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1 Introduction

An important question in conformal field theory (CFT) is to what extent a theory can
be identified in terms of its constraints and symmetries. The bootstrap hypothesis [1-3]
is based on the crossing symmetry. Recently in 4d CF'T the crossing symmetry has been
used to obtain an upper bound on the weights of the fields that appear in the operator
product expansion of scalar operators [4]-[8] and a lower bound on the stress tensor central
charge [9, 10]. Similarly an upper bound on the scaling dimension of the first scalar
operator appearing in the OPE of two quasi-primary scalar operators has been obtained
in two dimensions [4].

In two dimensions, the infinite dimensional group of the conformal symmetry makes
the bootstrap project more efficient. Furthermore, the partition function of a 2d CFT
should be invariant under modular transformations. The modular group PSL(2,7Z) is the
disconnected diffeomorphism group of the torus

(1. 7) = (7, 7) = (‘”” aﬂb), (“ b) € PSL(2,7), (1.1)
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where 7 = 71 + i1y is the complex structure taking value in the upper half plane (72 > 0)
and 7 = 71 — im2. The generators of the modular group are

T: (r7) = (r+1,741), S: (r,7) = <—1,—1). (1.2)

Invariance under T-transformation (henceforth 7T-invariance) constrains the spin of states
and the difference between the left and right central charges of the conformal field theory.
S-invariance constrains the density of states and the spectrum of the theory.

In [11] the S-invariance of partition function has been used to estimate the density of
states in the saddle-point approximation for a unitary CFT. It is seen that the density of
states at conformal dimension h grows exponentially with the square root of h [12]. The
Cardy formula is a key ingredient in the AdS3/CFTs correspondence; it reproduces the
Bekenstein-Hawking entropy of the BTZ-black holes [13].! S-invariance has been also used
to compute the ‘logarithmic correction’ [12] and ‘the beyond the logarithmic corrections’
to the Cardy formula [15]. In [16] it is shown that in theories with sparse light spec-
trum and large central charge, the Cardy formula also works for energies greater than the
central charge.

Recently, the modular invariance of partition function has been used in order to obtain
an upper bound on conformal dimensions of the primary fields. In [17] for holomorphically
factorizable models whose left and right central charges are multiples of 24, an upper bound
on the lowest primary fields has been obtained,

. CL CR
A§m1n<24+1,24+1>. (1.3)
This upper bound is saturated in extremal CFTs [18, 19]. Extremal CFT’s are promising
holographic duals to the pure gravity with negative cosmological constant [17, 20]. The
vacuum state corresponds to the AdS space, and the primary fields above the vacuum
correspond to the BTZ black hole. Modular invariance is enough to determine the partition
function of an extremal CFT. For ¢ = 24 an extremal CFT is known and its uniqueness has
been conjectured [21, 22]. The holomorphic and anti-holomorphic parts of the partition
function are modular functions. A modular function can be written in terms of a polynomial
in the Klein function J [23]. While for the other values of the central charge the partition
functions are known it is not clear whether such CFTs exist [24].

In general, for CFT’s in which there is no chiral algebra beyond the Virasoro al-
gebra and ¢ > 1, the following upper bound on the lowest primary operator has been
obtained [25]-[28]

C
A< % +0(1), Ctot i= €L + CR- (1.4)

In fact for asymptotically large central charge this inequality is valid for A,, with n <
eTz [29, 30]. The upper bound (1.4) can be computed by using the medium temperature

!The asymptotic symmetry group of an asymptotically AdS3 spacetime with radius ¢ in Planck units is
given by two copies of the Virasoro algebra whose central charge ~ ¢ [14]. The validity of the semi-classical
gravity requires that £ > 1.



expansion. This method uses the S-invariance of the partition function at the self-dual
point 7 = —7 =i [25]. Considering a small neighborhood of 7 = —7 =1

T=1¢€’, T=—ie’, (1.5)

in the limit s — 0, one obtains an infinite set of constraints on the partition function:

(ri) o (ri) " Z(1,7)

Combining the constraints that can be obtained by different selections of (N, Ng) leads

=0 for Np + Np = odd. (1.6)

T=—T=1

to certain universal constraints on the spectrum [25, 29-32].
In this work we use the medium temperature expansion method in a different manner.
We note that eq. (1.6) indicates that for any (smooth) odd function f(z,y) = —f(—z, —y)

g _0
f <7_87_7 7__87—_) Z(T7 7__)

This observation leads to an interesting result: corresponding to every S-invariant non-

= 0. (1.7)

T=—T=1

chiral partition function Z(7,7T), there exist an S-invariant chiral function Z(r). The
map Z(7,7) — Z(7) can be interpreted as the chiralization of the partition function. The
chiral function corresponding to the non-chiral partition function can be easily obtain by
inserting 7 = —7 in Z(7, 7). That is,

Z(1):=Z(1,—7). (1.8)

This equation implies that Z(7) can be obtained by analytic continuation of the ‘canonical’
partition function

annonical(ﬂ) = Z(T, 77_) ‘T:_;:;ﬁ . (19)

to the complex [-plane. The behavior of the chiral function Z(7) under T transformation
depends on the spectrum of the main theory.

Focusing on a special class of CFTs whose primary operators have half integer scaling
dimensions (henceforth HI-CFT), we show that the corresponding chiral partition function

—iTCot

is an eigen-function of 7" whose eigen-value is e~ 12

—iTCtot

T:2(1)—>e 12 Z(1). (1.10)

Since Z(7) is by construction S-invariant, the identity (ST)3 = 1 implies that cy € 8 Z.
Thus, in such theories ¢y, and cg are inevitably multiples of 4. We show that the correspond-
ing chiral partition function Z(7) can be determined in terms of 1 + [g] positive integers.

[4]
Z(r)=J" n, g, n, € N. (1.11)
r=0

Since the degree of degeneracy of levels in Z(7,7) and Z(7) are equivalent (as can be
inferred from eq. (1.9)), eq. (1.11) implies that the degree of degeneracy of high-energy levels
in Z(7,7) can be uniquely determined in terms of the degeneracy in the low energy states.



The organization of the paper is as follows. In sections 2 we review the effect of two
constraints on the partition function. One of them is the T-invariance and the other one
is the simple fact that partition function should be real-valued. In section 3 we study the
S-invariance of partition function and use the medium temperature expansion to obtain
the chiralization map. Sections 4 and 5 are devoted to the HI-CFT’s. We study the
chiral partition function Z(7) in section 4, and identify a subclass of HI-CFT partition
functions in terms of free-fermions in section 5. Some technical details are relegated to the
appendices. Our main results are summarized in section 6.

2 Constraints on the spin values

Consider a two dimensional unitary CFT on a circle of length 2. The partition function
of the theory at temperature % and chemical potential p. is as follows

Z(B, pe) = Tre PHHIE = 37 (A, j)e P (A=5) (= 51), (2.1)
A7.j

in which p := p.8, H is the Hamiltonian and P is the momentum on the compact spatial
direction. The eigenvalues of H and P are A — S5t and j — it respectively [33].

Ctot := CL + CR, Cdif 1= €[, — CR, (2.2)

where ¢;, and cg are the left and right central charges. This partition function can be
interpreted as a CFT partition function on a torus whose complex structure is given by

W+ i _ . p—iB
= = . 23
4 27 g 27 (23)
In this picture, the conformal weights are given by
1 . = 1 .
and the partition function can be written as follows.?
Z(r7) =g q=t Y p(h.h)q"d", (2.5)
h,h=0
in which
q = eQ’iTFT’ g = €—2i7rff_ (26)

Henceforward we assume the following:

e The partition function is invariant under modular transformation;

e The spectrum contains the identity operator h = h = 0;

’In a unitary CFT h > 0 and h > 0. Therefore, —A < j < A.



e The density of states p(h, h) are positive integer numbers;
e The partition function is real.

In the following, we show that T-invariance indicates that the spin j € Z and cgjr € 247Z.
Furthermore we show that since the partition function is real-valued, at each energy level,
the number of states with spin j and —j + %4 are equivalent.

2.1 T-invariance of partition function

Under T transformation
= b+ 27, 8 — 5. (2.7)

Therefore, T-invariance of the partition function requires that

D o8 e AU = 37 (A, jle MATE) . (28
Aj Ayj

For =0 eq. (2.8) gives

S p(A, e A A [1 — cos2m (j — Cdif)] =0, (2.9)
A

24
3 oA, j)e A5 sin2n <j - C;:) = 0. (2.10)
A,j

The summands in (2.9) are non-negative. Consequently j — Cg;’f is necessarily an integer.

The vacuum state (j = 0) enforces that cqif € 24Z. Therefore, j € Z. From eq. (2.8) one
verifies that these conditions are also sufficient.

2.2 Partition function is real-valued

The imaginary part of the partition function (2.1) is zero.

Yoy p(A, e P(A=%E) gin [M<j - C;I)] =0, (2.11)

A jEIA

where Ja C [—A,A] denotes the set of spins of states with energy A. From the T-

invariance we already know that j — St € Z. Using the orthogonality of sin [(j — %) u]

(as a function of p) in eq. (2.11) one obtains

5 [otd) - o8-+ ) e <o (212)

A

Assuming the ordering A; < Ag < -+, eq. (2.12) reads

p(A1,j) — p<A1, —j+ cdif) + > [p(A,j) - p(A, —j+ Cf“f)} e PA=A) — 0. (2.13)
12 A=A, 12




By considering the 8 — oo limit one verifies that

p(Ar,j) = p<A1, —j+ Cdif>. (2.14)

12

Using eq. (2.14) in eq. (2.13), the same argument implies that p(Az, j) = p (Ag, —j + SUt).

Iteration gives,

. . Cdif
(A, j) = p<Am, —i+ 5 ) (2.15)
Cdif

Since j — i is the momentum eigen-value, we conclude that

Corollary 2.1. A 2d CFT whose partition function is real-valued and T-invariant is par-
ity even.

3 Invariance of partition function under S-transformation

S-invariance of the partition function,

implies that [25],

in which
1 1
W= ——, W= ——. (3.3)
T T
At the self dual point 7 = w = i, and T = @ = —1, this condition reads

DY DR Z(7,7) =0 for Np+ Ng=odd, (3.4)

T=+1,T=—1

where D = 7'8% and Dy = 7"% are respectively the left and the right dilatation operators.
For a holomorphic test function F(7)

P F (1) = F(e®r), x e C. (3.5)

Eq. (3.4) implies that for any (smooth) odd function f(—zp,—xr) = —f(zL,zR)

f(Dyp, DR)Z(r,7) =0. (3.6)

T=1,T=—1
Using f1(Dyr, D) = sinh(z.Dy) cosh(zgrDg) and fo(Dyp, D) = cosh(zrDy)sinh(zrDR)
and for x,zr € C one verifies that

-1 -1 -1 -1

Z(uL,uR) + 7 (uL,) - Z <,UR> —7Z (,) =0, (37)
UR uy, uy, UR
—1 —1 -1 -1

Z(uL,uR) -7 (uL,> + 7 (,UR) -7 <,> =0, (3.8)
UR ur, ur, UR

3We assume that the partition function is a smooth function of 3 and y i.e. there are no phase transitions.



where uy, = ie®r and ug = —ie’®®.* An immediate result of the identities (3.7) and (3.8) is

Corollary 3.1. Every S-invariant partition function Z(1,T) is extended S-invariant, i.e.

Z(ur,ug) = Z (_1 _1) , (3.10)

ur, uR

where uy, and ur are two independent C parameters taking value in the upper half-plane
and in the lower half-plane respectively.

3.1 Chiralization of the partition function

Consider the case u;, = —ugr = 7 and define
Z(1):=Z(1,—7). (3.11)

Eq. (2.5) (for ¢ = q) gives

Z(r)=q Y pA)e®, (3.12)

where®

pA) ==Y p(A, 7). (3.13)

JEIA
From (3.10) we learn that the function Z(7) is invariant under S-transformation.

In summary,

Corollary 3.2. Corresponding to every S-invariant partition function Z(1,T), there is a
an S-invariant chiral function Z(7) = Z(7,—7).

We call the map
ch: Z(t,7) = Z(1), (3.14)

the chiralization map and Z(7) the ch-image of Z(7,7). Table 1 shows some example of
the known partition function and the corresponding ch-images.

4Since the growth of p(h, h) in eq. (2.5) is controlled by the Cardy formula, the partition function

Z(ur,ur) =e" T Z o(h, }71)627”‘“"%72”“1{71, (3.9)
h,h=0

is convergent if the imaginary parts of ur, and ugr are positive and negative respectively. We assume that
Z(ur,ur) gives a biholomorphic analytic continuation of Z (8, u) to complex wy in the upper half-plane
and upr in the lower half-plane.

5 Z(r) corresponds to the analytic continuation of the canonical partition function Zcanonical() defined
in eq. (1.9) to the complex S-plane. It is known that Zcanonical(8) is a real analytic function [34], thus Z(7)
is well-defined. The S-invariance of Z(7) is also indicated by the S-invariance of Zcanonical(8)-



Model Z(1,T) ch-image
Ising model %(97]—2-1-%34_%4) %(%+%+%)
Free boson %W \/%ZTW
Free boson on a circle of r =1 %(%22—1- %324— %42> %[(%2)24_(%3)2_'_(%4)2}

Table 1. Examples of non-chiral partition functions and the corresponding ch-images.

4 CFT’s with half-integer conformal weights

In this section we investigate a family of CFT’s in which A € Z. Since j € Z, the
corresponding conformal weights are half-integers. Hence we call such a CFT an HI-CF'T.
In the following Z(7,7) and Z(7) denote the partition function of an HI-CFT and the
corresponding ch-image respectively.

From eq. (3.12) one verifies that

T: Z(r) = e ™18 Z(7). (4.1)
Since Z(r) is S-invariant, using the identity (7'S)® = 1 one obtains
e 2T = . (4.2)

Consequently,
Crot € 8N. (4.3)

From the T-invariance of Z(7,7) we have learned that cqif € 24 Z. Therefore,

Corollary 4.1. For an HI-CFT
cr, € 4N, cr € 4N. (4.4)

Now we are ready to obtain the basis for Z(7). Let’s start with ¢;,cg € 12N. In
that case cior € 24Z and Z(7) defined by eq. (3.12) is a well-defined modular invariant
meromorphic function in the upper half plane. Therefore it can be given as a polynomial

in the Klein function J [23],
0

Z= )Y aJ. (4.5)

__ Ctot

r=—"

The Klein function can be written in terms of the Jacobi Theta functions 6;(7) (i = 2,3,4)
and the Dedekind function 7(7).
J =13 (4.6)
= ¢ '+ 744+ 196884 ¢ + - - - ,



where

o3| (55) (%) <9$<(TT>)>8]
= g3 (1+248q+---). (4.8)

In the following we show that for ¢y € 8N, Z(7) can be written in terms of a polynomial
in j.

Lemma 4.2. Let f(") ({a(”)}, 7) be an S-invariant function with Fourier expansion

0 00
o ({a(’”)}ﬁ) =q7 [Z ag"+ Y ag | pe{0,1,2).  (4.9)
n=1

n=—r

in the upper half T-plane. Then
a. f) ({CL(T)},T) is T3-invariant.
b. It is a polynomial in j.

Proof. T3-invariance is obvious. Eq. (4.7) and eq. (4.8) imply that there exist {a("~D}
such that

' Z aMg = a(_rz P4 qT Z ar=Ygn. (4.10)
n=—r n=—r-+1
Therefore,
£ ({a(r)}, ’7') =a{" P Jr 4 frY ({a(rfl)}ﬂ') . (4.11)

The order of the poles of f() ({CL(T)},T) and f0—1 ({a(”_l)},T) are r and r — 1 respec-
tively. The S-invariance of f(") ({a(r)},T), j and J imply that f"—1 ({a(r_l)},T) is also
S-invariant. By iteration one obtains

£ ({a(r)}ﬂ') =P [a@f + a(_r(_rl_)l)f_l + e+ aéo)} + f=0 ({a(_l)},T) . (4.12)

where

£ ({aH)}? T) =53 al Vg, (4.13)

m>1

The function [f(*l) ({a(*l)}, T)]g is modular invariant. It has no pole in the upper half
plane and is zero at 7 = ¢0o0. Thus it is zero in the upper half plane. ]

Corollary 4.3. The ch-image of the HI-CF'T partition function with total central charge
Ctot = 8k, has an expansion in terms of j as follows

[k/3]
Z(r)=i"> nJ n, € N. (4.14)
r=0



central charge ch-Image of partition function
k=1 j= g3 (14 248¢ + 4124¢2 + 347523 + - - )
-2
k=2 i2=q3 (14 496q + 69752¢> + 2115008¢> + - - -)
k=3 J+n=q! [1 + (744 + ny)q + 196884¢> + 2149376043 + - - }

Table 2. The ch-image of the HI-CFT partition function with ¢t € {8, 16,24}.

The degeneracy of the vacuum state is given by ng. In the following we assume that
no = 1. Eq. (4.14) shows that Z(7), and consequently the number of states with energy
A ie. p(A) can be uniquely determined if ¢y and the integers n,, or equivalently, the
low-energy (i.e. A < [g]) density of states are given.”

Finally, consider an HI-CFT whose ch-image Z(7) is extremal, ie. Z(7) =
¢ %314+ O(q)]. In that case, the coefficients n, can be uniquely determined in terms
of the central charge. Furthermore, the scaling dimension of the first primary field after

identity is Ay = 94t + 1, which is in agreement with the upper bound given in eq. (1.4).

4.1 AdS/CFT correspondence

It is known that the Cardy formula reproduces the Bekenstein-Hawking entropy at A > 1.
In [17] it has been observed that for k¥ € 3N,” the number of primary fields is given by the
Cardy formula

p(A) =2 ShA) S(k,A) = 4r (4.15)

Therefore it is natural to assume that the primary fields correspond to the micro-states of
the BTZ black hole.

In table 2 the Fourier expansion of the ch-image is given for cioy = 8,16,24. The
coefficients of the expansions determine the density of state p(A) which equals the number
of states with energy A and spin j € [-A,A]. For k = 1,2, 3 the first high energy state
(ie. A=1+ [%]) has weight A = 1,1, 2 respectively. It is an interesting observation that
the corresponding number of states can be estimated by the Cardy formula.

5 A basis for HI-CFT partition function

In the previous section we have observed that the ch-image of the HI-CFT partition function

8
is a polynomial in j. Motivated by the fact that j is the ch-image of %2?21 % in this
section we study a class of HI-CFT’s whose partition functions can be given as a polynomial
. 0, 0;
n /5 and s

5The existence and the uniqueness of such CFT’s is an open problem.
"In our conventions, ¢t = 8k while in [17] ctor = 24k.

~10 -



The functions \/% have the following Fourier expansion.

V2 _ @iy ol (5.1)
N n=0
19 B o0 o0 1
2= (Sows o). 52)
n=0 n=1
T R A N ¢ S
— =gqg= ch q’ — Ch qg T2, (53)
N n=0 n=1
where
. 11
(7) 0 . — 4
Cy eN, i 0’16’2' (5.4)
The S-transformation of the Dedekind function n and the Theta functions are as follows.
02 — (—i1)/ %04, 01 — (—ir)"/20s, (5.5)
03 — (—iT)"/%0s, n — (—it)/n. (5.6)

T-transformation of these functions is given by,
92 — 6i7r/4(92, (93 4 94, n— eiﬂ'/12n' (57)

Since an HI-CFT only contains primary fields with half integer scaling dimension, from
egs. (5.1)—(5.7) one infers that the corresponding partition function is a polynomial in x,
y and z defined as follows.

8

x::< 192) =q®T2C(q), (5.8)
9 8

y = ( 3) — g [A(Q)Jrq%B(q)}, (5.9)

8
=< 194) = ¢ [A(g) —#B(q)] (5.10)

where A(q), B(q) and C(q) are polynomials in ¢ with positive integer coefficients. The
functions x,y and z are not independent. They are related through the standard relations
between the Theta functions and Dedekind function.

rT—y+z=0, (5.11)
xyz = 16. (5.12)

By using eq. (5.12) and the transformation rules

S:y—uy, Tz, (5.13)

T: x— ¥ /3y, y — e /3, z— e /3y, (5.14)

- 11 -



one can show that the most general modular covariant combination of x, y, z can be written
as follows.

Ropea = 25" (472" + 023" (5.15)
g (Bzdjb + B$d2b>
+2¢2¢ ('yxdgjb + ’Nyyda’?b) ,

where a,b,c and d are some positive integer number and «, 5, 3,7 and 4 are complex
number. By covariance we mean that

S Ra,b,c,d — 6i0Ra,b,c,d7 (516)
T: Ra,b,c,d — ei(sRa,b,c,da (517)

where o and ¢ are real numbers. Eq. (5.16) implies that
F =€, 72 = e =1, v =e“a, B =e“p. (5.18)

Using (5.17) and (5.18) one obtains,

ei& _ (_l)a-i-ce%"(a-ﬁ—b—c—d)a, _ (_l)a-&-c-i-d’ 5 19)
3= (-1)""a, o? =1. (5.20)

Consequently,
RE, o0 = 20" ((—y)"2" + 2(—)") (5.21)

+205" (a(=9)" & (-p)"2")

where we have dropped an overall phase (—1)%. R, ., and R;rb ..q are respectively odd
and even under S-transformation.

+ +
SRa,b,C,d = :l:Ra,b,c,d‘ (522)

S-invariance of the partition function implies that Z(7,7) should be an even function in

— . — — . . . . +
Ra’b?c,d. In appendix A we show that Rmb’c’dRa,?b“c,’d, is a linear combination of Ra,b’c?d.
+

Hence, we concentrate on polynomials in R, .
th )

Noting that

4 and drop the + sign for simplicity.

1
= 2@ 12+ 2, (523
one can use eq. (5.11) to show that

j=a?+yz =22+ oy =y —xz (5.24)

~12 -



These identities together with eq. (5.12) result in the following recurrence relations.

Ra+2,b,c,d == jRa,b,c,d - 16Ra—1,b,c,da (525)
Ra,b+2,c,d = jRa,b,c,d - 16]%a,b—l,c,cla (526)
Raper2.d = 1Raped — 16Rap 1,4, (5.27)
Ra,b,c,d+2 = jRa,b,c,d - 16Ra,b,c,d71- (528)
Eqgs. (5.25)-(5.28) show that every Rgp 4 is a polynomial in j, i,
1 2 2 2
=g (jaf + ly* + 1217, (5:29)
and
t =227 — 1y’ + 2%2 (5.30)
To show it, we first consider the chiral function
Reai=Rooea=a* ((—y)! + 20 + (=p) " +ah) + 2@ + (-p)) . (5:31)
Noting that
Ry =6, Rio=0, Ro o = 4j, (5.32)
Ry =0, Ri1= -2, Ry = 48, (5.33)
Ry = 4j, Ry =48, Roo = 2§%, (5.34)
one verifies that j is the single generator of R, 4.
In appendix B we show that
Rapo1 = —Rpa1,0 — Rap,1,0, (5.35)
Rop11 = —iRapo0+ Rya20, (5.36)
Rapo2 = 2)Rap00 — Rap2,0 — Rba20, (5.37)
Rup22 = *Rab00 — iRba20 — 16Rpa1.0, (5.38)
Rapi12 = —jRap01 + Rpa21- (5.39)

Thus all of R,p.q can be obtained in terms of Rypo o where {c,d'} €
{(1,0), (2,0), (2,1)}. Using the identity

Ra,b,c,d = Rc,d,a,by (540)

one can also determine Ry .10, [22,1,1,0, and Ra 120 in terms of Ry 2,0, R1,0,2,1, and R 21
respectively. Using eq. (5.36) one can determine Ry 11,0, Ri,1,2,0 and Ry1,2,1. Similarly,

PRkt ]

eq. (5.38) can be used to compute Rz 21,0, R2220 and Ry 22 1. Therefore all that we need
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to compute R, 4 are the following functions.

_ 1
Rio10= —2Ro,1,1,0 = 4b, Roj20 = Ro210 = —5R020 = -
Ri210= — Rio21=2jb, Ro121=0,
8h? 4!J|2 4p*  10Jj)?

R = — + — R -

2,0,2,0 3 T3 0,2,2,0 3 T3
Ropp1 = —jt+32j, Rogo21 = 32,

8f)

Roipn =5 IJ\ h— —- +6(16). (5.41)

In summery every R, .q is a polynomial in b, € and £ as follows
R = go+ g1 + g2b” + g3b® + g4t + g5t (5.42)

where g; = g;(j,j) are polynomials in j and j.

Since the HI-CFT partition function is modular invariant, we investigate the invariance
of R under T transformatlon b is modular invariant. j and € are eigen-functions of T with
eigen-values e = and e respectively. In order to determine g;, (i = 0---5), we write
them as follows

g =F+ (FY+ FP? +ne),  i=01,23, (5.43)
g1 =FO + FMi+ EPR 1+ 6P+ PR, (5.44)
g5 = g4. (545)

where Fi(a) and Gfla) are polynomials in [j|?, J and .J. In writing eqs. (5.43)~(5.45) we have
noted that PR as a partition function should be real-valued. Using egs. (5.43)—(5.45) in
eq. (5.42) and the identity T9% + T?%R = 29 one obtains

3
[Z (jFi( ) 4 2F® ) bt + ( FO + P52 4 gl );) Yee =0 (5.46)
i=0
Therefore, every HI-CFT partition function can be written as
ZF(Ob +[(FVi+ 6P et e (5.47)

Noting that the ch-image of b is j and the ch-image of £ equals —48,% one easily verifies
that the ch-image of Z(7, ) is a function of j in agreement with corollary 4.3.

8The ch-image of ¢ is %R070,3,0 which can be easily computed by using eq. (5.27).
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5.1 Examples of HI-CFT Partition function
In this section we study HI-CFT’s with ¢y = 8,16.°

e ciot = 8. In this case there is only one partition function

47'_4f 47'_47_' 47_47_'
Z(r,7) = = %192 ()2 ( )+19:’]4ET§:7_9§’(;))+194 ()94 (7). (5.48)

which corresponds to 8 right-handed and 8 left-handed fermions. The corresponding

ch-image is
_ 11928+1938+1948 _

Z 5.49
)= 5"50 (5.49)
® ciot = 16. In this case the partition function is not unique.
1
Z ,—:—< 2 b’2). 5.50
(r.7) = —— (ab* + bl (5.50)

The ch-image of Z(7,7) is j* (independent of a and b). The factor a%rb indicates that
there is a single vacuum state. The coefficients a an b should be determined in such a
way that the density of states are positive integers. By inspecting the first few terms
in the Fourier expansion of Z(7,7), one can obtain the following necessary condition.

384 56 248b
¢, o LerEen (5.51)
a-+b a+b
in which m and n are nonnegative integers. This gives
m,n € 8Z 2m’ +n' = 62, (5.52)
where m’ := ¢ and n’ := §. Using eq. (5.52) in eq. (5.50) one obtains
1
2(r.7) = 57 |81 =) + (= ) IiP] - (5.53)

For 7 < m’ < 31 the energy densities are obviously positive integers. We have not
been able to exclude the partition functions corresponding to 0 < m’ < 6. Therefore,
we are optimistic that there should be 32 different HI-CFT’s with co; = 16.

6 Summary

In this work we have studied modular invariant partition functions of unitary CF'T’s whose
conformal weights are half-integers, hence HI-CFT’s. By using the medium temperature
expansion we have obtained a chiralization map which maps every S-invariant non-chiral
partition function to an S-invariant chiral partition function. We have used the chiralization
map to show that the left and right central charges of an HI-CFT are multiples of 4.
Furthermore, we have shown that the partition function after chiralization can be written

Ocait € 247 implies that the corresponding left and right central charges are c;, = cr =4 and ¢, =cr = 8
respectively.
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as a polynomial in j = J/3, where J is the Klein function. In this way we have realized that
the degree of degeneracy of the high energy levels A > [CL“R] can be uniquely determined
in terms 1+ [CL+CR] integers corresponding to the degeneracy in the low energy states.

We have identified a class of HI-CFT’s whose partition functions can be given in terms
of the Jacobi Theta function 6; and the Dedekind function 7. In eq. (5.47) we have given
the most general form of such partition functions.
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A S-invariant combinations of R, ¢4

The multiplication rule for R_, ., can be obtained as follows.

- - _ pt
Ra,b,c,dRa’,b’,c’,d’ - Ra+a’,b+b’,c+c’,d+d’ (Al)

N [:L,c—&—c’(_y)d’zdi,a—&-a’ (_g)bzb’ + xc-i—c’ (_y)dzd’ja-i-a’(_g)b’zb
_i_xd/(_y)chc/Zdjb(_g)aJra’ Zb’ + Id(_y)c+c’zd/j;b’(_g)aJra/gb
—|—xd(—y)d,2‘c+cla_7b/(—g)b2a+a/ + xd’(_y)dzc+c’fb(_g)b’za+a’:|

+ [xc(—y)cl+dzd,ja+b/(—gj)aléb + xC(_y)d’ZC’—i-da—:a-i-b’(_g)bga’
+SC ( )c c+d = b( y)a—l-b’zzz’ + xd’(7y)d+c’chb(7g)a’2a+b'
+z¢ +d(_y)czd i‘a ( y)a—l—b b + l‘ ( y)d’zci,a’(_g)bza-i—b’}

+ [xc’(_y)chd’dea/er(_—)azb’ + xc’(_y)dzc+d’£a’+b(_g)b’2a
+$d(_y)c’zc+d’i,b’( y)a +b 70 4 ( )d +czc J:b ( y)aza’—I—b
+xc+d’(_y)c’zd’ja(_g)a’—i—bzb’ + :Uc—i-d (_y)dzc ja(_g)b’za’—kb}

i [xc+d’(_y)c’+di,a(_g)a’2b+b’ + l,c+d’ ZC/er.i’a(— )b+b’2a/

y
_‘_(_y)c—&—d’zc’-i-di,b—kb’(_g)aza’ + (_y)d—&—c’zc—i-d’i,b—kb’(_g)a’ 5@
+$Cl+d(—y)c+dla_}al(—ﬂ)aEb-H/ + mc’—i—dzc’-i-cl@a’ (_g>b+b’ga:|

. [xC(_y)c’Zd—l-d’ja—&—b’(_g)a/—l—b + $C(—y)d+d/zclfa+b/ Za’—o—b

+xd+d’( c c’(_g)a—i-b’ga’—&-b + xd—i—d’(_y)c’zc(_g)a’+bza+b

—y)°z
_i_xc’(_y)czd+d’ja’+b(_g)a+b’ + wc’(_y)d+d’zcja’+b2a+b’:| )

We have separated the above terms in 5 combinations. We show that each combination is

an RT. It is clear that these terms have the following structure.

I(a,b,c,d,d V¢, d) = a*(—y)*22" (—)"' 27 + 2" (—y)*2"2" (-p)" 2
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where

I(a,b,c,d' b, ) =1(ba,c,b,a',c)=1I(c,b,a,c b, ad

there are nine of them as follows

1. a<b,c
2. <a,c
3. c<a,b
4. a<bc
5. <a,c
6. c<a,b
7. a <bc
8. <a,c
9. c<a,b

We first consider cases 1, 4 and 7.

/ / /
a <b,c

b <d,d,
d<dV,
b <d,d,

/ /
ad <v.d

!/ / /
a <Vb,c

/
d<dl,
/ / /
c <a,b,
b <d,d,

).

In order to proceed we need to classify different orderings of a, b, c and (o', V/,

(A.2)

). In general,

(A.3)

— 160+ (—1)0* (c—a) +
1. [(CL, b, c, a/7 b/7 c ) 16 o ¢ Z ]{3‘ C —a— Rb’ —a’,c/—a’ b—a+k,c—a—k> (A4)

4. I(a,b,c,a’ b, ) = (- 16)a+blR+

7. I(a,b,c,d’ V., c) = (—16)“+C/R2;

=V ,a’—b c—a,b—a’

—c,a’'—c \b—a,c—a’

(A.5)

(A.6)

By using eq. (A.2) and eq. (A.4) and switching (a <> b,a’ <> b'), and (a > ¢,d’ <> ), one
can resolve the cases 2 and 3. Similarly, the cases 5 and 6 and the cases 8 and 9 can be

obtained from the cases 4 and 7 respectively.

B Basis for R, ¢4

In this appendix we prove eqs. (5.35)—(5.39).
By definition,

Rapor = & (=92 +2(=9)") + (=9)" (02" + z2")

+z¢ (( )z’ + 2 (—

n').

Thus, the identity (5.11) gives eq. (5.35). Similarly,

Rapan = 23" ()2 + 2(=9)") + (~9)(=9)"(az" + z2")

oz ((—y)fb + m(—g)b) .

17 -
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Therefore eq. (5.36) is a result of the identity (5.24). Eq. (5.37) can be verified by using
eq. (5.23) in

Rapos = 2 (P2 +22(p)") + (-9)"(a?2" + %2")
+2° (3% +2%(-9)") | (B.3)

eq. (5.24) and eq. (5.12) give

=22 — ay) = 2% — 162 (B.4)

Therefore,
z2y? =% — 2% — 162. (B.5)

Similarly,
2?2* = * —jy® + 16y, (B.6)
y22? =% —jx? — 16a. (B.7)

Using egs. (B.5)—(B.7) in
Rapao = 2279 <y22b 4 ZQ(_g)b> _i_yZ(_g)a(wQEb _1_22551))
+22z° (y%‘;b + x2(—fg)b) , (B.8)
one obtains eq. (5.38). Finally, using the identity
17t [y22 4 2(-p)| =70 [0 (5 + ) 2+ () (0], (B9)
in
Rapas = 23" (22 +22(=9)) + (—y)(=9)" (222" + 2%2")
+2z% (y2§cb + xQ(—gj)b> , (B.10)
one obtains eq. (5.39).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] A.M. Polyakov, Conformal symmetry of critical fluctuations, JETP Lett. 12 (1970) 381
[Pisma Zh. Eksp. Teor. Fiz. 12 (1970) 538] [INSPIRE].
[2] A.A. Migdal, Conformal invariance and bootstrap, Phys. Lett. B 37 (1971) 386 [INSPIRE].

[3] A.M. Polyakov, Nonhamiltonian approach to conformal quantum field theory, Zh. Eksp. Teor.
Fiz. 66 (1974) 23 [INSPIRE].

~ 18 —


http://creativecommons.org/licenses/by/4.0/
http://inspirehep.net/search?p=find+J+%22JETPLett.,12,381%22
http://dx.doi.org/10.1016/0370-2693(71)90211-5
http://inspirehep.net/search?p=find+J+%22Phys.Lett.,B37,386%22
http://inspirehep.net/search?p=find+J+%22Zh.Eksp.Teor.Fiz.,66,23%22

[4]

[15]

[16]

[17]
[18]

R. Rattazzi, V.S. Rychkov, E. Tonni and A. Vichi, Bounding scalar operator dimensions in
4D CFT, JHEP 12 (2008) 031 [arXiv:0807.0004] [INSPIRE].

V.S. Rychkov and A. Vichi, Universal constraints on conformal operator dimensions, Phys.
Rev. D 80 (2009) 045006 [arXiv:0905.2211] [INSPIRE].

R. Rattazzi, S. Rychkov and A. Vichi, Bounds in 4D conformal field theories with global
symmetry, J. Phys. A 44 (2011) 035402 [arXiv:1009.5985] [INSPIRE].

A. Vichi, Improved bounds for CFT’s with global symmetries, JHEP 01 (2012) 162
[arXiv:1106.4037] [INSPIRE].

F. Caracciolo and V.S. Rychkov, Rigorous limits on the interaction strength in quantum field
theory, Phys. Rev. D 81 (2010) 085037 [arXiv:0912.2726] [INSPIRE].

R. Rattazzi, S. Rychkov and A. Vichi, Central charge bounds in 4D conformal field theory,
Phys. Rev. D 83 (2011) 046011 [arXiv:1009.2725] [INSPIRE].

D. Poland and D. Simmons-Duffin, Bounds on 4D conformal and superconformal field
theories, JHEP 05 (2011) 017 [arXiv:1009.2087] [INSPIRE].

J.L. Cardy, Operator content of two-dimensional conformally invariant theories, Nucl. Phys.
B 270 (1986) 186 [INSPIRE].

S. Carlip, Logarithmic corrections to black hole entropy from the Cardy formula, Class.
Quant. Grav. 17 (2000) 4175 [gr-qc/0005017] [INSPIRE].

A. Strominger, Black hole entropy from near horizon microstates, JHEP 02 (1998) 009
[hep-th/9712251] [INSPIRE].

J.D. Brown and M. Henneaux, Central charges in the canonical realization of asymptotic
symmetries: an example from three-dimensional gravity, Commun. Math. Phys. 104 (1986)
207 [INSPIRE].

F. Loran, M.M. Sheikh-Jabbari and M. Vincon, Beyond logarithmic corrections to Cardy
formula, JHEP 01 (2011) 110 [arXiv:1010.3561] [INSPIRE].

T. Hartman, C.A. Keller and B. Stoica, Universal spectrum of 2D conformal field theory in
the large ¢ limit, JHEP 09 (2014) 118 [arXiv:1405.5137| [INSPIRE].

E. Witten, Three-dimensional gravity revisited, arXiv:0706.3359 [INSPIRE].

G. Hohn, Selbstduale Vertexoperatorsuperalgebren und das Babymonster, Bonner Math. Schr.
286 (1996) 1 [arXiv:0706.0236].

G. Hohn, Conformal designs based on vertex operator algebras, math/0701626.

A. Maloney and E. Witten, Quantum gravity partition functions in three dimensions, JHEP
02 (2010) 029 [arXiv:0712.0155] [INSPIRE].

A .N. Schellekens, Meromorphic C = 24 conformal field theories, Commun. Math. Phys. 153
(1993) 159 [hep-th/9205072] InSPIRE].

I.B. Frenkel, J. Lepowsky and A. Meurman, A natural representation of the Fischer-Griess
monster with the modular function J as character, Proc. Natl. Acad. Sci. U.S.A. 81 (1984)
3256.

T. Apostol, Modular functions and Dirichlet series in number theory, Springer, Germany
(1990).

~19 —


http://dx.doi.org/10.1088/1126-6708/2008/12/031
http://arxiv.org/abs/0807.0004
http://inspirehep.net/search?p=find+EPRINT+arXiv:0807.0004
http://dx.doi.org/10.1103/PhysRevD.80.045006
http://dx.doi.org/10.1103/PhysRevD.80.045006
http://arxiv.org/abs/0905.2211
http://inspirehep.net/search?p=find+EPRINT+arXiv:0905.2211
http://dx.doi.org/10.1088/1751-8113/44/3/035402
http://arxiv.org/abs/1009.5985
http://inspirehep.net/search?p=find+EPRINT+arXiv:1009.5985
http://dx.doi.org/10.1007/JHEP01(2012)162
http://arxiv.org/abs/1106.4037
http://inspirehep.net/search?p=find+EPRINT+arXiv:1106.4037
http://dx.doi.org/10.1103/PhysRevD.81.085037
http://arxiv.org/abs/0912.2726
http://inspirehep.net/search?p=find+EPRINT+arXiv:0912.2726
http://dx.doi.org/10.1103/PhysRevD.83.046011
http://arxiv.org/abs/1009.2725
http://inspirehep.net/search?p=find+EPRINT+arXiv:1009.2725
http://dx.doi.org/10.1007/JHEP05(2011)017
http://arxiv.org/abs/1009.2087
http://inspirehep.net/search?p=find+EPRINT+arXiv:1009.2087
http://dx.doi.org/10.1016/0550-3213(86)90552-3
http://dx.doi.org/10.1016/0550-3213(86)90552-3
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B270,186%22
http://dx.doi.org/10.1088/0264-9381/17/20/302
http://dx.doi.org/10.1088/0264-9381/17/20/302
http://arxiv.org/abs/gr-qc/0005017
http://inspirehep.net/search?p=find+EPRINT+gr-qc/0005017
http://dx.doi.org/10.1088/1126-6708/1998/02/009
http://arxiv.org/abs/hep-th/9712251
http://inspirehep.net/search?p=find+EPRINT+hep-th/9712251
http://dx.doi.org/10.1007/BF01211590
http://dx.doi.org/10.1007/BF01211590
http://inspirehep.net/search?p=find+J+%22Comm.Math.Phys.,104,207%22
http://dx.doi.org/10.1007/JHEP01(2011)110
http://arxiv.org/abs/1010.3561
http://inspirehep.net/search?p=find+EPRINT+arXiv:1010.3561
http://dx.doi.org/10.1007/JHEP09(2014)118
http://arxiv.org/abs/1405.5137
http://inspirehep.net/search?p=find+EPRINT+arXiv:1405.5137
http://arxiv.org/abs/0706.3359
http://inspirehep.net/search?p=find+EPRINT+arXiv:0706.3359
http://arxiv.org/abs/0706.0236
http://arxiv.org/abs/math/0701626
http://dx.doi.org/10.1007/JHEP02(2010)029
http://dx.doi.org/10.1007/JHEP02(2010)029
http://arxiv.org/abs/0712.0155
http://inspirehep.net/search?p=find+EPRINT+arXiv:0712.0155
http://dx.doi.org/10.1007/BF02099044
http://dx.doi.org/10.1007/BF02099044
http://arxiv.org/abs/hep-th/9205072
http://inspirehep.net/search?p=find+EPRINT+hep-th/9205072

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

M.R. Gaberdiel, Constraints on extremal self-dual CFTs, JHEP 11 (2007) 087
[arXiv:0707.4073] [INSPIRE].

S. Hellerman, A universal inequality for CFT and quantum gravity, JHEP 08 (2011) 130
[arXiv:0902.2790] [INSPIRE].

D. Friedan and C.A. Keller, Constraints on 2D CFT partition functions, JHEP 10 (2013)
180 [arXiv:1307.6562] [INSPIRE].

S. Hellerman and C. Schmidt-Colinet, Bounds for state degeneracies in 2D conformal field
theory, JHEP 08 (2011) 127 [arXiv:1007.0756] INSPIRE].

C.A. Keller, Modularity, Calabi-Yau geometry and 2d CFTs, Proc. Symp. Pure Math. 88
(2014) 307 [arXiv:1312.7313] [INSPIRE].

J.D. Qualls and A.D. Shapere, Bounds on operator dimensions in 2D conformal field
theories, JHEP 05 (2014) 091 [arXiv:1312.0038] [INSPIRE].

J.D. Qualls, Universal bounds on operator dimensions in general 2D conformal field theories,
arXiv:1508.00548 [INSPIRE].

C.A. Keller and H. Ooguri, Modular constraints on Calabi- Yau compactifications, Commun.
Math. Phys. 324 (2013) 107 [arXiv:1209.4649] [INSPIRE].

N. Benjamin, E. Dyer, A.L. Fitzpatrick and S. Kachru, Universal bounds on charged states in
2d CFT and 3d gravity, JHEP 08 (2016) 041 [arXiv:1603.09745] [INSPIRE].

P. di Francesco, P. Mathieu and D. Sénéchal, Conformal field theory, Springer, Germany
(1997).

C.A. Keller, Phase transitions in symmetric orbifold CFTs and universality, JHEP 03
(2011) 114 [arXiv:1101.4937] [INSPIRE].

—90 —


http://dx.doi.org/10.1088/1126-6708/2007/11/087
http://arxiv.org/abs/0707.4073
http://inspirehep.net/search?p=find+EPRINT+arXiv:0707.4073
http://dx.doi.org/10.1007/JHEP08(2011)130
http://arxiv.org/abs/0902.2790
http://inspirehep.net/search?p=find+EPRINT+arXiv:0902.2790
http://dx.doi.org/10.1007/JHEP10(2013)180
http://dx.doi.org/10.1007/JHEP10(2013)180
http://arxiv.org/abs/1307.6562
http://inspirehep.net/search?p=find+EPRINT+arXiv:1307.6562
http://dx.doi.org/10.1007/JHEP08(2011)127
http://arxiv.org/abs/1007.0756
http://inspirehep.net/search?p=find+EPRINT+arXiv:1007.0756
http://dx.doi.org/10.1090/pspum/088/01461
http://dx.doi.org/10.1090/pspum/088/01461
http://arxiv.org/abs/1312.7313
http://inspirehep.net/search?p=find+EPRINT+arXiv:1312.7313
http://dx.doi.org/10.1007/JHEP05(2014)091
http://arxiv.org/abs/1312.0038
http://inspirehep.net/search?p=find+EPRINT+arXiv:1312.0038
http://arxiv.org/abs/1508.00548
http://inspirehep.net/search?p=find+EPRINT+arXiv:1508.00548
http://dx.doi.org/10.1007/s00220-013-1797-8
http://dx.doi.org/10.1007/s00220-013-1797-8
http://arxiv.org/abs/1209.4649
http://inspirehep.net/search?p=find+EPRINT+arXiv:1209.4649
http://dx.doi.org/10.1007/JHEP08(2016)041
http://arxiv.org/abs/1603.09745
http://inspirehep.net/search?p=find+EPRINT+arXiv:1603.09745
http://dx.doi.org/10.1007/JHEP03(2011)114
http://dx.doi.org/10.1007/JHEP03(2011)114
http://arxiv.org/abs/1101.4937
http://inspirehep.net/search?p=find+EPRINT+arXiv:1101.4937

	Introduction
	Constraints on the spin values
	T-invariance of partition function
	Partition function is real-valued

	Invariance of partition function under S-transformation
	Chiralization of the partition function

	CFT's with half-integer conformal weights
	AdS/CFT correspondence

	A basis for HI-CFT partition function
	Examples of HI-CFT Partition function

	Summary
	S-invariant combinations of R(a,b,c,d)
	Basis for R(a,b,c,d)

