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1 Introduction

Parton distribution functions (PDFs) and fragmentation functions (FFs) describe the par-
tonic contents of hadrons. They are of fundamental importance in quantum chromody-
namics (QCD) [1, 2]. They enter factorization formulas for scattering processes involv-
ing hadrons, and are essential for comparing theoretical predictions for the cross sections
against experimental measurements. In most cases, the observables are only sensitive to
the longitudinal momenta of the partons, and the transverse momenta can be integrated
over, leading to the so-called “collinear” PDFs and FFs. However, in certain regions of
phase space, the transverse momenta of the partons become relevant, and one needs the
transverse momentum dependent PDFs (TMDPDFs) and FFs (TMDFFs) in the corre-
sponding factorization formulas. This is case for the small transverse momentum (Q7)



region in the Drell-Yan process [3-11], and also for similar regions in, e.g., semi-inclusive
deep-inelastic scattering (SIDIS) [12-16], electron-positron annihilation to hadrons and
jets [17—22], Higgs boson production [23-30], top quark pair production [31-34], as well as
Energy-Energy Correlator (EEC) in the back-to-back limit at both lepton and hadron col-
liders [35, 36]. To improve the theoretical predictions for these observables, it is desirable
to have precise knowledges about these basic objects.

TMDPDFs and TMDFFs can be defined as hadronic matrix elements of bilinear quark
or gluon field operators with a measured transverse momentum k. (or a transverse sepa-
ration b | in position space). If the transverse momentum k 1 ~ Aqcp, the TMDPDEFs and
TMDFFs are essentially non-perturbative, and can only be extracted from experimental
data or calculated using lattice methods. On the other hand, if k 1 > Aqcp, the TMDPDFs
and TMDEFFs can be related to the collinear PDFs and FFs via perturbatively calculable
matching coefficients. These coefficients are known at the next-to-next-to-leading order
(NNLO) for the TMDPDFs [37-40] and TMDFFs [40]. They have played an important
role in a number of cutting-edge calculations, including precision predictions for the Drell-
Yan process and Higgs boson production at small transverse momentum [10, 29, 30], and
NNLO calculations for top quark pair production using the Q7 subtraction method [41, 42].

In this work, we revisit the calculation of the matching coefficients for TMDPDF's
and TMDFFs at NNLO. We consider the quark TMDPDFs and TMDFFs in this paper,
while the gluon case is left to a forthcoming article. There are several new elements in our
calculation compared to those in the literature:

e We employ the exponential regulator for rapidity divergences [43]. Rapidity diver-
gences or “collinear anomalies” appear in the calculation of individual TMD functions
in factorization formulas, which are cancelled in physical observables. These diver-
gences are not regularized by dimensional regularization, and additional regulators
need to be introduced [1, 5, 12, 44-49]. The exponential regulator has been shown to
be particularly suitable in the calculation of TMD soft functions, as demonstrated in
the recent next-to-next-to-next-to-leading order (N3LO) calculation [50]. We show
in this work that the exponential regulator can also be used to calculate TMDPDF's
and TMDFFs, which are more complicated objects than TMD soft functions. Our
results show that the exponential regulator is a consistent rapidity regulator in both
the soft and collinear sectors.

e We develop systematic calculation method based on modern techniques for loop in-
tegrals, such as integration-by-parts (IBP) identities [51, 52| and differential equa-
tions [53-55]. Our method paves the way to calculate TMDPDFs and TMDFFs
at N3LO.

e We obtain the bare NNLO TMDPDFs and TMDFFs up to O(e?), where € is the di-
mensional regulator. They directly contribute to TMDPDFs and TMDFFs at N3LO
upon renormalization.

e Our results for TMDPDFs agree with previous calculations [38-40], but we find a
small discrepancy for the TMDFFs compared to those presented in ref. [40]. We



have performed several consistency checks on our results to make sure that they are
correct.

e As a by-product, we obtain the NNLO quark jet function relevant for the resumma-
tion of EEC in the back-to-back limit. This is the last missing ingredient for this
resummation at the next-to-next-to-next-to-leading logarithmic (N3LL) accuracy.

This paper is organized as follows. In section 2 we introduce the definitions of quark
TMDPDFs and TMDEFFs in the context of the SIDIS process, and discuss the exponential
regulator for rapidity divergences. In section 3 and 4 we perform the calculation of the
quark TMDPDFs and TMDFFs at NNLO using the exponential regulator. In section 4 we
also use the results for TMDFF's to compute the two-loop jet function for EEC in the back-
to-back limit. This is by itself a new result of our paper, and also serves as a cross-check
of our results. We conclude in section 5.

2 Transverse momentum dependent factorization

2.1 Kinematics and factorization

In this section, we briefly review the formalism of transverse momentum dependent factor-
ization and introduce the definitions of TMDPDFs and TMDFFs. For our purpose, it is
easiest to consider (unpolarized) SIDIS which involves hadrons in both the initial state and
the final state. In SIDIS, a hadron N; with momentum P! is probed by a virtual photon
~* with momentum ¢* and produces a jet containing a specific hadron No with momentum
Pl'. We define the kinematic invariants

Q? PP

, 2= )
2P -q P -q

Q*’=—-¢*>, z= (2.1)

We introduce two light-like 4-vectors n and 7 satisfying n? = n2 = 0 and n -7 = 2, such
that we can decompose any 4-vector k* as
Ak

nt nH nH
K =n-k— k— 4k =k, — + k_

+ K. (2.2)
When quoting the components of a 4-vector, we use k = (k4+,k_, k). The scalar product
of two 4-vectors is given by

_ piktpky

p-k 5

+pi-ki. (2.3)

In the hadron frame and ignoring the hadron masses, we have

Py :(P1+7070L)7 PZ:((]’P?—?OL)’ q:(Q+7Q—7qL)> (2'4)
where Q2
Py 2 2
L = — = _ —_ — 25
q > l’PlJr’ q+9 +QJ_ Q 3 ( )
and we define qi = —q%.



The hadronic tensor is defined as

W =" (2m)* W (P + q— Py — Px)
X

X (N1(P1)|J*(0)[N2(Pz), X) (N2(Pe), X[JV(0)|N1(P1)) . (2.6)

In the region gr ~ @ > Aqcp, the hadronic tensor can be factorized into products of hard
kernels with collinear PDFs and FF's:

ZH (Q.q, 1) diyn, (@, 1) diy (2, 1) + O(AGep/Q7) (2.7)

where we have suppressed the dependence of the hard kernel on other kinematic variables.
In the language of soft-collinear effective theory (SCET) [56-60], the collinear PDFs and
FFs can be defined as matrix elements of gauge-invariant collinear fields. For example, the
bare quark collinear PDF and FF are defined by [1, 59, 61]

B OIN(PY) |

2

d _
o (@) = [ 5 e (N (P a0

7 2) = S [ o 0D ) [Na((P), X) (Na(P2), X[a0)10) + (25)
X

where x, and x5 are the gauge-invariant collinear quark fields along the n and n directions,
respectively. We have assumed dimensional regularization with d = 4 — 2¢. The collinear
PDF ¢g/n, (@, 1) describes (in a sense) the probability distribution of finding the quark ¢
with momentum fraction x inside the fast-moving hadron Ni. The collinear FF dy;, /4(2, 1),
on the other hand, describes the probability distribution of finding the hadron N, with
momentum fraction z inside the jet initiated by the quark q.

If gr < @, however, the above picture of collinear factorization breaks down due to
the appearance of large logarithms of ¢r/Q in the hard kernel H;;. One should instead
rely on TMD factorization of the form

d’b,
’MV L iby-qu
ZH ’ / (27.‘.)2 €
X Bl/Nl (377 bJ_7 H) DNg/j(Zv bJ.a N) SZ](bJ_7 ,LL) + O(Q%/QQ)

ZH'W /d ki dho dho1 6P (ki + a1 — kot — ko)

X Bz/Nl (5[;7 kiy, M) ﬁNg/] (Za ko, ) S (ksln :U') + O(qT/QQ) (29)

where B;/n,, Dp,/; and S;; are TMDPDFs, TMDFFs and TMD soft functions in the
impact parameter space, with b, the impact parameter; while B;/n,, Dy,/; and S;; are
their counterparts in the transverse momentum space. For our purpose, we only consider
1,7 being quarks and anti-quarks.



Figure 1. Kinematics for TMDPDFs (left plot) and for TMDFFs in the parton frame (right plot).

The quark TMDPDF Bq A (z, k11, 1) describes the probability distribution of find a
quark with momentum fraction x and transverse momentum ki, inside the hadron Ny, as
depicted in the left plot of figure 1. Naively, the bare quark TMDPDF can be defined by

B 1) = [ @2 O B k)
— dt —ixtn-P; — _ %
=/ 9:€ <N1(P1)‘Xn(t”+bL)§Xn(0)|N1(P1)>

= [ e N R 0b- ) S ON(P)) - (210

Similarly, the bare quark TMDFF may be defined as
DR (o) = [ s e ks DR b

=301 [ el T 0 im0 Na(Ba), X) (N2, X 0)1)
X

=3 [ e T 0] (b 0,00) Na(P2), ) (Na(P), X e 00
X
(2.11)

Note that in the above definition, k| represents the transverse momentum of the quark
in the hadron frame (where Ny has zero transverse momentum). In practice, it is also
useful to define the TMDFFs in the parton frame where the quark has zero transverse
momentum. In the parton frame, No now has a non-zero transverse momentum P which
is related to ko by P») = —zko . The parton frame quark TMDFF is then

FRfebi/2) = [ 2P el Fi Py, (212)
with
~bare P _ 1 db+ dd_2bJ— iby P /(22)
RaeP) =30 | G Gy ©
X

< T {0 (b1,0,51) [Na(Po), X) (Na(P), X a 0)]0) - (2.13)



Here, P, is defined with respect to the axis chosen such that the total transverse momen-
tum of No and X is zero. It is easy to show that

th\’gr/eq(z, Py) = ﬁ}gr/eq(z, Py, /2). (2.14)
The function ]:"Rgr/eq(z, Py ) represents the probability distribution of finding a hadron N,
with momentum fraction z and transverse momentum P, inside the jet initiated by the
quark ¢, as depicted in the right plot of figure 1. From the above definitions, it is easy to
see that

b 2—2¢ b

]-"Nzrfq(z, by/z)=2z"" D]\gr/eq(z, by). (2.15)

Finally, the quark TMD soft function is given by the vacuum expectation value of a soft
Wilson loop

St (by) = - Tr O[5 (b1) Su(b) SH(0) 5:(0)[0) (2.16)

where the soft Wilson line is defined by

0
Sn(x) = Pexp <z’gs/ dsn - Ag(x + sn)) , (2.17)
with Ag the soft gluon field in SCET.

2.2 Rapidity divergences and the exponential regulator

While the TMD factorization formula (2.9) makes some sense, the TMDPDF (2.10),
TMDFF (2.11) and TMD soft function (2.16) are actually ill-defined due to the appear-
ance of rapidity divergences which are not regularized in dimensional regularization. These
divergences cancel when one combines the 3 functions in the factorization formula (2.9) to
calculate physical observables. However, they also carry important information, just like
the relationship between ultraviolet (UV) divergences and the renormalization group.

The rapidity divergences arise due to the fact that the collinear modes and soft modes
have the same typical off-shellness around q%. More precisely, in the gr < @ limit we have
the relevant momentum regions

collinear: p, ~ Q(1,\2,\),
anti-collinear: pz ~ Q()\2, 1,A),
soft: ps ~ Q(A, A\, N, (2.18)

where A = ¢p/Q < 1. The effective field theory describing these modes are sometimes
called SCETy;. The collinear modes and the soft mode are related by a boost in the n or n
direction. As a result, they cannot really be separated by a boost invariant regulator such
as dimensional regularization. A brute-force separation as done in eq. (2.9) then leads to
inconsistencies manifesting themselves as rapidity divergences.

To deal with the rapidity divergences, one needs to introduce a regulator in addition to
dimensional regularization. This however leads to another subtle issue. Any such regulator
necessarily reintroduces a logarithmic dependence on the hard scale () into integrals in



the collinear and anti-collinear regions through n - P; and n - P», which was supposed to
be factorized out into the hard function H’ in eq. (2.9). This fact is sometimes called
“collinear anomaly” or “factorization anomaly” in the literature [44, 62]. Nevertheless,
using the structure of the rapidity divergences, it can be shown that these ()-dependence
can be extracted and exponentiated to all orders. After such a “re-factorization”

Bq/Nl (2,01, 1) DNz/q(Z’ by, ) Sqti(bLa p) =
(b%QZ > —Fqg(by,p)

b5

Bq/Nl(xabJ_nu) DNQ/q(Z7bJ_7M)7 (219)

where

b3 = b3, by=2eF. (2.20)
The functions By y, and Dy, /, can be regarded as the “genuine” quark TMDPDF and
TMDFF which are free from rapidity divergences and are also independent of ). The
exponent function Fyq is closely related to the so-called Collins-Soper kernel [1]. It has
been known perturbatively to three loops [50, 63]. Very recently, there are proposals to
compute it non-perturbatively on the lattice [64, 65].

In the literature, there are a variety of ways to regularize the rapidity divergences [1, 12,
45-49]. In this paper, we consider the so-called exponential regulator [43] which was used
to calculate the TMD soft function to the N3LO. We will show that it is a consistent regu-
larization scheme also for the TMDPDFs and TMDFFs. Before discussing the exponential
regulator, we briefly review the n-regulator of ref. [46] which shares many similarities. At
the next-to-leading order (NLO), the n-regulator amounts to the subsitution

d d y2
/ (;l:)d(%)h(k?) S / g&wj%(zw)mk?), (2.21)

for the phase-space integrals over the real gluon momentum k*, where §, (k?) = 0(k%)5(k?).
The rapidity divergences appear as 1/n poles which can be subtracted in the same way
as renormalizing the UV divergences. After the subtraction, the TMDPDFs, TMDFFs
and TMD soft functions still depend on the “rapidity scale” v. For the TMDPDFs and
TMDFFs, the natural rapidity scale is v ~ @, while for the TMD soft functions v ~ gr.
The evolution equations of these functions with respect to v can be used to exponentiate
the rapidity logarithms In(b%Q?) leading to the refactorization in eq. (2.19).

While the above n-regulator is conceptually simple, it is not easy to implement in higher
order calculations beyond NLO. For example, the regulator has to be carefully applied to
maintain non-Abelian exponentiation in the soft sector [46, 66]. In particular, when there
are two real gluon emissions with momenta ki and ks, it is different to apply the regulator
on ki, + ko, as a whole, or on k1, and ko, separately. Recently, a new regulator for rapidity
divergences called “exponential regulator” has been proposed in ref. [43], which leads to
the same rapidity evolution equations as the n-regulator, and is easier for higher order
calculations. In momentum space, the new rapidity regulator is simply multiplying each
soft /collinear phase space measure by an exponential factor

d’k d?k

/ W (27T)5+(k2) — 71-12%) W (27T)5+(k’2) eXp(—boTk'O) . (2.22)



Note that the 7 — 0 limit has to be taken after integration. Beyond NLO, when there are
multiple soft/collinear partons, the regularization simple becomes

n di.
11/ THi (om)s, (k2)

1) (@2m)d

ddk’i 9 n 0
(2n)d (2m)é4 (k7)) exp <—bo7’Zki> : (2.23)

Due to the exponential form, the multiple emission case naturally factorizes into products
of single emissions. Therefore, non-Abelian exponentiation is manifestly preserved by this
regulator. An important feature of the exponential regulator is that it leads to enormous
simplification in perturbative calculations, as demonstrated by the calculation of TMD soft
functions at N3LO in ref. [50].

The exponential regulator also admits simple operator definitions for the TMD func-
tions. For example, the quark TMD soft function is defined as

Spie(br,v) = = lim Tr (0|[SE S, ] (—iboT, —iboT, by ) [S1SR](0)]0) : (2.24)
NC 70 T=1/v

where the rapidity regularization procedure is understood as keeping non-vanishing terms

in the limit of 7 — 0 (including the log7 terms which are the manifestation of rapidity

divergences), and then identify the rapidity scale as v = 1/7. No subtraction is needed and

the rapidity divergence are now renormalized. The remaining results depend on logarithms
of the rapidity scale v.

Similarly, the exponentially regularized quark TMDPDF and TMDFF are defined as

db_
bare - - —z:rb,P /2
Bq/N1(1:7bl’ = SOb }_gr%)/ 1+
X <N1 (Pl)’)zn(—ibm’, b_ —ibgr, bJ_)Zan(())‘Nl(Pl» Ny , (2.25)
and
are db+ et
DR[Z/q(Z bLy = 7b ;IE)I%)Z / by Pa— /(22)
x Tr <O]%Xﬁ(b+7ib07, —iboT, b1 )| Na(P2), X) (No(P2), X|x7(0)]0) —
(2.26)

Note that for both the TMDPDF and TMDFF, we need to perform a zero-bin subtraction
to avoid double-counting between the collinear sectors and the soft sector. The zero-bin
soft function is the same as the TMD soft function

Son(bi,v) = Shre(by,v). (2.27)

Having operator definitions egs. (2.24), (2.25) and (2.26) for the TMD functions could be
advantageous for studying non-perturbative aspects of TMD physics. In this work we focus
on the perturbative part of the TMDPDF and TMDFF.



2.3 Renormalization and perturbative matching

For large impact parameter by ~ 1/Aqcp, the TMDPDFs and TMDFFs are dominated
by long distance contributions and are genuine non-perturbative objects. In this work, we
are interested in the semi-perturbative region by < 1/Aqcp. In this region the TMDPDF
admits an operator product expansion

d
B bu) = 3 / 9 Toure (e b 1) g (@/€) + OWARep) (2.28)

where ¢;/y is the (renormalized) collinear PDF of parton 4, and Z,; is a perturbatively
calculable matching coefficient function describing the splitting of the parton ¢ into the
quark ¢. Similarly, the TMDFF can also be factorized as

‘Fflifi}rqe(z’ bi/z,v) = ZQ*QED?/T;(Z, b,v)
! dg bare
- Z/ ng/i(z/S) CR™(&,b1 /€, v) + O(bFA{ep) - (2.29)

with perturbatively calculable coefficient functions C;; describing the fragmentation of the
quark ¢ into the parton 1.

The functions Z,; and C;; will be the main objects we are going to study in this work.
As indicated by the superscript “bare” in egs. (2.28) and (2.29), there are UV divergences
which require renormalization. For the TMDPDF, we define the renormalization factor
according to

By (,b1,v) = Z2(by, 1, v) Byyn (2,01, 1, v)

Z
ZqB(bJ_7 M, V) Z:Z'-q’i(x7 bJ.v My V) @ ¢1/N('r7 ,LL) + O(b%‘AéCD) ) (230)
i

where we have used ® to denote the convolution in eq. (2.28). The matching coefficients
74 do not depend on the external state IV, and can therefore be calculated with N replaced
by a partonic state j = g or g. We can then extract Z, by calculating 857;.6, performing
the renormalization and subtracting the partonic collinear PDFs ¢;,;. Up to the NNLO,
the partonic collinear PDF's are given by

as(p) Py (7)

47 €
o P.(l) €T
+ (4;) [262 <ZP(O) )@ P (x )+60Pi(f)(x)> - ”26( )], (2:31)

where Pi(;)) is the LO splitting kernel and fj is the LO beta function.
After renormalization, the TMDPDF obeys a renormalization group equation (RGE)

Giyj(@, 1) = 6i;0(1 — x) —

4
dlnp

v

Byn(w, by, p,v) =2 [FcuSp(as(u)) In + 'yB(ozs(,u))} Byn(x, b1, p,v), (2.32)

$P1+



where TP is the usual cusp anomalous dimension and 7® is the non-cusp anomalous
dimension for the TMDPDF, whose perturbative expansions are collected in the appendix.
From the above equation and the famous DGLAP equation

d

mqﬁi/N(% p) =2 Z Pij(z, os(p)) ® ¢j/N(fU> 1) (2.33)

J

one can deduce the RGEs for the coefficient functions as

4
dlnp

14

Ty, byopv) = 2 [Fcusp(%(u))ln +vB(as(u))] Ty, by v)

xPry

— 2 Toi(x,by, i v) @ Pri(w, os(p) . (2.34)
J

Besides the normal RGE, the TMDPDF and the coefficient functions also satisfy the ra-
pidity evolution equation [46]

d bo/br dii R
Ty Lai (%01, v) = =2 / — TP (g (1) + 7" (s (bo/br)) | Zi(a, bi, s, v) -
m

I

(2.35)
The rapidity anomalous dimension 4% is known to three loops in QCD [50, 63]. For our
purpose, we need the first two orders which are given by!

% =0,

404 112
F=Cr|Cy|——z +14 TpN;— 2.36
7 F|:A( o T 14G | +TrNp—— 1, (2.36)

The renormalization equations (2.34) and (2.35) can be used to determine all the renor-
malization and rapidity scale dependent terms for the coefficient functions in perturbation
theory. Throughout this paper, we organize perturbative expansions of various functions
in powers of a/(4m). For example

n
«
Tgi(z, b, pv) = ( ZE?) T3 (2,1, Lg) - (2.37)
n=0
Here and below we introduce two logarithms
b2.p? P
L, =In ’lgé‘ : LQ:21nxV1+. (2.38)
0

Up to O(a?), we then have

TV (2,01, Lg) = 6,6(1 — ),
cusp

T (2,01, Lg) = <_ S Lilg+agLy+ 7§LQ> 8qid(1 — ) — P (@) Ly + I (),

!Note that the convention here differ by a factor of 2 from ref. [50].

~10 -



1
I (@, b1, L) = [8 6 Lo +29¢') (-T5""La + 29 + 260) L
+

Fcusp ")/R
( Lo +97 + (=T Lo + 290 + 2ﬂo)§LQ> Ly

(")

+ g)‘FVﬁLQ} 0qi0(1 — )

1 (0) (0) P (@) e B )
t §quj (z) ® Pyi"(x) + B (Lo Lo —2v — Bo) | L1
J

+ | PP @)~ PP (@)rdiLg - S 1 (2) @ P (x)
J

cusp
1 1 2
+ (T oo + 50 ) 10| Lu ool ) + 1),

(2.39)
Similarly for the TMDFF, the UV renormalization is given by

f]l\);}ge(z7bl/z’y) = ZqB(bJ_hu/a V) ‘FN/q(vaJ_/Zvu7 V)
= Zf(bl,,u, V) ZdN/i(z, 1) ® Cig(2,b1 /2, u,v) + O(b%AéCD) . (2.40)

Note that the procedure of renormalization and matching is easier to be done with the
parton frame Fy/, instead of the hadron frame Dy, (used in [67]). To extract the coef-
ficient functions C;4, we calculate the bare TMDFFs with external parton states, and the
partonic collinear FFs up to NNLO are given by

o P.T(O) 5
di/j(2 1) = 8i;6(1 — 2) — 4(:)]6()
“ pr)
+( : ) [ (Z (2) ® B (2 )+50P§(°>(z)> - 126()] ’

(2.41)

where Pg(z) are the time-like splitting kernels which will be presented in the appendix.
The renormalized C;, functions satisfy the evolution equations

d 2V
_ - . — cusp et B )
T Coleb0) =2 [P ) I 549 )| Gl o0)
_QZPZ%“(’%aS(H))®qu(27bl/z’:u’7 V)v (242)
J
and
d bo/br dii R
——Cig(2,b1 /2, 1,v) = =2 / — (s (1) + 77 (s (bo/br)) | Cig(2,01/2, 1, v) -
dlnv L I

(2.43)

- 11 -



At this point, it is worth noting that the product of the TMDPDF, TMDFF and the
TMD soft function is independent on the rapidity scale v as expected, namely
d
dlnv
where we have used

[Bq/i(ma bJ_a L, V) Dj/q(z7 bJ_a,ua V) Sqtf(bl_a L, V)] = 07 (244)

Sqa(bi, p,v).  (2.45)

d bo /br Al s B
Ty SaalbL pv) =4 /u ﬁf P(as(n) + 7" (as(bo/br))

It can also be shown that the u-dependence of this product is cancelled by that of the hard
function (which does not know about the rapidity divergences), such that the physical
observables are independent of the renormalization scale. To see that we recall the RGEs
of the hard and soft functions

d cus Q2
T (@) =2 |1 0) 0 % 27 00| (@200
d cusp /1’2 S
T Saabo 1) = 2 [T (0 (1) In by = 2950 (1) | Syaba ). (246)
We note that the cancellation happens since 4% + 4 —~% = 0 and
- 12 12
1 In— +In— =ln— 247
na:P1++ p2_+n,/2 nQQ (2.47)

By using the evolution equations, we can derive the scale-dependent part of C;y. Up
to the NNLO we have

C(2,b1 /2, Lg) = 8igd(1 — ),

cusp

T(0
Ci)(2,b1 /2, Lg) = (- LiLg+~8L, + fygﬁLQ) 8igd(1—z) — PLO ()L + C(2) |

1
C(z.b1 /2 Lo) = [8 (TG Lo +290') (~T5" Lo + 29" +260) L1

cusp R
< Lo + 713 + (fFSUSpLQ + 2763 + 250)?11@) L,

G

N ﬁLQ} b1 - 2)
n }ZPT(O)(Z,) ®PT(O)(Z) n Py (2 (TP Lo — 248 — o) | 12
OPA ij iq 9 0 Q Y0 0 4
j

+ PT(I)(z) PT(O) Z PT(O) 0(1)( )

q q

Cusp
+( chww) OO ()| Ly + A8 LeCD () + 02(2).

(2.48)
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Note that here we have used the same symbol Lg as in eq. (2.38) to denote a different
meaning;:

P,
Lo =2Iln-2= 2.49
Q n— (2.49)

which can be regarded as the crossing P+ — P> and z — 1/z.

2.4 Rapidity renormalization group and re-factorization

We now use the rapidity evolution equations of the TMDPDF, TMDFF and TMD soft
function to derive the re-factorization formula (2.19). From the perturbative matching
coeflicients, it is evident that for the TMDPDF and TMDEFF, the natural rapidity scale is
ve~xzPip ~ Py [z~ @, while for the TMD soft function the natural choice is v ~ by /bp ~
gr. In order to reconcile these different choices, we may use the rapidity RGE (2.45) for
the TMD soft function to evolve it from v = by/bp to v = Q. The result is

b2 Q2 —Fag(L 0 ()
S‘Fj(bivu) V= Q) = Sq‘j(bLa H, V= bD/bT) ( 1;)2 > s (250)
0
where
bo /by dii R
Fyg(Ly, as(p Tcusp(as(ﬂ)) + 7 (s (bo/br))

2 cusp
cus S F cus
4( )r PL, + (0‘4(:)> <5° o L3+ "L, —27{‘1) +0(a?),

(2.51)

where we have used 7§t = 0. The “genuine” quark TMDPDF and TMDFF which are free
from rapidity divergences and are independent of the hard scale can then be defined as

Bq/N1 ($7 bJ.v #) = Bq/Nl (Z‘, bJ_a V= Q) \/Sqff(bJ-? w, v = b()/bT) ;

DNz/q(za bJ.vM) = DNQ/(](Z7 bJ.vM? v = Q) \/SQQ(bJ_nu'v v = bO/bT> . (252)

These are essentially the functions appearing in the re-factorization formula (2.19).

3 Quark TMDPDF with the exponential regulator

In this section, we calculate the perturbative matching coefficients of the quark TMDPDF
at NLO and NNLO using the exponential regulator. While these results are known to order
€” in the literature [38-40], we are able to obtain higher order terms in e. The calculation
with the exponential regulator is also much simpler and more systematic, which makes it
possible to be extended to N3LO.
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Figure 2. Cut diagrams for the bare coefficient functions at NLO.

3.1 Quark TMDPDF at NLO

In this subsection, we briefly discuss the NLO results with the exponential regulator. While
the calculation is straightforward, it illustrates the basic procedure and some interesting
features of the regularization scheme.

We begin with the bare TMDPDFs before zero-bin subtraction. According to the
definition in egs. (2.25), the TMDPDFs at NLO are given by the cut diagrams in figure 2.
The result can be written as

S are,unsu s dd
B gl)baremsub o, ) — Jim L (2m)d4 (k) 6(ky — (1 — z)py)

Araft ™0 ) (2m)d
2 2€k b = ~
X M%p((}?)(x’ 6) exp _OiT(kJr + k‘,) + ibT . kT:| ,
kT 2 T=1/v
(3.1)

where we have changed to the notation that kr denotes the transverse components of kﬁ_,
but with Euclidean signature such that

br-kr=-b ki, ki=kr[*=-k3. (3.2)
The d-dimensional splitting amplitudes are given by

1+ 22
1—z

P (z,e) = 2CF { —e(1— ac)] ,

2
0
ng)(x7€) =2TF [1 1.

z(1— x)] : (3.3)

Using the delta function for ky and the on-shell condition, we can write the exponential
regulator as
exp —bO—T(l{:Jr + k_) +ibp - ET] = exp [—bOT (ki% +(1- :r)p+> + ibyp - ET} .
2 2 \(1—a2)ps

(3.4)
At this stage we can already drop the second term proportional to 7(1 —z) in the exponent,
as it gives no contribution in the limit 7 — 0. They might be relevant for subleading power
corrections [49]. The first term involving 7/(1 — x) in the exponent provides the main
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service of regularizing the rapidity divergences. To see how that happens, we note that the
rapidity divergence appears here as a singularity as x — 1 in the ¢ — ¢ splitting amplitude
in eq. (3.3). The exponential regulator provides a suppression in the z — 1 limit, and turns
this singularity into a regularized distribution according to

A — 51 ! 0 3.5
ﬁ__<nT+7E) ( —m)—i-m—F (T) ()
Applying the above equation to B((I})q’bare’unsub, we find

s evE , 2€ d22€k, -
B(l)’ba e,u SUb(x,bJ_,V> _ € li CF(l + 22— 6(1 _ l‘)2)/ Tele'kT
s

a/q k%
2 2
x (2~ L) 501 —a) +
kT vp+

The ET integral can be easily performed with the help of the generating integral

€ 2e 2—2€7, R,
eEp / d_‘ ko eibT'kT _ e—(2€+277)'yEM—26—217F(_6 - 77) e(€+77)LJ_ ) (37)
= | Da+n)

In particular, we have

1 d2—2e£T oo B _
eZbT kT —e 2€’YEM 261‘\(7€)€€le

1—e¢ 2
T k7

]. d2_2EET igT-IZT 1 lu2 _ 72€'YE 726:[1 eLJ_ L 3 8
Tl—c 2 ° noa =¢ H (—€)e“ L —vE — (=€), (3.8)
T T

(1),bare,unsub
qa/q

. It is easy to expand the results to any order in

where ¢(z) = I''(z)/I'(z). Applying the above formulas to eq. (3.6) then gives B
(1),bare,unsub

a/9
e. In particular, the O(e?) terms will be used for the NNLO calculations later, while the

O(€*) terms are relevant for the calculations at N3LO.
We now need to subtract the collinear PDFs in eq. (2.31) to obtain the coefficient
functions Iéil)’bare’unwb, and then perform the zero-bin subtraction, where the NLO zero-

exact in €, and similarly for B

bin contribution is given by

are 4 4 7'('2
Sob (Lo iov) = 83" (L, p.v) = Cp (2 — =L, —2L% —4LiL, - 3) . BY)

where L, = In(v?/u?). After the subtraction, we find up to O(e%)
I(gé),bare(x7 b, LQ) — I{%),bare,unsub(m7 by, L, I/) _ S(gllg) (LJ_, 1, l/) 5(1 _ .CE)

1
—Cp <€ + Ll> (—2Lq +3)6(1 — ) — L1 P\ (x) + 2Cp(1 — ),

ZiDbare (g, b, Lo) = Z{)Paremmsib g by v) = 2Tp — (14 Ly )P (2), (3.10)
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where Lg = 2In(zp /v), and

_ 2(1 + 2?)
P{)(x) = Cp [36(1 —x) + Tl
PO (z) =2Tp [(1 - 2)? + 2% . (3.11)

We now renormalize the UV divergences in the MS scheme with the renormalization factor

as Tg"P Lo — 298
ZB(bs, ) =14 220 29770

2
= Y +0(a?), (3.12)

and find
0 (@b, Lo) = Cr Ly (2L +3)6(1 — ) — Ly PO (2) + 2Cr(1 — z),
TV (b1, Lg) = —L1 PO (2) + 4Tra(1 — z) . (3.13)

Comparing the above form with eq. (2.39), we can extract the (renormalization and rapid-
ity) scale-independent part of the NLO coefficients

I(z) =20p(1 - ),

I{)(x) = ATpz(1 — 7). (3.14)

Remarkably, in the exponential regularization scheme, the scale independent coefficients
are regular in the soft limit x — 1. As will be explicitly shown below, at NNLO there are
1/(1 — x)4 distributions in the p-independent part, but these terms are governed by the
rapidity anomalous dimension and depend on the rapidity scale v. In general this is true
even at high orders in perturbation theory [40, 68].

3.2 Quark TMDPDF at NNLO

We now turn to the NNLO calculations. As before, we begin with the bare TMD coefficient
functions before zero-bin subtraction. At NNLO, diagrammatically there are two kinds of
contributions. One is the interference of the LO amplitude with the diagrams containing
one loop and one real emission, i.e., the so-called real-virtual (RV) contribution. The
other is the square of the diagrams with two real emissions, i.e., the so-called double real
contribution (RR). We will discuss these two contributions one-by-one in the following.

3.2.1 The real-virtual contribution

We adopt the light-cone gauge n- A = 0 where the relevant cut diagrams for the real-virtual
contribution are depicted in figure 3. Note that with both the exponential regulator and
the analytic regulator used in [38, 39], the loop integral does not need to be regularized.
Therefore the treatments of the loop amplitude are rather similar. After performing the
Dirac algebras and partial fractioning, there remain two classes of scalar integrals as shown
in figure 4, which are given by

d
V(a1 az2,a3,a4) = /(;lﬂéd [ [-0+@?] - +p)?] @ -1,
d
I3 (ay, a2, a3,a4) = / (zdﬂl)d 2] [+ % 2 [~ —- k)R-, (3.15)
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(a)

Figure 4. Topologies for the real-virtual contribution.

where ¢ = p — k and we make the +ie prescription for all propagators implicit. The results
of these integrals have already been given in [39] and we do not repeat them here. After
the loop integration, the results are functions of x = n - ¢/n - p and k% The remaining
integral over k:% can be carried out in the same way as the NLO calculation using eq. (3.7).

3.2.2 The double real contribution

At NNLO, the double real contribution is the most troublesome one to calculate. We will
show that with the exponential regulator, we can apply many modern techniques for loop
integrals. It is therefore possible to extend the calculation method to higher orders.

We use QGRAF [69] to generate the relevant Feynman diagrams in the light-cone gauge,
which are shown in figure 5. We then use FORM [70] to manipulate the squared amplitudes,
and write them as integrals over the two cut momenta which we denote as k1 and ky. We
now need to apply the exponential regulator, and the integral measure then becomes

dky dok,
/ (2m) (2m)?

It is useful to introduce an identity [71]

(2m)d4 (k7) (27) 84 (K3) exp (—boT (k7 + K3)) . (3.16)

/ddkz SD(k—ky —ky) =1, (3.17)
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Figure 5. Cut diagrams for the double-real contribution.

and rewrite the integral measure as

d d
/ dk e~boTH / é :;d é :)Qd (2m)04 (k3) (2m)04 (k3) 6D (k — k1 — k) . (3.18)

Now the integration over k; and ko does not produce rapidity divergences and can be
performed with usual techniques. Note that this fact holds also beyond NNLO where more
than two cut momenta are present, due to the exponential form of the regulator.

We can now use the delta function to integrate over ks, and rename ki as [. The double
real contribution can then be written in the form

as (1) 28(2)’RR(xb V) = lim A% _bOT ek ViR
ar ) Do WOV =M [ gyt P | Ty et

dil 9 9 -
Gy 0+ 1) 04 (k)%) My, k. 7).

(3.19)

<6y ~(1-2)p) [
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Figure 6. Topologies for the double-real contribution.

where M,; is the squared amplitude. We will first integrate over [ using the methods of
reverse unitarity [72], integration-by-parts (IBP) [51] and differential equations [53-55].
The relevant topologies are given by (the square of) the diagrams shown in figure 6. There
are 4 topologies for the [-integrals, which are defined by

ddl —a —a —a — —a.
IFR(al,QQ,a:&,aA) = /(27‘(‘)‘1_1 [_l2:| Cutl [_(k - l)2:| cut2 [p . l] 3 [n . l] 4 s

d
L% (ay, as,a3,a4) = / (27?)5_1 2] [~k =] o (k=07 -1,
d
I§¥%(ay, a2, a3,a4) = /(2;1)5_1 e e R G e R | e R (R
d
I (a1, a2,a3,a4) = / (Q;Z)jl 2] =0 - (k=D [n-(p— 1] ™,

(3.20)

where we use the subscript “cut” to label the cut propagators [72]. Integrals in each
topology are further reduced to a set of Master Integrals (MIs) by IBP identities [51]. In
this work, we use FIRES [73] and LiteRed [74] to perform the reduction. In total we have
6 MIs which can be chosen as

By =N [ d'15.(2)50((k - 0P),

B =N, [ 0+() 6(+p((k:l; D2
e
Fi= N [ 2 Selle- D).
- [ A
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where the normalization factor

2I'(2 — 2¢)
N(e) = ——~—. 3.22
S (e (3.22)
We will use the method of differential equations to evaluate these MIs. For that purpose
we have introduced the rescale factors w; to convert the MIs into a canonical basis [55].

They are given by

w1:(k2)5,
€
1—2¢’
Yy—r—Yy €
20 —2)(1—y)1—2¢’
e —1
1—2 4
—xy+y—1 €
201 —z)(1—y)1—2¢’

wy = (- p)(1 — )

wy = (k,2)1+6(ﬁ .p>

wy = (k%) p)

ws = (k%) p)

_ -1y
(B2 e(q € -1 9
wo = ()0 P55 (323)
where the dimensionless variables x and y are defined as
n-k En-p
l-z=—, 1l—g¢y=— - 3.24
TR p’ Y 2p-kn-k (3.24)

The factors w; can be easily obtained using an in-house code or the program package
CANONICA [75] which implements the algorithm of [76].
Among all the Mls, F, F5, Fy and Fy are easy to be evaluated in closed form

Fi =1,

Fy = (1—x)l_62€2F1(1,1—e,2—2e,1—x),

F4 — (1 _y)_€2FI(_€> _671 _67y)7

F6 = y_E 2F1(—6, —6,1 — 6,1 — y), (325)

where o F} is the hypergeometric function. F3 and Fy depend on both x and y and are more
difficult to calculate. We can construct the differential equations of them with respect to y

F 1 1 1 1 1 1 2(1 —
83:6|:<—>F1—|—<—_>F2+<_ _ ( x)>F3:|,
dy -y y -y y y l—y xy—wz—y

OF: 1 1 1 1 1 1 2(1 —
526[(—)F1+<+>F2+<— + ( x)>F5]’ (3.26)
dy -y y -y y y l-y axy—xz—y

which are in the so-called canonical form [55]. Given their boundary conditions at y = 0

Fs(z,y=0)=2oF (1,1 —€,1—2¢,1—2x),
Fs(x,y=0) =9F1(1,—€,1 —2¢,1 — x), (3.27)
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it is easy to solve the differential equations order-by-order in € in terms of Goncharov
multiple polylogarithms (GPLs). We have obtained the solutions up to weight 6, which
will be sufficient for a future N3LO calculation.

The next step is then to perform the remaining integration over k in eq. (3.19). The
k4 integral can be done using the delta function. And the k_ integral can be changed to

1 dy kQ
dk_ :/ =T 3.28
/ o 20— (3.28)

Note that we now have singularities at y — 0 or z — 1, which are both manifestations of

use the y variable through

rapidity divergences. These overlapping singularities often make high order perturbative
calculations difficult due to the fact that the regularized integrand is often a complicated
function of x and y. In our scheme, the regularization is provided by

exp [_b(;(z# + k:‘)} — exp [—b(]; <(1_"f>m (- z)mﬂ L (3.29)

where the y — 0 and x — 1 limits are both exponentially suppressed. To perform the
integration over y, we expand the above exponential regulator in terms of delta functions
and plus-distributions according to eq. (3.5) and

<1(lnT+’YE)2 + WQ) §(1—2)8(y) + 1

2 12 (1—2)yys
(3], ) oo+ (=7, -5 ow v

(3.30)

The y integration can now be done using the package HyperInt [77] and the kr integration
can again be evaluated with the help of eq. (3.7). After the integration, the results can be
expressed in terms of Harmonic PolyLogarithms (HPLs) [78] of the variable z. We use the
program package HPL [79] to deal with these functions.

3.2.3 Final results at NNLO

Combining the real-virtual and double-real contributions, we obtain the bare un-subtracted
NNLO TMDPDEF. We then perform the zero-bin subtraction to remove double-counting
between the collinear and soft sectors, and apply the usual o renormalization and operator
renormalization Zf to remove the UV divergences. We have reproduced all the renormal-
ization and rapidity scale dependent parts in eq. (2.39), and the scale independent NNLO

coefficients [ (g

12)(93) are given by
8(1—x) (222 —2+2)

3

2
1'%)(z) = CpTr |- —5 (82”+32+3) Hog

aq (H10+¢2)

2(1—2) (13622 —1432+172)
27x ’

4
+4(:U+1)H070’0+§(32m2—30x+21)H0+
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19 (z) = (C4Cp—2C2) [4(1—x)H1,0+4(g;+1)H_1,0—(11x+3)H0+2(3—x)¢2
—15(1=2) —2pqq(—x)(4H _20—2Ho0—4H 1, _10+2H_100—Hoop
—oH fo%)
71C2+C3) + qq’ (':U)’
Ié?]) (ZL’) =CuTr [4pqg(—x)(2H_2,0—2H_17_1,0—|—H_1,070—H_1§2)—|—8x(:v—|—1)H_1’0

8(1—z) (1122 —2+42
_8(1—x)( - )H1’0+4pqg($)(H1’2+H171»0_H1,1,1)+81L‘€3

4
—8(1—:c)acH171—16xH2,0+4(2x+1)H070,0+§(681:2—3030—1—21)[{0

8(11x3—9x2+3x—2)C 2(29823 3872243152 —172)

22 (dz—3)H _
+2a(4o—3)Hi+ 32 2 27z

2
-3 (44x2—12x+3)H0,0]

+CrTF [4pqg(:c)(HQJ—H170,0+H1,171+7C3)+(—8:IJ2+12$+1)H070
—2(41’2—2.%'+1)H0?070—|-8(1—.CL'):B(HL()—i-HLl—l-HQ—C2)+(—8.’IJ2—|—15£B+8)H0
—2(4x—3)xH1—72x2+75x—13} :

153) () = CaCF [ (28C3—82078> (1_13:)++2pqq(fﬂ)(—2H1,2—2H2,0—H0,0,0—2H1,1,0)
(22 —122—11)
3(1—x)
2(x2—13)

+?C3—6(1—x)C2+

(8322 —362+29)
9(1—x)

2
H0’0*4(1*33)H170* HQ*QCCHl

8(z+100)
27
224 1 4 20 4
CrlTpNy| ———+-= H — Hy—— (192437
+CFlF f|: 27 (1_x)++3pqq($) 070+ 9 pQQ(x) 0 27( T+ )

2(22%—22-3) 2(1622—132+5)
11—z 1—x

—1—6% [— H0,0—|—12(1—ZB)H1’0—|— Hy

+2pgq(x)(4H 1 2+4Ho 04+2Ho 1 —2H 9 0+4H1,1,0+12¢3)+2(z+1)Ho 00

+4(1-2) Hy+ 20 Hy +8(1-2) (o —22(1—2) | +15) () , (3.31)

where ¢ is a light quark flavor different from ¢, and we have used the shorthand notation

Hal,.“,an = H(a17 <oy Qn; .’I)) ) (332)

with H being HPLs. The pg;(z) functions are related to the DGLAP splitting kernels and
are collected in the appendix. We note that with the exponential regulator, the scale-
independent part of the TMDPDF does not involve §(1 — x) terms, and the coefficients of
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1/(1—x)4 is determined by the rapidity anomalous dimension 2v{* given in eq. (2.36). We
have compared our results to those in the literature [38—40] and found full agreement. We
have also obtained the bare NNLO TMDPDFs through to O(e?), which is required for a
future N3®LO calculation. Their expressions are quite lengthy and we choose to put them
in an electronic file attached with the arXiv submission of this paper.

4 Quark TMDFF with the exponential regulator

We now turn to the quark TMDFF. Technically, it is very similar to the TMDPDF. The
squared amplitudes are related via a crossing symmetry. The only subtlety is that one
may perform the calculations in the hadron frame or in the parton frame. The two results
should be related according to eqs. (2.14) and (2.15). We have explicitly performed the
two calculations and confirmed those relations.

In the hadron frame, one has, at a given order in perturbation theory

1 i
DPare(z b, ) = lim — [ d¥k e boTh b Ere sk (1/2—1)p_)

i/q 70 2

d
/dldH/dk (2m)d (k7) 6(d)<k Zk) Mig(p, i, ki)

)
T=1/v

(4.1)

where M, is the squared amplitude for the ¢ — ¢ splitting, p is the momentum of the
observed hadron in the n direction, [; are loop momenta and k; are momenta of real
emissions, ET,hf denotes the total transverse momentum of real emissions in the hadron
frame. In the parton frame, one has instead

1 OB
fl)/*;’e(z,bj_/zw) = lim — [ d%k e boTh FibrFrpe/z 0(k——(1/z—1)p_)

v 70 2

xH/dldH/dk (2m)64 (k2) 6 ( Zk) Mg (p, i, ks)

)

T=1/v

(4.2)

where ET7pf denotes the total transverse momentum of real emissions in the parton frame.
The only differences with respect to the hadron frame formula are the additional factor
of 1/z in the Fourier transform, and the different definition of k. They are related by

kr of = ZkT hf-

4.1 Quark TMDFF at NLO and NNLO

We now present some details about the calculation of the ¢ — ¢ fragmentation function
at NLO in the hadron frame. In the light-cone gauge, there is only one cut diagram con-
tributing, as shown in figure 7. The squared amplitude can be straightforwardly obtained
from the diagram, or can be related to the g — ¢ splitting amplitude in eq. (3.3) via a
crossing symmetry. We have

g2 2ek_ 0
ng(pa k)= ngq)(’z: €) (4.3)
T
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Figure 7. Cut diagram for the bare ¢ - g TMDFF at NLO.

with
1—c¢
P = — /20| =20k [ —ez]. (4.4)

The above equation is the manifestation of the Gribov-Lipatov relation.

For the ¢ — g fragmentation at NLO, there are no rapidity divergences, and therefore
we do not need to introduce the exponential regulator. The bare TMDFF in the hadron
frame then reads

L (1) bare _ [ A 2 5k — (12 — 1)p.) elbrbr B F= o
dn Daja (B bLV) = / Gy 2+ () 8k = (12 = p) 70 2 50— p 2 0).
(4.5)

The above integral is similar to the ones appearing in the calculation of TMDPDFs. The
result is

1),bar 20 [ 14+(1—-2)2 (1
,Dg(l/zlae(z’bj_,u)— = [_ (Z ) <€+LJ_>+Z:|+O(€)

= 2%r [_pgq(z) (1 + LL) + z] +0(). (4.6)

z

We now need to proceed with the matching procedure (2.29), where one should pay at-

tention to the prefactor z2~2¢, which will produce logarithms of z when expanding in e.
We have
are — 1
DURPC(2,by,v) 227 = 20 [—pgq(z) <6 +L, -2 z> + z} +0(e). (4.7)

Performing matching and renormalization as in eq. (2.29), we then obtain
C(2,b1 /2, Lq) = 2CF [~pyq(2) L1 + 2pgq(2) Inz + 2]. (4.8)

Note that the scale-dependent part agrees with eq. (2.48).
We perform the calculation for the ¢ — ¢ fragmentation in a similar manner, where we
need to use the exponential regulator for the rapidity divergences. The scale-independent
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coefficients at NLO are then given by

Ci(2) = 2CF (2pgg(2)Ho + 1 — 2)

Clq (2) = 20r (2pgq(2)Ho + 2), (4.9)

where we use the shorthand notation
Ha‘17'-'7an = H(ab' "aan;z) . (410)

The NNLO calculations proceed in an analogous way, and we do not repeat the details
here. The results are

8(1—2)(22%2—2+2) 2(2423+43322+332—32)

@) = CpT H - H,
Cyq(z) =CF F[ 3, (H10+C2) 3 0,0
 4(322°4+512°+1742—-12) "  2(1-2)(4362%+8592+148)
92 0 272
+44(Z+1)H070,0] ,

C2(2) = O (2)+H(CaCp—2C3) [—4(1—z)H1,0+4(z+1)H_1,0—8(z+2)H0,0

—2pgq(—2)(—4H 20+2Ho0—4H_1,-10—6H_1,00+9Ho,0,0—2H-1(2+3(3)

—{—(52—19)Hg—{—2(32—1)(2—15(1—z)] ,

sz?z)(Z) = CaCF [_4pgq(_z)(2H2,0+2H1,1,0+3H1,0,0+H1C2)

+4pgq(2)(—4H1 2—3Ho 1 —11H1 9 0—4H1 10— Hi,1,1+4Ho(e+3H 1 (o—2H3)
8(522—82+10)

4(312%4-222+40)
_ H2,0_
z z
2(242% 922 4+962—212 4(423—15224-242—22
2 ) o2 4 2 )
3z 3z
+2(88z3+147z2+735z+54) " ~ 2(3402°+6932°4-5582—1564)
9z 0 27z
8(1—2)(222—2z+11) . 4(1122—162+22)
- Co— €

3z z

Hopo+4z(H_190—H11+H>?)

Hip

—{—012;1 |:—8ZH170—|—4ZH171+(—Z—8)H070—22(2—2)H07070—8ZH2—2H1

—|-4pgq(z) (3H1,2—4H270+2H271 +4H1 0,0+3H1,1,0+H1,1,1—8Ho(a—3H1(2
(24+3)(132—16)

—4H3)— ~ H0—16242+33z—38} ,
2
@) — @ 808\ 1 (23224362—37)
c(z) cq,q<z>+cAcF[<2sc3 ) T

+4(1—Z)H170+2pqq(Z)(2H172+9H07070+4H17070+2H171,0—6H0§2+2H3)
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a\ve ) 1— 8(2+100)
224 1 4 4(922—8z+9) A
crt 3 Hoo———F——"Ho— (192437
e f|:27( ) +3pqq(z> 0,0 3(1—2z) 0 27( z+ )]
2(322+342—22 2(5122429
—1-012:{ ( z ‘il‘_zz ) 0,0— ( 12_-1- )H0,0,0_24(1_Z)C2+10(1—z)

+2pgq(2)(—4H 1 2—26Ho 0—2Ho 1 —18H1 g o—4H11,0—2Ho(o—14H35—22(3)

2(2722—422+23)
1—2

—28(1—Z)H170— H0—4(1—Z)H2—2H1:| . (411)

Again, we find that the scale independent parts do not contain d(1 — z) terms, and the
1/(1—2)4 terms are determined by the rapidity anomalous dimension. We can convert our
results to the convention of ref. [67] and compare with the results in that work. We find
that the results agree for the splitting processes ¢ — ¢/, ¢ — q and ¢ — g. However, for
q — ¢, there is a small difference concerning a term C4Cp 7 (1 — 2). In our framework,
this term comes from the TMD soft function, which is universal for the TMDPDF and
TMDEFF. To address this discrepancy, we have performed several independent checks. The
strongest check of our calculation comes from the calculation of the two-loop jet function
of EEC in the back-to-back limit, which we shall explain in the next subsection.

4.2 Jet function for the EEC in the back-to-back limit

The EEC measures the energy correlation of two detectors in ete™ annihilation at an
angle x. The TMDFFs obtained in the last subsection can be used to calculate the jet
function for the EEC in the back-to-back limit x — #. It has been known for a long
time that resummation of large logarithms for the EEC in this limit is closely related to
gr resummation in the Drell-Yan process [17, 80, 81]. Recently, an all-order factorization
formula in terms of operator matrix elements for the EEC in the back-to-back limit has
been presented [35]. The factorization formula at leading power reads

92— [ 0 o (brQUT=2) H(Qu) (s ) S (b ) S pr) . (412)
where z = (1 — cos x)/2. In the back-to-back limit one has z — 1. The hard function and
soft function in eq. (4.12) is well known and can be found to two loops in ref. [35]. The only
missing ingredient for the resummation at N3LL accuracy is the two-loop jet function. In
QCD, due to charge conjugation invariance, we have J9 (b, u,v) = J9(by, u,v). The quark
jet function can be obtained from the second Mellin moments of the matching coefficients

of quark TMDFFs [35]
JUby, p,v) Z/ dx x Cig(z,by [z, p,v). (4.13)

We expand the jet function in terms of «; as

P0sgir) = 3 (S52) stor ). (4.14)

4
n=0 g
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Using the two-loop TMDFFs computed in this paper, the expansion coefficients are then
given by

1
Jg :/ drxC\) (2, b1 [z, p,v) =1,
0
1
1 — / dz z (Cé? + Cé?) =Cp(-2L1Lg+3L1 —8G +4),
0

aq qq

134 44 35 11 11
A (CRE YR SRR I RE I CRE )

+ <14C3 — 42074> LQ:|

40 16 4 112
+ CrTrNy |:LL <9LQ + % - 6) + 2 <3LQ — 2> + 27LQ]

q_ ! (2) (2) (2) _ 2
Js = [ dxx (Cpf +Cpf +Cqf +2(Ny—1)C
0

27 9
+C% [LL <(16C2 —8)Lg — 362 + 24(3 + 2) + 12 <2L22 —6L¢g + 2) } +cj .
(4.15)

The p and v dependence of the jet function are in full agreement with the RGE and rapidity
evolution equation [35]. The new result from this paper is the two-loop constant term

178¢, T4 1549 56¢, 8¢z 149
J
= CuCr (- 58 5¢ 4+ 2 ) 4+ CpTwN RA
) AF< 5 T3 G+ 72>+ il f<3 +3 13
) 139
+CF (—28G — 4G + 140G+ — - ) (4.16)

which represents the last missing ingredient for N®LL resummation of EEC in the back-to-
back limit.

Using the two-loop jet function together with the two-loop hard and soft function, we
obtain the full leading power prediction for the EEC in the back-to-back limit through two
loops from the factorization formula in eq. (4.12), including the §(1 — z) terms,

1 do© 1

—— = 55(1 —z),

90 S PEN|

1 do®

— =Cp (-2 —4)6(1 — 2) —3Dy(2) — 2D1(2)],

00 2z

1 do®@ 35 35 22

— % = CaACF [DO(Z) <22C2 +12¢3 — ) + D1(z) (442 - > + Dz(z)]
og dz 231 2 9 3

L CRN; [Do(z)(fi 4G + ng(z) - gDQ(z)]
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+ C% [Do(z) (24@ —8(3 + 425> + D1(2)(8C2 + 34) + 18Dy (2) + 4D3(2)

+ 5701 - 2), (4.17)

where we have set p = @ and T = 1/2 for simplicity, and
In"(1 - 2)
D,(2) = | ———=| . 4.18
o= (1.18)

The two-loop §(1 — z) term is

_ 104¢,  182(3 382 8¢ 4¢3 58
=l = 04Cr [ — 8 — 8+ OpNy (22 3 2
c3 ACp ot 3 ="y ) +COrNs (5 5+

+C% (49@ — 80(3 + 48¢4 + 4;) : (4.19)
The two-loop plus distribution terms D,,(z) are in full agreement with the analytical NLO
calculation in ref. [82], while the two-loop 0(1 — z) term is new. Eq. (4.19) has already
been used in a previous publication to extract the d(z) term of EEC using the energy
conservation sum rule [83]. Two independent checks are made for eq. (4.19). Firstly,
EEC in the back-to-back limit obey the leading transcendental principle [84, 85], which
states that the maximal transcendental part of the QCD results are identical to the same
quantity in N' = 4 supersymmetric Yang-Mills (SYM) theory, up to trivial overall color
factor [86]. In eq. (4.19), the leading transcendental term is the {4 terms. To compare
with the same quantity in N' = 4 SYM theory, we replace Crp — C4 in eq. (4.19) and
found the leading transcendental piece to be 400%{4, which is in full agreement with an
independent calculation in [84]. Secondly, Besides the energy conservation sum rule, EEC
in massless perturbation theory also obey a sum rule due to momentum conservation, which

reads [84, 87] 1
1 do 1
dzz— = = 4.20
Otot /0 T ( )

where oot is the total hadronic cross section for ete™ including higher order QCD cor-
rections. Using the analytical NLO formula of EEC for 0 < z < 1 from [82], and the end
point contribution in eq. (4.17), we explicit verify the sum rule in eq. (4.20).

The end point contributions in eq. (4.17) are directly computed using the two-loop jet
function in eq. (4.15), which by itself reduces to moment of the TMDFFs. Therefore, the
checks made for the end point contributions apply also to the TMDFFs computed in this
paper, in particular to its 6(1 — z) terms.

5 Conclusion

In this work, we have revisited the calculation of perturbative quark TMDPDFs and
TMDFFs at NNLO using a new regulator for rapidity divergences. We use the SIDIS
process to set-up our calculation, while our results are universal and can be used for other
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processes as well. We show that the exponential regulator provides a consistent framework
to carry out the calculation of the TMD soft functions, TMDPDFs and TMDFFs.

Compared to existing regulators in the literature, the exponential regulator has a
couple of advantages. Firstly, the regulator can be implemented at the level of operator
definitions for the TMD functions, where it manifests itself as a small shift of the space-
time coordinates. Secondly, the exponential regulator is applied to the total momentum
of the extra emissions in the final state. Except for this last integration, the regulator
does not change the structure of (cut)-propagators in the amplitudes. As a result, we can
apply many modern techniques for loop integrals such as IBP identities and differential
equations. This allows us to obtain the bare NNLO TMDPDFs and TMDFFs up to O(€?) in
dimensional regularization, and can also be extended to a future N3LO calculation. Finally,
the regulator can already be expanded in terms of delta-functions and plus-distributions
at the integrand level, which makes the final round of integration easy to carry out.

Our results for the quark TMDPDFs up to O(e?) agree with the results in the literature,
while our results for the quark TMDFF's have a small discrepancy with another calculation.
To further check our results, we use the TMDFFs to calculate the NNLO jet function
appearing in the factorization formula of EEC in the back-to-back-limit. This also serves
as a new result of our paper, and is the last missing ingredient for an N3LL resummation.
We have checked that our NNLO jet function produces the correct leading singular terms
for the EEC in the back-to-back limit. This is a strong validation of our results for the
TMDFFs.

Given the benefits provided by the exponential regulator, the calculation for the gluon
TMDPDFs and TMDFFs (which was more difficult than the quark case using other regu-
lators) can also be greatly simplified. We also believe that our method can be extended to
the N3LO level. We leave these considerations to future publications.
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A Anomalous dimensions, splitting functions and the TMD soft function

In this appendix, we list some necessary ingredients which enter our calculation.

A.1 Anomalous dimensions

For all the anomalous dimensions entering the RGEs of various TMD functions, we define
the perturbative expansion according to

Yas) =Y (%;)nﬂ Yo s (A.1)
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where the coefficients up to O(a?) are

[P = 4Ck
268 80CrTr N
TP = 0, Cp [ 2o —8¢, | - —
9 9
V8 =30k,
3 17 2272 2 82
o = for (gramenic)en (g o (557
’}/é{ = _BCFa
[ 3 961 1172 130 272
H 2
=Cr |Cp | —=427°—24 C TeN “n
" F_F< 2~|—7r C3>+ A< 1 5 >+F f<27+3)]7
v§ =0,
404 1172 112 272
S
= +14 TeN; [ —=—=-"0]. A2
71 Cr CA< 27+ 13 §3>+ ja f<27 9 )] ( )

The cusp anomalous dimension I'*"*P can be found in [88, 89]. The hard and soft anomalous

dimensions 7 and v° can be extracted from the two-loop quark form factor [90, 91], and

can also be found in, e.g., refs. [92, 93]. Finally, the beam anomalous dimension ~B

related to v° and v through v% = 4% —~+# . And the renormalization factor for the quark

TMDPDFs and TMDFFs up to O(a?

) reads

as Tg"™P Lo — 278
ZB(by,pv) =1+ 2= 29770

47 —2e
+ <%)2 (L5 Lo = 299) + 260(I5 "™ Lo — 209") | 11" Lo — 207
4 82 —4e
(A.3)
The QCD beta function is defined by
da L o\t
= Blas) = —2as = 1 A4
iy = o) =2 3 (32) A (A1)
with [94-98]
11 4
50:70A—§ FNy,
34 20
By = ?CA — 5 CaTpNy —4CFTeNy (A.5)
A formula particularly useful for us is
as(p) as(p) B Int
s(bo/br) = 1- A.
altofor) = 20 1 - SARL | o(a)), (A6)
where w
(1
t=1——-"=0yL, . A7
p BoL 1 (A7)
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A.2 Space-like splitting functions

The first order space-like splitting functions can be written as [99]

PI(E) =20k |pgle) + 5000 )].

Pé(q))(?«‘) = 2CF pgq(2)

11 4
Pég)(z) =4Capgy(2) +6(1 - 2) (SCA —3 FNf> )
Pq(g)(z) = 2TF pag(2) (A.8)
where
14 22
Peq(2) = m7
14+ (1—2)?
pgq(z) = (Z)’
z 1—2z
Pgg(2) = =2, T z(1—2),
Peg(2) = 2% + (1 = 2)%. (A.9)

The second order space-like splitting functions are [100, 101]

8(1—,2)(2822—1—24—10)]

9z

4
PU)(2) = CrTr [—8(z+1)H0,0+3(8z2+15z+3)H0+

qq

P(l)(z) = P(ll)(z)+(CACF—2C%) [4pqq(—z)(2H170—H070—|—C2)—4(z—|—1)H0—8(1_Z)] ,

PU(2) = CuTp [—Spqg(—z)H1,0—8pqg(z)H1,1—8(22+1)H070+16(1—z)zH1

4(21823—22522+182—20)
9z

4
+3 (442 +242+4-3)Hy— —162{2]

+CrTrp [8pqg(z)(H1,0+H1,1+H2—C2)+4(422—22+1)H0,0

+2(822—4z+3)H0—16(1—z)zH1+2(20z2—292+14)] :

1 o) 268 1
Pq(q)(z) = qu/ (Z)+CACF|: <9—8<2> (1_72,”—1—4]9(](](2)1?0’0"‘

2(52%417)

3(1—2) Ho
+4(z+1)@+<%’@—12<3+167) 5(1—z)—3(187z—53)]

80 1 8 16 2 8
- S (~ 2523 ) a0y (112-1)
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4(22%-22-3)

H
1—2z 0

+CIZ;~ [Spqq(z)(H1’0+H2)—4(2+1)H0’0+

+<—1242+24g3+;> §(1—2)—20(1—2)| . (A.10)

A.3 Time-like splitting function

The first order time-like splitting functions are exactly the same as the space-like ones,
while the second order time-like splitting functions are given by [100, 101]

4 16(1—2) (142242
PqT’qsl)(Z) = CrTF {8(2+1)H0,0—3(8z2+27z+15)H0— 6(1-2)( 92 + 33"'5)] 7
T(1) _ pT(1) _ 9 B B - - -
Pag ' (2) = Py (2)H(CaCp—2CF) |4pgq(—2) (2H 1,0~ Ho 0 +C2) —4(2+1) Ho—8(1—2) | ,

8(322+22+4)
z

Ho,0+8pgq(2)(—=3H1,0—H11+Ho)

ng;(l)(z) = CACF [—8pgq(—z)H_170—

4(8234272%24242—18 4(44234922—-452—-17
LAGT ZJ“Z )H0+82H1—(Z+’z 2=17)
z A

+16§2]
+CI27 |:8pgq(z)(2H170+H171—2H2)—4(2—2)H070—|-2(Z—16)H0—82’H1

+2(9z1)] :

268

1 2(522+17
P (z) = qu:(gl)(z)—l-CACF [ <9—8(2> 7+4pqq(z)H07o+y
(1=2)+

3(1—=2) Ho

+ (434@—1%3%-16:7) 5(1—z)+4(z+1)C2—;(1872—53)]

16 2 8
+CrTrN; [—+—pqq(z)Ho—|- (—342—3) 5(1-2)+5 (112-1)

HO 0+8pqq(z)(_H1 O_HQ)“‘

)

3
+<—12g2+24§3+2> 5(1—2)—20(1—,2)] , (A.11)
where we use the same convention as in ref. [102].

A.4 TMD soft function

The exponentially regularized TMD soft function is given by [50]
as [Tg™P
Sea(bi,p,v) = exp {477 [ 5
s\ 2 Borgusp 5 F(iusp Borgusp
=s L _
* (47r) { 6 LT T2 2

L3 — L (Tg™PLr+2795) + 29 'Lr + cf]

Lr— 5075) L3

+ ((250%5 —T$P) Lp — 2% + 50(;%) L, +2FLp+ c;] } ;o (A12)
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where Lg = L, + L, with L, = In(v?/u?) and the scale-independent terms are

et = =207,

67 154 2428 10 28 328
J_ f— — — —
CZ—CFCA< 3@ 9 (3 + 108 + < >+CFNf<3§2+9c3 81). (A.13)
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