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ABSTRACT: Hydrodynamics with both vector and axial currents is under study within a
holographic model, consisting of canonical U(1)y x U(1)4 gauge fields in an asymptotically
AdSs black brane. When gravitational back-reaction is taken into account, the chiral
electric separation effect (CESE), namely the generation of an axial current as the response
to an external electric field, is realized naturally. Via fluid/gravity correspondence, all the
first order transport coefficients in the hydrodynamic constitutive relations are evaluated
analytically: they are functions of vector chemical potential p, axial chemical potential
ps and the fluid’s temperature T'. Apart from the proportionality factor pus, the CESE
conductivity is found to be dependent on the dimensionless quantities p/7T and pus/T
nontrivially. As a complementary study, frequency-dependent transport phenomena are
revealed through linear response analysis, demonstrating perfect agreement with the results
obtained from fluid/gravity correspondence.
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1 Introduction

Fluid dynamics is an effective low energy description of most interacting systems at fi-
nite temperature. Within such a hydrodynamic approximation, the entire dynamics of a
microscopic theory is reduced to that of macroscopically conserved currents, such as the
stress-energy tensor and charge current operators computed in a locally near equilibrium
thermal state. An essential ingredient of any fluid dynamics is the constitutive relations
which relate the macroscopically conserved currents to the hydrodynamic variables, such
as fluid velocity and charge densities, and to external forces like external electromagnetic
fields. Derivative expansion in the hydrodynamic variables and external forces accounts
for deviations from thermal equilibrium. At each order, the derivative expansion is fixed
by thermodynamics and symmetries, up to a finite number of transport coefficients such as
viscosity and diffusion coefficients. These transport coefficients are not calculable from hy-
drodynamics itself but have to be deduced experimentally or computed from the underlying
microscopic theory.

For relativistic fluid dynamics, the stress-energy tensor is conveniently parameterized as

T,ul/ = guuuy + PP}U/ + T, (11)



where u,,, £, P are the velocity, energy density and pressure of the fluid, and P, =, 1,41,
is the projection tensor. Up to the first order in the derivative expansion, the viscous
component 7, takes the form,

2
Tuw = —nPg P} (86,% + 0o — 3Pa580u0> — (P 0au® + O(0%), (1.2)

where 7, ¢ are the shear viscosity and bulk viscosity, respectively. Throughout this work
we will take the Landau-Lifshitz frame so that u*m,, = 0.

For the fluid with conserved charges, one also needs to specify constitutive relations
for the associated currents. Indeed, the charge transport properties are found to be useful
in probing the structure and dynamics of matter. A well-known example is the Ohm’s
law J¢ = (1py')) = oE*, which states the generation of an electric current in response
to an external electric field for a normal conducting media. In recent years, exploration
of other possible electric current generation, particularly for a system with charged chiral
fermions, has attracted much interest. It turns out that the celebrated microscopic chiral
anomaly induces fascinating anomalous transport phenomena that break the space parity
symmetry. One such example is the chiral magnetic effect (CME) [1-4]: generation of an
electric current directed along an externally applied magnetic field, J = 3 B. The existence
of CME relies on chirality imbalance between left- and right-handed chiral fermions, usually
parameterized by an axial chemical potential us. For a rotating hydrodynamic flow, chiral
anomaly induces a vector current along the fluid vorticity, J = %{6 X i, which is called
the chiral vortical effect (CVE) [5-7].

On the other hand, an axial current Jg = (Yy'y51p) also exists for a system with
charged chiral fermions. In fact, via the chiral anomaly effect, an axial current is gener-
ated along an external magnetic field, Js = &s Bé, which is referred to as chiral separation
effect (CSE) [8, 9]. Interestingly, the interplay of CME and CSE predicts a gapless wave
mode propagating along the magnetic field, called chiral magnetic wave (CMW) [10]. In
heavy-ion collisions, the CMW induces an electric quadrupole moment of the quark-gluon
plasma [11], leaving experimentally observable effects [11-14]. It is important to stress that
chiral anomaly-induced transport phenomena summarized above are non-dissipative [7],
that is they do not contribute to entropy production. While observable signatures pre-
dicted by the CME have not been conclusively detected in heavy-ion collisions [15-18],
the CME may explain a large negative magneto-resistance observed in Dirac and Weyl
semi-metals [19-21]. We recommend recent reviews [22-27] and references therein on the
subject of anomalous transport phenomena.

The separation of chiral charge could also be induced by an external electric field,
Js = 05.E, which is called chiral electric separation effect (CESE) [28, 29]. However, it
is important to emphasize that the CESE does not originate from chiral anomaly but is
simply the result of conduction of a chiral many-body environment [28]. On very general
grounds, the CESE exists only when both vector and axial chemical potentials are nonzero.
Based on Kubo formula, the CESE conductivity has been computed for thermal quantum
electrodynamics (QED) [28] and quantum chromodynamics (QCD) plasmas [29] at high-
temperature regime up to leading-log order in gauge couplings. In the strongly-coupled



regime, the CESE was studied in [30, 31] by using the holographic QCD model of [32, 33].
Recently, the CESE conductivity is also computed within the framework of kinetic the-
ory [34-37] under the relaxation time approximation (RTA). If the CESE conductivity is
parameterized as os. = ppusxa, then all these studies indicate that y 4 depends on p, ps
weakly. In analogy with CMW, the CESE, combined with the Ohm’s law, results in a new
gapless wave mode propagating along the electric field, which is called density wave [28] or
chiral electric wave (CEW) [31].

The transport phenomena reviewed above could be summarized into hydrodynamic
constitutive relations for vector and axial currents. In the Landau-Lifshitz frame where
u,J* = —p and u,JE = —ps, we are ended up with [38-40],

Jh = put o, [E“—pra,, (%)} G5, TP, (%) (e ERBY OB,  (1.3)
I =psu+os [B-TP0,(8) ]| -5 7P 0, (B2 ) + (g + 655 B +O(@),  (1.4)

where p, ps are vector and axial charge densities. The external electromagnetic fields E#, B¥
and the fluid’s vorticity w* are

EH = F‘gjuy, Bt = e“”o‘ﬁuyFL(fﬁ), wh =

( e“”aﬁu,ﬂatw. (1.5)
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In (1.3)(1.4), the Wiedemann-Franz law has been used to relate thermal conductivity to
electrical conductivity. The G5.- and G.-terms are relevant to chiral charge diffusions, while
&s-term is an axial analogue of CVE. Time/space evolution of the system is determined by
solving the hydrodynamic equations

T, = JOFL)

vao)

9T =0, 0, Jt = CE, B", (1.6)

where the axial current is not conserved due to chiral anomaly effect and C denotes the
anomaly coefficient. &, &5, &g, &5p-terms are chiral anomaly-induced and correspond to non-
dissipative transport phenomena, particularly making zero entropy production. In contrast,
O¢, O5¢, O¢,05c are dissipative transport coefficients and have to be determined by the
underlying microscopic theory and will be the focus of present work.

We would like to point out that studies in references [28-31] were carried out under
the decoupling limit (or probe limit), where the vector and axial currents were taken as
decoupled from the stress-energy tensor of the fluid. While the decoupling limit allows
deriving a simple Kubo formula for CESE conductivity, it does result in loss of some
important physical contents, such as a pole in DC electrical conductivity due to spatial
translation invariance [41-43]. In the probe limit, the authors of [30, 31] found a nonzero
CESE conductivity for the holographic QCD model, which consists of probe D8/D8-branes
in the background geometry of N, stacks of D4-brane. A crucial point of [30, 31] in realizing
CESE is about the explicit interaction between the vector and axial gauge fields in the
bulk, which originates from the nonlinear Dirac-Born-Infeld (DBI) action on the world-
volumes of D8/D8. Indeed, it was found that the CESE conductivity does vanish in a
simple holographic setup with canonical U(1)y x U(1)4 Maxwell fields probing the fixed
Schwarzschild-AdSs background [44-46].



In this work, we reconsider the holographic U(1)y x U(1)4 model and take into account
the gravitational back-reaction effect on the gauge sectors of the bulk theory. While the
anomaly coefficient C is fixed by the microscopic theory, we will take it as a free parameter
and turn it off for the present study. Equivalently, the bulk Chern-Simons actions will be
neglected in the holographic setup of [44-46]. Note that there is no explicit interaction
between U(1)y and U(1)4 gauge fields in the bulk action. However, as will be clear later,
the gravitational back-reaction will result in a coupling between perturbations of U(1)y and
U(1)4 bulk fields. This is the mechanism of generating CESE in such a simple holographic
model. In the next subsection, we will summarize the results and make the comparison
with previous works. The remaining sections supplement all calculational details.

1.1 Summary of the results

Except for those chiral anomaly-induced terms, we will re-derive the first order constitutive
relations (1.1), (1.3), (1.4) via fluid /gravity correspondence [47]. For a specific holographic
model to be introduced in section 2, we analytically compute all dissipative transport
coefficients. The calculational details will be presented in section 3. The shear and bulk
viscosities in (1.2) take universal values of holographic conformal fluids (holographically
described by two-derivative Einstein gravity),

1

—s

4
where s is the entropy density of the dual fluid.

n= (=0, (1.7)

The dissipative transport coefficients in (1.3) and (1.4) could be presented in several
different forms. In the first form, they are

_ ogp® + oo

oQ — 09 s _ GQ,ug + ao,u2
W2+ p

=% & . (18)
p? + o+

Oec 5 O5¢ = O5e = 129235

where og and og are given by

Ts)2 Ts)? T 2 42 +
oo (T's) 2:(70( 8)27 UOzL 14 4/14 2K TH (1.9)
(T's +pp+psps)”  (E+P) 2

e = 3 7272

It is important to stress that o.,o0s5. and ., 5. are intrinsic conductivities, which are
usually referred to as “quantum critical” [48] or “incoherent” [49, 50] conductivities in
holographic framework. We have reserved the notation og to the intrinsic electrical con-
ductivity for the single charge case, since 0. = 0¢g once p5s = 0 or pus = 0. In the probe
limit where p = pus = 0, we have o, = 6, = 09 = w1, but o3¢, 5, vanish.

In (1.8), the relation o5, = 735, originates from Onsager reciprocal relation for a time-
reversal symmetric system. Additionally, there are mirror symmetric relations o, <> G,
and o5, <+ 75, under the exchange ;1 <+ ps, which are specific to our holographic model.!
Thanks to these symmetric relations, in the discussions below we will focus on o, 5. As
will be clear in section 4, these symmetric relations for DC transport coefficients are extend-
able to associated alternating current (AC) conductivities in (4.13). While the second law

'We thank Yan Liu for stimulating discussions on this issue.



of thermodynamics, i.e., non-negativeness of divergence for the entropy current, could not
fix the values of dissipative transport coefficients, it does set constraints for them [29, 30],

oe > 0, oe > 0, OcO¢ 2 05¢05¢, (110)

which are obviously satisfied by our results (1.8)(1.9).
From the dual fluid’s point of view, it is more natural to re-express o, Ge, 05¢, O5¢ in
terms of chemical potentials and temperature. As a result, (1.8) are turned into

2y + (3y — 1)ji? 3y -1 -
= 7T =T = —aTijis——o" =T 1.11
where
Wiifis) = = (1414/1+ 252 + 22) p=—t ops=12 (1.12)
’ 2 3 50| 7T’ 7T

In (1.11) we defined x, to measure deviation of the CESE conductivity os. from the con-
jectured universal factor T'fifis [28, 29]. We also defined x, to measure deviation of the
Ohmic conductivity o, from its probe limit. In the high temperature (small chemical po-
tential) limit or low temperature (large chemical potential) limit, the conductivities (1.11)
behave as,
oe = 7T, O5e >~ —1 ijis5, i, s << 1,
7T h2 T [ifis (1.13)

O = —F——re, Obe & — s, i, s > 1.
V(12 + fi2) V6(i? + fa2)

Obviously, only in the high temperature regime where [, i5 < 1 the CESE conductivity
ose shows universal behavior as conjectured in [28, 29].

For illustration, in figure 1 we plot o./(7T") and —os5./(7T') as functions of dimension-
less chemical potentials i and fi5. As seen from figure 1, the axial chemical potential fi5 has
the effect of enhancing o, while the vector chemical potential i diminishes it. On the other
hand, the CESE conductivity o5, depends on both i and fi5 non-trivially. Particularly, the
deviation factor x , is a monotonic decaying function of i and fis. In the high-temperature
regime where [i, fis < 1, the factor x, could be thought of as unity, which is obviously
violated in the lower temperature limit. In figure 2 we show density plots for the deviation
factors x, and x,.

Below we compare our results with those obtained within various other models [28-31],
see table 1. The first two calculations in table 1 were based on perturbative thermal QED
and QCD, respectively. To leading-log order in gauge couplings, the conductivities were
computed using the Kubo formula in [28, 29]. The rest calculations in table 1 are based
on specific holographic models: Sakai-Sugimoto (S-S) model in [30] versus holographic
U(1)y x U(1) 4 model of present work. As shown in table 1, the results obtained from S-S
model show the behavior of the pre-factors in e, o5. o< N2 g%M [30], which is quite different
from those in weakly coupled regime [28, 29]. While in our case, the conductivities depend
on the bulk gauge couplings ¢,,,q,. If we employ the top-down setups in [52, 53], they
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Figure 2. Density plots for x, and x, in (1.11) as functions of i and fis.

could be related to the parameters of boundary theory by 1/¢2 ~ 1/¢% oc N.Ny/(4x?),
where N, and Ny are the numbers of the colors and flavors of the dual theory.

Although these dissipative transport coefficients are model dependent, in the high
temperature regime, they do share some universal features, such as the linear dependence
in T (for o) and Thjis (for os.). In addition, the Ohmic conductivity o. has to be
positive [28], but the sign of CESE conductivity o5, could not be fixed by the second law of
thermodynamics [28]. Particularly, o5, was found to be positive for the models in [28-30],
but it is shown to be negative from present study (1.11). As shown in table 1, from weak to
strong coupling, the conductivities o, o5, show different dependence on the gauge coupling
of boundary gauge theory in various models.

From table 1, in the high temperature regime that T' > pu, us, the conductivities in
holographic U(1) 4 x U(1)y model share the same temperature scalings as those in the QED
plasma or QGP. The Ohmic conductivity depends linearly on the temperature, o, x T,
while the CESE conductivity depends inversely on the temperature, o5, o ’%—5 It will
become more evident from dimensional analysis as implemented in [29] within relativistic
kinetic theory. In the high temperature regime, the conductivities can be expanded in

terms of the ratios (%) and (%) To quadratic order in the ratios, the conductivities

are constrained to be o, ~ f(7T) [1 + dag (%)2 + dga (’%—5)2] and o5. ~ f(T)d; (%) (’%),



Pre-factors QED Plasma [28] | QGP (u,d) [29] | S-S Model [30] | U(1)y x U(1)4
TrrQe 8NZg2

X, =0/T =2l 1305200 | 0025500 | w/g2 [(1.13)]
o Tr Qe 8N2g2

X, = 05e/(Thfis) o) 14.5% 0.0027500 | /g2 [(1.13)]

Table 1. Ohmic and CESE Conductivities in the high temperature regime in various models.
Note. In this table, e, g., gym are the gauge couplings of QED, QCD, the dual SU(N,) gauge theory,
respectively. For the calculations in QGP with two light quarks (u,d), Q. = Diag(2/3,—1/3),
Qv and Q4 are the vector and axial charge matrices in flavor space. For the S-S model, the
results above are read off from relevant numerical plots around T' ~ 0.2GeV [30]. Indeed, in the
high-temperature regime where the chemical potentials are suppressed, 0. o T?/mgx [31, 51],
where mg g is the Kaluza-Klein mass in the S-S model. For the results of present study, we have
restored the bulk gauge couplings ¢, ,q,, which are related to parameters of boundary theory by
1/g2 ~ 1/¢2 o NNy /(42) [52, 53].

where f(T') is a function of the temperature and dogg, dog, d11 are constants [29]. We know
that the conductivities have the same dimension as the temperature or chemical potentials,
[05] = [05¢] = [T] = [p] = [ws]. So, if there are no extra dimensionful quantities in the
model, it is valid to conclude that f(T) ~ T, which also supports the general scaling
behaviors as summarized in table 1.

On the universal scaling behaviors in the high temperature regime, for a physical
explanation, it is nature to assume that the interaction between the charges in the fluid
will become weaker in the higher temperature. The Ohmic conductivity o, describes the
response of the charged vector current to the external electrical field, o, ~ J, /E When
the temperature is increased, o, will be enhanced because the moving of the charges in the
fluid will become easier. However, the CESE conductivity o5 measures the response of the
axial current to the external electrical field, o5, ~ fg, / E. When temperature is increased,
the interaction between the axial current and electrical field will become weaker and o5,

will decrease due to the additional interaction factor (%) (ﬂ—:,:‘)

While the CESE is a non-anomalous transport phenomenon, it may induce phenomeno-
logical consequences in heavy-ion collisions, namely the net charge distribution and cor-
relation patterns in Cu+Au collisions as discussed in [28]. Admittedly, this should be a
mixture due to CESE, CME, and CSE. However, CESE, along with other robust anomalous
transport phenomena, is masked by various backgrounds in heavy-ion collisions, making it
very difficult to pin down, not even to explore its properties. On the other hand, the exotic
topological states of metal, such as Dirac and Weyl semi-metals, provide an experimental
playground to study potential observable effects of CESE and other anomalous transports
in a controllable way. See [27, 35-37| for recent progress on this topic, as well as the
relevant investigations from holographic models [54-62].

Below we would like to rewrite the currents (1.3) and (1.4) in a linear response form,
in which the electric field F; and thermal gradient V,;T are taken as external sources. In
other words, the fluid velocity u; will be eliminated using the current conservation law



n (1.6). Here, the chemical potentials yu, us will be taken as constant. Consequently,

, 1 P
P = P = — V. T ——F; s 1.14
“ “ w (S E+P > ( )

where J; — —iw is used. Then, the currents (1.3) and (1.4) turn into

Jt = p, Ji = U(w)Ei — a(w)ViT, (1.15)
Jg = P5; J5Z' = 0'5(w)Ei — Oé5(w)ViT, (1.16)
where
. 2 .
i p i pps
Olw) = ag +Pp + e, O5(w) = ag +P + Obe; (1‘17)
i ) -
T =—p= (HOwW) + 115 T5)) » as) T = —ps = (H50() + 1o5w)) - (1.18)
In (1.18), (., is related to G by
L i p? _
O(w) = U(W)‘pHps = ;S P + O, (1.19)

where G, is presented in (1.8). Physically, o, is the low-frequency limit of the Ohmic
electrical conductivity, and o5(,,) measures the chiral electrical separation effect. Obviously,
in the probe limit, o(,) and o5, are dominated by their intrinsic parts o and osc. o)
and s, are the thermoelectric conductivities for vector and axial currents. The heat
current is

Q' =T" — pJ' — psJi = a)TE; — Ky ViT, (1.20)

where the transport coefficients are

Q) =), Fwl= £ (E4+P—2pu—2p515)+ (,UQ T (w) +/L§ T (w) +2uu505(w)) . (1.21)
K(w) is the low-frequency limit of thermal conductivity, and it is fully determined by the
intrinsic conductivities o, o5, in (1.8). Here we would like to emphasize that T(w)s T5(w)s
T(w)s Yw)s X5(w)s Qw)s F(w) are different from the intrinsic conductivities oc,o5e, ¢, T5¢:
while the former could be directly read off from associated Kubo formulas, the latter are
useful in parameterizing the hydrodynamic constitutive relations (1.3)(1.4). In the probe
limit, the differences between them are absent.

As the second study of the present work, we compute frequency-dependent conductiv-
ities. The external sources are vector and axial external fields F;, Ef’ and temperature gra-
dient V,;T', which depend on time via a plane waveform. As a result, the low-frequency con-
ductivities o(,), T5(w), T(w)r ¥(w)r 5(w)s Xw)s F(w) are generalized to frequency-dependent
AC conductivities, see (4.13). First, we analytically evaluate the low-frequency limits of
all the AC conductivities, demonstrating agreement with (1.17), (1.18), (1.19), (1.21). For
the general value of frequency, we numerically compute all AC conductivities, see plots in
section 4.



Note the appearance of i/w pieces in the physical conductivities O(w) and o5(,). Via
Kramers-Kronig relations [63, 64], this i/w immediately implies the existence of a §(w) in
real parts of o, and o5, as is required by translation invariance. However, in holographic
models with spatial translational symmetry, it is hard to reveal the delta peak in DC
conductivity analytically. Once translational symmetry is broken, the DC conductivities
become finite with the delta peak removed. Within the relaxation time approximation, the
momentum dissipation effect would result in the replacement

LA SR (1.22)
wo —iw /7 —iw

where 7 corresponds to momentum relaxation time. Now all physical conductivities become
finite and, in particular, they are split into two parts: the “coherent” pieces (related to
the momentum dissipation) and the “inherent” ones (the universal pieces). Admittedly, a
more rigorous treatment of momentum dissipation along the line [41-43, 65, 66] would be
useful in clarifying physical meanings of these transport coefficients, and we will address
this elsewhere.

The remaining sections are structured as follows. In section 2, we present the holo-
graphic model. In section 3, with anomalous terms neglected, we re-derive the first-order
constitutive relations (1.1) (1.3) (1.4) using the fluid/gravity correspondence, and analyti-
cally compute all dissipative transport coefficients. In section 4, we obtain AC conductiv-
ities through linear response analysis. Section 5 contains the conclusion and discussions.
Two appendices A and B provide further calculational details.

Notation conventions. We use the upper-case Latin letters M, N,--- to denote the
(4 + 1)-dimensional bulk coordinates, the lower-case Greek letters p,v,--- to denote the
(3 + 1)-dimensional boundary directions, while i, j,--- will be used for spatial directions

on the boundary.

2 Holographic model for fluid with U(1)y X U(1)4 currents

We consider (4 + 1)-dimensional Einstein gravity with a negative cosmological constant
A = —6/L? in the bulk, which is coupled to U(1)y x U(1) 4 gauge fields (see, e.g., [44, 45]).
The total bulk action is

1
S = / Pa/=g (R — 20) + Si + Sut + Sc, (2.1)
167TG5 M
where
Sp = —/ d5$\/—g <12FMNFMN + 12FMNFMN> . (2.2)
M 4q; 4q4

The field strengths of the bulk U(1) gauge fields are defined as Fiyyn = Oy Ay —On Ay and
Fun = O Ay — On Ay, In our notations, Ay and Ajps denote the vector and axial bulk
gauge fields, which are dual to vector and axial currents J#, J& of the boundary conformal
field theory (CFT), respectively. The Gibbons-Hawking-York term Sk is

_ 1 4
= %Cn /f)/\/td /-y K, (2.3)

Sk



where K = y"Y ;.. v is the induced metric on the boundary hypersurface ¥ defined by
the equation 7 = r., and K, is the extrinsic curvature tensor on X,

1

1
LoV = 3 (nMamW + %NaynN + 'y,,N(?#nN) , (2.4)

ICW:2

where L,, is the Lie derivative along the unit normal vector np; of the hypersurface >:

ny = Aa#. (2.5)
V gABordpr
The counter-term action S is [53, 67—71]
1 logr L
Set =— d'zy/=y( zR+6 < dtay= F FM + —F,, F"
YT T6nGs Jod ( +> 4 Jom " < ! +qA 8 )’
(2.6)

where R is the Ricci scalar of the induced metric v,,. Note minimal subtraction scheme
has been utilized in writing down the counter-terms for bulk Maxwell fields. F},,, and F/w
in (2.6) are the projections of bulk field strengths F;n and Fyn onto the hypersurface 3.

We would like to stress once again that the possible Chern-Simons terms AAF A F and
A A F A F have been ignored in (2.1), which amounts to switching off the chiral anomaly
effect in the dual boundary theory [44, 45]. Indeed, in order for the chiral anomaly to take
effect, the dual plasma should either be exposed to a magnetic environment or rotate. Thus,
with an electric field as the only external source, all the anomalous transports in (1.3)(1.4)
vanish accidentally.

Variation of total bulk action Sy in (2.1) with respect to bulk metric gysn gives rise
to the Einstein equation,

1
Wain = Rary — 5 Rguy — 6gan — (Tb‘ﬂk Tb‘ﬂk) ~0, (2.7)
where

q 1 167G
TN =5 (FAMFAN - 49MNF2) 1= =5

Vv
G- = 1 _ _ 167G5

TN = (FAMFAN - 4gMNF2) La=5

A

The bulk stress-energy tensor has been denoted as T}\'}l}\lf and Tﬂlj{}‘, which should not be
confused with that of the dual boundary theory. ¢ and ¢ measure the strength of back-
reaction of bulk gauge fields on the bulk geometry. The Maxwell equations for A,; and

flM are,
1
- ~ 1 -
W = vy FMN = ﬁE)M(\/—gFMN) = 0. (2.9)

~10 -



According to Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence [72—
74], the expectation values of stress-energy tensor and currents on the boundary theory are
defined as

—2r2 68 oS 4S
T, = lim L oM JH = M JE = lim oM. (2.10)
r—00 \/—7y Sy r—oco §A, T §A,
In terms of bulk fields, (2.10) turns into
Ty = = tim 12 | (K — Ky + 3900 — ~Go ) + T (2.11)
o = =g A | (o = Ko+ 39 = 5000 ) + i -
1
JH=—— lim r* (ny FM* + D, F""logr), (2.12)
qV T—00
1 - ~
JE=—— lim r (nMFM”“ + D, F"" logr) , (2.13)
q4 o0
where the counter-term
log r 1 logr [ -~ 1 ~
F_
T = 4q 2 <FauFa 4’VWF2> 4q 2 <FauFa 4’YWF2> ) (2.14)

which will affect the study of section 4 beyond first-order transport coefficients. In (2.11)-
(2.13), G, is the Einstein tensor associated with the induced metric 7,,, and D is the
covariant derivative operator compatible with v, .

The bulk equations (2.7)—(2.9) can be classified into dynamical components and con-
straint ones. Moreover, the constraint components correspond to conservation laws for
boundary stress-energy tensor and currents:

W', =0 = 0", =JF) + JOF'),
Wr=0 = 8,J"=0, (2.15)
Wr=0 = 9,J!=0,

where F,S;) and F,S;) are external vector and axial electromagnetic field strengths,
respectively.

In what follows, we will work under the convention 167G5 = 1 and L = 1. The bulk
gauge couplings q,,, ¢, will be absorbed into redefinitions of bulk gauge fields Ay — q,, A
and Ay — g N Ay The boundary CFT in thermal equilibrium corresponds to a homoge-
neous solution of the bulk theory (2.1). We assume the presence of finite vector and axial
charge densities. Consequently, the homogeneous solution of the bulk theory is the AdSs
black brane with two charges,

ds(p) = gl(\g)NddexN = 2dtdr —r? f(r)dt? + r§;;dz"da’,
M Q?+@* (r*—r)(r2—r2) (r*+r]+12)

fr)=1-F+—%—= 5 7 (2.16)
V3Q i V3Q
Ao =-—zd Ao =——7 4,

where M, Q, Q are constant parameters of the bulk theory.
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In (2.16), rp, is the largest root for f(r) = 0, defining the location of event horizon of the
two-charges AdSs black brane. The Hawking temperature, identified as the temperature
of dual boundary field theory, is

O (r2f(7“))

Th =~ = (1 - M) (2.17)

=T} s 2’1“2

which should be non-negative, setting constraints on the combination (Q? + QQ) At
the horizon with a constant time section, the line element degenerates into dsQIHorizon =
r2d;;dz’da?, with 4, j = 1,2,3. Thus, the entropy density of the black brane (2.16), which
will be identified as that of the dual CFT, turns out to be

_ Area(ry) 1

- — Apd 2.1
1Gs AGs (2.18)

S0

where in the second equality we made use of the normalization convention 167G5 = 1.
The subscript “y” in (2.17) (2.18) is to emphasize that they are constant, as compared to
temperature field T'(z%) in section 3.

Finally, via (2.11)—(2.13), the dual stress-energy tensor and currents of the boundary
theory are

Tioy = 3M {6, + MOLsy,  Jgy =2V3Q0Y,  Jig) =2V3Q4, (2.19)

where the subscript “)” is to mark that these quantities are associated to a state in

thermal equilibrium. If we make the following identifications,
E=3M, P=M, p=2V3Q,  ps=2V3Q, (2-20)

then (2.19) are nothing but the non-derivative parts of the stress-energy tensor and cur-
rents (1.1) (1.3) (1.4) in local rest frame where u,, = (—1,0,0,0). In the next two sections 3
and 4 we will solve the bulk dynamics with equations of motion (2.7) (2.8) (2.9) under two
complementary limits, hydrodynamic limit versus linear approximation, generating viscous
corrections to ideal fluid (2.19).

3 First order hydrodynamics from fluid/gravity correspondence

In this section, we construct the first-order hydrodynamics dual to the bulk theory (2.1)
via the fluid/gravity correspondence [47, 75].

3.1 Set up the fluid/gravity calculations

In this subsection, we set up the stage for performing fluid /gravity calculations for the bulk
theory of (2.1). Following the standard procedure of fluid/gravity correspondence [47, 75],
we make a Lorenz boost transformation for the static solution (2.16) along the boundary
coordinates

Ty, .
TR T SV (—ul,(S} 44 ) . (3.1)
1-— uo
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L#, is the Lorentz boost matrix, which has been parameterized via a four-velocity u,,.
Note the four-velocity u, is a time-like unit vector obeying n**u,u, = —1, which leads to
up = —V' 1+ 2. After the transformation (3.1), the homogenous solution (2.16) turns into

ds%u) = —r? f(r)(uudz™)? — 2u,datdr + r? (g, + uyuy)datda,
\/gQ € 1 \/§Q
A(u) =2 uydat + Ag)dx”, A(u) = Tu#dx“, (3.2)
M QQ + Q2
f(T’) =1- 7"7 + T‘6 )

where a constant vector field A,(f) is introduced for the later purpose of exposing the

boundary theory to an external electric field environment. So long as the parameters
M ,Q,Q,A,(f) are constants, the boosted solution (3.2) does solve the bulk equations of
motion (2.7)-(2.9).

One key procedure of fluid/gravity correspondence is to promote the constant param-
eters in (3.2) to arbitrary functions of boundary coordinates [7, 47, 75, 76],

M — M%), Q—Q@%), Q—Qx"), uy—uu(z®), AP —APE*). (3.3)

Then, these nontrivial functions M(z), Q(x), Q(x), u,(z) and Aff) (x) are identified as the
fluid-dynamical variables and external source of the dual field theory. However, after the
promotion (3.3) the boosted solution (3.2) will not satisfy the bulk equations (2.7)—(2.9) any
more. That is, the price of the promotion (3.3) is that one has to add suitable corrections
to the metric and gauge fields in the bulk theory so that the bulk equations (2.7)—(2.9) can
be obeyed. For general functions M (z), Q(z), Q(x), u,(x) and A,(f) (x), it is very difficult
to work out these suitable corrections. The fluid/gravity correspondence shows that in the
hydrodynamic limit, where the functions M (z), Q(z), Q(z), u, () and A,(f) (x) vary rather
slowly from point to point, the corrections can be systematically collected order-by-order
within a boundary derivative expansion.

In the practical calculation, we do Taylor expansion for M(x), Q(x), Q(x), u,(z) and
A,(f) (x) around the point of origin z# = 0,

M(x) = My + ex®0, M + O(9?), u,(z) = (—1,e(@“dqu;)) + O(0?),
Q(x) = Qo + e2°9aQ + 0(9°), Qz) = Qo +e8.Q + 0(8°), (3.9)
€ _ a € 2
A (z) = 0+ ex®9, ALY + 0(0?),
where we have chosen the frame that u; = 0 and A,(f) = 0 at the origin. Moreover, a

formal parameter ¢ is introduced to count the number of derivatives in the expansion,
and eventually will be set to unity. All calculations in this section will be accurate up to
the first-order in the derivative expansion. Consequently, up to order O(e!) the promoted
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metric and gauge fields become

dS%u) = g](\?,)Ndde:EN = 2dtdr —r? fo(r)dt* +r26;;dx'da?
—e {r? fi(r,x)dt* =2r%[ fo(r) = 1] (z* Oaus)dbda" +2(z* Dous)da'dr }

_\/g(QO‘i‘«Ta aQ) \/gQO
742

AW = AWM = dt+e

(x® aui)dxi—l—:UO@aA/(j)d:r:“,

A(“):A%)dfo—\/g(Qo—:x aaQ)dH— \[QO( Opui)da’, (3.5)
T
where
M, 24+Q? 2°0aM  2Q07" 0 + 2Q0z%9,Q
folr) =1- 20 L BEG0 g gy = PO HOTTQ BTG

As explained below (3.3), in order to satisfy the equations of motion (2.7)—(2.9), suitable
corrections must be added on top of (3.5). Up to the first-order in the derivative expansion,

k 2 o
dsiy = gy = ﬁ? dt*+2h(r)dtdr+ ( 2i0) gy tr? [aij(r)_g(sijh(r)] da’da’,
AW = AT a2 = ay(r)dt+ai(r)da, 21(1) = Az =g, (dt+ai(r)de’,  (37)

where a;;(r) is a traceless symmetric tensor of rank two under SO(3) rotational symmetry

between the spatial directions 2°. In the parameterizing of the corrections (3.7), we choose
the following gauge convention

g0 =0, g\ ocu,, T [(geq)_lg(”} =0, AW =4M=0.  (38)

Plugging the total bulk metric and gauge fields

gun =g+ 0\, Au =AW +aY Ay =AW+ 4D 39

into (2.7)—(2.9) results in a system of ordinary differential equations for those corrections
n (3.7). We need to specify suitable boundary conditions in order to fully determine the
corrections. The first type of boundary condition is the requirement of asymptotic AdS,
which fixes the large r behavior for the corrections,

k(r) <O, h(r) <O@°),  ji(r) <O(?),  ay(r) <O@),

3.10
ai(r) < O(rY), a(r) < O(rY), ai(r) < O(1Y), ai(r) < O(rY). ( )

The second type of boundary condition is the regularity requirement for all the corrections
n (3.7),

h(r), k(r), 4i(r), cij(r), aw(r), a;(r), a:(r), a;(r) are regular over r € [ry,+00), (3.11)

which turns out to be effective at the event horizon r = r;. The remaining ambiguity of
determining the corrections of (3.7) will be fixed by the frame convention. We will work in
Landau-Lifshitz frame so that

uMT/‘Ll/ — _gul/7 uMJ;U' = —p, uujg = —pPs5, (312)
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where &, p, ps are the energy density, vector and axial charge densities of the fluid,
respectively,

E=3M(z), p=2V3Q(z), p5=2V3Q(z). (3.13)

Note the identification made in (3.13) is the promotion from their in-equilibrium coun-
terparts (2.20). Up to the first-order in the derivative expansion, the Landau-Lifshitz
frame conditions (3.12) turn into constraints on the form of boundary stress-energy tensor
and currents,

Ty = 3My + 32°0, M, Ty =T = —4M0(x°‘8aui), (3.14)
JE=2V3[Qo+ 2%0,Q],  Jt=2V3|Qo+ 2%9.Q] . (3.15)

For the sake of later presentation, we rewrite the expressions (2.11)—(2.13) in terms of
those corrections in (3.7),

Ty = 3Mo + 3210, M — 2r3(Oyuy,) + 6r*h(r) + 2r°0,h(r) + 3k(r), (3.16)
Ty = Ty = —r°0u; + 45i(r) — r0,ji(r) — AMo (2" Oaus), (3.17)

4
T;; = [Mo + 29 M + k(1) — 10, k(1) — 6r*h(r) + §r3(8kuk) dij
2
— 7"3 [alu] + ajui — 551] (akuk) — T’5ar04ij (T‘), (3,18)

as well as

Tt =2V3(Qo + 1%06Q) + rP0ay, J' = 2V3Qo(20au;) — rP0ai(r) — rFY . (3.19)
JE=2V3(Qo + 1%0,Q) + r30,as, Ji = 2v3Q0(x%0nus) — r20a;(r). (3.20)

The limit of r» — oo is assumed implicitly in expressions above (3.16)—(3.20), and we have
also ignored the terms that will be explicitly vanishing as r — oc.

While the bulk corrections will be constructed around z* = 0, they do contain enough
information to write down the total bulk metric and gauge fields about any point, valid up
to the first-order in the derivative expansion. Instead of following this approach of [47], we
will compute the boundary stress-energy tensor and currents using thus-constructed solu-
tions, via the formulas (3.16)—(3.20). Eventually, we will lift up thus-obtained constitutive
relations into a covariant form.

3.2 First-order charged fluid: CESE and other conductivities

Following section 3.1, it is straightforward to solve the bulk equations (2.7)—(2.9) and obtain
the corrections in (3.7). In what follows, we summarize the final results and leave all the
calculation details in appendix A.1. We present by grouping them into different sectors
under SO(3) symmetry of the boundary spatial directions.

In the scalar sector,

2 3

k(r) = 3" (Okug), h(r) =0, ay(r) =0, a(r) =0. (3.21)
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In the vector sector, thanks to going beyond the probe limit, dynamical equations
for j;,a;,a; are coupled, see (A.13)—(A.15). It is exactly this coupling that makes CESE
non-vanish, as opposed to the probe limit [45, 46]. Since the final solutions in the vector
sector are very lengthy, we record their near boundary expansions only,

i) 2% BT (s Jow - ORI R aq 4 32 B0
+ %Ft(f) - ;(% + i > FY 10 (), (3.22)
- L3004 09), 523)
Gi(r) =22 130 + O(r ). (3.24)

The tensor sector is the most simple one

ij(r) =3 [@ug‘%—@jw—;&j@k%)}/ T )/ y2dy,

rooo (113 2
=, <T - 42) [a uj + Ou; — 35ij(akuk)] +0(r ™). (3.25)

Now it is direct to compute the boundary stress-energy tensor and currents by substi-
tuting (3.21)—(3.25) into (3.16)—(3.20). Once lifted up into covariant form, the boundary
stress-energy tensor 7}, is given by (1.1)(1.2)

Ty = Eupuy + PP, — 210, — ((Oau®) Py + - (3.26)

where the projection tensor P, and shear tensor o, are defined as

1 1
Pu = N + uptty, Oy = iPﬁ‘Pf (Daug + Ogtia) = 5 P (Bati®). (3.27)

& is the energy density and P is the pressure of the fluid, which satisfy £ = 3P and
E=3M(z), P = M(x). (3.28)
The shear viscosity 1 and bulk viscosity ( are,
n = rp(z)3, ¢=0. (3.29)

From (2.18), entropy density of the dual fluid is s = 477, (z)3. So, as expected, our result
for shear viscosity n saturates the Kovtun-Son-Starinets (KSS) bound [77-79).

Plugging (3.21)—(3.23) into (3.19)—(3.20) generates boundary currents (A.27)—(A.29),
which are, however, parameterized in terms of bulk quantities Q(z), Q(x),rp(z), M(x).
Physically, we have to re-parameterize (A.27)-(A.29) via boundary fluid-dynamical vari-
ables. Moreover, the chemical potentials will be preferred in expressing the diffusive terms
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of J#, JL'. In what follows we outline the strategy of implementing this transformation but
defer technical details to appendix A.2.
The vector and axial charge densities are promoted versions of (2.20):

plz) =2V3Q(x),  ps(x) =2V3Q(x). (3.30)
In the fluid/gravity correspondence, chemical potentials are defined as

1) = Atlrmoo = Atlymry () = \fg;“)
~ ~ 3 A
ps(r) = Aglr=co — At‘r:rh(x) = \i;g:()Q)

[\

(3.31)

3

From (2.17), the temperature field of the dual fluid is

T 2rp(x
Using (3.28), (3.30)—(3.32), one can check that the following relation still holds
E+P=Ts+ pp+ usps. (3.33)

The relations (3.31)(3.32) are useful in expressing 9;Q, %;Q and dr, in terms of
0;T/T, O;pv and O;us, see (A.33)—(A.35) in appendix A.2. Eventually, (A.27)-(A.29) could
be recast into covariant forms, which cover non-anomalous part of (1.3)(1.4) with all trans-
port coefficients expressed in terms of bulk parameters

37 9Q* () 1 i
e =t ourey " ani \aat T )t %= %lona (3.34)
30 9QQ [y 1 i
_ B — e 3.35
%5 = o0y 2M \2M T2 ) T5e = Tbe (3.35)

Note independent transport coefficients are o, and o5, which are “quantum critical” or
“incoherent” conductivities of hydrodynamics as in [48-50]. This is partly due to the
time-reversal symmetry of our holographic model.

Physically, bulk quantities in (3.34)(3.35) should be eliminated in favor of thermo-
dynamic variables of the boundary fluid. There are several ways of presenting the re-
sults. When discussing single charge limit or probe limit, we find it more transparent to
split the conductivities (3.34)(3.35) into two parts, represented by og and o, as flashed
in (1.8)(1.9). On the other hand, in comparison with relevant works [28-31], we express o,
and o5, as functions of chemical potentials u, us and fluid temperature T', as summarized
in (1.11). We also recast the hydrodynamic constitutive relations (1.3)(1.4) into linear
response form, see (1.15)(1.16). Then, we give a clarification for the differences between
physical conductivities directly read off from Kubo formulas and intrinsic ones parameter-
izing hydrodynamic constitutive relations.
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4 Holographic AC conductivities from linear response analysis

As a complementary study of section 3, in this section, we reveal some transport phenomena
of the holographic model (2.1) through linear response analysis. We focus on the vector and
axial currents generated by the external vector and axial electric fields and thermal gradient.
We assume these external sources are weak in amplitudes and oscillate in time only.

4.1 Black brane fluctuations and conductivity matrix

To study linear response transports within the holographic framework, we follow standard
procedure and perturb the homogeneous black brane (2.16)

grin = g5y + Sgnn, Ay = A0 154y, Ay = AQ) 464, (4.1)
Diffeomorphism and U(1) gauge invariance in the bulk theory allow choosing a particular
gauge. Different from (3.8), throughout this section, we will work under radial gauge
convention,

8gra =0, §A, =0, 5A, = 0. (4.2)

Black brane fluctuations (4.1) could be classified into decoupled sectors [80] according
to their transformation properties under the remaining symmetry group SO(3). For the
purpose of computing electrical and thermal conductivities, we consider the helicity one
sector only

§(ds®) = €28g4(r, t)dtda’, SA = e5A;(r,t)da’, 6A = €6 A;(r, t)da’, (4.3)

where € is a formal parameter marking the linearization. The calculations below will be
accurate up to O(e'), as required for linear response study.

Fluctuations (4.3) satisfy a system of partial differential equations, whose derivation
is presented in appendix B, see (B.8)—(B.12). While there is no explicit interaction term
between A and A in the bulk action (2.1), fluctuations 6A; and §A; do interact via 0gti-
As in section 3, this is exactly our point that the CESE can be realized by going beyond
probe limit in a simple holographic model.

We proceed by deriving the compact forms of stress-energy tensor and currents of the
boundary theory. To this end, we solve (B.8)—(B.11) near conformal boundary r = oo,

Shi (¢
8gei(r,t) 7225 r28h) (t) + t;z( ) 1o(), (4.4)
) (2
5 A(rt) =2 50l (1) + 8t5“; ) +5air?(t) 1°grat5 O )+O<k;gr>, (4.5)

- o0 8 (5&1(.0) (t) 5&52) (t) logr 5.0 logr

where the non-normalizable modes 5h§?) (1), &LEO) (1), 6&50) (t) correspond to external sources,
see (B.4)—(B.6) for the precise identification. The constraint equation (B.12) yields

1onf}) =2v3 (902" + Qaa” ) . (4.7)
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equations (B.8)—(B.11). Our strategy of solving them goes in two steps: (1) factorize out the

The rest normalizable modes da;™, 6&52) have to be determined via fully solving the bulk
time-dependence by basis decomposition (B.18); (2) solve ordinary differential equations
satisfied by decomposition coefficients, see (B.19)(B.20). As a result,

§1 + pss - - §1 — Us ~
5a§2) = % (uéago) + u55a50)) , 5a§2> = % (,u(SaZ(.O) + ,u5<5a§0)> . (4.8)
5 5

where s1, so encode pre-asymptotic behaviors of the decomposition coefficients, see (B.21).
With the near boundary expansions (4.4)—-(4.6), the dual stress-energy tensor and
currents (2.11)—(2.13) become,

Ty = 3M, Ty = Mbiy;, T = Moh{? +2v3(Q5a\” + Qsal"), (4.9)
, 1
Ji=2v3Q,  J =20 - 5835%(0) — 2v3QshY, (4.10)
- . 1 -
F=2/3Q,  Ji=20a - S075a” — 2v3Qoh;]), (4.11)

where the constraint relation (4.7) has been used to simplify T;. The heat current Q° is
defined as
Q' =T" — pJ" — psJi, (4.12)

where T could be computed from T}; by a weakly curved boundary metric Nuw + 5h§i0).

Thus, the currents (4.10)—(4.12), as the linear response to external sources Ei,Ef,VZ-T,
can be summarized in a compact matrix form

J o &5 aoT E;
Jil=|os & T E> |, (4.13)
Q' aT asT ®T | \ -

where (B.4)—(B.6) have been used.
The electrical conductivities are

] 2(u? 2 1
o= — |mo() + 1| 2T T ass) L =0l .
05:55:_[W5(w)+i]2w~t5<<91—82> '
U ) IRy
The thermoelectric conductivities are
oT =aT = [wé(w) + ;] p — (uo + 1505),
: (4.15)
_ 1 ~
osT = asT = [ﬂé(w) + w} ps — (pos + pso).
Finally, the thermal conductivity is
KT = [wé(w) + Z)} (E+P —2pp —2psp5) + (W20 + p3c + 2up505) - (4.16)
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As seen from (4.14)(4.15)(4.16), only ¢ and o5 are independent: & could be extracted
from o via the exchange pu < us; all remaining conductivities are determined by their
combinations. ¢ and & are the Ohmic electrical conductivities for vector current and axial
current, and o5 corresponds to the chiral electric separation effect while 5 is its vector
analogue. The CESE conductivity oy is invariant under the exchange of p and us.

In (4.15), o and a5 are the thermoelectric conductivities of generating vector and
axial currents, respectively. Thanks to time reversal symmetry, Onsager reciprocal rela-
tions @ = a and a5 = a5 do hold, and the conductivity matrix in (4.13) is symmetric.
In (4.16), & is the heat conductivity. In the numerator of %, we have made the replace-
ment &€ — £ + P = 4M as done in [81-83]. This added P is actually a “contact term” [84]
due to translation invariance. Then, it is consistent with (1.21) obtained by fluid/gravity
calculations.

Note the appearance of i/w in the conductivities (4.14)(4.15)(4.16). From the Kramers-
Kronig relation [63, 64], this means there must be a delta function §(w) in real parts of all
the conductivities. However, in holographic models with spatial translational invariance,
it is not easy to track the delta-peak directly. For consistency, we just added this d(w) as
underlined terms above [63, 64].

In the low-frequency limit where w/T < 1, we obtained analytical expressions for
0,05, see (B.29)(B.30). For the purpose of comparing with (1.17)(1.18), we eliminate bulk
parameters in (B.29)(B.30) in favor of thermodynamic quantities of the boundary theory.
Eventually, (B.29)(B.30) turn into

i 2 i 2
a:[ﬁé(w)—i-w]gip—i-ae—i-"-, 05:[W5(w)+w]gi5p+a5e+~-, (4.17)
where --- denote higher powers in w corrections, o, and o5, are given in (1.8). Obviously,

aside from the subtle piece 6(w), the AC conductivities (4.17) are in perfect agreement with
the result from linear response (1.17)(1.18). In the single charge limit, (4.17) also stands
in line with the two-point correlators of [85]. And in the low-frequency limit, the real part
of them give the intrinsic conductivities lim,,_,o Re[o] = o, and lim,,_,o Re[os] = 05.. The
w-dependence of o and o5 will be the focus of the next subsection.

4.2 AC conductivities: numerical plots

In this subsection, we present numerical results for the AC conductivities o and o5 while
depositing more technical details in appendix B. Our results for frequency dependence of
Ohmic conductivity o are plotted in figures 3, 4, 5.

Figure 3 is about the plot of o/(nT) as a function of dimensionless frequency @ when
either . = 0 or 5 = 0. As seen from left panels of figure 3, when g = 0, i.e., neglecting
the back-reaction effect from the vector field in the bulk, the low-frequency limit of o is
always finite, which is in consistent with the analytical result (4.17). For representative
values of fi5 chosen by us, increasing the axial chemical potential fi5 results in reasonably
profound modification for the infrared behaviors of . From the right-bottom panel of
figure 3, it is clear that, once g # 0 (i.e. beyond probe limit), there appears divergent
behavior for imaginary part of o: Im[o] ~ @~!, which is also in agreement with analytical
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Figure 3. Ohmic conductivity o/(7T) (Real and Imaginary parts) as a function of dimensionless
frequency @ = w/(nT) when either i = 0 (left) or fis = 0 (right). Different curves correspond to
different values of 5 = 0.5,1,2 (left) or i = 0,1,2 (right). From the right-bottom panel, there
appears divergent behavior for imaginary part of o: Im[o] ~ 1/@. Via Kramers-Kronig relation,
this implies there should be a delta peak in Re[o] at @ = 0, which we, however, could not track in
numerical calculations.
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Figure 4. Ohmic conductivity o/(7T) (Real and Imaginary parts) as a function of dimensionless
frequency @ = w/(nT) with fixed fis = 0.5 (left) or 1 = 0.5 (right). Different curves correspond to
different choices of i = 0.5,1,2 (left) or fi5s = 0.5,1,2 (right). As in figure 3, the divergent behavior
(~ 1/@) in Im[o] implies the presence of a delta-peak at @ = 0 in Re[o], which we could not display
numerically.

result in (4.17). Via Kramers-Kronig relation, this 1/@-behavior in Im[o] means that
Relo] ~ §(@).
also reflected by different curves in the right-bottom panel in figure 3.

Moreover, the strength of back-reaction due to vector field in the bulk is
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Figure 5. Ohmic conductivity o/(7T) (Real and Imaginary parts) as a function of dimensionless
frequency @ = w/(xT) for larger values of & = 1,2 and fi5 = 1,2. As in figure 3, the divergent
behavior (~ 1/@) in Im[o] implies the presence of a delta-peak at @ = 0 in Re[o], which we could
not display numerically.

Figure 4 is to further explore the effects of chemical potentials on ¢. In the infrared
regime of w, Im[o] is dominated by the divergent behavior ~ 1/w, which implies a delta-
peak d(w) for Re[o]. While we could not display this §(w) in numerical plots, we find the
finite piece in Re[o] and particularly that lim,,_,o Re[o] = 0. Let us focus on the infrared
regime (roughly with 0 < @ < 2) of Re[o]. Our observation is that increasing i will diminish
Re[o]| while increasing fis will result in enhancement of Re[o]. This is exactly consistent
with the DC limit o, in (1.11), which has been plotted in the left panel of figure 1. The
behavior for larger @ is supposed to be controlled by UV conformal symmetry. To confirm
this observation, in figure 5 we plot Ohmic conductivity o, as a function of @, for larger
chemical potentials i and fi5. Roughly, when @ 2 6, Re[o]| becomes insensitive to change
of chemical potentials.

Figure 6 is to show the frequency-dependence of the CESE conductivity o5 and the
generalized deviation factor x , = o5/(fis7T") extending (1.11) to AC case. Given that o
is symmetric under the exchange of p and us, it is legitimate to constrain to either p > ps
or u < ps without loss of generality. Just like o displayed in figures 3, 4, 5, Im[o5] shows
diverging behavior (i.e.~ 1/w) near w = 0, which, via Kramers-Kronig relation, indicates
Re[o] ~ §(w). Once away from w = 0, the imaginary parts approach zero soon, while the
real parts evolve in a more profound fashion as w is increased. Particularly, we observe a
damped oscillating behavior for Re[os], where the asymptotic regime is achieved around
@ = 5.5 for p = 0. This is roughly in agreement with the numerical results of [31], although
we have the different mechanism of generating CESE. Moreover, from figure 6 we observe
that increasing u or 5 would delay the achievement of the asymptotic regime.

5 Conclusion and discussions

In this work, we explored transport properties of strongly coupled matter, which is holo-
graphically described by (4 + 1)-dimensional Einstein gravity, coupled to U(1)y x U(1)4
gauge fields, in the asymptotic AdS5 black brane. Our main finding is the nonzero CESE
conductivity when the gravitational back-reaction effect is taken into account, see (1.11) for
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Figure 6. Left: CESE conductivity o5/(7T) (Real and Imaginary parts) as a function of dimen-
sionless frequency @ = w/(wT'). Right: the deviation factor o5/(ffs7T) (Real and Imaginary parts)
as a function of @. As in figure 3, the divergent behavior (~ 1/@) in Im[os] implies the presence of
a delta-peak at @ = 0 in Re[os], which we could not display numerically.

the hydrodynamic limit and (4.14) for its extension to an AC conductivity. We confirmed
our results with two complementary studies — fluid /gravity calculations versus linear re-
sponse analysis. Within the former framework, we constructed the first-order constitutive
relations for stress-energy tensor, vector and axial currents for the holographic matter in
the long wavelength and low frequency limit. Following the linear response approach, we
revealed the frequency-dependence of Ohmic, CESE and thermoelectric conductivities.

As the second task, we clarified the relations between the dissipative transport coef-
ficients in the hydrodynamic constitutive relations (1.3)(1.4) and those appearing in the
conductivity matrix (4.13). While the “intrinsic” conductivities o, 05 etc. are widely used
in the framework of fluid dynamics, the physical observable are indeed those appearing in
the conductivity matrix (4.13). Indeed, when the hydrodynamic description is reformu-
lated into the linear response form, we find perfect agreement between these two different
approaches, see (1.17)(1.18)(1.20) and (4.17).

Since we have turned off the possible Chern-Simons terms in our holographic
model (2.1), it would be interesting to check if the CESE conductivity will be corrected by
the chiral anomaly. From recent works [45, 46, 86], the anomalous corrections to normal
transport coefficients start from the second order in the derivative expansion. A study
along the line of [45, 46, 86] will be helpful in clarifying this issue.

A Technical details in the fluid/gravity calculations

In this appendix, we collect some computational details and useful relations in the
fluid /gravity calculations of section 3.

~ 93 -



A.1 Solving the bulk equations

Following the standard procedure of fluid/gravity correspondence, we first solve constraint
equations to derive relations among fluid-dynamical variables. Practically, we find it more
convenient to consider certain combinations of constraint and dynamical equations. Below
is the listing of solutions to constraint equations,

Wr=0 =  8,Q+ Qo(dpug) =0, (A1)
Wr=0 = 2Q + Qo(akuk) =0, (A.2)
G W +g" Wy =0 = 30,M + 4My(Oyus) = 0, (A.3)
I Wi+ g Wi =0 = ;M + AMydyu; = 2V3QuF, (A.4)

which are, indeed, the hydrodynamic equations (2.15), expanded to the first-order in the
derivative expansion. In obtaining (A.4), the first two equations (A.1)(A.2) have been
utilized. To proceed, we turn to dynamical equations and find the corrections in (3.7).
Dynamical equations will be grouped into the scalar, vector and tensor sectors according
to SO(3) symmetry of the boundary spatial directions.

I. Scalar sector. In the scalar sector, we begin with the dynamical equation F,, = 0:

0 = r0%h(r) + 50,h(r), (A.5)
which is solved by
h
h(r) = CP + % (A.6)

The asymptotic condition (3.10) requires C = 0. By Landau-Lifshitz frame condi-
tion (3.14), the integration constant C% will also be fixed to zero. Therefore, h(r) = 0.
From the time components of Maxwell equations W' = 0 and Wt = 0,

rP02ay(r) + 3r20rai(r) — 4V3Qo0 h(r) = 0, (A.7)
r302a,(r) + 3r20,a:(r) — 4vV3Qudrh(r) = 0, (A.8)
which are solved by
., C8  2/3QoCY _ i, C%  2/3QoCY
a(r) = CS +T—§—TQ, a(r) = C° +T§_TQ' (A.9)

where Cf,C%,C§,CS are integration constants to be determined by boundary condi-
tions (3.10)—(3.12). First, nonzero C¢, C¢ correspond to non-normalizable modes and would
violate the asymptotic requirement (3.10). So, C¢ = C¢ = 0. The Landau-Lifshitz frame
conditions (3.15) require C§,C§ to vanish, i.e. C§ = C% = 0. The remaining equation of
the scalar sector is ¢""E,.,. + ¢" Ey, = 0,

30, k(r) = (2Mo—6r*) 0, h(r) —24r3h(r) +2v/3[Qo0rar (r) + QoOrar (1) ] + 612 (Ouk),  (A.10)

which is solved by

ch. (A1)

k(r) = §T3(3kuk) L Ch 2v3(QuC4 + QuC%) n [2Mg B 4(Q3 +Q3)

3r2 3rd 3r6

— 24 —



A nonzero Cf would cause the T, computed from (3.16) to be in contradiction with the
Landau-Lifshitz frame convention (3.14). So, CF = 0. Therefore, all the integration con-
stants in the scalar sector have to be set to zero. The solutions in the scalar sector are
summarized as below
2
k(r) = grg(akuk), h(r) =0, ay(r) =0, a(r) =0. (A.12)
IT. Vector sector. Now we consider the helicity one sector, which consists of a;(r), a;(r),

4i(r) and turns out to be more involved. First consider the Maxwell equations W* = 0
and W' =0

0=0, [r?’fo(r)&,ai(r)} + 2\f3Q08T (‘]ZT(Z)) — \T/E(&Q + Qo@tui) + Ft(;), (A.13)
0= 87~ [’I“gf()(?")arfli(T)] + 2\/§Q08r <j2;1)> - \r/f ((%Q + Qoé?tui> s (A.14)

which are dynamical equations for a;(r) and a;(r), but coupled to j;(r). The Einstein
equation W,; = 0 corresponds to dynamical equation for j;(r),

0= 7‘33]1(7') — 387«_]1(7‘) + 2\/3[@08,&%(7“) + Qoar(il'(’l“)] + 37‘28tui, (A15)

which couples to a;(r) and a;(r).

Our strategy of solving the coupled differential equations (A.13)—(A.15) is to get rid
of ji(r) and derive decoupled differential equations for suitably combined variables from
a;i(r),a;(r). To this end, we first integrate over r once in the equation (A.15). As a result,

0 =10.ji(r) —47:(r) + 2\/3[@0(12'(7”) + dii(r)] + 30,u4, (A.16)

where the integration constant is fixed by the Landau-Lifshitz frame convention, i.e., in
the near boundary expansion for j;(r) the constant should be zero in order to be consistent
with (3.14).

The combinations Qg x (A.13) + Qo x (A.14), and Qg x (A.13) — Qg x (A.14) give rise to

0= 0,1 fo(r)0, (Qoai(r) + Qoa(r)) | +2V3(QF + @B) o, (j ir(f )>

- \r/f Q0@ + QudiQ + (QF + Q})drus| + QoY (A.17)

and

0=29, [T3f0(r)8r(c~20ai(r) - Qo&i(r))} - \T/Qg(@oaz‘é? — QudiQ) + QuFy. (A.18)

Then, substituting (A.16) into (A.17) yields
0= 0y [ o), (Qu(r) + Qon(r)) | — 1= (QF + B3) (Qoas(r) + Goia(r))

- \T/f [3(623 + Q) du; + QodiQ + Qoa@] + QoFY. (A.19)
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The equation (A.18) can be solved via direct integration over r,

Qoai(T)—Qoéi(T)Z—/ jgﬁij)/ dy [f(@oﬁiQ—Qo@Qo)—Qoth)
ﬂiQoFt)—lf(QoaQ Qoacz)—/rh@o F940(r %), (A20)

where the lower limit of the inner integral is fixed by regularity (3.11) at the unperturbed
horizon r = rj, and the upper limit of the outer integral is fixed by asymptotic require-
ment (3.10).

However, the equation (A.19) is more complicated and cannot be solved by directly
integrating over r. Indeed, the homogeneous version of (A.19) has two linearly indepen-
dent solutions given by Hi(r)=r’f}(r) and Ha(r)=H1(r) [7°dF [#* fo(7)H:(F) ]_1, where
the second one Hs(r) is obtained by the Liouville formula. Then, one could proceed to
solve (A.19) by using the method of variation of parameters. In practical calculations, we
make a coordinate transformation by u = ry /r and perform the solving of (A.19) in Mathe-
matica. The regularity at the unperturbed horizon and asymptotic requirement completely
fix both integration constants. Since the final solution looks quite complicated, we only
record the large r behavior for Qoa;(r) + Qodi(r),

1 \[(2771"'@0 +Q0)
7“2 4M07‘h

Qoa;(r)+Qodi(r) = [3(Q§+Qg)atui +Qo@@+@o@@]

(Q0+Qo) +}7“h

o+ QuFY+0 (r3).  (A.21)

1
COaFY9 _ —
+7"QO ti T2

Therefore, the near boundary behaviors for a;(r) and a;(r) are

i) =% -2 (Gl w3 I o 7 ihag
+ ;th@ - < 4?\2?";1 . h) FY+ 0@, (A.22)

) 22 M (gl o Yo R B 3 i
:2 j’j\);cfo +0(r ). (A.23)

With large r behaviors of a;(r),a;(r) at hand, the equation (A.16) could be solved near
the boundary r = oo, yielding

Gilr) =225 130u; + O(r7Y). (A.24)

ITI. Tensor sector. Finally, the tensor equation W;; — %&jWkk = 0 gives the dynamical
equation for a;;(r):

BT [T5f0(7’)arozij(7')] + 37’2 &'Uj + ajui — %52](6kuk) = O, (A.25)
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which can be solved by direct integration over r. The final solution for a;;(r) is
2 d/\ 2
(lij(?”) =3 &-uj + 8jui — 5(5”(8kuk) A5f f) dy,

r—00 1 T3
— <T - Ar 4> |:8 Uuj +8 j Ui — z] 8kuk ] (A26)

A.2 Useful relations in deriving dual currents

In this appendix, we summarize some formulas that are quite lengthy but useful towards
deriving non-anomalous parts of the currents in (1.3)(1.4). From (3.19)(3.20), armed with
the near-boundary behaviors derived in appendix A.1, the vector and axial currents of the
boundary theory are

J'=2V3Q, i =2V3Q, (A.27)
V3(2rf + Qf +2Q%)
= v3Qou; — 3v/3Q <2Mo + > Opu; — Mor? 2iQ
\fQoQo 3Q% (©
i F,7, A.28
s 2M0rh 0iQ ~ <2Morh ) ti ( )
P V3(2rf +2Q5+ @),
Ji= -3 Tho LY g, = YOI 260 T Q)
5= V3Qou V3Qo <2M0 + o h) U Mo Q
V3Q0Qo 3Q0Q0 (o
——0,Q — E.7, A.29
* 2]\407“:}3Z Q 2M()7’h t ( )
where 0,u; will be replaced via the constraint relation (A.4)
oM \fQo
; A.
O = =0y~ ady (4-30)
Meanwhile, the derivative 9; M would be replaced by
1 - - 2 + ~2
OM = 5 (Qu0iQ + QodhQ) + 21} (1 - W’)a@»rh, (A.31)
Ty 2ry
which is obtained by expanding
M 2 2
1——4+Q J;Q =0, (A.32)
" T

around x* = 0 up to first-order in derivative expansion.

Then, the derivative terms in (A.28)(A.29) are linear combinations of 9;ry, 0;Q and
9;Q, which have to be re-parameterized in terms of derivatives of fluid-dynamical variables.
Via the relations (3.31)(3.32), it is straightforward although tedious to derive the following
expressions

oT 2(@0@'@"‘@0&‘@) 27"2+5(Q3+Q(2)) Oirn

o, BN e e o B (8.8)
o <ﬁ> _ 2v/37r}, (f’haiQ*?iQOaiTh) n 4V/3mQor}, (TthaiQ+7"hQOaiC:2*§Q(2)aﬂ‘h*3Q~(2)ai71h) . (A.34)
T -GG (2rf -2 Q)
ai (&) _ 2\/37”";% (’r’haié—%@oairh) i 4\/§7TQ07“$L (TthaiQ-‘rTthaiC?—ij(Q)aﬂh—3(2(2)81'7%) 7 (A35)
T 2 Q- Q3 (22— Q3 —@%)

which could be inverted to express 8;7, 9;Q and 9;Q in terms of §;T, 0i(n/T) and 05 (us/T).
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B Technical details in linear response analysis

In this appendix, we collect calculation details in the linear response analysis presented in
section 4.

I. Identify external sources. According to the holographic dictionary, non-normalizable
modes of bulk fields act as external sources. Thus, near the conformal boundary r — oo,

we require
dgi(r,t) =7 [5hn (t) + 0(7“_1)], (B.1)
§Ai(r,t) = 6al”(t) + O(r™), (B.2)
§Ai(r,t) = 66" (t) + O(r~1). (B.3)

As a result, the boundary metric is perturbed to be 7,, + (5h(0) (t). The purpose of in-
troducing a boundary metric perturbation 6h£i)( t) is to turn on a thermal gradient V;T.
Indeed, via the diffeomorphism invariance, one could show that a thermal gradient V;T’

leads to a boundary metric perturbation 5h§?) (t) [81, 82],

s _ VT
On the other hand, a thermal gradient V,;T also induces perturbations to boundary vector
and axial gauge potentials,

@ _ Vil @ _, Vil

iwda; = U woa; ' = pi5—— T (B.5)

where the superscript (T) is to emphasize that the potential perturbations in (B.5) are
generated by a thermal gradient and will be vanishing once the thermal gradient is turned
off. The chemical potentials u,us are defined as in (3.31). Consequently, we identify
external vector and axial electric fields as

0) + Néhgz))’
0 + HSéhtz )

iw(
T)):.(

In (B.4)—(B.6) we have assumed plane wave ansatz for external perturbations

(B.6)

&

|

|
SV
—~
>,
NQA
S =
>,
S
2
SN—
||

day
oa.”
shi () ~ e sn D (w),  6aV(t) ~ e 50V (w), 6@l (t) ~ e 5\ (w). (B.7)

II. Bulk equations linearized. To linear order in perturbations, the bulk equations of
motion (2.7)—(2.9) become

Wy =0 = 0=1r3020g + r?0,0gu — 4rdgs; + 2v30, (Q6A; + Q3 4;), (B.8)
Wi=0 = 0= 7’5f(7')835gt¢ + T4f(7')87~59ti + 7’36r8t5gm‘ — 27’28tégti
— 43 f(r)0ge; + 2V3 [r2f(r)0, + 04] (QIA; + Q3 A,;), (B.9)
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as well as

W'=0 = 0=r"f(r)0264; + 0, [r*f(r)] 06 A; + 2r0,0,6 A; + DS A;

+2/3Qr3 (roy0gy; — 20g1i) , (B.10)
Wi=0 = 0=r>f(r)0254; + 0, [r*f(r)] 0.6 4; + 2r0,0,6A; + 9,6 A;
+2/3Qr3 (rordge — 20g4;) - (B.11)

The combination r2f (r)Wy; — Wy = 0 results in a simpler equation
0 =1r0.0g1 — 2r®6gs + 2V3(Q0A; + Q5 A;), (B.12)

which helps to decouple §A4;, 6A4; from dgs;. As a result,

0=0, [r*f(r)0,04;] + 2r0, 0,0 A; + 0,0 A; — 12Qr°(Q5A; + Q5 A;), (B.13)
0=, [r3 f(r)a,.mi] 420,00 4; + 0 A; — 120r(Q5A; + Q5 A;). (B.14)
To proceed, we define the variables
X; = Q6A; + Q5 A; — (Q3a'” + Qoal™),
Q Q (Qda;~ +@Q ( ) (B.15)

Y; = Q64; — Q5 A; — (Q5a” — Qoal”),
so that lim,_, X; — 0, and lim,_,~ ¥; — 0. Then, the equations (B.13)(B.14) turn into
decoupled equations for X; and Yj,

0="0, [F*f(r)0,X;] +2r0,0:X; + 0, X; — 12(Q* + Q*)r°X;
+ [0 — 12(Q% + @*)r %] (Q5al”) + Qsal”), (B.16)
0=, [P f(r),Y;] + 2r,0,Y; + 8,Y; + 8, (Q6a” — Qsa”). (B.17)

Inspired by the structure of source terms in (B.16)(B.17), we could factorize X; and Y; as

Xi(r,t) = S1(r,0)[Qda

(B.18)
Yi(r,t) = So(r, 0:) [Qda

In Fourier space by 0, — —iw, we have Sy(r,d;) — Si(r,w), Sa(r,0;) — Sao(r,w). Even-
tually, dynamical equations for § A;, d A; turn into decoupled ordinary differential equations
for scalar functions S7, So:

0=0, [r*f(r)9,51] —2iwrd, S1 —iwS1 —12(Q*+Q*)r°S1 —iw—12(Q*+Q*)r~°, (B.19)
0= 0, [r?f(r)9,Ss] —2iwrd, So—iwSs —iw. (B.20)

The asymptotic expansions of §4; and §4; in (4.5)(4.6) get translated into near boundary
behavior for S7,.S2, which we sketchily summarise as

(1)

r—oo. S, s;  logr

S' + — S
! r r2 rz v’

i=1,2, (B.21)
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where sgl),s% are easily read off from (4.5)(4.6) and s; will be solved in the following.
Afterwards, we determine the frequency-dependence of conductivities o and os..

We turn to a bounded radial coordinate by the transformation,

= uel0,1], (B.22)

Th
U= —
T

so that the conformal boundary is located at u = 0 and the event horizon is at v = 1. In
the u-coordinate, equations (B.19)(B.20) are turned into

0= u?0y [ f(u)0uS1] + 2i0udy Sy —iw(Sy + 1) — 4 (2 + ) u® (S1 + 1),

) ) (B.23)
0 = u’dy [u™" f(u)0,52] + 2i0udy,Ss — iw (S2 + 1),
where
N Y N P no— M5 A Y sy a2
w_Th’ 'u_’l“h’ M5 = Th’ f(u)_l U +3(:u’ +M5)U (’LL 1) (B24)

The equations (B.23) will be first solved analytically in the hydrodynamic limit to com-
pare with the results of section 3 and then numerically in order to reveal the frequency
dependence of conductivities.

ITII. Hydrodynamic limit. First, we consider the hydrodynamic limit where & < 1
so that we could compute o and o5, analytically. Introduce a formal parameter by the
rescaling @ — A&. Then, S;, S are expanded as S} = > 7 )\”SF],SQ =3 )\”SQL]. To
the zeroth order O(\?),

3 (ﬂ2 +ﬂ%) 2

[ p— w2, s — . B.25
1 2(3+ a2+ i2) 2 (B.25)

To the first-order O(A1), g] can be solved by direct integration over r and the result is

(" adE [Tdy uso 1.
5[1]:zw/ ’ - — 0 ik (—2u + u?) + O(ud). B.26
? o f(@)Ji v 7' ) +06) (020

The equation for SF is
— 428, [u—l f(u)@uSP] — 4 (i + p2) S 4 2i0u0, S — oS —io,  (B.27)

which we solved by using Mathematica’s DSolve command. The integration constants are
fixed by regularity at u = 1 and asymptotic requirement at the boundary v = 0. Given
that the final solution for SP is quite lengthy, we record its near boundary expansion only,

(642 + )

S[l] u—0
! (3442 + )

+ O(u?), (B.28)

—iwou + twu

which is enough for calculating the conductivities.
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Recall the AC Conductivities (4.14) and the near boundary behaviors in (B.21), the
small w limits of conductivities 0,05 are

o i 3Q2%r2 Q* 4+ Q%(5Q? — 4rf) + 4Q% + 7“;61)27% 4o (B.29)
wrd + Q%+ Q? Ay, + Q% + Q%) |
. 3 N 92 3 A 4 6 2 32
S QQri QQ(67"h+Q Q)L (B.30)
wrp + Q¥+ Q2 4] + Q2+ Q)
where --- denote higher powers in w corrections. Results above are in perfect agreement

with the linear response limit of fluid/gravity calculations (1.17)(1.18) by utilizing the
following relation M = r} + (Q% + Q?)/r?, as well as taking into account (1.8).

IV. Numerical technique. For generic frequency w, we were able to solve ODEs
in (B.23) numerically only. Inspired by the expressions (4.14) we turn to variables

(128 125, (fi5(S1 — S
5, =5 “fg 2 g MME)A(Q L= 2)7 (B.31)
W=+ s K+ s
which obey coupled ODEs,
0= u?dy [u™ ' f(w)DuS+] + 2i0udySy — id(Sy + 1) — 4u’fu (AS4 + fisS— + f1) (B.32)

0 =u?0, [uilf(u)aus_] + 2i0ud, S_ —iwS_ — 4ufis (1S + fi5S_ + 1) .

We numerically solve (B.32) within the pseudospectral collocation method. The bound-
ary conditions for Sy, S_ could be straightforwardly obtained from those for Si,52. For
the sake of performing numerical calculations within the spectral collocation method, we
summarize the boundary conditions as equalities

S,=S8_=0, at u=0, (B.33)
2
{[—4+3(ﬂ2+ﬂ§)+2id)}8uS+—icD(S++l)—4/l(/ZS++115S_+/1)} =0, (B.34)
u=1
2
{[—4+3(ﬂ2+ﬂ§)+2m}aus—ia)s—4g5(gs++ﬂ5s+ﬂ)} =0. (B.35)
u=1

With equations (B.32) solved, AC conductivities o, o5 are extracted from the near boundary
behavior of S, and S_:

1. 2
— —iw, o5 = 1928

2
Th 52 1 99
=29 (S - 1
’ iw“<++ wuogu> u=0 2 iw

2

(B.36)

u=0
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