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ABSTRACT: We identify a set of higher-derivative extensions of Einstein-Maxwell theory
that allow for spherically symmetric charged solutions characterized by a single metric
function f(r) = —gu = 1/grr. These theories are a non-minimally coupled version of
the recently constructed Generalized Quasitopological gravities and they satisfy a number
of properties that we establish. We study magnetically-charged black hole solutions in
these new theories and we find that for some of them the equations of motion can be fully
integrated, enabling us to obtain analytic solutions. In those cases we show that, quite
generally, the singularity at the core of the black hole is removed by the higher-derivative
corrections and that the solution describes a globally regular geometry. In other cases, the
equations are reduced to a second order equation for f(r). Nevertheless, for all the theories
it is possible to study the thermodynamic properties of charged black holes analytically.
We show that the first law of thermodynamics holds exactly and that the Euclidean and
Noether-charge methods provide equivalent results. We then study extremal black holes,
focusing on the corrections to the extremal charge-to-mass ratio at a non-perturbative level.
We observe that in some theories there are no extremal black holes below certain mass.
We also show the existence of theories for which extremal black holes do not represent
the minimal mass state for a given charge. The implications of these findings for the
evaporation process of black holes are discussed.
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1 Introduction

Higher-derivative theories of gravity are modifications of General Relativity inspired by
high-energy physics. In fact, it is usually accepted that the effective action of a UV-
complete theory of gravity will contain an infinite tower of higher-derivative terms — in
particular this is the case of String Theory [1-3]. However, in recent years, there has



been a genuine interest in studying higher-derivative gravities from a bottom-up approach,
regardless of their possible fundamental origin. Among the many reasons for this interest,
let us mention a few.

On the one hand, higher-order gravities are known to have an improved UV behaviour
with respect to GR [4], and hence it is interesting to explore which features of Einstein’s
theory are modified when one takes into account these corrections. This is especially ap-
pealing in situations of large curvature such as the early universe or black holes, e.g. [5-11].
Another fascinating application of higher-derivative gravities is found in the context of the
AdS/CFT correspondence [12-14], which allows us to learn about Conformal Field The-
ories by studying gravity theories in Anti-de Sitter space. In this respect, higher-order
gravities can be used to probe a larger set of dual CFTs than GR; a strategy that has
sometimes led to outstanding results, e.g. [15-23]. Yet there is also a phenomenological
motivation to study higher-derivative theories. Due to the increasingly accurate measure-
ments of gravitational waves coming from black-hole and neutron-star mergers [24], we are
at the verge of testing GR with far more precision than ever. Thus, there is a growing
interest in searching for deviations from GR, including the presence of higher-derivative
corrections in astrophysical back holes — see e.g. [25-32].

Despite their interesting properties and applications, one important consideration when
working with higher-order gravities is the (im)possibility of performing computations. As
theories with terribly complicated equations of motion, it is not always the case that one can
say anything relevant about them. For instance it is usually not possible to find explicit
static spherically symmetric solutions, and in most cases even the numeric resolution is
challenging due to the higher-order derivatives in the equations. This makes the study of
generic theories a very ungrateful task. On the contrary, there are some special theories
that are amenable to computations and these are very appealing at least from a practical
point of view.

One of the most well-known higher-derivative extensions of GR is Lovelock gravity [33—
35]. Being the only higher-curvature theories with second-order equations, Lovelock grav-
ities have been thoroughly studied in the literature — regarding black hole solutions, see
e.g. refs. [6, 7, 36-38]. They have an important limitation, though, since they are highly
constrained by the spacetime dimension. Thus, the quadratic Lovelock invariant — corre-
sponding to the Gauss-Bonnet density — only becomes dynamical for D > 5, and in general
one needs to move to D > 2n + 1 if one wants the n—th order Lovelock density to become
non-trivial. Although it is not possible to circumvent Lovelock’s theorem, one possible
strategy to find interesting theories consists in asking that they possess second-order equa-
tions of motion on certain situations. This idea gave rise to the so called Quasitopological
gravity [9, 10], as a cubic curvature density such that the traced equations of motion, as
well as the equations for static and spherically symmetric metrics, are of second order. It
was additionally checked that the linearized equations on constant curvature backgrounds
are proportional to the linearized Einstein tensor [10]. Higher-order versions of Quasitopo-
logical gravity have been later constructed [39-41]. However, again these theories are
constrained by the dimension of spacetime as they only exist in D > 5.

More recently, a more general class of theories containing Quasitopological and Love-
lock gravities has been identified. The theories of this class are known as Generalized



Quasitopological gravities (GQGs) [42, 43], and their main characteristic is that they allow
for static and spherically symmetric (SSS) solutions of the form

dr?

f(r)
this is, with g4grr = —1. From their defining property, it can also be proven that the

ds? = —f(r)dt* + +r2d0 (1.1)

equation of motion of f(r) is partially integrable and that the linearized equations on con-
stant curvature backgrounds are of second order. In addition, it is verified in all the known
examples that black hole thermodynamics can be studied analytically in these theories.
There also exist more refined subsets of GQGs that possess single-function Taub-NUT
solutions [44] and/or second-order cosmological Friedmann equations [45-47]. Unlike Qu-
asitopological gravities, their generalized counterparts do exist in D = 4, and in fact, they
have been shown to exist in all dimensions and at all orders [41]. In addition, they are more
general than one would expect, and it turns out that they provide a basis for at least all
operators in the sets {Riem” |n € Ny} and {Riem"VRiemVRiem |n € Ny} in the effective
action of gravity once field redefinitions are taken into account [48].

The identification of GQGs was triggered by the earlier construction of Einsteinian
cubic gravity [49] as a theory with second-order linearized equations on constant curvature
backgrounds in arbitrary dimension. The special form of black hole solutions in this theory
was soon noticed [50, 51] and this motivated the definition of Generalized Quasitopological
gravities established in refs. [42, 43]. Since then, many applications of these theories have
been discussed in the literature in a wide range of topics including cosmology, black holes,
holography and phenomenology [52-73].

The definition of GQGs does not involve matter, so as an important extension one may
consider coupling other fields to these theories. This is a nice exercise if the matter fields
also respect the property of producing SSS solutions satisfying g4g,r = —1 [74]. A simple
and relevant example of this is provided by a minimally coupled Maxwell field, a case which
has been explored in refs. [51, 55, 64, 66] in the context of Einsteinian cubic gravity and
higher-order GQGs. It is also a satisfactory strategy to couple these theories to non-linear
electrodynamics, as recently shown in [75]. However, these examples only involve minimally
coupled gauge fields, which is a very restricted way of coupling a vector to gravity. In
general, higher-derivative effective actions may contain all types of couplings between the
fields present in them. In addition, non-minimal couplings could have interesting effects
that do not show up in the minimally coupled case, so they may be worth exploring. On
the other hand, the study of charged black holes with higher-derivative corrections is a
current matter of research in the context of string phenomenology due to its relation with
the Weak Gravity Conjecture (WGC) [76] — see e.g. [77-86]. In this respect, it may be
interesting to analyze the effect of vector-curvature couplings on charged black holes, since
those couplings indeed appear in stringy effective actions [87-90].

Thus, one interesting question is whether it is possible to find a family of theories
analogous to Generalized Quasitopological gravities in the case of non-minimal couplings
between the curvature and a gauge field. The goal of this paper is to show that such
generalization is indeed possible and to study charged black hole solutions in the new



theories. In particular, we show that a satisfactory extension can be achieved by searching
for theories whose magnetically-charged static spherically symmetric solutions satisfy the
condition gu g, = —1. Note that, even though we focus on theories with “simple” magnetic
solutions, one can generate theories with analogous electric solutions by dualizing the vector
field. We obtain an infinite number of Lagrangians belonging to this new class of theories,
that we denote Electromagnetic Generalized Quasitopological gravities (EGQG).! As we
show, for all of these theories it is possible to study the thermodynamic properties of black
holes analytically, and for some of them we can even write exact black hole solutions. The
paper is organized as follows.

e In section 2 we review some basic aspects of general L(R,. 0, Fop) theories, namely,
equations of motion, duality transformations, conserved charges and first law of black
hole mechanics.

e In section 3 we analyze the equations of motion of particular £L(R,, e, Fapg) theories
for charged static spherically symmetric configurations and we establish the definition
as well as the properties of Electromagnetic Generalized Quasitopological gravities.

e In section 4 we study the “quasitopological” subset of EGQGs, corresponding to those
theories for which the equation of motion of the metric function f(r) = —gy is fully
integrable. We find two infinite families of Lagrangians belonging to this class and we
exactly solve the equations for magnetically charged spherically symmetric solutions.
We show that in many cases the solutions are non-singular, corresponding to regular
black holes or smooth horizonless geometries. We then study the thermodynamic
properties of black holes in these theories, showing that the first law of black hole
mechanics holds exactly. In addition, we analyze the properties of extremal black
holes.

e In section 5 we study an infinite family of proper Electromagnetic Generalized Qu-
asitopological gravities, i.e., those for which the equation for f(r) is not algebraic.
We analyze how this equation can be solved to search for black hole solutions and we
manage to determine analytically the thermodynamic properties of these black holes.
The extremal limit is also discussed.

e We discuss our findings and point out new directions in section 6.
In addition, we include two appendices with some technical results.
Note on acronyms:

e QG = Quasitopological Gravity?

¢ GQG = Generalized Quasitopological Gravity

INot to be confused with the recently constructed “quasitopological electromagnetism” of refs. [91, 92],
which provides a non-linear extension of Maxwell’s electromagnetism with interesting properties and with
explicit black hole solutions when it is minimally coupled to gravity.

2For some people QG = Quantum Gravity.



e EQG = Electromagnetic Quasitopological Gravity
e EGQG = Electromagnetic Generalized Quasitopological Gravity

Sometimes we remove the last “G” in these acronyms and we write things like “GQ theo-
ries”, which means “Generalized Quasitopological theories”, etc.

2 Some generalities on L(R,,, 0, Fap) theories

As a preliminary step before focusing on the main topic of this paper, in this section we
review some aspects of general L(R,,,s, Fopg) theories that will be useful for later purposes.

2.1 Equations of motion

Let us consider a general gauge- and diffeomorphism-invariant theory for the metric tensor
g and a U(1) gauge field A,. The Lagrangian of such theory must be constructed from
contractions of the Riemann curvature tensor R,,,» and the field strength® F' = dA using
the (inverse) metric ", and we denote it by L£(Rpo, Fap).? Then, we define the action by

1 .
Ho, Al = 155 /Md 2V 191L(Rypors Fag) (2.1)

where we consider an arbitrary spacetime dimension n. Since the results obtained in this
subsection are valid for any dimension, we will keep n to be arbitrary for now, but we would
like to emphasize that the rest of the manuscript will refer to 4-dimensional theories, as it
will become apparent. Also, from now on we set G = 1.

If we consider pure theories of gravity (that is, with no coupling to electromagnetism),
a general formula is known for the associated equations of motion — see e.g. [35]. Our first
task in this document shall be to derive an analogous formula in the case of L(Rp0, Fog)
theories. In order to obtain the generalized Einstein’s equations, we consider the variation
of the action (2.1) and evaluate it on a vector of the form (dg"”,0):

y 1 " 1 y oL y oL
5—7[97A](59u ,0) = 167T/Md Ty \g| {29;”/59# L+ 89“”69# + aRaﬁwstaﬁm}»

(2.2)

where the term 0R,g,, is evidently not independent from dg"”. Defining, for convenience

of notation,

OL  op_ 1L

peBey — , —— , 2.3
6Roéﬁp7 2 OF, af (2.3)

it is possible to find that, up to total derivatives,
PPV Rogpy = =2V V' Pug 69" — Py ™" Rpopndg™” . (2.4)

3The most natural way to achieve a gauge-invariant theory is to impose that the whole dependence of
the Lagrangian on the gauge field A takes place through its curvature 2-form F'.

4For simplicity we assume no covariant derivatives acting on Riemann curvature tensors nor on field
strengths.



On the other hand, let us work out in two different manners the Lie derivative L¢L with
respect to an arbitrary vector field £ € X(M):

LeL = €MV, L = EHPYPPY R, o — 26PFMOPV  Fog (2.5)
LeL = P"*7PLeRypop + ;;ELsgaﬁ —2M¥ LeFog. (2.6)
ap

If we take into account that

PYPPLeRypop = EFPYPPPV ,Rypop + 4(V 4E, ) PHPP RY

Legap = 2V (alp) -
MOPLeFog = €V, Fog M 4+ 2V &HF s MO |

paB>

then we find that®
oL

oghv

=2P,“" Ryapy — 2M,Fa . (2.10)

Consequently, equation (2.2) may be re-expressed as

v 1 m 1 174 « 174
51[97 A] (dgu 70) = m /M d"x V ‘g‘ {_zg/w&gu L + 2PM ﬁ,yRuaﬂ'yégu
—2M,*F,a6g"" — 2VOVPP,0p,09" — P, mﬁRmBagW}, (2.11)

Hence the gravitational equations of motion of any theory given by the action (2.1), repre-
senting the most general theory of gravity coupled to electromagnetism which includes all
possible terms constructed out of curvature tensors, metrics and field strengths, are given
by the formula®

o) ]' ag o
8#” = P(“p ’YRI/)pO"y — 5-9#1/[: + 2V vpp(//«‘o'h’)P - 2M(u Flj)a =0. (212)

On the other hand, the derivation of the generalized Maxwell’s equation is straightforward
and it yields
E=vVv,M"=0. (2.13)

2.2 Duality transformations

A duality transformation of a U(1) gauge field in four dimensions has the effect of exchang-
ing the initial vector field by a dual vector field whose equations of motion correspond to the
Bianchi identity of the former, and viceversa. Intuitively, this operation corresponds to the
exchange of electric and magnetic fields. An interesting property of (Einstein)-Maxwell’s

5
We recall that or or

9y = gy "

In the case of pure gravity we do not need to include an explicit symmetrization in the pv indices
because the terms P,”°"R,, .,
not able to prove that the different structures appearing in £,, are automatically symmetric — although

and VoV’ P,s., are symmetric [35]. However, in the case at hands we were

we highly suspect it — and hence we have to symmetrize explicitly.



theory — and also of many extensions of it, such as N' = 2, d = 4 SUGRA — is the fact
that it is invariant under duality transformations. However, in general the dual theory
does not need to coincide with the original one, and thus the duality transformation estab-
lishes a map between two different theories.” This is usually the case when one considers
non-minimal couplings between the curvature and the field strength.

Let us show how the transformation works on a general L(R. s, Fas) theory. We
consider the action

1
I= Tom d*2\/|9|L(Ruwpo, Fap), where F, = 20,4, . (2.14)
Then, we have to introduce an auxiliary field B, whose equation of motion yields the
Bianchi identity dF' = 0, which is locally equivalent to F' = dA. Thus, we add the term
BV, F,p6"*" in the action and now the variables are F' (instead of A) and B. Integrating
that term by parts we can write

1
Tqual = 1677'&' d'z |g| [‘C(Ruumeaﬁ) — 2FH *G/w] s (2'15)
where G, = 20|, B,) and
1
* G[,LV = ieyuaﬁGaﬁ (216)

is the dual field strength. Now, as required, the variation with respect to B yields the
Bianchi identity of F, and the variation with respect to F' gives a relation between F

and G,
1 oL

o oFm

This is a direct expression of the dual vector field G , but now we have to invert this

G = (2.17)

expression to obtain F', which in general is some complicated function of G and of the
curvature,

Fu = Fu (xGag, Rpory) - (2.18)

Inserting this back in (2.15) we get the dual theory, which on general grounds is different
to the original theory. In appendix A we compute explicitly the dual theory in the case of
a Lagrangian quadratic in F.

2.3 Mass, charges and thermodynamics

For the purposes of this paper, let us very briefly review the issue of conserved charges
and black hole thermodynamics. In the case of electric and magnetic charges, these are

"Let us note that it is possible to define more general notions of electromagnetic duality than the one we
are considering here. A generic duality transformation establishes an isomorphism between two different
theories, that is, a bijection between their configuration and solution spaces [93-95], but a remarkable
property of certain theories — such as ungauged four-dimensional supergravity — is the fact that they
admit a non-trivial subgroup (the U-duality group) of the duality group that does preserve the theory [96].
We thank Carlos S. Shahbazi for clarifying these points to us.



obtained directly from the equations of motion. In particular, the generalized Maxwell
equation can be written as
1 9L

= h = ——
dxM =0, where M 1R

dzt A dx” . (2.19)

If a current three-form J is placed on the right-hand-side, the equation implies that the
current is conserved, dJ = 0, and hence the natural definition of electric charge is

1
Q_M/S&*M, (2.20)
where the integration is taken at spatial infinity. Let us note that in asymptotically flat
spacetimes, with a Lagrangian £ = R — F2+higher-order, we have M — F asymptotically,
so in practice we can replace M by F' as long as the integral is performed at infinity. In the
asymptotically AdS case, there is a theory-dependent constant ¢, such that M — ¢, F at the
boundary of AdS. On the other hand, the magnetic charge is defined in the standard way,

1
P = / F. (2.21)
47 Sgo

Gravitational conserved charges in higher-order gravities were studied in refs. [97—
99], but here we are only interested in the total mass. In the case of asymptotically
flat spacetimes, it turns out that the mass can be formally computed using the same
prescriptions as for GR, for instance via the ADM [100, 101] or the Abbott-Deser [102]
formulas. Thus, the mass can be computed by examining the asymptotic behaviour of
the metric in the usual way, i.e., identifying the term 2GM/r € gy. In the AdS case,
a global theory-dependent factor should be added to those formulas, corresponding to
replacement of Newton’s constant by the so-called effective Newton’s constant Geg [103].
For L(Ryup0, Fop) theories we do not expect these results to be affected, since the higher-
order operators formed from F,g decay too fast at infinity to contribute to the mass.

Regarding black hole thermodynamics, it is known that higher-curvature gravities
minimally coupled to a Maxwell Lagrangian F? satisfy the first law of black hole mechan-
ics [104, 105]

dM =TdS + ®3,dQ + ¥, dP. (2.22)

Here M, Q and P are the mass and charges computed as we specified above, T is the
Hawking temperature of the black hole [106] and S is Wald’s entropy [107, 108], given by®

S = —277/ P —— (2.23)
b

€€
pr€po s
OR v po

where the integral is carried out on the bifurcation surface of the event horizon and €, is
the binormal to this surface. In addition, ®; is the electrostatic potential at the horizon,

8There are some subtleties when defining the Noether charge for theories that involve fields with internal
gauge freedom — see e.g. refs. [109, 110] for recent discussions on this topic.



while W, is the electrostatic potential of the dual vector field whose field strength is given
by (2.17). These can be computed according to the following relations

SVF;W = 8u(1>a EVGW = ap\lj, (2.24)

where £ is the Killing vector that generates the horizon, with the condition that ® and ¥
vanish asymptotically.

It was shown in ref. [111] that the form of the first law is unchanged when instead
of the Maxwell Lagrangian one considers non-linear electrodynamics minimally coupled to
Einstein gravity. However, such analysis does not include the case of non-minimally coupled
terms, and one may wonder if the form of the first law could be altered in that case. This is,
just like the entropy is no longer proportional to the area when there are higher-curvature
terms, S # A/4, the question is whether the quantities ® or @ in (2.22) could have to be
replaced by different ones in order for the first law to hold. Another non-trivial question is
whether the Noether’s charge and the Euclidean path integral approaches yield equivalent
results for black hole thermodynamics [112, 113].

3 Static and spherically symmetric solutions

In this section we address the problem of finding static, spherically symmetric (SSS) so-
lutions of L(R,p0, Fop) theories. Obviously, the equations of motion are far too general
to be solved without specifying a Lagrangian, so instead our aim is to understand the
structure of those equations and to describe a class of theories for which the problem can
be simplified.

For a SSS configuration, we can write a general ansatz for the metric in the usual form
dr

7 (:) + 17 (6 + sin® 6dg?) | (3.1)

which depends on two functions N and f, while in the case of the vector field we will

ds%vj = —N2(r) f(r)dt* +

assume either an electric or magnetic ansatz, as given by
A®=d(r)dt = F°¢=—-d'(r)dtAdr, (3.2)
A" =x(0)dp = F™=x'(0)d0Ade. (3.3)

One may also consider dyonic vectors, but this increases the difficulty of the problem
taking into account the non-linearity of Maxwell equations and that duality invariance is
generically lost, so we will discuss purely electric or purely magnetic configurations only.

3.1 The reduced Lagrangian

The easiest way to find the equations of motion consists in evaluating the Lagrangian on
this configuration so that we obtain a reduced Lagrangian, defined as

Lvge=vIolt|,, - and Lyg= ]

N, f?

(3.4)

ds?vyf,Am ’



for the electric and magnetic configurations respectively. Then, the equations of motion
for the variables N, f and ® in the electric case are given by

_5LN7f’q> . (5LN7f’q> . (5LN,f7q>
gN_W’ 5f—7; 5<I>—Ta

and similarly in the magnetic case, where §/dN, etc, represent the Euler-Lagrange vari-

(3.5)

ation. Using the chain rule, it can be shown that the equations &y = &y = £ = 0 are
equivalent to some components of the equations of motion obtained from direct evaluation
of (2.12) and (2.13). The rest of the equations are then satisfied on account of the Bianchi
identities [43]. An explicit proof of these statements is included in appendix B. So far we
have made no assumptions on the form of the Lagrangian L£(R. s, Fag), besides it being
an invariant formed from the curvature, the metric, and the field strength of the vector
field. In order to make further progress, we are going to assume that the Lagrangian is a
polynomial in F,g and R, s, i.e, it is composed of terms of the form F?"R™ with the
indices contracted appropriately.

The discussion proceeds differently for electric or magnetic configurations, so let us
study both cases separately.

Electric solutions. Let us first consider the case of an electric vector field. By looking
at the structure of the curvature tensor on a SSS metric [114], it is not difficult to show
that a monomial composed out of 2m field strengths and n curvatures has the following
structure when evaluated on such configuration,

I\ 2m
FZmR”N<§) F(f, ' f", N, N N" r). (3.6)

In addition, F has the property of being homogeneous of degree 0 in N, and hence it can
be expressed as

PSS NN g 37)
NH—J ig\Js»J > ) ’ .
=0 j=0

where the sum is always finite, and the functions F;; are polynomial in f, f" and f”. Now,
schematically the reduced Lagrangian is Ly e = N r? sinﬂzmm F?mR"™. Therefore, the
Maxwell equation, obtained from variation with respect to ®, reads
d OL OLN,f® oL N,f,®

=0=—"—=0Q, 3.8
dr 0% 0P’ @ (38)
where () is an integration constant. Since the left-hand-side of the last equation is a

Eo = —

(polynomial) function of ®, we can in principle invert it so that we get”
' =@ (f, f, f"N,N N" rQ). (3.9)

In this way we have eliminated one of the variables in the system of equations. Now we

have to plug the value of ®" in the equations for N and f and we get two differential
equations for these functions,

& =0, €& =0. 3.10

N @/ @/ f (b/ (bl ( )

sol sol

90f course, there may be more than one solution.

~10 -



Since @/ | is generically a highly nonlinear (not even polynomial) function of the variables
an and their derivatives, solving these equations is in general an inaccessible problem.
d N and their derivati lving th tions is i lan i ibl bl

Magnetic solutions. Let us turn now to the case of magnetic configurations. It can be
seen that the monomials F?™R™ have the form

X (0)\"
F?MR" ~ () F(f f f",N,N N" r), (3.11)
sin
where F has the same structure as in the electric case. Then, the reduced Lagrangian has
the following form,
2
Lyjx=Nr’sing ) F*™R"=Nr’sinf) X O™ Flm) g ¢ " N N' N" r),
X o sin 6

n,m

(3.12)
and the Euler-Lagrange equation for x reads

L / 2m—1
g, =~ LILNsx _ NT2Zde% <X (9)) Fom) (£ f" NN, N" 1) =0.

df ox’ sin 6
(3.13)
We see that this equation is always solved for x/(6) o sin 6, and hence we have
X' (0) = Psind, (3.14)

where P is the magnetic charge. Therefore, magnetic vectors are not affected by the
corrections and they have the usual form. Now we can just plug this value of y back in
the equations of NV and f. However, let us note that, since x does not depend on these
functions, in this case we can insert the on-shell value of y on the reduced Lagrangian,
from where we get a Lagrangian for V and f only. Thus, for magnetic configurations we
can consider from the beginning

F™ = Pdfsinf Adg, (3.15)
and we can derive the equations for N and f from the effective Lagrangian

Ly = NriL : (3.16)

ds%,,f,Fm

where we are dropping the factor of sin # since it is irrelevant. In this case, the equations
are much simpler than for the electric vector field.

3.2 The condition g9, = —1: generalized quasitopological theories

Following the previous discussion, we have come to the conclusion that magnetic solutions
are much simpler to study than electric ones. However, even if we consider restricting our-
selves to these magnetic solutions, the equations for N and f are typically too complicated
to obtain relevant information in general, so further simplification is desirable.
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In the case of pure gravity, an interesting class of theories has been identified in recent
years. These theories are known as Generalized Quasitopological gravities'® (GQGs) [42, 43]
and they are characterized by possessing SSS solutions of the form
dr

2
o +r2d0, (3.17)

i.e., with V =1, and where in addition the equation of motion for f can be partially inte-

ds} = —f(r)dt* +

grated. Other remarkable aspects of these theories are that the thermodynamic properties
of black holes can be studied fully analytically and that they only propagate a massless
graviton on constant curvature backgrounds.

Interestingly, GQGs can be nicely combined with minimally coupled vector fields, since
they respect the property of having solutions with g++g.» = —1. However, one may wonder if
it is possible to generalize these theories in the case of non-minimally coupled vector fields.
The defining property of GQGs, from where all the rest can be derived!! [42, 43], is that
their reduced Lagrangian becomes a total derivative when evaluated on the single-function
ansatz (3.17), so we may try to extend this definition when a non-minimally coupled vector
is present. The main problem in that case is that the reduced Lagrangian Ly r 4 will not
in general enjoy the same structure as for pure gravities, since it will strongly depend on
the electromagnetic potential A,. Thus, for instance, it does not seem possible to impose
that L1 s 4 be a total derivative without specifying the value of A,. A more reasonable
property to ask would be that the Euler-Lagrange equation of f vanishes identically when
it is evaluated on N = 1 and on a gauge field that solves the Maxwell equation,

0L, 5,4

=0. (3.18)
6f A:Asol

Still, in the electric case we have seen that Ay typically has a non-polynomial dependence
on f and its derivatives, so it seems difficult to find by brute force theories satisfying
this property.

Fortunately, the situation is different for magnetic configurations. In fact, we have
seen that in the magnetic case we can work with a reduced Lagrangian that depends only
on N and f, since we can set F' = F™ as in (3.15) from the start. Then, we can see that
the reduced Lagrangian Ly ; for non-minimally coupled theories F' 2mR" with a magnetic
vector field has the same structure as for pure gravity theories, and therefore one can
extend straightforwardly the definition of Generalized Quasitopological gravities to these
non-minimally coupled terms. In particular, we can present the following

Theorem 1 Let us consider a theory with a Lagrangian L(Rupe, Fop) of the form

L(Ryvpos Fap) = R — F? + higher-derivative terms, (3.19)

%The works [42, 43] can be considered as the ones establishing the general properties of the new family
of theories, but these are motivated by earlier works on Einsteinian cubic gravity [49-51].
'See also chapter 3 of [115] for a refinement on some of the results in [43].
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where the higher-derivative terms are formed from monomials of the Riemann tensor and
the field strength,'? schematically R"F?™. Let us consider a SSS configuration given by
the metric (3.17) and by a magnetic vector field with field strength (3.15) and let us define
the reduced Lagrangian of the system as

Ly =1L (3.20)

ds?,Fm.

If the Euler-Lagrange equation for the reduced Lagrangian Ly vanishes identically, i.e.,

oLy d oLy d dL;

of drof " ar2of’ "’

(3.21)

then the following properties hold:
1. the theory allows for magnetically-charged SSS solutions of the form (3.17), (3.15),

2. the equation for the function f can be integrated once yielding at most a second-order
equation where the mass appears as an integration constant,

3. the only gravitational mode propagated on maximally symmetric backgrounds is the
spin-2 massless graviton, and

4. (Conjecture) the thermodynamic properties of magnetically-charged static black holes
can be obtained analytically.

The points 1 and 2 follow immediately from the results in [43] taking into account
that the reduced Lagrangian has the same structure as in the case of pure gravity. Point 3
also follows from the results there — see also [115] —, but it is somewhat trivial, since the
terms of the form R"F?™ with m > 0 do not contribute to the linearized equations of the
metric, while the pure curvature terms satisfying (3.21) are known to yield Einstein-like
linearized equations. In addition, let us note that the degrees of freedom associated to
the gauge field are the same as in Maxwell theory, since the generalized Maxwell equation
for any theory of the form (3.19) is of second-order in A,. As for point 4, it technically
stands as a conjecture since no formal proof has been offered so far. However, we highly
suspect a proof must exist due to the large evidence collected in the case of Generalized
Quasitopological gravities [42, 50-53], and we also show in the next sections that it holds
for all the non-minimally coupled theories that we construct.

So far, these results involve magnetically-charged black hole solutions. However, fol-
lowing the procedure explained in section 2.2, one can dualize any theory satisfying (3.21)
and obtain a new theory with electrically-charged solutions of the form (3.17). Hence all the
items in the Theorem 1 hold for the dual theories after replacing “magnetically-charged”
by “electrically-charged”. This motivates the following definition of Electromagnetic Gen-
eralized Quasitopological Gravities (EGQGs):

12With this we mean that we do not allow terms such as e.g. F?/R.
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Definition 1 We say that a theory L(Ruupo, Fup) belongs to the family of Electromag-
netic Generalized Quasitopological Gravities (EGQG) if and only if its Lagrangian or the
Lagrangian of its dual theory satisfies the condition (3.21).

One could refer to these theories as “Magnetic” and “Electric” GQGs, respectively, but
we call them collectively Electromagnetic GQGs for two reasons. Firstly, because it makes
sense to use the adjective electromagnetic to express that these theories are non-minimally
coupled to an electromagnetic field. Secondly, because theories of one and another class are
simply related by duality transformations, and hence they are equivalent. Let us also note
that, even though the condition (3.21) can be satisfied by simple polynomial Lagrangians
(see next sections), the dual (electric) theory is typically much more involved and will
contain an infinite number of terms, justifying thus why Definition 1 was made in terms of
the magnetic ansatz (3.15).

EGQGs, just like their pure gravity counterparts,'® come in two different classes. In
the general case, the equations of motion of these theories for charged SSS configurations
are reduced to a second-order equation for the function f. However, there is a special subset
of these theories for which the order of this equation is reduced twice again, and we are left
with an algebraic equation. In this case we say that the theories belong to the Quasitopo-
logical class (without the “generalized” part). For pure metric theories, Quasitopological
gravities only exist D > 5, but as we show below, infinitely many Electromagnetic Qua-
sitopological gravities exist in D = 4.

4 Electromagnetic Quasitopological gravities

As we stated above, the family of theories allowing for single-function SSS solutions come
in two classes: those for which the equation for f is algebraic are called “Quasitopological”,
while those for which f satisfies a 2nd order equation are called “Generalized Quasitopo-
logical”. In this section we focus on the former case. In order to find theories of the EGQG
class, one first writes down a general Lagrangian (including for instance all the densities
of the form F?™R™ up to a given order), then evaluates the Lagrangian on the configura-
tion given by (3.17), (3.15), and finally demands that the condition (3.21) is satisfied. At
the end, that condition gives us a number of constraints on the couplings of the higher-
derivative terms. In addition, if we want to restrict to Quasitopological theories, we must
only keep the subset of those theories that yield an algebraic equation for f.

At lower orders in the derivative expansion, one can easily find all the theories of this
type, but the process becomes more and more involved at higher orders, as the number
of independent densities one can include grows very fast. Thus, a general analysis does
not seem a priori accessible. Nevertheless, from the analysis of the lower-order densities
we can probably extract a general conclusion on the structure of EQGs. Indeed, in the
appendix C, we observe the following two facts. First, that there are only two Lagrangians

13There is an important qualitative difference between EGQGs and purely gravitational GQGs though.
While Lovelock gravities belong naturally to the GQG family, EGQGs do not include Lovelock-like theories
in which a gauge field is non-minimally coupled to gravity, like the ones defined at refs. [113, 116, 117].
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of the form F?R belonging to the Electromagnetic Quasitopological class.!* Second, that at
order F2R?, despite the larger number of linearly independent invariants one can construct,
there are only two different ways in which these densities modify the equation of f. Thus,
if we are only interested in studying SSS solutions, it suffices to keep two representative EQ
densities at a given order. By repeating an analogous analysis at higher orders, we observe
that the situation seems to be general, in the sense that there are many independent EQGs
but their equations on SSS metric are degenerate so that there are only two different
contributions at every order. So, instead of studying the whole set of EQGs, we will
provide a set of representative theories which — we conjecture — span all the possible
modifications to SSS solutions. This will be enough for our goal, which is to study black
holes in these theories.

It turns out that it is not difficult to provide a set of two representative Lagrangians of
the EQ type at every order. In order to write them, let us introduce the following notation:

J— ﬁ n— n—
(R = R"™ 5 R 5 ... R® -t (4.1)

with the convention that (RO)WPU = M = Sl

Lagrangians of order R"F?™:

[pé”]g}. Then, we have the following

[:(a) o <2nR,ua5VB . (3n — 34 4m)Ra6M,,) (Rn—l)MVpU F'OUFa,B (F2)m—1 : (4.2)

n,m —

el = (#)" B (SR (Y,

+ 3n 44— 4m)(3n 3 + 4m) (R%ng)
— 0 (F)" 7 Fa PR, (1 20) (R = (0= DRA, (R2)™, )

(4.3)

po

Note that for n = 0 we have (m — 1)5((]?7)71 = E((f;l = (m —1)(3 — 4m)(F?%)™, so that these
Lagrangians are well-defined for all integers n > 0 and m > 1. Let us also mention at
this point that, in the case n = m = 1, the existence of Lagrangians with simple magnetic
spherically symmetric solutions has been previously noticed in the literature [118-120],
although, to the best of our knowledge, generalizations have not been constructed.

In order to show that the Lagrangians above belong to the EGQ family, we have
to check that they become a total derivative when evaluated on the single-function
ansatz (3.17) with a vector field strength given by (3.15). For that, we evaluate the La-

grangians on the general SSS metric ansatz given by (3.1). We get:

- 2m+n,¢n—1p2m
ds3y . F™ rim
2m+n72¢n72p2m

L3

[nH ~ (Bn—3+ 4m)¢} : (4.4)

(b)
Emm ds2
SN

o i [n¢(F+G+2H) + (n 44— 4m)(3n — 3 + 4m)y)?

— (1 + 2n)H + n(n — 1)H2} : (4.5)

141n this very particular case it even happens that the EGQ family coincides with the quasitopological
one. This is of course not a general feature.
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where, following the notation of [114], we have introduced

1-—f fN" 11— f—rf

v rz 7 rN + r2 ’ (4.6)
—4fN' = 2rfN" —=3rN'f' — N2f +rf")

= 4.7
2rN ’ (4.7)

—2rfN" —=3rN'f' —= N2f +rf")
G= . 4.8
2rN (4.8)

which represent several components of the Riemann and Ricci tensors.

We can immediately check that both Lagrangians E%n and [,7(2271, defined back at (4.2)

and (4.3), belong to the EGQ class. For that, we use the expressions (4.4) and (4.5) above
and evaluate them on N = 1. A direct computation shows that

d

r2L), . %zgfm, (4.9)
r2Ld), - dii o (4.10)
where
i), = 2’”*”1’2’”6% {rg‘d‘mw”} , (4.11)
), = 2m+”‘2P2md% [(4 + 21 4 dm)rP Ay et AT (4.12)

Since these Lagrangians are total derivatives, the corresponding Euler-Lagrange equations
for the single-function SSS ansatz vanish identically, showing that they are truly EGQ
theories. Actually, we can refine a bit more this statement by noticing that the equation
of motion for the metric function f(r) is algebraic, so that both [,%azn and Eg% are of the

quasitopological type. We check this behaviour in the following subsection.

4.1 Spherically symmetric solutions with magnetic charge

Let us consider the most general extension of the Einstein-Maxwell theory that can be
constructed out of the Lagrangians ££f2n and E%b,)m defined in (4.2), (4.3), i.e.,

1
I 1 EQG 4.1
16”/61 z/[g| L7, (4.13)

where o e
LR — R $° Y pAmtm) (An,mﬁf{% T %,mﬁﬁf,)m) , (4.14)

n=0m=1
As explained above, L'((ff = —F? and E((ﬁ = 0, so the usual Maxwell term is included in

the action (4.13) as long as we set A\g; = 1. Let us also clarify that we formally include
an infinite number of terms in the action out of generality, but at any moment we may
consider that only a finite number of couplings are non-vanishing.

Our goal in this section is to obtain magnetically-charged SSS solutions in this set
of theories. We have already determined that the Maxwell equation is always solved by
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magnetic vectors with field strength (3.15) and that, due to the properties of the theory,
the Einstein’s equations allow for solutions with N = 1. Thus, we only have to determine
the equation of the function f in the SSS metric (3.1), which can be obtained by evaluating
the action on the SSS ansatz (3.1) (with the help of (4.5)), varying with respect to IV, and
then evaluating at N = 1. The resulting equation takes the form of a total derivative,
dé (f,r)/dr =0, and upon integration we obtain the algebraic equation

L= f = 23 (= )" fonr) + ulr) ] =0, (115)

n=0

where M is an integration constant that can be straightforwardly related to the mass of the
solution. In this expression we have introduced two functions «,, and (5, that are given by

oo oo
anvm 6n,m
n(r) =D —mgmss A=) s (4.16)

m=1 m=1

where the coefficients depend on the magnetic charge and on the coupling constants of the
theory as

Opm = 2m+n—1P2m£2(n+m—1) [)\n,m + (m _ 1)%’4 , (4_17)

Bpm = 2mHn=2 p2mg2ntm=1) [Q(n — DApm + (n® —4n 42+ m(-2 + 4n))%,m] . (4.18)

As we remarked earlier, the equation of motion for f(r) (4.15) seems to be the most gen-
eral equation one can get for the set of all Electromagnetic Quasitopological gravities. This
is, we suspect that any other EQG will only have the effect of changing the value of the
coefficients o, ., and 3y, , above. We explicitly show in appendix C that any Quasitopolog-
ical theory built with two curvature tensors and two gauge field strengths indeed satisfies
this property.

Along with the metric and the (magnetic) field strength there is an additional physical
magnitude of interest that we can find: the electric potential associated to the dual field
strength. Indeed, if (g,., F.) is a magnetic solution of a given theory, then (g, G ),
where G, is the dual field strength as defined in Equation (2.17), is a solution of the
associated dual theory. In this latter theory, the potential of G, will be electric. This
electric potential will make its appearance in the subsequent first law of black hole ther-
modynamics (see subsection 4.3), so it will be useful to compute it. For that, using the
notation employed in eq. (2.3), first we notice that

—2M = YViapFOP(FH)™ 1 4 (m — 1)Yaas FPFME,, (F2)™2 (4.19)

where we have implicitly defined

Yanap = Z Z Anm (2nRu[a(Rn_1)HfﬂAn T QnRu[/\(Rn_l)Hn]aﬁ

n=0m=1

—2(3n -3+ 4m)(Rn)>\naﬁ)
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o o . 1 .
+ Z Z Yn,m (nR(R Yanas + Q(n +4 —4m)(3n — 34 4m)(R") xpap

n=0m=1
—n(l+ 2n)RM[a(R”_1)“ﬂ —n(l+ 2n)RM[/\(Rn_1)“

]An nlaB

-+ 2n(n — I)RM[)\<Rn2)n]uU[aRaﬁ]> . (420)

Imposing the field strength to be magnetic (3.15) and evaluating on the general SSS
ansatz (3.1), we find that the dual field strength G, given by Equation (2.17), takes the form

G=>_ Y @tmlogmtm=Sy, p2m=ig, dt Adr, (4.21)
n=0m=1

where we defined

n—2
gn m = L

m = =gz (20 (WYnm + 2 m) 0 + (n — D)nr2y, m(1)?

+p(=2(dm — 3)((n + 2m — 2)Ym + 2 nm)¥ + m’2'yn7m¢)")) .
Amusingly, the latter can be explicitly rephrased as G = —W'(r)dt Adr, ¥ being the electric

(4.22)

potential. It takes the form

U = Z Z EQ(nerfl)2n+m73mP2mflr374m¢n

n=0m=1

X [4)\n,m + <(—4 +2n+4m) + nrﬁ/) vn,m} . (4.23)

Once we have under control all the physically relevant magnitudes, we are going to present
next some explicit examples of SSS solutions of particular Electromagnetic Quasitopological
gravities, since it will help us illustrate some of the most important features of this new
type of theories.

4.2 Explicit non-singular solutions in quadratic-curvature theories

In general, an explicit solution of eq. (4.15) in a theory involving an arbitrary number n of
Riemann curvature tensors is not available, since we would need to obtain the roots of an
nth-degree polynomial. Therefore, for the sake of simplicity, let us analyze the solutions of
theories that are only of second order in the curvature (n < 2) but including an arbitrary
number of gauge field strengths (m > 1). In this case, the equation of motion for the metric
function f(r) takes the form

2M
1= f=—=+ao(r) +loa(r) + fu(r)f] + (1 = ) [aa(r) + B2(r) f] = 0. (4.24)
where we have taken into account that ag(r) = —fo(r). Since this is a quadratic polynomial

in f one may solve the equation right away to obtain two possible solutions

_ —aa(r) + Bu(r) 4 Pa(r) — 1
felr) = 283(r)

\/(—ag(r) +Ba(r) + P1(r) = 1)2 +4B2(r) | az(r) + aa (r) + ao(r) — ¥ +1
+

QBQ(T‘)

(4.25)
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Now, one can check that the solution f, is asymptotically flat and that it satisfies fi (r) =
1—2M/r+... when r — oco. In addition, this solution reduces to the Reissner-Nordstrom
one in the limit in which the corrections vanish £ — 0,

lim fy(r)=1— — + —, (4.26)

=0 r r2
where one has to take into account that oy — P2/r? while a1, ag, 1 and B2 vanish in
that limit. On the other hand, f_ has an exotic asymptotic behaviour, f_(r) ~ —1/8a(r),
and it does not have an Einstein gravity limit, so we will consider only f; as the physically
relevant solution.

A very remarkable property of these solutions is that, in many cases, the curvature
singularity at r = 0 is regularized by the higher-derivative corrections. In order to analyze
the behaviour of the solution near r = 0, let us assume that we only include terms containing
up to 2m, field strengths (so that 1 < m < m.). Then, the functions «; and §; read

Me Me

Qnom o Bn,m
an(r) =) o Bl =) s (4.27)
m=1 m=1

and we can see that, except for certain fine-tuned values for the couplings, aa(r) and Ba(7)
are the dominant terms in the limit » — 0. Hence, from (4.25) we get

—Q2m, + /62,7’11c + |a2,mc + /BZ,mC’
2ﬁ2,mC

Thus, whenever ag . + fo,m. > 0 and [a e # 0 we have f(r) ~ 1+ O(r?) near r = 0,
implying that the geometry is regular there. Notice that this is quite remarkable, since we

fe(r) = +0O(r*) when r —0. (4.28)

do not need to fine-tune the couplings, only demand that they satisfy a bound. In order
for the solution to be globally regular we also have to make sure that there are no other
singularities, e.g., the term inside the square root in (4.25) should not become negative, but
again this is easily achievable (for instance, if all the couplings are positive). Let us note
that the regularization is also possible if we only include linear curvature terms (n = 1) —
in fact this has been previously observed in the literature in the case of F?R theories [119],
although in that case the couplings must be related in a specific way. By analyzing the
solutions of eq. (4.15) near r = 0, one can see that the regularization at r = 0 can also
be achieved in the general case in which we include terms F2™R"™ of arbitrary order. The
form of the equation (4.15) forces f(r) ~ 1+ O(r?) near r = 0 in most of the cases in a
quite natural way. Therefore we conclude that, without the need of much tuning on the
coupling constants, the magnetically-charged SSS solutions of the EQG theories (4.13) are
singularity-free.!®

Notice that we have made not reference yet to black hole solutions, because, as in
Einstein-Maxwell theory, not all the charged solutions are black holes. If the charge is too
large compared to the mass, the solution does not have a horizon and in GR this means
that we have a naked singularity. However, in our theories the gravitational field does not

5See, e.g., refs. [92, 121-128] for other examples of non-singular black holes in different setups.
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(a) A black hole solution. We have set 2P = M =  (b) A non-black hole solution. We have set P =
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Figure 1. The metric function f(r) and the potential ¥ (in appropriate units) for two given
particular sets of couplings, magnetic charge P and mass M. Note that figure 1(a) represents a
black hole solution with an inner and outer horizon while figure 1(b) is an instance of a non-black
hole solution. In both cases, couplings have been chosen so that ¥ is regular at » = 0, and we see
that it vanishes in this limit.

diverge, so horizonless regular solutions exist. In figure 1(a) we show the profile of f(r) for
a black hole solution while in figure 1(b) we show the one corresponding to a gravitating
point charge. In both cases, the gravitational field is regular everywhere.

Since regular black holes are not possible in GR due to the singularity theorems by
Hawking and Penrose, it follows that some of the hypothesis of these theorems are broken
by our higher-derivative theories. In particular, these theorems rely on different energy
conditions, and these may not be satisfied. Let us check the case of the null energy
condition (NEC), which is satisfied if for any future-pointing null vector field k* it holds
that T),, k#*k” > 0, where T}, is the stress-energy tensor, defined —as if we were working in
GR — by the equation G, = T},,,. When evaluated on the metric (3.17), it is not difficult
to show that, for any null vector k* we have

2(1 = f(r
T k"k” = o (f”(r) + 204 = f(r) er( ))) : (4.29)
where a? is a non-negative quantity related to the normalization and direction of the null

vector. We have checked that this quantity does in fact become negative for our regular
black hole solutions for some intervals of r, and hence the NEC is violated. Let us mention
anyway that there is no objective way of distinguishing what goes into the right-hand-side
or left-hand-side of Einstein’s equations in the theory (4.13), so that the definition of the
stress-energy tensor is rather arbitrary.

Another physical quantity of interest is the dual electric potential ¥, which was calcu-
lated back in Equation (4.23). In the particular Electromagnetic Quasitopological theories
we are considering, it turns out that the electric potential takes the form

Qo,mimn

\I/(T) = P T4m—3

m=1
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+ lertlnm—l(l_f) [(al,m+ﬂ1,m)+2( L _2+2f_rf}

2m—1)51”” 1—f

o
m 1
+ 2 g (1= ) [Oéz,m + 5.~ (Pom — a2,m)
m=1

1 =242f—rf

am 1 f (B2,m — C¥27m):| . (4.30)

While the geometry is generally regular, this is not the always case for the electric
potential. If we want to have a regular potential at » = 0, not any set of couplings is
allowed. Indeed, since around r = 0 the metric function f(r) can be approximated by
f(r) ~ 1+ Ar?, we have

o

. m ) 1
lg% U(r) = z_:l BoAm=3 [Oéo,m — Alarm + Bim) — A <a2,m + %(5277% - ozg,m))] .

(4.31)
Therefore regularity requires that ag ,, — A(Q m + B1.m) — A2 (a2m + ﬁ(ﬁgm —gm)) =0
for all m. This will happen for a certain subset of the whole moduli space of couplings,
but it is a realizable feature, as it is shown in figure 1(a) and figure 1(b). Thus, in these
cases black holes and horizonless solutions have regular gravitational and electromagnetic

fields everywhere. These solutions are generalizations of the example recently reported in
ref. [129].

4.3 Black hole thermodynamics

After describing the static spherically symmetric solutions of Electromagnetic Quasitopo-
logical gravities (4.13), in this subsection we focus on black holes and their thermodynamic
description. One of our goals is to check that the first law of black hole mechanics holds
in these theories and to identify the relevant thermodynamic potentials.

Let us begin with the solution given by (3.17) and assume the metric function f(r)
has some zero for r € R*. The black hole horizon would be consequently located at
r, = max{r € RY|f(r) = 0}. Using the equation of motion for f(r) (4.15), after evaluation

on r = rp we find that
[o.¢]

2M
1——+4+ ) ay(rp) =0. (4.32)

r
h n=0

From here we can solve for the mass M of the black hole and get

2M =1+ 715 > an(rh). (4.33)

n=0

We can also obtain the temperature, for which we first work out the derivative of (4.15)
at r =y,

=P+ [ P Dontm) b + Bl )] =0 (@30
n=0
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Substituting the expression for the mass found at (4.33) and taking into account that the
temperature T of the black hole is given by 47T = f'(r},), we are left with
11 () + el ()|

T = .
A1 = 3352 [Bulra) = (= Dan(r)|

(4.35)

Our next objective is the computation of the black hole entropy S, which is given by Wald’s
formula

S = —27T/Ed2$\/ﬁafg;ipa€uyﬁpo—, (436)

where €, denotes the binormal to the horizon Y. Upon contraction with the binormals,

oL
we realize that we just have to care about the component ———, which turns out to be
trir

L, o N ondm—3 2(n+m—1) pm
n+m— n+m—
92 + Z Z 2 né In,m pAm+2n—2
n=0m=1 h

oL
8 Rtrtr

_ 1
167

(4.37)

r=rp,

Plugging this result into eq. (4.36) and performing the integration on the angular variables,
we find the black hole entropy:

_ 2
S—7r7“h

oo o0 3. p2ntmed) p2m
n-r+—m-— n-+—m-—
1+ E E 2 nt ’7”7m77,ém+2n—2 . (4.38)

n=0m=1

We see that the entropy is no longer just the black hole area divided by 4 and we have
corrections. In particular, we check that the type (a) theory described by (4.2) does
not introduce any corrections to the entropy, being just the type (b) theory (and more
concretely, the term involving a Ricci scalar) (4.3) the one which causes deviations from
the Bekenstein-Hawking result.

In order to check the first law of black hole mechanics we need to bear in mind that
we have a magnetically-charged solution. Consequently, if we consider the dual theory,
this magnetic solution will become an electric one after dualization. However, we know
that electric solutions satisfy a first law which includes the associated electric potential.
Therefore, taking into account that black hole thermodynamics remain unchanged under
duality transformations, we conclude that the dual of any electric solution, which will be
magnetic, will satisfy a first law including the aforementioned electric potential. Hence we
can consider this argument backwards to justify that it is the dual electric potential the
one entering in the first law of thermodynamics of these magnetic solutions.

From (4.23) we get the following value of the dual electrostatic potential evaluated at
the horizon

© X gn+m—1 p2m-—1
Uy, = Z Z g2(”+m—1)m—r4m+2n_3 Anm + (M — 1)vpm — mrrhT'yn,m} ,  (4.39)
h

n=0m=1

where at the same time we may use the expression for 7" in (4.35). At this point we have
the quantities M, T, S and ¥}, expressed explicitly as functions of r, and P, and it is not
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hard to check using (4.33), (4.35), (4.38) and (4.39) that the following relations hold,

Or, M Op, M
T =21 Uy, = 0pM — 9p St .
9,9 h=0p P R (4.40)

where 0,, and Op denote partial differentiation with respect to r, and P, respectively.
When expressed this way, one may directly check that the following first law

dM = TdS + U,,dP, (4.41)

is satisfied. Hence we have shown that there exists a first law of thermodynamics for
the Electromagnetic Quasitopological gravities described by the action (4.13) which holds
exactly. Despite the presence of non-minimally coupled terms, this result shows that the
first law is formally unchanged, i.e., the effect of the charge appears through the standard
term U,dP, where Uy, is the electrostatic potential at the horizon.

In order to complete our study of the thermodynamic properties of these black holes,
let us compute the free energy. On the one hand, this can be defined from the rest of
thermodynamic potentials as

F=M-TS. (4.42)

On the other hand, F' should be obtained from the on-shell evaluation of the Euclidean
action according to F = TT¥. Regarding the computation through the Euclidean action,
we have to include an appropriate boundary term and suitable counterterms. Finding
these boundary terms for higher-curvature theories of gravity is a highly non-trivial is-
sue, e.g. [130-134], but nevertheless one can see that, whatever these terms are, they do
not contribute to the on-shell evaluation of the action in the case at hands. On general
grounds, we expect that the boundary terms will be proportional to the first derivative of
the Lagrangian with respect to the curvature [58], and since we are considering asymptoti-
cally flat situations, all such terms decay too fast at infinity to make a finite contribution.'6
Thus, we may use as a boundary term the standard Gibbons-Hawking-York term [135, 136]

minus its background contribution. Therefore we propose the following Euclidean action

7 = —1/ diz /) g|LBC — 1/ [\/EK— Vpflat gflat | (4.43)
167 /s 87 Jom

where we have already Wick-rotated the time coordinate. In order to evaluate this action

on our black hole solutions, let us note that the on-shell Lagrangian takes the form of an

explicit total derivative when evaluated on the single-function metric (3.17). This follows

from (4.9), (4.10) and from a similar property satisfied by the Ricci scalar. Thus we have

[EQG _1d1
ds2,Fm o r2dr’

I=2(1—f)— 7”2f/ + i i (2(ntm—1) ()\77»7777»1’-7(1(,17)77, + 'Yn,ml.?(ll,?n) . (4.44)

n=0m=1

1The situation is different for asymptotically AdS solutions, but in that case one may introduce an
effective boundary term which is proportional to the Gibbons-Hawking-York term [58]. This procedure is
known to work at least for theories of the GQG class and has been tested in several occasions [44, 59, 67].
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and the Euclidean action reads

E_ B
1% = —21(r)

o 1
—— [ [VhK - Vimge], (4.45)
oM

Th 8

Then, one can check that the evaluation of Z(r) at r — oo is exactly cancelled by the
boundary terms, so we are left with the evaluation at the horizon, I* = BZ(rj,)/4. This
yields the following value

£2 (ntm—1)9m+n—2 p2m

IE/ﬁ - + Z Z Im+2n—3 (Amm + (m — 1)'Yn7m>
Th

o 2(m+n—1)9m+n—2 p2 (4.46)
n=0m=1

By comparison with (4.42) we check that F' = I¥/j3, and consequently, we show the inner
consistency of these computations and that the Noether-charge and that the Euclidean
path integral approaches to black hole thermodynamics give equivalent results.

Finally, let us work out the specific heat C'p at constant magnetic charge. A direct
application of the inverse function theorem shows that

ar\ ' oM T(0,,5)?
Cp= <8rh> or, O2M T3S (447)

We check that Cp generally vanishes in the extremal limit 7" — 0, which we study in more
detail next.

4.4 Extremal black holes

We finish the study of black holes in Electromagnetic Quasitopological theories by pin-
pointing some characteristic features of their extremal limit. For simplicity, we restrict
ourselves to the particular class of theories which are quadratic in the vector field strength
(m = 1). If we define the dimensionless parameter p = r, /¢, then we can express the black
hole mass M for this class of theories as

2M P2
where we have introduced the function
n=0 p

From (4.35), we see that the extremality condition 7" = 0 consequently takes the form

0=1- JZ;U’( ). (4.50)

From here it is trivial to solve for P? and obtain the following extremal charge-to-mass ratio:

Pl 2T
M|y, (pU(p)=Ulp)’ (4.51)
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Figure 2. The extremal charge-to-mass ratio of particular EQGs as a function of the mass (in
units of £). On the one hand, in figure 2(a) we notice the existence of two branches (just the upper
one would be connected to the Reissner-Nordstrom black hole), and the charge-to-mass ratio is
monotonically decreasing with the mass for both branches. However, there are no extremal black
holes below the mass at which both branches merge. On the other hand, in figure 2(b) we consider
two different functions U(p) and we realize that in both cases the extremal charge-to-mass ratio is

monotonically growing.

Thus, we have an explicit a non-perturbative expression for the extremal charge-to-mass
ratio in terms of the radius. Note that if only a finite number of terms is included in the
action, the function U is a polynomial in 1/p. However, if an infinite number of them is
added, U can actually be any function of the form U(p) = u(p~2)/p, where u(x) is an
arbitrary analytic function (to recover Einstein-Maxwell theory at low energies it must
satisfy u(z) — 1 when z — 0, though). In figure 2 we show P/M|_,, as a function of the
mass for several choices of this function.

The effect of higher-derivative corrections on extremal black holes has a particular
interest in the context of the weak gravity conjecture (WGC) [76]. In fact, a mild form of
the WGC states that the extremal charge-to-mass ratio in a consistent theory of quantum
gravity must not decrease as the mass decreases. Thus, P/M ‘eXt must be a growing (or
constant) function when we move from larger to smaller masses. This condition ensures
that the decay of an extremal black hole into a set of smaller black holes is possible, at least
from the point of view of energy and charge conservation. Perturbative higher-derivative
corrections to the extremal charge-to-mass ratio have been recently explored in a number
of papers, e.g. [77-86]. Our study, on the other hand, is fully non-perturbative, and we can
analyze what happens when the corrections become important.

According to the WGC, just the theory depicted at figure 2(a) would be admissible,
since it satisfies (for the two branches) that the charge-to-mass ratio decreases when the
mass grows. However, note that extremal black hole solutions cease to exist below a min-
imal mass (when the two branches merge). Although this might seem to be a peculiar
feature of the particular model considered, this behaviour turns out to appear quite gen-
erally. Additional examples of this situation are shown in section 5.3 for a different family
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Figure 3. Profile of the metric function f(r) for black holes corresponding to the same theory as
in figure 2(a). We show the solutions for a mass M = 5¢ (which is below the minimal extremal
mass) and, from less to more opacity, P/¢ = 2,4,...,20. As we see, extremality is not reached.

of theories. One should wonder what happens with the evaporation process of black holes
at this point. For that, let us consider an initially large (M > {) non-extremal black
hole. Due to Hawking radiation, it loses mass until it approaches extremality. At that
moment, it also needs to lose charge in order to continue evaporating, and this is achieved
if the WGC holds by emitting a particle with charge-to-mass ratio p/m > 1. Note that
since our black holes satisfy P/M {ext > 1 and this quantity becomes larger for smaller
black holes, evaporation is not obstructed. In addition, a process by which an extremal
black hole decays into a set of smaller, non-extremal black holes would be in principle
allowed in terms of energy and charge conservation. Through this process, the black hole
evaporates down to arbitrarily small masses, following approximately the line of extremal
black holes in figure 2(a) (we may assume the black hole remains near-extremal during the
evaporation process). Then, it will reach the minimal mass in order for extremal black
holes to exist, and this can have several meanings. One possibility is that below that line
there are no black holes at all, e.g., all the solutions are naked singularities or horizonless
smooth configurations. The black holes could then transition to one of these objects, but
this is highly speculative. A more interesting possibility is that below that mass any black
hole is non-extremal, and this is precisely the case with the model depicted in figure 2(a),
corresponding to A;; = —2, A\a1 = 1/4. The black hole solutions of that theory with
M = 5¢ (below the minimal extremal mass) are shown in figure 3. We see that, no matter
how large the charge is, the black hole is non-extremal. Thus, in this case, the black hole
can always lose mass by means of Hawking radiation without imposing any conditions on
kind of particles emitted. The fact that there is no obstruction to achieve the black hole’s
evaporation is in fully agreement with the spirit of the WGC.

Finally, let us comment on another interesting property that we can study in the ex-
tremal limit, namely, the value of the electrostatic potential ¥ at the event horizon. Indeed,
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Figure 4. The electrostatic potential at the event horizon of extremal black holes as a function of
the black hole mass. We plot three different Electromagnetic Quasitopological gravities, specified
at the legend of the graph.

in the limit 7' — 0 the quantity ¥, takes the following surprisingly simple expression:

v, = -0 (4.52)

VU (p)

Let us remark that ¥; = 1 for extremal Reissner-Nordstrom black holes, but this is no
longer the case for our black holes. In figure 4 we represent the electrostatic potential
for the same three theories we considered in figure 2. We observe that in general such
electric potential does not necessarily monotonically increase or decrease with the mass.
We discover a rather counter-intuitive fact: rapid decreases in the charge-to-mass ratio
plots seem to correspond to increases of the electric potential. Indeed, one would expect
that as the charge diminishes, the potential to decrease as well, but we are finding precisely
the opposite behaviour. This phenomenon not only happens for the theories forbidden by
the WGC, but it also takes place for theories which, a priori, would be allowed. This
is explicitly seen for one branch (the one disconnected from Reissner-Nordstrom) of the
theory with U(p) = —1/p+4/p3 —1/p".

5 Electromagnetic Generalized Quasitopological gravities

We have just studied two families of EGQGs belonging to the quasitopological subset,
i.e., they yield an algebraic equation for the metric function f allowing for the analytic
study of the black hole solutions. However, these are not the only type of EGQGs that
exist. Analogously to the case for pure gravity, there are some theories for which f does
not satisfy an algebraic equation, but a 2nd order differential equation — these are the
proper Generalized Quasitopological theories. One may wonder why study these theories
since we have already described two infinite classes of theories with simpler black hole
solutions. There is a good reason, though. It turns out that, even though for Generalized
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Quasitopological theories we usually are not able to provide an explicit black hole solution,
we can, nevertheless, obtain the thermodynamic properties of black holes exactly. As we
show below, the thermodynamic relations can have a quite different form with respect to
the quasitopological case, so that these new theories provide us with qualitatively different
modifications of the Reissner-Nordstréom solution.

Based on our previous experience with (purely gravitational) GQGs, we expect that
there are many of these theories at each order, so we will not attempt to provide a complete
classification of this family of theories. Instead, our goal is to show that these theories
indeed exist and to study some of their properties. A general characterization of EGQ
theories may be addressed elsewhere.

We have found a simple family of EGQ Lagrangians, which read

LEGQAG = (Rr—H)™ [nRgaﬁ — (4n 4 4m — 3)R°‘5] FuaFus (F2)" (5.1)

where (R™)"” is the n-power of the Ricci tensor,
(RM*, =R\ R, ...R™ | (5.2)

with the convention that (RO)“ L= 8",. Let us first of all show that these Lagrangians in-
deed satisfy the GQG condition, as given by eq. (3.21). Evaluation on the general magnetic
SSS ansatz,

d 2
ds ;= — N2(r) f(r)de + % + 12 (d6? + sin2 0dg?) | (5.3)
’ r
F =Pdfsind Adg, (5.4)
yields the following reduced Lagrangian,
EGQG 2P2\™
o =|— ) H" [nR—-(4n+4m-3)H], (5.5)
’ ds? r
Nf
where
af 2f 2 N’ 4f 2fN"
N = !/ S _
R=—Ff i 3f+r N (5.6)
1—f—rf N'f
H= — : .
r2 Nr (5.7)

This expression will be useful to compute the equations of motion later. Further evaluation
on N =1 shows that the Lagrangian becomes a total derivative,

1d 2pP2\™ 1—Ff—rf\"
creas) - — % zn,m:< > r3 (f rf ) . (5.8)

| gs? ; r2dr rd r2

and therefore it belongs to the EGQG class. Let us now study the black hole solutions of
these theories.

~ 98 —



5.1 Black holes

Let us consider an extension of Einstein-Maxwell theory with the terms of the EGQ
class (5.1) above:

d'z+/lg] | R+ Z Z R TR (5.9)

n=0m=1

Here ¢ is an overall length scale while p,, ,, are dimensionless couplings. Note that the
usual Maxwell term —F? is included in the sum, since we have EEGQG —(4m —3)(FH)™
Thus, by convention we set pg 1 = 1. By construction, this theory has magnetically-charged
solutions of the form (3.17), and hence we only have to determine the equation of motion
for f. This can be done most easily by taking the variation of the reduced Lagrangian
Ly 5 with respect to the function N and evaluating at N = 1. The result is a third-order
equation for f which takes the form of a total derivative:

d
— .1
drgf 0, (5.10)

where

2(nt+m—1) /9 p2\ ™ 1_f_rf/ n—2
Gy =r(1=1) +Z“"m <r4> < 2 )

X [— (n—1)r?f?+(n—2)rf
+ f((n— D) f" +7(2 — 4mn) ' + 4mn + 2n* — 3n — 2)
+£2((3 = 4m)n — 202 +1) +1}. (5.11)

Note that all the terms in the sum are of second order in derivatives except for those
with n = 0 and n = 1, since in those cases the Lagrangians reduce to minimally coupled
terms (F2)™ and to Electromagnetic Quasitopological theories as the ones studied in the
section 4, respectively. Now, integrating the equation above we get

gr=2M, (5.12)

where M is an integration constant that, as we show next, turns out to be the mass.
Since in general the equation above is a differential equation of second order, there are
two more integration constants which need to be fixed by the boundary conditions. This is
analogous to the case of purely gravitational GQ theories which has been studied in various
papers [42, 51-53], so let us just comment briefly on it.

First, we impose that the solution is asymptotically flat (we do not have a cosmological
constant), which implies that f(r) — 1 when r — oo. In the asymptotic region, we may
expand the general solution in the following form:

f(r) = fp(r) + fu(r), (5.13)
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where f), is a particular solution while f}, represents a deviation with respect to that solution
(and will satisfy a homogeneous equation). We can obtain a particular solution by assuming
a 1/r expansion, which yields the following result

oM P2 2 p2 N
Bo0) =1 =S54 Sy B + 00 ) (.14

On the other hand, the boundary conditions imply that f, — 0 asymptotically, and hence
we can assume that it is arbitrarily small. Thus, plugging (5.13) into (5.12) and expanding
linearly in f; we get
afy +bf +cfn =0, (5.15)
where the asymptotic expansion of the coefficient reads
4 p2 4 2
a:W—I—O(;) , b:—W—FO(:S) , c:—r—i—C’)(::i) . (5.16)
The equation above can be solved in terms of Bessel functions, but for our purposes it
suffices to note that the asymptotic solution behaves as

fn(r) ~ Aexp + Bexp

7,3 7‘3
—] : (5.17)

3P€2,/2,u2,1 3P€2,/2,u271

where A and B are integration constants. Thus, when p21 > 0 one of the modes is expo-

nentially growing and the other one is exponentially decaying. By setting the appropriate
constant to 0 we achieve an asymptotically flat solution with a free integration constant.
When g1 < 0, the solutions become highly oscillating at infinity and the only way to ob-
tain a regular solution is to set A = B = 0, thus there are no further boundary conditions
that one can fix. This is problematic because we cannot impose regularity at the horizon
(see below), and therefore there are no regular black hole solutions in this case. Thus,
we only consider pp1 > 0. If this coefficient is 0, the constraint will appear in the next
coefficient in the expansion.

On the other hand, we impose the existence of a regular horizon, i.e., a point 7, at
which f(ryp) = 0 and around which f is analytic. In particular, we assume that f has a
Taylor expansion of the form

Fr) =4nT(r —rn) + > an(r —r)", (5.18)

n=2
where we are making explicit that f'(r,) = 47T, where T is Hawking’s temperature. When
we insert this expansion into the equation (5.12), we get a system of equations that relate

the coefficients a,,. Nonetheless, the first two equations are special, since they only involve
rp, and 1. These read

1 21— 4xTr)\" ' [ 202P2\™
M =21 5 Y (S (2E) k-t | Ga19)

2 T T

1 21— 4xTrp)\"
1 —4nTr 4 = 3 g | ———g
0 T Th—|-2nm,u, < 7“;%
202p2\ "™
><<€4 ) (3—4m—2n+(n+4m—3)47rTrh>. (5.20)
Th
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These two equations allow one to get (implicitly) the temperature 7' and the radius ry,
once M and P are given. The rest of the equations provide relations for the coefficients
an. A simple inspection reveals the only free parameter in the expansion is ao, and the
rest of the a,, are fixed in terms of it. Finally, ao is fixed by demanding that the solution
be asymptotically flat. The full solution f(r) can be obtained by a numeric integration
of (5.12) using (5.18) as initial condition, and implementing a shooting algorithm to search
for the value of as that yields the correct asymptotic behaviour. Such numeric resolution
will be carried out elsewhere, but comparing with previous works on neutral black holes in
GQ theories, we expect that the solution exists providing the condition on the couplings
discussed above is satisfied. Fortunately, a great deal of information about these black
holes can be obtained without resorting to the numeric solution.

5.2 Black hole thermodynamics

Even though the profile of the solutions has to be determined numerically, one remarkable
property of the theories in eq. (5.9) — which is shared by all the theories of the GQ class
— is that the thermodynamic properties of black holes can be found analytically. First,
note that the two relations (5.19), (5.20) above give us the relation between M, P and T
Unfortunately, such relation cannot be written explicitly due to the complicated form of the
equations, but it is nevertheless possible to solve the system of equations parametrically.
Let us first introduce two dimensionless parameters p and x defined as

202 p? (1 — 4xTry,
Th Th

Then, we can define the 2-variable function

W(z,p) = % D tnmap™ (5.22)

n=0m=1

In terms of these quantities we can rewrite (5.19) and (5.20) as follows

2 2

_" _ Iy Th
M= [1+ <1 5 )azw+ ZQW} : (5.23)
0 =7} (20, W + 4poyW — 3W — x) + (29, V. (5.24)

Whenever 0,V # 0, we can obtain explicitly 7 (z,p) from the second equation. On the
other hand, if W does not depend on z, the same equation determines the relation z(p),
while 7y, is free. Note that this only happens in the trivial case in which the higher-order
Lagrangians do not depend on the curvature, and hence it is not relevant for our purposes.
Then, inserting r,(x, p) in (5.23) we obtain the explicit relation M (z,p), and analogously,
we get T'(x,p) and P(x,p) from (5.21), namely,

2 2
1
p="b P p_ (1 - mh> . (5.25)

12 2 ’ 47rrh
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Thus, we have been able to write all these thermodynamic quantities, as well as the radius,
in terms of two independent parameters z and p. This is a useful way to study the ther-
modynamic phase space of these theories. Let us now compute the rest of thermodynamic
properties of these black holes.

The entropy is computed by Wald’s formula, as introduced previously in section 4

S = —QW/deﬁ(agpimeWem. (5.26)

When computing the derivative with respect to the curvature of the Lagrangians (5.1), each
time we derive one of the Ricci tensors R,3 we end up generating a contraction between the
binormal €,3 and a field strength. Note that such contractions are always 0 for magnetic
configurations, since ¢ and F' are orthogonal in that case. Thus, only the action of the
derivative on the Ricci scalar appearing in (5.1) yields a non-vanishing contribution. The
result reads

, (5.27)

T=Th

S =72 [1 + Zun,mn (Rn—l)/w F.oF,” (FQ)m—1:|

n,m

where we have already performed the integration on the horizon. Evaluating this expression
at = rp, and using the parameters (5.21) and the function (5.22), we get the simple result

S = mri [14 20, W] . (5.28)

Again, using (5.24) we obtain the explicit relation S(z,p).

Let us now compute the electrostatic potential at the horizon. As we saw in section 2.2,
the dual field strength is given by (2.17). The derivative of our Lagrangians (5.1) with
respect to the field strength yields

OLym

op = 2(m— 1) F (F2) ™" 2 F o Fr 2°7°% + 2(F2)™ ' FP Z0 a5 » (5.29)

where
Zpsap = (Rnil)

Evaluating this expression for a magnetic vector field (3.15) and for the metric (3.17) we
obtain the value of the dual field strength,

oo (nRgap — (4n+4m — 3)Rap) - (5.30)

P 2€2P2 met 2n rrn—1
G= dt/\drz,un,mmr—2 " C"H"  (—nR+ (4n+4m —3)H) ,  (5.31)

n,m

where R and H are given by (5.6) and (5.7). Remarkably enough, this expression takes
the form of an explicit total derivative, namely G = —W'(r)dt A dr, where the electrostatic
potential reads

ré r2

U(r) = ;un’mm{: <W>ml <€2(1_f_7’f/)>n . (5.32)
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Finally, evaluating at the horizon and using (5.21) and (5.22) we may write the result as
U, = %\/Qpapw. (5.33)

Additionally, we can obtain the free energy from the on-shell Euclidean action. The
computation can be done using the same prescription for the boundary terms as in
eq. (4.43). The bulk action can be evaluated right away thanks to our on-shell Lagrangians
being total derivatives (5.8). Then, the evaluation at infinity gets canceled with the contri-
bution from the boundary terms and we are left with the evaluation of the quantities Z, ,,
in (5.8) at the horizon. This yields the following result for the free energy, F' = I¥/3:

p=" <1 ot 2wr’21> . (5.34)
4 2 02

Summarizing, the equations (5.23), (5.25), (5.28), (5.33) and (5.34), together with the

relation (5.24), give us explicit expressions for all the thermodynamic quantities M, P, T,

S, Uy, F and the radius rj, in terms of two independent parameters x and p. The theory-

dependence of all these formulas is encoded in the function W defined in (5.22). Let us

now check that these quantities satisfy consistent thermodynamic relations. In particular,
they should satisfy the 1st law of black hole mechanics,

dM = TdS + ¥,dP. (5.35)

This relation is in fact verified. The easiest way to see this consists in assuming first
that 7, is an independent variable in the expressions of M, S and P (egs. (5.23), (5.28)
and (5.25), respectively). Then, the variations of those quantities with respect to just z
and p automatically satisfy the first law above. Afterwards, we may take the variation
only with respect to 7, (assuming that now z and p are independent variables) and we
check that it also satisfies the first law once we notice the constraint (5.24). Hence when
the dependence of r;, on x and p is taken into account, the first law holds too for arbitrary
variations of the free parameters.

On the other hand one can also check that F' = M — TS, which is a non-trivial
consistency test of our results, indicating that the Wald’s entropy (Noether charge) and
the Euclidean action approaches are equivalent.

5.3 Extremal and near-extremal black holes

Let us study how the corrections affect extremal black holes. In terms of the variable x,
the extremality condition 7" = 0 implies that = and rj are related according to
62

.
Th

xTr =

(5.36)

Due to this, (5.24) becomes a complicated equation that determines the relation between
p and x at extremality. Namely, we have

220, W + 4pd,WV —3W —z = 0. (5.37)
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To simplify the discussion, let us consider the subset of theories that are only quadratic
in the Maxwell field strength (but which have an arbitrary number of higher-curvature
terms). In such case, the function W has the form

W= gU(:L‘) , where U(x)=1+ E:l,un,lx” . (5.38)

For this function, it is possible to solve (5.37) explicitly to obtain p(x) at extremality:
2x

=—. 5.39
P= s (5.39)
Then, from (5.23) and (5.25) we obtain the mass and the charge!”
¢ [2U +U l 1
Met = —= | 577771 > Pt = =, 5.40
‘Tz [29;(]' + U] T VE22U + U (5.40)
and the extremal charge-to-mass ratio
Pl V22U +U (5.41)
M| 2U+U ° '
The entropy in turn reads
72 [4zxU' + U
Sext = — | ——=| - 5.42
! x [QxU’ + U] (5:42)

Then, as we did in section 4.4 we can check some particular cases to see if it is possible to
satisfy the mild form of the Weak Gravity Conjecture at a non-perturbative level.

Since z = (2 /T’}QL, we must demand that P/M !ext is monotonically growing with x,
although in that case we also have to make sure that M is a decreasing function of x. As
an example, let us consider the case in which there is a single higher-derivative term in the
action so that U = 1 4 u,2x™. Then we have

1+ 2+ L)pgpan

Meyt = —
ext 1+ (n+ 1)upzn

Vo [ 1+ (2n 4+ 1)uyan

M

1 Dupx™ P
1 + (n+ Dppz } 7 7 (5.43)

ext

For p, > 0, the extremal charge-to-mass ratio and the mass are actually monotonically
decreasing with z, so this case should be discarded according to the WGC. On the other
hand, if we take p, < 0 we observe that for small = (large M) the charge-to-mass ratio
is in fact growing with x. However, it soon reaches a maximum value and then decreases
again. Moreover, M has a minimum value, so there are no extremal black holes below
certain mass — see figure 5. One can also consider other choices of higher-derivative terms
that yield different forms of the function U(x), and a few examples are shown in figure 5.
We find the same qualitative behaviour in all of these cases, namely, P/M has a maximum

1"We stumble upon the following fact: the results for the extremal mass and charge given by eq. (5.40)
coincide exactly with those for EQs — that one may obtain from egs. (4.48) and (4.50) — after performing
the replacement U(x) — —pU(p), where U(x) and U(p) are given by eqs. (5.38) and (4.49) respectively and
where x = p%. Hence the associated extremal charge-to-mass ratios exhibit the same types of phenomena

in both sets of theories.
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P/M‘ext
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Figure 5. Extremal charge-to-mass ratio for some higher-derivative theories. The couplings of the
higher-derivative terms are chosen so that P/M increases when M decreases, but we see it is not
possible to continue this trend all the way down to M = 0. There is a minimum mass below which
extremal black holes do not exist. In these examples we see that each curve has two branches,
but only the upper one is smoothly connected with the Reissner-Nordstrom solution when the
higher-derivative couplings are set to 0.

value which happens for the minimum mass. Thus, it seems quite difficult for P/M ’ext to
be a growing function all the way down to M = 0, at least within this family of theories.
Nevertheless, this can be interesting from the point of view of the WGC, since, as we saw
in section 4.4, it may imply that below the minimal mass all the solutions are non-extremal
black holes, and hence there is no obstacle to prevent the evaporation of these black holes.
Another intriguing fact about these examples is that the corrections to the extremal

entropy are negative. For instance, in the case of U = 1 + upz™ we have
702 [1+4 (4n + 1) ppa™

S ext —

P? it p, <O. 44
v | Tr @t D < if p, <0 (5.44)

This seems in contradiction with some claims and results in the literature [77, 82] which
relate positive corrections to the extremal charge-to-mass ratio with positive corrections
to the entropy. However, the contradiction is not such, since, as noted in ref. [84], the
comparison must be done with the corrections to the near extremal entropy, while the
corrections to the extremal entropy are independent. This is an example of that situation.
Finally, let us also briefly comment on near-extremal black holes. A characteristic
property of extremal black holes in Einstein gravity is that the specific heat at constant
charge goes to zero, while its first derivative is positive. This means that near-extremal
black holes satisfy M — My = ¢T? with ¢ > 0, and therefore the mass of the black
hole grows as we increase the temperature. Interestingly enough, this is not always the
case for our black holes with higher-derivative corrections. The specific heat, defined as
Cp = (%—%) p» vanishes at extremality, but its first derivative reads instead
O*M 46372 (—62°UU" — 1023U0'U" + U?)
( 012 )P ot 222U+ U) (x (22U +5U") +U)

(5.45)
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Figure 6. Temperature vs mass diagram at fixed charge for near-extremal black holes with
(82M /8T2) P |ext < 0. The extremal black hole is not the state with the minimal mass. We
consider the model U(z) = 1+ 2, but nevertheless the profile of the curve will be similar for any
other case in which (82M/9T?) | . <O0.

One can see that this quantity can have either sign, depending on the model and on the
value of x. If it is positive, then near-extremal black holes behave as in Einstein-Maxwell
theory and they are stable, in the sense that when we increase the temperature (hence
we depart from extremality) the mass also increases. The case in which this quantity is
negative is quite intriguing. It implies that in order to get away from extremality, the black
hole must lose mass. Therefore, extremal black holes are thermodynamically unstable and
they do not represent the minimal mass state for a given charge. Instead, the minimal
mass state will take place at a different point in which Cp = 0, and this is the solution to
which the black hole tends when it evaporates. An example of this situation is represented
in figure 6, where we show T vs M at fixed charge for a particular set of higher-derivative
terms. Another consequence of this effect is that, in a certain region of the parameter
space, there exists more than one black hole solution with the same mass and charge. This
non-uniqueness of solutions can be thought as a discrete violation of the no-hair conjecture
and is analogous to the situation with charged black holes in Einsteinian cubic gravity that
was recently reported in ref. [66].

6 Conclusions

In this paper, we have introduced a new class of non-minimally coupled higher-derivative
extensions of Einstein-Maxwell theory. These theories are characterized by possessing
magnetic SSS solutions characterized by a single metric function f (see (3.17)) whose
equation of motion is (at least partially) integrable. In addition, within this set of theories,
the thermodynamic properties of black holes can be computed exactly. Such theories
are analogous to the Generalized Quasitopological gravities and thus we refer to them as
Electromagnetic Generalized Quasitopological gravities. As in the case of pure gravity,
we have seen EGQGs come in two main classes: those for which the SSS equations of
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motion can be reduced to an algebraic equation for f belong to the “quasitopological”
class, while if the equation is of second order we say that the theory is properly of the
“generalized quasitopological” class. We have constructed an infinite number of densities
of both types, although we suspect that there are many others, especially in the case of
Generalized Quasitopological theories. Determining the most general structure of these
Lagrangians would be an interesting problem.

In the case of Quasitopological theories, we have shown some explicit examples of
black hole and non-black hole solutions — see section 4.1. We observed that, in a quite
remarkable and general way, these solutions possess globally regular geometries, i.e., the
timelike singularity at r = 0 characteristic of charged black holes or point charges is
smoothed away by the higher-derivative corrections. In slightly more restrictive cases, we
showed that the electrostatic potential of the dual theory also remains finite everywhere,
thus making these solutions particularly appealing. In particular, in the horizonless case,
one may regard these objects as solitons or even as four-dimensional fuzzballs.

For both, Quasitopological and Generalized Quasitopological theories, we have per-
formed a detailed study of black hole thermodynamics — see sections 4.3 and 5.2. We
have been able to provide explicit expressions for all the relevant thermodynamic poten-
tials and we have shown that the first law of black hole mechanics,

dM = TdS + ,dP, (6.1)

holds exactly. Here S is Wald’s entropy and Wy, is the electrostatic potential of the dual
theory evaluated on the event horizon. Thus, the first law is formally unchanged with
respect to the case of a minimally coupled gauge field. This is not a general proof of the first
law, but rather a check of it for a large class of theories. It would be interesting to actually
attempt a proof in the case of general L(R,., 0, Fog) theories, as done in ref. [111] in the case
of non-linear electromagnetism coupled to Einstein gravity. In addition, we have checked
that the Euclidean methods provide the same answer for black hole thermodynamics than
the Noether’s charge approach. In particular, we have seen that the on-shell Euclidean
action yields indeed the free energy, TI¥ = F = M — TS. Due to the large space of
theories that we consider, we have not made a general analysis of the features of the new
thermodynamic relations, so a more detailed study is left for future work.

Motivated by the weak gravity conjecture, we did study the properties of extremal
and near-extremal black holes in these theories. A mild form of the WGC states that, in
a consistent quantum theory of gravity, the charge-to-mass ratio of extremal black holes
should grow monotonically as the mass decreases. This would allow for the decay of
extremal black holes in terms of energy and charge conservation. Previous literature had
studied perturbative corrections to the extremality bound in a variety of theories, ranging
from general EFTs to Stringy effective actions [77-86]. Although our theories do not belong
(a priori) to those categories, they have the advantage of allowing us to perform exact,
non-perturbative computations. Thus, they may be used to learn about the corrections
to extremality at large coupling. As we observed in sections 4.4 and 5.3, it is always easy
(e.g., by choosing the signs of the couplings appropriately) to get P/M ‘ext to satisfy the
WGC when the mass is large (i.e., in the perturbative regime). However, when the curve
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P/M ‘ext vs Moyt is continued to lower masses, one often finds that it stops at a minimal
mass, meaning that there are no extremal black holes below that mass. There can be
different reasons for this behaviour, but we have shown with an example (see figure 3) that
a possibility is that below that mass all solutions are non-extremal black holes, regardless
the value of the charge. This is actually appealing from the point of view of the WGC,
since it implies that, below the minimal mass, charged black holes find no obstruction
to evaporate.

Higher-derivative corrections can introduce new effects into the game, and in particular
we observed another situation that has implications for black hole evaporation. In some
instances — as shown in figure 6 — it may occur that the extremal black hole is not the one
with a minimum mass for a given charge. In those cases, (near-)extremal black holes are
unstable, and tend to decay to this minimum mass black hole, which has a non-vanishing
temperature. Thus, in that situation one does not have to worry about the charge-to-mass
ratio of the extremal black hole, but about the one of the minimum mass black hole. An
analogous example has been recently reported in ref. [66] in the context of Einsteinian
cubic gravity with a (minimally-coupled) Maxwell field.

The new theories offer various possibilities since they allow us to perform many explicit
computations that are inaccessible in general higher-derivative theories. Thus, let us close
the paper by commenting on future directions. As we have already mentioned, it would be
interesting to complete the characterization of EGQ Lagrangians to find the most general
action of this type. On the other hand, here we have focused on asymptotically flat
solutions, so one could extend this work by including a non-vanishing cosmological constant.
The asymptotically anti-de Sitter case is particularly relevant due to its connection to
holography. In fact, it is known that higher-derivative gravities with a negative cosmological
constant are very useful holographic toy models that can be used to learn non-trivial
information about Conformal Field Theories — see refs. [59, 67] for recent results involving
Generalized Quasitopological gravities. Since EGQGs contain higher-derivatives not only
of the metric but also of a vector field, these may be used to probe additional aspects
of a CFT.

One could also characterize subsets of these theories satisfying additional properties.
For instance, we expect that some of the EGQGs allow for single-function Taub-NUT
solutions whose thermodynamic properties can be studied exactly, as the ones in [44]. In
particular, some theories of the quasitopological subclass might allow for explicit Taub-
NUT solutions. In addition, non-minimally coupled electrodynamics may be of interest in
cosmology — see e.g. [137] — so we may wonder if some of these theories could be useful
in that context, as the ones in [45-47].

Regarding higher-dimensional generalizations, we find several possibilities. Since the
defining property of EGQGs is related to the structure of their magnetic SSS solutions, a
straightforward generalization can be achieved in the case of gravity coupled to a (D — 3)-
form in D dimensions. In that case we ask for the same property to hold, namely, that
there are magnetic SSS solutions with g¢+¢g.» = —1. Note that the dual of these theories
corresponds to gravity coupled to a vector field, and the magnetic solutions become electric
ones, so they are more natural in this dual frame. On the other hand, in higher-dimensions
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there are solutions in the form of extended objects, such as black strings. One may search
for higher-derivative theories in which the structure of these solutions remains simple, in
a way analogously to the condition gug-r = —1. As an example, one may consider the
case of a six-dimensional theory with a non-minimally coupled 2-form field, and search for
magnetic black string solutions satisfying such type of condition. These higher-dimensional
generalizations may be addressed elsewhere.
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A Dualizing theories of quadratic order in F

Let us consider a theory of gravity coupled to electromagnetism given by the
following action:

= L 4 = i 4 _ UV PO
= 167r/d TV191E(Rywpo Fas) = 167r/d 2/ |9 [R = Quupo (9, R)F* F] (A1)

where Q,,,,; depends exclusively on the metric g, and its associated Riemann curvature
tensor R,,,0. Note the following symmetry properties of Q. s:

Q,uz/po' = _Quupa' = _Q;wap = on',uu- (A2)

From (A.1), one can easily compute that

1 oL .
Mw/ = _iw = Quyngp . (A3)

Taking into account eq. (2.17), we have that

1 aBpo
GMV = (*M)MV = §5uua6Q pe Fpo’ . (A4)

Therefore the action Ig,, dual to (A.1) turns out to be
1
Tqpal = — [ d* L A.
dual 167 /d x ’g’ [R+Mu ] ) ( 5)

where we have included the contribution from the Lagrange multiplier term which im-
-1

poses the Bianchi of F),,. Define now a tensor QW/)U

with the same symmetries as Q.5
which satisfies
—1
Qe Q7P =5, (A.6)
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Using this inverse tensor of Q, it is clear that
F/.LV - Q;,/lpUMpa . (A?)

Therefore, on taking into account eq. (A.4), we find that the dual theory may be expressed
in the following compact form:

Tawat = 7o / & 2\/Tg [R — XpuwpoGH G (A8)

where we have defined the tensor x ., as

1 _ _
Xpvpo = _Zeuvaﬁ(Q l)aﬂ/\nspm\n = 60,000 Q laﬁ}aﬂ' (A.9)

This procedure can be used to obtain electrically-charged solutions from E(G)Qs with
magnetic ones, as it was explicitly done in ref. [129].

In general, the dual theory (A.8) will not be polynomial. However, it is possible to
write it as a formal power series if we decompose Q as

Quupo = 6uupa + Qul/po' . (AlO)

This decomposition is rather natural since it corresponds to an expansion around the pure
Maxwell term given by ,,,,. The inverse Q! can in turn be written as

[e.9]

Q;:z}pa - Z(_Q)Zupav (All)

n=0

where we have defined (Q0)*P7 = 7 and (Q™)*P° = Q,u'*"* Qppin™®™ -+ Quuin”’

Substituting back in eq. (A.8), we obtain the dual action in terms of Q:

R—G,,G" — 6ZG[pU (-9, 5G| . (A.12)

n=1

4
Idual 16 d*x ‘g‘

B Equations of motion from the reduced action

In this appendix we show the validity of the reduced Lagrangian method in order to obtain
the equations of motion. Let us first of all consider the Lagrangian evaluated on the general
SSS metric ansatz (3.1) and on either an electric or magnetic vector ansatz. Taking into
account that the gravitational equations are given by the variation of the action,

P S
gl dg

if Iy denotes the action one obtains after evaluation on the general SSS ansatz (3.1), we

(B.1)

find after using the chain rule

5[ 7 —
6IN
f 1/’9 é:uy = \/’g’ |:N2f2€tt+gm«:| . <B3)
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Then, we see that indeed £y = 0 and £ = 0 imply &; = & = 0. Next, let us check that
all the off-diagonal components of the gravitational equations are trivial. The easiest way
to show this is to take into account that the tensor £, satisfies the same symmetries as
the metric. Thus we must have

Lk(i)é'w, =0, (B.4)
where Lk‘(i) denotes the Lie derivative along any of the i = 1, ..., 4 Killing vectors associated
to the spacetime symmetries. In terms of the usual spherical coordinates in which the most
general SSS metric (3.1) is expressed, these Killing vectors read as follows:

kay =0k, k@) =0y,
k) = —sing dy — cos pcot § 9y, k(4y = cos ¢ Oy — sinpcot 6 9 . (B.5)

On the one hand, both Lk(l)SW = Lk(Q)EW = 0 directly imply that all components of £,,
are independent of both time ¢ and azimuthal coordinate ¢. Computing now cos ¢Ly, 5 &+
sin ¢Lk(4) Euv, we find that

0 0 CSC2 08t¢ *gtg

0 0 CSC2 08r¢ —Cro

cos Ly .. Euy +singLly, £ ) =
< Sl R csc? 0E:4 csc? 0E,¢ 2 csc? 004 —Egy + csc? 04

—& ~&9 —Epg + csc? 04 —2E4

(B.6)

Since the latter must be identically zero, we learn that g = csc? 0E44 and that all off-

diagonal components of £,,,, except for &, vanish. In order to show that &, also vanishes,
we can perform a direct computation using (2.12).

The term proportional to the metric in (2.12) is trivially diagonal, as well as that
corresponding to M( uan/)a’ after taking into account that M, has necessarily the same
components as Fj,,. Indeed, both antisymmetric tensors take the same schematic form
after the consideration of the electric/magnetic SSS ansatz:

F = q(r)T[Lpz} + p(r)aﬁtaf} ,
My = 20)rl, iy + 510, 7).

where q(7), q(r), p(r) and p(r) are some radial functions and where we defined the projectors

(B.7)

2
T =6L01, pl=6,00, of = Z 51,67 . (B.8)
where the index 4 runs over the angular coordinates.
On the other hand, the Riemann tensor, and thence the ijaﬁ tensor, only have the
following type of components'® when evaluated on (3.1) [114]:

Ry = Ar)rip) + B)mo)) + Copfog + D)oo

(B.9)
B_ i [ Bl | B [a B] [« B [a 8]
P, = A(T‘)T[Mpu} + B(r)T, .0 C( )p[uay] +D( o 1,00
80ne may see, upon use of the conditions Lk(i)R#WJU = Lk(i)PWpU =0fori=1,...,4, that any of the

two expressions given at (B.9) represents the most general tensor with the same symmetries as the Riemann
and consistent with the static and spherical symmetry.
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where we used the projectors defined above and where A(r), A(r), B(r)... are certain
radial functions. Taking into account (B.9), we check by direct computation that both

P, " Rya5y and VOVPP

(o have vanishing off-diagonal components.

oV
Finally we must check“tlhla‘zpthe 06 and ¢¢ components of the Einstein equations are
satisfied once the ¢t and rr are. For that, let us think of the Bianchi identity associated
to the diffeomorphism invariance of any action of the form (2.2). Evidently this Bianchi
identity is different from the usual V# (RW — %gu,,R) = 0 (which holds too) since there
are higher-order terms in the curvature in addition to non-trivial couplings to electromag-
netism. However we can equally apply the Second Noether Theorem to (2.2) in order to

obtain the following off-shell identity:

51 51
Y, (%>+H<My> —0, (B.10)

where H (%) is a certain function which depends on the generalized Maxwell’s equation

of motion and vanishes when 5‘57[” = 0. Therefore, if the vector field is a solution of the

generalized Maxwell equation (2.13) — for instance, the magnetic vector given by (3.15)

of
Vi <5QW>

Thus, we can assume the Bianchi identity V,E#” = 0 once the Maxwell equation is solved.

— we obtain that

~0. (B.11)
F=Fy,

Evaluating this identity on the SSS metric (3.1) and taking into account that &£,, has no
off-diagonal components, we may find after some algebra that the v = r component of the
divergence of the Einstein equation (2.12) takes the form:

2 1 f

d&é + < . *f_lf/ +N—1N/> grr + (fQNN/—f— 1N2ff/> gtt o 79”574 — 07 (B12)
dr r 2 2 r

where i, j are the angular components. Since due to spherical symmetric £% and £%¢ are
proportional to each other, then this identity implies that whenever £ = £% = 0, then
£ = £9¢ = 0, and the equations of motion are solved.

C All Electromagnetic (Generalized) Quasitopological Gravities of the
form RF? and R?F?

In this appendix we are going to build all Electromagnetic (generalized) quasi-topological
gravities constructed by linear combinations of terms up to quadratic order both in the
Riemann curvature tensor R,,,, and in the gauge field strength F),,. For that, we first
classify all E(G)Qs RF?2, made up of scalar terms with one Riemann and two field strength
and, afterwards, we proceed analogously for E(G)Q theories R2F?, whose constituent terms
contain exactly two Riemann tensors and two field strengths.

C.1 RF? theories

Our first task is to find a set of diffeomorphism-invariant terms which span all possible
scalars of the form RF?. This can be done straightforwardly and we find the following
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basis of invariants containing one Riemann tensor and two field strengths:
Ty = RF?*, Ip= R, F"FY,, TI3=Ru,cF"F". (C.1)

Now we build the Lagrangian density

3
L=R+Y aTl, a€cR (C.2)
=1

and wonder when the corresponding theory belongs to the Electromagnetic (Generalized)
Quasitopological type. For that, we just need to check when the Definition 1 is fulfilled.
Setting Ly = r? E\ds?’pm, where dsff and F are given by (3.17) (3.15) respectively, we

have that
Ly d oLy ~d 9Ly  4P%(*(10a; + 2a3 + a3)

of draf " dr2aofr r
For the theory to be of the (Generalized) Quasitopological type, we must ensure that the

. (C.3)

latter expression vanishes. This is accomplished by
az = —10a1 — 2as . (C.4)

Now the equation of motion for the metric function f(r) is obtained by evaluating the
Lagrangian (C.2) on the general SSS ansatz (3.1) with a magnetic vector (3.15), varying
the subsequent action with respect to N and, finally, imposing the condition N = 1.
Through this procedure, one finds the following equation of motion for f(r):

d 2P%0%(6a1 + as + 2a1 f(r)
2(1 — =0. C.5
—lera-n+ = (C.5)
This equation can be directly integrated to yield
2M P2
1—f——r t— (6a1 + az +2a1f(r)) =0, (C.6)

where M is an integration constant appropriately chosen to be identified with the mass, as
done in the main text.

There are two important conclusions to extract from eq. (C.6). Firstly, we recognize
precisely the same structure as in eq. (4.15), if we limit ourselves to the Einstein-Hilbert
term and the terms with n = 1,m = 2. Secondly, we check that the set of EGQs and
EQs coincide for theories of the form RF?, since eq. (C.6) is algebraic. This property
does not hold generally of course and is very particular of RF? theories. As a matter
of fact, the special properties of these Lagrangians had been previously noticed in the
literature [118-120].

C.2 RZ?F? theories

Again, first of all we shall concentrate on finding a set of invariants spanning all possibles
scalars built out with precisely two Riemanns and two field strengths. After some work, it
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is possible to choose such set to be:™

T, = R’F?, T, =RR,, F'F", ,
I3 = R, R™F?, Iy =Ry R, F'PF%
Is = Ry Ropg F'F"P I = RRyypo FM FP7 T7 = Ry RMYP Foy g |

Is = RIWRMQIBUFBUFQV , Ty = RNVRMQBUFLMFJV 7 Tio = RuypaRuupaFZ
T11 = Ruypa R*PPF*Fy, Tiy = Rupe R*PFP Fop,  Tis = Ryuype R**PFF, F |
Tia = Ruvpo R**PF" Fop, Ti5 = Rupe R'PPFY, Fy . (C.7)

Proceeding in the same way as with RF? theories, now we consider the Lagrangian density

15
L=R+0> bT,, beR (C.8)
i=1
and investigate when the corresponding theory belongs to the E(G)Q type. Defining as
before Ly = r? £|d8?,Fm, we have that

oLy d oLy d OL;

of dr of " dr2of”
2 p4
_ (A1 — ALf 4 Aot f! + Asr? 7 — 4 AP FO) 4 Ayt f<4>) . (C.9)

where we have defined
Ay = —2(168b1 + 8b1p + 4b11 + 8b12 + 4b13 + 2b14 + 54ba + 24b3 + 1204
+ 12b5 + 88bg + 7(by — 2bg + bo)) ,
Ao = 4(96b1 + 2(8b1o + 2b11 + b1s + 9bo + 2(Tbs + by + bs — 2bg)) + Tb7) , (C.10)
A3 = —2(36b1 — 4b1o + 2b11 + bis + 96y + 2(4b3 + by + bs — 2b6)) — Tb7,
Ay = 4(by + b1o) + 203,
The theory is a (Generalized) Quasitopological one if all 4; vanish simultaneously. Such a
system of linear equations is solved by:
bg = — 2b1 — 2byo,
Tb; = — 40by + 40b1g — 4b11 — 2b15 — 18by — 4by — 4bs5 + 8bg (C.ll)
Tbg = — 80b; — 8b1o — 4b13 — 2b14 + 2b15 — 36by — 8by — 8bs — 96bg + 14bg .
Imposing these constraints, one obtains the generic expression for any EGQ constructed
out of terms with two Riemanns and two field strengths. However, we still need to figure
out which of these EGQs are actually quasitopological.
For that, we must learn when the equation for f(r) is algebraic. As aforementioned,

this equation is derived after evaluating the Lagrangian (C.8) on our magnetic SSS ansatz,
varying the subsequent action respect to IV and afterwards setting N = 1. One obtains:

2p4
% 27“(1 — f) + % (Bl + Bof + Bng + 6347“ff, + B4T2f/2 — 2B4T2f//) =0, (0.12)

9Note that we are not claiming that all terms in this set are linearly independent.
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where

By = 2(24by — 8byg — 2by1 — 4b1a — 2by3 — by + 8by + by + bs + 12bg) ,

By = 56(4by + by + 2bg) ,

Bs = —2(136by — 8b1g — 2b11 — 4bys — 2b13 — byg + 36bs + by + bs + 68bg ,
By = —8by + 8big + 2b11 + bis + 2by + 2by + 2bs — 4bg .

(C.13)

EQs are characterized by having an algebraic equation of motion for the metric function
f(r). Interestingly enough, this is achieved if we just impose the vanishing of B,. Therefore,
setting By = 0, we get the most general form for the equation of motion of f(r) in any
EQ built out of linear combinations of scalars with at most two Riemann curvature tensors
and two gauge field strengths. This equation reads as follows:

d 2pP2t

5 27'(1 — f) + 77‘5

(1-f)Ci+Cf)| =0, (C.14)

where

C1 = 16b1g + 4b11 — 4b1o — 2b13 — big + 3b15 + 14by + Tby + Ths

C.15
Co = 128b1g + 32b11 — 4b12 — 2b13 — b1g + 17b15 + 7062 + 35b4 + 3505 . ( )

Upon direct integration of the previous expression, choosing appropriately the constant of
integration M, we end up with

2 p4
11— 2L Pl e =0, (C.16)
r r
and we recognize the same structure as in eq. (4.15) after restricting ourselves to those
terms with n = 2,m = 1. Hence we have proven that the equation for f(r) of the most
general EQ constructed from terms with at most two Riemann tensors and two gauge field
strengths is indeed represented by eq. (4.15), after an appropriate choice of couplings.
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