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ABSTRACT: In a collision of strongly coupled quantum matter we find that the dynamics
of the collision produces regions where a local rest frame cannot be defined because the
energy-momentum tensor does not have a real time-like eigenvector. This effect is purely
quantum mechanical, since for classical systems, a local rest frame can always be defined.
We study the relation with the null and weak energy condition, which are violated in even
larger regions, and compare with previously known examples. While no pathologies or
instabilities arise, it is interesting that regions without a rest frame are possibly present in

heavy ion collisions.
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1 Introduction

In condensed matter physics, plasma physics, and nuclear and particle physics, it is often
taken for granted that while systems can be out of equilibrium, a local rest frame for matter
can always be defined. After all, this seemingly innocuous assumption just states that, at
least locally, there should be a frame with respect to which matter is not moving. This
is particularly natural in cases of gases or fluids near equilibrium, for which the energy-
momentum tensor can be written explicitly using dissipative hydrodynamics. In this work,
we report on explicit examples of relativistic quantum systems far from equilibrium, for
which one cannot even define a local rest frame everywhere: the energy-momentum tensor
is non-diagonalizable by local Lorentz transformations.

In the context of general relativity, energy-momentum tensors that do not have a time-
like eigenvector (and hence do not possess a local rest frame) are known to violate the weak
and null energy conditions [1]. Energy conditions are important for singularity theorems.
As pointed out e.g. by Klinkhammer [2], in the case of weak energy condition violation,
singularity theorems may be repaired by replacing the weak energy condition with an aver-
aged weak energy condition [3, 4] along particle geodesics. Nevertheless, concrete examples
of systems that violate the weak energy condition are few and create considerable interest.
For instance, Hawking and Ellis [1] refer to non-diagonalizable energy-momentum tensors
as ‘type IV’ and note that “there are no observed fields with energy-momentum tensors
of this form”. Roman [3] gives examples of non-diagonalizable energy-momentum tensors,
but they either are not in flat spacetime or they involve unusual boundary conditions (see
also [5]). More recently, Dubovsky et al. [6] find systems with non-diagonalizable energy-
momentum tensors by studying derivatively coupled scalar field theories with coordinate
dependent condensates which also generally contain a superluminally propagating mode.

In this work, we will first adapt some constructions from the literature on energy condi-
tions to give a simple example from free field theory in flat spacetime that will have no local



rest frame for the energy-momentum tensor in certain regions. We will then present new
examples in the case of a strongly-interacting theory: N' = 4 Super-Yang Mills theory at in-
finite coupling strength and infinite number of colors, studied numerically via gauge/gravity
duality [7—10]. The latter examples are the result of a dynamical collision, calculated for
a strongly interacting quantum field theory with an explicitly known Lagrangian in flat
spacetime with trivial boundary conditions. They are furthermore constructed to resemble
heavy ion collisions, and may as such be relevant for physics at RHIC and LHC [11-15].

2 Local rest frame and energy conditions

In a system consisting of gas of classical, on-shell particles with mass m having a non-
negative particle distribution function f, the energy-momentum tensor is given by!

v d’p pip”
™ (t7x):/(2ﬂ_)3po (t,x,p), p’=p*+m?. (2.1)

Such a system has a local rest frame if there exists a frame with no momentum flow, i.e.
To; = 0. The boost velocity u* required to go back to the lab frame will then provide a
time-like eigenvector of T%,, for which the corresponding eigenvalue € equals the energy
density in the local rest frame:

Th u” = —eut, (2.2)

v
where u# is normalized as u#u, = —1. The space components of u", or more specifically
v* = u'/u’, may be interpreted as the velocity with which the matter is flowing with respect
to the ‘laboratory’ or global rest frame. Note that for systems that are close to thermal
equilibrium, this velocity would correspond to the local fluid velocity, but, as long as there
is a local rest frame, it is a well-defined quantity even far away from thermal equilibrium
where fluid dynamics does not apply.

For simplicity, let us first consider the system to have enough symmetry in the trans-
verse (xy) plane that flow must be in the z direction, i.e. T+0 = T+* = 0 for L= (z,y). In
this case, u* has only one independent component and the eigenvalue equation (2.2) can
be solved analytically. One finds that a time-like eigenvector and hence a local rest frame
(LRF) exists if

T + 77%| > 2|T%|.  (LRF) (2.3)

For a comparison to other, analogous energy conditions, the discussion here will be
simplified if we additionally assume that transverse pressures are non-negative (i.e. 7+ has
no negative eigenvalues). Then we find that all time-like observers observe a non-negative
energy density (weak energy condition, WEC) if

T% 4+ 287% 4 B*T* >0, VB € (—1,1), (2.4)
which is equivalent to
7% 4+ 772 > 2|T%|; and

WEC 2.5
TOO _ (TOZ)Q/TZZ >0 when ‘TOZ‘ < ‘TZZ’ ( ) ( )

I This article uses a mostly plus metric tensor Nuv, Greek letters for spacetime indices and Roman letters
for space indices.



Note that 7% > 0 is implied by (2.4) and so also follows from (WEC).

A slightly different condition that is sometimes discussed is the null energy condition
(NEC), which is the condition that T}, u#u” > 0 for all null u#. If the transverse pressure
is positive we can take w in the z direction and therefore take 5 = £1 in eq. (2.4) to find

T 4772 > 2|7%|.  (NEC) (2.6)

Interestingly, we find that the NEC is equivalent to the existence of a rest frame (LRF) if
T 4 T2 > 0. If |T%?| > |T*?| this is also equivalent to the WEC. In section 4 we will
nevertheless find an example of a region with an LRF with 7% + 7% < 0 which violates
the NEC. In that case the LRF condition is more difficult to violate than the NEC, and
the rest frame velocity is in opposite direction of the flux.
For a gas of classical particles with non-negative f, both 7% and T%* are manifestly
positive, so the LRF and NEC inequalities become
d3 0 _ ,2\2
[ s T k) > 0.
which is always fulfilled. Similarly the WEC is always satisfied. Moreover, a classical
scalar field ¢(t, z) with a Lagrangian density £ = %(‘%gﬁ(‘)“gﬁ — U(¢) and arbitrary potential
U(¢) can be shown to have T + T%* = (9p¢)? + (0.¢)? and T = 3°¢d*¢, thus always
possessing an LRF and satisfying the NEC. If the potential is bounded from below and
normalized so that U(¢) = 0 at its minimum, also the WEC is satisfied. So for both
examples, a gas of classical particles and a system of classical fields, a local rest frame may

always be defined, and the weak energy condition is never violated.

3 An example in free field theory

Before discussing the case of strongly coupled matter, we first give a simple example in free
field theory that violates the LRF condition in some places and so has spacetime regions
where there is no local rest frame for T#”. There is a long history of studying violation of the
other energy conditions in free field theory, and we will adapt a construction from Davies
and Fulling [16, 17] in order to provide an example that violates the LRF condition as well.

Consider the following 2-particle state of the theory of a free scalar field with mass m:

_ |vac) + e[kk) + €a|00)

v
) 14+ €2+ 202

, (3.1)
where |vac) is the vacuum state; |kk) is a state of 2 particles each having momentum in the
+z direction with k # 0; |00) is the same state with k = 0; € is a constant which we shall
take to be arbitrarily small; and « is another constant that we shall fix later. Calculating
the expectation value (U|:TH":|U) of the stress-energy tensor in this state gives, to first
order in e,

V2

(190 =
W,

[k:2 cos(2k - z)] (3.2)
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Figure 1. (Color online) (left) The LRF condition (2.3) is plotted for colliding planar shocks, where
(e, Pp, s) = %(TOO7 T#* T%). A local rest frame does not exist in the white regions, whereas
after the black dashed line viscous hydrodynamics provides a good description [8]. The region
around the origin near tu ~ 0.4 has T?* < —T° < 0 in which the rest frame motion is opposite
to the direction of the momentum flux 7°%. (right) The white regions violate the NEC (2.6). This
region is indeed larger than the white regions in the left figure.

V2

(T = S WV [w} cos(2k - z) + am? cos(2mt)] (3.3)
(:T%%) = —g lwl K| cos(2k - 2)] (3.4)
Wi

where the colons represent normal ordering, which fixes the energy of the vacuum to be
zero; wy, = (k2 +m?)Y/2; and k-2 = —wit + k- . V represents the volume of space.? The
LRF condition is then

|(wi + k?) cos(2k - ) + am® cos(2mt)| > 2wy k|| cos(2k - z)|. (3.5)

If we now choose the constant « to be

(w? + K?)
o= _km—Q , (3.6)
for example, then the LRF condition at the origin (¢,x) = (0,0) becomes simply 0 >
2w | k2|, which is clearly violated.
Note that the original example in [16] had m = 0 and was constructed to violate

the WEC (2.5). Nevertheless, it only marginally (|7%° + T%?| = 2|T%?|) violates the LRF

2The fact that the state is spread out over all of space is inessential. If one prefers, one could replace
each k in |kk) by a Gaussian superposition of momenta very close to k (and similarly for |00)) in order to
localize (:T*":) in space at each time.
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Figure 2. (Color online) We plot the real and imaginary part of the effective temperature: Teg =
126110/ . of a radially expanding plasma with boost-invariance [9]. In equilibrium the temperature is
naturally real, but we find a region where no local rest frame exists, which is here illustrated by
an imaginary part when applying formula (5.1) (note the different axis). Even though no local rest
frame exists, the local energy density is continuous, albeit receiving a small imaginary part.

condition (2.3), and is therefore type II in the classification of Hawking and Ellis [1].
Including a non-zero mass makes it possible to have an example of type IV (|T% + T%?| <
2|T%|), which furthermore highlights the difference between the LRF and NEC conditions.

There are other regions of spacetime where the LRF condition is not violated. The
spatial width of regions of violation is the de Broglie wavelength associated with k. This
is related to the fact that the LRF condition is always satisfied in the classical limit.

4 Colliding shocks in N =4 SYM

In the context of gauge/gravity duality, the expectation value of the energy-momentum
tensor of certain strongly coupled quantum field theories in four spacetime dimensions (in
this case the large-N, limit of N' = 4 SU(N,) SYM, with N, the number of colors) may
be calculated from the metric tensor of classical gravity in five-dimensional asymptotically
AdS spacetime.

Of special interest to the study of extremely high-energy nuclear collisions is the ques-
tion of how field theories equilibrate after the collision of two lumps of matter (‘nuclei‘),
which is relevant to the heavy-ion program at the Relativistic Heavy Ion Collider (RHIC)
and the Large Hadron Collider (LHC). In N' = 4 SYM, such collisions are modeled as
the collision of two thin planar shock waves [8, 10], such that any non-trivial dynamics is
happening along the z direction, similar to the example described in the previous sections.



The initial condition for such a collision is given by two single shocks, moving at the
speed of light, with an energy-momentum tensor whose only non-zero components are

NZ @ o o2

where z is the ‘beam direction’, z+ = t + z, w is the width of the sheets, u? the energy per
transverse area and the sign depends on the direction of motion of each shock.

When the shocks approach each other the dynamics becomes non-trivial, but the prob-
lem can be solved with numerical general relativity using the gravitational dual of this
collision. The energy-momentum tensor may be extracted numerically at every spacetime
point. A plot of the LRF condition (2.3) is shown in figure 1, left, which demonstrates
that (2.3) is violated in regions close to the light cone. The right of this figure shows an
even bigger region where the NEC (2.6) is violated. While there is a large region where
T — (T9%)2/T%* < 0, this never coincides with |T°%| < |T%?|, and hence the WEC (2.5)
and the NEC (2.6) are equivalent in this example.

Importantly, N' = 4 SYM is a scale invariant theory and hence all dynamics only
depends on dimensionless quantities, such as pw. Similarly, the size of the region without
a rest frame is unlimited, but larger sizes require smaller collision energies.

In [18] it was shown that the resulting energy-momentum tensor becomes insensitive
to the width w if w < 0.1/u. The results presented are in this regime, with pw = 0.05,
and are hence expected to be a robust outcome for highly Lorentz contracted shocks in
strongly coupled quantum theories.

5 Far from equilibrium matter with radial expansion

One may worry that the violation of the LRF condition (2.3) studied above is a peculiar
feature of the set-up, which in particular is symmetric in the transverse plane. We therefore
present a different holographic example, where the expansion is assumed to be boost-
invariant in the longitudinal direction and with radial expansion in the transverse plane.
The set-up is described in more detail in [9, 19]. Here it suffices to say that, as before,
we start with perfectly well-defined initial conditions and compute the future stress-energy
tensor. This tensor once again has some time of far from equilibrium evolution, after which
hydrodynamics applies.

If a local rest frame exists it is interesting to plot the local energy density and velocity
of this rest frame. For a boost-invariant stress tensor with radial expansion these can be
computed as

1
qwzi(¢UW+T”P—4uWV—T”+T”)

T 4 T7T — \/(Trr + TTT)2 _ 4(T7—r)2
Ur,loc = oTTT )

(5.1)

where now 7 and r are the usual proper time and radial coordinate, and v, joc = Ur joc/Ur loc
the usual rest frame velocity. In this form it is also easy to see when a rest frame cannot be



found: if the argument of the square root becomes negative, i.e. when |T77 +7""| < 2|T7"|,
conforming to the LRF condition (2.3).

In figure 2 we plot the real and imaginary part of the effective temperature, Tog =
1/4
loc *

12e
without a local rest frame, we find that eq. (5.1) has a smooth continuation when allowing

Even though a local energy density is strictly speaking not defined in regions

an imaginary part.

We stress that the plots made here are at mid-rapidity and are hence to be compared
with a z = 0 slice in the example of section 4. There the symmetry guaranteed a rest frame
everywhere if z = 0. Here we relaxed that symmetry and again found regions without a
rest frame, indicating that this phenomenon is a general feature of far from equilibrium
quantum matter.

6 Discussion

We would like to mention that there is an elaborate literature on averaged energy condi-
tions [2, 4, 20, 21] and quantum inequalities [22], which are believed to hold for all physical
states. These averaged conditions integrate a pointwise condition over a complete geodesic,
i.e. the averaged NEC becomes

/ T K*KYdA > 0, (6.1)

where K* is the tangent vector along a null geodesic and A is an affine parameter. The
simulations presented in section 4 and 5 do not allow integration all the way to plus infinity,
but integrating to the endpoint of the domain indicates that this condition is easily satisfied.
For the colliding shocks this is mainly explained by a large positive contribution on the
lightcone, contributing a large amount of positive energy before the region where the NEC
is violated is reached.

In the literature a violation of the LRF condition (2.3) has also been observed by
a different group, using a completely different setup. Figueras and Wiseman [23] report
on numerical results for a strongly coupled N'=4 SYM plasma in curved space that flows
in response to an adjustable gradient. They find that for small gradients the velocity of
matter v is close to the result one would find from fluid dynamics, but for larger gradients
the results start to differ until some critical value of the gradient at which a local rest frame
can no longer be defined with subluminal matter velocities.

In conclusion we have shown examples in both free and strongly coupled quantum
field theories where regions exist without an LRF. We stress that these regions arose from
perfectly well defined initial conditions, whereby violations are the result of a dynamical
collision. The examples furthermore highlight differences between the existence of an LRF,
the WEC and NEC, where in this case the WEC always implied a rest frame. Lastly, while
the collisions studied do not directly correspond to real heavy ion collisions, it is interesting
that this analysis suggests there is a serious possibility that regions without a rest frame
are briefly created in the RHIC and LHC accelerators.
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