) = (—v1) "2 (=gaoa) M TT Xt [] xe N(wi, Ar,v2, 20). (2.30)

TEN] TEA2
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associated to each brane of the (p, ¢)-web diagram [33, 34]. Representations of level (i1, 12)
correspond to (2, l1)-branes so that horizontal (1,0) representations are associated to NS5
branes and vertical (0, 1)-representations to D5 branes. The topological vertex play the
role of creation/annihilation operators for the (p, ¢)-branes, they will be identified with the
generalized AFS intertwiners in the next section.

2.6 Discrete symmetries of DIM algebra

In [14], Miki has introduced an automorphism of the DIM algebra that he denoted ¥. Since
it can be identified with the action of S-duality on the (p, ¢)-branes, it will be denoted by S
here. This automorphism leaves the DIM algebra invariant, but map degree (r,1) generator
into degree (I, —r) and representations of different levels:

S (i, lo) = (=la, ). (2.35)

Although the explicit transformation of the modes is rather complicated (it can be found
in [14]), the square of the automorphism takes a rather simple form: ;" <» o~ , # < 2%,
1 or in terms of generating series, 97 (2) <+ 1~ (1/2) and 2% (2) < 2T (1/2).
The action of S? transforms horizontal representations (1,n), into the representations
(=1, —n)y, so that pq(}’n) (S?-e) = pq(t_l’_n)(e).

By examination of the commutation relations, it is possible to define another transfor-

and 4 <> 4~

mation T acting on the Drinfeld currents as

A~

,i_lili kN ATt
T-a(2) = v=(z), T 7 (2) =9Tv(2), (2.36)

z

or, in terms of modes,
Tap(z) =40, T =47 (2.37)

Again, the DIM algebra is invariant, but representations of different levels are mapped to
each-other,
T- (ll, lg) = (ll, 1 + lg). (238)

Vertical representations are invariant under the action of 7, and horizontal representations
of level n are mapped to horizontal representations of level n 4+ 1. The operations & and
T obey the properties S* = 1 and (ST)? = 1, so that they generate a group of SL(2,7Z)
transformations. To some extent, this group can be identified with the modular group of
type IIB string theory. In particular, the Miki automorphism S would correspond to the
S-duality that rotates the (p, ¢)-web diagrams by 90°, exchanging NS5 and D5 branes.
The second duality symmetry in DIM algebra is permutation of three parameters
q1, 92, q3, which is manifest at the level of algebra. This S5 symmetry is sometimes re-
ferred to as a “triality” [18] in connection with higher spin gravity [41]. We note that
the representations of DIM are constructed with the reference to ¢1,¢s. In this sense, the
exchange between ¢q; and ¢ is manifest. In 2D CFT language, such permutation is realized
as (3 <+ 1/B where 3 parametrizes the central charge ¢ = (n — 1)(1 — @*n(n + 1)) with

- 12 —



Q=+VpB—- \/B_l. In terms of the vertical representation basis, it is realized by taking the
transpose of each Young diagram, A <+ \. The other transformations, such as ¢q; <> ¢3, are
less obvious. When the parameters are suitably chosen, they are identified with the level-
rank duality [41-43] where the correspondence between basis is also more involved [18].
While the SL(2,Z) transformation may be regarded as a M-theoretical target space duality
since it interchanges D-brane and NS-brane, the S3 duality may be interpreted as a world-
sheet symmetry since it acts on the Hilbert space of equivalent 2D conformal field theories.
From the viewpoint of super Yang-Mills, g1, ¢o represent the graviphoton background in
the Euclidean planes (01) and (23). In this sense, we sometime denotes the symmetry
q1 <> q2 as o(g1)(23)- On the other hand g1 <+ g3 does not have an immediate woldvolume
interpretation.

Another reflection symmetry o5 is obtained by replacing the parameters g, by their
inverse, effectively exchanging S(z) with S(g3z), and g(z) with g(2)~! = g(271).” The
transformation of DIM generators resemble the action of S?, except that x+ and xz~ are
not exchanged: ¥*(2) <+ ¥¥(1/2), 2% (z) > 2¥(1/2), and the central parameter 4 remains
invariant. Thus, representations of level (l1,l3) are mapped to representations of level
(—=11,12) and vertical representations are left invariant.The o5 reflection of vertical (0,m)
representations follows from the transformation of the functions

Vi(2) = 2[00t Vi(zTY), Us(z) = g Ts(z7 ), (2.39)

provided that the weights transform as v; — 1/v; so that x, — 1/x, for z € X. On the other
hand, (1,n), representations are sent to (—1,n), representations so that os - p&l’n)(e) =

pS[L") (05 - €) where the transformation o5 sends the background parameters ¢, — ¢;*

together with the modes a; — tF+/¥la;, and the weights v — 2"y 1

. In this manner, n(z)
and £(z) are exchanged but ¥ (2) remain invariant.

The action of the o5 symmetry on instanton partition functions is closely related to
the reflection symmetry studied in [45], where it relates two dual TQ equations in the
Nekrasov-Shatashvili limit. However, here the Coulomb branch vevs behave differently,

since v; — 1/v;. Vector and Chern-Simons contributions transform as
Loy —m|X Lo v T
Zoeet. (1, 3) = 3 "N Zoeer. (7,X),  Zes(w, X) = Zos(—#, ), (2.40)

and the A; pure U(m) partition function is invariant provided that the sign of the Chern-
Simons level is flipped, and the extra gz-factor is absorbed in the transformation q — ¢4'q.
On the other hand, the bifundamental contribution transforms into itself, but with the two
nodes exchanged:

Zpia (01, X1, Ta, Aol ) = Zpga. (T, Ao, 01, Xﬂqgl//) (2.41)

"Obviously, the two reflections 0(01)(23) and o5 commute. The composition o(g1)(23)05 acts on the DIM
parameters as the exchange g1 <+ g5 ! ort < ¢q. This is a well-known symmetry in the context of Macdonald
polynomials, see for instance [44].
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where 1’ is the reflection of p (' = v when u = vy~ !). As a result, the o5 symmetry
for the instanton partition function of linear A, quiver consists in reflecting the order of
the nodes 123---r — r(r — 1)---1. Hence, this Se-symmetry can be interpreted as the
reflection symmetry of the (p, ¢)-web diagram with respect to the horizontal (z°) axis. In
fact, the symmetry o5 also acts as a reflection along the horizontal axis in the graphical
representation of the DIM modes x> and ¥ (see figure 1).

3 Generalized AFS intertwiners

3.1 Definition of the generalized intertwiners

The AFS intertwiner operator has been introduced in [35], it generalizes the free fermion
presentation [46] of the topological string vertex to the refined case. It is built over bosonic
fields that coincide with those introduced in the horizontal representation of DIM algebra,
thus providing a direct link with the representation theory. The original intertwiner acts
in the tensor product of the representation spaces (0,1), and (1,n),, and takes values
in the space (1,n + 1)_,,. The vertical space (0,1), is spanned by states in one to one
correspondence with Young diagrams A. Hence, the intertwiner is a vector in this space
with index A,

®M [, v) = (@E\n)[u,v]>>\, @E\n)[u,v] (1,n)y = (Ln+1)_y. (3.1)

Both horizontal spaces (1,n),, and (1,n+ 1)_,, can be identified with the same Fock space
of g-bosonic modes, and the elements ® )\n) are expressed in terms of the modes as follows:

" [u,v] = tu(N u,0) : p(v) [] n(xa) - (3.2)

TEA

The vacuum component is defined in terms of a new vertex operator

o 3 © 1 ,Fk
Py(v) = V_(v)V4(v), Vi(z) =exp ( Z% _quM ﬁ:k) (3.3)
k=1

which is related to the previous operator Vi (z) defined in (2.22) as
Vi(2) = Va(@12)Va(g22) Ve (2) V(g5 12) 7 (3.4)

In fact, the vacuum operator can be obtained as a (normal-ordered) product of 7(xz)
factors associated to an infinite Young diagram since

o
= H Vi(vq’i_lqg_l)_l =  Dy(v H n(vgi™ q2 “hH=te (3.5)
ij=1 i,j=1
Thus, this operator is associated to the perturbative part of the partition function, ex-
tending the arguments developed in [47] for the degenerate limit relevant to 4d gauge
theories. Indeed, the prefactors obtained from the normal ordering of two vacuum inter-
twiner and involving the function G(z) (defined in appendix B) should be interpreted as
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perturbative (one loop) contributions to the gauge theory partition function. However, to
keep our arguments simple, we will simply neglect these factors and no longer refer to this
interpretation here.

(n)

The normalization factor ¢,(X,u,v) is the vev of the operator ®y", i.e. the correlator

<<I>&n> [u, v]> It is chosen in order to recover the exact form of the AFS relations presented
below. Its explicit expression depends on the form of the vertical representation, which is
slightly different than the original one employed by AFS,

tn(X u,0) = (—uo)M T (v/x2)" (3.6)
TEA

The reason for this different choice of normalization is that Awata, Feigin and Shiraishi
were using the action on Macdonald polynomials to investigate the connection with the
refined topological vertex [48]. On the other hand, here we have chosen to keep a certain
symmetry in the way the boxes of Young diagrams enter the formulas. It also makes the
connection with our previous results on qq-characters more explicit [11].

The AFS intertwiner can be generalized to vertical representations of higher level,

U™, 7] : (0,m)5 @ (1,n)y = (Ln+m)y,  with o =u]](-w), (3.7)
1=1

where the vector in the vertical space (0, m)z has components labeled by the m-tuple X
that reads

O 1, 7] = by (X, 1, ) 5 H W) [Tn0) 5 tnm o, 8) = ()Y T (r/xa)™ 4
=1 zEN TEN ( )
3.8

This operator can be constructed as a product of vertical level one intertwiners coupled in
the horizontal channel, as represented in the figure 3. The contraction in the horizontal
channel simply corresponds to a product of operators in the g-boson Fock space. However,
it is only possible if the weights of the intermediate representation spaces coincide. The
resulting product can be normal ordered, and commutations produce a bifundamental

contribution,
n n gv 27} n n
0Dy, 0]y, 1] = 2Ty e Dy ) (39)

N(Uh )\17U27 )\2) ‘

with the requirement ugs = —ujv;. The function G(z) is defined in appendix, formula (B.4).
It only depends on the ratio v;/ve and thus can be easily discarded. The (vertical) level
m intertwiner is obtained by repeating this operation m times,

(I>(n+m—1) [urm ”Um} ... (I)EZ—H) [UQ, Ug}@&?) [Uh 'Ul]
, m o4 _ n,m
_ H ’U[/’Y Uy ) « lel n+l ql()‘l’ulvvl)q)(_) ) )[u’{)’]’ (310)
1L,/=1 N vlaAlavl'a)\l') t?’b,m(A7u7U) g

<t
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with for each intermediate horizontal space the weight

-1
w=u ] (-vr). (3.11)

=1

The extra factors in (3.10) and in (3.15) below will be absorbed in the replacement of
products of ayu) by ay in the definition of the gauge theory operators (see the next section).

The AFS dual intertwiner can be generalized in the same way. It is defined as the

opelrabtor8
O w7 (L,n 4 m)y = (1,n)y ® (0,m)z,  with o' =u]](-w), (3.12)
=1
with vertical components
(I)(Xmm)*[u’ U] =t m (A, u, 0) H@E(vl) Hf(xz) :,
= e i} (3.13)
where: ®j(v) = Vo(y0)"'Va(y o)t (N w, 0) = () T T O/ )™
IEX

Again, it can be constructed from the original dual intertwiners of vertical level one as a
product in the horizontal channel using the relation

O [us, va) 1" [y, v1] (3.14)

—1
= A —|A HTL‘E)\ Xz Hze)\ Xz Ca(nrl)x (n*)x ‘
= G(v1/v2)(—v2) 1l (—gguy) 1! N(71)2,)\2;Ula>\12) L0 g, 0] @ [, o) -

Repeating the operation m times reproduces the dual intertwiner of level m,

(=) M (= gzup) TG (v Jy)
o) L pntm=1) _ (—ur) 31 i/ 315
A [t U] M [, v1] H N (vg, A, v, Arr) (3.15)
1,I/=1
>
m m
% H HX;erQl_l % Hl:l t;+m:l(Aliulv ’U[) q)(xn,m)*[uj 17],
I=1zeN t;,m()‘a u, U)
with the intermediate horizontal weights u; such that u; = —vi4 1941 and wy,, = u:

m
w =’ H (=)™t (3.16)
l,lllfgzll

8Note that we have exchanged the role of u and v with respect to the original definition so that @ is
always the weight in the vertical space.
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(L,n4+m)y (0,m)z

(1,n)u
(n,m) [u 17] o m)*[“ 17]
Ln)u

(D5)
( L
(0,m)z (I,n+ m), x5 (NS5)

Figure 2. &) [y, & and ®")* [y, 1.

(I,n4+m)y (Ln+m)y

(1,n), O™ [uy, v1] B+ [y, vy)

@("’m)[u,ﬂ = (lﬁn)u; (1» n+ 1)71,2

(I)(ner—l) [ulns Um]

(07 7")17 (07 1)111 (07 1)1}2 (07 I)U,u,

Figure 3. Construction of the generalized intertwiners ®(™)[u, 7).

Representation web. In order to form a particular web of representations relevant to
a given gauge theory, the AFS interwiners can be coupled in two different ways: either
along the horizontal (1,n) or the vertical (0, m) channels. These two contraction channels
will be discussed below. To anticipate, an horizontal contraction corresponds to the op-
erator product of the g-Heisenberg algebra describing the horizontal representation. On
the other hand, the vertical contraction will be associated a scalar product that generates
the trace of a tensor product. These contractions are represented by joining the vertex
drawn in the figure 2 along horizontal /vertical legs.® Taking only AFS intertwiners of rank
m = 1, we recover the (p, q)-web diagram giving the brane configuration engineering the
gauge theory. From the NS5 brane perspective, the operators ® and ®* are interpreted as
creation/annihilation operators of D5 branes since they increase/decrease the horizontal
level by one respectively. Branes charge conservation takes the form of representation lev-
els conservation, with horizontal edges oriented from left to right, and vertical edges from
bottom to top.

The introduction of intertwiners with higher rank allows us to simplify the diagram,
effectively folding it m times in the horizontal direction. In this way, it describes the
creation/annihilation of m coinciding D5 branes in one go. The resulting web diagram
corresponds to the (p,q)-web diagram of the gauge theory where all gauge groups have
been replaced by U(1) groups. Although the information contained in this diagram become
less visible, calculations are much more efficient in this setting.

Mass-deformed intertwiners. For simplicity, the parameters of the gauge theory have

been rescaled in order to set all the bifundamental masses to v~ !'. It is however possi-

ble to keep arbitrary masses upon the introduction of mass-deformed intertwiners. This

9We remind the reader that we call “horizontal” every segment that is not vertical.
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can be achieved by using the twisted operators &,(z) = V_(zu™ ") "'V (2¢3 ') and
<I>;7®(v) =V_(2p™ )"V, (2q5 ') ! to construct the dual intertwiner @L’?/l\,m)*[u, U]. Then,
the interwiner products of the form ®;®3 reproduces the bifundamental contribution cou-
pled to the nodes 1 and 2 with an arbitrary bifundamental mass p. Since such a deforma-
tion brings only little new insight to our discussion, in the following we will keep all the

bifundamental masses set to v~ ! to lighten the notations.

3.2 AFS lemmas

In [35], a series of commutation relations were derived, involving the intertwiners ®, ®* and
the DIM generators in the appropriate representations. These relations can be extended
to the generalized intertwiners defined here. They are expressed formally as

P () DM [y, 5] = SO [y, 7] - (pfyo’m) ® pil’")) Ale),
i o (3.17)
P [y, L) () = <p£1,n) ® p ) Ae) - ™[y, ],

for any element e € £ of the algebra. A proof is briefly sketched in appendix C. To be a
little more explicit, the lemmas can be expressed as an action in the g-boson Fock space
of the horizontal representation of DIM generators on the vertical components @5 of the
intertwiner operators:

G (72 @ 0 u, 8] — (=) @, Ty (v 22) = 0 (3.18)
(2@ [u, 7] — M (2) SU T u, B (71%2) = 0

zeA(X)
a:_('y_lz)@%”’m) [u, U] — Q(Xn’m) [u, D)z~ (y"'2) =
= 2"y ST 6(2/xa) Res 2 Vx(aqs )R fu, il (7 2).
zeR(X)

In these relations, the representation in the horizontal space of the DIM operators has
been omitted: for instance z*(z) reads pul’n) (z%(2)) on the right of the intertwiner oy,
(1’n+m)(xi(z)) on the left. For the dual intertwiner, 2(z) is understood to be

p&l’n) (z%(z)) on the left and p(l’ner) (z%(z)) on the right. Symmetric relations can be

U/l

and p

written for the dual intertwiner,
ST u, Tyt (71122) — 45 (2) O (72 2) @0 u, 7] = 0 (3.19)

QU [u, Ty (v 22) — T (2) ¥ (v 2) @ 6] = 0,
0", Bt (v ) — ot ()
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@ B @
- o+ _ o
Figure 4. Representation of the AF'S lemma for the intertwiner and its dual, the symbol " denotes
the insertion of an operator e € £.

‘P(x”’m)*[u, T (2) — 7" Ug(2)a ()00 [u, 7] =

X
1
— ()
> 6(z/xa) Res S ) o [u, 0.
zeA(X)

In fact, it is possible to re-write the r.h.s. of the relations involving z& in a slightly more
condensed way,

(z)pm )[u,ﬁ]x+(z):péo’m)(x+(z)) L™ u, 7, (3.20)

(77 )00, 7] — 08, Fa” (71 2) = [p0 (@7 ()00, 7| 0T (571 22),
m)

x+(z)<1>(xn’m) [u, 9] =~ MW
X
Y@L fu, 1) = (7 22) [0 (0 (2)) - @0 w71,

S0, W (2)—y "y ()20 =0 (@ (2) - B, 7,

(n,m)* 5
o [u, U]z

where the dot denotes the action in the vertical space. The AFS lemmas are represented
on the figure 4, in a very simplified manner. The insertion of the symbol ¥4 denotes the
action of DIM generators e € £, and two insertions the action of the coproduct.

3.3 Gaiotto state

The g-deformed Gaitto state is a Whittaker state for the g-Virasoro (or g-W) alge-
bra [49-53], it is a deformed version of the original Gaiotto state defined for the Vira-
soro algebra [54-57]. The intertwiners ® and ®* defined in the previous section can be
interpreted as an uplift of the Gaiotto state to the horizontal representation space. In-
deed, the Gaiotto state can be recovered by taking the vacuum expectation value in the
horizontal spaces,

GL ) = (100, OO 0 T10) (1 gy =Zax (o™ [, 41) 15 X)),

(uy . (3.21)
UG, T = () (0@ [, 710 (1), Za <<1>~ [, 7) (45, X,
where we have used the definitions
O [, 1) = (5, X @ [t 7, o0 [u, 7] = 8" u, 7|7, X)) (3.22)

and introduced the closure relation in the vertical space

1= as [5,X)(7AX]. (3.23)

-

A
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The characterization of the Gaiotto state under the transformation z*(z) given in [11]
can be recovered by taking the vev of the AFS lemmas, evaluating the horizontal action
of the generators using the formulas (B.7) given in appendix. As an example, we consider
the action of 27 (2) on the Gaiotto state. Using the property (2.17), the vertical action on
the coordinate ®% becomes the dual action on the Gaiotto state, and the vev of the third
relation in (3.20) can be written in the form

PO @ (DIG, 7)) = (V () — Vg ) G (3.24)

where the operators Y*(z) were defined as the diagonal operators in the basis |X, 7)) with
the eigenvalues [V (z)]+ consisting of power series in z¥'. In order to compare with the
reference [11], we need to change the normalization and define e(z) = zmpéo’m) (xt(2)).
The operator e (z) is the defined as the projection of e(z) on the strictly negative powers
of z. Assuming n < 0, the operator 2~ """ Y~ (zq5 1) does not contribute to the projection
as its eigenvalues generate only positive powers, and we recover

e+ ()]G, ) = —u'y"Py, [V (23] (G, D). (3.25)

where P as been introduced in [11] as the projection on the strictly negative powers of
an expansion at z — oo. Similarly, e_(z) is defined as the projection of e(z) on positive
powers of z. Assuming n > m, this time the operator z=" ™Y (zq5 1) does not contribute,

so that!0

e_(2)|G, 7)) = u*y"Pg [z_”+my_(zq§1)] |G, V). (3.26)

where Pg denotes the projection on positive powers of an expansion around z = 0.

Hence, up to minor differences in states normalization, we recover here the results
previously obtained on the transformation of the Gaiotto state under the DIM symmetry
generators. This identification provides an interpretation for the index kg and K, associ-
ated to the Gaiotto state (and its dual respectively). These two ad hoc parameters were
introduced in [11] in order to reproduce the Chern-Simons coupling x = kr — k1, of the
gauge theory, despite the lack of an interpretation for themselves. From our observation,
it is clear that these parameters are identified with the horizontal level of the intertwiners,
kr =n* and K1, = n.

3.4 Vertical intertwiner

%zz,mz)*[UQ’ )

in the horizontal channel is realized as a product in the g-boson space. This product is

The contraction of the intertwiner ® uq, ¥1] with the dual intertwiner ®

£n1,m1)[
X

possible only if the two representations in the intermediate space coincide, e.g. if u; = ug
and ny = ng for the product ®;®3. In the case of the opposite product ®5®;, the condition
is n1 + my1 = ng + mg and u} = u). Both are represented on the figure 5. Using the g-
commutation relations from appendix B, the two products can be normal-ordered and

10WWhen comparing with the results of reference [11], one should keep in mind the difference of notations:
Vihere(2) = Vhore (2) bt Vijere (2) = 12" Vo (2057).
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(01 nl?)iz

(1,m2)u, (1, +ma)y

1,n + ’ml)u/1 = (1,77,2 + ’I’Tl,g)u[Z
(17n1)1L1 <I>("*m2)*[u, 172
q’(m’m')[ul’ﬁl] P m])[u’ 1]

(I,n+ mz)uz2
(07 ml)il (0, ml),;;l

Figure 5. H(”l’"Z’ml’WZ)[ul,Ul,uQ,UQ] and H(”’ml’mZ)*[ul,ﬁl,T)’g].

reproduce the bifundamental contribution (2.31):!!

(n1,n2,m1,m2)

bed.(1717>\1,?727/\2|’771) .(I)(ng,mz)*[u2 172]q>£”1’m1)[

4o [ul,ﬁl,UQ,ﬁz] = ul,{fl] :
A1, 2
LAz N | e g(”l /7”1(/ ))
Z X Xyt
§?7§‘121’m2)*[u7771,772] _ :Lfld.(’027 27U1; 1|’Y (13 X q)(n mQ)*[’U,, UQ]@&?’ml)[u,’(—}‘l] .
’ 1=1 L=y g(”l/ /v )

where we have introduced the notations

I ™ e, 81, g, B = 0™ g, BB, 8 £ (s = (L
H(X ?lme) [U, 1717172] = @(Xi’ml)[’u,, 171](1)%0712) [u ’1)2] (1 Tl—l—mQ) ;— (17n+m1)u’1
(3.29)
In fact, the quantity H(n1,n2,m1,m2)[u1,171,ug,fo] with ne = my = 1 has already been

1,A2
studied in [21] where it has been interpreted as a T-matrix, and it was further shown

that it obeys RTT-relations with the R-matrix canonically associated to the coproduct A
defined in (2.5). In this paper, we will not refer to this interpretation anymore, although
we expect it to hold beyond the restricted case studied in [21].

Due to the associativity of the product in the g-boson Fock space, the horizontal
channel contraction satisfies (®ye)®} = ®,(e®}) for any element e in the appropriate
representation. This property is deplcted on the figure 7 (right). When combined with the

11 A priori, this result allows us to write the following formal relation between IT and IT*,

(n1,n2,m1, mz)[

A1,A2

mlu [Xa| ,YmQUIQ —IX1] oy m1 H7i1 (vl,>/'yv(1)) (royma ma)n oL
( ) TQ H X H Xz o mg I [U7U17U2]7

(1) (2)y 7TX1X
zE€X] z€Xy lle':1 (v fyvy7) 2

that could be interpreted as the g-commutation of creation and annihilation operators for D5 branes.

Ul,Ul,UQ,ﬁQ} (327)

However, this relation does not make sense in the representation formalism of DIM algebra due to the
mismatch of the representation spaces. It only makes sense if all the horizontal representation spaces are
identified as the Fock space for the free bosonic modes. We will not use this relation further in this paper.
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AFS lemmas, it produces some important g-commutation relations:

(2 )Hx S =g (I x,a 7 (2)
< (©m1) “I’x1> — o (4122) (pﬁg’m”(f(’yz))' }2) 5,

7_m2‘1’x2(2)95 (= >HA s Iy 5,2 (2)
=5, (o™ @00 25, ) 00 - (e ) 0 ) o

YR (e (U g 10 g (2)
= (0" (2) - 05, ) B (01%2) — 5, (P e (2) 95, ).
P =y (I 2t (2)
(pfy?m)(x*(z)).@ ) @5, =00y (506 0e) 95, ).

(3.30)

where arguments ng, mq, Uq, and ¥, have been omitted for a better readability.

In [58], Carlsson and Okounkov have introduced an operator intertwining between two
vertical (0, 1) representations in order to describe the matter multiplet in the bifundamental
representation of U(1) x U(1). This operator was later generalized to U(my) x U(mz)
bifundamental representations in [11], and related to the Gaiotto state in the formal limit
mg — 0. It is defined as an intertwiner between (0,m1) and (0,mg) vertical representation
spaces, obtained as the horizontal vev of the operator II,

mi1 m2

vig" ™) =TT TL 6 Fof™) (@0 un, sa]@ =), 73] ) (3.31)

I=1I=1

(m1,m2)

This operator V will be called the wvertical interwiner to distinguish it from the
AFS 1ntertw1ners. In Toda field theory, V1(2m M) is identified with the degenerate primary
field [40] multiplied by the Carlsson-Okounkov U(1) factor. By definition, its matrix ele-

ments reproduce the bifundamental contribution,

mi ma
Sy ps(mi,me) - (2) Plrma)x = 1 (n2,m2) =
(G, XaVig e i, X)) = T TT 9 /o™y (@80 fur, 1)@ fus, 7))
I=10=1
=ty (A1, U1, 01) g my (N2, iz, T2) Zoga, (U2, A2, U1, My ).

(3.32)

Because of a different choice of conventions here, the role of the two nodes is exchanged.
This is a feature we will encounter again later when discussing qq-characters. We also
observe the presence of the extra prefactor of the form (®3) (®2). Since the dependence
on the two nodes is factorized, this term can be absorbed in a renormalization of the
basis. Note however that the presence of this prefactor slightly modifies the commutation
relations with the action of DIM generators.

The constraint ny +m1 = ng +msy coming from the horizontal contraction has already
been observed in [11]. Furthermore, the g-commutation relations with DIM generators
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(L,n+m),

1,n)y ——
( ’ ) @(mm) [1L,17]

(Om)E

(1, n* )y

P m)* [7

(1, 0" + M)y

Figure 6. Ty(,) operator for U(m) instanton partition function.

that were obtained there can be recovered by taking the vev of the relations (3.30). For
instance, focusing on the first relation in (3.30) that involves x(z), we find

Vig" "™ (@ (2)) = 4 e

op) Uy

—n — my,m 1 - — mi,m
— Mz (y—&-(z,y 1)V1(2 1 2)y+(z) — Y (2 1)V1(2 1,m2)

(at (y2)) Vi)

1 (3.33)
Y= (2) > '

Upon projection, we recover here the relations obtained previously in [11], up to the dif-
ference in normalization of states and operators.

4 Quantum Weyl reflection and qq-characters

4.1 Horizontal intertwiner and qqg-character for the A; quiver
4.1.1 Definition of the horizontal intertwiner

In contrast with the horizontal contraction, the vertical contraction is defined as a scalar
product between the intertwiner and its dual in a shared vertical representation space.
Because of this shared vertical space, the weights ¥ and the label m of the two intertwiners
must be equal. As a result, we obtain a tensor product of operators acting in two different
Fock spaces, traced over the basis of the common vertical space,

7-U(m) _ (I)(n,m) [u,U] . q>(n*7m)*[u*’ 17] _ Zax (p(xn ,m)*[u*7 17] ® q)gmm) [u,z‘;‘]
3 (4.1)
S(Ln 4+ m)yr @ (L,n)y = (1,n" )y @ (1,n+m)y

Here the second equality has been obtained using the definitions (3.22) after introduction
of the closure relation (3.23) between the two intertwiners. For later convenience, the two
Fock spaces have been exchanged. Since it intertwines two horizontal spaces, it will be
referred to as the horizontal intertwiner.

The vertical contraction channel is represented on the figure 6. It defines an operator
Tu(m) associated to the pure U(m) A; gauge theory. Indeed, the instanton partition func-
tion of the gauge theory is equal to the vev of this operator Ty, in the tensored horizontal
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spaces,

Zinst.[Al] = ( (1n <®| ® (1,n+m),, ) ( ®>(17”*+m)u*’ X |®>(17n)u)
= Zq' 'Zvect (@, A)zcs( X) (4.2)
X

under the following identification of the Chern-Simons level and the exponentiated gauge
coupling
Cm U
k=n"—n, q:'y”mE. (4.3)
This identification confirms the relation between the horizontal level of representations and
the Chern-Simons level. It also leads to interpret the weights u and u* of the two horizontal
channels as the position of the NS5 branes (dressed by coinciding D5 branes).
The standard expression of the instanton partition function as a scalar product of
Gaiotto states can be recovered from the definition (4.1) by introducing the definition (3.21)

of the Gaiotto states,
Zinss[A1] = (@) [u, 7] - [, 7]) = (G, TG, 7)), (4.4)

Contrary to the expression given in [11], there is no need to insert an extra gauge coupling
operator q” in this formula. The reason being that here the gauge coupling dependence is
naturally shared between the two Gaiotto states as it appears from the ratio u/u* of the
horizontal weights entering in the intertwiners normalization.

At first sight, it might seem artificial to inject the vector contribution into the coef-
ficients ay inside the trace in the definition of the operator Tyy,,). However, it should be
noted that the form of the vertical representations (and the dual ones) is mostly determined
from the constraints of the AFS lemmas, once the horizontal representations and the in-
tertwiners are defined. Then, the equivalence of vertical representations (2.17) imposes the
constraints (2.19) on the coefficients ay (defined as the inverse norm of the states). These
recursion relations look very similar to the discrete Ward identities satisfied by the vector
contribution. Indeed, up to the few extra factors present in (2.18), the vector contribution
solves these constraints. It thus enters naturally in the definition of the T-operator of
the U(m) gauge theory through the scalar product. In summary, our construction is very
rigid, and the form of this operators is already determined from the choice of horizontal
representations and normalization of intertwiners.

R-matrix. In [35], partition functions of U(m) N = 1 gauge theories have been con-
structed in a similar way if we take into account the decomposition (3.10) and (3.15) of
the generalized intertwiners, and the property of the coeflicients ay,

n * n*+m—1)* n+m—1
H% O gy o] -+ @50 g, 0] @ O Vg, ] - @ [y, ]

* (4.5)
= H G (v fv)G (v [7*0r) X ax <I>(Xn M, 7 ® <I>§"’m)[u,17].

1L,I'=1
1>
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In the end, the only difference with the operator used in [35] is the harmless prefactor of G-
functions depending only on the ratio of the vertical weights (Coulomb branch vevs). The
normal ordering of operators involved in the definition of generalized intertwiners brings
extra Nekrasov factors that have been interpreted as elements of a diagonal R-matrix
n [21]. Here, these factors are absorbed in a change of states normalization, in agreement
with the definition (2.11) of the (0,m) vertical representation. More precisely, they are
compensated by the replacement of the product over ay, by the inverse norm coefficient as.

Remark on the reflection symmetry. The intertwiner is exchanged with its dual
under the o5 reflection symmetry, up to a normalization factor that can be absorbed in
the transformation of the coefficients ay. The operator Ty(,) = ® - ®* becomes ®* - .
The exchange of the horizontal spaces corresponds to a reflection of the representation web
with 2% axis. Since the tensor product is commutative, the vev of the operator Tu(m), and
so the instanton partition function, remains invariant. However, in the process n and n*
are exchanged, which has the effect to flip the sign of the Chern-Simons level k.

4.1.2 Horizontal intertwiner as screening current and fundamental qg-
character

The contraction in the vertical channel commutes with the action of the DIM genera-
tors 2% (2),

(10A2710) i = (70161) Ti o

Here, the product notation - has been introduced to emphasize the action in vertical rep-
resentation spaces. Explicitly, this identity reads

> ag o0t )@ (" (e) - 27" [ 1)

X
=3 ag (ﬁgw(e) S, a}) ® @0 [u, 7. (4.7)
X
It expresses the fact that the action on the vertical ket states of arbitrary algebra element
should be equated with the action on the bra states. This relation can be easily deduced

from the properties (2.19) obeyed by the coefficients ay. The invariance property of the

vertical contraction is represented on the figure 7 (left), i‘;\ is the non-trivial equivalent of the
associativity property (®ye)®3 = ®)(e®}) for the horizontal channel. The commutation
of z%(2) in the vertical representation has been exploited in [10, 11] in order to establish
the regularity property of qq-characters. Here instead, it will prove more convenient to
work in the horizontal channel.
Combining this vertical commutation property with the AFS lemmas (3.17) provides
the commutation of the coproduct of DIM elements in the tensored horizontal channels:
<Pq(}*’"*) ® pf}/nm)) A(e) Tum) = Tum) (P(l’n*m) ® Pf}’")> Ae). (4.8)

u/*

The proof is sketched on the figure 8, it follows from the application of the AFS lemma
on the dual intertwiner, then the use of formula (4.6) to commute the vertical actions,
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B
B

[0} [0

Figure 7. Commutation relations in the vertical and horizontal channels (respectively) for the
insertion of DIM operators, here denoted by the symbol .

s

/X/ o* o o 8

Figure 8. Heuristic proof of the invariance of the qq-character for a U(m) gauge theory.

and finally the application of AFS lemma again but on the intertwiner ®. This relation
generalizes the results obtained in [34] to m > 1. Since the operator 7 commutes with (the
coproduct of) every generator of DIM, it can be interpreted as a screening operator.

In order to build the gq-characters, we define the operator Xmi(z) as the coproduct of
+
z=(2),

XE(2) = Al (2)). (4.9)

It results from the commutation relation (4.8) that the quantities defined as the vev in
the horizontal spaces of the products Xmi(z)’]ﬁ(m) are polynomials, up to a possible mul-
tiplication by a negative power of z. This follows from the radial ordering of operators
in the g-boson Fock spaces. Indeed, the correlators <Xmi(z)7ﬁ(m)> are well-defined for
|z| > |xz|, so that they have to be expanded for z near infinity. Similarly, the correlators
<7{j(m) Xmi(z)> have to be expanded near z = 0. The non-trivial equality between the two
expansions implies that the correlators are polynomials multiplied by a power of z. Just
like the equality of the two expansions of any holomorphic function f(z),

FR2 Y et f)5 Y (4.10)

k=—p k=—q

implies the restriction of the summations to a finite extent, f(z) = Z:_q fudt =

279 x Poly(z). These polynomial quantities are the qq-characters introduced by Nekrasov
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in [24, 25]. Explicitly, the quantity defined as

vt (X N Towmy) o ™
T , v =] (=gw), (4.11)
(o) 11

Xa (2) =

can be evaluated in the horizontal representation spaces by exploiting the commutation
relation of g-bosonic modes and their action on the vacuum state. Doing so, we recover
the expression of the fundamental qq-character already obtained in [11],

X (2) = <vzm3’x<zq5 ks C'yj@ >
1 . > (4.12)

S |X|Zvec 7N 2 K,,X (Vzmyﬂ 2qat) + L
Zinst,[Al] %q t.( ) CS( ) )\( QS ) qy;\‘(Z)

Note that the average of operators in the gauge theory defined in (2.29) is in fact a
weighted sum over the m-tuple Young diagrams X so that the Lh.s. is effectively inde-
pendent of X. Due to the asymptotic properties of the function Vy(2), namely Vy(2) 21
and Yy (2) 7 (u'/u)z™™, the correlator in the r.h.s. of (4.12) is a polynomial of degree m in
the physical range |k| < m of the Chern-Simons level. This asymptotic behavior explains
retrospectively the power of z chosen for the prefactor in the definition (4.11). Note that
an equivalent qg-character x5 (z) would have be obtained by considering the commutation
relations of A(x7(2)). On the other hand, the commutations of A()*(z)) only provide
trivial identities.

Although the derivation of the qq-character has been performed in the horizontal
representation, exploiting the Fock space structure, the final expression coincides with
the one obtained in the vertical representation. In fact, this expression is closer to the
vertical direction, in the sense that it can be expressed as the expectation value of the
operators J*(z) in the Gaiotto state (either plus or minus since the resulting expression is
a polynomial):

) = ETYE ) + 92 VE(:) 711G )
(G, 1]G, 1))

The reason for the equivalence of the two derivation is to be found in the AFS lemma

(4.13)

that translates between vertical and horizontal actions. The vertical derivation is closer
to the AGT dual presentation [49] in terms of g-Virasoro (g-Toda) theory [59]. On the
other hand, the main advantage of the horizontal derivation lies in the simplification of the
effective calculations since it relies only on g-bosonic modes commutations. It will allow
us to propose the expression of higher qg-characters in the following sections.

In this paper, our construction is parallel to the one given by Kimura and Pestun
in [31]. The precise connection between the two algebraic approaches is discussed in the
appendix D. In their work, a partition function state is obtained by application of screening
operators to the vacuum. A similar state can be constructed here by applying the 7T-
operator to the tensored horizontal vacuum |()) ®|()). However, a major difference lies in the
absence of the (Kadomtsev-Petviashvili) times deformation introduced in [31] and identified
with the positive g-bosonic modes of their Fock space. Nevertheless, both approaches
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consist in constructing a screening operator, together with an operator commuting with it.
It is shown in appendix D that the latter coincide with the operator X" (z) used here, up
to a g-Heisenberg “U(1)” factor. In both cases, the qq-character is obtained by taking the
vacuum expectation value of the product of the two commuting operators.

Remark on a useful identity. The coproduct symmetrizes the insertion of DIM gen-
erators in one of the tensor spaces, so that the resulting expression commutes with the
operator Ty(y,). In fact, it is also possible to define an operator with two insertions of DIM
generators such as

X (2) =~ (3 22 Gy 2) @ 2 (2), (4.14)
so that it again commutes with Ty,). This property will play an important role in the
construction of qg-characters for linear quivers of higher rank. It can be obtained by normal
ordering the products X7 and TX ™ independently. The resulting expressions have
no extra poles appart from the points z = 0 and z = oo, so that they can be analytically
continued to the whole complex plane in which they are equal. However, due to the absence
of any extra singularity, taking the vev of the commutation relation only provides a trivial
identity, and no non-trivial qq-character can be associated to this operator.

4.1.3 Higher qqg-characters

In our formalism, higher qg-characters are simply obtained by taking products of coprod-
ucts of DIM elements. Since these coproducts commute with Ty, individually, so will
their product. As an illustration, consider the qg-character associated to the symmetric
representation (11 that can be obtained using

Xh(zw) = Ar* (2)a () = At (2)) At (w)). (4.15)
Explicitly,
Xz w) = 2t (@t (W) © L+ v~ (Gl 2)a () @ 7 (30)2) (4.16)
+ a2t ()9 (G w) @ 7 Gayw) + v (A v GTw) @ 5 (Bay2)at (Gayw).
Evaluating the vev in the horizontal Fock spaces

v\’ e (X ey wy ™) TG my)
T (z,w) = S(w/z Zw) T
() = 8(0/2) () ) ),

(4.17)

gives

K

Xey(z,w) = <(’/zm3’x(zq§ 1)+qy§(2)> (Vwmyx(wqg‘ H+q 3’;0(’;)>>gauge (4.18)

(1—q1)(1 —q)zw < zmw”yx(zqgl) z”wmyx(wqg_l) >
( )
gauge

+vq

Z—w 25t —w)Vx(w)  (waz' — 2)Vi(2)

where extra scattering factors arise from normal ordering products of DIM operators. Writ-
ing 2 = 21¢, w = 29(, it is shown that the quantity x1(z,w) is a polynomial in ¢ as a
consequence of the commutation between X and Tu(m)- In fact, it is possible to prove a
stronger result: the ratio of x&(z,w) by the scattering factor S(w/z) is a polynomial in
both variables z and w.
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(1,n2 4+ ma)y,

(1, 12)uy ————®M2M2) [y, 7]
(0,m2), (I,n1 + ml)u/l
asmepus b ]
(1,m5 +ma)yy (0,m1)7,

(I)(nf,ml)* [UT ,51

(L7 )y

(1,n] + ma)yp
Figure 9. Configuration relevant to the U(msg) x U(mq) gauge theory.

4.2 Quantum Weyl reflection
4.2.1 Horizontal intertwiner for the A; quiver

The As quiver gauge theory, with gauge group U(mz) x U(my) is described by an operator
TU(m2)xU(m,) involving two vertical contractions (for the vector multiplet contributions),
and a single horizontal contraction (the bifundamental contribution):

( *7 )* k= ) hrg ( *7 )* * = ) 3
TU(ma2)xU(m1) :Zaxlaxﬂ);l " g, v1]®<1>5\71” ™ [y, 7] @32 s, U2]®‘I>E{;2 ) [y, )
X17X2
: (1,71){ + ml)u/l* ® (1,71; + mZ)u’Q ® (17 n2)u2
= (1,n])u; @ (1,11 +m1)yy @ (1,m2 + ma)yy, (4.19)

with the constraints nj = n; and u5 = u; in order to match the representation levels and
weights in the horizontal channel. The relevant configuration of DIM representations can
be seen on figure 9. Actually, this operator can be obtained from the combination of the
operators Ty () and Ty(y,,) associated to the two gauge groups, using a new product o
to represent the horizontal contraction, Ty (m,)xU(m,) = Tu(mi) © TU(ms)- The new product
corresponds to the concatenation of two chains of tensor products of respective length r
and s, in order to form a chain of length r + s — 1:

(1@ ®a)o(b1®@ - Rbs) =a1 @ Ra,_1 ayb @by R bs. (4.20)

As before, the instanton partition function of the gauge theory corresponds to the vev
in the horizontal spaces, up to a factor of G-functions depending only on the Coulomb
branch vevs,

mi ma
2 1
Zinst.[42] = [T [T 9 /701") % (Tortmayxvmn)) (4.21)
=1 1'=1
= Z qll/\l‘q‘Q)\Q‘Zvect.(gl, A1) Zcs (51, M) Zveet. (T2, Aa) Zcs (ko A2) Zoga. (T2, Ao, T, M|y ),

X1,X2
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with the identification q, = vy~ "y, /u}, and ko = n), — n, for the gauge coupling and
the Chern-Simons level associated to the two gauge groups a = 1, 2.

4.2.2 Fundamental qg-character for the As; quiver

A different qg-character is associated to each node of the quiver diagram, in correspondence
with antisymmetric representations of the Lie algebra. In the case of the Ay quiver, the
two relevant representations are the fundamental O and the fully antisymmetric H ones.
We focus first on the construction of the fundamental qq-character x(z), leaving the an-
tisymmetric representation for the next section. Within our conventions, the fundamental
representation is associated to the action of 2% (2) on the first node.

The commutation property (4.6) of the vertical channel is valid at each node in the form

(ﬁ%?’ml)(e) ®R1® 1) “TU(ma)xU(my) = (1 ® pé?’ml)(e) ® 1) “ TU(ma) xU(my1) (422)
(1 ® ﬁﬁfjm”(e) ® 1) “TU(ma)xU(m1) = (1 ®1l® péﬂ’m”(e)) “TU(ma)xU(m1)-

The operator leading to the fundamental qq-character can be obtained using the double

coproduct
A"=(A®1A =12 A)A. (4.23)

The action of this double co-product on the DIM generators reads

APt (2)=2(2)®11+9v 3?1091 2)0z7T (101 2)®1 (4.24)
+9 (3?0101 2) 09 (184?01 2) @1t (1 ®4®1 2)
Az (2)=1010z (2)+1Rz (191845 2) YT (110452 2)
+e (19404 2) @Y (1o 2 ef)ey leled'? 2)
AP(YH(2) =9 (10772 © 472 2) @ g (1T @10 4712 2) @y (3T @ 472 ®1 2).
Combining the general commutation properties of the vertical and horizontal contractions,

together with the AFS lemmas (3.17), it is possible to show that the horizontal action of
the generators commutes with the T -operator:

(1,nY) 1,n1+m 1na+m o
(pu’{ 1 ®p( 1+m1) ®'0(u’2 2 2)) A%(e) %(mg)XU(ml)

’
Uy

1,ni+m 1,n%+m n o
= TU(ma)xU(m1) (pq(/l* i) ®p(, 2tma) ®p1(}2’ 2)) A"(e).

Ug

(4.25)

The proof is a tedious but straightforward calculation, using the same method as in the
single node case.

Introducing the operator A (z) = A®(z*(2)) that commutes with Ty (m,)xU(m,), the
fundamental qg-character can be written (omitting the horizontal representations):

it S (D) TU(ma) <uma) )
(TO(ma)xU(ma))

141
i (2) = — % (4.26)
iy

with vo = ua/(g5"*ul,). Again, this quantity is a polynomial in z because X~ commutes
with 7. The power of z in the prefactor is fixed by consideration of the asymptotic behavior.
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Evaluating the correlators in the g-bosonic Fock spaces, we recover the expression given
in [11] for the fundamental Ay qq-character with a bifundamental mass g = vy~ ! in the

vertical channel:!?

Vi (2771) v SRRz M —ma
+ _ mi -2 K1Y A2 1 kod2mi—mo
Xa (2) = { 2™ Y5 (2977) + 2™ ———— + 12— — :
< . Vs, (2) V2 V5, (v2)
gauge
(4.27)
4.2.3 Quantum Weyl reflection and the second qqg-character

There are two ways to obtain the second qq-character. The simplest one is to consider the
insertion of the operator X, (z) = A%(z~(2y~!)) that also commutes with the T-operator.

Defining
|
XS(Z) _ V2u1272(n2+m2)27n2 <XD (Z’)/ )R(WQ)XU(W1)> (428)
(Tu(ma)xu(ma))
gives after evaluation of each horizontal actions,
Vs, (17
Xg (2) = { 122™2 Y5 (2772) + qoriy™ MR T AL 4 gy goy S , (4.29)
< » yxz (Z) yxl (’YZ) gauge

which is indeed the second qg-character of the Ay quiver found in [11]. In fact, because of
the reflection symmetry obeyed by the As quiver, we have x5 (z) = Xér (z) which explains
why we have obtained the correct qg-character. This property seems to be a consequence
of the o5 symmetry of the representation web combined with the S? rotation of the DIM
algebra.

There is a more natural way to derive the second qg-character, which is to start from
insertions of 7 (z) in two of the three horizontal lines at the end of the diagram, with
spectral parameters fine-tuned to obtain the commutation with the 7T-operator. Indeed,
the first term of the qg-character, that is proportional to yxg (2772), can be obtained from
the insertion of the operator

YA V2e1012)stRolol ) est(z) el (4.30)

on the left of the representation web. The other terms entering the expression of the
qq-characters are known to be obtained by acting with the Weyl reflection on the first
term [31].

The Weyl reflection for the Ao quiver diagram sends the co-weight wsy attached to the
second node to

V5 1

[e% (0% (0% [e%

Wy — Wy — we —> —wp > yxz—%yh—%y,
A2 A1

(4.31)

where «; denote the roots of the Lie algebra with the Dynkin diagram As. To each interme-
diate expression has been associated a term of the qq-character. A similar transformation

1276 simplify formulas, the labels corresponding to the two nodes have been exchanged here with respect
to the conventions employed in [11].
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can be defined on the DIM generator 27 (z) involved in tensorial expressions like (4.30). It
will be called the quantum Weyl reflection. The quantum Weyl reflection with respect to
the root «; consists in replacing the insertion of z in the ith tensor space with an insertion
of 1~ in the ith space and x* in the (i + 1)th space, together with the appropriate shifts
of the spectral parameters:'3
@2t () @18 @y (i) Bict (i) ® - (4.33)
where 5;) = (1®)! ® 4(®1)"17%. The transformation is forbidden if two 2+ were to
collide in the same space. In a sense, the generators x+ obey a fermionic statistics in
the tensor spaces. It is further assumed that the operators ¢~ are ordered on the left of
operators ", although this fact does not modify the derivation of the qq-characters.
Before applying the quantum Weyl reflection to obtain the operator relevant to the
second node of the Ay quiver, let us review how this transformation works in the known
cases. The A; quiver is described by two horizontal spaces, it has a single weight w — —w
and the qq-character I (z) has only two terms. The application of the quantum Weyl
reflection on 7 (2) ® 1 leads to the coproduct A(z™(z)).

Turning to the As quiver, the quantum Weyl reflections of
21901 B¢ (20101 2)027T(elel ) el (430
%10l )0y (3ei el )ert(ieiels)

reproduces the three terms in the expression of the operator X" (2) constructed from the
application of the squared coproduct A°. Thus, the quantum Weyl reflection defines a
generalization of the coproduct that implements the action of an operator into three copies
of the initial space.

Now, we apply the Weyl reflection to the operator (4.30) of the Ao quiver, and sum
over the three terms in order to define

Nt () =¢~ (P el1elpt((elel ) eat(z) el

+9 (3?2 91012)7(301012) 09 (1042 012) @ (1049 12)

+9 (3?1010 (3?0191 2) 09" (10472 ®1 2)

xzT (210120271051 2). (4.35)
After a tedious but straightforward computation, it can be shown that the operator
XB+(z) = AB(z1(2)) commutes with 7. The commutation of the operator defined in (4.14)

with Ty(n) (seen here as a subdiagram) is essential for the various cancellations to occur.
The corresponding qqg-character is defined as

ni+nj+mi+me

X -1
+(Z): 1) 72(n1+n1‘+m1)z < H (27 )%(mg)XU(m1)>

- (4.36)
wiuh (TU(ma)xU(m1))

13The quantum Weyl transformation can be defined in a similar manner on the generator 2 (z), i.e. in
such a way that it reproduces the coproduct in the case of the fundamental representation:

1T (2) Q- iy ® " (Yt 2) ®i 1/1+(’AY(lz/fl)z) Q- . (4.32)
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The evaluation of the vev in the horizontal spaces reproduces the expression of x (z) given
in (4.29), showing that indeed Xér(z) = x5 (2).

4.2.4 Generalization to the A, quivers

The results obtained for the As quiver are easily generalized to linear quivers with an
arbitrary number of nodes r. The T-operator is constructed using r — 1 contractions in
the horizontal channel, rendered by the product o defined in (4.20),

ﬂ}(m,«)x -xU(m1) 7% (m1) 0 %(mT)v (437)

where the order of indices labeling gauge groups has been reversed for convenience.
Schematically, it reads

T () - xU(1 Z H az. 3, @Dy, 05, @ @Dy, 1B} ® Py, (4.38)

where we have omitted all the weights and level parameters. This expression implies
the constraints ns = ng,; and us = ug,; in order to match the representation spaces
in horizontal channels. Then, up to a prefactor of G-functions, the vev reproduces the
instanton partition function (2.28) for the quiver I' = A, under the identification ks =
n’ — ng for the Chern-Simons levels, and qs = v~ % ""su,/u’ for the gauge couplings.

As before, the fundamental qq-character, attached to the first node, can be obtained
by multiple applications of the coproduct. The A, fundamental coproduct A" is defined
recursively as

A" = (A(®1)"7Y) - (A(®@1)772)--- A, (4.39)

and acts on the DIM generators as follows:

r+1
Zw ;Y(ll/2 Z . ®1/)7('$/(sf2)!;)/(15/31) Z) ®;p+(;y(871)! Z) (®1)r+1757
r+1
AD(‘%'? (Z)) = Z(l@)?%lfsa:* ('AY(Tsfl)! Z) R er(( As— 2)':}’51/21) Z) @ w+<A1T/42_1) z)7
s=1
AT (2)) = v (@FE2) 2) @ pE T2 @ (@A) 2) @ - @ v (57 20)11 2),

(4.40)

with Y1 = Y1)Fe) V) = (®)°1(®1)" 7%, and the tensorial transpose defined as (a1 ®
W ®ar1) =41 ®a, @@ ay.
The fundamental coproduct of DIM generators commutes with the T-operator,

A() 7ijrx -xU(1 %m,«x -xU(1) ~ A() (4‘41)

where we have omitted to indicate the horizontal representations. As a result, the funda-
mental qq-character defined as

—2n3 Zn*l‘+m1 <XD+(Z’7_1)7EJ(mr) Xoer ><U(1)>

. X (2) = A%zt (2)), 4.42
Mot eeo) (2) (@7 (2)),  (442)

+ "1
Xa (2) = =7
uj
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is a polynomial. Explicit evaluation of the correlators for each horizontal space provides
the formula

V5, ()
1%
Xa (2) <V1Z1 Vi, (2777) + Z ,,1 (Hq D Y E! "“J> 2™ My mm ;;fl( -1y
S As
141 ) _ T , _ _ 1
_|_ 7 (H qiz’iz,mez mr‘i’Z]:H—l ”]) Zml mr,y my y_‘ (7277”_1) > . (443)
" \i=1 r gauge

The qqg-character associated to the sth node corresponds to the antisymmetric repre-
sentation denoted by the Young diagram (s) with s boxes, all in the first column. The
corresponding operator X(l')(z) is obtained by application of quantum Weyl reflections on
the operator

Ui (e Gemnz) @ Ui (2) T+ (Aomap2) @ -+ @ Uy (et (Guy2) @ =¥ () (@17,

with: 1y ( H¢ (m 1% H A—1>, (4.44)

k=i+1

Note that since the operator is evaluated in horizontal representations, the position of the
central element 4 in the arguments of operators is somewhat arbitrary here. As an illus-
tration, the Az quiver is treated in details in the appendix E. This construction can also be
applied to the generator x~ (z). Because of the reflection symmetry of the quiver diagram,
the corresponding qq-characters are expected to obey the relation X(_S)(z) = X?; His)(z).

In fact, it is possible to define qqg-characters associated to arbitrary representations
of the Lie algebra. To a representation labeled by a Young diagram A is associated the
operator X; (Z) obtained by taking the product over the columns A; of the operators
X(J;i)(zi) defined previously. This construction works if the first column of the Young
diagram contains at most r boxes. By construction, these operators commute with the 7-
operator of the gauge theory, and the vev <X ;r (Z)T> is a polynomial up to multiplication
by a monomial of the variables z;.

4.2.5 Inclusion of fundamental/antifundamental matter fields

Matter fields are introduced by semi-infinite D5 branes that are vertical edges in the rep-
resentation web. These can be inserted either in the bottom or top part of the diagram,
leading to fundamental (®) or antifundamental (®*) matter respectively. It is well-known
in gauge theory that such matter fields can be obtained by introducing extra gauge groups,
sending the corresponding gauge coupling q to zero. This constraints the Young diagrams
X associated to this gauge group in the partition function expansion (2.28) to be empty,
hence generating the contributions

qund,(PY_l/Z(f)7 X) = bed. (’D: X? ﬁ(f)a 6"7_1)7 Za.f. ('Wz(af)7 X) = bed. (/I(af)a 6) 177 Xh_l)'
(4.45)
In this spirit, we can regard the massive A; quiver as the limit of the Asg quiver as
q1,93 — 0. This procedure corresponds to send two NS5 branes at infinity. Taking the
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(1,77, + m)u’

(17 ﬂ,g)ug

q)%n,f)*[u M(af) o (nm) [u, 7]

(17”+f)u” (Om)p

‘P("*,m)* [7

(1,n* 4+ m)ym

(Ln*)u*

Figure 10. Representation web of the A; quiver with antifundamental matter.

formula from appendix E for the A3 qq-character Xér (z) associated to the second node, and
sending the gauge couplings qi,qs — 0 while qo = q is held fixed, we indeed recover the
massive A; qq-character I (z) obtained in [11],

\E(2) = <uzmy;<zv-2> ¥ qz“pf““d‘(i;?(?)p“(z) > , (4.46)
gauge

since

/

() — _

my™ =Yg (v = [0 =27 ™) ™) = prana.(2972),
=1

1

(1= 27Y) = pa(2), (4.47)

f
y@s =Y

~
[y

and we have dropped the label 2 of the middle node.

In our formalism, the gauge coupling q is obtained as a ratio of horizontal weights u/u*.
The limiting procedure q — 0 corresponds to send either u to zero for some intertwiner @,
or u* to infinity for the dual intertwiner ®3. In either case, the normalization coefficients,

tnm or t vanishes except when the Young diagrams X are empty. The case of the

n,m?
antifundamental matter is the easiest one to consider. Indeed, it is observed from the
AFS lemma that since R(f)) = ), the vacuum intertwiner @ commutes with the action of
% (2). As a result, an additional horizontal contraction with this operator, as represented
on the figure 10, does not spoil the commutation with the operator X (z). In this case,

the T-operator is simplified as the extra ®; can be decoupled,'4

TS = Z% 5] @ @8 fu, #1008 u, 7). (4.48)

14Said it otherwise, the action of x(2) on ®y being proportional to u — 0, the extra horizontal channel
can be dropped.

— 35 —



On the other hand, in the case of fundamental matter, it does not seem possible to
fully decouple the extra horizontal channel, and we are forced to define the T-operator
within three different Fock spaces,

af n,J)* s , = n* m)kr ok n,m
T(g(n)@) = Zax q)(% f) [u,,u(f)] & (I)% f)[u,u(f)]q); ) [w*, 7] ® (I)(X )[u,zﬂ, (4.49)
A

in order to observe the commutation relation with the operator X (z).!> This problem
is related to the non-commutation of ®; with x7(2), it can be solved by considering the
commutation with the operator X (z) instead. However, the problem persists if both
fundamental and antifundamental matter are introduced, in which case the only solution
is to consider a third horizontal channel with a trivial vertical contraction as in (4.49).

The treatment of fundamental matter here is rather different from the usual brane
description. In particular, we do not observe a limitation on the number of fields in this
algebraic construction, which may be an effect of the presence of Chern-Simons terms. It
would be advisable to achieve a deeper understanding of the precise difference between the
two constructions.

Since our understanding of fundamental matter is based on gauging the flavor group,
the generalization of these results to all linear quivers would require to construct arbitrary
quiver theories, which is way beyond the scope of our paper. However, we hope to be able
to address this issue in a near future.

5 Perspectives

We have proposed an algebraic method to derive qg-characters of linear quiver N = 1
gauge theories with U(m) gauge groups. It is based on the insertion of DIM generators in
a tensored horizontal representation, symmetrized in order to define an operator commuting
with the T-operator of the gauge theory. This method provides an efficient way to derive
the explicit expression of the qq-characters as correlators in the gauge theory.

There are several directions in which this work can be extended. The most natural one
is the treatment of DE-type quivers. In the case of D-type quivers, the brane construction of
Kapustin [60] involving an orientifold brane seems relevant. Progress along this direction
will be reported elsewhere. Affine quivers could also be considered. There, the extra
compact dimension seems to impose the consideration of a ring of tensor spaces in the
horizontal representations in which an infinite number of quantum Weyl transformations
can be applied. A much harder problem would consist in studying gauge theories with
DE-type gauge groups, i.e. Sp(m) or SO(m) groups. The recent construction of Hayashi
and Ohmori [61] could be helpful in this context.

In [62], a deformation of the refined topological vertex has been introduced, that
corresponds to a further (g,t)-deformation of the horizontal representation. It would be
interesting to further study the underlying algebraic structure.

15Taking the limit u} — oo in the As operator Xg(z)7 the dominant terms are those with a 2t (2)
generator inserted in the first space. They are of order ~ u] and reproduce the two terms in the massive
qq-character (4.46).
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We hope that the generalized intertwiners introduced here will also be useful in the
description of the underlying integrability, leading to a generalization of the R-matrix
construction [21, 22].

Finally, the action of a similar quantum algebra has been observed in the context
of higher spins [63], and it would be interesting to investigate the role played by these
fundamental objects that are interwiners and qqg-characters.
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A Different expressions for the vertical representation

In [11], a different-looking vertical representation has been employed. At the level (0,1),
it reads'®

e(2)|v,\) =z~ Z 0(2/xz)Ae(N)|v, A + x)

z€A(N

v, A= > 5Z/XI Ao, A — ), (A.2)

TER(N)
Y0, A) = = [y o, A, = (1= )1 - a)(l - a),

with function W) (z) defined in (2.12), and the coefficients being the square root of the
residues A;(A\)? = +Res,—,, Ux(2). However, the normalization of the states can be

16Here the generators have been multiplied by a constant factor without altering the commutation rela-
tions as follows:

e(z) = 2V —gve(z),  f(z) = 2/ (1 —as)of(2), $7(2) = (1 as)od™(2). (A1)

The definition of the function ¥ (z) has also been modified in order to reflect this change of normalization.
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modified by an arbitrary factor: letting |v, \)) = N (\)|v, A), we have in general
N

e(2)|v, A)) x@zA;A)é 2/ Xe) Ay )m|v,)\+x>>,
N (A.3)
2)|v, \)) Z 3(2/Xx)Na )(7)]1),)\—@),
TzER(A

Note that the action of the Cartan is not modified since they are diagonal in this basis.

Choosing the normalization factor as'’

N = —— (O—%>W>7:$ MY Ay
TEA

Zect. (Ua )\) ’711/2 Xz N<)‘ + 1‘) y)\(QS_1Xx)

using the fact that

Res Wx(2) = Va(xaq5") Res

Z=Xze A(N) Z=XzeA(N) yA(Z)
1
Res WUy(z) = —— Res W(zq3 ), A6
Z=XzeR(N) A( ) y)\(Xx) Z=XzeR(N) /\( 1 ) ( )

and the property A;(A) = Az (XA — z), the new representation can be written

1
2)|v, A)) Z 0(z/xz) ZR()B{S N )|v A1),

€A( (A7)
HOIPYEEY 5z/xz)yx_x(qglxx)!v,A—x>>.

zER(N)

The second relation simplifies after a careful treatment of the limit z — x, in the expression

y)\—z(ZQ2,_1) = y)\(ZQQs_l)/S(QSXx/Z)a

F)o, ) = L0

s Z 6(2/Xx) Res 2 (2q5 )|, A — ). (A.8)

TzER(N)
Finally, we notice that the coefficient in front of the commutator [e, f] is different from the
one in (2.2) for [z*,27]. In order to recover the same convention, we need to multiply

O s OB O R O} (A.9)

Under the identification of the renormalized f(z) with z7(2), and e(z) with 21 (z), we end
up with the vertical representation (2.11). In addition, an extra cosmetic factor of 1
has been added in front of 27 (z) and ¥*(2) in order to simplify some expressions. It is
important to stress that our renormalized vertical representation here does not coincide
with the one used in AFS’s paper in which the normalization of the intertwiners ®, and

@1 is also different.

7The recursive property is inherited from the discrete Ward identity obeyed by the vector contribu-
tion [11],
Zyeet. (0, A +2) (1 —gs)*v 1 1 (I—g)*v Az(N)?
Zueet.(v,A) X3 Walxaq5 ') A8 M) o Mg )?

(A.4)
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B Useful formulas for the horizontal representation

B.1 g¢-bosons vertex operators

The vertex operators 7, £ and ¢* satisfy the relations

n(=n(w) = Sw/2)" : n(2n(w) - £(2)E(w) = S(/w) - E(Ew) -
W(2)E(w) = Seywfz) : n(2)Ew) - E(n(z) = S(r/w) : n()Ew) -
e () = SELD e ) s nlwlet (7)o )
PN = G o) 5 et (61 =t 22)E )
o~ (1M22)n(w) = o~ (1122 (w) - Hw)p™ (122) = m o (M) -
o (Ve w) = o (P2 (w) - fwp(7722) = T o P age(w)
(B.1)
Explicitly, the vacuum intertwiners read
Dy(v) = exp ( Z% U a_ k) exp (Z;l _lq_kv_kak> )
k= k=1 (B.2)

_exp<zk1 k’yvak>exp< Z%

they obey the relations

_kafy U ak‘) I

) Bo(1) = T 0 Ba(w)
B)n() = Tz AP0(w)

§(2)Pg(w) = (1 —yw/z) : £(2)Pg(w) :,
Dy(w)é(z) = (1 = z/(yw)) : £(2)Py(w) :

— 2U} z
P () = R )

Dp(w)pT (v 22) =t T (v 22) D (w) -,
™ (Y22)Bp(w) =: o~ (v/22)@p(w) -,

Dp(w)p~ (v/%2) = % LT (v 22)Pp(w) ¢,
n(2)@p(w) = (1 —yw/z) : n(z)Py(w) =,

Oy(w)n(z) = (1 = z/(yw)) : n(z)Py(w) :,

€)= Tz 1 6()0

= %
—~
S
~—

-39 —



Biw)e() = =7 €D -

_ o l-w/z L s g )

Oj(w)et (v122) = ot (v22) D (w) 1,
e~ (YH22) @) (w) =: o~ (v 22) @ (w) -,

e (v122) D (w)

—z 2w
j(w)p™ (v 22) = 11_/5/yw) LT (22 ®h(w) - (B.3)

Note also the properties

Dy(2) g (w) = G(w/7%2) : y(2)Pp(w) 1, Dy(2)Pp(w) = G(w/z) : Dy(2)@p(w) -,
Dy(2) 5 (w) = G(w/(v2)) " Po(2)@j(w) ;,  Pp(w)Py(2) = G(2/(yw)) ™" : @y(2)Pp(w)
with  G(z) =exp | — g % = q’f)z(kl — t—k)> = Zﬁl (1 — 2¢" 1) 1) 7 (B.4)
and the fact that

Pt (y'22) = E(@m(vz) s, 9T (v R2) = E(zm(v ) ¢ (B.5)

B.2 Commutation relations in horizontal representations

The simplest relations are the commutations between the operators 1+ and the inter-

twiners, they can be derived easily by combining the properties given previously and the
formula (2.12):'®

2> el s (200w, 0] = M (2) (v 22) 00 [u, )
(7 22) @0 [u, 7] = 9 o7 (v122) 00 ™ [u, 7]
(M2 @0 [, 0] = () T et ()00 u,

G (2220 u, 7] = 4 o (v ) B u, 7 -

2l < bl: @yt (712
o0 [u, oy~ (112
R D

I TR P

. (B.6)
gt (el 5

()T e () e )
—n—m . g0+(’yl/2z)<1>(xn’m)*[u,17] .
M L(2) T (22 B0 u, )

[
= =2 =2 =2

In these expressions, the representation (1,17 + m),s of the DIM generator is understood

(but omitted) on the left of the operator @(Xn’m), while the representation on the right is
(1,m),. The two representations are exchanged for the dual operator: (1,n), is on the left

8Operators are supposed to be radially ordered.
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of @;n’m)* while (1,7 + m), is on the right. Similar expressions can be derived for z*:

n+m,,/

. + (n’m) 3 — ’Y U . (n’m) = .
> bels @Rl = S e
n+m
_ (n,m) - R - —1y . (n,m) .
e @ ] = 2 Vo) €0
$+(Z)(I)(Xn,m)*[u,g] _ u,ynz—ny/_\‘(z,yfl) :U(Z)Q(Xn,m)*[u,ﬁ] :
— (nym)x; 2" (nym)*;
z”(2) 05 [u, 0] = ————~ : {(2) Py [w, 7] :
A uy"V5(2q5 ") A
(B.7)
A< hel: 0™ ale () = U)o )a 0w, 7]
x| - by ) A Zn+myx(z) . 2 ) :
n+m
(nm)p o — _ 7 -1 (n,m)
O [u, U (Z)—u,,yn+my*(2’y ) 1 €(2) @07 [u, V]

C Derivation of the AFS lemmas

The proof of the relations involving ¢ (z) is a matter of writing the commutation rela-
tions (B.6). Hence the focus here is on the generators 2+ (z). We first examine the product
of 27 (z) and q)%n’m) [u, U], the proof is based on the following decomposition for the function

1 1 1
— = Res . (C.1
2Y5(2) QCE%%X) Z = Xz 2=x= 2Y5(2) )

As a consequence, we can write the right product of 1 (z) on @, in (B.7) as

7 (2)8 ™ u, 7]

n+m  ,—n—m 1 1 n,m rd
= /4"y + Z Res :n(z)@& )[u,v] :

z€A(N)
1 1
— o lantm  —n—m+1 E R . q)(_‘n,m) 7l - C.2
wrE 2= Xz e 2Y5(2) n(xe) A [, 9] (©2)
Tz€A(N)
(n,m) 5 (n,m) 5
n(2)P 7 [u, U] 1 — (X))@ [u, U] 1
+ u/ n+mzfn*m+1 § A A Res .
v Z— Xz =xz 2V5(2)

zeA(X)

This expression is valid for |z| > |xz|, however the second line of the last equality has no
pole at z = x, and can be analytically continued to |z| < |xz|. This is not true for the first
line, and the fraction should be expanded in positive powers of z. A similar expression can
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be obtained for |z| < |x.| by considering the left product of z*(z) on ®,:
Y (2) @ [u, Tl (2)

1 1
_ I .ntm_—n—m+l . (nvm) = .
= /"My Zﬂ — Zfiisz I U(Z)CI’X [u, 0] :
z€A(N)
1 1
— o/ ntm —n—m+l R . (I)(-.n’m) 7l - C.3
u'y" Zﬁ ol 1(xa) @™ u, 7] (C.3)
Tz€A(N)
(TL,TTL) x{ (nvm) )
: 77(2)(1)” [u7 1)] LT n(XJJ)(I)” [u7 U] : 1
+u/ n+m27nfm+1 A A Res )
) 2 P— )

zeA(X)

Taking the difference of the two, the terms with no singularity cancel each-other. The
remaining expression is a difference of expansions in powers of z and z~! that forms a
delta function,

o ()20 [, 8] — 7" Uy(2) 25, 2t (2)

= /7" N §(2/xa) Res () @0 [u, 5 (C.4)
. z=xz 2V5(2)
Tz€A(N)
Then, since @(Xn’m) is built as a product of operators n(x,) for all z € A, the vertex operator
: n(XI)(I)(Xn’m) : can be written as QD(X’::’). Taking into account the prefactor
tn(X, u,v) Xgt!

ta(N+ z,u,v)  wATY (©:5)
we recover the AFS lemma in the form (3.18).

A similar argument can be employed to treat the action of z7(z), with the poles
located at the points z = ’Y_lXxER(X)’ and the operator :§(Z)<I>(Xn’m): simplified using the
property (B.5) of the appendix B.'® However, in this case, a more elegant proof is also
possible. It is based on the formula for the commutation relation between the modes x;

and CIJ&H) that can be found in [64] (formula (6.15)). By definition, we have

- dz k—1 —
T, = 022,71_,2 z~ (2) (C.7)
so that
— =z (n,m) 1 ﬁ k—1_ — (n,m) 1 ﬁ k—1x(n,m) —
[fL’k,CI)X [u,v]]—j{ o 9T (Z)CI)X [w, U] fzo 5 ? o [u, U]z~ (2)
[2]>]xa] [z]<|xz|
dz Zk+n+m71 3 nm .
= ]{ i Vi) ()R u, 1
zeR(N) XaTy
(C.8)
9The following property is useful here,
Res f(z)=~""Resf(zy"). (C.6)
z:'y_la z=a
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The second equality is the consequence of several cancellations between poles, such that
only the poles of yx(zy_l) will contribute. The expression for the product of operators is
taken from (B.7). The contour integral can be reduced to the residue contributions of the
integrand, which simplifies thanks to the properties (B.5) and (C.6) to give

[}, 5 (A M, ] = I e T Res V5(2q5 )q><nm>[u Ayt (v Y2x,). (C.9)
z€R(X)

k

Summing over the index k with the spectral parameter at the power z7%, we recover the

AFS lemma (3.18). This short computation gives some insight on the interpretation of the
AFS lemma: it is valid for each power of z in a formal expansion.

D Connection with quiver W-algebras

In [31, 32], Kimura and Pestun have introduced quantum W-algebras based on the Dynkin

diagram I' of simple Lie algebras of ADE type. These algebras are constructed upon a set

of g-bosonic modes sg) with k € Z and ¢ € " that obey the commutation relations

(]

i

59,50 = — 11—q

Sy S 1 k>0, (D.1)

(5kkc

[]

where c;;; denotes the k-th Adams operation applied to the mass-deformed Cartan matrix.
For instance, in the case of the A3 quiver with bifundamental masses j;7 = v~ !, this matrix

reads
l+g¢f —* 0
= o 1+d | (D.2)
0 —~k 1+q§

Since this algebra is also acting on Nekrasov partition functions, it should be related to
the DIM algebra considered in our paper. The aim of this appendix is to highlight this
connection. It is based on the decomposition of the tensor product of two (1,0) DIM repre-
sentations into q-Heisenbergdq-Virasoro algebras. This decomposition has been described
by Mironov, Morozov and Zenkevich in [33], and this appendix is just a reformulation of
their results in our notations.

In order to simplify the discussion, we will neglect the role of zero modes, ®y,... We
will also restrict ourselves to U(1) gauge groups at each node of the quiver diagram. It
is an easy exercise to extend the argument to more general cases. We first focus on the
A quiver for which the T-operator is built as a vertical contraction of two intertwiners,
Tua) = tr®* ® ®. Since two horizontal spaces are involved, we need two copies of the
g-bosonic modes in order to represent the horizontal action of the intertwiner and its dual.
We denote these modes a,(f) with ¢ = 1,2. By definition, modes with a different value of the
label i commute, while modes with the same label obey the commutation relation (2.21):

D) 1—g*
[a,g>,a<_,3,]:k1 tkakk,au, k> 0. (D.3)
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The operator T involves a trace over Young diagram realizations of a product over the box
content of the diagram. Each factor contains the following operator evaluated at z = x,
for some x € A,

1t X1tk
£(z) ®@n(z) = exp <_ Z A ( (1]2:,.)/]6 a’® )>> exp( A 2k (ag)fyk — al(f))) .
k=1 k=1
(D.4)
It leads to identify the modes ks, = 'y‘k‘ (1) + a( ), They indeed obey the commuta-

tion relation (D.1) with the deformed A; Cartan matrix ¢ = 1 4 g5, As a result, the
operator (D.4) can be expressed in terms of the screening operator defined in [31],

£(z) @n(z) ~ S(2)718(qez) :,  S(z) =: exp (Z zks_k) s (D.5)

kEZ

Taking the product over the boxes x € A, several cancellations occur, and the final result
is expressed in terms of a product over each column 4 of height A;,

Hf (Xa) ®n(Xa) : HS vgilgy) : (D.6)

TEA

where we have neglected the boundary terms .S (vqifl) that can be taken care of using zero
modes. In the r.h.s., the product is taken over the elements of the set X defined in [31],
and we can formally identify the state |Zr) representing the partition function with the
action of Ty, over the horizontal vacuum states:

|Zr) =~ Z HS v 'ap") = 10) = Tuqy (10) © [0)). (D.7)

The modes s can be used to build the stress-energy tensor of the g-Virasoro algebra.
1) +7|k|a’(€2)

The orthogonal combination kby = a , which by definition commutes with sg,
obeys the g-bosonic commutation relation

11—¢F

[bk,b_k/] = _%Wék’k,(l + qglf) k> 0. (DS)

Thus, we have obtained the formal decomposition
(1,0) ® (1,0) = g-Heisenberg @ g-Virasoro. (D.9)

It is also interesting to rewrite the coproduct of 7 (2) in terms of the modes by, si:

__ 4k
At (2) 1~ exp ( Z 1775%' kbk> Yy T+ Y ()7 ] (D.10)

where, following Kimura and Pestun, we have introduced the operator

1—tk
—k
=:e E z 5 = Sk- D.11

kEZ
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Hence, up to a U(1) factor, we recover in A(z"(z)) the operator T' of Kimura and Pestun,
identified with the fundamental current (stress-energy tensor) of q-Virasoro [59].2

For a general linear quiver diagram A,, the modes s,(j) i = 1---r are associated to
the nodes of the diagram. On the other hand, the T-operator is written as an (r + 1)th
tensorial product

Tu(me)xxUm) = St P1TO01PE® -+ @ By &) @ O, (D.12)

~ > I o) enta) |o| T ) @nta)|o-of I &0) @nlxe)

A o A \zex(@) zeX(?2) zeA(r)

In this expression, a different set of modes ag) is attached to each tensor space, with

t=1---r+ 1. It leads to identify the modes as follows:

r+1
9 = a1,y = S 013)
i=1

Under this identification, the modes s,(ci) reproduce the commutation relation (D.1) with

the deformed Cartan matrix of the A, Dynkin diagram. In addition, they all commute
with the modes by. Thus, for a general linear quiver, we have the formal decomposition

(1,0)20+Y — -Heisenberg & W,. (D.14)

E Derivation of the qg-characters for the Az quiver

The gqg-characters associated to the three nodes of the A3 quiver are labeled by the Young
diagrams 0O, H and g They can be constructed from the following operators:
A2t (2) =2f @110 1+9 @] ®1®1+¢, , @Yy, ®rh®1
+ ¢H/2 ® 1%/2 ® 1%/2 ® x}
A2t (2)) =0 1l @ah @11+ 97 1l @Yy, @ah @1
TV 0V3/0® w:_1/2x?; ®ai®1
+ ¢;1/2$:J5 DYy ®Yigpy ® v+ V19l @ w:_1/2x?; ® gy ® b
+ ¢::1/2w:g/2 ® w:_l/szg/z ® w:g/zng ® =
AB(@t (2) =0y 7 @ U7yt @ @1
+ w::3/2w:_1/2x5 ® 1/’;1/2*75?; DY ® Ty
+ w::3/2w:_1/2x3 Y1905/ @ w:_l/Qx:-; ® 2
TV 500 9V5/0 ® ¢;1/2¢:§/2$:J§ ® ¢:_1/2sz5 ® 7]

20Note that we have chosen to denote the Q-operator of Kimura and Pestun as 7 since the partition
function is obtained as the vev of this operator. On the other hand, their T-operator has been denoted X'+
to emphasize the fact that it comes from the generators z* of the DIM algebra, and that the TQ-relation
only holds if we forget about the difference of representations.
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(17 nz + 7713)u/3

(1, n3) gD "3m3) [ug, 73]
(0,m3) (I, n+m)y
i (1’”;)’“;
Qama) [y 7 Dlmy, 7]
(1, n3 + mg)ysy (0,m)z (L, +ma)y,
1,7 )
cp("*M)*[u*, i (1,n*)y CI)(m’ml)[ul, 171]
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é(”fﬁml)*[u]‘,ﬁl (L”T)u’[

(1,n] +ma)yp

Figure 11. Representation web of the A3 quiver.

where we have introduced the shortcut notations z} = z*(v%z2), ¢ = ¥~ (+*z). Note
that the argument of operators has been simplified taking advantage of the fact that they
act in the horizontal representations where 4 becomes . After a long and tedious com-
putation, it is possible to show that these expressions do commute with the operator
TU(ms3)xU(ma)xU(my) Tepresented on figure 11. In practice, we have used a short program in
Python to perform the algebraic manipulations.

Defining the qg-characters as

VI mitm (AP (27 ) TU(mg) x U(ma) x U(ma) )

+
Xo (Z) = *
AB + -1 >
i (2) = V2 n{+m+m1+m2< DT <0 ma)tm)
) u/1u>i<72n1+2n1+2m1 <7Ej(m3)><U(m2)><U(ml)> (E 2)
X+(z) _ V3 ni+ni+no+mi+ma+ms ‘
g ullufu1272nf+2n1+2m1+2n2+2m2

<A@<x+<zv-1>>7a<m3>xU<m2>xu<m1>>

X )

(TU(ms) xU(ma) x U(ma))
we find the following expressions after evaluation in the four independent Fock spaces,
Vs, (277 v Y5, (2)
Xa(z) = V1Zm1yX1(Z’Y_2) + q12™ /\32) + gy AT me gt —my s
5 (2) v Y5, (27)
1 O3 2mm 42 —2 251+H2+H3+m1*m3
+ ClllTI2CI3*’7H2+ K3+2m1+2mz2—2m3 5
v3 V5, (27%)
gauge
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S R e
V5, (e
V5, (27)

V5, (2)
Vs, (27)Y5,(27)

ﬂ,-Yle (Z,y)m +2Kk2+K3+m1—m3
V3 Y5, (27%)
gauge

Xg(2) :<V2zm2yX2(Z’Y_Q)+Q2V1’lez'i2+ml
V1V2 | —kotmy K2+Kg+m1+ma—ms
— z
+ 4293 s | (27)

—n2+m2( K1t+K2+K3+ma2—m3

1)
+ q19203—" 27)
V3

+ 919503

Y5, (277
Xg(Z) =<1/32m3y;3(27_2) + qaugy M2 Tm2 /\JQJXS(z)

+ q29q3v17y

Ko+2mq ZH2+I€3+m1 M + q1q2q372“1+“2 m (E3>
V5, (27) Vs, (%)
gauge
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