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1 Introduction

At low energy string theory is well described by supergravity. Stringy corrections beyond
supergravity are captured by higher-derivative o’ corrections. While Einstein’s gravity
and supergravity are well understood in terms of Riemannian geometry, we have no good
understanding of the geometry of string theory or even of classical string theory. Classical
string theory includes o/ corrections. Our goal in this paper is to better understand the
geometry behind these corrections.



Concretely, we ask whether there is a symmetry explanation for higher-derivative o
corrections, i.e., a symmetry principle that requires o/ corrections. We know of such sym-
metry principles in some cases; for instance, in heterotic string theory Green-Schwarz
anomaly cancellation [1] requires an O(«’) deformation of the gauge transformations of the
b-field, which in turn requires higher-derivative terms in the action. We have encountered
this phenomenon as a special case of our geometrical formalism [2]. Building up on the
work of [3] we will give extra evidence that there is indeed a gauge principle governing the
o’ corrections of classical string theory more generally.

Conventionally, o/ corrections to the effective field theory of bosonic strings are writ-
ten in terms of higher powers of curvature tensors, the three-form field strength H of
the b-field, and their covariant derivatives. These actions are manifestly compatible with
diffeomorphism invariance and the abelian b-field gauge invariance. Therefore, these cor-
rections are not required by gauge symmetries. In this paper we will invoke T-duality
covariance to study «' corrections, using closed string field theory [4, 5] and double field
theory (DFT) [6-10]. While T-duality results in a global continuous symmetry of the
effective theory after dimensional reduction, DFT features a T-duality covariance prior
to any reduction. It also features duality-covariant generalized diffeomorphisms, and the
duality symmetry that emerges after dimensional reduction is realized as gauge symme-
tries [9, 11, 12]. In a duality covariant formulation, gauge symmetries acquire o’ corrections
and in that sense ‘explain’ the origin of o’ corrections to the effective action.

In closed string field theory on torus backgrounds T-duality covariance is built in by
having coordinates dual to both momentum and winding modes, thereby realizing the T-
duality group on this doubled space. More precisely, in closed string field theory we have
a perturbative expansion in which the (fluctuating) field variables around T-dual back-
grounds are related by simple transformations that make T-duality manifest [5]. String
field theory enables one to read off gauge transformations and actions, including o’ cor-
rections. String field theory was the starting point for the construction of DFT in [7].
While T-duality is manifest in string field theory variables, the gauge symmetries do not
have the form expected for ‘Einstein’ variables that originate from the the conventional
metric tensor. To O(c/) the field redefinitions needed to connect Einstein variables to
T-duality covariant fields are not generally covariant, leading to fields that transform in a
non-standard way under gauge symmetries.

DFT is what follows from closed string field theory after restricting to the massless
sector, performing duality-covariant field redefinitions, and implementing background in-
dependence. Moreover, one generally imposes a duality covariant “strong constraint” that
means that effectively all fields depend only on half of the doubled coordinates.! To zeroth
order in o/, duality-covariant field and parameter redefinitions in closed string field theory
(CSFT) simplify the gauge transformations, which then form the algebra governed by the
C-bracket [8]. This bracket becomes the Courant bracket defined in [18] upon reduction to
un-doubled coordinates.

While there is work on DFT without the strong constraint [13-17], our understanding of such theories
is still preliminary.



In a DFT formulation of bosonic strings we have to describe the Riemann-squared term
well known to appear to first order in o’. There is a duality-covariant generalized Riemann
tensor, but it cannot be fully determined in terms of physical fields because the connection
contains undetermined components [6, 21, 22]. Therefore, we cannot write directly an
o’ corrected action that preserves duality covariance. Additionally the Riemann-squared
action cannot be written in terms of higher derivatives of the generalized metric [22]. To
cubic order, however, the tensor structure in Riemann-squared that causes this difficulty
can be removed by a non-covariant field redefinition of the metric. This leads to fields
with non-standard gauge transformations, and a gauge algebra with o’ corrections. This is
in quantitative agreement with [25] that studied T-duality in reductions to one dimension.
In that work o’ corrections require field redefinitions of O(a’) that are quadratic in first
derivatives of the metric, and thus cannot originate from covariant field redefinitions.

Doubled o geometry [3] is also a formulation in which T-duality is unchanged but
the gauge structure is changed. It features a field independent deformation of the C-
bracket and an action that is exactly gauge invariant. This deformation, however, does
not correspond to the O(a/) deformation of bosonic string theory; it does not give rise to
Riemann-squared terms. The construction of [3] was based on a chiral CFT introduced
in [6] and further studied in [3]. This CFT has one-loop worldsheet anomalies and captures
some of the structure needed for heterotic string theory [2]. Indeed, in this theory the
gauge transformations for the b-field make the field strength H with gravitational Chern-
Simons modification gauge invariant. Although this geometry does not describe the full
o' corrections of heterotic string theory, it contains important ingredients. A different
approach to describe o corrections to heterotic DFT has been discussed in [27], as we will
discuss in the conclusions. See also [28-31] for Courant algebroids in ‘generalized geometry’
formulations of heterotic strings.

We use closed SFT to compute the gauge algebra to first nontrivial order in o/. Af-
ter simplification, the result is a deformation of the C-bracket that differs from that of
doubled o' geometry by a sign factor linked to the symmetry of bosonic closed strings
under orientation reversal — a Zs symmetry that is not part of the T-duality group. The
four-derivative terms in [3] are in fact Zy parity odd. We call this theory DFT~ although
it has no overall Zo symmetry. We find that higher-derivative actions that respect the
Zs symmetry of bosonic strings exist. This theory, called DFT™, is built to cubic order.
The correction to the C-bracket in DFTT features the appearance of background fields, as
opposed to the background independent deformation of DFT™. In O(D, D) covariant no-
tation, with fundamental indices M, N = 1,...,2D, and gauge parameters £V, the gauge
algebra of DF'T™ reads

_ M M1
DFT™:  [&,&]0 = [, &]e — 5" """ KykponKyrg. (1)
Here K; yn = QO[MQN] = Omé&in — OnEi v, © = 1,2, antisymmetrization of indices or
labels is defined by A; By = %(AlBg — Ay By), and 7 denotes the O(D, D) invariant metric.
Moreover, [£1,&2]c denotes the C-bracket governing the gauge algebra of the two-derivative



DFT:

(61, &) = efokel! — elogel — %( oM — oM k) 12)
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The second term in (1.1) is the higher-derivative correction. The factor of o’ that multiplies
it is left implicit. In contrast, the gauge algebra for DFT™T reads

M Mo 1 -
DFT": [&, &), = [&. &) + 3 HE PN Ky ep ONKo g (1.3)

where HXZ denotes the background value of the generalized metric that encodes the back-
ground metric and b-field. It should be emphasized that this is not the complete algebra of
DFT™ which, given the appearance of H, is expected to be field dependent. At the present
stage of our perturbative calculation only the background value of the fields appear. Start-
ing from the DFTT gauge algebra we are able to write o/-deformed gauge transformations
that realize the algebra, and we show that they are related to standard tensor gauge trans-
formations by duality-violating redefinitions of precisely the expected form that absorbs
the problematic structure of Riemann-squared.

Given this discrete freedom in the deformation of the gauge structure of DFT, it is
natural to ask whether one can built an ‘interpolating’ theory with both Zs even and Zs
odd contributions. Such a theory indeed exists at this cubic level, and it corresponds to
having both the gravitational Chern-Simons modification of H and a Riemann-squared
term. The gauge algebra for the interpolating theory reads

(&1 52]51\//[ = [&. 52}24 +% (VFHEE =y )P K gp 0V Ky 1 (1.4)

with parameters v* that at this level are unconstrained.

To confirm the consistency of our constructions we build the cubic action, both for
DFT* and DFT™, including all terms with four derivatives and show that it is consistent
with gauge invariance. While the cubic DFT™ action is simple, the DFT™ action is quite
involved, but we can show that it encodes Riemann-squared (or Gauss-Bonnet) at the
cubic level.

The main conclusion suggested by the results in this paper can be summarized as
follows: while it is always possible to write o’ corrections in terms of standard ‘Einstein
variables’ g and b, string theory strongly suggests that these are not the best variables
when o effects are turned on. Rather, making the duality symmetries of string theory
manifest requires field variables that have non-covariant transformations of O(a/) under
standard diffeomorphisms. This may seem a radical step since diffeomorphism invariance
is the basic principle of Riemannian geometry, but in string theory this gauge principle
is replaced by a duality covariant one, with a gauge algebra that extends the Lie bracket
to the duality covariant bracket (1.4) with O(a/) contributions. It is to be expected that
there will be a (generalized) geometric formulation of classical string theory that organizes
the notoriously complicated o’ corrections in an efficient way that is manifestly covariant
under all symmetries.



This paper is organized as follows. In section 2 we review some of the basics of closed
string field theory and then determine the gauge algebra including terms with one and three
derivatives. This algebra is simplified by doing duality covariant field-dependent parameter
redefinitions in section 3. We use the simple final form to write field transformations that
realize this DFT™ algebra. At this stage we also note that a simple variant gives the DFT™
algebra. In section 4 we discuss the relation between the CSE'T perturbative field variables
and the ‘Einstein’ variables. We do this for DETT showing that duality non-covariant field
redefinitions relate the DFT variables to Einstein variables. For DFT™ the relation is more
subtle, as reviewed here. In section 5 we develop the perturbation theory of DFT™, which
is a useful step to develop the same perturbation theory for DFTT. We discuss in detail the
Zo orientation reversal transformation and its action on the perturbative DFT fields. We
also explain how to relate CSF'T variables to the perturbative DF'T variables and confirm
our identification of DFTT with the theory that arises from CSFT. Finally, in section 6 we
perform a very nontrivial check of the existence of DFT*: we show that an invariant cubic
action including four-derivative terms exists. The cubic terms show direct evidence of the
Gauss-Bonnet terms in the effective action. We conclude with some additional discussion
of our results in section 7.

2 The gauge algebra from string field theory

In this section we review the facts about string field theory necessary to extend the results
of [7] to include o corrections in the gauge algebra. We compute the algebra of gauge
transformations directly from the string field theory, including the first nontrivial o’ cor-
rections. We also review the simplification of the gauge algebra to zeroth order in /. This
section prepares the ground for the next where we will perform redefinitions directly on
the gauge algebra in order to obtain a simple form of the o’ corrections to the algebra.

2.1 Generalities of closed string field theory

The string field theory action is non-polynomial and takes the form

(26%)S = —% < %(xp, QY) + %@,[\1’,\1’]) + %@1:,[@,@,@]) 4o > : (2.1)
Here |W) is the classical off-shell closed string field, a ghost-number two, Grassmann even
state of the full matter and ghost conformal field theory that describes the closed string
background. The off-shell string field must satisfy (Lo — Lo)|¥) = 0 and (by — bp)|¥) = 0.
The ghost-number one operator @ is the BRST operator of the conformal field theory and
(+,+) denotes the (linear) inner product:

(A,B) = (Alcg|B), c&==(co*ap), (2.2)

N

where (A| is the BPZ conjugate of the string field |A). The inner product vanishes unless
gh(A)+gh(B) = 5. The cubic interaction is defined in terms of a closed string bracket |-, -]
or product. This product, whose input is two string fields and its output is another string



field, is graded commutative: [By, Bs] = (—1)P152[By, Bj] where the By and Bs in the
sign factor denote the Grassmanality of the string fields By and Bs, respectively. Moreover
we have gh([B1, Bz2]) = gh(B1) + gh(B2) — 1. Thus, for the Grassmann even classical
field [¥, U] does not vanish and it has ghost number three, which is suitable for the cubic
coupling of the theory not to vanish. The quartic term in the action is defined in terms of
a three-product [By, Be, Bs] that is also graded commutative. This product parametrizes
the failure of the bracket to be a Lie bracket, and is the next element in the L., structure
of the classical theory. The dots in the action denote terms quartic and higher order in the
string field.

The field equations F(¥) = 0 and gauge transformations 0o W of the theory take
the form
1

F(U) = Q\IH—%[\I',\I!H—S!

(U, 0, U]+ =0
(2.3)

1
WU = QA+[\II,A]+§[\I/,\I!,A}+---,

where A is a ghost-number one string field and the dots denote terms with higher powers
of the string field W. The gauge algebra of the theory takes the form

[5/\1 75/\2] = 5A12(\II) + [AlaA27]:] + e (2.4)

The transformations only close on shell (using the three-product) and the dots represent
higher terms that also vanish on-shell. The resulting gauge parameter takes the form

A2(W) = [Ag, Ay ]+ [A2, A, 0]+ - (2.5)

showing that the algebra has field-dependent structure constants. Since the gauge param-
eters are ghost number one string fields they are Grassmann odd and thus the bracket
[A2, A1] is properly antisymmetric under the exchange of the gauge parameters. We will
compute the first term on the above right hand side.

The theory generically has gauge invariances of gauge invariances. A gauge param-
eter of the form A = Qx will generate no leading order gauge transformations in (2.3)
because Q2 = 0. To all orders one only has on-shell gauge invariances of gauge invariances.
Indeed, for

~ 1
one finds a gauge transformation that vanishes on-shell: 6z ¥ = —[F, x| —[F,¥,x] +
O(v3).
2.2 String field and gauge parameter
The closed string field for the massless sector takes the form

1 . .
T) = /dp (—Qeij(p) alyalyerer +e(p) cre-1 +e(p) e1c-y
(2.7)

+ Z\/%(fz(?) cgera + fi(p) C(J)rclaj1> p) -



This string field features five component fields: e;;,¢e,¢e, f;, and fi. The field ej; contains
the gravity and b-field fluctuations as its symmetric and antisymmetric parts, respectively.
One linear combination of the e and é fields (the difference) is the dilaton and the other
linear combination (the sum) can be gauged away. The fields f; and f; are auxiliary fields
and can be solved for algebraically. The gauge parameter |A) associated to the above string
field takes the form

8= [l (S=n atie - S Ama e ) ). 29

The string field A has ghost number one and is annihilated by b, . It contains two vectorial
gauge parameters )\; and \; that encode infinitesimal diffeomorphisms and infinitesimal
b-field gauge symmetries in some suitable linear combinations. There is also one scalar
gauge parameter ;o that can be used to gauge away the field e + €. The linearized gauge
transformations are

5A€7jj = DlS\J + D])\Z y
1
onfi= —3 OXi + D,

O\ + Dipe, (2.9)

- 1
onfi = 3

1.
ore = —§DZ)\1' + 1,

1-.—

All indices are raised and lowered with the background metric G¥. The derivatives D and
D are defined as

1 0 0 _ 1 0 0
D, = 2 g2, b= R P I 2.1
/o <8.TZ kaxk) vao! <8$Z + K 6xk> ( 0)

The weak constraint means that the following equality holds acting on any field or

gauge parameter
O = D*=D>. (2.11)

The strong constraint is D'AD; B = D*AD;B for any A, B. We can now introduce fields d
and x by

1 1
dzi(e—é), and X:§(G+é). (2.12)
The gauge transformations of d and x are
1. o 1. o
oad = =2 (DX +D'X), dax = =5 (DA = D'Ai) +pe. (2.13)

It is clear that a choice of ;1 can be used to set y = 0. Since further \, A\ gauge transfor-
mations would then reintroduce y, these gauge transformations must be accompanied by
compensating ;. gauge transformations with parameter p(\, \)

M(A,X):%(D-A—D.X). (2.14)



Effectively, the new gauge transformations o5 are dy + o5 + 9 LR The extra term does
not affect d nor e;;, as neither transforms under p gauge transformations. It changes the
gauge transformations of f and f, but this is of no concern as these are auxiliary fields to
be eliminated. We denote by 6, the gauge transformations generated by A and A, and use
0x and 0y for the separate transformations. We have

1 1

Saeij = DiNj + Dj);, Sad = _ZD‘)‘_ ip.x (2.15)
The theory is invariant under the Zs symmetry
eij — €ji, Di = Di, Di = Dj, d — d, (2.16)

related to the invariance of the closed string theory under orientation reversal. Note that
this relates the transformations under X to those under A. Invariance under one set of gauge
transformations implies invariance under the other set. This holds both as we include field
dependent terms and higher derivatives.

The component fields in the string field theory have simple transformations under T-
duality. Since the formulation of the theory is not background independent the theory
around some background E must be compared with the theory formulated around a T-
dual background E’. The fluctuation fields of the two theories, as explained in section
4.2 of [7], are related by simple matrix transformations. Schematically e;; = Mi"’J\ijle;l
and the dilaton d is duality invariant. Note that the first index of e transforms with the
unbarred M and the second with the barred M. Every expression in which indices are
contracted consistently, i.e., unbarred with unbarred and barred with barred indices, is
therefore T-duality covariant. T-duality covariant redefinitions respect such structure in
contractions of indices.

2.3 Cubic terms and gauge transformations from CSFT

The algebra of gauge transformations is described by (2.5), and the field-independent part
is given by
A12 = [A2 ,Al] . (217)

We use uppercase gauge parameters to encode all the component gauge parameters:
A1 = (A1, A, ), Ag = (A2, A2, pi2) A1z = (M2, A2, p2). (2.18)

The computation of the gauge algebra is a straightforward but somewhat laborious matter
in string field theory. There are contributions with various numbers of derivatives or powers
of o/. We will be interested in the terms at zero order and first order in o/. We will write
this as

Nip =MD ATy
Moo =2 A (2.19)

, o .
pho =Y + o'y +



where the superscripts in parenthesis denote the power of o’. The result to zeroth order in

o is
i 1 i i 1 i i Loy i
A" = 5 (- DA =M= DX5) = S (A= DA = A= D) = (DM =M D - Xy)
Los = v AV, Livin s in Y 1. i
+ Z ()\2 . D)‘l -\ D)\Q) + g ()‘ID - Ay — )\QD . )\1) — Z()\l o — )\2M1),

;o _ 1 s 25 5 Av L5 =iy I Py Lsin 3 U DY
A0 =5 (DX = A -DX) — (Ao DA = A - D'h) = (A D-Ai = A D- Ao)
1 . . 1 . . 1 _. .

+ 7 (2 DA = A DXy) + 2 (MDD do = D - Ar) + 2 (N 2 = Ay

1 . 1 .
Mgg):_g()\lD“"AID)MQ_E(D)\I""‘D)\I),UJQ (220)

A partial version of this result is given in equation (3.8) of [7]. In that reference we only
determined the contribution to /\gg)i from Ay and \y. Such terms are in the first line of )\g)i.
There are also contributions that involve A\; and )\ as well as w1 and po. Such terms were
not needed for [7], where the gauge algebra was recalculated after a number of parameter
and field redefinitions. The order o/ results will be given below in (2.28).

The gauge transformations of the fields, including terms linear in fields but only two
derivatives, are somewhat complicated and were given in [7]. Their simplification took a
few steps. One must substitute the leading values for the auxiliary fields f and f. Again,
one can gauge fix e + € to zero and work with just the dilaton d. This is followed by a

redefinition of the gauge parameters:

3 1o
Moo=\ + Shd — = \Fe;
i +4 4 Cik 5

(2.21)
X=X+ Shid — Pakey,
i — N 4 i 4 ki »
and finally a duality-covariant redefinition of the fields:
eij = eij +eijd,
1 9 (2.22)
A P | 92
d d—1—32€”e +16d.
Dropping primes, the final form of the o/-independent gauge transformations is
_ 1
51\61']' = Dj )\1 + 5 [ (DZ)\k — Dk)\l) ij + )\kaeij ]
T 1T a5k Ak T Ak
+ DA+ 5[(DjA — D) e + ADless | (2.23)
Sad= — 1D A+ 1(/\ D)d 'p A+ 1(5\ D)d
AT Ty 2 1 2 ‘

Trivial gauge parameters do not generate gauge transformations and take a simple form

)\z’ = DiX, 5\2 = _DiX7 (2.24)



as can be checked using the strong constraint. These trivial gauge parameters have no field
dependence and the resulting transformations of fields vanish without using equations of
motion. This is simpler than what could have been expected from (2.6). We will see that
such simplicity is preserved with o’ corrections. The algebra of gauge transformations can
be recalculated using (2.23) with the conventions

[(5/\1 7(5A2] = 51\6’12 y Ac,12 = (AQIQ, )\0712) s (225)
with subscripts ‘¢’ for C-bracket. We find

. 1 - -
2,1225[(>\2’D+)\2'D))\z1—(>\1'D+)\1'D))\Zz]

1 . . 1. N .

+— [ A DAy —= X DAt — = [ A1 - DAy — Ay - D'y,
B 14 - e (2.26)
b= 5[ (e D+ % D)X — (\-D4+Ai-D)XN |

1 _ . _ . 1. - - = ==
—Z[)\l'Dl)\Q—)\Q'DZ)\l]—i—Z[)\l'DZ)\Q—)\Q'Dl)\l] .

This is the gauge algebra that written in background independent language gives the C-
bracket [8]: Ac12 = [A2,A1].. This algebra is different from the zeroth-order algebra
in (2.20). It would have been convenient if (2.26) could have been derived from (2.20)
without recourse to the gauge transformations of fields. We will do this in the next section
as a warm-up, befor‘e extending the analysis to include the o’ corrections. As a first step,
we rewrite here )\gg)z in terms of /\212. A short calculation gives
, . 1 - _ _ _ 1, . .
AV =N+ = (MDA —Xa-DIA) — = (Ao DA — AL D \)
4 4
) ) . (2.27)
— Z (5\2 . D)\ll — 5\1 . DAZQ) + g ()\le . 5\2 — )\%D . 5\1) — Z()\ll Mo — /\é,ul) .
The order o terms in the gauge algebra, as defined in (2.19) are also calculated from
the string field theory and the result is

MY = — (D} - DY) (D] +2D}) (2D} + DE) M Ao
— é(D{ — D) (D] +2D3) (2D¥ + D5) (M1 jAak — A2 jAik) (2.28)
+ %(Di — DY) (D] +2D%) (A1 jpi2 — Aajin)
+ %(Di — D3) (D] +2D%) (A pa — A pia)

NP = — 55 (D} — DY) (D +2D4) (2DF + DE) Xy o
~ (D}~ DY) (D] + 2D}) (2D} + DE) (ko)
— (D} = DY) (D] + 2D}) (a2 — Aaypm)
- %(Di — D3) (D] +2D%) (M j pa — A pia)

s = 3i2 (DI +2D]) (2DF + DE) Ay hose — (142).

,10,



In here we have a collection of derivatives acting on products (or a sum of products)
of gauge parameters. The convention is that D; acts on the first function and Dy on
the second function. Thus, for example, Di(f - g) = D'f - g, D5(f - g) = f - D'g, and
D{D;( f-g) = DJf-D'g. Care must be exercised not to exchange the order of functions
until all derivatives have been applied. Note that A, is obtained from A, by conjugating
all objects and changing the sign of any term involving 1 or pue.

3 Simplifying the closed string theory gauge algebra

In this section we perform redefinitions of the gauge parameters in order to simplify the
closed string field theory gauge algebra obtained in section 2. We begin by showing how
to compute in general the change of a gauge algebra under a field-dependent parameter
redefinition. Then we illustrate this technique by applying it to the CSFT gauge algebra
to zeroth order in o/, to recover the C-bracket result (2.26). We apply it next to the CSFT
gauge algebra to first order in o/, and after some steps we obtain the rather simple form
given in (3.34). Based on this final form of the gauge algebra, we determine the associated
gauge transformations to first order in o/. In the last subsection, we point out that consis-
tency of such a higher-derivative deformation of bracket and gauge transformations does
not uniquely determine these transformations. Rather, there is a Zo freedom that leaves
one sign undetermined.

3.1 General remarks on gauge parameter redefinitions

We start with a general discussion of (perturbative) gauge transformations and show how
field-dependent redefinitions of the gauge parameters can change the gauge algebra. Note
that, in contrast, field redefinitions leave the gauge algebra unchanged, even though they
can change the form of gauge transformations. We consider gauge transformations of fields,
collectively denoted by ¢, with respect to a gauge parameter A\. They are perturbatively
defined to first order in fields,

e =f(A) +9(A¢) + 0% , (3.1)
where f is a linear function of A\, and g is a linear function of both A and ¢. We also write
JV =808, g(\g) =89, (3:2)

indicating by the superscript in brackets the power of fields. In general, closure of the
gauge transformations requires

00080 | 6= 0,00y @ + O A2, F(@)) (3.3)
where A12(A1, A2; ¢) are field dependent structure constants, and F(¢) is a function of

the fields such that A = 0 on-shell. To linear order in ¢ we can only determine the part
of the gauge algebra (3.3) that is independent of ¢, since terms O(¢) are affected by

— 11 —



the 61 variation of unknown terms O(¢?). Thus, h cannot be calculated from the field

transformations to this order. Similarly, writing

A2(A1, A2; @) = Aia(A1, A2) + O(9) (3.4)

we can only determine the ¢-independent part. Equation (3.3) then reduces to

[&1,%] 6= (A d2) +0(0) =00 | 6 +0(0). (3.5)

On the other hand, computing the left-hand side directly from the transformations we find

[0r 0] @ = 03, (FO2) +9002,6) + O(¢) — (1 <+ 2)

(3.6)
= 9(X2, f(M1)) —9(A1, fF(X2)) + O(9) .
Comparing with (3.5) we learn that
fAi2(A1,A2)) = g(A2, (M) — g(M1, f(A2)) - (3.7)

Now we examine how a field-dependent parameter redefinition changes the gauge algebra.
We consider

A = A+AN ), (3.8)
with A(\, ¢) linear in A and ¢. More precisely, we define new gauge transformations S/\ by
g)\ﬁb = 6>\+A()\7¢) ¢ =0\p+ 5A(A,¢)¢ = f(N) + g9\ 0) + F(AN, 0)) + O(¢2) . (3.9)

From this we next compute the new gauge algebra, which is of the form

[ |0 =0 | 640(9) = F(hiz(A, h2)) + O(9) (3.10)

From the left-hand side we get
[n:00] 6 = 3n (F002) +900,6) + F(A2,6) + O ) = (1 & 2)
= 90, D) + F(A02 FW) = (1 2) +O(9) (3.11)
= Fn20 7)) + FAQ, FO0) = F(AOL F2) +O(@)

using (3.7) in the last step. Recalling that 6&0% = f(\), we compare with (3.10) and infer
that up to irrelevant trivial parameters

X12(>\1, )\2) = )\12()\1, )\2) + A()\Q, (5/[\01](;5) — A()\l, 5£?Q]¢) . (312)

This relation allows us to compute the modification of the gauge algebra under field-
dependent parameter redefinitions generated by A()\, ¢) knowing only the inhomogeneous
transformations 8% of the fields. We will apply this repeatedly below.
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3.2 Simplifying the gauge algebra
We first illustrate the above method by simplifying the gauge algebra following from CSFT
to zeroth order in o/. After using the gauge fixing condition (2.14) in (2.27) we find that
A2 to zeroth order in o/ can be written as
0 A 1. -, . R 1. -y I
MY = Nop + [ MDRos = M DAus ] = 7[ MDAl — M Dy Xy
(3.13)

2 (jo D) +x (~f ap ) |

Next let us combine terms in the first and second line to find
(0)i i LSk iy A\ 3 i 1 Ay
)\12 - AC712+Z)\1 (D )\27k+ Dk}\z)‘i‘z —)\1 _Z(DA2+D)\2) - (1 <—> 2) 5 (314)
where the (1 <+ 2) antisymmetrization applies to all terms except )\2712. We wrote the terms

such that they take the form of the §l% transformations of e;; and d as given in (2.15).
Thus, using the (1 <> 2) antisymmetry, we can write
; ; 1< ;3

)\gg)z = Ae12 — 1 /\15 5,[\0116% + 1 A5 5&01](1 - (1+2). (3.15)

Looking back at (3.12) we infer that the final two terms have precisely the structure needed

to be removable by a parameter redefinition. More precisely, with

S 1-, . 3

Al — -k i 2

(Aa)‘aevd) 4A €k A

we obtain with (3.12) and (3.15) for the redefined gauge algebra

Nod, (3.16)

i i L3 i 3. i
No(Ar, A2) = AP (A, ) + 1M o\ ety — oA O d—(14+2) = Al,,. (3.17)

The extra terms have cancelled and the gauge algebra reduces to the one defined by the
C-bracket. The above parameter redefinitions are those in (2.21), and combined with the
field redefinitions (2.22) lead to the simplified form (2.23) of the gauge transformations.
Note that, more efficiently, terms in the gauge algebra of the form A()\g, 5&01] (;5) —A()\l, (5&02] qﬁ)
can be simply dropped.

In the following we apply this strategy to the O(a’) corrections of the gauge algebra.
With the above simplification, the O((a/)?) part of the algebra is that of the C-bracket
and the O(a’) terms remain unchanged so that, deleting tilde’s, we can write

Nip = Ny + o) (3.18)

Here )\(112)i represents the o/ correction given in (2.28) that, grouping differential operators,

can be written as:

i 1o i '
YL a3(Di - D5)(D{ + 2D}) | (2D} + D5)A1j ok

+ = (2DF + D) (Arjhor — AgjAir) — Az + Aojin (3.19)

DN |

1 o o _
+ 35 (D1 = D3) (D] +2D3) (Mjp2 — o) -
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Next we eliminate p in favor of A using (2.14) and expand the innermost differential operator

i 1 i i j j = N = 3
A%) - E(Dl — DY)(D] +2D3) [21)%]- Aok + A1;DFAgr, + DPA1j Aok — DFXaj Mg
1 ~kY ]_ 7]{/_— ]_ — — 1 — —
+ 5AUD Dok — §A2jD ij — ZAU(D da—D- )+ 1Agj(D ‘A —D- X))

1. o /1. o 1. o
—|—f(D11—D12)(D{—|—2D§) <4)\1J(D-)\2—D-)\2) — 4)\2J(D')\1—D')\1)> .

32
(3.20)
Acting then with the second differential operator yields
(1) 1 i i i Mk j k inky 3 i rky 3
Ay =— 3—2(D1 — D3)< 2D DXy Ao + D? A1 D Agj, + D D¥A1j Aot — D? D¥ Ao Ao

1. L 1. L ) )
+ 5D\ D* gy — 5 D7 D*X\ik +4DF X1 DI \gp, + 2X1;D7 D* Ay,

+ QDk)\lj Dj;\gk — QDkAQijj\lk + )\1jl)j[)kj\2]g — )\Qijij\lk

—TDING(D 2o =D Ra) + 1 Dgy(D A~ D Ay)
— D (D2 =D R) + DA D (DA~ D Ay)
—1DIR(D 2o =D Ra) + 1 DTgy(D A~ D Ay)
MDD da D) + oD (DA~ D Al)}

(3.21)

We can now combine and simplify various terms inside the parenthesis (i.e. before acting
with the outer differential operator). We note that (D; — Ds) imposes an antisymmetry:
when exchanging the first and second factor of any term we get a sign. It is then an easy
calculation to show, for instance, that the terms quadratic in D - X and D - A combine into
1 5.3 5.3 0 5.3 5.3 (510
i(D-/\l—}—D'/\l) (D-)\Q—l-D')\Q) = —((5)\16{) (D')\Q"‘D'AQ) — (D-/\1+D'/\1) ((5)\2d) . (3.22)

Performing similar manipulations for the remaining terms in (3.21) we find in total

; 1, . . _ , _
A :_32(D71—D§){—(D./\1+D')\1)5[A02]d T g)\Jle(D.)\2_|_D.)\2)

+ =N Dj(D Ay +D-Xg) +2D A1 DINgy 4+ 2D%A1; DI Ny, — (1 2)} ,

NN

1 i i =< 0 j 0 <im /<0
== 5 01Dy { - (0 2+ D) (60 ~ XD, (500) ~ 200D (31
+ 2Dk)\1j Dj)\Qk; + QDk)\lj Djj\gk — (1 <~ 2)} s (3.23)
where (1 <+ 2) means (A1 <> A2). Consider the second term on the last line. We write it in

terms of 6%¢ and use the strong constraint to find

2DF X (8¢ — DIA]) — (143 2) = 2DF\y; 600ed — 2DFA; Dy — (145 2) . (3.24)

2
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As a result, we have

2

; 1, 1 _ . o
M= ot i) { - Lo D A6l 9D 6a) - M, (6%)
+ Dk)\lj (5&02]€Jk) + Dk)\lj Dj)\gk — Dk)\lj Dk)\% 1 <~ 2 } 3 25

It is now clear that all terms that involve a 61 have the structure that allows them to be
removed by a suitable parameter redefinition. It thus follows that the new gauge algebra is

~(1\s 1 , ‘ .
A= —1g (D1 = D3) { 2D A0 DIgy — 20" DX } (3.26)
where we noted that the antisymmetry in A\; <> Ay is automatic under the operator (D} —
D}). Dropping the tilde from now on, we have simplified the gauge algebra to

1 | | |
—1g (D1 = D2) (D*Ayj = DjAT) (D7 Aok — DiA3) (327

| 3.27
— (DFAy; — D) D (DI dgy, — DiM)

1)i
/\gz) =
1
~ 16

=
with AD B = ADB — DA B. In the notation of (3.18) we have identified the o/-corrected
gauge algebra or bracket as

Ay = A, of (DA} — D’%J) (DJ)\gk—Dk)\J) (3.28)

1
16
Note that for trivial parameters \' = D%y the full o/ corrected bracket vanishes. Moreover,

this algebra is purely holomorphic. An exactly analogous treatment of the barred parameter
would yield

. . _ o =i, _ _
by = Xy — Eo/(DjA’f—D’“AU)D (D7 ok, — DY) (3.29)

Employing the notation

7

the algebra takes the form

‘ . 1 .
12 = A2 — TGO/ (KY'D' Koy — (1 5 2))

N N 1 o (3.31)
= Mgy — TGO‘/ (KF'D' Koy — (1 45 2)) .

Although this holomorphic/antiholomorphic presentation of the bracket is intriguing,
it turns out to be useful to perform one more parameter redefinition that mixes holomorphic
and antiholomorphic parts. In fact, the original string field theory gauge algebra mixes
holomorphic and antiholomorphic parameters, and the C-bracket does as well. Such mixing
leads to a simplified form of the gauge transformations, which we will discuss in the next
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subsection. The parameter redefinition, in the form (3.12), uses parameters A’ and A’
given by

. 1, - o, _ 1 .
A= —ga' (Dghi — Dh) DR, Al = —go/ (DgAi — DyA)DRel” . (3.32)
This leads to the redefined gauge algebra

- . 1 _ _ _ o .

Ao = Ajp — go/[(Dk/\zl — Didog) DF (DN + D'AY) — (1 4 2)] )
. 1 o _ o . :
= Ao — EO/[(DVQI — DyAgi,) D? (Dkkll — Dl)\’f) - (1+2)],

where we noted that the second derivative D*D! is symmetric in k,{ and so drops out of
the antisymmetric contraction. Dropping the tilde, and combining with (3.31) the gauge
algebra finally becomes

7

12 Ea’(KleiK%l — K{'D'Koy — (145 2)),

CSFT gauge algebra: ‘

_. _. 1 o _
by = Moy — EO/(K{“IDZK%Z ~KM'D'Kopy — (14 2)) ,
(3.34)

where we have included the corresponding antiholomorphic part. This is the final form
of the CSFT gauge algebra that we will use next to determine the o/-deformed gauge
transformation. The C, bracket is read from the above results and the definitions:

[0, 00s] = 0nry, A1z = [AZ,Al]Ca/ = (M2, A1) = [()\2,5\2),()\1,5\1)]%/
(3.35)

3.3 Gauge transformations

We now determine the corrected gauge transformations that close according to the gauge
algebra (3.34). Rather than finding them from CSFT by performing a series of laborious
field and parameter redefinitions it is easier to obtain them from the gauge algebra. To
this end we consider the commutator of transformations on the field e;;. If we only know
the 60 and 6! transformations we find

[Ons0ns iy = 3, (OLeis) — (1 2) + O(e)

1

(3.36)

0
- 5&1

L€ij +O(e) = Didizj + DjAizi + O(e)
which means that

5l

1

(dhseif) — (14> 2) = Didaaj + Dyjdiai (3.37)

We can look at the first order in o’ part of this equation. Noting that & 0] receives no o
correction but dlt does, we will write

st = 11O 4 /sl 1 O(a?) (3.38)
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and use this to evaluate the left-hand side. For the right-hand side we need the parts in
A2 and Ajo (3.34) linear in o/. A quick computation gives

1 _ .- _
(5}?} ((Sj[\li(l)e”) — (1 Ad 2) = —g(Dszl DjKle — Dlel DjKZkl — (1 Ad 2)) . (339)

We note that the terms of the form K DDK cancelled under the (1 <+ 2) antisymmetriza-
tion, while the terms of the form DK DK added up. We now have to rewrite the right-hand
side as a total 61 variation. To this end we write out one of the K factors in each term,
using the manifest antisymmetry imposed by the other factor, and compute

1, - - = = _
5ﬂ (55\2(1)6”) —(1e2)= _Z(DkDi)\ll DKoy — DiK{ DyDjhg — (1 4> 2))
1 _ _
- _1(5&)1] (D"¢;') DKoy + D; K5 6@ (Dreyy) — (145 2))
1 _ _
= — 0 (DFei! DKo + DK} Dyeyy = (1452)), (340)

where we used the (1 «» 2) antisymmetry in passing from the first to the second line. Note
also that while §[°! e;; has two terms, only one term survives due to the contraction with the
antisymmetric K’s. After a slight reordering of terms, we infer that closure of the gauge
algebra holds for

1 _ _
(55\1](1)61]' = _Z [Dkelj DiKkl + Dkeil Dijl] . (3'41)

Writing out K, the result takes the form
1 _ o _
s, = - [D¥ey; Di (DX — D'AL) + DFey Dy (DA — DIA,)] (3.42)

which closes according to the o/-deformed gauge algebra (3.34) predicted by CSFT. Let
us finally note that for this gauge algebra, to order o/, we have D - Ajg + D - A5 = 0.
This implies that the dilaton gauge transformations need not be deformed in order to
be compatible with the deformed gauge algebra. Indeed, we will see below that a gauge
invariant action can be constructed without changing the dilaton gauge transformations.

3.4 A two-parameter freedom in the gauge algebra

We have used CSFT to determine a consistent deformation of the gauge algebra of the
two-derivative theory and the associated deformations of the gauge transformations. One
may have suspected that this would be the unique deformation (up to parameter and field
redefinitions) of the gauge structure to first order in o/. We will see, however, that there is
more freedom, given that the gauge algebra deformation of [3] does not coincide with the
CSFT deformation above. There are two possibilities with definite Zy properties under the
transformation b — —b and a continuum of possibilities with indefinite Zs.

The more general gauge transformation can be obtained by using independent co-
efficients for the two terms in (3.41); the term involving A and the term involving .
Introducing parameters v* we write this more general transformation as

1 B o
s Mg, = — [ +77)Dyeyy DiEM + (v* —57) Dreu D;EH] (3.43)
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A short computation shows that these close according to the deformed gauge algebra

, . 1 B A o
Alg = )\1.3712 - EO/[(WJF + )KlelKle - (7+ -7 )KleZKle -1« 2)] ) (3.44)
3.
o 1 o - _
12 = Aea2 — EO/[(W — Y )EP D' Koy — (vF + 97 ) KP' D Koy — (1 3 2) | .

For v+ = 1, v~ = 0 this reduces to the CSFT transformations and gauge algebra, re-

spectively. The second interesting case is y© = 0, v~ = 1, which introduces a relative
sign between holomorphic and antiholomorphic parts and for which we obtain the gauge
transformation
_ 1 _ _ o
on 7 eij = — [D¥ey Di(DiN' = D'\i) — Dreq Dy (D' = D'\i)] (3.45)

where we indicated the new transformation by adding the superscript ~. The corresponding
gauge algebra reads

A =Ny, — %o/ (Kt D'Kopy + Kt D' Koy — (1 5 2)) ,

oo (3.40)

Ny = Aae+ 5 (K" D' Koy + K D' Koy — (145 2)) .
We note that for arbitrary 4+ and v~ we still have D - A5 + D - A2 = 0. Therefore, this
deformation is also consistent with a dilaton gauge transformation that is not changed.

As we will show in more detail below, the §~ gauge transformation is an inequivalent

deformation of the two-derivative gauge structure of DFT and is the one that arises in [3].
In fact, while the o/ deformation implied by CSFT preserves the Zo symmetry of the two-
derivative DF'T, the deformation 0~ violates Zs maximally. In the following these two
different theories are referred to as DFTT and DFT™, respectively. We will discuss in
the next section their relation to higher-derivative deformations of Einstein gravity with
conventional gauge transformations.

4 o' corrections in Einstein variables

In this section we discuss the relation of the CSFT field variable e;;, that has o/-deformed
gauge transformations, to the usual variables h;; in Einstein gravity, that transform under
conventional diffeomorphisms. We first show that in order to write the Riemann-squared
term appearing in the o expansion of string theory in a T-duality covariant way, we have
to perform a redefinition that is not diffeomorphism covariant. This redefinition induces
an o deformed gauge transformation that in turn can be matched with that of CSFT.
Finally, we discuss the Zo odd gauge transformations of DFT~. We find that on the b-field
the deformed gauge transformation cannot be related to that of a conventional 2-form. It
has an anomalous term that, however, is exactly as required by the familiar Green-Schwarz
anomaly cancellation.
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4.1 Riemann-squared and T-duality

We start with the low-energy effective action of closed bosonic string theory to first order
in o/ [24, 25]. For simplicity we set for now the dilaton and the b-field to zero. The action
is then given by

1 -
S = / dz \/g (R + 40/Rl-jklR”kl> : (4.1)

where R;jj; denotes the Riemann tensor. We recall that the Riemann-squared term gives
a tensor structure in g;; that cannot be written in a O(D, D) covariant way [22]. In a
perturbative expansion g;; = 7;; + h;; around a constant background and to cubic order in
fluctuations one finds

S = /dx\/gR + io//dx OB O hyy 0;0khY + -, (4.2)

where to order o/ we indicated only the cubic structure that is problematic. This term can
be read off from eq. (4.42) in [22], upon expanding to cubic order in h. The claim is that
all other cubic terms, indicated by dots, can be written in O(D, D) covariant form.

Before proceeding, let us briefly explain why this term is problematic for O(D, D)
covariance. We claim that there is no O(D, D) covariant term that reduces to this structure
upon setting d = 0 and b = 0. Such a term would have to be written in terms of ej; and
derivatives D; and D;. It is easy to convince oneself, however, that such a term cannot be
written, for a natural candidate like

DFe!? Die,, D;Dyer? (4.3)

violates the rules for consistent index contractions reviewed in section 2. Indeed, the
summation index p in the first factor has to be considered barred, but in the second factor
unbarred, therefore violating O(D, D) covariance. There is no other index assignment that
would be consistent. Thus, Riemann-squared expanded to cubic order cannot be written
in a T-duality covariant way in terms of e;;.

In order to proceed we now perform a field redefinition that removes the problematic
term. We first note that the term can be written as

. 1 : 1
O™ ' hyy 0;0xhY = 50 (0"h!P &Ry ORhY) — 5 *hpg OFBIP Ol . (4.4)

Ignoring the boundary term, the action (4.2) becomes

1
Slg] = /d:c VR — 3 o//dx *hpy ORP Oy + - (4.5)
Consider now a field redefinition of the metric fluctuation,
9i; = Mij + hij = nij + hij + Ohij (4.6)

where we view dh;; to be of first order in . Under such a redefinition, the Einstein-Hilbert
term is shifted by

g 1 1
AR = Vaoa" (R~ 305 ) = ~Vash; (R - LqR) (17)
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We thus get for the action (4.5) expressed in terms of the redefined fields, to first order
: /
in o,

S[g] = S[g’ — 59] = S[g'] + /dac\/§ Ohij (Rij — ;gin> + (’)(0/2)
= / dz /¢ R(¢') + / dr/g 6hi; (Rij — ;gin> (4.8)
- éa’ / dx 8% hpgOF WP ORI + O(a'?).

As this is valid up to cubic terms in h, we can employ the linearized Ricci tensor and Ricci
scalar in the second term,

S] = / dz\/g' R(g)
- / dz 8hij ( %a%ij — 0lgnI)k 4 %8’6% + %n“ (—0%*h + apathq)) (4.9)
— éo//da; O?hpg OFLP Oy + O(a'?) .
We now specialize the field redefinition to be of the form
Shij = —i of Ophit O%hy; . (4.10)

This cancels precisely the undesired term in the last line of (4.9). It is easy to see that the
remaining terms in (4.9) can be written in O(D, D) covariant form.

To summarize, performing the following redefinitions of the metric fluctuation

hgj = hij — %o/ 8khip 8khjp + -, (4.11)
we removed the problematic structure in Riemann-squared, which is necessary in order
to make T-duality manifest. This result is compatible with a similar conclusion of Meiss-
ner [25], that analyzed reductions to D = 1 of the low-energy action to first order in o’ and
found that field redefinitions are necessary in order to make T-duality manifest. Specifi-
cally, he found the need for a redefinition of the external components g;; of the metric by
terms quadratic in the first derivatives of g;;. This redefinition precisely reduces to (4.11)
when expanded in fluctuations and for zero b-field. Being first order in derivatives, such
redefinitions are not diffeomorphism covariant and lead to modified metric gauge transfor-
mations, as expected from the CSFT results. In the next subsection we determine the full
field redefinition including terms involving the b-field.

4.2 Relation to Einstein variables for Zs even transformations

We now aim to connect the full closed SFT field e;; to the (perturbative) Einstein variable
¢;; defined as the fluctuation of the field &;; formed by adding the metric to the Kalb-
Ramond field

&j = Gij+hij + Bij + bij = Eij + &;. (4.12)

— 20 —



Here E;; = G;j + B;j is the sum of the background metric and Kalb-Ramond field and
€ij = hij + bj; is the sum of their fluctuations. In the two-derivative DFT this field
redefinition is given by [8, 19]

1
éij =e€4 + §€ik€kj + -, (4.13)
where we omitted terms of higher order in fields (that are known in closed form). The
form of the field redefinition can be fixed from the standard gauge transformation of é;;
under diffeomorphisms and b-field gauge transformations for & = 0 [8]. The conventional
diffeomorphism and b-field gauge transformations are given by

(5éij = 8,-ej + 8j6i + 8,-6]- — 8j€i + Ekakei]’ + 8i€k€kj + 3j6k6¢k y (4.14)

where € is the diffeomorphism parameter and €; the one-form parameter. The relation to
the DFT gauge parameter £ = (&, £) is given by

€=¢,  &=4&+ Bijel . (4.15)

The parameters € and ¢; are related to the CSFT parameters by

)\izei_gi s )\j :€j+€j . (4.16)
The form of the quadratic term in the field redefinition (4.13) is such that the gauge
transformation of €;; on the left-hand side follows as required by (4.14), with the right-
hand side transforming according to the CSF'T gauge transformations to zeroth order in
o/, as shown in detail in [8].

Let us now investigate how (4.13) generalizes when including the first o/ correc-
tion. Since in this case de;; receives a higher-derivative correction, there must be higher-
derivative terms in the field redefinition (4.13) so that the extra variations cancel and the
Einstein variable still transforms as in (4.14). In general, the relation (4.16) between the
gauge parameters may also receive o’ corrections. Making a general ansatz one finds that
the field redefinition takes the form

~ k
ij =67gj+§€i ekj + -

1
+ 1o/ O eil Oper; — 0'ei* Oper; — 0% O3 (e — enr) (4.17)

1
+ 0%l 9 (er — ew) — iaieklaj (ewr —ew) |+,

where the dots represent terms higher order in fields and higher order in /. Moreover, the
relation between gauge parameters indeed gets o/ corrected,

1
N = € — € — Za'@- (ekl — elk)akel +0(a?)
(4.18)

N 1
Aj = € +€&+ Zo/(?j (ew — elk)ﬁkel +0(a?),
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or for the inverse

€ =

—%()\i — 5\1-) — 1o/ 0; (ekl — elk)al()\k + S\k) +0(a?),
8
1 B (4.19)
€ = 5()\1 + )\z> + 0(0/2) .
Note that these redefinitions are T-duality violating, as it should be. In order to verify
the claim that the above redefinitions are the right ones one has to compute the gauge
transformation of the right-hand side of (4.17) by means of the o/-deformed gauge trans-
formation (3.42) and the inhomogeneous transformation 6(%e;; in the O(a’) terms, setting
9 =0. A straightforward computation yields

1 - 1 -
SMWe, = — Zaie[k” 3;0k (N + M) + Zaje[k” 8:0 (N + M)
1 PP 1 P (4.20)
= 0; <+48j6[k” 0 ()\ + A )> — 0; <4ai€[kl] 0 ()\ +A )) ,

where, as indicated by the notation on ¢ on the left-hand side, we included only the terms
O(c') and linear in fields. This is precisely of the form of the O(a/) terms originating
in 0¢;; = 0;€; — 0;€; through the deformation of the parameter redefinition in (4.19).
Thus, we trivialized the higher-derivative deformation. Together with the analysis in [8]
it follows that the gauge transformations reduce to the conventional diffeomorphism and
b-field ransformations (4.14) for é;;. This proves that the field and parameter redefini-
tions (4.17), (4.18) connect to conventional Einstein variables and symmetries. From the
leading term in the second line of (4.17) one may verify that this field redefinition indeed
contains the minimal redefinition (4.11) needed in order to describe Riemann-squared (note
here that e;; has to be identified with h;j and ¢&;; with hz-j).

4.3 Relation to Einstein variables for Zs odd transformations

Let us now turn to the Zy violating gauge transformations of DFT™ defined in (3.45),

51[3](1)_61‘]‘ == —i [Dkelj DZ' (Dk)\l — Dl)\k) — Dkeil Dj (Dk)\l — Dl)\k)] . (4.21)

We will show that in contrast to the DFTT transformations discussed above, these trans-
formations cannot be related to those of conventional metric and b-field fluctuations upon
field and parameter redefinitions. More precisely, the deformed gauge transformation (4.21)
leads a gauge transformation for the antisymmetric b-field part of the fluctuation that has
a non-removable higher-derivative deformation of the diffeomorphism transformation.

To analyze the relation of (4.21) to standard gauge transformations of Einstein-type
variables we have to set d = 0. Useful relations between the different gauge parameters
then follow from (4.16)

8k)\[ - al>\k = 28%6[] — 28[k€” s

e ‘ (4.22)
O\ — O\ = 28[1:61] + 28[kz€l] .
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Here ¢; and €; are the diffeomorphism and b-field gauge parameter, respectively. Thus, the
linearized gauge transformations for the symmetric and antisymmetric part of e;; = h;;+0b;;
read to lowest order in fields

0hij = Oiej + Ojei ,  Obyj = Di€; — j€; . (4.23)

Next, we evaluate the deformed gauge transformation (4.21) for h and b by using (4.22)
and decomposing into the symmetric and antisymmetric parts,

1 1
5mmvw:§Mwﬁww@+§ww@qﬂw+uﬁﬁ,
[1](1)— Lok L ok . S (4.24)
) bij = —56 hjaia[kq]+§6 bjaia[kel]—(’tﬁj).

These higher-derivative deformations, which are not present for standard Einstein vari-
ables, were the starting point for the analysis in [2]. There we showed that these gauge
transformations can be brought to the form of those needed for Green-Schwarz anomaly
cancellation. Specifically, we showed that through a combined parameter and field redefi-
nition the gauge transformation of h;; can be trivialized, so that, to this order, it reduces
to (4.23), while the gauge transformation of b;; can be brought to the form

Obij = 0i€; — 0 + 00" W) (4.25)
with the linearized spin connection w§1]2l = —0j Iy);. To this order, this is the gauge trans-

formation of the Green-Schwarz mechanism, viewed as a deformation of diffeomorphisms
(as opposed to local Lorentz transformations). We also showed in [2] that the non-linear
form of these deformed diffeomorphisms provides an exact realization of the deformed
C-bracket of DFT™.

5 Perturbation theory of DFT~ and DFT™

In this section we compare the gauge structure discussed so far to that of the theory
developed in the context of a ‘doubled o/-geometry’ in [3]. We will show that this theory
corresponds, in the above terminology, to DFT ™, i.e., to the Zy violating case. To this
end we first develop the perturbation theory for the fundamental ‘double metric’ field M
introduced in [3] and discuss the Zy action on these fields. We finally show how to relate
these perturbative variables to those appearing in CSFT.

5.1 Perturbative expansion of double metric in DFT™

The theory constructed in [3] features as fundamental fields the ‘double metric’ M,
with O(D, D) indices M, N = 1,...,2D, and the dilaton density ¢ (which is related to the
CSFT dilaton used above by ¢ = —2d). In contrast to the generalized metric formulation
of double field theory in [10], the field Mjsx is not constrained by assuming that it takes
values in O(D, D). Rather, it is an unconstrained field that does not even need to be
invertible off-shell. In [3] an exactly gauge invariant action with up to six derivatives
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was constructed. Although M is unconstrained, its field equations read My K Mgy =
NN + -+, where the dots represent higher-derivative corrections. To lowest order this
equation implies M € O(D, D), from which invertibility follows, but since this equation
receives higher-derivative corrections its relation to the usual generalized metric and thus
to the conventional metric and b-field is subtle.

In the following we discuss the perturbative expansion of this theory around a constant
background (M). Being constant, the higher-derivative terms in the background field
equations vanish and so the field equations are solved for any (M) € O(D, D). Thus, the
background double metric can be identified with a background generalized metric,

. G —G* By,
= = A 5.1
WMarw) = Fan <Bikaﬂ Gij —Bz-kale) ’ o1

where G and B are the (constant) background metric and B-field. In the following it will
be convenient to use a notation introduced in [22]. To explain this notation note that due
to HyunHN p = nap we may introduce the two background projectors [10]
1 - _ 1 _
P=g(n-H), P=gn+H), (5.2)
satisfying P? = P, P2 = P and PP = 0. Then we define projected O(D, D) indices by

Wy = Py Wy, Wy = Py Wy, (5.3)

and similarly for arbitrary O(D, D) tensors. Note that due to the projector identity P+P =
1 we can decompose any tensor into components with projected indices, e.g., for a vector
Wy = Wy + Wy, We also use this notation for the partial derivatives, so that the strong
constraint implies )
Moy =0 = oMoy =-0May . (5.4)
We are now ready to set up the perturbative expansion of M around the background
H. Since M is unconstrained off-shell, the expansion is simply

MMN:7'_[MN+mMNZﬁMN-i-mMN-i-mMN-i-mMN—i-mMN, (5.5)

with unconstrained symmetric fluctuations myny = myys that we decomposed into pro-
jected indices as explained above. Being unconstrained, the perturbation fields mysn has
more than the D x D components needed to encode the metric and b-field fluctuations,
but we will show that the projections m ;5 and msn are auxiliary fields, while the phys-
ical part is encoded in m ;5 = my,, (Symmetry properties of tensors imply the same
properties for the projectea componeﬂts).

In order to verify this claim we have to inspect the Lagrangian in a derivative expansion
around the background. The relevant action can be straightforwardly computed from the
two-derivative truncation, see eq. (7.13) in [3], which reads

S = / [ ™MV (M — M YMN + = (M2—1)MPMPN8M6N¢

+ gMMNGMMPQ(‘)NMpQ — §MMN6NMKL8LMKM — MMN9y 0N
(5.6)
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Note that this action contains terms without derivatives. Inserting the expansion (5.5) and

keeping all terms with no derivatives and quadratic terms with two derivatives we find the

Lagrangian
£—1 MM L un P _ L un P
—§m** mynN —imfme m]yp —6m**m]j*m]y]3
oyl owgxy. p 1 yy B
m My N m m= 5 Mpy m my- Myp
2 2 6

1 %1 PO 1 2 L owr, pq
+ 3 oMmte Oirmpg + 3 oM mEe opmpyg — B oMmbe dgmp iy (5.7)
—2mMN 9y 050 — 200™ 050

1 o 55 1 v

+ ZaMmPQ 8Mme + ZaMmBQ aMmEQ
1 1. o 55

+ §8MmBQ 8QmBM — §8MmPQ anpM.

The first two lines are the terms with no derivatives, the next two lines contain the physical
fields, and the last two lines contain derivatives of the auxiliary fields. Solving for the
auxiliary fields to lowest order in fields and without derivatives, the first two terms in the
first and second lines give

I 5
mMN:§mM mﬂp—i—...,
1, (5.8)
My Ny = — 5 M yMpy + )

where dots indicate terms with more fields or derivatives. Next we eliminate the auxiliary
fields, which does not affect the two-derivative quadratic action for the physical fields. This
action is then

1 51 PG 1 5 1 51 PG
£ = 2 0MmP9 dympg + 5 OMmP pmyg — 5 M mP dgmpy .
—2mMN 94050 — 20 0M 0 .

This is the quadratic approximation to the two-derivative standard DFT action [6, 7.
Beyond this approximation the auxiliary fields will be determined non-trivially in terms of
the physical fields.

Let us now turn to the gauge symmetries for the fluctuations mjysn. These can be
obtained from the gauge transformations in [3], eq. (6.39), which are?

SeMMN = ePop MMN 1 (0Mep — apeM)MPN + (9N ep — DpeN) MM
- %[6MMPQ Op(gEN — 9NEQ) + 20 M M 9NaKE? + (M & N)|  (5.10)

1
-3 I dMMPR N opage .

2The different coefficient on the final term arises because here we use a symmetrization convention with
unit weight.
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Upon insertion of (5.5), and including up to three derivatives in the transformation rules

one obtains
6 myN = ePopman + (0mE" — 0P e ) Hpn + (08" — 07 En) Hpu
+ (0m&" = 0" )mpn + (OnET — 0T EN)mpu
. . (5.11)
— 50um"? 0p(9gén — OnEq) — 5ONm"? Op (9g€m — Ou&q)
— dgmarr ONOBEQ — dgmn i DN 0T EQ

We added the minus superscript to d¢ to emphasize that these are the gauge transformations
for DFT~. Next we decompose the indices into their projected parts according to (5.3).
Using H = P — P, which follows from (5.2), we compute

0 myn = (Om€y — Onémr) + (OnExr — Oyrémr) — (Omén — Onémr) — (OnEm — Orén)
+ &P opmun + (0m" — 07 )mpn + (OnE" — 0P En)mpnr
~ 50um2 0p(daEy — Inéq) — 50nm" dp(Ogur — Ouike)

— 0, mMKaNaKfQ—a mNKaMaKfQ. 5.12
Q Q

We now specialize this to the external projection corresponding to the physical fluctuation
my,y and eliminate the auxiliary fields by use of the lowest-order result (5.8). This yields
for the gauge transformation of the physical field

o myy =2 (Oméy — Iném)
+ &P opmy iy + (0 — 0FEm)mpy + (31\75]3 - 3P5N)mMP
- %OMWBQ Op (Ipén — Onéq) — %@vm@s 9p (0g€nm — duko)
- %@vmg@ 9p (9gém — Ouéq) — %aMme Op (9gén — Ixéa)

— Dgmy i OnOREL — Bgmyey DR

(5.13)

— Ogmycy OpOEEL — dgmy g O50REQ .

Similarly, we can compute from (5.12) the gauge transformation of the auxiliary fields,
using again the lowest-order result (5.8). We find for mysn

Semuy = (0u” — 0 em)myp + (On€" — 0"En)murp
- %%ﬂng@ 9p(9gén — Onég) — %%WBQ 9p (0gém — Oméq)
- %%mﬁ@ Op(0gén — Onéq) — %%f’mﬁ@ 0p(0g€ur — Ousq)  (5:14)
— Dgm i OO €L — Dgmys i OO — Dgmiy g On 0™ 62

—Ogmyg ke,
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where we made the M N symmetrization manifest in each line. We observe that there is
no inhomogenous term, as required for (5.8) to be consistent with the gauge symmetries.
The gauge transformations determine the form of the auxiliary field to next order, which
we give here for completeness,

1 5 1 A
MMN = mePmA,p —fﬁ(MmBQammBQ—&-@(Mmf apme
2 4 (5.15)
1.5 : 1.5 & '

It is straightforward to verify, using the gauge transformations of the physical field, that
this expression gives rise to the required transformations (5.14). Analogous relations hold
for the auxiliary field m ;5.

In order to relate the perturbative field variable here to that of CSF'T we first sim-
plify the gauge transformations (5.13) by field and parameter redefinitions. Consider the
following field redefinition

1.5 1 _
’mjim =myx + §6PmQN Oum?p — *8BmMQ Oxymp© . (5.16)

[\

With (5.13) we can compute the gauge transformation of m’, after which we drop the prime,

o myy =2 (Oméy — Iném)
+ &P opmy g + (Om€E — 0% en)mpy + (08" — 07 Ex)myp
- %OMWBQ Op (gén — Onéq) — %@vm@s 9p (0gsm — OuéQ)
+ %aﬁmff@ dp (9p€m — Ouso) + %aMmQP 9p (9gty — Oxtq)  (5.17)
+ dpmgy O (agfp — 3P€Q) — 9pmMQ oy (852@ - 8Q§£)
— dgmy i g0 €9 — Dgmycy D" €9
— Dgmyey OpOKEL — dgmy g 050K EQ .

The third and fourth lines combine and so do the fifth and sixth, giving

o myy =2 (Oméy — Inéwm)
+ P 0pmyy + (0" — 0P €n)mpy + (05€" — 0 x)myrp
1 = 1 _
+ 50um™? Oy (Optq — 0gEp) + SONm"? O (9gEp — Or&g)  (5.18)
— 9%y OOpEE — 9%my g O OgER

— Dgmyc g O 0EEL — dpmy g Ig0FEQ .
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Next we use the strong constraint in the line before last and relabel both there and in the

line below to obtain

demyy =2 (Oméy — Inéum)

+ P opmy 5 + (0meE — 0Pen)mpy + (056" — 0 e)myp

5.19
+ %%mg@ Ox (0pSq — 0gép) — %%mﬂ? O (9p€q — 0gép) o
+ dpmgy O (9P€2 — REL) 4 9pmy 0 05 (9762 — 99T
It is convenient to rewrite this in terms of
Kun = Ouén — Onéur (5.20)
which yields
Semyy =2Kyy +€ 0pmyy + KyPmpy + Kx¥myp
+ %8Mm13© OvKpo — %aNmBQ K po (5.21)

+ 6EmQN GMKBQ + apmMQ GNKPQ .

The final form of the gauge transformations is obtained by performing a parameter redefi-
nition, which eliminates the terms in the second line. We take

1 —
Ev =& — ZaMKBQ mbe (5.22)

or, more explicitly, for the different projections,

1 _

& = &u — 70mKpq m*9
/ h " (5.23)

fNZQLN—ZaNKBQm* .

Dropping primes, the final form of the gauge transformations is

O myy =2Kyx +& 0pmyy + Kumpy + K" myp (5.24)
+ Opmoy O KE2 + Opmy 00y K9 . '

Summarizing, the O(a/) correction to the gauge transformation is the second line above
and is linear in the fields:

O s = Opmgy O KEL + Opmiyg Oy K9 (5.25)
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5.2 7o action on fields

We will now show that the deformations of gauge transformations determined in the previ-
ous subsection are Zs odd and thus belong to DEFT™. To this end we first have to determine
the action of Zg on the field variables m,,x, on derivatives and on gauge parameters. In
the generalized metric formalism, the action of Zy has been discussed in section 4.1 of [10].
This symmetry acts on the background fields as B;; — —B;j, so it is easy to see that on
the (background) generalized metric (5.1) it is implemented by the 2D x 2D matrix

VASWA —§' 0
ZuY = 77 = 7 7?2 =1 5.26
M (Zz] sz> < 0 6zj> ) ) ( )
satisfying Z2 = 1. More precisely, Zo acts on O(D, D) indices via
8M — ZMNaN,
Hun — Zu’ Zn%Hpg (5.27)
My N g M
On the D-dimensional components this indeed reduces to the expected Zso action, e.g.,
Bij — —Bl‘j s 51 — —éi R éz — —§~i R (5.28)

leaving all objects without tilde unchanged. It is important to recall that Zs is not part of
O(D, D). Indeed, the Zs transformation does not leave the O(D, D) metric invariant,

ZMPZNQUPQ = —NMN <= ZNK MK = _ZMK INK (5.29)

with the analogous relation for n™*~ with upper indices. This has important consequences
for the Zy action on O(D, D) tensors for which indices have been raised or lowered with 7.
Specifically, taking the O(D, D) tensors in (5.27) as fundamental, the corresponding ones
with raised and lowered indices transform as

8M — - aN ZNM s
Hu — — Zu"ZoNHpC (5.30)
v — —ZuNén,

as a direct consequence of (5.29).

Let us now determine the Zs action on the various objects of the perturbative formalism
introduced above, starting with the background projectors (5.2). If we view them as having
index structure Py and Py the Zy action changes the sign of the H ;" term according
to (5.30), thereby exchanging P and P. We thus find

Py — ZuP PR ZoN . Py —  Zu" P ZN . (5.31)

If we view P and P as tensors with lower indices, the leading 7)/y term changes sign
according to (5.29), leading to an exchange of P and P up to a global sign,

PMN — —ZMPZNQPPQ, PMN — —ZMPZNQPPQ . (5.32)
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From these results we can immediately determine the transformation of the projected

derivatives,
o — ZA{Pap, I — Zu"op | (5.33)
oM — —oPzpM, oM — —of zpM.
This implies for the differential operator
Moy — —0May =oMoy (5.34)

using the strong constraint in the last step. Thus, the operator oM 0y, which reduces to
the usual Laplace operator for o = 0, is Zo invariant. The same conclusion follows for
OM9)s. Note that this result is consistent with the fact that 0Mdy = 049y + oMoy,
containing one 7, is odd under Zs, because by the strong constraint, which we used above,
it is actually zero.

Next, we discuss the Zo action on the fluctuation fields m. They are defined via
M =H + m and so according to the rules for the Zy action on O(D, D) indices we have

MMN — ZMPZNQ mpqQ - (5.35)
The analogous relations follow for any of the projections with (5.31),

myN — ZMPZNQme,

myun — Zut ZNmpg (5.36)

myN — ZMPZNQmBQ .

Similarly, the projected gauge parameters transforms as
Moo FzpM oy 2", (5.37)

and completely analogously for fM .
We are now in the position to test the Zo properties of the gauge transformations for
myx- On account of (5.36), for Zg even transformations we should have

6§mMN — ZMPZNQ(Smep. (5.38)

In order to verify the Zg parity in tensors with several (free or contracted) O(D, D) indices
it can be a bit laborious to insert every single Z matrix, most of which drop out by Z% = 1.
Rather, one may just apply the following simple rule which summarizes the above results:

Rule for Zo parity: An expression with free indices M and N is Zs even/odd if the
following action gives back the expression with the same/opposite sign. First exchange
M < N. Second, exchange bars and under-bars in all other indices, keeping the same
letter as index label. Third, include a minus sign factor for each index that is not in its
canonical position. For an expression without free indices, steps two and three must leave
1t tnvariant.
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The canonical positions for fluctuations, derivatives and gauge parameters are mpsy,
Oy and €M respectively. On the m field the index substitution is implemented as m PO —
mgp since, by convention, we always put the under barred index first. Moreover, £¥0p,
for example, is Zs even.

We can verify now that in the gauge transformation (5.24) the part with one derivative
is Zo even but the higher derivative correction is Zo odd. Applying the above rule to the
inhomogeneous term we find that it is left invariant

2(0méx — Oxém) — —2(0ném — Omén) = 2(0méy — Oxém) (5.39)

where the sign originated because the gauge parameters have their index in the non-
canonical position. Similarly, the terms homogeneous in fields and with one derivative
are, as a whole, Zs even:

Popmyy  —  opmyy
KyPmpy = (0p” =) mpy  —  (Ox&" =076 x)myp = Ky"myp , (5.40)

KxPmyp = 058" = 0Peq)myp  —  (uE = P& mpy = KyFmpy .

Note that the second and third terms were exchanged under the transformation. Consider
now the higher-derivative terms in the gauge transformation of m 5. For the first term

Opmoy OuKF? = 0pmgy 0y (0F 2 — REP) — = 0pmyq 95 (079 — 9%
= — IpmyudyKT?,
(5.41)

which is minus the second term. Similarly, the transformation of the second term is minus
the first. Thus the o terms in (5.24) are Zg odd.

Let us finally point out that also the field redefinition (5.16) was Zg violating. This is
as it should because it eliminates Zy odd terms through variations of inhomogeneous Zs
even terms in dgm. Similarly, the parameter redefinitions (5.23) are Zy odd. Summarizing,
the gauge transformations of order o/, determined for the theory constructed in [3], are Zs
odd, and so this theory actually corresponds to DFT™. In the next subsection we relate the
field variables here to those in the CSFT language, confirming explicitly this conclusion.

5.3 Relating CSFT and DFT frameworks

We now relate in detail the gravitational field variable e;; of CSFT to the double metric
fluctuation m ;5. On the face of it they appear to be rather different: the former carries D-
dimensional indices as in standard gravity, and the latter carries doubled O(D, D) indices.
Since the O(D, D) indices are projected, however, they are effectively D-dimensional. The
two formalisms are essentially equivalent, as we will show in the following.

The most efficient way to establish this relation is in terms of a frame or vielbein
formalism [6, 21|, see [26]. More specifically, here we employ a frame formalism for the
constant background fields. The ‘tangent space’ symmetry in this case reduces to a global
GL(D) x GL(D) symmetry, indicated by flat frame indices A = (a,a), so that a tangent
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space tensor is decomposed as Ug = (U,, Uz). Next we define the background vielbein for

€t €7\ (—Euwi 6.
M — al (Z' — al ll' ) '42
o (a—u- &f) ( Ea 55) >4

Some components have been fixed to be Kronecker deltas, which in turn allows us to

a particular ‘gauge choice’,

identify ¢, 7 indices with a,b indices. The matrix E describes, as in section 2, the sum of
background metric and B-field. For completeness we also give the inverse frames /4,
satisfying EpAEAN = sy as well as E4MENE = 645:

gia 51’& _lGia lGic‘z
En? = =112 2~ o). 5.43
M <gia (c/-ia> <;EbiGab éEﬁ‘)Gab> ( )

Next, we inspect the tangent space metric, defined from the metric sy by

Gab Gap Mo N ; ; —2Gg 0
= @ = EAME =EA'ER; +EAER' = , 5.44
GaB < Gor ga5> AV EB NN =EA"ER 4iEB 0 26, (5.44)

where the last equality follows by a direct calculation from (5.42). Consequently, the inverse

metric GAP is given by

gab gaE
gAB = (g&b gdb)

These tangent space metrics are used to raise and lower frame indices A, B. Due to the

A B, _MN <_%Gab 0 )
EmTENTY = an |- (5.45)
0 3G®

factors of +2 and :l:% appearing in the metric G and its inverse, respectively, there is an
ambiguity regarding which metric is used when D-dimensional indices are contracted. Here
we follow the conventions in which

e the tangent space metric G (and its inverse) is used to contract indices whenever they
are written with latin letters from the beginning of the alphabet, i.e., a, b or @, b, but

e the metric G (and its inverse) is used to contract indices whenever they are written
with latin letters from the middle of the alphabet, i.e., 7, j, etc.

The background projectors (5.2) are defined in terms of the frame fields as
PuN =&u? &N, Py =&u &N . (5.46)
Alternatively, we have
pMN _ gab &M 5bN ’ pMN _ gaB &_LM 5BN ) (5.47)

Using the frame field and its inverse we now can introduce various ‘flattened’ objects.
The partial derivatives in flat indices,

Dy = ExM0y = (Do, D) (5.48)
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take the following explicit form for the choice (5.42),
D, = 8,y — B0, D; = 8+ Eig0" . (5.49)

Looking back at section 2, we infer that these operators coincide with the differential
operators introduced there under the same name (recalling that for (5.42) we can identify
flat and curved indices). Similarly, for the flattened gauge parameters we identify

Ax = EaMer = (Mo Ma) = (= o Aa) (5.50)
so that we find with (5.42)
A= —&a+Eu, da=8& + Eig& . (5.51)

This coincides with the gauge parameters \;, \; of CSFT as discussed in section 3 of [8].
Note that we introduced a relative sign in (5.50) in order to comply with the conventions of
CSFT. Note that in CSFT we view the parameters )\;, \; with lower indices as fundamental,
while in the O(D, D) covariant language ¢ with upper indices is fundamental. This
requires some care when translating expressions from a frame-like basis to the CSFT basis.
For instance, the contraction of two O(D, D) vectors U and V', whose fundamental indices

are lower, barred indices, reads

1 .. _ 1_ _.
GGV = STV, (5.52)

UPVs = PPRURV, = GPELERUpVy = GPULV; = 5

using (5.47) and G% = %G‘ﬂ’. Here we indicated the barred nature of the indices on U
and V by barring the objects, as it is customary in DFT. We also have, in completely
analogous fashion

1 .. 1 4
UEVp = PPRUVG = G £,P6° UpVy = 62UV, = —5GIUV; = —SUVT . (5.53)
As a general translation tool, these are most useful in the form
UPVp =UVa,  URVp = U, (5.54)

where the flat indices are raised with the appropriate G. It is a simple matter to verify that
flattening of projected indices works according to the association M <> a of under-barred
indices with normal latin indices and M <« @ of barred indices:

EMBy =B., &MBy=0, EMBy =0, &MBy =B;. (5.55)
The transport operator €M 9, has a simple translation into frame objects:
. L 1, . o
Moy = ADy = GNDy + G Ny Dy = —GNo Dy + G\, Dy, = i(AlDz‘ +X'D;) .
(5.56)
In the above we converted curved into flat indices and decomposed into A and A components

according to (5.50). In the last step we used the metric components G according to (5.45).
This introduced a factor of % and cancelled the minus sign from the frame definition of ;.
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Our main goal in this formalism is to translate the gauge variation of the double metric
fluctuation m ;5 to that in terms of the CSFT fluctuation e;; in order to compare results.
We claim that these fluctuations are related by

1 _
€. = 5 8aM55NmMN s or mMN = ngang €ub s (557)

as we will show that it relates the gauge transformations to leading order in derivatives

1
Ox€as = 5 EMEN G myy - (5.58)

We evaluate the right-hand side using (5.24):

Op €ap :% EMEN (2(3M€N — Onur) + &£ 0pmy
+ (u€” — "eur) mpy + (O5€" — 9"Ex) myrp
+ 0y (0p€2 — Fep)Fmoy + Ox(0pE? — 3Q€p)3PmMQ)
= Doy — DyAq + €50peyy + (Dal® — DAg) ey + (DyA° — D°AG)eqr
+ Do(DAY — DA) D%y + Dy(DeA — DIAZ) Do,z

where we used repeatedly (5.54). We pass to D-dimensional curved indices letting a — i
and b — j. Note that then A, — —)\; and Ay — 5\]-. A short calculation then gives

6X6ij = DZS\] + D])\Z

1, - 1 Loooop s

+ 5 (N'Di+ X'Dy)ei; + g(Di)\k — DF))er; + 3 (DN — D¥X\j)ews  (5.59)
1 1o o

- ZDi(Dk)\l — D'\)DFey; + ZDj(Dk)\l — D'\,)DFey

The factors of % on the last line originate from the two inverse metrics G~! required by the
two index contractions. Since the same type metric is used twice on each term the sign
difference between G% and G% is immaterial. The first two lines on the above equation
are the familiar CSFT gauge transformations of e;; [7]. This confirms the correctness of
the identification (5.57) of e with m.

The o' correction of the gauge transformation is on the last line. It differs from the
CSFT result (3.42) in the sign of the second term, but agrees precisely with the DFT—
transformation (3.45). Thus, in agreement with the previous section, the theory studied
so far in this section is DFT™.

We close this subsection by verifying the above conclusion at the level of the gauge
algebra. We first recall the gauge algebra for the background-independent DF'T constructed
in [3]

1 g4

M 1 M
S0 Gk + 5 0KET 0 0185, (5.60)

" >

=&oned — & ong -

— &g =[4.&
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where the last term encodes the O(a) correction. We relate this algebra to the CSFT one
by converting to flat indices. One finds for the flattened parameter (5.50)

1 - -
Aga = 5()\1 D4+ X -D)Ayy — (1 2)
1 = [
+ Z(Al D Ao — A1+ D aks) (5.61)

1
16
where as before: Ky = D)\ — Di), Ki = Di)\ — Di\, and we defined Ly = Di)\; +
D)\, = 6xepy. As in various previous examples, the last term in (5.61) can thus be removed

— P = A=
(Kin D a koM + Ko Da RS = 2Ly Da L) |

by a parameter redefinition. Doing this and converting the external flat index the gauge
algebra reads

; . 1 i _ o i

712 = 21270 — EC&’ (K{d D K2k:l + K{d D K2kl) y
_. . 1 W = i (5.62)
Aig = Z12,C+EO/ (Kt D Ko + Ki' D Kap) .

The sign difference between the O(«’) contributions is due to the relative sign in the frame
definition of A\ and X in (5.50). This agrees with the DFT~ gauge algebra anticipated
in (3.46).

5.4 Direct comparison of gauge algebras

We have seen that the background-independent gauge algebra (5.60) introduced in [3]
corresponds to DFT™. Since this is the unique field-independent deformation of the C-
bracket there is no analogous background-independent form for the DFT™ algebra. It is
illuminating, however, to give a form in which every tensor is written with un-projected
O(D, D) indices.

To this end it is convenient to rewrite the DFTT gauge transformations and algebra
in terms of objects with (doubled) O(D, D) indices, using m ;5 as field variable, which is
straightforward using the map (5.57) between the two formalisms. We should start from
the form of the DF'T™ gauge transformations that gave the background independent gauge
algebra (5.60) directly, without further parameter redefinitions, which is given in (5.21).
Changing the relative signs in the last two lines of (5.21) in order to make it Zo invariant,
one finds

62_me\7 = 2KMJ\7 + §P8pmM]\7 + KMB mpy + KNP My p
1 5 1 5
+ 5aMmBQ OnKpo + §8NmBQ OmKpg (5.63)
+ 8EmQN 8MKBQ — apmMQ 8NKPQ ,

where we indicated by a super-script * that this describes the DFTT transformations.
In the DFT™ case the corresponding terms in the second line could be removed by the
parameter redefinition (5.23), but this introduces a background dependence in the gauge
algebra; in contrast, the terms here are removable by a field redefinition, which does not
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change the algebra and so does not affect the background dependence. Specifically, the
terms in the second line of (5.63) equal a total variation,

1 5 1 5 1 5
EaMmEQ Oy (6empg) + EﬁNmBQ Om (6empg) = 15?] (OMmEQ Oympg) .  (5.64)

and are thus removable by a field redefinition. Computing the gauge algebra directly
from (5.63) one finds

1 1 _.po
€M — _EKQB%MK@Q + 1KanMKpo —(1+2). (5.65)
Next, we eliminate the background projectors by (5.2) in order to find the O(D, D) covari-
ant form without projected indices. A straightforward computation yields

1 -
DFT™ : M —eM, — 57{“771’@ Ky gp0™ Ko g .- (5.66)

This is to be contrasted with the DF'T™ algebra, which in the same notation reads

_ 1
DFT™ : {\g = f%c + 5 HKLT]PQ K[l KpaMKQ] LQ - (567)

Note the background field dependence H in the DFTT algebra. This strongly suggests that
in a manifestly background independent formulation of DFTT the gauge algebra will be
field dependent.

We close this section by discussing the general gauge algebra for arbitrary v, v~. To
this end it is convenient to start from the gauge transformations that follow from (5.21)
and (5.63)

5gmMN = ZKMN —|—§P(9pmMN + KMBmle —i—KNPmMp
1

- 3 1 _ 5
+ 5 (" 7 )0umP Oy K pg + S(vT = T)oymEY OuKpg  (5:68)

+ (7" +97)0pmgy Oy KL — (7 —7)0pmyq Ox KT .

The terms in the second line proportional to ¥y are removable by a field redefinition (and
can thus be ignored for the sake of computing the gauge algebra); the terms in the second
line proportional to 4~ are removable by a parameter redefinition (and thus should be kept
as in (5.21)). A direct computation then shows closure with the effective parameter

1 ~ 1 PO
5%:§%C_Z<7++’Y )KQBQaMK@QJFZ(V*—’Y VK3 oMK\ pg (5.69)
1 _ PO ’
-5 Ky CoMK py — (1432).

Eliminating now the projectors by (5.2) we find the gauge algebra
1 _
f{\g = f%c 9 (7+HKL -7 77KL) K[l KpaMKQ] LP > (5.70)

which interpolates between the background-dependent (5.66) and the background-
independent (5.67).
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6 Cubic actions for DFT~ and DFT*

We now explicitly construct cubic actions of order ¢/, i.e., with three fields and four deriva-
tives, for both DFT~ and DFTT and thereby also for the interpolating theories. It is
convenient to cast the cubic action into a semi-geometric form, partially written in terms
of linearized connections and curvatures that have simple transformation rules under the
lowest-order gauge symmetries. In the first subsection we introduce these objects and use
them to define the O(D, D) covariant form of the Gauss-Bonnet term (to quadratic order
in fields). Then we define the cubic DFT~ and DFTT actions and discuss their respective
differences as well as the interpolating case related to the heterotic string.

6.1 Linearized connections, curvatures and (Gauss-Bonnet

The two-derivative DFT can be cast into a geometric form, with generalized connections
and curvatures, but an important difference to standard geometry is that not all connection
components can be determined in terms of the physical fields [6, 21-23, 34]. (This is the
very reason that o/ corrections are non-trivial and require an extension of the framework,
cf. the discussion in [22, 23].) In the following, however, it is sufficient to work with the

linearized version of the determined connections, which are given by
Pyng = Onmyr —9rmyxy
_ N

ONm i + 2059 .

(6.1)

)1
=
Il

It is convenient to record the Zy properties of the connections. These are easily found
applying the rules spelled out in section 5.2 (recalling that the dilaton is Zg invariant):

ZLa
Fing — Twuwnk

Ty 2 —Ty, (6.2)
Kiyy 2 - Kun.

The gauge variations of these connections under the lowest-order gauge transformation,
cf. (5.21),
0 0 Y
0 mary = 200mby — Oxénr), 00 = D€ + 9 (6.3)

can be conveniently written in terms of the gauge parameters:

KMN = 8M£N_0N£M’ KM, = 8M£jj_6]ija (64)
and read
5[O]FMNK = —20yKnk , 5£O}PMNR =20uKyg , (6.5)

— 37 —



Note, in particular, that I'y; v and 'y, are gauge invariant under 5]\7[ transformations.
Similarly, I'y, 5z and T'y; are gauge invariant under § M transformations. This fact simpli-
fies the construction of gauge invariant actions below.

Next, we can define the linearized Ricci tensor and scalar curvature:
R = 0MIy =oMry; . '

The equivalence of the two definitions in each case can be verified with the explicit form of
the connections (6.1). These tensors are gauge invariant as can be easily verified with (6.5).
Inserting (6.1) the explicit form of the linearized curvatures is given by

Ry = Omyy — 0u05mpg + 9505 my z — 200050

! (6.8)
R =0M0"myr —20¢,

where 0 = ¥ Oum- These curvatures appear in the general variation of the quadratic
two-derivative action (5.9),

553 — /5mMN Ruyx —200R . (6.9)

It is also interesting to note that, up to boundary terms, the two-derivative action can be
written in terms of connections,

1 -
1 MPQ + §FMFM . (6.10)

There is no O(D, D) covariant Riemann tensor that is fully determined in terms of
the physical fields [6, 22| or that even encodes the physical Riemann tensor among unde-
termined components [23]. However, there is a linearized gauge invariant Riemann tensor

(that encodes the linearized physical Riemann tensor for vanishing b-field), as noted in [6].3
It is defined by
Rynii = 20w mrr = 20T nuy = Riiuy - (6.11)
Its explicit form is given by
Rynigr = OmOg myp — ONOg myp — OO myg +ONOL My - (6.12)

It is easily seen with (6.5) or (6.3) that this tensor is indeed gauge invariant. The linearized
Riemann and Ricci tensor and the curvature scalar satisfy differential Bianchi identities,

O RMNKL _ 9plKRINIL] aMRMNKL — 99lERLIN

MN N NM N (6.13)
OuRMN = 9NR | O RYM = 9N R .

These are easily verified using the definition of these curvatures in terms of connections.

3This tensor does not have a non-linear completion: there is no tensor that is covariant under the non-
linear (un-deformed) gauge transformations of DFT and reduces to it upon expansion around a background.
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We close this subsection by giving an O(D, D) covariant form of the Gauss-Bonnet
combination (to quadratic order in fields), because this will be important below when
relating to the usual O(a’) actions of string theory that are conveniently written in terms
of Gauss-Bonnet [32]. Using the linearized O(D, D) covariant curvatures above, the Gauss-
Bonnet combination is defined by

GB = Rynrp RYMEE L 4Ry s RYUN £ 4R?. (6.14)

This combination is a total derivative (as is the conventional Gauss-Bonnet combination
at the quadratic level). Indeed, we can write

GB = 0y BY + 0, BM | (6.15)
where

BM =Ty RMNKL L opRMN R o — oD g RYN p oM R

) - . : ; (6.16)
BM =Ty, RMNVEL _orBMNR g+ 20y RYM 421V R .

In order to check that the divergence of these vectors leads to the Gauss-Bonnet combi-
nation (thereby proving that the latter is a total derivative) one has to use repeatedly the
Bianchi identities (6.13).

It is instructive to investigate the gauge transformations of B and BM , because
they play a role analogous to the Chern-Simons three-forms whose exterior derivatives
define the conventional Gauss-Bonnet term tr(R A R). These Chern-Simons forms are not
gauge invariant but transform into exterior derivatives, and it is interesting to find the
DFT analogue of this fact. Using again the Bianchi identities, one finds that the gauge
variations of the BM can be written as

0eBY = oy CMN L oyCMN 5 BM = —oyCNM — oMY (6.17)
where
CUN = YRYMER N L ygNERY o
CMN:2KRERMNKE—4KMLVR, (6.18)

CMN = oK ;o RMNEL _ ygMN 2

As CMY and CMN are by definition antisymmetric, this makes it manifest that the total
divergence of the BM is gauge invariant.

6.2 Cubic action for DFT at order o’

We now turn to the construction of the cubic action to first order in o/, i.e., with four
derivatives. We will denote this action by S®* where the first superscript denotes the
number of fields and the second the number of derivatives. For DFTT we will call this

(3:4) (3:4)

action S} and for DFT™ we will call it ™. The quadratic action, which is known, is
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(2,2)

written as S(22); it has two fields and two derivatives. The cubic action S®% is determined

by gauge invariance, which to this order in fields requires
S g22) 4 §olg6H) _ o (6.19)

where we recall that the superscripts on ¢ indicate the number of fields in brackets and
the power of o’ in parenthesis. Here we assumed that the action does not contain terms
quadratic in fields with four derivatives. This assumption is justified, because one can
always choose a field basis in which the curvature-squared invariants enter in the Gauss-
Bonnet combination, which reduces to a total derivative at the quadratic level. In fact,
in CSF'T there are no such terms. Sometimes it may be more convenient to work with
another field basis, and we will return to this case below.

Let us now discuss the invariance condition in a little more detail. It turns out to
be convenient to write the variation of order o/ in terms of linearized connections. In
fact, (5.25) can be written as

1](1)o 1 KL
5£]( ) MmN = 5(8MKKLFJ\7KL — UaNKKLFMR'E) 7 (6.20)

with ¢ = +1 for DFTT and ¢ = —1 for DFT~. In constructing the cubic action it is
sufficient to focus on one projection of the gauge parameter, provided the action has a
definite Zo parity. Indeed, for DFTT gauge invariance under § implies gauge invariance

under &:
1)+ 0] (3,4 Z N()+ (2, 0 «(34)
o152 4 g GBY o By g0 g2 4 BTGB ¢ (6.21)
Similarly, for DF'T™ we have
oIV s P gBY — g By T g2 PGB o (6.22)

As before, ¢ invariance follows from ¢ invariance. More generally, given cubic, four-

derivative actions S(_3’4) and Sf’4) we can construct an invariant action for linear com-
binations. In fact, the gauge transformations with parameters y© and v~ in (5.68) are
equivalent to

6?}(1)7 — 4t 521](1)+ T 5)&1](1)* _ (6.23)
Then the cubic action
SBA = 4 59,4) LA 8B (6.24)

leads to a gauge invariant action as a direct consequence of (6.21) and (6.22).
We now discuss the specific construction for DFT™. As explained above, it is sufficient
to focus on, say, the § variation, which is given by

1
S0 = 5 Ou KELD g, (6.25)

(Note that, as long as we ignore &, §* and 6~ coincide.) Inserting this variation into the
general form (6.9) we compute

1 _ —
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using the (second) definition of the linearized Ricci tensor in (6.7). In order to determine
the cubic action we have to find cubic coupling whose 61 variations cancel these terms.
It turns out that these terms can be naturally written in terms of the connections (6.1).
After some manipulations, discarding total derivatives and using the strong constraint, one
can show that the cubic couplings are

1 o — _
e = - é(FBMN Py ® 0pl g + TPHE T 0pT gy 627)

With the Zy action (6.2) on the connections and the rules explained in section 5.2 it follows
that this action is Zg odd. Indeed, in the first line there are five n implicit, leading to a sign
change under Zsy; in the second line there are four n implicit, but Zg acts as I'y; — —I'py,
which also leads to a sign change.

6.3 Cubic action for DFTT

We now turn to the cubic action for DFTT. It can be written in various different forms,
all related by total derivatives or covariant field redefinitions. Here we give two forms, one
for a field-basis with Riemann-squared, one for the Gauss-Bonnet combination.

The Riemann-squared case turns out to be a little simpler, so we start with this one.
We now have to include an S*% term quadratic in fields and with four-derivatives, namely
the square of the Riemann tensor (6.11). The full gauge invariance requires

5£1](1)+ 522 5?](0) 524 5?] §B4 — (6.28)

A gauge invariant action to this order is then given by

— FMKL FNKLOMFN + FM[(Z FNRE ouT'n ) (6.29)

Here S22 and (2 are the quadratic and cubic couplings of the two-derivative theory,
524 is the term quadratic in the Riemann tensor, and all remaining terms belong to S

(3.2) is not needed

the cubic couplings with four derivatives. Note that the explicit form of S
for the O(a’) proof of gauge invariance. The gauge invariance can be verified systematically

by computing the variation in (6.28) and integrating by parts so that all terms appear with
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an undifferentiated gauge parameter . These terms have to cancel, without any total
derivative ambiguities. We have verified this (and in fact constructed (6.29)) with the help
of a Mathematica code.

Next we turn to the field basis with Gauss-Bonnet combination (6.14). In this case

the quadratic terms with four derivatives contribute only a boundary term and can thus
be ignored. A gauge invariant action to this order is then given by

1 _ _
+ 50 (RYNEER vy + 4Ry x RV +4R?)
1 — _
- §<F’3MNFMKL OpT gy — DPMNT KL 9T s

+4my 5 0MoN¢Op — 4my, 5 00k V0K ¢+ 400 05 ¢ 0
B . o i ) (6.30)
+ aEanM]\_f 8EmMK 8I—<mQN + 8BanMN 8BmKN agmMQ

+ Op0Em g ONmEP 9em™ 5 — 930 m ;9N mEE dpm p™
1 v 5 1 v . 7
-5 OMoNm 08 mycpopmE + 3 OMoNm 08 mpg OpmEL

1 _ —
+ EaMaNmMN Oxmpp oEmLP

1 _ —

Note that we obtained cubic couplings of the form dilaton times Gauss-Bonnet. This is
consistent with the conventional spacetime action of O() in string frame where such terms
arise. Again, we proved the gauge invariance condition (6.19) by computing the variation
and integrating by parts to show that all terms cancel.

Let us stress that there is a large field-redefinition ambiguity and total derivative am-
biguitiy, so the forms given in (6.29) and (6.30) are not unique. The Riemann-squared
completion in (6.29) takes a ‘semi-geometric’ form, written in terms of (linearized) con-
nections and curvatures. We did not manage to find a similarly geometric form of (6.30).
It would be interesting, however, to further elucidate the geometrical content of this ac-
tion, thus arriving at a DFT-extended form of the Gauss-Bonnet action discussed at the
linearized level in section 6.1.

We close this section by briefly mentioning the ‘interpolating’ heterotic case (for van-
ishing gauge vectors). The corresponding action is given by (6.24) with both v* and vy~
switched on, thus containing a linear combination of the cubic action (6.27) and, depending
on the field basis, (6.29) or (6.30). Dropping 0 derivatives and writing the action in terms
of conventional perturbative variables, it encodes both a Riemann-squared term and the
gravitational Chern-Simons modification of the b-field field strength.
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7 Conclusions and outlook

In this paper we have developed DFT™, the double field theory for bosonic string theory to
first order in o/ and compared it to the ‘doubled o geometry’ in [3]. As reviewed here and
discussed in more detail in [2], the latter theory, DFT™, has elements of heterotic string
theory. Indeed, the gauge algebra for DFTT differs from that for DFT~. We computed
the gauge algebra for the cubic DFT™ from closed string field theory to first order in o’.
Then we computed the gauge transformations that close according to this gauge algebra
and determined the cubic action. While the cubic action for DFT™ describes (part of) the
Chern-Simons modifications of the three-form curvature needed for Green-Schwarz anomaly
cancellation, the cubic action for DFTT describes the T-duality invariant extension of the
Riemann-squared term that is known to appear in bosonic string theory. The claim that
DFT* encodes Riemann-squared requires a justification.? Therefore we summarize in the
following three independent arguments that imply this result:

(1) As explained in section 4.1, writing the cubic terms of Riemann-squared in a T-
duality invariant way requires a non-covariant field redefinition [22]. This leads to
modified diffeomorphism transformations that agree with the gauge transformations
of DFT™.

(2) The results in [25] imply that, upon reduction to one dimension, writing the O(a/)
terms in bosonic string theory in an O(d, d) covariant way requires field redefinitions
that are in quantitative agreement with those discussed under (1).

(3) The gauge algebra (and therefore, indirectly, the gauge transformations) of DFT*
have been determined from bosonic closed string field theory and thus must lead
to a theory that encodes the known Riemann-squared correction. In fact, taken
together with the results under (1) our analysis determined the coefficient of the
Riemann-squared term as predicted from string field theory and agrees perfectly
with the literature.

A final observation supporting the conclusion that DFTT describes Riemann-squared is
that the cubic actions (6.29) or (6.30) contain cubic couplings involving the dilaton times
Riemann-squared or Gauss-Bonnet, exactly as expected for the cubic couplings of the O (/)
terms in the string frame.

So far we constructed only the cubic action for DFT™ or, more generally, for the
interpolating theory relevant for heterotic string theory, describing both gravitational
Chern-Simons modifications and Riemann-squared. It is clearly desirable to construct the
background-independent theory, i.e., to all orders in fluctuations. As the DFTT gauge al-
gebra (5.66) is background-dependent this requires a further extension to a field-dependent
gauge algebra. Most likely, this extension goes beyond replacing the background general-
ized metric by the full generalized metric.

“The fact that the cubic action (6.29) includes the square of the linearized Riemann tensor does not
suffice: up to field redefinitions this term may be replaced by the Gauss-Bonnet combination (6.15), which
is a total derivative [32].
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Very recently an interesting proposal appeared [27] that aims to describe the complete
O(a’) corrections of heterotic string theory in DFT. It starts from the heterotic DFT [6, 33,
35, 36] that incorporates n gauge vectors in an enlarged generalized metric taking values in
O(D, D+n). The theory is defined on a further extended space with n new coordinates and
subject to additional constraints. By declaring part of the connections to be (torsionful)
Lorentz connections one obtains the desired O(a’) corrections of heterotic string theory as
in [37]. It is asserted in [27] that this procedure is compatible with O(D, D), which however
is modified in terms of the conventional fields. This would suggest an alternative picture
in which the gauge transformations are unchanged, but instead the action of O(D, D) on
fields is o corrected. It may be of interest to search for a relation to the constructions
in [38-40] that also extend the coordinates to encode Lorentz algebra directions.
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