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1 Introduction

The AdS/CFT correspondence [1] has been tested in many examples and we believe that
holography is one of the fundamental principles of quantum gravity and string theory. The
localization computation in supersymmetric field theories [2] opened a door to a new era



and we are now in a stage to study the holographic duality at a precise quantitative level. In
particular, in the past few years we have witnessed a tremendous progress in understanding
the holographic duality between M-theory on AdSy x S7/Zj and 3d N' = 6 U(N); x
U(N)_j Chern-Simons-matter theory, known as the ABJM theory [3]. From the analysis
of the partition function of ABJM theory on a three-sphere obtained by the localization
technique [4], the N 3/2 scaling law of the degrees of freedom on N M2-branes predicted
from the gravity side [5] is correctly reproduced from the first principles computation on
the field theory side [6].

Moreover, there are exponentially small corrections to the free energy [6, 7], corre-
sponding to the M2-brane instantons wrapping some three-cycles inside S7 /Zj; in the bulk
M-theory side. The Fermi gas formalism [8] is a powerful technique to study such instanton
corrections. In this approach, we consider the grand partition function of ABJM theory by
introducing the chemical potential g and summing over N. It turns out that the grand par-
tition function is written as a Fredholm determinant which in turn is interpreted as a system
of free fermions on a real line. The grand potential of ABJM Fermi gas system receives
two types of instanton corrections: worldsheet instanton corrections of order O@(e=*#/k)
and membrane instanton corrections of order O(e~2#). There are also bound states of
worldsheet instantons and membrane instantons, but they can be removed by introducing
the “effective” chemical potential [9]. Building on a series of works [9-12], it is finally
realized that the grand potential of ABJM theory is completely determined by the refined
topological string on local P! x P! [13]. In particular, the membrane instanton corrections
are given by the refined topological free energy in the Nekrasov-Shatashvili limit (NS free
energy), while the worldsheet instanton corrections correspond to the standard, un-refined
topological string. Although the membrane instantons and the worldsheet instantons sep-
arately have poles at rational values of k, those poles are actually canceled by adding the
two contributions. This pole cancellation mechanism guarantees that the grand partition
function is well-defined for all k. For the special values k = 1, 2,4, 8, the grand partition
function can be written in closed forms in terms of the Jacobi theta functions [14-16].

One can also compute exactly the vacuum expectation value (VEV) of 1/6 BPS Wilson
loops in ABJM theory using the localization technique [4]. The study of such BPS Wilson
loops from the Fermi gas approach was initiated in [17] and further developed in [18]
particularly for the 1/2 BPS Wilson loops. It is found that 1/2 BPS Wilson loops in
arbitrary representations are given by a determinant of hook representations [18-20], and
1/2 BPS Wilson loops are closely related to the open topological string on local P! x P! [20-
23]. Interestingly, it is observed that there are no “pure” membrane instanton corrections
in 1/2 BPS Wilson loops [18] which turns out to be a consequence of the open-closed duality
between the 1/2 BPS Wilson loops and the grand partition functions of ABJ theory [20].
In particular, there is no pole cancellation between worldsheet instantons and membrane
instantons in the VEV of 1/2 BPS Wilson loops.

On the other hand, 1/6 BPS Wilson loops in ABJM theory have no direct connection
to open topological strings and the instanton corrections of 1/6 BPS Wilson loops have
not been fully explored in the literature. In this paper, we initiate a study of the instanton
corrections of 1/6 BPS Wilson loops mainly using the numerical analysis. We will show that



the VEV of 1/6 BPS Wilson loops can be computed numerically with high precision and
we will study the instanton corrections of 1/6 BPS Wilson loops from numerical fitting. We
first consider the 1/6 BPS Wilson loops in the fundamental representation. We find that the
membrane instanton corrections are given by the NS free energy, and the pole cancellation
mechanism works also for the 1/6 BPS Wilson loops. We find that, up to regular terms, the
1/6 BPS Wilson loops in the fundamental representation is essentially determined by the
quantum volume appearing in the exact quantization condition of the spectrum [15, 24-28].

We also study the 1/6 BPS Wilson loops with winding number n > 2 and the 1/6 BPS
Wilson loops with two boundaries. Our numerical study shows that the perturbative part
of the 1/6 BPS Wilson loops with winding number n > 2 is different from the expression
obtained in [17]. We also study the instanton corrections to those Wilson loops and find
evidence that the membrane instanton corrections are again related to the NS free energy.

This paper is organized as follows. In section 2, we first review the Fermi gas approach
to the 1/6 BPS Wilson loops, and explain our algorithm to compute them numerically. In
section 3, we consider the perturbative part (or zero-instanton part) of the grand canonical
VEV of winding Wilson loops. Our result (3.11) is different from the one found in [17] for
winding number n > 2. In section 4, we study the instanton corrections to the fundamental
Wilson loop numerically. We find that the grand canonical VEV of fundamental Wilson
loop is closely related to the quantum volume (4.33). In section 5, we study the WKB
expansion of the fundamental Wilson loop. Using the Padé approximation we confirm that
the membrane instanton corrections are correctly reproduced from the WKB expansion.
In section 6, we consider winding Wilson loops with winding number n > 2. We find that
the membrane instanton corrections for the winding number n = 2 are also related to the
NS free energy. We also find the first few worldsheet instanton corrections for the winding
numbers n = 3,4. In section 7, we study the Wilson loops with two boundaries. We show
that the VEV of Wilson loops with two boundaries can be systematically computed by
constructing a sequence of functions, in a similar manner as the winding Wilson loops.
Then we study the instanton corrections of Wilson loops with two boundaries. Again, the
membrane instanton corrections to the imaginary part of Wilson loop is related to the NS
free energy. Finally, we conclude in section 8. In appendix A, we summarize the instanton
corrections for some integer values of k.

2 1/6 BPS Wilson loops from Fermi gas approach

In this paper, we will consider the VEV of 1/6 BPS Wilson loops in ABJM theory on 5%,
first constructed in [29-31]

WS/G) = Trr Pexp [/ds <1Au5€“ + QI;r‘i|M§CIOJ>] . (21)

Here x#(s) parametrizes a great circle of S, C; (I = 1,2,3,4) are the scalar fields in the
bi-fundamental chiral multiplets, and M } is a constant matrix which can be brought to
the form M = diag(1,1,—1,—1) in a suitable choice of basis. A, is the gauge field of one
of the U(NV) factor of the gauge group U(N); x U(N)_; of ABJM theory. On the other



hand, the construction of 1/2 BPS Wilson loops involves the gauge fields in both of the
U(N) factors and utilizes the supergroup structure U(N|N) [32].

The VEV of such 1/6 BPS Wilson loops can be reduced to a matrix model by the
supersymmetric localization [4]

. i — M4 2 . V;—Vj 2
<W(1/6 d,uldyz i (2_02) [Tic; (2sinh #5%2)%(2sinh “52) TerU
i [1; ;2 cosh A 7
(2.2)
where U corresponds to the holonomy in one of the gauge group U(N)
U = diag(et,--- ,e!'N). (2.3)

One can also consider the Wilson loop in the other U(N) factor, but it is related to (2.2)
by the complex conjugation (or k — —k). In this paper we consider the un-normalized
VEV, i.e. we do not divide (2.2) by the partition function Z(N, k).

As shown in [17], the VEV of 1/6 BPS Wilson loops in the grand canonical picture
can be written as a Fermi gas system. Let us first recall the Fermi gas description of
the partition function of ABJM theory on S2 [8]. Introducing the fugacity x = e# with
chemical potential i, we define the grand canonical partition function by summing over N

E(k, k) =1+ i &N Z(N, k). (2.4)
N=1

It turns out that the grand partition function can be written as a Fredholm determinant
E(k, k) = Det(1 + kp), (2.5)

where the density matrix p is given by

1 1
= 2.
2cosh § 2cosh & (2:6)
Here = and p obeys the canonical commutation relation
[z, p] = ih, (2.7)
and the Chern-Simons level k£ and the Planck constant A are related by
h = 2rk. (2.8)

Similarly, we can define the grand canonical VEV of a general operator O by

Z K (2.9)

The crucial observation in [17, 18] is that the grand canonical VEV of the holonomy U

(0)¢°

!—\
—
\_4

7

in (2.3) corresponds to the insertion of a quantum mechanical operator W

z+p

W =e* (2.10)



into the Fredholm determinant. More generally, the grand canonical VEV of operator
det f(U) for some function f is written as

Go
. _ Det(1+rpf(W))
(det S(U <Hf (") > T Det(l+rp) (@11

For instance, setting f to
f(el't) =14 e (2.12)

and picking up the term of order O(g), we find that the grand canonical VEV of 1/6 BPS
Wilson loops with winding number n is given by

(Tr U™SC = Tr (RW™), (2.13)
where we defined R as
=P (2.14)
1+ kp

Once we know the grand canonical VEV, one can easily find the canonical VEV with fixed

N by .

1 d

(Tr U™y = / QTZG_N“E(“’ k) (Tr U™)SC, (2.15)

For the special case n = 1, (TrU) corresponds to the 1/6 BPS Wilson loop in the funda-
mental representation.

2.1 Computation of trace

From the small £ expansion of the grand canonical VEV (2.13)
oo
(TeU™SC =) (1) 6" Tr(p W™, (2.16)
(=1
one can see that the Wilson loop VEV (TrU")y at fixed N can be computed from the
traces Tr(pZW") and Trp’ with ¢ = 1,---, N. Note that the trace Tr p’ appears in the
computation of the partition function as well. One can compute Tr p’ by applying the
Tracy-Widom lemma [33]. Thus our remaining task is to compute the trace Tr(p‘W™)
with W™ insertion systematically. As we will show below, one can also apply the Tracy-
Widom lemma to the computation of the trace Tr(p‘W™).
First we observe that, using the Baker-Campbell-Hausdorf formula, W™ is written as

n(z+p) np n(z+nwi)

Wht=e & =eke & . (2.17)

Noticing that the operator et shifts x by 2min, one can show that the matrix element of
pW™ is given by!

. n(y+nmi)
(@|pW"ly) = (z|ply + 2min)e™ =, (2.19)
"We use the following normalization of quantum mechanical states
= 5(x — N = S(p— — 1 e _ 1
(oly) = 8@ —y), Gl =00 =9, el = oo™ Gyl = poogay (218)



where the matrix element of p is given by

Tty
e 2k

1 1 1 1 1
ﬁ 2 cosh £ 2 cosh =< x

(x|ply) = (2.20)

ﬁ2cosh%e% +et

This is exactly the form of kernel to which we can apply the Tracy-Widom lemma [33]. As
shown in [33], the matrix element (x|p’|y) can be written as

zty /-1
1 1 e 2k A
—1) ¢, 1 2.21
o) = Foig o (e B @2
where ¢;(x) is determined recursively
d 1 et
Gjr1(x) = e 2 = i (1Y), po(z) = 1. (2.22)

h 2 cosh % 2 cos h%¢

Since the trace Tr(p?W™) with insertion of W™ is given by the integral of (z|pf|y) with the
replacement y — x + 27in

n(z+nmi)

Tr(p'W™) = /dx(ac]pg\x + 2min)e &, (2.23)
this trace can also be written in terms of the functions ¢;(z) in (2.22)
ewin(:+l) a: /—
Tr(p"W™) = . 1)/ 2 2.24
r(p ) 1 + (_1)671627;€1n h 2 COS % Z;) ¢] d’[ 1— j(m + ﬂ-ln) ( )

To summarize, the computation of trace Tr(pW™) boils down to the construction of a
-). We should stress that ¢;(x) is the same function
appearing in the computation of trace Tr p’. Note that for the integral (2.24) to converge,

sequence of functions ¢;(z) (j =0,1,--

k should satisfy the condition

k> 2n. (2.25)

For some integer values of k, the integral in (2.22) and (2.24) can be evaluated exactly
by closing the contour and picking up the residue of poles [10, 11, 34, 35]. For instance, we
have computed the exact values of Tr(p‘TW) with the winding number n = 1, for k = 3,4, 6
up to certain £. For example, for £k = 3 we find

1
Tr(pW - + 1—
(pW) = 2{
2-v3 2—-3
Tr(p?W) = 36‘f +i 36‘f, (2.26)
g 9—6T+2v3m  9v3+4 91 — 837
T W) = —ggr T 2167 '
For k = 4 we find
Tr(pW) = 1 + iL
82 82’
T—2 4 —7
Tr(p?W) = +1i , .
(" W) 6421 6427 (2.27)
22472 —3—2m+7?
Tr(p*W) = i
(W) 512272 2564272



For k = 6 we find 1

1
= +i—,
) 1273 36
9— /31 i77r—12\/§

Tr(pW

2 = 2.28
TeW) = —gasr T, (2.28)
Tr(p3W) = 6 — v3n + 115\/5 _ 87T.
25927 s
We note in passing that Tr(pW™) can be found in a closed form for general k,n
min?
e k
T M= — 2.2
r(pW") 4k cos? T2 (2.29)

k

2.2 Numerical computation

It is useful to develop a technique to compute the trace Tr(p‘WW™) numerically with high
precision. We use the observation that the integral appearing in the computation of ¢;(x)
in (2.22) is written schematically as

ipx

dy 1 dp enr ~
= _ = | =— 2.30
2o = [ 3 g0 (2:30)
where 1(p) is the Fourier transform of v(z)
~ dy _ipy
vip) = [ e m(y). (2.31)

Thus the integral (2.30) can be evaluated by a successive application of the Fourier trans-
formation (FT) and the inverse Fourier transformation (FT~!)

1 _ 1
/ W oz V) = FT™ [“ FT[y] <p>] (2). (2.32)

This can be easily done numerically by disretizing the continuous variable x € R to some
finite number of points in the range —L/2 < & < L/2

m 2

2 = <i—1> L (=1, ,m), (2.33)

where L is an IR cut-off. Then we can approximate the Fourier transformation by the
discrete Fourier transformation.? By taking L and m sufficiently large, we can numerically
evaluate the integral (2.32) with very high precision. We will use the parameters L = 3000
and m = 216 in the numerical computations below.

For integer value of k, we can estimate the error of the above numerical computation
by comparing with the exact values of traces obtained in the previous subsection. Let us
consider the imaginary part of Tr(pZW”) for k = 4,n = 1, as an example. For k = 4, we

2We compute the trace Tr p*W"™ numerically using a Mathematica program implementing this algorithm,
originally written by Yasuyuki Hatsuda. We are grateful to him for sharing his program with us. The
numerical data of the traces are available upon request to the author.
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Figure 1. Plot of the numerical error e, (2.34) of the imaginary part of trace Tr(p‘W) for k = 4.

have computed the exact values of Tr(p'W) up to £ = 20 (see (2.27) for the first three
terms). In figure 1, we show the plot of the relative error e, between the exact values and
the numerical values of the imaginary part of Tr(p‘WW)

o ImTr(péW)numerical .

= 1]. 2.34
¢ Im Tr(p*W ) exact ( )

As we can see from figure 1, the numerical error ey is extremely small
er <6 x 107186 (£ < 20). (2.35)

On the other hand, the order of worldsheet 1-instanton correction and membrane 1-
instanton correction for k = 4, N = 20 are given by (see (4.9))

2N
worldsheet 1-instanton : e >V % =~ 2.35 x 1077, (2.36)

o JEN
membrane l-instanton: e >V 2 ~ 5.52 x 10718,

Comparing (2.35) and (2.36), we conclude that our numerical calculation has enough ac-
curacy to study instanton corrections.

3 Perturbative part of winding Wilson loops

We will study the large p expansion of the grand canonical VEV of 1/6 BPS winding
Wilson loops. First we consider the perturbative part (or zero-instanton sector) of this
expansion.

In the large p limit, the grand canonical VEV of 1/6 Wilson loops with winding number
n behaves as [17]

(Tr UMSC ~ 7. (3.1)

We would like to understand the large p behavior of 1/6 Wilson loops in more detail. It is
shown in [17] that (Tr U")G¢ can be decomposed as

(Tr U™ ¢ = i1 (;\WS/QU + iWn> : (3.2)



The first term is the absolute value of the 1/2 BPS Wilson loop which was studied exten-
sively in the literature [17, 18]. The perturbative part of 1/2 BPS Wilson loop is given
by [17]

2np

k
wi2eert) — S - 3.3
I = (33)
It is known that the 1/2 BPS Wilson loops are related to the open topological string on
local P! x P! [20-23], and the worldsheet instanton corrections to the 1/2 BPS Wilson
loops can be readily obtained from the results of open topological string.

On the other hand, W, in (3.2) is less understood. Note that W, is written as
Wy, = Im i1 =(Tr U™)4C (3.4)

We will loosely call W,, “the imaginary part of 1/6 BPS Wilson loop” with the understand-
ing that the precise meaning is (3.4). In this paper, we will study the instanton corrections
in W,,. To do that, first we compute the canonical VEV W, (N, k) numerically with high
precision using the algorithm in section 2.2. Then we can find the instanton corrections by
numerically fitting with the expansion

; 2
WL(N.K) = AICH) S S aj(-on VAT O (8 - By - 3 - w) | 63)
J,w
where aj,, is the coefficient in the instanton expansion of the grand canonical VEV
E(p, k)Wh(p, k) = epert (k) +23 Z il ek, (3.6)

j?w

Here Jper (i, k) denotes the perturbative part of the grand potential of ABJM theory

C(k)u?
Tpert (1, k) = (3)“ + B(k)u + Alk), (3.7)
and the coefficients C'(k), B(k) and A(k) are given by
2 1 k
= — B = — _
C(k) k2’ () 3k * 24’ (3.8)
k2¢(3) 0 x . 2mx '
A(k) = — 52 + 4/0 dxex — log <2 sinh k:> .

It is found [36-38] that A(k) is a certain resummation of the constant map contribution of
topological string on local P! x P'. The expansion (3.5) in the canonical picture and the
grand canonical picture (3.6) are related by the integral transformation

d
Wi(N, k) = / P TmRW, (1, k), (3.9)
c 2mi
where C is the contour in the u-plane from e~ 50 to e%ioo, and J(u, k) is known as the
modified grand potential which is related to the grand partition function by [11]

E(p, k) =) e ramink), (3.10)
neZ
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Figure 2. This is the plot of “free energy” F' = —logW, (N, k) for (a) n =1 and (b) n = 2 of the
imaginary part of 1/6 BPS Wilson loop VEV. Note that the horizontal axis is N 3/2 We plot the
free energy for k = 3,4,---,9 in (a) and for k = 5,6,--- ,12 in (b). k increases from the bottom
curve to the top curve in both (a) and (b). The dots are the numerical values while the solid curves
represent the perturbative free energy given by the Airy function (3.12).

Note that the original integral in (2.15) is along the finite segment, but we can extend the
contour to an infinite path C in (3.9) because of the summation over the 27i-shift (3.10).

From the numerical fitting, we find that the perturbative part of the imaginary part
of winding Wilson loop is given by

2np

eizm WZCot— . (3.11)

kmsin <72

Wpert (,u, k)

Using (3.5), the corresponding canonical VEV is written as

A(k) 1 n .
WEH (N, k) = m <—8N—7T Z cot 2717) Ai
Tk

C(k)"3 <N—B(k)—2:>] . (3.12)

In figure 2, we show the plot of “free energy” F' = —log W, (N, k) for n = 1,2 as a function
of N3/2. One can clearly see that the numerical value of W, (N, k) computed from the
algorithm in section 2.2 exhibits a nice agreement with the perturbative part given by the
Airy function and its derivative (3.12).

Comparison with KMSS. In [17] (which we refer to as KMSS), the perturbative part
of winding Wilson loop was obtained as

2np
2mne k- k 2T
Ty ) GCpert _ 2T7C 7 A t— |A+ B 3.13
(TrU™) s 2? ®+ oy e k + ( )
with - ok .
= onlp) B=i 4r2n\ 2 iHn ). (38:14)

Here H,, denotes the harmonic number. We can recast (3.13) in the form of our decompo-
sition in (3.2)

1
<TI‘ Un)GC,pert — jn-1 <2|WT(L1/2)‘ + IWTIL(MSS> ] (315)

~10 -



The first term is the same as (3.3) while the second term is given by
X3 orn k
k
YYEMSS _ €<M_Wcot7m_ n—1>> (3.16)

which is different from our result (3.11) for general n > 2. For the fundamental represen-
tation n =1, (3.16) agrees with (3.11) since Hy = 0.
In the 't Hooft limit

k,pu — oo with % : fixed (3.17)

the genus-zero part of (3.11) is equal to (3.16) for general n, but the higher genus parts are
different. Note that, for n > 2 the agreement of (3.16) and the matrix model computation
has been checked in [17] only for the genus-zero part.® To see whether our conjecture (3.11)
is correct or not, we should therefore consider the higher genus corrections. It is likely that
the approximation used in [17] to derive (3.16) misses some 1/k corrections.* Our numerical
study strongly suggests that (3.11) is the correct perturbative part.

4 Fundamental Wilson loop

In this section, we will consider the instanton corrections of the imaginary part of 1/6 BPS
Wilson loop Wi (u, k) in the fundamental representation, i.e. the winding number n = 1.
Using the instanton expansion (3.5) in terms of the Airy function and its derivatives,
one can find the coefficient a;,, in (3.5) by fitting the value of canonical VEV Wi (N, k)
computed either exactly (see section 2.1) or numerically (see section 2.2). The expansion
coefficients a;,, becomes simple numbers for some integer k, and one can guess the exact
value of the coefficients from the numerical fitting. The results are summarized in ap-
pendix A.1. We have also computed the instanton expansion for fractional k using the
numerical computation of the trace Tr(p‘W) explained in section 2.2. Tt turns out that the
grand canonical VEV of the imaginary part of 1/6 BPS Wilson loop in the fundamental
representation has the following expansion

Wi, k) = W™ (k) + 3 W™ (1, k) (4.1)
{m

where Wl(e’m) (u, k) denotes the contribution of the bound state of membrane ¢-instanton

and worldsheet m-instanton

(¢,m) L

e_%)/\/1 (1, k) oc e 2= 7% (4.2)

3For the fundamental representation, the agreement between (3.16) and the matrix model was checked
for higher genus corrections as well. While for n > 1, the authors of [17] used (3.16) to predict the higher
genus corrections for general winding.

4We would like to thank Marcos Marifio for raising this possibility.
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Worldsheet instantons. First, let us consider the worldsheet instanton corrections (and
the perturbative part)

WIS (1, k) = WE™ (k) + Y W™ (1, k). (4.3)

m=1

From the numerical fitting, we find that the worldsheet instanton corrections are given by

e WS (1, k)

= ]mil%:[l +26_% — e‘% _|_26—127" _ 76_167“ n 0(6_207”)}
_’fcs(i)fsl;%z? 1+0‘6_4}5_<3+cosi%:)6_8: (4.4)
+ 28?:16:5 (32 cos” 2% 10+ cos;?g> LY
i <8S?;n6:5 N 2C0§2 Qf B 00814’: — 43 — 32 cos 4;) ek + 0(6_22“)] .

Note that the worldsheet instanton in (4.4) has poles at k = 4,6, which should be canceled
by the membrane instanton and the bound state. Thus, we expect that there are membrane
instanton corrections in the imaginary part of 1/6 BPS Wilson loop. This is in contrast to
the 1/2 BPS Wilson loops where the “pure” membrane instanton corrections are absent ex-
cept for the bound state corrections coming from the quantum mirror map g — peg [18, 20].

Membrane instantons and bound states. From the numerical fitting, we find that
the membrane 1-instanton and the (1,1) bound state are given by

k
= 4 2 k
6_2151/\/1(1’0) _ 64“% [(4 — k) (u — 7 cot l:) — 2 —7mkcot —7; ] ,

k7 sin T

2 4 cos =k 8 k (4:3)
—2u0,,(1,1) —de_o 2 m
e FWy =em kT ——= [<8+>u—4—2ﬂkcot].
k7rsmf k 2

As expected, one can show that the poles at k& = 4,6 are canceled between worldsheet
instantons (4.4) and membrane instantons or bound states (4.5), and the remaining finite

part reproduces the result in appendix A.1

- . 1
lim e~ % [W00 L W©d] = K1 o
k—4 L J 2m

- . 1
’}:iﬂill e ¥ Wl(l’l) +W1(0’3) = 5Mﬂ_ e 3,
— L i

i i 4.6)
2l (1,0) 037 _ [2(=8u+3) 20| _,, (
%11)%6 3 _Wl + W | = [9\/3% o e
L _2u (1) 04] _ [—Bp+12 35| _su
%1_1)%6 /v_VV1 + W __[9\/377 —|—9 e 3.
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This pole cancellation mechanism was originally found in the grand potential of ABJM
theory [11]. Here we find that the similar pole cancellation mechanism works also in the
VEV of 1/6 BPS Wilson loops.

Let us see that our conjecture of instanton corrections (4.4) and (4.5) correctly repro-
duces the behavior of W; (N, k) for non-integer k as well. We take k = 2.7 as an example.
For k = 2.7, the instanton factors have the following ordering

_ 4 8u

4
e >eM>ek >e kM (4.7)

Once we know the instanton correction in the grand canonical picture Wy’m) (1, k), we can

easily translate it to the canonical picture er’m) (N, k) using (3.5), and as a consequence

the instanton correction Wl(e’m) (N, k) can be written as an Airy function and its derivatives.
From (4.7), we define the the quantity d,,, by subtracting the instanton corrections up to

the order e~2H—"F" (we do not subtract the term W, (N, k) in defining ¢ ,,)

WI(N, k) = W™ (N, k) ape
Vvi)ert(N7 5 €r,
Wi(N, k) = WE™ (N, k) = W™D (N, k)
WP (N, k)

Wi(N, k) = WP, k) — WOY N ) = WO (N ) s

So2= 1 1 1 1 ek
’ WP (N k) ’

512 N B) = WP (N, )= WD (N, ) = O (N ) =W (VLK) e
) W{)ert(N, k')

00,1 =

_ 2
51,0_ € H*’

(4.8)

201+ Ampx

We have included the exponential factor e k in the definition of d;,, with p. being

the saddle point value of the chemical potential®

s = C’](Vk) = T4/ g (4.10)

The canonical VEV Wi (N, k) in (4.8) can be evaluated numerically with high precision
using the method in section 2.2 even for a non-integer value of k = 2.7. We expect that
0¢,m is approximated by
Zv
~ Wl( m)(N7 k) e%,u*-i—‘lm%'
errt(N’ k)

As shown in figure 3, we find a nice agreement between (4.8) and (4.11), as expected. This

Ot.m (4.11)

confirms the validity of our conjecture of instanton corrections (4.4) and (4.5), for k = 2.7.
We have performed similar checks for various values of k.

SNote that this relation (4.10) implies that the worldsheet instanton and the membrane instanton
factors in the canonical picture are given by

kN

3 (4.9)

4 _ox /2N

—2 —2
ek =e )

We have already used this relation in (2.36).
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(a) worldsheet 1-instanton.

(c) worldsheet 2-instanton. (d) (1,1) bound state.

Figure 3. This is the plot of (a) dp1 (b) d1,0 (¢) do,2 and (d) 61,1 against N, for k = 2.7. The dots
are the numerical values of (4.8) while the solid curves represent the expected behavior of (¢,m)
instanton given by the Airy function and its derivatives (4.11).

Rewriting in terms of pegr. Let us rewrite Wy (u, k) in terms of the “effective” chemical
potential g, which was first introduced in [11]

k
Heff = f4 — 2COS %6_2" — (44 5cosmh)e ™M 4. (4.12)

This is interpreted as the quantum mirror map of local P! x P! [13] and the coefficient of this
expansion can be easily obtained from the formal solution of the wavefunction annihilated
by the quantized mirror curve of local P! x P! [39].

After rewriting the instanton corrections in (4.4) and (4.5) in terms of peg, somewhat
miraculously, we find that W (u, k) is completely factorized up to the (1,1) bound state

2Keff
k 2 k k
Wy = %(14-2@10) <1+4 cos ng) {ueﬁ—wcot %(1—2@11,)—77145 cos % cot %Qm ,

km sin <
(4.13)
where we have introduced the worldsheet instanton factor (Q,, and the membrane instanton
factor Q,,, by

_ Apeft

Quw=e€ "5,  Qp=e e (4.14)

Assuming that this factorized structure holds for higher instanton numbers, we can
continue the numerical fitting of instanton coefficients. In this way, we find that W is

— 14 —



written as
2peff
e k 2T
Wi = o Jwfm <Neff meot — Vi — kam) ) (4.15)
kmsin 57 k

where

2 4
fo=1+2Qu — Q% +2Q3 —7Q3;+160082]:<3—C082>Qi)+

(72cos (‘;) —24 cos <8k>+8cos <1Ii>+6cos (1]6{> 90)@6 +0(QT), (4.16)

4 27r 47 6T
Ccos sin 2& 1+4cos sin
Vi=1-2Q, + 22ﬂQ2+4<2+ - >Q3—2<23+( - )SW ’“)Qﬁ,

ox cos 2Z sin 52
(322 + 152 cos (4k ) + 108 cos <8]: ) + SSIHS(E() 1(;8)(“)) Q)
+ (1428 ~ 1416 cos <4]:> ~ 816cos <8]:> — 248 cos <127T) ~ 84cos <1Z7T)
3c0;2(]:) + % (13sin (45’{31 (_I;)Sin (%)) > QS +0Q7), (4.17)

and

k k
fm = 1+4cos 7T—Qm—l—él(2+3 cos mk)Q?, +8 cos 7T—(5+9 cos tk+3 cos 27k) Q3 +O(QL),
mk 2
Vin = cos -5 cot = Qm + (4 4 5cos k) cot TkQ);,
3m k k 4
+ 2 cot — - cos ?(13 + 19 cos k + 9 cos 27k)Q3, + O(Q2). (4.18)

We observe that the coefficient of V;,, is proportional to the membrane instanton coefficient
be(k) in the modified grand potential of ABJM theory [11]

o (b
Lotibe (k) — k2 — o ( ;Ek) )] ¢~ 2hert (4.19)

From this observation, we conjecture that V,, is given by

[e.e]

J(u k) = Jws(pe) + Y
-1

<

m 8:};) ~ >~ — 2o
= —— , = off 4.2
1 Open Jo=> bi(k)e (4.20)

We also observe that f,, in (4.18) is equal to the derivative of the effective chemical potential

aUeﬁ

Jm = o (4.21)

Relation to quantum volume. As shown in [13], the membrane instanton part jb
of the modified grand potential of ABJM theory is given by the NS free energy on local
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P! x P!. From this relation, V;, in (4.20) is further rewritten as®
1 02 1
Vm = 2FNS (qu2 qu 23 Q) (423)
20t
where we defined
Qm=¢"" t=2ueq, q=e"", Iyop=7k. (4.24)

Note that the normalization of the Planck constant Ao, in topological string is different
from the & of ABJM Fermi gas (2.8) by a factor of 2, which comes from rewriting the

1

operator p~! into the canonical form of the mirror curve of local P! x P! [24]. Appearance

of the NS free energy in (4.23) suggests that the imaginary part of 1/6 BPS Wilson loop is
closely related to the quantum volume €2 of the phase space, which determines the exact
quantization condition of the operator p

1
Q=27 (n + 2> . (4.25)
It is found in [24, 26-28] that the quantum volume  has two pieces
Q= QWKB L qvp, (4.26)

where the WKB part QWEB is given by the NS free energy

t2 272 h 0 1 1
QWKB P 19 Fys (Qa,Qa7Hiq) 1.27
htop 3htop + 12 + ot NS Qq 7Qq 4 ( )
while the non-perturbative part Q" of quantum volume is given by the “S-dual” of QWVKB
np 0
Q" = Q%FNS(_QUH —Quw; QD)7 (4-28)
where the “S-dual” variables are given by
27 5D e

Qu=e, tp=—-rt, qp=c¢elioo, RP = : 4.29
w htop top htop ( )

We find that the membrane instanton part of Wi (u, k) is related to QWKB by

Tk o G WKB

ot — ThVy = —0,Q . (430)

4

It is found that the pole cancellation at rational value of k is guaranteed by the combi-
nation of QWVKB 1 QP Since the pole cancellation also occurs in the imaginary part of 1/6

SFor a general local Calabi-Yau, the NS free energy is written as

hw

y > bw (25, + 1) sin 22 (25r + 1 »
Fus(@e™) = 3 J“RZ s (B + L sin 5 (G HQ I (4.22)
w=1 2

iromd 2w?2 sin
LyJR
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BPS Wilson loop Wi (u, k), it is natural to expect that the worldsheet instanton correction
Vi in (4.17) is related to the S-dual of NS free energy in (4.28). In fact, if we define

~ 2
O, 1" = —2cot %Vw, (4.31)
we find that the 0y, Q"P and &, 5 {2°P have the same singularity structure, and their difference
is regular in the convergence region k > 2 of Wy (u, k)

~ 2 4 8
O, (P — Q"P) = 2 cot % —1+8cos %Q?D - 4<7 + 9cos ;) Q3+ (4.32)

Putting all together, we arrive at a surprisingly simple expression of the imaginary part of
the 1/6 BPS Wilson loop in the fundamental representation

2Meff

ot 8(QWKB ey —

fw WKB on
4sin 2T 9(2p) Ot —(QVEP Q). (4.33)

Wi (. k
1 k) = 8sm27r o

Currently we do not have a clear understanding of the physical meaning of the regular part
n (4.32). The factor f,, might be interpreted as a part of the definition of the “open flat co-
ordinate” [40] for the 1/6 BPS Wilson loops. It would be very interesting to understand the
deep reason of the connection between the 1/6 BPS Wilson loops and the quantum volume.

4.1 Genus expansion of 1/6 BPS Wilson loops at large A

)

Using (4.4), we can predict the 't Hooft expansion of 1/6 BPS Wilson loop at large 't
Hoot coupling A = N/k. Let us consider the genus expansion of the canonical VEV of the
imaginary part of 1/6 BPS Wilson loop in the fundamental representation, normalized by
the partition function

WI((N k) _ z_: g2t w9 (4.34)

where the string coupling gs; and the parameter s are defined by

gS:@ s =21V 2), A= )\—i (4.35)

From the planar solution of the resolvent of ABJM matrix model, the genus-zero part of
the fundamental Wilson loop is written as [6, 21]

AT Uy 1 a sinh? ¢ — sinh? &
h N _ dwe® arct 2 2 4.36
NiSeo Z(N,k) 27\ /_a A Cosh? € — sinh? @ (4.36)

where the end-point of the cut a is given by
ik = 4sinh? g (4.37)

and A and k are related by

K 111 .3 &
S DN (S R 4.
A 3 2(272727 727 16) ( 38)
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We find that the imaginary part of 1/6 BPS Wilson loop at genus-zero can be written in

2 2 2
w0 dA B Gl O ) (s
/dl-i/i =4F < 16> 1 K 6 ) (4.39)

where K (k?) and E(k?) denote the complete elliptic integrals of the first and the second
kinds, respectively.

a simple form

The worldsheet instanton corrections of Wy (u, k) in (4.4) in the grand canonical picture
can be easily translated to the canonical picture in the 't Hooft limit

(9=0) _ 1 _ S _ s (s L 1N es (4 10 5 23\ s —4s
W =1-g = (te)e +<2 s+4)e +(353+332 st ~1z)e TOET
(9=1) 1 s o (s 1 1\ _o, 4 10 5 23\ _a. Cas
=——|1-2-(1 2_Z4- (I T
Wi 24 {1 g ~(L+s)e +<2 s+4>e +<3s3+352 stas 1) TOE |
(9=2) _ 5 _ 7 _ 7s 1 _ 1 4.40
Wi 719253 384s2 11520 * 1445 5760 (4.40)
(o5 _om 4319 7 11 31
16s5 96s* 576s3 ' 576s2 5760 ' 1440s 5760
L(25,209 719 755 . 8629 169 7s _ 1483 47 e 0
8s7 | 48s6 ' 19255 ' 384s% ' 1152083 1920s2 ' 11520 5760s = 2560 ‘

One can show that the genus-zero and the genus-one amplitudes in (4.40) are consistent

with the matrix model results [6]. Interestingly, from (4.40) we observe that the genus-zero
and the genus-one amplitudes are proportional to each other

- 1

W(gfl) — _

! 24

It would be interesting to prove this relation directly from the matrix model.

wlo=0), (4.41)

5 WKB expansion

In this section, we study the membrane instanton corrections of 1/6 BPS Wilson loops
in the fundamental representation from the WKB expansion of Fermi gas. As discussed
n [41], the WKB expansion can be systematically analyzed using the spectral trace and
the Mellin-Barnes representation.

First, we rewrite the small x expansion of (Tr U)% in (2.16) into the Mellin-Barnes
type integral representation

c+100
(TrU)GC:/ 45 T (e, (5.1)

—ico 2misinTs

where ¢ is a constant in the range 2/k < ¢ < 1. Picking up the pole at s = £ € N,
we recover the small x expansion (2.16). On the other hand, closing the contour in the
direction Re(s) < 0 and picking up the poles along the negative real s-axis we find the
large p1 expansion of (Tr U)SC. Hence the non-trivial information of instanton corrections
is contained in the pole structure of the spectral trace Tr(p*W). In the classical limit & — 0,
the spectral trace Tr(p*WW') can be approximated by the phase space integral

2 2

z S 1 s 1

Z(>—/d$dp - _P(§+E> o5 =4) (5.2)
0= orn (2cosh % - 2cosh §)s 27hI(s)2 ’ ’
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Note that Zy(s) has poles at s = 2/k—2¢ (¢ € N) corresponding to the membrane instanton
corrections. We consider the WKB expansion of the imaginary part of Tr(p*W)

Im Tr(p*W) = Zy(s)D(s), (5.3)

where Zy(s) is given by (5.2) and D(s) represents the h-corrections
o)
D(s) =) _ h*" 'Dayp_1(s). (5.4)
n=1

Then the imaginary part of 1/6 BPS Wilson loop Wi (i, k) is written as a Mellin-Barnes
integral
c+ico ds T

Wi (p, k) 2/ Py

c—ico 2misinms

Zo(s)D(s)e". (5.5)

From the explicit form of the first few terms in the expansion (5.4), we find that Da,—1(s)
in (5.4) has the form
p4n—5(5)
Don-1(s) = =on3,———> (n=>2) (5.6)
" H?iog(s +J)
where py,_5(s) is a (4n — 5)™ order polynomial of s. One can easily fix the coefficients in

this polynomial py,_5(s) by matching the value at integer s. When s = £ is an integer, the
trace is given by

dxdp 1 1 t
4 —
Tr(p W)_/ 2rh <200sh§*2008h’23>**6 o (5:7)
where the star-product is defined by
ih (&= =
f*g = feXp |:2 (gxap - gpax>:| g. (58)

From this expression, we can easily compute the fi-expansion of Tr(p?W). In this way, we
have computed Day,—1(8) up to nmax = 18. The first few terms of Da,_1(s) read

1
Duls) = 2k2s’

k*s? — (k* — 8) k*s* — 8k*s — 32
Ds(s) = ,

768k5s(s + 1)
Ds(s) = (= 21K%7 + 6 (8 = 174%) k%° + 6 (19K* + 88K% + 64) ks’
— 64 (10k*+19k°+88) k*s*+1024 (k*+4k*+13) + (—87k%+256k° +320k") s°
+ 32 (3k° + 6k* — 52k% — 80) k?s® — 128 (3k°® — 9k* — 32k — 40) s>

/(29491201&05(5 +1)(s+2)(s+ 3)). (5.9)
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Perturbative part. The perturbative part of WW; comes from the pole at s = 2/k. The
residue of the pole at s = 2/k is given by
7r

Res,_2 [SimsZo(s)D(S)es“}
_ 62'5% [D(Q/k;) (M — mcot 2% —(2/k) — 7) + D/(Q/k)] )

 rksin -

(5.10)

where ¢(2/k) denotes the digamma function and D’(s) = 95,D(s). From the explicit form
of the coefficients Dap,—1(s) in (5.9), we find that the WKB expansion of D(2/k) becomes

D(2/k) = 42 ;! <£€>3+ % (£€>5+--- : (5.11)

from which we can easily guess the exact form of D(2/k)

D(2/k) = sin ( 42) (5.12)

We have checked that the WKB expansion of D(2/k) agrees with (5.12) up to
O(h?rmax—1) = O(h?). Plugging the relation h = 27k into (5.12), we find

D(2/k) = 1. (5.13)

This correctly reproduces the coefficient of 1 in the perturbative part (3.11) for the winding
number n = 1.
In order to reproduce the O(u’) term in (3.11), we need to show the relation

D'(2/k) = %(2/k) + . (5.14)

We do not have an analytic proof of this relation, but we can check this using the diagonal
Padé approximation

Tmax aq + al h2 . (I"n%ax _1hnmax_2

"(2 D,y (2/k)R" ! & .
/k Z 2n— 1 /k h 1+b1h2 _bnn%_lhnmax—Q

(5.15)

As we can see from figure 4, the Padé approximation of D’(2/k) nicely agrees with the
expected function (5.14).

Membrane 1-instanton. The membrane 1-instanton term comes from the pole at s =
2/k — 2. In order to reproduce the result in (4.5), we find that D(2/k —2) and D'(2/k —2)
should satisfy

2
2
4(1 — li:) D' <Ii — 2> = —(2 + 7k cot 7;k> cos%k (5.16)
k
+ 4<1 - ;) (—1 by 202 k — 2) — (2K — 1)) cos %

As in the case of perturbative part, we can check these relations numerically by the Padé
approximation. From figure 5, one can see that the Padé approximation of D(2/k —2) and
D'(2/k — 2) agrees with the exact functions (5.16).

—90 —



i
T\
3 N\
\
N
N
X
2 S
1 Aaa OV
IR S SN N TR SR N [N T S N [N S S N SO N S N SO T S ' P k
0.0 0.2 0.4 0.6 0.8 1.0 12 14

Figure 4. This is the plot of D’(2/k) against k. The orange dots are the numerical values obtained
from the Padé approximation, while the solid curve is the exact function ¥(2/k) + v in (5.14).
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(a) (1 —1/k)D(2/k — 2). (b) 4(1 — 1/k)2D'(2/k — 2).

Figure 5. We show the plot of (a) (1 — 1/k)D(2/k — 2) and (b) 4(1 — 1/k)?D’'(2/k — 2). The
orange dots are the numerical values obtained from the Padé approximation, while the solid curves
represent the exact functions in (5.16).

Membrane 2-instanton. We can repeat the same analysis for the membrane 2-
instanton. In order to reproduce the result in the previous section, we need the following

relations

2
ml) <2_4) = 2(2k — 1)(4k — 2 + (5k — 2) cos k),

2
4r(3-4)° \b
KT (2-2)° /2 1 k 2
(& )2 D’ <— > = ——nk? ((4—18k) sin 4k tan — + (25k —8) cot ”)
AT (2-4) k 2 2 2/ (5.17)

— k(8k — 4+ (9k — 4) cos k)
+2(2k — 1)(4k — 2 + (Bk — 2) cos k)
X (3—2y—49(2/k —4) +2¢9(2/k — 2)).
Again, the Padé approximation of the WKB expansion of D(2/k — 4) and D'(2/k — 4)

correctly reproduces the expected analytic functions on the right hand side of (5.17) (see
figure 6).
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Figure 6. We show the plot of (a) %D (2/k —4) and (b) %D’ (2/k —4). The

orange dots are the numerical values obtained from the Padé approximation, while the solid curves
represent the exact functions in (5.17).

5.1 Comment on winding Wilson loops

One can in principle compute the WKB expansion of winding Wilson loops W), (1, k) with
n > 2 in a similar manner as the n = 1 case studied above. Then W, (y, k) is written as a
Mellin-Barnes type integral

c+ioco dS T

2mi sin s

Wl k) = [ Z{(5) D (s)e, (5.18)

—ico

where the classical trace Z(()")(s) is given by

20 (s) = & G+OTrG-%) (519)

and D(”)(s) represents the h-corrections. Let us consider the perturbative part coming
from the pole at s = 2n/k

T 0 () (&) 5
Res,_ 2 [Simszo () D™ (s)e }
2np

(5.20)
_ e pm(?n a 2mn (20 (ny [ 21
wk sin%T” {D )\  cot k v k V)P k)|

One can easily show that D™ (2n/k) = 1 as in the case of n = 1, and hence the coefficient
of p in the perturbative part (3.11) is correctly reproduced from the WKB expansion. In
order to reproduce the O(u") term in (3.11), we have to show that

n—1 .
/[ 2n 2n 2
)y (2 _ 2™ _ <)
D < k > z/;( k ) + TrjE:1 cot P (5.21)

However, it is not so straightforward to reproduce this behavior from the Padé approxi-
mation of WKB expansion, since the function on the right hand side of (5.21) has a dense
set of poles at rational values of k, accumulating around k& = 0. Note that this problem
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does not occur for n = 1. At present we could not succeed in reproducing the perturbative
part of winding Wilson loop from the WKB expansion for n > 2. It would be interesting
to derive the perturbative part (3.11) of winding Wilson loop analytically.

6 Winding Wilson loops

In this section, we will consider the instanton corrections of the imaginary part of 1/6 BPS
winding Wilson loops W, (u, k) with the winding number n > 2. We can study the the
instanton corrections of W, (u, k) for n > 2 by the same method of numerical fitting we
used for the fundamental representation in section 4.

6.1 Winding number n = 2

Let us first consider the Wilson loop with winding number n = 2. After rewriting Wh(p, k)
in terms of the effective chemical potential pi.g, we find that the factorized structure (4.15)
found in the fundamental representation also appears in the n = 2 case

Apeff

e k- 8lu’ff 27T 47‘( _
Wa = m 6; Juw [Meff— m cot ?Vw — mcot ?fwl —TkVin |, (6.1)
where
2 2sin 87 9
fw=1-4cos? jQw + szk Q2 — 16 cos® IQ’?U
k n% k
4 87\ 4 5
+ 33+40cos?—|—6cos? Qt +0(Q3),
4 4 4 Ar  2sin 2T
Vw =1+ 2cos %Qw + 4 cos? %Q?ﬂ + 8 cos? % (cosl:;T + o £ >Qi (6.2)
k
4m 8 167 2 1
+(9—4cos— 4 6cos — + 2cos — + _ L4007,
< k k k COS2 2% COS%:)QU} (Qw)

k k
Vin = cot % Cos %Qm + (4 + 5cos k) cot TEQ?, + O(Q3)).

Interestingly, the membrane instanton correction V;, in (6.2) is exactly the same as that
of the fundamental Wilson loop. From this observation, we conjecture that V,,, for n = 2
is again given by the NS free energy (4.23). One can show that poles in the convergence
region k > 4 are canceled between worldsheet instantons and membrane instantons, and
the remaining finite part reproduces the result in (A.3). This implies that the worldsheet
instanton corrections are essentially given by the S-dual of NS free energy (4.28), up to
regular terms.

6.2 Winding number n > 3

Let us consider the Wilson loops with winding number n > 3. From the convergence
condition k > 2n, as the winding number increases the membrane instanton correction
e~ 2" becomes highly suppressed relative to the worldsheet instanton correction

ap

ek > e M, (6.3)
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Because of this, it becomes harder and harder to study membrane instanton corrections nu-
merically as the winding number increases. We were unable to find the analytic expressions
of the membrane instanton coefficients for n > 3.

On the other hand, we can determine the worldsheet instanton corrections of W, (u, k)
from numerical fitting. For n = 3, the worldsheet instanton corrections are given by

61
ek 2 4 61
WQNS = m [fw<u—7TCOthw> —WCOt? —WCOt? y
-2 61 : .2 61 s 02 67r
sin® 2% sin® 2% sin
—1_ k 3 k)2 9_9 3 1 o(0
fu sin? %’T Qut sin? 2% w sin? 2]: Qu + O(Qu), (6.4)
4w i 67 . 67
cos =" sin 2* sin =+ 3 47 8 127
Vpy=14+——Fr "k g 4+——k +cosf+cosf+cos— 2
v cos? %’T sin %’T Y7 cos? 2?” sin 2?” 2 k k Qu
+0(Q3),
and for n = 4, worldsheet instanton corrections are given by
et 2 4 6 8
T T T T
W4 kﬂ-Slngﬂ- [fw( WCOthw) —FCOtk—ﬂ'COtk—ﬂ'COtk],
2 87r
sin o 4m 47
Ju=1———55= —— £ Qu + 4 cos® k(7+8COSk+QCOS>Q2+O(Q3) (6.5)
sin
&k
47 21
cos = sin 4 8 127
Vw = 1‘1‘4% <C08k+COSkCOb k)Qw (Q%U)
k

We find that the worldsheet 1-instanton correction in the coefficient of  can be written
in a closed form for general n > 2

SlIl2 2n7r

Jw=1- sin2 27r Qu + O(Qw) (6'6)

It would be very interesting to understand the structure of instanton correction of
Wi (1, k) and see if it is related to the quantum volume for the general winding number n.

7 Wilson loops with two boundaries

As pointed out in [17], 1/6 BPS Wilson loops in higher rank representation involves multi-

particle interaction in the Fermi gas picture, hence it is not so easy to study the 1/6 BPS

Wilson loops in general representations. Here we initiate the study of Wilson loop with two

boundaries ((Tr U)?), which is related to the second rank symmetric and anti-symmetric
representations by

Wi = Ws, = S(TeUP) + 3 (102,

1 1 (7.1)

Wy =Wa, = S((Tr U)?) — 5 (T U?).

Note that (Tr U?) is the 1/6 BPS Wilson loop with winding number n = 2 which we have
studied in the previous section.
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From the general formula (2.11), the generating function of 1/6 BPS Wilson loops in
the anti-symmetric representations is given by

_det(1 + rp(1 +tW))

> t"Wa, = : (7.2)
~ det(1 + kp)
while the generating function of 1/6 BPS Wilson loops in the symmetric representations is
given by
det(1 1—tWw)~!
S tws, = et + rpl ), (7.3)
~ det(1 + kp)

Picking up the coefficient of ¢? in the above expressions, we find that Wy, and W, are
written in terms of R defined in (2.14):

1 1
Wa, = —(Tr RW)? — = Tr(RW)?,
2 L2 . (7.4)
Ws, = Tr RW? + 5 (T RW)? — 3 Tr(RW)?.
Note that Tr RW and Tr RW? appearing in (7.4) are the grand canonical VEV of 1/6 BPS
winding Wilson loops with the winding numbers n = 1,2, respectively
T RW = (Tr U)SC,  Tr RW? = (Tr U?)“C. (7.5)

The last term Tr(RW)? in (7.4) is the new contribution which we should compute. It
turns out that the grand canonical VEV of (TrU)?, which we denote by Wa,1), has a
simple expansion in the large p limit

1 1
Wi = 5(TrU)%)C = S(Ws, + Wa,). (7.6)

From (7.4), Wy 1 is written as
1
Wi = 5| T RW? + (Tr RW)? - Tr(RW)Z]. (7.7)

7.1 Computation of Tr(RW)?2

To study the 1/6 BPS Wilson loop with two boundaries (7.7), we have to compute
Tr(RW)?. The first two terms in (7.7) have been already obtained in the previous sections.
Now let us expand Tr(RW)? in & as

oo

Te(RW)? =Y (—1)'s‘t, (7.8)
=2
where t, is given by
—1
te=_ Tr(p'Wp'IW). (7.9)
j=1

To compute t;, we rewrite the trace in (7.9) as

Te(pP/Wp ™ IW) = Tr(p'W?) + % Te([p?, W][p*7, W)). (7.10)
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Note that the first term Tr(p’WW?2) in (7.10) is the trace appearing in the winding Wilson
loop with winding number n = 2. The second term in (7.10) can be further simplified by
noticing that

1 1 1 1
W= W - W 7.11
Lo, W] 2 cosh £ {QCoshg’ } {QCOShg’ }QCOShg’ (7.11)

and using the fact that the anti-commutators in (7.11) have a simple matrix element [18]

1 1 z]+x9
(1] {2coshp’ } [22) RS

2 (7.12)
011 oo W o) = o™
P1 2cosh &’ b2
Then one can show that ¢, is written as
S & b) (¢—2—a—b b1) 1 (0—2—a—b
a+ —2—a— rla —2—a—
te=(£—1)Te(p'W?) + S @Y = L), (1.13)
j=1a=0 b=0
where )
o  [drdy =, -, ek
1= [ A gy
(7.14)

¢ dxdp = P ek .
1= [ B2 citalp et = [ talp' i,
£)

The integral I © has appeared in the computation of 1/2 BPS Wilson loops in a hook
1/2

(0)

1/2 can be computed systematically by constructing

0
1 /2

with high precision. Similarly, I f% in (7.14) can be computed by constructing a sequence

representation [18]. As shown in [18], I

a sequence of functions. Using the algorithm in section 2.2, we can numerically evaluate

of functions ()
©_ L =
I = —e2k,
Yk (7.15)

10, = [ daefivnta), (021,

where 1y(z) is defined recursively

1 dy 1 11 1
V() 2 cosh § / 271k 2 cosh o Ve ), (@) vk 2cosh § 2 cosh T ( )

Again, we can compute I ) numerically using the algorithm in section 2.2.

1/6
For some values of integer k, we can compute the trace t; exactly by closing the contour

and picking up the residue of poles. For £k = 6 we find

e% 63
to = 5— —=|,
648 T
—972 + 216iv/3 + 180im — 864v/37 + 58572 — 46iv/372
9331272 :

(7.17)
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For k = 8 we find

e (2v2+ (V2-2)7)
2567 ’ (7.18)
—4 + (16 + 4i)7 + (32 — 16i)v21 — (13 — 12i)72 — (4 + 4i)v/272
819272 '

to =

t3 =
For k£ = 12 we find

2mi 18 — 277 + 13V/37
— 12 1
p=em 25927 : (7.19)

—54 4 ((486 + 54i) + (120 — 2161)v/3) 7 + ((—209 — 279i) + 222iv/3) 72
ty = . (7.20)
3732482

We have checked that the numerical computation using the method in section 2.2 correctly
reproduces the exact values of ty for kK = 6,8, 12 with high precision. We should stress that
we can compute t; numerically at arbitrary k in the convergence region k > 4.

7.2 Imaginary part of W, )

Let us first consider the imaginary part of W(; ;), which we denote by W(Ilml) From the
numerical fitting, we find that the perturbative part of W(Ilml) is given by

Ap

Im,pert €k 4
W(Ll];) = W (M — 27w cot k) . (721)
k

We conjecture that the instanton corrections have the following structure

4‘“‘eff

Im € aueﬁ 4
W(l,l) h2 2T ) fw (,Lteff 27 cot 7f7w + 27 cot ?Vg —7kV, > (7.22)

where the membrane instanton correction V;, is given by the NS free energy (4.23), and
the worldsheet instanton corrections are given by

P P
fu = 1+4sin2%Qw —2<1+4sin2 ]:)qu

P , 27
+165in% 22 Q3 + (15 — 96sin2 2" + 48sint - ) Q4
g o 2
(7.23)

Vi=1-Q2%+4Q3,

27 2sin 27 4rr 87 127
_ 2 2
Vo = @y — 4sin k‘QersnaG”( 3+4005?—6co ?Jrc >Qw
We have checked that the membrane 1l-instanton and (1, 1)-boundstate are correctly re-
produced from (7.22). Also, one can check that the pole cancellation between worldsheet
instantons and membrane instantons works for £ = 6, 8,12, and the remaining finite terms
correctly reproduce the result in appendix A.5.
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7.3 Real part of W(y )

Next consider the real part of W, 1), which we denote by W(}fel). Again, from the numerical
fitting, we find that the perturbative part of W(liﬁ) is given by

£ 2 2
Re,pert __ €k 2 41 1 tanr

and the worldsheet instanton corrections are given by

242 2 2 2 2 sin4r
o e Re WS _ Qu [_ /j’eff<1+81n27r>+ Heft (¢ 27 _ 2 4 k]
7r

(LD sin? 28 | 12k2 k 2k k2 2mk
Q% | 2 92T\ 2ot 21 4
i 2]: 7r2€k2 —1+44sin T + 72 —4 cot ?—1—3 cot T
2 4 3 cosE sin 9%
bt e o - 7.25
k2 K2sin?%r 16 8 27k cos 2T (7.25)
Q3 32#33 .9 2T e 13+13 cos 4T w5 cos 8T —3 cos 12”
— sin® —
sin? 27| w2k?2 ko k2 cos 27 sin 6]:
2sin =% 4”
E L OE2)+0kY].
wk

We find that the membrane 1-instanton has the form

Apteff

7k
ReM2-1 _ € F 4 cos _
Wan =7 [_ 772k;22 pzg + bi (k) et + Cl(k)] e Het, (7.26)

[S1010 e

In the limit & — 6, we find that the membrane l-instanton (7.26) and the worldsheet
3-instanton in (7.25) reproduce the coefficient of p2; term for k = 6 in (A.7)

i o et [ ReM2L | ReWS-3 322q ~241,
Jim e W WY = {_ 5oz T Oler)| €77 (7.27)
The O(peg) term in the worldsheet 3-instanton has a pole at k& = 6 which should be canceled
by the membrane 1l-instanton. From this pole cancellation condition, we conjecture that

the membrane 1-instanton coefficient of pieg in (7.26) has the structure
k
cos %5 cot 5F

bi(k) = 7Tk

+ (regular). (7.28)

We leave the further study of membrane instanton corrections of W(1 1) as an interesting
future problem.

7.4 Connected part of Wy j)
We expect that the connected part of ((TrU)?) has a simpler behavior

1 1 1
5((Tr U) conn = 5<(T1r U)?) — 5<Tr U)2. (7.29)
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Let us consider the perturbative part of (TrU) and ((Tr U)?)

o2 2
TrUyPert=—"" |24 2 reot 28 :
(TrU) 22 |2 +7T]€ p—meot—= |1, (7.30)
! ((Tr U)?ypert ct 2 27 cot in 2+ L_tan + i 27 cot in
—_ = —_ — 4T —_— —_— R — — 27T _— .
2 (2sin ZZ)2 | m2k? g k sk wk\ k

From this expression, we find that the u? term is canceled in the connected part of {(Tr U)?)

Ap
1 N pert e*r 2 4 2m .
§<(H U) >§§;n = m |:_k <2/.1/ — 27T cot ? — mcot k> —1 =+ 7Tl:| . (731)
However, this cancellation of ;2 term does not hold for the worldsheet instanton corrections.
It would be interesting to study the structure of the connected part ((TrU)?)conn further.

8 Conclusions

In this paper we have studied the instanton corrections to the VEV of 1/6 BPS Wilson
loops in ABJM theory from Fermi gas approach. For the fundamental representation, we
find that the grand canonical VEV of the imaginary part of Wilson loop has a remarkably
simple form (4.33), and it is closely related to the quantum volume given by the NS free
energy on local P! x P!. The poles at rational value of k in the membrane instanton
corrections are canceled by the worldsheet instanton corrections and the singular part of
worldsheet instantons is essentially given by the “S-dual” of membrane instantons. This
is reminiscent of the exact quantization condition of the spectrum. It would be very
interesting to understand the physical meaning of this relation between the quantum volume
and the 1/6 BPS Wilson loops.

It is curious that the NS free energy is determined by the BPS invariant of closed
topological string, while we naively expect that the Wilson loops are related to some open
string amplitudes. This type of open-closed duality was observed for the 1/2 BPS Wilson
loops in ABJ(M) theory [20]. We speculate that the relation (4.33) between 1/6 BPS Wilson
loops and the quantum volume is a “1/6 BPS version” of the open-closed duality. It would
be interesting to study 1/6 BPS Wilson loops in ABJ theory along the lines of [20, 42, 43],
and see if the relation to quantum volume also appears in Wilson loops in ABJ theory.

We have also studied 1/6 BPS winding Wilson loops and initiated the study of 1/6
BPS Wilson loops with two boundaries. For both of the imaginary part of winding Wilson
loop W, and the imaginary part of Wilson loop with two boundaries W(Ifjl), we find that
the membrane instanton correction V,, is again given by the NS free energy (4.23). We
also find that the perturbative part of winding Wilson loop is different from the expression
in [17]. It would be interesting to derive our result of WE®" in (3.11) analytically.

Our method in section 7.1 can in principle be generalized to arbitrary number of bound-
aries, but the computation becomes cumbersome as the number of boundaries increases.
It would be important to develop a more efficient method to compute the multi-boundary
Wilson loops both numerically and analytically. From our result of W(y 1), it is natural to
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expect that as the number of boundaries increases, the order of polynomial of peg in the
grand canonical VEV also increases. It would be interesting to find the general structure
of the grand canonical VEV of 1/6 BPS Wilson loops with i boundaries.
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A Instanton corrections at integer k
In this appendix, we summarize the instanton corrections at some integer k.

A.1 Fundamental representation

For the fundamental representation with k& = 3,4,6,8,12 we find

_2u 2u 2 _dp _8u —964 + 18 40) 4
e s Wi(k=3)= + = + —— e s | —F——+ )"
1k =3) (3\f7r ) 3f7r ( 3\f7r 9) ( 27\3r | 20

+< 146u+12_7> +<48u 2 320) -2 (652u7177_4892) s
9/3x 9 2731 81 ’
u u 1 2 _ap —48p + 18 20> _2
e IWi(k=6)= = S I /T L P

i ) (3\/57? 9> 3\[7? ( 3\[7r ) ( 2737 27
" (—73u+12 7) % (24/1—2 160) oo (326/1—177 2446) =
9v/37 9 2737 81
- N N e 3p—1 —2u S5u—1 T T4p —21 o~
e Wik =4) = o e T e A
130u 29 s 1518 — 403 1518u 403 —
e TW (k=8 e #
i (4 4[) 2\/7r ( 4fvr )
o) T+ (St am) ™
fw
( 2) 7 ( 139u+4 791)(“,
8\f7r 8v/2
i o) _2p _ _5p
e 6W1(k=12):a(1+26 5 o #F poer 7o ¥ 1300 e)
1 13 _2¢ 46 _, 185 _au 730 _su
S (B A6 e 185 o T30 o) Al
2\/§< 3 + 3¢ 3¢ + 3¢ ) ( )

By rewriting the above expansions in terms of p.g, we find

_ 2heft 2fteft 2 3 4 5 6
e S W (k = 3) = 14 2Qu — Q2 — 6Q° — 23Q% + 220 + 19Q°
1k =3) = T2 (14 2Qu - @} - 6Q), - 23Q), + 2207, + 1991
2
+§(1—7Q3U+6Qf;—35Q§U+146qu—249Qg),
ueff Heff 2 3 4 5 6
Wi(k = 6) = 14200 — Q2 — 603 — 23Q% +22Q° + 19Q°
1k =6) = 52 (14 2Qu — @} — 6Q), — 23Q), + 2207, +19Q)
1
—§(1—7qu+6Qf’U—35Qi+146Q;’L—249qu>,

— 30 —



W (k= 12) = ‘éﬁ (1 £ 2Qu — Q2 +2Q3 — 7QL +30Q% — 117Q5, + 476%)

1 185 , 730 2651
L (o8 86 — Qb+ Qh - Q0 +3146 )
(1S F e ek TR - ol 1400
_ Peff o _ ;ueff o 4 _ 6
e EWi(k=8) = s (14 2Qu — @2 + 2@}, + QL + 40Q3, 68Qw>
B 4 5 6
o (1 Q2 + 1607 — 39Q1 + 12807, 388Qw),
e Wi (k= 4) = ’fﬁ (1 +2Qu + TQ2 +18Q3 + 57Q% + 160Q°, + 516Q6> (A.2)

A.2 Winding number n = 2

For the winding number n = 2 with £ = 6,8, 12 we find

e Wa(k = 6) = (1 - Q,, — 1203 + 18Q}, — 2003, + 156Q5, — 292Q7)
337

2
T 5(Qu — Q% +6Q3, — 23Q1, + 40Q], — 133Q5, +408Q]).

e Wy (k = 8) = g(l ~ 20w + 202 — 8Q% + 3501 — 83Q7)

1 2 3 4 5 (A-3)
- g(l - 2Qw + QQw - 8Qw =+ 39Qw - 96Qw)7
e Wy (k = 12) = 2T (1 - 3Q,, +4Q2 — 12Q3 + 50Q%, — 204Q5,)
6v/371
2 3 3, s 55 s
——(1—-—=Qup+ = — — — 12 .
o (1-50u+ 302 - o0t + Tk - 1200

A.3 Winding number n = 3
For the winding number n = 3 with k = 8,12 we find

/"‘eff

e EWy(k = 8) = L (1 - Q, +3Q2 — TQ3 + 3204 — 73Q5)

421
1
+—(Qu — 4Q2 + 11Q3, — 36Q% +105Q5,),
5 42 (A4)

e T Wk = 12) = f;i@ — 4Qu + 12Q2 — 34Q3 +120Q% — 460Q3)
1

— ——(1—-2Qu + 6Q% — 20Q3 +80Q% —310Q3).

3\/5( Q Q Q Q Q)

A.4 Winding number n = 4

For the winding number n = 4 with k£ = 12 we find

W, (k = 12) = (1 230, +10Q2 — 36Q°, + 12901
6/37

(A.5)
— é (1 —2Qu + ?Q%U —30Q3 + 335Q4)
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A.5 Imaginary part of Wi ;)
For the imaginary part of W(; ;) with & = 6,8,12 we find

_ ket

e 5 Wiy (k=6) = fgﬁ (1+3Qu — 8Q% +4Q3 — 52Q% +140Q5)

2 3 4 5
9\/>( +Qw Qw 2Qw 25Qw+52Qw)?

e*%THW(l y(k=28)= fgﬁ (1+2Qu = 6Q3, +8Qy, — 13Q), +88Q7)

+é(O+Qw+O'Q2 —4Q7, +0- Qy, +16Q3),

e W (k= 12) = f;ﬁ (14 Qu — 402 +4Q3, — 6Q% +20Q5)

1
_ 7
A.6 Real part of W(y ;)

(A.6)

(1-3Qu — Q2 + 16Q3, — 55Q;, + 172Q5,).

For the real part of W, 1) with k£ = 6,8 we find

_ ket

2
e” 5 Wi (k=6)=— 51?2 (14 7Quw — 4Q2% +32Q3 — 222Q7% + 300Q>, — 1196Q°)

273w

1
+ @(11 T5Quw+284Q2 —696Q3 +1302Q;, — 6076@2,+12236Qg)

1
- 57 (1 — Qu — 16Q3 +22Q% — 2005, + 224@3,),

— Qu +7Q%, + 22Q3, — 9Q,, — 160Q;, — 681Q%,)

_ Heff

2
e HW (k= 8) = — S (14 6Qu — 207, + 32Q7, — 89Q), + 368Q7)

P (Qu - 4Q3 + 8Q), — 8Q1, + 44Q7)

_l’_

16(1 —3Qu + 11Q% —38Q3 +105Q% — 312Q7)

1
— F(l —2Qu +2Q% —8Q3 +39Q% —96Q°>). (A7)
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