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1 Introduction

In recent years many interesting relations between quantum field theory, string theory,
low-dimensional topology, and representation theory have been studied. In this paper we
focus on the knots-quivers correspondence [1, 2] and the Gukov-Manolescu invariants of
knot complements [3]. (We will abbreviate them to GM invariants and denote F — often
this symbol is also used as their name.)

The core of the knots-quivers correspondence is an equality (after appropriate change
of variables) between the generating series of symmetrically coloured HOMFLY-PT polyno-
mials of a knot and a certain motivic generating series associated to the quiver. This implies
that Labastida-Marino-Ooguri-Vafa (LMOV) invariants of knots [4-6] can be expressed in
terms of motivic Donaldson-Thomas (DT) invariants of associated quivers [7, 8], which are
known to be integer [9]. In consequence, by assigning a quiver to the knot, we automati-
cally prove the integrality of LMOV invariants, which is the statement of the LMOV con-

jecture [4-6]. This was done for all knots up to 6 crossings and infinite families of T(2:2P+1)



torus knots and twist knots in [2]. More systematic approach in terms of tangles provided
a proof of the knots-quivers correspondence for all two-bridge knots [10] and recently for
all arborescent knots [11], however finding a general proof remains to be an open problem.

Geometric and physical interpretation of the knots-quivers correspondence given
in [12, 13] connects it with Gromov-Witten invariants and counts of holomorphic curves,
showing that the quiver encodes the construction of BPS spectrum from the basic states.
This spectrum is shared by dual 3d N = 2 theories associated to the knot complement and
the quiver, and respecitve counts of BPS states are given by LMOV and DT invariants. The
moduli spaces of vacua of these theories are encoded in the graphs of A-polynomials [14-18]
and their quiver versions [12, 13, 19, 20]. Another recent results on the knots-quivers cor-
respondence include a relation to combinatorics of counting paths [19], a consideration of
more general case of topological strings on various Calabi-Yau manifolds [20], and a con-
nection with the topological recursion [21].

The origins of GM invariants lie in attempts of categorification of the Witten-
Reshetikhin-Turaev (WRT) invariants of 3-manifolds. In order to solve the problem of
non-integrality of WRT invariants Gukov, Pei, Putrov, and Vafa introduced new invari-
ants of 3-manifolds [22, 23] (we will call them GPPV invariants, they are denoted by Z
and often this symbol is also used as their name). The GPPV invariant is a series in ¢
with integer coefficients and the WRT invariant can be recovered from the ¢ — e limit
(see [22-27] for details and generalisations). Physical origins of GPPV invariants lie in the
3d-3d correspondence [28-30]: Z is a supersymmetrix index of 3d A = 2 theory with 2d
N = (0,2) boundary condition studied first in [31]. Detailed analysis of this interpretation,
as well as the application of resurgence, can be found in [22-24], whereas [32, 33] contain
some recent results on GPPV invariants coming from the study of 3d-3d corresponcendce.
Another interpretation of GPPV invariants as characters of 2d logarithmic vertex operator
algebras was proposed in [25]. On the other hand, this work — together with [34-36] —
initiated an exploration of the intruguing modular properties of Z.

GM invariants can be treated as knot complement versions of GPPV invariants,
Fx =12 (S*\K) [3] (because of that, sometimes GM invariants are denoted and called Z,
descending it from GPPV invariants). From the physical point of view, the GM invariant
arises from the reduction of 6d N = (0,2) theory describing M5-branes on the 3-manifold
with the topology of the knot complement. Important properties analysed in [3] include
the behaviour under surgeries, the agreement of the asymptotic expansion of Fg with
the Melvin-Morton-Rozansky expansion of the coloured Jones polynomials [37-40], rela-
tions to the Alexander polynomials, and the annihilation by the quantum A-polynomials
introduced in [41, 42]. These relations suggest an interesting geometric interpretation of
GM invariants in terms of the annuli counting presented in [43] and based on [44]. Another
recent developments include a generalisation to arbitrary gauge group [45], an adaptation
of the large colour R-matrix approach to GM invariants [46], and a relation to Akutsu-
Deguchi-Ohtsuki invariant for ¢ = e’ [47].

From our perspective, the most important new results are closed form expressions for
a-deformed GM invariants provided in [43]. They reduce to the initial Fx for a = ¢ and
turn out to be closely related to HOMFLY-PT polynomials. This allows us to propose



a correspondence between knot complements and quivers via GM invariants and quiver
motivic generating series. Moreover, since HOMFLY-PT polynomials admit ¢-deformation
in terms of superpolynomials [48], we can follow [43] and conjecture results for a, t-deformed
GM invariants. We also study the physical intepretation of the new correspondence (for
clarity we will refer to the knots-quivers correspondence of [1, 2] as the standard one),
generalising the results of [12, 13]. It includes an exploration of the duality between 3d
N = 2 theories associated to the knot complement and the quiver, as well as a study of their
BPS states, which allows us to introduce knot complement analogs of LMOV invariants
via DT invariants.

The rest of the paper is organised as follows. Section 2 provides a short introduction
to the knots-quivers correspondence and GM invariants of knot complements. In section 3
we state our main conjecture, assigning quivers to knot complements, and study conse-
quences for 3d A/ = 2 theories and their BPS spectra. In section 4 we show how these
ideas can be applied and checked on concrete examples of unknot, trefoil, cinquefoil, and
general T(22P*1) torus knots. Section 5 contains a t-deformation of previous results in-
spired by the categorification of HOMFLY-PT polynomials. In section 6 we conclude with
a discussion of interesting open problems.

2 Prerequisites

In this section we recall relevant aspects of the knots-quivers correspondence, its physical
interpretation, and GM invariants of knot complements.

2.1 Knot invariants

If K C S%is a knot, then its HOMFLY-PT polynomial Pk (a,q) [49, 50] is a topolog-
ical invariant which can be calculated via the skein relation. More generally, coloured
HOMFLY-PT polynomials P r(a, q) are similar polynomial knot invariants depending also
on a representation R of the Lie algebra u(/N). In this setting, the original HOMFLY-PT
corresponds to the fundamental representation. From the physical point of view, Pk r(a, q)
is the expectation value of the knot viewed as a Wilson line in U(NN) Chern-Simons gauge
theory [51].

In the context of the knots-quivers correspondence, we are interested in the HOMFLY -
PT generating series:

Pi(M\a,q) =Y Prola, A", (2.1)
r=0

where Pk ,(a,q) are HOMFLY-PT polynomials coloured by the totally symmetric repre-
sentations S” (with 7 boxes in one row of the Young diagram), which for brevity we will
call simply HOMFLY-PT polynomials. The unusual expansion variable with the negative
power comes from the necessity of resolving the clash of four different conventions present
in the literature (and avoiding the confusion with the quiver variables):

e KRSS convention from [1, 2, 52, 53], e EKL convention from [12, 13],
e FGS convention from [3, 14, 16, 18, 45], e EGGKPS convention from [43].



The dictionary is given by

-1 —1 1/2 -1
A = Tgpes = TpgL, = YFGS = YEGGKPS, M = YKRSS = YpKL, = TFGSIpGs = TEGGKPS;

2 2 2 2
a = GKRss = OEKL = OFGS = AEGGKPS: ¢ = (ikrss = JEKL = JFGS = gEGGKPS:  (2.2)

HOMFLY-PT polynomials satisfy recurrence relations encoded in the quantum a-
deformed A-polynomials [14-18]:

A(ﬂv)‘va’q)PK,T(aa Q) = 07 (23)

where
/lPK,r(aa Q) = qTPK,r(av Q)a )\PK,r(aa Q) = PK,r+1(a7 Q)' (2'4)

For simplicity, in the remaining part of the paper we will drop “a-deformed” and call
fl(ﬂ, \ a, q) the quantum A-polynomials.

The LMOV invariants [4-6] are numbers assembled into the LMOV generating function
N(\a,q) = Zr,i,j N,; ;A\ "a'q’ that gives the following expression for the HOMFLY-PT
generating series:

(2.5)

Pehaq) = Bxp | T,

l—gq
Exp is the plethystic exponential: if f(t) =) a,t" and ag = 0, then

Bxp /(1)) = exp [Z ()
k

=[Ja - (2.6)

LMOV invariants can be extracted also from the A-polynomials, see [52, 53].

2.2 Quivers and their representations

A quiver @ is anoriented graph, i.e. a pair (Qq, Q1) where @ is a finite set of vertices and
Q7 is a finite set of arrows between them. We number the vertices by 1,2,...,m = |Qq].
An adjacency matrix of ) is the m x m integer matrix with entries C;; equal to the number
of arrows from i to j. If C;; = C};, we call the quiver symmetric.

A quiver representation with dimension vector d = (di,...,d,,) is the assignment of
a vector space of dimension d; to the node i € Q¢ and of a linear map ~;; : C% — C% to
each arrow from vertex i to vertex j. Quiver representation theory studies moduli spaces
of stable quiver representations. While explicit expressions for invariants describing those
spaces are hard to find in general, they are quite well understood in the case of symmetric
quivers [7-9, 54, 55]. Important information about the moduli space of representations of
a symmetric quiver is encoded in the motivic generating series defined as

m d;
€T
Po(x,q)= Y (—q"/P)Zea @b ] ——, (2.7)
dl,...,dmZO i=1 (Q7 q)dl
where the denominator is the g-Pochhammer symbol:
n—1
(20 =[] (01 = 20"). (2.8)
k=0



If we write

Py(x,q) = Exp [Ql(ci’g)} , (2.9)

we obtain the generating series of motivic Donaldson-Thomas (DT) invariants Qg [7, 8]:

Qw,q) =D Qaex® =D ay, . d)s (H $§l> q°. (2.10)
d,s d,s %

The DT invariants have two geometric interpretations, either as the intersection homology
Betti numbers of the moduli space of all semi-simple representations of ) of dimension
vector d, or as the Chow-Betti numbers of the moduli space of all simple representations
of @ of dimension vector d, see [54, 55]. [9] provides a proof of integrality of DT invariants
for the symmetric quivers.

2.3 Knots-quivers correspondence

The knots-quivers correspondence [1, 2] is a conjecture that for each knot K there exist
a quiver () and integers n;, a;, l;, i € Qo, such that

PK()\, a,q) = PQ(w7q)’$i:)\"ia“iqli . (211)

If we substitute (2.5) and (2.9), we obtain the knots-quivers correspondence at the level of
LMOYV and DT invariants:

N(A a,q) = Qz,q)|, (2.12)

=" g% qli .

Since DT invariants are integer, this equation implies integrality of NN, ; ;, which is known
as the LMOV conjecture.

From the physical point of view, DT and LMOV invariants count BPS states in 3d
N = 2 theories denoted by T[Lk| and T[Qr,] [12, 13]. T[Lk] is the effective 3d N = 2
theory on the world-volume of M5-brane wrapped on the knot conormal inside the resolved
conifold:

space-time : R* x S x X
U U
Mb5-brane : R? x S x L.

The structure of T[Lg] can be read from the semiclassical limit (¢ = € — 1) of the
HOMFLY-PT generating series:

; Pk (a, g)A d ” H — exp ﬁWT[LK](,u, A a,z)+OR)|, (2.13)

where the integral [ %‘ [T, % corresponds to the gauge group U(1)pr x U(1) 7z, x...xU(1) 2,

Zq
(we single out U(1),s and its fugacity u because for the knot complement theory it becomes



a global symmetry). WT[ L) (15 A @y z;) is the twisted superpotential with two typical kinds
of contributions:

Lis (a"Q s z{‘zi) s (chiral field),
Ko (2.14)
7J log (i -log¢; <«— (Chern-Simons coupling) .

Each dilogarithm is interpreted as the one-loop contribution of a chiral field with charges
(ng,nar, nz,) under the global symmetry U(1)q (arising from the internal 2-cycle in the re-
solved conifold geometry) and the gauge group U(1)y x U(1)z, X ... x U(1)z,. Quadratic-
logarithmic terms are identified with Chern-Simons couplings among the various U(1)
gauge and global symmetries, with (; denoting the respective fugacities. For more de-
tails see [12, 16, 18, 28, 29, 56, 57].

Integrating over the gauge fugacities z; using a saddle-point approximation gives the ef-
fective twisted superpotential of the theory:

8WT[LK} (s A a, 2)
82’1'

VNV%f[fLK](M, A a) = WT[LK](u,A,a, z;), where =0. (2.15)

— K
2;=z]

The moduli space of vacua of T'[Lg], given by the extremal points of the effective twisted
superpotential, coincides with the graph of the classical A-polynomial:

éWNV%H (i, A, a)
[Lr]MVD 7
=0 & A(pu, N\ a) =0,
log A ;2. @) (2.16)
A(p, A, a) = lim A(f, A, a, ).
q—

In analogy to T'[Lk], the structure of T[Qr,] is encoded in the semiclassical limit of
the motivic generating series [12]:

(z,q ql—_gh/HeXp[ WT[QL }(m,y)+(’)(h0)],

h—0
. o (2.17)
Wriq, (@, y) = > Lis(yi) +log (1)) logyi + Y % log y; log y;.
i i
Using the dictionary (2.13)—(2.14), we can interpret the elements of (2.17) in the following
way:

The integral [ ], C;Zl corresponds to having the gauge group U(l)(l) X e X U(l)(m),
e Liy(y;) represents the chiral field with charge 1 under U(1)(®),

off = ¢y,

% log y; logy; corresponds to the gauge Chern-Simons couplings, Kgj

log ((—1)0“332) log y; represents the Chern-Simons coupling between a gauge symme-
try and its dual topological symmetry (the Fayet-Iliopoulos coupling).



The saddle point of the twisted superpotential encodes the moduli space of vacua of T'[Qr ]
and defines the quiver A-polynomials [12, 13, 19, 20]:

Wriq,, (=, Y)
dlogy;

3 Cis
=0 o  Afzy)=1-y—zi(-p)[[y;" =0. (218
J#i

Ai(x,y) is a classical limit of the quantum quiver A-polynomial, which annihilates the
motivic generating series:

~

Al(ﬁzagA/?q)PQ(waq) :Oa
TiPo(T1, .y iy ooy Ty @) = TiPo(T1, .o, iy o o, T,y ), (2.19)
0iPo(x1, ... iy m,q) = Po(x1,...,q%i, ..., Zm, Q).

The general formula for the quantum quiver A-polynomial corresponding to the quiver
with adjacency matrix C' is given by [13]

A~ R “ R R » ACi'
Ai(@,9,q) =1 —§i — &i(—¢"?9:) % [ 977 (2.20)
JFi
and we can see that
Ai(x,y) = limA(z,9,q). (2.21)
q—1

2.4 GM invariants

GM invariants Fx = Z (S3\K ) implicitly depend on the gauge group and results of [3]
correspond to the simplest nontrivial case of SU(2). General case is analysed in [45],
but it is often very involved from computational point of view. One of the goals of [43]

™ (1, q)

was overcoming these difficulties and studying the large-N behaviour of F' IS(U
the GM invariant corresponding to the symmetric representations of SU(N). It turns
out that we can introduce a-deformed GM invariants Fk (p,a,q) which capture all N by
the following relation:

Fi(ma=q",q) = Fg"™ (1, q). (2.22)

Fr (1, a,q) is annihilated by the quantum a-deformed A-polynomials:

A, M a,q)Fre(p,a,q) = 0, (2.23)

where

AFx (1, a,q) = nFic(p,a,q),  AFg(p,a,q) = Fr(qp, a,q). (2.24)
Since we adapt the convention that the series expansion of Fy starts from 1, as in [43],
sometimes we have to rescale \ in order to compare to the literature.

From our point of view, the crucial result of [43] is the connection between a-deformed
GM invariants and HOMFLY-PT polynomials. In general, we expect it to be some version
of the Fourier transform, but it is difficult to define it properly. However, in some cases it
reduces to a simple substitution:

FK(,LL,CL, Q) = PK,T(CL?(J)‘qT:u‘ (225)



It is not yet known what conditions are sufficient and which are necessary for this equation
to hold. [43] contains an explicit check for the trefoil by comparing with nglU(N) (1, q)
from [3, 45]. Unfortunately, already for the figure-eight knot the substitution ¢" = pu
leads to ill-defined series in both p and ;!

and this situtation is ubiquitous. Nevertheless,
solving equation (2.23) order by order in p works well for 41, which suggests that there exists
a well-defined Fy, (u, a, q), however not equal to Py, r(a,q)|,—,. On the other hand, there
is a class of knots for which we know general expressions for Pk ,(a, q) and the substitution
q" = 1 leads to well-defined series. They are T(>?*1) torus knots and for them (2.25) is
conjectured to hold [43]. Closed form expressions for F are essential for finding quivers,
so T(22r+1) torus knots will be main focus of our interest.

Since there exists a t-deformation of HOMFLY-PT polynomials provided by the super-

polynomials [48], it is natural to consider the following ¢-deformation of GM invariants [43]:

Fr(p,a,q,t) = PKVT(a,q,t)|qT:#. (2.26)
We will study this deformation for 722P*1) torus knots in section 5.
For simplicity, in the remaining part of the paper we will refer to F ZU(Z)(M,Q),

e

explicitly only when it is not obvious from the context.

w,q), Fr(p,a,q), and Fx(u,a,q,t) broadly as GM invariants, specyfying the case

3 Quivers for GM invariants

In this section we introduce quivers for GM invariants and study their physical interpreta-
tion in terms of BPS state counts and 3d N = 2 effective theories.

3.1 Main conjecture

The connection between GM invariants and HOMFLY-PT polynomials, together with
closed form expressions for Fipe.2p+1) (4, a,q) found in [43], suggest that the idea of knots-
quivers correspondence can be reformulated for GM invariants. In other words, we expect
the following:

Conjecture 1 For a given knot complement My = S3\K, the GM invariant Fx(u, a,q)
can be written in the form

1/2 m Csodids " unldlaazdlqlldl
Ficlpa,q) = 3 (gt @b [TEm i, (3.1)
d1yesdm 20 i=1 q;4)d;

where C is a symmetric m X m matric and n;, a;, l; are fixed integers. In consequence,
there exist a quiver Q which adjacency matriz is equal to C' and the motivic generating
series

Fo(x.q)= > (—¢"/*)>i= dezd]H( ‘z) (3.2)
dl,...,dmzo i=1 Q7 q dl

reduces to the GM invariant after the change of variables x; = p™a% b :

Fr(p,a,q) = Fo(®,q)|,,_ynigo gt - (3.3)



Let us stress that we may encounter negative entries of the quiver adjacency matrix:
Cij < 0, so we can either accept having two types of arrows (ordinary arrows and “
tiarrows” which annihilate each other) or use the change of framing to shift all entries
(for details see [2]). Moreover, there is a possiblity of the sign difference in the knot com-
plement and quiver variables which would lead to more complicated change of variables
z; = (—1) p™a%qh, but for all analysed examples it was not the case.

We can also obtain quivers for SU(N) (and more specifically initial SU(2)) GM invari-
ants by substituting a = ¢’V in (3.3), which leads to

SU(N
Fo' ™ (1, q) = Fo(,0) |5,y g v, - (3.4)
3.2 Corollary — BPS states and 3d N = 2 effective theories

If there exist a quiver @ corresponding to the GM invariant of Mg, we can compute
Q(w,q)}

1—g¢q

Since @ is symmetric, we immediately know that DT invariants (which are coefficients of

the DT invariants using

Fo(x,q) = Exp [ (3.5)

Q(x,q)) are integer numbers [9)].
We can also make a step back and apply the change of variables x; = p™a%g" to (3.5).
This leads us to the definition of the knot complement analogs of LMOV invariants:

N(p,a,q) ZNr,i,j,UTaiqj = Q(x7q)’xi:unia"‘iqli ) (3.6)
7,0,§
which implies
N N .y aingin
FK(N» a, C]) — EXp (M? a, Q) — exp Z T,lvj/l q
1—gq < 1—qgn
n,r,,J (37)
_ H (1 ,uraij—i-l) Nrisj _ H M aq C] Nrij
7,4,7,0 7,4,

Since DT invariants are integer numbers, so are the knot complement analogs of LMOV
invariants. This is consistent with the physical interpretation given in [12, 13]: we expect
that Qg s and N,.; ; invariants count the number of BPS states in a dual 3d N = 2 theories

T[Qum, ] and T[Mg].

We identify T[Mg] with the effective 3d N/ = 2 theory on R? x S! which can be
engineered in two equivalent ways. One is the compactification of N M5-branes on the knot
complement:

space-time : R* x S1 x T* Mg
U U
N Mb5-branes : R? x S1 x M.

When N — oo, many protected quantities — such as the twisted superpotential — depend
on the number of M5-branes only via the combination ¢" which can be treated as a separate



variable a. The second way comes from the large-N transition from the deformed to
the resolved conifold [4, 58]:

space-time : R?* x S! x T*$3
U U
N Mb5-branes : R? x St x 63
M5-brane : R? x S x Ly

space-time : R* x S! x X
U U
Mb5-brane : R? x S' x L.

Then log a is a complexified Kahler parameter of X. More details, together with a descrip-
tion of a third way of engineering T[Mk]|, are available in [43].
The structure of T[Mk] can be read from the semiclassical limit of the GM invariant:

1~
Fico.0) 3, [ 1% e [P .20 + 000 (39

Recalling the relation (2.25), we can see that WT[ My is the same as the effective twisted su-
perpotential of the 3d A/ = 2 theory analysed in [16, 18]. On the other hand, the perspective
of the large-N transition explains why WT[ My 18 @ Legendre transform of the superpoten-
tial of the theory T[Lg]| discussed in section 2.3:

WT[LK]('L% A a,z;) = WT[MK]()L% a, z;) — log plog A. (3.9)

We can also consider the effective twisted superpotential

e vt x aWTM (1, a, )
WTf[fMK](Mv a) = Wring) (1 a, 2;), where [ gL =0,

— K
2=z}

and introduce )\ back as the variable dual to p, which is equivalent to the saddle point
equation for W:epf[fLK] and the vanishing of the A-polynomial:

8W [MK](:U’v a)
0log i

aWT[L ](:U’v A a)

=log\ < log A

=0 < A(pAa)=0. (3.10)

In consenquence T'[Mf] have the same moduli space of vacua as T[Lg| and both are
described by the A-polynomial of K.

In analogy to (2.17), the structure of T[Qas,] is encoded in the semiclassical limit of
Fg(z,q):

(x,q) ql—_g /Hexp[ WT[QM ](as,y)—i-(’)(ho)},

h—0
_ o (3.11)
Wrigu, (@, y) = ZLiQ(yi) +log ((—1)%x;) logy; + Z 7” log y; log y;.

1]

WT[Q a] (x,vy) is a twisted superpotential of the theory T[Qr, ] and each of its terms can
be interpreted according to the dictionary described in section 2.3. The saddle point of

~10 -



the twisted superpotential encodes the moduli space of vacua of T[Qar, ] and defines the
quiver A-polynomials:

aWT[QMK](w> y)
dlogy;

=0 & Ai(x,y)=0. (3.12)

Ai(x,y) is a classical limit of the quantum quiver A-polynomial, which annihilates the
motivic generating series Fg(x,q):

. N A A N A A ~ A~ ~ . ACZ"
A(z,y) = limA;(#,9,9),  A(@.9.9) =1— g — a:(—¢"25:) % [ [ 957 (3.13)
q—1 oy
J#
Applying the change of variables z; = p™a® (¢ — 1) together with [[,y; = A, we can
transform A;(x,y) into the classical A-polynomial A(u, A, a) given by (3.10).

4 Examples

This section is devoted to the explicit results: computations of quivers, BPS state counts,
and 3d N = 2 theories for different GM invariants of knot complements. The choice
of examples on which we check ideas from section 3 is determined by the fact that the
closed form formulas for Fx(u,a,q) are completely new results, so far available only for
the T>2P*1) torus knot complements [43].

We start from the unknot complement in the unreduced normalisation. For all other
cases we use the reduced one, which corresponds to the division by the unknot factor. For

more details see [43].!

4.1 Unknot complement

The simplest example is the unknot complement, for which the GM invariant is given
by [43]:
(1g; @)oo
Fo,(p,a,q9) = ————. 4.1
i ) (1a; @)oo (1)

Using formulas for quantum dilogarithms we can write
FOl (:u’ a, Q) = FQ(xly €2, q)|x1:’uql/27 zo=pa’

fag? 4.2
1T .
Folay,az,q) = Y (—¢"/)H 172 (4.2)
dy1,d2>0 (q’ q)dl (Q7 q)d2

We can see that the quiver for the unknot complement is given by
e

10
Q= e C= [O 0], (4.3)
e

which is the same as in the standard knots-quivers correspondence for the unknot. However,
now the variable a appears in the change of variables for the node without the loop.

!Note that what we call unreduced normalisation is called fully unreduced in [43].
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For the SU(N) GM invariants we obtain:

SU(N (hg; q)

o, ( )(M’q) - m B FQ(ml’mQ’q)’m:uql/?,w2=qu' (4.4)
In case of original SU(2) GM invariants, we still have same quiver (4.3) and motivic gen-

erating series (4.2), but the change of variables reduces to 2, = ug'/?, zo = pg®.

Since
Q(z, Qa.sx%° —qt/?
Folen, s, q) = Bxp |28 D] _ gy | Zas Pt o g o)
1-— 1—¢q 1—¢q
we have only two nonzero DT invariants:

Quoape=-1  Qono=1 (4.6)

By definition, they lead to two nonzero knot complement analogs of LMOV invariants,
exactly as in the case of the standard LMOV invariants for the unknot [4]:

Y Neijp'a'q) = — pg+ pa (47)

T71’7.7

N(/J, a) q) = Q(QL" q)|1‘1:'u,ql/27 To=ua Nl O 1 — _1
)
NLLO =1.

Alternatively, we could have obtained this result by a direct comparison between (4.1)
and (3.7).

As discussed in section 3, we can use the semiclassical limit of the motivic generating
series and the GM invariant to obtain effective twisted superpotentials of theories T'[Q M01]
and T'[My, |, whose BPS states are counted by DT invariants and knot complement analogs
of LMOV invariants respectively. The limit (3.11) for the unknot complement quiver is
given by

di=y, [ dyy dyo 1— 0
F a*=gi [ 212592 z
Q(w’q) h—0 Y1 Y2 exp |:hWT[QM01}(£C,y)+O(h ) ) (4.8)

_ _ . |
WriQu,, ] (x,y) = Liz (y1) + Li2 (y2) +log(—x1)logy1 +log x2 log ya + 3 log y1 logys.

We can see that T'[Qny,, | is a UM x U(1)? gauge theory with one chiral field for each
group and effective Chern-Simons level one for U(1)(")| which is the same as T'[Q Lo, | [12].
According to (3.12), the critical point of quiver twisted superpotential given by

IVTIQus,, ]
0= 1 =log(—a1) +logy: —log(1 —y1),
810g n (4 9)
aWT[QMOl]
0=———"" =logxs +logys — log(l — ys)
dlogyo
defines the quiver A-polynomials
Al(a:,y) =1—-y1 + z191, Ag(m, y) =1—ys — xo. (410)
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A; and As are decoupled, which originates from the lack of arrows between vertices 1 and 2
in . The quantum quiver A-polynomial, which annihilates Fg(x, ¢) and reduces to (4.10)
for ¢ — 1, is given by

A~ A~

Ay(@,9,q) =1 — 41 + 21(—¢" %), Ag(#,9,q) =1 — o — . (4.11)

Applying the change of variables x1 = p, z2 = pa, yiy2 = A to (4.10), we recover
the classical A-polynomial of the unknot? [16]:

Ao, (u, Aya) =1 —ap — X+ pA, (4.12)

which is in line with section 3.
We also expect that the A-polynomial of the unknot encodes the moduli space of vacua
of T[My,] — the theory read from the semiclassical limit of Fy, (u,a,q):

1 —
F01 (N7 a, Q) E:ZO exp ﬁWT[Mol](,uv CL) + O(ho) )

Wriato, ) (s @) = Lia(1) — Liz(ap).

(4.13)

Solving
WV, (1 a)

= log (1 — ap) — log (1 — 4.14
9oz 1 og (1 —ap) —log (1 —p) (4.14)

log A =
we indeed find an agreement with Ao, (1, A, a) = 0.

4.2 Trefoil knot complement

Let us move to the trefoil knot complement and start from the closed form expression found
in [43]:

I I (e A C T )/
Fy, (1, a,q) = kEI_O(NC]) T : (4.15)
Using the formula
k 12 .
=" (=2 ¢ -t @k
(& ( ! ) R e s (4.16)

=0

for (ug='; ¢~ )% and the identity

(¢ 'iq e _ (_q1/2)l2+(’“‘”2—’“2 (¢ Q) (4.17)
(Ha Y ila a7 e (5 0)i(a; QDp—t’
we can write
oo ki 2 12 —1
4 (k1=l)*~ki  (aq™"; )k
Fs, (n,a,q) = plth gkt (—ql/z) R 4.18
il ) Z Z ()1 (¢ Oy -1, (4.18)

k1=01;=0

2We have to take into account the rescaling of A by a'/? with respect to yras due to the fact the we
start Fo, (4, a,q) from 1.
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Then we use

(& D Z §a+7q Lla+y) <_q1/2)a2+'y2+2w (4.19)
@l
yt+o=k—1
to get
> (k1—11)?—k3+a2+73+2v 4 k1+l1aoé1+’71qk1+*—*(a1+“/1)
o= 3 Y Y (-07) i |
(@3 Do (@3 0)1 (@3 D (@3 )5,

k1=011=0 oa1+p1=l

Y1+61=k1—l1
(4.20)
After the change of variables
o) = dy, = da, =ds, 01=d
1 1, B 2, M 3 1 4 (4.21)
Iy = di + da, ki=di +dy+ds+dy
we have
F31(lu7 a’ q) FQ(.’L‘ q)‘x— "10,‘11(11 ’
g 4.22
Folz,q) = Z (7(11/2)—d§+d§—2d1d2—2d1d4—2d2d4 H ( ".1:2) ’ ( )
s >0 =1 \& D
with z; = p™a%gh given by
= p’a, = 12", w3 =pag'?, @ =pg (4.23)
The quiver adjacency matrix reads:
0 —10-1
—-1-10-1
C= . 4.24
0 010 ( )
-1-10 0

This form will be useful for obtaining quivers for all 7(22P+1) torus knots, but we can shift
the framing by 1 to have only the non-negative entries:

2
1010
0010
C 1121 &= ¢ 3 (4.25)
1 4
0011

For the trefoil the DT spectrum is infinite, but we can find the invariants order by
order in z;. Let us focus on the linear one:

Qzx, q)
Fo(x,q) = Exp [
Q(®,q) -
Z 1/2\—d2+d2—2d1 do—2d1 da—2d2d - i Qq sz g
(_q/)— 3+d3—2d1d2—2d1ds— 24||<q';)d = exp g 7i—q” (4.26)
di,...,ds>0 i=1 17 Y n,d,s
— ") lpg + (—qt/ ) + > 4o Qa.sx%°
T ) ?_q( ¢ 7)s x4+0(x§)_1+—d51_; +O(a?).
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In consequence

Q10000=1 L0100,-12=-1 Qoo1r0,12="1 Loo01,0=1 (4.27)

P12, —-1/2

Applying the change of variables 1 = p2a, z2 = uq T3 = paq T4 = Uq, We

obtain the (first four) knot complement analogs of LMOV invariants for the trefoil knot

complement:
N(p,a,q) = Q(‘”a‘])|(4.23) Niogi=1 Nogq=—1
o " ’ ” ’ 4.28
ZN’”»i,jMTalqj - ,U«2a — qu — pa + pg Nito=-1, Nyjg=1 ( )

A3V}

Qa,s and N, ;; count the BPS states in 3d N' = 2 theories T[QMSJ and T[Ms,] re-
spectively. The structure of the first theory can be read off from the semiclassical limit of

Fo(z,q):

h—0

ql—_gl/delexp[ WT[QM ](m,y)—i—(’)(ho) , (4.29)

WT[QM (z,y) = E Liz (y;) +log 1 log y1 +log(—w2) log y2 +log(—x3)log ys +log x4 log ya
31
=1

1 1
—logy logys — 3 log y2 logy2+ 3 logyslogyz —logy; logys —logyzlog ys.

Using the dictionary (2.13)—(2.14), we can see that the gauge group of T[Qny, | is U1 x
U(1)@ x U(1)®) x U(1)™ and we have four chiral fields ¢; with charges &;; under U(1)0).
We also have gauge Chern-Simons couplings determined by the quiver adjacency matrix:
:‘ﬂ?%ﬁ = (}j, and Fayet-Iliopoulos couplings between each gauge symmetry and its dual
topological symmetry. Comparing with [12], we can see that the structure of T[Qas ] is
different than T'[Qr,, ]. The moduli space of vacua of T'[Q s, | is given by the zero locus of

the following quiver A-polynomials:

A(z,y) =1—y1 — 2195 'yi ', Ag(m,y) =1 —yo + 2297 'y5 s (4.30)
Az(x,y) =1 — y3 + 3y3, Ag(m,y) =1 —ys — 24y 'y

which are the classical limits of the annihilators of Fi(x,q):

Av@,9,q) =1 — 01 — 2195 95", As(@,9,9) =1 — 2 +q Vaeg 0 My, (431)

q
As(@,7,q) =1 — 93 + ¢ %0303, As(@,9,9) =1 — u — 2497 95 "

2@

The structure of the theory T'[Ms,] is encoded in the semiclassical limit of F3, (u, a, q):

d 1~
F: 7 i’
31 (,U’a a Q) ‘>0 exp/ > |:hWT[M31}(M7 a, Z) + O( ) ’ (4_32)

Wring,) (1, @, z) = log pulog z — Lig(11) + Lia(pz ") + Lig(a) — Lia(a2) + Lia(2).
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Extremalisation with respect to z and the introduction of the variable A dual to u leads to
_ Wriasg, 1 (1,a.2) | — #(-p) ) (-az)
o (waz) ) z*(l—/%_z*) (4.33)
log \ = — g A= T
Eliminating z* we obtain the zero locus of the A-polynomial

Az, (A a) = (p=1)p = (1= p+2(1 —a)p® —ap’ + a®p*) A+ (1 —ap)N?,  (4.34)

Olog

which agrees with [16] after taking into account the rescaling of A by a~!.

4.3 Cinquefoil knot complement

For more complicated knot complements all expressions become more involved, so we focus
on finding the corresponding quivers, having in mind that the analysis of BPS states and 3d
N = 2 theories can be done analogously to the unknot and trefoil complement case. In this
section we concentrate on the 5; = 725 knot complement with a plan of generalisation
to all 7221 torus knot complements.

We start from the formula for GM invariant given in [43]:

-1
Fo(pag) = 3 phtPhaglia) -k (00 "(1) Clt ol [kll (4.35)

0<ko<k1

where we use the ¢-binomial:

! (¢ 0)1(q; Q1

[k] __(wak (4.36)

Following the steps from section 4.2, we obtain

Fs,(pa,q) = > Z > (—qw)i%kﬁ(

0<ko<ki 11=0 o1+p1=l
71 +61=k1—l

[kt 2kl gony ghi ka3 li— 3 (eatm) [k: ) ]

(% Do (6 D)5, (T D (6 D)5,y ko

k1—11)?—k3+a3+yi+2mh

(4.37)

Now we use the formula

n2
m — (m1—ms)(no—my) | M1 ny —ma 438
[TLQ] Z 4 [m2] [nZ_TnQ] ( . )

mo=0

in two iterations:

ko
k| _ (=) (ka—lo) | L1 | | K1 — 1
[k&]_zq 12 k‘g—lg

12=0
ko o /8
— Z (li—l2)(k2—12) Z (a1 —az)(l2—az2) [ 1] [ 1]
q q
la=0 az+B2=l2 @2 b2
% Z q(71—72)(k2—l2—72) [71] [61] (4.39)
— Y2 | | 02
Y2+62=ka—l2
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to get

—2k1ko+(k1—11)2—k?+a2+~3+271 10
Ban- Y Y Y (L) (410

0<ko<k1 11=0 a1+pB1=l
v1+01=k1—11

i Z (_ql/Q)2(l1—l2)(k’2—lz)+2(a1—az)(lg—a2)+2(»yl_72)(]62_[2_72)
l2=0 ag+pP2=l2

Y2+b2=ka—Il2

Mk1+2k2+ll qtrtm qk1+k2+%ll_%(a1+'¥1)

X
(@5 @) or—an (T 9) 81— 85 (G D ya =2 (€ D) 51 -85 (T Vs (@5 0) 85 (05 Q)2 (85 0) 5

The change of variables

a1 =di+ds, B =dy+ds, v1=d3+dr, 01=dys+ds,

(4.41)
ag = ds, B2 = dg, Yo = dr, 0y = dg
1 = (d1 + d5) + (dg + d@), k1 = (d1 + d5) + (dg -+ dﬁ) + (d3 + d7) + (d4 + dg)
lo = ds + dg, ko = ds + dg + d7 + dg
leads to
F51(MaaaQ) = FQ(m7Q)|x i=pmia%gli )
2% 4.42
COVEED SRS C ) o
dy,...,dg>0
with z; = p™a%gh given by
z1 = pla, = 12¢*2, 3 = pag~ /2, T4 = pq, (4.43)
= p'aq, = w2, w7 = plag'/?, s = 1,
and _ )
0 -10 -1-1-10 -1
-1-10 -1-2-20 -1
0O 01 0-1-10 0
O -1-10 0 —2-2-1-1 ' (4.44)

—1-2-1-2-2-3-2-3
~1-2-1-2-3-3-2-3
0 0 0 —1-2-2-1-2
| -1-10 —1-3-3-2-2

This is the adjacency matrix corresponding to the cinquefoil knot complement. Performed
computations and the matrix itself may seem invloved, but they can be considered as
a simple generalisation of the trefoil knot complement case. The most important is the fact
that the change of variables (4.41) can be obtained from (4.21). For indices k1,l1,a1,81,71,01,
we just substitute d; — d;+d;14. In case of ka,lo,a2,82,72,d02, we start from kq,l1,001,51,71,01
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and shift d; — d; 4. From the point of view of the quiver adjacency matrix, this corresponds
to copying the 4 x 4 matrix C3, to fill 8 x 8 entries:

(4.45)

Co] [031 031] .

C3, Cs,

We still need to include ¢~**2 and the g-binomial !:1

] which, according to (4.39)
2

and (4.41), contribute to (—g!/2)2; Cia%idi 1y

(_q1/2)2(11—lz)(kz—l2)+2(a1—042)(12—042)4-2(71—’Yz)(kz—lz—vz) _ (_ 1/2)2(d1+d2)(d7+ds)+2d1d6+2d3ds

q

(_q1/2) “ke (_q1/2) —2(d1+da+...+ds)(d5+do+dr+ds)

(4.46)

In consequence we have to modify (4.45) to

Dy Ry
[ 31] Rg D1 s ( )
where

292922 1000

29922 1100
Dy=Cs, Di=Dy— . Ro=Dg— . 4.48
0= =% ! 07 122929 0= F0 " 11110 (4.48)

29922 1111

We can see that this is consistent with (4.44). The change of variables (4.43) is a direct
consequence of (4.23) and (4.41), taking into account that in Fj, (i, a,q) we have an extra

factor of p?k2¢k2.

4.4 General T(22P*1) torus knot complements

Now we are ready to move to the general case using recursion. We assume that we know
the quiver for T(%2P+1) torus knot complement and look for the quiver for 722F+1)+1) —
T(22P+3) The general formula is given by [43]

Fros (ma,q) = Y p2Ertethe) =k glhthotethy) =30, ik
0<ky<...<ky
005D (g D | k| R
(¢ D, ks kp |

so when we go from p to p + 1, the summand in Fp(,2,+1) is multiplied by

k
M2kp+1qkp+1(_q1/2)2kpkp+l [k p ] . (450)
p+1
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This means that we copy the rightmost (also downmost and diagonal) 4 x 4 matrix blocks
right (respectively down and further on the diagonal), exactly like we did for C3, — Cj,,

with the same modification as in (4.47)—(4.48). Therefore the quiver for T(2P+1) torus
knot is given by

[ Do Ro Ry ... Ry Ro
RI' Dy Ry ... B R

RURT Dy ... Ry Ry

C = , (4.51)
R RT RY ... Dy 9 R, 5
| RE RT R} ... RL, Dy 1 |
where
0 —10-1 2222 —2n —-2n—-1 -2n —2n-1
o |-1-10-1 2222 |-2n—-1-2n—1 -2n -2n-1
"“lo o0o10]| "l2222| | —2n  —2n —2m+1 —2n |’
~1-10 0 2222 —n—1-2n—-1 —2n  —2n
(4.52)
1000 —2n—1-2n—-1 —-2n —-2n-1
R.—D. — 1100 _|-21—-2-2n—2 —2n —2n—1
1110 -2n—1-2n—1 —-2n —2n
1111 -2n—-2-2n—2 -2n—1 -2n—-1

We can see that, similarly to the standard knots-quivers correspondence [1, 2], increasing
p does not change any previously determined entries of the matrix, so it makes sense to
consider the limit p — oo leading to an infinite quiver.

The change of variables x; = pu™a%q" for T@2+1) torus knot complement comes
directly from the generalisation of (4.23), (4.43) according to (4.50) and is given by

> “nidy = 2(dy + da) + 1(ds + da)

(2

+ 4(ds + dg) + 3(d7 + dg)

+ 2p(dap—3 + dap—2) + (2p — 1)(dap—1 + dap),
Z aidi = d1 + dg

+ d5 + Cl7
(4.53)

+ dap—3 + dap—1,

1
Zlidi =0d; + gdz — §d3 + 1dy

1

) 1
+ 1ds + §d6 + §d7 + 2dg

2p+1 2p — 3
+(p—1)d4p_3+p7d4p_2+ p2

d4p_ 1+ pd4p .
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We can summarise (4.51)—(4.53) in the concise form of the correspondence between T'(2:2P+1)

torus knot complements and quivers:

FT(2’2P+1) (ILL, a? q) = FQ (m7 q) ’zi:“"ia”’iqli

4p d;
— Z (_q1/2)2f,’}:1 Cijdid; H R A
paiey (4:9)a;

di,...rdap>0

(4.54)
xi=pmia% gli.
5 t-deformation

In this section we propose a t-deformation of the results from sections 3—4 using Fx (u, a, g, t)
given in [43]. These results are based on the t-deformation of GM invariants following
the generalisation of HOMFLY-PT polynomials to superpolynomials, which is reflected in
equations (2.25) and (2.26).

5.1 Quivers
The connection between GM invariants and superpolynomials [43] suggest the following
t-deformed correspondence:

Conjecture 2 For a given knot complement My = S\ K, the GM invariant Fi (i, a, q,t)
can be written in the form

iaaidiqlidi(it)tidi

(45 9)q,

m  n;d
Fr(pa,qt)= Y (—q"/)Zh=Cudd TTE . ()
=1

di,..,dm >0

where C' is a symmetric m X m matrix and n;, a;, l;, t; are fized integers. In consequence,
there exist a quiver Q) which adjacency matriz is equal to C' and motivic generating series

m d;
modd ]
Fo(z.q)= > (g Xii= C”d’djni( ) (5.2)
vt >0 =1 \ G Dd;

reduces to the GM invariant after the change of variables x; = p™a%q' (—t):

FK(M7 a,q, t) = FQ(CC7 q)’mi:u"ia“iqli(—t)ti . (53)

Let us look at examples, starting from the unknot complement (in unreduced normal-
isation). Basing on [43], we have

FOI (:uv a, qat) = ( (qu; q)oo (54)

—pat3; @)oo

We immediately see that the quiver is the same as in (4.3), but the change of variables is
given by
z1 = pug'’?, Ty = —pat®. (5.5)
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For all T(>2P*+1) torus knots (including trefoil and cinquefoil) the situation is similar.
The general formula (in reduced normalisation) [43]

Frsssen (g, )= 3 Rt sbe i) kb btk
0<kp<...<k1
» . (5.6)
O S )V VL Vo R B
(Q7q)k1 k2 kp

leads to the quiver (4.51)—(4.52), the only difference with respect to section 4.4 lies in
the change of variables. Now z; = u"a%q"(—t)%, where

> tidi = 3(dy + d3) + 2(da + da)

+5(ds + d7) + 4(ds + dg)

(5.7)
+ (2p + 1)(dap—3 + dap—1) + 2p(dap—2 + dap).
For the trefoil it leads to the change of variables
r, = —plat?, Ty = u2q3/2t2, T3 = —uaqil/Qt?’, x4 = pqt>. (5.8)
Comparing with the quiver adjacency matrix (4.24), we can see that
ti # Ci, (5.9)

in contrary to the standard knots-quivers correspondence [1, 2].

5.2 BPS states and 3d N = 2 effective theories

In section 3.2 we constructed knot complement analogs of LMOV invariants basing on the
DT invariants. Knowing the form of the t-deformed change of variables x; = p™a% ¢ (—t)*,
we can define the t-deformed knot complement analogs of LMOV invariants:

N(M? a” q’t) = Z N’/’7Z,j7k/’l’ra’lq](_t)k = Q(w7 Q)|xi:uniaaiqli(—t)ti 9 (510)
r7i7j7k

which implies

N(p,a,q,t) Ny j "™t gdm (—t)kn
F t = E _— — 299
K(M7Q7Q7 ) Xp|: 1_ exp Z 1_q
b (5.11)
. —Nyi j, o _ o
= H <1 _ MTan]+l(_t)k) gk _ H ([,Lraij(_t)k;q)OONT’Z’]’k_
T7i’j’k7l T7Z‘7j7k

Since DT invariants are integer numbers, so are N, ; j .
In case of the unknot complement, the GM invariant given in terms of infinite ¢-
Pochhammers

Fo, (/’Laaa%t) = ( (Mq; Q)oo (512)

:ua(_t)s; Q)oo
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immediately leads to
Nip1,0=—1, Nijg03 =1 (5.13)

From the point of view of 3d N = 2 effective theory T[Mk], the t-deformation of the
semiclassical limit (3.8) is given by

dzi 1~
FK(,Ua a,q, t) th / H ? CeXp [hWT[MK](:uv a,t, zl) + O(ho) (514)

and can be interpreted as the introduction of the global R-symmetry U(1)r with fugacity
(—t), associated to rotations in the directions normal to M5-brane inside R* (for more
details see [12, 14, 16, 18]). Then the moduli space of vacua of T[Mk], obtained by
the extremalisation of WT[MK] with respect to z; and the introduction of variable A dual
to p, is described by the graph of the super-A-polynomial [16]:

8W§"f[fMK] (,LL, a, t)

— log \ A\, a,t) = 0. 1
Jlog /s 0g & (s Aya,t) =0 (5.15)

A(p, Ay a,q,t) is the classical limit of the quantum super- A-polynomial, which annihilates
superpolynomials (see [14, 16, 18, 48]).

6 Future directions

We conclude with a brief description of interesting directions for future research:

e [t would be desirable to understand the relation between quivers found in this paper
and in [1, 2]. We could see that for the unknot and the unknot complement quivers
are the same, but the quiver corresponding to the trefoil has 3 nodes, whereas the one
associated to the trefoil complement has 4 nodes. The core of this issue probably
lies in the relation between HOMFLY-PT polynomials and GM invariants. It seems
that in general it should be some transformation analogous to the Fourier transform,
which for some cases (including T(%*1 torus knots) reduces to the substitution
uw = q". Investigating the relation between the standard and new correspondence
could help in finding quivers for other knot complements. Probably it would also
provide a new insight to the duality web of associated 3d N = 2 theories studied
in [12, 13].

e Since GPPYV invariants exhibit peculiar modularity properties and are related to
logarithmic conformal field theories, it would be interesting to perform a study of

these aspects for GM invariants in the context of the correspondence with quivers.

e GM invariants still lack a proper mathematical definition and a proof that they are
ineed topological invariants of knot complements. These goals seem ambitious, but
achieving them would potentially allow to properly state and prove the conjectures
proposed in this work.
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e One can look for suggestions and constraints on GM invariants coming from the ex-
istence of a corresponding quiver. Such approach applied to the case of the standard
knots-quivers correspondence enabled finding the formulas for HOMFLY-PT polyno-
mials Pk ,(a,q) for 62 and 63 knots [2].

e The form and meaning of the ¢t-deformation proposed in [43] and applied here are
still uncertain. Better understanding of this aspect is crucial for the categorification
of 3-manifold invariants, which was the main motivation of introducing GPPV and
GM invariants.
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