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1 Introduction

Since its conception in the early 70s, the Standard Model (SM) has been regarded as the

low-energy limit of an extended theory that includes more degrees of freedom, around or

above the electroweak scale, addressing some of its open issues. After the first years of

running of the LHC we can state with confidence that there is a mass gap between the SM

spectrum and these hypothetical, but still highly motivated, additional degrees of freedom.

How large is this mass gap, is probably the most interesting open question nowadays in

high-energy physics.

The observation of a mass gap above the SM spectrum, and the need to describe

in general terms possible physics beyond the SM, has motivated the systematic study of

what goes under the name of SMEFT: the Effective Field Theory (EFT) based on the

SU(3)c ⊗ SU(2)L ⊗U(1)Y local symmetry, and the SM field content (including the Higgs)
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as dynamical degrees of freedom below a cut-off scale Λ > G
−1/2
F . Several years after

the pioneering analysis in [1], the first complete non-redundant classification of baryon-

and lepton-number conserving dimension-six operators in the SMEFT has been presented

in [2]. Employing such basis, the Renormalization Group (RG) evolution of the Wilson

coefficients of these operators, at the one-loop level, has been analysed in [3–5].1

While the number of independent electroweak structures amounts to less than one

hundred terms, a large proliferation in the number of independent terms (and corresponding

coefficients) in the SMEFT occurs when all the possible flavour structures are taken into

account: in absence of any flavour symmetry, they amount to 1350 CP-even and 1149 CP-

odd independent coefficients for the dimension-six operators [5]. The purpose of the present

paper is to analyse how a series of motivated hypothesis about flavour symmetries and

symmetry-breaking terms can help reduce, and order via an appropriate power counting,

such large number of independent terms.

The need of specific hypothesis about symmetry and symmetry-breaking in the flavour

sector plays an important role in addressing the key question of how large is the mass gap

above the SM spectrum, or the cut-off scale of the SMEFT. In a näıve flavour-anarchic ap-

proach, the bounds on the dimension-six operators are dominated by those contributing at

tree-level to flavour-violating observables, in particular to ∆F = 2 and lepton-flavour vio-

lating processes. These operators set bounds of O(105) TeV on Λ for O(1) coefficients [13].

If this high scale were the overall cut-off scale of the SMEFT, it would imply a severe

fine-tuning problem on the Higgs mass term, and it would also imply that most of the

operators in the SMEFT play an irrelevant role in current experiments (making the whole

construction impractical from the phenomenological point of view). On the other hand,

from the known structure of the SM Yukawa couplings, we know that flavour is highly non

generic, at least in the dimension-four sector of the EFT. It is therefore natural to employ

specific hypothesis about flavour symmetry and symmetry-breaking terms on the whole

SMEFT. This procedure has multiple advantages: i) it allows us to lower the overall cut-

off scale of the EFT, ameliorating the fine-tuning problem on the Higgs mass; ii) it reduces

the number of independent parameters; iii) it makes the EFT construction more consistent

and somehow more “appealing”, with competing constraints from flavour-conserving and

flavour-violating processes on a given effective operator.

The price to pay for this series of advantages is the choice of the flavour symmetry (and

symmetry-breaking sector), which necessarily introduces some model dependence. How-

ever, if we are interested in symmetries and symmetry-breaking patterns able to successfully

reproduce the SM Yukawa couplings and, at the same time, suppress non-standard contri-

butions to flavour-violating observables, the choice is limited. In this paper we focus on two

main cases which are particularly motivated from this point of view, i.e. the flavour symme-

tries U(3)5 and U(2)5, with possible minor variations. The U(3)5 flavour symmetry is the

maximal flavour symmetry allowed by the SM gauge group, while U(2)5 is the correspond-

ing subgroup acting only on the first two (light) generations. The U(3)5 symmetry allows us

1See e.g. [6–12] for recent reviews and phenomenological analyses of the SMEFT with special emphasis

on flavour observables.
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to implement the Minimal Flavour Violation (MFV) hypotheses [14, 15], which is the most

restrictive consistent hypothesis we can utilize in the SMEFT to suppress non-standard

contributions to flavour-violating observables [15]. The U(2)5 symmetry with minimal

breaking [16–18] is quite interesting since it retains most of the MFV virtues, but it allows

us to have a much richer structure as far as third-generation dynamics is concerned. For in-

stance, as pointed out in [19–21], the U(2)5 setup provides a very efficient EFT description

of the recent flavour anomalies, which cannot be accommodated within a MFV framework.

It must be stressed that the flavour symmetries we are considering are not necessarily

fundamental symmetries of the ultraviolet (UV) theory. They could well be accidental

symmetries, associated e.g. to some underlying dynamics that act in a non-universal way

on the different generations. From the EFT point of view, we cannot distinguish between

fundamental or dynamical symmetries in the UV: both of them are effectively described by

imposing a specific (global) flavour symmetry in the EFT and specifying a well-defined set

of symmetry-breaking terms (the spurions). This effective approach is the one we employ

in the present analysis.

It is clear that the U(3)5 and U(2)5 symmetries are not the only options to efficiently

suppress flavour-violating observables in the SMEFT. An interesting alternative is provided

by the ample class of models based on U(1) symmetries à la Froggatt-Nielsen [22].2 How-

ever, on the one hand non-Abelian symmetries are more predictive in establishing a link

between SM Yukawa couplings and flavour-violating effects in the SMEFT. On the other

hand, in the absence of suprions of non-Abelian groups, a classification of operators such

as the one presented here is not particularly illuminating. This is why in this paper we

restrict the attention to the case of U(3)5 and U(2)5 symmetries with minimal breaking.

The paper is organised as follows. In section 2 we analyse the U(3)5 symmetry and the

MFV hypothesis. In section 3 we analyse the U(2)5 symmetry with minimal breaking. A

general discussion about possible deviations from these two reference cases, with the specific

analysis of the impact of U(1) symmetries acting on third-generation down-quarks and/or

charged leptons, is presented in section 4. In section 5 we briefly illustrate the usefulness

of this approach in high-pT phenomenological analyses at the LHC, choosing pp → `τ

(` = e, µ) as a representative example. The results are summarised in the Conclusions.

2 The U(3)5 symmetry and MFV

The largest group of flavour-symmetry transformations compatible with the gauge symme-

tries of the SM Lagrangian is [14, 24]

Gflavour = U(3)5 = U(3)` ⊗U(3)q ⊗U(3)e ⊗U(3)u ⊗U(3)d = SU(3)5 ⊗U(1)5 , (2.1)

where, with a standard notation, {`, q, e, u, d} denote the five independent types of SM

fermions with different gauge quantum numbers:

Lfermions
SM =

∑
ψ=`,q,e,u,d

ψ̄i/Dψ +
(
¯̀YeeH + q̄YddH + q̄YuuHc + h.c.

)
. (2.2)

2An interesting systematic analysis about the implementation of U(1) symmetries in the SMEFT, to-

gether with general dynamical assumptions about new physics, has recently been presented in ref. [23].
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Within the SM, the Yukawa couplings (Ye,u,d) are the only source of breaking of Gflavour.

They break this global symmetry as follows

Gflavour =

 SU(3)5

U(1)5

Ye,u,d 6=0
−→

U(1)e−µ ⊗U(1)τ−µ

U(1)B ⊗U(1)L ⊗U(1)Y
(2.3)

where we separated explicitly flavour-universal and flavour-non-universal subgroups. The

three unbroken flavour-universal U(1) groups are baryon number, lepton number, and

hypercharge.3

As anticipated, our goal is to count and classify the number of independent dimension-

six operators, and corresponding effective couplings, in the SMEFT according to different

hypotheses about the breaking of Gflavour. The most restrictive assumption we can make

is that Gflavour is an exact symmetry of the beyond-the-SM sector. This assumption is not

fully consistent, since Gflavour is broken within the SM. However, it is a useful starting point

for the classification of the operators, and it is a coherent hypothesis to be implemented

in the SMEFT in the limit where we neglect Gflavour breaking terms also in the SM sector,

i.e. in the limit where we neglect the SM Yukawa couplings.

In this section we compare the results obtained in this limit (i.e. the exact U(3)5 limit),

as well as those obtained under the MFV hypothesis (considering the first few terms in the

expansion in powers of Yukawa couplings), to those obtained in the absence of any flavour

symmetry assuming one or three generations of SM fermions.

Exact U(3)5 symmetry. To classify the SMEFT operators we adopt the Warsaw ba-

sis [2], whose notation to identify the different electroweak structures, adopting the division

in classes introduced in [5], will be followed throughout the whole paper.4 The operators of

classes 1-4 do not contain fermions, thus the counting of independent couplings is trivial: 9

independent CP-even coefficients for the 9 hermitian structures and 6 CP-odd coefficients

for the anti-hermitian ones. The operators of the classes 5 and 6 are forbidden in the exact

U(3)5 limit, since they contain a fermion current of the type L̄R. The class 7 operators,

but for QHud, are all hermitian and allowed, provided the fermion indices are properly

summed, hence they contribute one real coefficient each. The operator QHud is forbidden.

For the operators containing four fermions we have three structures which are hermi-

tian, namely (L̄L)(L̄L), (R̄R)(R̄R) and (L̄L)(R̄R), which are allowed by the symmetry

provided the fermion indices are properly summed. Here each operator corresponds to one

real coefficient, with the exception of Q``, Q
(1)
qq , Q

(3)
qq , Quu and Qdd, which corresponds

to two independent operators (hence two real coefficients) since there are two independent

U(3)5-invariant ways to contract the flavour indices. For example, in the case of Q`` we find(
¯̀
pγµ`p

) (
¯̀
rγµ`r

)
and

(
¯̀
pγµ`r

) (
¯̀
rγµ`p

)
, (2.4)

3The two flavour-non-universal U(1) subgroups left unbroken by the Yukawa couplings are arbitrary

combinations of the two diagonal generators of SU(3)e+`, namely the vectorial subgroup of SU(3)e⊗SU(3)`.
4To facilitate the readability of this paper, the complete list of operators containing fermion fields is

reported in table 8 of appendix C.
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No symmetry U(3)5

Class Operators 3 Gen. 1 Gen. Exact O(Y 1
e,d,u) O(Y 1

e ,Y
1
d Y

2
u )

1–4 X3, H6, H4D2, X2H2 9 6 9 6 9 6 9 6 9 6

5 ψ2H3 27 27 3 3 — — 3 3 4 4

6 ψ2XH 72 72 8 8 — — 8 8 11 11

7 ψ2H2D 51 30 8 1 7 — 7 — 11 1

8

(L̄L)(L̄L) 171 126 5 — 8 — 8 — 14 —

(R̄R)(R̄R) 255 195 7 — 9 — 9 — 14 —

(L̄L)(R̄R) 360 288 8 — 8 — 8 — 18 —

(L̄R)(R̄L) 81 81 1 1 — — — — — —

(L̄R)(L̄R) 324 324 4 4 — — — — 4 4

total: 1350 1149 53 23 41 6 52 17 85 26

Table 1. Number of independent operators in U(3)5, MFV and without symmetry. In each column

the left (right) number corresponds to the number of CP-even (CP-odd) coefficients. O(Xn) stands

for including terms up to O(Xn).

where r and p denote the flavour indices (and the sum over repeated indices is understood).

Note that the Qee operator only corresponds to a single independent structure due to the

Fierz identity

(ēpγµer) (ēsγµet) = (ēsγµer) (ēpγµet) . (2.5)

The operators of the type (L̄R)(R̄L) and (L̄R)(L̄R) are not allowed by the symmetry.

The results thus obtained are reported in table 1 in the “Exact” U(3)5 column: the

left (right) value in each entry indicates the number of CP-even (CP-odd) coefficients.

For comparison, we also show the counting of independent coefficients if no symmetry is

imposed, or if a single generation of fermions is considered, where we fully agree with the

results derived first in ref. [5]. The counting in the latter case proceeds in close analogy to

the U(3)5 case with a few important differences: the operators in classes 5 and 6, as well as

QHud in class 7, which are not hermitian, leads to one real and one imaginary coefficients

each. The operators in the (L̄L)(L̄L) and (R̄R)(R̄R) categories which had two possible

flavour contractions with more generations, now have only a single contraction, hence in

these categories we have one real coefficient for each electroweak structure. Finally, for the

non-hermitian operators of the type (L̄R)(R̄L) and (L̄R)(L̄R) we can identify one real and

one imaginary coefficient for each electroweak structure.

2.1 Minimal Flavour Violation

The MFV hypothesis is the assumption that the SM Yukawa couplings are the only sources

of U(3)5 breaking [14, 15]. The exact U(3)5 limit analysed before is equivalent to employing

the MFV hypothesis and working to zeroth order in the symmetry breaking terms. To go

beyond leading order we promote the SM Yukawa couplings to U(3)5 spurion fields with

– 5 –
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the following transformation properties [15]:

Yu = (1, 3, 1, 3̄, 1) , Yd = (1, 3, 1, 1, 3̄) , Ye = (3, 1, 3̄, 1, 1) . (2.6)

In principle, the spurions can appear with arbitrary powers both in the renormalizable

(d = 4) part of the Lagrangian and in the dimension-six effective operators. However, via

a suitable redefinition of both fermion fields and spurions, we can always put the d = 4

Lagrangian to its standard expression in eq. (2.2), namely we can always identify the

spurions with the SM Yukawa couplings. This implies we can always choose a flavour basis

where the spurions are completely determined in terms of fermion masses and the Cabibbo-

Kobayashi-Maskawa (CKM) matrix, VCKM. A representative example is the down-quark

mass-eigenstate basis, where

Ye = diag(ye, yµ, yτ ) , Yd = diag(yd, ys, yb) , Yu = V †CKM × diag(yu, yc, yt) . (2.7)

The key point is that there are no free (observable) parameters in the structure of the MFV

spurions. As we shall see, this is not the case for less restrictive symmetry hypotheses,

such as the U(2)5 case discussed in section 3. We are now ready to count the number

of independent operators appearing at d = 6 in the SMEFT inserting a small number of

symmetry breaking terms.

Terms ofO(Yu,d,e). With a single insertions of the Yukawa couplings, only the operators

in class 5 and 6 gets modified with respect to the U(3)3 invariant case: as far as the flavour

structure is concerned, these operators are identical to the three Yukawa interactions in

eq. (2.2). Since they are not hermitian, we get 3 (8) CP-even and 3 (8) CP-odd parameters

for ψ2H3+h.c. (ψ2XH+h.c.). The counting of independent terms thus obtained, reported

in table 1, is consistent with that performed in [25].

Terms of O(Y 2
u ). Here the operators involved are those in class 7 and 8, which contain

at least two q fields or two u fields, and that we can conveniently re-arrange in the following

three categories

A) Operators with a bilinear current of the type q̄Γq or ūΓu:

3 in class 7: Q
(1,3)
Hq and QHu

2 in class (L̄L)(L̄L): Q
(1,3)
`q

3 in class (R̄R)(R̄R): Qeu and Q
(1,8)
ud

4 in class (L̄L)(R̄R): Q`u, Qqe, Q
(1,8)
qd

B) Operators of the type q̄Γq × ūΓu:

2 in class (L̄L)(R̄R): Q
(1,8)
qu

C) Operators with four u or four q fields:

2 in class (L̄L)(L̄L): Q
(1,3)
qq

1 in class (R̄R)(R̄R): Quu

– 6 –
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where Γ denote a generic combination of Dirac matrices, color and SU(2)L generators,

which play no role as far as the flavour structure is concerned. For the operators in the

category A) we obtain a U(3)5 singlet contracting Yu and Y †u to form an octet of SU(3)u
or SU(3)q, and then contracting this octet with the flavour indices of the q- or u-quark

current (the other current being necessarily a flavour singlet):

q̄pΓqr(YuY
†
u )pr , ūpΓur(Y

†
uYu)pr . (2.8)

Thus all the hermitian structures in the category A) yield one CP-even coupling. For the

operators in the category B) three contractions are possible:

(ūaΓua)(q̄pΓqr)(YuY
†
u )pr , (ūpΓur)(q̄aΓqa)(Y

†
uYu)pr , (ūpΓus)(q̄rΓqt)(Y

†
u )pt(Yu)rs ,

(2.9)

Thus all the hermitian structures in the category B) yield three CP-even couplings. Finally,

for the operators in the category C) only two contractions are possible, such as

(q̄aΓqa)(q̄pΓqr)(YuY
†
u )pr , (q̄pΓqa)(q̄aΓqr)(YuY

†
u )pr , (2.10)

and similarly for the u fields. All other contractions either reduce to those or to genuine

singlet contractions that have already been counted in the U(3)5 invariant case. Thus all

the hermitian structures in the category C) yield two CP-even couplings. Summing up, we

find the following CP-even couplings for operators with two powers of Yu: 3 in class 7, 6

in class (L̄L)(L̄L), 5 in class (R̄R)(R̄R) and 10 in class (L̄L)(R̄R).

Terms of O(YuYd) and O(Y 2
u Yd). Proceeding in a similar manner we can identify the

independent terms with one Yd and one or two Yu spurions. Three non-hermitian structures

can have flavour-singlet contractions with one Yd and one Yu: QHud (1 possibility), Q
(1)
quqd

and Q
(8)
quqd (two possibilities each), for a total of five CP-even and five CP-odd parame-

ters. Inserting two up-type and one down-type spurions, we can form four (non-hermitian)

flavour-singlet operators using the structures with one d and one q fields in class 5 and 6,

for a total of four CP-even and four CP-odd parameters.

2.2 Summary and discussion

The overall number of independent terms allowed by the MFV hypothesis with at most

one “small” Yukawa coupling, namely Yd and Ye, and up to two powers of Yu is shown in

the last column of table 1.5 At this order we have all the operators necessary to describe

deviations from the SM in rare flavour-violating processes that do occur within the SM and,

within the SM, receive sizeable short-distance contributions induced by the large top-quark

mass (such as B0-B̄0 and K0-K̄0 mixing, b → sγ, b → s`+`−, . . . ) [15]. As can be seen,

the number of operators at this order is much smaller than that obtained in absence of any

symmetry (for three generations) and still remarkably close to the single generation case.

Beside being a very strong hypothesis about the UV completion of the SM, a drawback

of the MFV hypothesis is that it does not allow us to define a clear power-counting in the

5A detailed counting order by order in the insertions of different powers of the Yukawa couplings in

presented in table 9 in appendix C.
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SMEFT. This is because one of the breaking term, namely yt, or better the 33 entries of

YuY
†
u and Y †uYu in the basis (2.7), is large. It is therefore not obvious why one should not

consider more powers of Yu in the counting of independent operators, as for instance done

in the non-linear realizations proposed in [26, 27]. However, it is only yt that is large, not

the other entries of Yu. The insertion of an arbitrary powers of yt triggers the following

breaking pattern

U(3)q ⊗U(3)u
yt−→ U(2)q ⊗U(2)u ⊗U(1)q3L+tR

. (2.11)

A similar breaking to U(2) subgroups occurs if we allow the third generation Yukawa

couplings of down quarks and charged leptons to be large (a possibility that naturally

occurs in models with an extended Higgs sector). This observation, together with the

more general argument that the third generation of fermions might play a special role in

extensions of the SM, naturally brings us to consider a smaller symmetry group acting only

on the light fermion families, that is what we discuss next.

3 The U(2)5 symmetry

The U(2)5 symmetry is the subgroup of U(3)5 that, by construction, distinguish the first

two generations of fermions from the third one [16–18]. It provides a “natural” explanation

of why third-generation Yukawa couplings are large (being allowed by the symmetry) and,

contrary to the MFV case, it allows us to build an EFT where all the breaking terms are

small, offering a more precise power counting for the operators.

Given a fermion species ψf (f = `, q, e, u, d), the first two generations form a doublet

of one of the U(2) subgroups, whereas ψ3
f transform as a singlet. The five independent

flavour doublets are denoted L,Q,E,U,D and the flavour symmetry is decomposed as

U(2)5 = U(2)L ⊗U(2)Q ⊗U(2)E ⊗U(2)U ⊗U(2)D . (3.1)

A set of symmetry breaking terms able to reproduce the observed SM Yukawa couplings,

which is minimal both in terms of the number of independent spurions, as well as in their

size, is given by [16]

V` ∼ (2, 1, 1, 1, 1) , Vq ∼ (1, 2, 1, 1, 1) ,

∆e ∼ (2, 1, 2̄, 1, 1) , ∆u ∼ (1, 2, 1, 2̄, 1) , ∆d ∼ (1, 2, 1, 1, 2̄) . (3.2)

By construction, Vq,` are complex two-vectors and ∆e,u,d are complex 2 × 2 matrices. In

terms of these spurions, we can express the Yukawa matrices as

Ye = yτ

(
∆e xτV`

0 1

)
, Yu = yt

(
∆u xtVq

0 1

)
, Yd = yb

(
∆d xbVq

0 1

)
, (3.3)

where yτ,t,b and xτ,t,b are free complex parameters expected to be of order O(1). Alternative

breaking terms, and the embedding of U(2)5 in U(3)5, are discussed in section 4.

– 8 –
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Explicit form for the spurions. As already pointed out in the MFV case, the spurions

can appear with arbitrary powers both in the renormalizable (d = 4) part of the Lagrangian

and in the dimension-six effective operators. In this case, we redefine the fields such that

the kinetic terms are canonically normalised and the Yukawa couplings assume the form in

eq. (3.3). This condition unambiguously normalises the ∆ spurions, but it leaves an O(1)

freedom in the normalisation of the V spurions (encoded by xτ,t,b).

Using the residual U(2)5 invariance, we can transform the spurions to the following

explicit form

Vq(`) = eiφ̄q(`)

(
0

εq(`)

)
, ∆e = Oᵀ

e

(
δ′e 0

0 δe

)
, ∆u = U †u

(
δ′u 0

0 δu

)
, ∆d = U †d

(
δ′d 0

0 δd

)
,

(3.4)

The flavour basis where the spurions assume this form is what we define as interaction

basis for the fermion fields in the U(2)5 setup. Here O and U represent 2 × 2 orthogonal

and complex unitary matrices, respectively

Oe =

(
ce se

−se ce

)
, Uq =

(
cq sq e

iαq

−sq e−iαq cq

)
, (3.5)

with si ≡ sin θi and ci ≡ cos θi. The εi and δ
(′)
i are small positive real parameters controlling

the overall size of the spurions. From the observed hierarchies of the Yukawa couplings, we

deduce

1� εi � δi � δ′i > 0 (3.6)

or, more precisely,

εi = O

(
Tr(YuY

†
u )−

Tr(YuY
†
uYdY

†
d )

Tr(YdY
†
d )

)1/2

= O(yt|Vts|) = O(10−1) , (3.7)

δi = O
(
yc
yt
,
ys
yb
,
yµ
yτ

)
= O(10−2) , (3.8)

δ′i = O
(
yu
yt
,
yd
yb
,
ye
yτ

)
= O(10−3) . (3.9)

Starting from the interaction basis, the Yukawa couplings in (3.3) are diagonalized by uni-

tary transformations of the type L†fYfRf = diag(Yf ), with f = u, d, e. The explicit form

of these matrices is reported in appendix A. While the δ
(′)
i are in one-to-one correspon-

dence with the light Yukawa eigenvalues, not all the other parameters appearing in the

Yukawa and spurion decompositions in eqs. (3.3)–(3.5) can be put in correspondence with

SM parameters (in particular with CKM elements). Contrary to the MFV case, in the

U(2)5 setup the structure of the spurions is not completely determined in terms of known

parameters. However, once we impose the hierarchy among the size of the spurions in

eq. (3.9), we effectively “protect” quark mixing as in the MFV case [16].
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3.1 Fermion bilinears

We can now proceed classifying the number of independent operators appearing at d = 6 in

the SMEFT with a U(2)5 flavour symmetry, minimally broken as discussed above. Our final

goal is to classify the operators up to O(V 3,∆1V 1), namely with up to three V spurions

(but no ∆ terms), or with one ∆ and at most one V . Given the size of the spurions in

eq. (3.9), this corresponds to neglecting terms which are at most of O(10−4) according to

our main hypotheses.

We start the analysis from the operators of classes 5, 6 and 7, which contains a fermion

bilinear. To better illustrate how the hypothesis of a minimally broken U(2)5 symmetry

acts on the different flavour structures, in the case of left-handed and right-handed bilinears

we analyse also the effect of subleading breaking terms up to O(∆2V 2). More precisely,

in the following we analyse how to span the flavour structure of the independent fermion

bilinears in terms of the U(2)5 breaking spurions.

Left-handed bilinears. As a representative example of left-handed fermion bilinears

we discuss in detail the leptonic case (the translation to the quark case being trivial). For

simplicity we omit SU(2)L and spinor indices, and often also flavour indices (except in

expressions which would be ambiguous otherwise). The possible terms at different orders

in the spurions for the case at hand is shown in table 2. The results can be summarised as

follows in terms of the flavour tensor ΛLL:

¯̀
pΓΛprLL`r , ΛLL =


a1 0 0

0 a1 + c1ε
2
` β1ε`

0 β∗1ε` a2

+O(δ2
e) . (3.10)

The explicit expression of ΛLL in eq. (3.10) corresponds to the expansion truncated at

O(∆V ) in the interaction basis. As can be seen, at this order there is no mixing between the

first generation and the others:6 ΛLL, that in absence of any flavour symmetry is parame-

terised by 6 real and 3 imaginary coefficients has only 4 real (a1,2, c1, Reβ1) and 1 imaginary

(Imβ1) coefficients. A complete span of the whole 3× 3 hermitian structure of ΛLL occurs

only with the inclusion of the terms up to O(∆2V 2) shown in the lower part of table 2.

Here and in the following, when presenting explicit expressions, the phases of non-

hermitian spurion combinations are reabsorbed into that of the corresponding complex

coefficients. The criteria used to label the different terms are as follows: we denote with

latin (greek) letters the real (complex) couplings appearing in hermitian (non-hermitian)

structures. Terms with the same number of spurions are denoted with the same latin or

greek letter and different subscript. Note that this notation focuses only on the flavour

indices and not on the electroweak structure. A complete notation for the coupling of

each operator can be chosen of the type CX(F ), where X denotes a specific electroweak

structure, as in table 8 (X = H`,Hq, . . .), and F = ai, βi, . . . denotes the flavour structure.

6Note that this statement holds only in the interaction basis.
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Spurions Operator Explicit expression in flavour components

V 0 a1L̄L + a2
¯̀
3`3 a1

(
¯̀
1`1 + ¯̀

2`2
)

+a2

(
¯̀
3`3
)

V 1 β1L̄V``3 + h.c. β1ε`
(
¯̀
2`3
)

+ h.c.

V 2 c1L̄V`V
†
` L c1ε

2
`

(
¯̀
2`2
)

∆1, ∆1V 1 — —

∆2 h1L̄∆e∆
†
eL ≈h1

[
δ2
e(

¯̀
2`2)−seδ2

e(
¯̀
1`2 + ¯̀

2`1)+(s2
eδ

2
e +δ′2e )(¯̀

1`1)
]

∆2V 1 λ1L̄∆e∆
†
eV``3 + h.c. ≈λ1ε`δ

2
e(

¯̀
2`3−se ¯̀

1`3) + h.c.

∆2V 2 µ1L̄∆e∆
†
eV`V

†
` L + h.c. ≈µ1ε

2
`δ

2
e(

¯̀
2`2−se ¯̀

1`2) + h.c.

Table 2. Left-handed fermion bilinears allowed by different U(2) breaking terms. The terms below

the horizontal line are subleading structures which are not considered in the general analysis of

independent terms. The expressions in the third column are expanded in powers of se up to first

non-vanishing terms.

Right-handed bilinears. Proceeding in a similar manner, in table 3 we report right-

handed fermion bilinears which are allowed by different spurion combinations. The leptonic

bilinear ēe is representative of any right-handed fermion bilinear with identical fields, while

we treated separately the ūd case which appears only for the operator QHud. As far as

identical fermions are concerned, we can express the result via the flavour tensor ΛRR:

ēpΓΛprRRer , ΛRR =


a1 0 σ∗1ε`seδ

′
e

0 a1 σ∗1ε`δe

σ1ε`seδ
′
e σ1ε`δe a2

+O(δ2
e) . (3.11)

Terminating the expansion up to O(∆V ), ΛRR contains 3 real and 1 imaginary coefficients.

At the same order, in the case of the (non-hermitian) ūd bilinear one finds 3 real and 3

imaginary coefficients (see table 3).

Interestingly, this structure is quite “robust” with respect to higher-order corrections.

At O(∆2) one generates a difference between the 11 and 22 entires of ΛRR, and only at

O(∆2V 2) non-vanishing 12 and 21 entries, but this is not enough to span the entire 3 × 3

hermitian structure: this goal can be achieved only with inclusion of O(∆4V 2) terms.

Most important, mixing terms involving first and/or second generations always require a

suppression factor proportional to δf and/or δ′f . This is a feature related to our minimal

choice of breaking terms.

Left-right bilinears. The independent flavour structures of left-right fermion bilinear

are listed in table 4, where we focus on the leptonic sector as representative example.

– 11 –



J
H
E
P
0
8
(
2
0
2
0
)
1
6
6

Spurions Operator (ēe type) Explicit expression in flavour components

V 0 a1ĒE + a2ē3e3 a1 (ē1e1 + ē2e2) + a2 (ē3e3)

V 1, V 2,∆1 —

∆1V 1 σ1ē3V
†
` ∆eE + h.c. ≈ σ1ε` [δe(ē3e2) + seδ

′
e(ē3e1)] + h.c.

∆2 h1Ē∆†e∆eE h1

[
δ2
e(ē2e2) + δ′2e (ē1e1)

]
∆2V 1 —

∆2V 2 m1Ē∆†eV`V
†
` ∆eE ≈ m1ε

2
`

[
δ2
e(ē2e2) + seδ

′
eδe(ē1e2 + ē2e1) + s2

eδ
′2
e (ē1e1)

]

Spurions Operator (ūd type) Explicit expression in flavour components

V 0 α1ū3d3 + h.c. α1 (ū3d3) + h.c.

V 1, V 2,∆1 —

∆1V 1 σ1Ū∆†uVqd3 + h.c. ≈ σ1εq
[
δu (ū2d3) + sue

iαuδ′u(ū1d3)
]

+ h.c.

∆1V 1 σ2ū3V
†
q ∆dD + h.c. ≈ σ2εq

[
δd (ū3d2) + sde

−iαdδ′d(ū3d1)
]

+ h.c.

Table 3. Right-handed fermion bilinears allowed by different U(2) breaking terms. Notation as in

table 2.

Expressing the result via the flavour tensor ΛLR we find

¯̀
pΓΛprLRer , ΛLR =


ρ1δ
′
e −ρ1seδe 0

ρ1seδ
′
e ρ1δe β1ε`

σ1ε`seδ
′
e σ1ε`δe α1

 +O(δeε
2
` ) . (3.12)

Terminating the expansion up to O(∆V ), we find 4 complex coefficients, to be compared

with the potential 9 complex coefficients in absence of any flavour symmetry. For the same

argument discussed in the case of the right-handed structures, in this case a span of the

entire flavour space require terms with up to three powers of ∆.

Summary. The total number of CP-even and CP-odd coefficients for all the operators

with fermion bilinears constructed with spurions up to O(∆1V 1) are reported in table 5.

3.2 Four fermion operators

In this section we proceed analysing the operators in class 8 which contain four fermion

fields. In analogy to the 2-index tensors Λ introduced to describe the fermion bilinears,

the flavour structure of theses operators is described by 4-index tensors Σ. As an illus-

tration, and also in view of the phenomenological application in section 5, in the case of

(L̄L)(L̄L) operators we present the explicit component structure of these tensor. For the

other operators we simply list the allowed structures up to O(V 3,∆1V 1).
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Spurions Operator Explicit expression in flavour components

V 0 α1
¯̀
3e3 α1

(
¯̀
3e3

)
V 1 β1L̄V`e3 β1ε`

(
¯̀
2e3

)
V 2 —

∆1 ρ1L̄∆eE ≈ ρ1

[
δe
(
¯̀
2e2

)
− seδe

(
¯̀
1e2

)
+ seδ

′
e

(
¯̀
2e1

)
+ δ′e

(
¯̀
1e1

)]
∆1V 1 σ1

¯̀
3V
†
` ∆eE ≈ σ1ε`

[
δe
(
¯̀
3e2

)
+ seδ

′
e

(
¯̀
3e1

)]
Table 4. Left-right fermion bilinears allowed by different U(2) breaking terms (the sum over

hermitian conjugates is understood for all structures). Notation as in table 2.

N. indep. U(2)5 breaking terms

Class structures V 0 V 1 V 2 ∆1 ∆1V 1

5 & 6:
(
L̄R
)

11 11 11 11 11 — — 11 11 11 11

7:
(
L̄L
)

4 8 — 4 4 4 — — — — —

7:
(
R̄R
)

3 6 — — — — — — — 3 3

7: QHud 1 1 1 — — — — — — 2 2

total: 19 26 12 15 15 4 — 11 11 16 16

Table 5. Number of independent operators with fermion bilinears in U(2)5. Notation as in table 1;

however, here each column denotes the operators with a precise power of spurions, as indicated in

the first row.

(L̄L)(L̄L) structures. In this category of operators we can distinguish two different

subclasses as far as flavour structure and spurion analysis are concerned. The first one

contains operators where both bilinears are of the same form, namely Q``, Q
(1)
qq and Q

(3)
qq .

Considering Q`` as representative example of this class of operators, the terms generated

up to O(V 3) are

V 0 :
[
a1(L̄pLp)(L̄rLr) + a2(L̄pLr)(L̄rLp) + a3(L̄L)(¯̀

3`3)

+ a4(L̄`3)(¯̀
3L) + a5(¯̀

3`3)(¯̀
3`3)

]
,

V 1 :
[
β1(L̄pV p

` `3)(L̄rLr) + β2(L̄V``3)(¯̀
3`3) + β3(L̄pV p

` L
r)(L̄r`3) + h.c.

]
,

V 2 :
[
c1(L̄pV p

` V
† r
` Lr)(L̄sLs) + c2(L̄pV p

` V
† r
` Lr)(¯̀

3`3) + c3(L̄pV p
` `3)(¯̀

3V
† r
` Lr)

+ c4(L̄pV p
` L

r)(L̄rV † s` Ls) + (γ1(L̄pV p
` `3)(L̄rV r

` `3) + h.c.)
]
,

V 3 :
[
ξ1(L̄pV p

` V
† r
` Lr)(L̄sV s

` `3) + h.c.
]
.

(3.13)
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For the remaining two operators, Q
(1)
`q and Q

(3)
`q , we get the following terms:

V 0 :
[
a1(L̄L)(Q̄Q) + a2(L̄L)(q̄3q3) + a3(¯̀

3`3)(Q̄Q) + a4(¯̀
3`3)(q̄3q3)

]
,

V 1 :
[
β1(L̄V``3)(Q̄Q) + β2(L̄V``3)(q̄3q3) + β3(L̄L)(Q̄Vqq3) + β4(¯̀

3`3)(Q̄Vqq3) + h.c.
]
,

V 2 :
[
c1(L̄pV p

` V
† r
` Lr)(Q̄Q) + c2(L̄pV p

` V
† r
` Lr)(q̄3q3) + c3(L̄L)(Q̄pV p

q V
† r
q Qr) (3.14)

+ c4(¯̀
3`3)(Q̄pV p

q V
† r
q Qr) + (γ1(L̄V``3)(Q̄Vqq3) + γ2(L̄V``3)(q̄3V

†
q Q) + h.c.)

]
,

V 3 :
[
ξ1(L̄pV p

` V
† r
` Lr)(Q̄Vqq3) + ξ2(L̄V``3)(Q̄pV p

q V
† r
q Qr) + h.c.

]
.

No additional terms arise with the insertion of one power of ∆. On the other hand, it is

worth stressing that the (L̄L)(L̄L) operators are the only ones where terms with 3 powers

of the V spurions are relevant (more details about the number of independent fermion

contractions for four-fermion operators are given in appendix B).

For each electroweak structure of (L̄L)(L̄L) operators we therefore find the following

number of real and imaginary coefficients at a given order in the spurion expansion:

V 0 V 1 V 2 ∆1 ∆1V 1 V 3

Type “a′′ [Q``, Q
(1,3)
qq ] : 5 − 3 3 5 1 − − − − 1 1

Type “b′′ [Q
(1)
`q , Q

(3)
`q ] : 4 − 4 4 6 2 − − − − 2 2

(3.15)

As anticipated, the flavour structure of the four-fermion operators is described by the 4-

index tensors Σ. In the specific case of the structures in eqs. (3.13)–(3.14) we defined them

as

Σij,nm
``

(
¯̀
iΓ`j

) (
¯̀
nΓ`m

)
and Σij,nm

`q

(
¯̀
iΓ`j

)
(q̄nΓqm) . (3.16)

The corresponding explicit expressions are reported in table 12 and 13 in appendix C,

respectively.

(R̄R)(R̄R) structures. In this case we can distinguish three different subclasses of

operators. The first one includes operators with identical right-handed quark fields, namely

Quu and Qdd. Considering Quu as representative example of this subclass of operators, the

terms generated up to O(V 3,∆1V 1) are

V 0 :
[
a1(ŪpUp)(Ū rU r) + a2(ŪpU r)(Ū rUp) + a3(ŪU)(ū3u3)

+ a4(Ūu3)(ū3U) + a5(ū3u3)(ū3u3)
]
,

∆1V 1 :
[
σ1(ū3V

† s
q ∆s,r

u U r)(ŪpUp) + σ2(ū3V
†
q ∆uU)(ū3u3)

+ σ3(ŪpV † sq ∆sr
u U

r)(ū3U
p) + h.c.

]
.

(3.17)

The second type is the operator Qee, which also involves identical right-handed fields. The

decomposition proceeds as for Quu; however, due to the Fierz identity in eq. (2.5), we should

not consider as independent terms of the type (Ēe3)(ē3E) and (ĒpEr)(ĒrEp), which reduce

to (ĒE)(ē3e3) and (ĒpEp)(ĒrEr) respectively. Similarly, at higher order in the spurion

expansion, we can relate the operator (V † sq ∆s,r
e )(ĒpEr)(ē3E

p) to (V † sq ∆s,r
e )(ĒpEp)(ē3E

r).
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For the remaining four operators Qeu, Qed, Q
(1)
ud and Q

(8)
ud the counting is the same.7

Considering Qeu as representative example of this subclass we find

V 0 :
[
a1(ĒE)(ŪU) + a2(ĒE)(ū3u3) + a3(ē3e3)(ŪU) + a4(ē3e3)(ū3u3)

]
,

∆1V 1 :
[
σ1(ē3V

†
` ∆eE)(ŪU) + σ2(ē3V

†
` ∆eE)(ū3u3)

+ σ3(ĒE)(ū3V
†
q ∆uU) + σ4(ē3e3)(ū3V

†
q ∆uU) + h.c.

]
.

(3.18)

For each electroweak structure of (R̄R)(R̄R) operators we therefore find the following

number of real and imaginary coefficients at a given order in the spurion expansion:

V 0 V 1 V 2 ∆1 ∆1V 1 V 3

Type “a′′1 [Quu(dd)] : 5 − − − − − − − 3 3 − −

Type “a′′2 [Qee] : 3 − − − − − − − 2 2 − −

Type “b′′ [Qeu, Qed, Q
(1,8)
ud ] : 4 − − − − − − − 4 4 − −

(3.19)

(L̄L)(R̄R) structures. In this case we distinguish again two sub-classes. The first one

includes Qle, Q
(1,8)
qu , and Q

(1,8)
qd . Considering Qle as representative example, the terms

generated up to O(V 3,∆1V 1) are

V 0 :
[
a1(L̄L)(ĒE) + a2(L̄L)(ē3e3) + a3(¯̀

3`3)(ĒE) + a4(¯̀
3`3)(ē3e3)

]
,

V 1 :
[
β1(L̄V``3)(ĒE) + β2(L̄V``3)(ē3e3) + h.c.

]
,

V 2 :
[
c1(L̄pV p

` V
† r
` Lr)(ĒE) + c2(L̄pV p

` V
† r
` Lr)(ē3e3)

]
,

∆1V 0 :
[
ρ1(L̄`3)∆e(ē3E) + h.c.

]
,

∆1V 1 :
[
σ1(L̄pV † r` Lr)∆pt

e (ē3E
t) + σ2(L̄pLp)V † r` ∆rt

e (ē3E
t)

+ σ3(¯̀
3`3)V †` ∆e(ē3E) + h.c.

]
.

(3.20)

For the remaining operators Qlu, Qld, and Qqe, considering Qlu as representative, we get

V 0 :
[
a1(L̄L)(ŪU) + a2(L̄L)(ū3u3) + a3(¯̀

3`3)(ŪU) + a4(¯̀
3`3)(ū3u3)

]
,

V 1 :
[
β1(L̄V``3)(ŪU) + β2(L̄V``3)(ū3u3) + h.c.

]
,

V 2 :
[
c1(L̄pV p

` V
† r
` Lr)(ŪU) + c2(L̄pV p

` V
† r
` Lr)(ū3u3)

]
,

∆1V 1 :
[
σ1(L̄L)V †q ∆u(ū3U) + σ2(¯̀

3`3)V †q ∆u(ū3U) + h.c.
]
.

(3.21)

For each electroweak structure of (L̄L)(R̄R) operators we therefore find the following num-

ber of real and imaginary coefficients at a given order in the spurion expansion:

V 0 V 1 V 2 ∆1 ∆1V 1 V 3

Type “a′′ [Qle, Q
(1,8)
qu , Q

(1,8)
qd ] : 4 − 2 2 2 − 1 1 3 3 − −

Type “b′′ [Qlu, Qld, Qqe] : 4 − 2 2 2 − − − 2 2 − −

(3.22)

7This statement holds because we truncate the spurion expansion up to O(V 3,∆1V 1): at higher orders

the counting for Qeu and Qed would start to differ from the counting for Q
(1)
ud and Q

(8)
ud .
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(L̄R)(R̄L) and (L̄R)(L̄R) structures. There is a single (L̄R)(R̄L) operator, Qledq,

for which the spurion decomposition up to O(V 3,∆1V 1) yields:

V 0 :
[
α1(¯̀

3e3)(d̄3q3) + h.c.
]
,

V 1 :
[
β1(L̄V`e3)(d̄3q3) + β2(¯̀

3e3)(d̄3V
†
q Q) + h.c.

]
,

V 2 :
[
γ1(L̄V`e3)(d̄3V

†
q Q) + h.c.

]
,

∆1V 0 :
[
ρ1(L̄∆eE)(d̄3q3) + ρ2(¯̀

3e3)(D̄∆†dQ) + h.c.
]
,

∆1V 1 :
[
σ1(L̄∆eE)(d̄3V

†
q Q) + σ2(¯̀

3V
†
` ∆eE)(d̄3q3)

+ σ3(L̄V`e3)(D̄∆†dQ) + σ4(¯̀
3e3)(D̄∆†dVqq3) + h.c.

]
,

(3.23)

As far as (L̄R)(L̄R) structures are concerned, we need to distinguish between Q
(1,3)
lequ and

Q
(1,3)
quqd. In the first case we have the same decomposition as for Qledq, while in the second

case we get

V 0 :
[
α1(q̄3u3)(q̄3d3) + h.c.

]
,

V 1 :
[
β1(Q̄Vqu3)(q̄3d3) + β2(q̄3u3)(Q̄Vqd) + h.c.

]
,

V 2 :
[
γ1(Q̄Vqu3)(Q̄Vqd3) + h.c.

]
,

∆1V 0 :
[
ρ1(Q̄∆uU)(q̄3d3) + ρ2(q̄3u3)(Q̄∆dD) (3.24)

+ ρ3(q̄3∆uU)(Q̄d3) + ρ4(Q̄u3)(q̄3∆dD) + h.c.
]
,

∆1V 1 :
[
σ1(q̄3V

†
q ∆uU)(q̄3d3) + σ2(Q̄p∆pr

u U
r)(Q̄sV s

q d3) + σ3(q̄3u3)(q̄3V
†
q ∆dD)

+ σ4(Q̄pV p
q u3)(Q̄r∆rs

d D
s) + σ5(Q̄pV p

q U
r)∆sr

u (Q̄sd3) + σ6(Q̄pu3)∆pr
d (Q̄sV s

q D
r)

+ h.c.
]
.

For each electroweak structure of (L̄R)(R̄L) and (L̄R)(L̄R) operators we therefore find

the following number of real and imaginary coefficients at a given order in the spurion

expansion:

V 0 V 1 V 2 ∆1 ∆1V 1 V 3

Typa “a′′ [Qledq, Q
(1,3)
lequ ] : 1 1 2 2 1 1 2 2 4 4 − −

Type “b′′ [Q
(1,8)
quqd] : 1 1 2 2 1 1 4 4 6 6 − −

(3.25)

3.3 Summary and discussion

The results for all SMEFT operators are summarized in table 6, while the detailed counting

order by order, organised according to the different sub-categories of operators is presented

in table 10 in appendix C. As expected, the smaller symmetry group leads to a significantly

larger number of terms compared to the MFV case in table 1. However, we emphasise that

the number of independent terms is still rather small compared to the case of no symmetry,

even when considering high powers of the spurions. It is also worth stressing that the small-

ness (and the nature) of the U(2)5 breaking terms allows us to consider only limited subsets

of the terms reported in table 6 depending on the observables, and the level of precision,

we are interested in. For instance, in the limit where we neglect the masses of the first two

generations (which is often an excellent approximation) we can stop at the third column.
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U(2)5 [terms summed up to different orders]

Operators Exact O(V 1) O(V 2) O(V 1,∆1) O(V 2,∆1) O(V 2,∆1V 1) O(V 3,∆1V 1)

Class 1–4 9 6 9 6 9 6 9 6 9 6 9 6 9 6

ψ2H3 3 3 6 6 6 6 9 9 9 9 12 12 12 12

ψ2XH 8 8 16 16 16 16 24 24 24 24 32 32 32 32

ψ2H2D 15 1 19 5 23 5 19 5 23 5 28 10 28 10

(L̄L)(L̄L) 23 — 40 17 67 24 40 17 67 24 67 24 74 31

(R̄R)(R̄R) 29 — 29 — 29 — 29 — 29 — 53 24 53 24

(L̄L)(R̄R) 32 — 48 16 64 16 53 21 69 21 90 42 90 42

(L̄R)(R̄L) 1 1 3 3 4 4 5 5 6 6 10 10 10 10

(L̄R)(L̄R) 4 4 12 12 16 16 24 24 28 28 48 48 48 48

total: 124 23 182 81 234 93 212 111 264 123 349 208 356 215

Table 6. Number of independent operators in the SMEFT assuming a minimally broken U(2)5

symmetry, including breaking terms up to O(V 3,∆1V 1). Notations as in table 1.

4 Beyond U(3)5 and U(2)5 with minimal breaking

The main virtue of the MFV hypothesis is to normalise the magnitude of flavour-violating

processes in the quark sector to their corresponding size in the SM (controlled by the

CKM matrix), both for tree-level amplitudes and for the leading loop-induced ones. This

is achieved by linking every possible source of flavour non-universality to the Yukawa cou-

plings. Beside this rather strong assumption from the model-building point of view, the

MFV hypothesis has two main drawbacks in the EFT implementation: i) no clear power-

counting due to the large value of yt (hence no special role for the third generation which,

on the other hand, plays a key role in the Higgs hierarchy problem); ii) no flavour mixing in

the lepton sector. The advantage of the U(2)5 setup, with the minimal breaking discussed

in section 3, is that it addresses these two drawbacks preserving the main virtue of the MFV

setup in flavour-violating processes. Moreover, this goal is achieved without imposing a spe-

cific alignment among the spurions, but only a well-defined hierarchical structure. The price

to pay is a significant enlargement in the number of free parameters due to the smaller sym-

metry group. In this section we briefly discuss if it is worth to consider alternative options,

either as far as flavour symmetries or as far as symmetry-breaking terms are concerned.

4.1 Unbroken U(3)d,e groups

A first natural question to ask is if we can consider an intermediate case, combining U(2)

groups in the up-quark sector and U(3) subgroups in the right-handed down-quark and/or

charged-lepton sector, as for instance recently proposed in [28]. To clarify this point,

let’s consider the breaking chain in the quark sector due to the third-generation Yukawa

couplings. Similarly to eq. (2.11), if we consider a two-step breaking due to yt and, later

on by yb (that eventually we are interested to treat as a spurion), the impact on the whole
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quark-flavour symmetry group is [26, 27]8

U(3)q⊗U(3)u⊗U(3)d
yt−→ U(2)q⊗U(2)u⊗U(3)d⊗U(1)′3

yt,b−→ U(2)q⊗U(2)u⊗U(2)d⊗U(1)′′3 .

(4.1)

As can be seen, in the first step we are left with an unbroken U(3) subgroup. However,

this case is less appealing than the U(2)5 minimal setup, since we would need to impose a

spefic alignment among the spurions to recover a MFV-like suppression of flavour-changing

amplitudes. This follows from the decompositon of the SM Yukawa couplings in terms of

spurions of the unbroken subgroups in the two cases:

Yu,d
yt−→ Vq⊕∆u⊕

[
Λd∼ (1,1, 3̄)⊕Σd∼ (2,1, 3̄)⊕V u

R ∼ (1, 2̄,1)
]

U(2)q⊗U(2)u⊗U(3)d
, (4.2)

Yu,d
yt,b−→ Vq⊕∆u⊕∆d⊕

[
V u
R ∼ (1, 2̄,1)⊕V d

R ∼ (1,1, 2̄)
]

U(2)3
. (4.3)

Here Vq and ∆u,d denote the spurions that we have in the U(2)5 minimal setup, whereas

between brackets we show the additional terms arising in the decomposition.

I No unbroken U(3) subgroups, eq. (4.3). Here we simply need to assume the hierarchy

|Vq| � |∆u,d| � |V u,d
R | to recover a MFV-like structure and, at the same time, have

all terms necessary to reconstruct completely the SM Yukawa couplings.

II Unbroken U(3)d group, eq. (4.2). Here we cannot neglect the terms between brackets if

we wish to describe down-quark masses. Allowing only Λd 6= 0 we can describe yb 6= 0,

but strange and down quark remain massless. A description of all the masses require

both Λd 6= 0 and Σd 6= 0, with a necessary tuning of their alignment in the U(3)d space

in order to avoid large right-handed mixing (which is strongly constrained by data).

In view of these considerations, we consider the U(2)5 case more interesting, from a

model-building point of view, with respect to a framework with some unbroken U(3) sub-

groups [28]. The only variation that is worth to consider, in order to treat yb and/or

yτ as small parameters, is the addition of appropriate U(1) groups acting only on the

right-handed b and τ fields, that is what we discuss next.

4.2 U(2)5 ⊗U(1)b ⊗U(1)τ

Enlarging the U(2)5 symmetry with two U(1) groups under which only bR and τR are

charged, the only mass term allowed in the limit of unbroken symmetry is the top Yukawa

coupling. In order to allow non-vanishing bottom and tau Yukawa couplings, two spurions

Xb(τ), breaking the U(1)b(τ) groups, must be included. Considering these spurions, in

addition to those of the minimal setup, the Yukawa matrices assume the form

Yu = yt

∆u xt Vq

0 1

 , Yd =

∆′d x
′
bXb Vq

0 κbXb

 , Ye =

∆′e x
′
τ Xτ V`

0 κτ Xτ

 . (4.4)

8Here U(1)′3 = U(1)q3
L
+tR

and U(1)′′3 = U(1)q3
L
+bR+tR

.
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U(2)5⊗U(1)b⊗U(1)τ [terms summed up to different orders]

O(V 2,∆1, O(∆1V 1, O(V 3,∆1V 1,

Operators Exact O(X2) O(V 1,X2) O(V 2,V 1X2) O(∆1,V 1X2) V 1X2) V 2X2,∆1X1) V 2X2,∆1X1)

Class 1–4 9 6 9 6 9 6 9 6 9 6 9 6 9 6 9 6

ψ2H3 1 1 3 3 4 4 6 6 9 9 9 9 12 12 12 12

ψ2XH 3 3 8 8 11 11 16 16 24 24 24 24 32 32 32 32

ψ2H2D 14 — 15 1 19 5 23 5 19 5 23 5 25 7 25 7

(L̄L)(L̄L) 23 — 23 — 40 17 67 24 40 17 67 24 67 24 74 31

(R̄R)(R̄R) 29 — 29 — 29 — 29 — 29 — 29 — 38 9 38 9

(L̄L)(R̄R) 32 — 32 — 48 16 64 16 50 18 66 18 77 29 77 29

(L̄R)(R̄L) — — 1 1 1 1 3 3 3 3 3 3 6 6 6 6

(L̄R)(L̄R) — — 4 4 4 4 12 12 18 18 18 18 38 38 38 38

total: 111 10 124 23 165 64 229 88 201 100 248 107 304 163 311 170

Table 7. Number of independent operators at different orders in the spurion expansion for the

SMEFT with U(2)5 ⊗U(1)2 flavour symmetry.

where ∆′b(τ) differ by ∆b(τ) only by the overall normalization, and κb,τ are two additional

free parameters that we are allowed to include in this framework, depending on the normal-

ization of the U(1)-breaking terms. The counting of independent coefficients of SMEFT

operators at each order in the spurion expansion in this setup, is reported in table 7, while

the detailed counting order by order, organised according to the different sub-categories

of operators is presented in table 11 in appendix C. As can be expected, in absence of

X spurions, in this framework one finds less terms than at corresponding order in the V

and ∆ expansion in the minimal U(2)5 setup. On the other hand, when going to O(X2)

one recovers the same numbers of independent terms of the minimal U(2)5 setup at the

corresponding order in the V and ∆ expansion.

4.3 Classification of all possible U(2)5 breaking terms

To conclude this section, we present a list of the possible breaking terms of U(2)5 beyond

the minimal setup. The U(2)5 breaking spurions can be easily classified by analysing how

the bilinears ψ̄ψ and the four-fermion operators ψ̄ψψ̄ψ transform. Focusing on the bilinears

only,9 20 different structure arise:

• 5 spurions Vψ ∼ (ψ̄ψ3) ∼ 2ψ, where ψ = {L,Q,E,U,D} and ψ3 = {`3, q3, τR, tR, bR}
(in the minimal setup only the two Vψ breaking the two left-handed subgroups are

included);

• 10 bi-fundamental spurions ∆ψψ′ ∼ (ψ̄ψ′) ∼ 2̄ψ × 2ψ′ , with ψ 6= ψ′, which include

6 leptoquark spurions, 3 di-quark spurions, and 1 di-lepton spurion (in the minimal

setup only the three Yukawa-like ∆ψψ′ are included);

• 5 adjoints spurions Aψ ∼ (ψ̄ψ) ∼ 3ψ (none of which is included in the minimal setup).

9Irreducible breaking terms of higher rank are difficult to realise in explicit models.
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Analysing the number of independent operators with all these spurions is quite straight-

forward using the results presented in section 3. However, it is less obvious how to define

a consistent power-counting. Indeed in the minimal setup the size of the spurions can be

directly inferred by the structure of the Yukawa couplings (the only exception being V`,

whose size is deduced by imposing |V`| ∼ |Vq|). Once this is fixed, the minimal setup en-

sures a CKM-like suppression for all left-handed transitions in the quark sector, as well as

the helicity suppression of mixing in the right-handed sector. On the other hand, these two

important phenomenological properties are lost if any of the non-minimal spurions listed

above can compete, in size, with the two leading breaking terms (without a special align-

ment in flavour space). It is therefore natural to conclude that if any of the non-minimal

spurions are included, they must be quite small in size.

5 A phenomenological application: LFV at the LHC

The usefulness of specific hypotheses about symmetry and symmetry-breaking in the

flavour sector is quite clear when analysing low-energy flavour-violating observables, both

in the quark and in the lepton sector. However, it is worth to stress that the flavour sym-

metry is quite useful also to simplify and organise analyses of high-pT observables at the

LHC. As clearly demonstrated in [29] with the analysis of pp→ µµ̄ data, flavour hypothesis

provides a very useful organising principle to sum, with a proper weight, the contributions

of different quarks species in pp collisions. To illustrate this statement in the context of

the general formalism we have introduced for the U(2)5 SMEFT basis, in the following

we briefly discuss how to extract bounds on semi-leptonic four-fermion operators from the

Lepton Flavour Violating (LFV) Drell-Yan process pp→ τ ¯̀ (` = e, µ).

In presence of d = 6 SMEFT operators, the process pp → τ ¯̀ receives tree-level con-

tributions by the partonic scattering qiq̄j → τ ¯̀. The quark flavours {i, j} appear in the

cross-section with a weight that depends on: i) the operators we are considering, ii) the par-

ton distribution functions (PDF) of the colliding protons. Hence, the physical cross-section

can be written as the trace over the contraction of two flavour tensors: a “SMEFT ten-

sor”, that we denote F `τq ({Ci}) and that depends on the SMEFT coefficients, and a“PDF

tensor”, that we denote Kq. In terms of these two tensor we can write

σ(pp→ τ ¯̀) =
s

144πΛ4
Tr
(
F `τq ({Ci}) ·Kq

)
, (5.1)

where the trace runs over all possible pairs of colliding quarks, as we discuss below, Λ

is an overall scale that we introduce to normalise the coefficients of the d = 6 operators,√
s is the proton-proton center-of-mass energy, and summation over the index q = {u, d}

labelling up and down quarks is implied.

• The SMEFT tensor F `τq is in direct correspondence with the tensor Σ`q defined in

eq. (3.16), controlling the flavour structure of the Q
(1,3)
`q operators, and similar tensors

for the other semileptonic operators in table 8. Since our scope is merely illustrative,

in the following we will limit ourself to consider only the contributions of Q
(1,3)
`q ,
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neglecting terms with different helicity.10 Separating up and down quark components

of F `τq , as well as SU(2)L singlet and triplet components of Σ`q, we can write

F `τnmu =
∣∣∣V nr

CKMV
ms ∗

CKM

(
Σ

(1) `τ,rs
`q − Σ

(3) `τ,rs
`q

) ∣∣∣2 ,
F `τnmd =

∣∣∣Σ(1) `τ,nm
`q + Σ

(3) `τ,nm
`q

∣∣∣2 , (5.2)

where summation over repeated indices is implicit. The Σ
(i)
`q appearing in (5.2) are

written in the down-quark mass basis, whereas the explicit expression displayed in

table 13 is in the interaction basis. After rotating to the down-quark mass-eigenstate

basis (see appendix A), the entries of Σ
(i)
`q relevant to pp→ τ µ̄ read:

Σ
(i)µτ,dd
`q = ε`e

iφ̄` ce

{
C

(i)
`q (β1)− sbεq s2

d

[
C̃

(i)
`q (γ1) + C̃

(i)
`q (γ2)

]
+ s2

b s
2
dC

(i)
`q (β2)

}
Σ

(i)µτ,ds
`q = −ε`eiφ̄` ce

{
sbεq

[
C̃

(i)
`q (γ1) + C̃

(i)
`q (γ2)

]
− s2

b C
(i)
`q (β2)

}
cdsd e

iαd

Σ
(i)µτ,db
`q = ε`e

iφ̄` ce

{
sb

[
C

(i)
`q (β1)− C(i)

`q (β2)
]

+ εqC̃
(i)
`q (γ1)− s2

bεq C̃
(i)
`q (γ2)

}
sd e

iαd

Σ
(i)µτ,sd
`q = −ε`eiφ̄` ce

{
sbεq

[
C̃

(i)
`q (γ1) + C̃

(i)
`q (γ2)

]
− s2

b C
(i)
`q (β2)

}
cdsd e

−iαd

Σ
(i)µτ,ss
`q = ε`e

iφ̄` ce

{
C

(i)
`q (β1)− sbεq c2

d

[
C̃

(i)
`q (γ1) + C̃

(i)
`q (γ2)

]
+ s2

b c
2
dC

(i)
`q (β2)

}
(5.3)

Σ
(i)µτ,sb
`q = ε`e

iφ̄` ce

{
sb

[
C

(i)
`q (β1)− C(i)

`q (β2)
]

+ εqC̃
(i)
`q (γ1)− s2

bεq C̃
(i)
`q (γ2)

}
cd

Σ
(i)µτ,bd
`q = ε`e

iφ̄` ce

{
sb

[
C

(i)
`q (β1)− C(i)

`q (β2)
]

+ εqC̃
(i)
`q (γ2)− s2

bεq C̃
(i)
`q (γ1)

}
sd e
−iαd

Σ
(i)µτ,bs
`q = ε`e

iφ̄` ce

{
sb

[
C

(i)
`q (β1)− C(i)

`q (β2)
]

+ εqC̃
(i)
`q (γ2)− s2

bεq C̃
(i)
`q (γ1)

}
cd

Σ
(i)µτ,bb
`q = ε`e

iφ̄` ce

{
C

(i)
`q (β2) + sbεq

[
C̃

(i)
`q (γ1) + C̃

(i)
`q (γ2)

]
+ s2

b C
(i)
`q (β1)

}
,

while Σ
(i) eτ,nm
`q = (se/ce) × Σ

(i)µτ,nm
`q for pp → τ ē. Here C̃

(i)
`q (γ1,2) =

C
(i)
`q (γ2)e±i(φ̄q−φq), and the mixing and phase parameters ce, cb, cd, φq and αd are

defined in appendix A. To simply the expressions we have set sτ = 0 and we have

neglected terms proportional to C̃
(i)
`q (ξ), since they always appear suppressed by ε`ε

2
q .

• The PDF tensor Kq is given by

Kmn
q =

∫
dτ τ Lqmq̄n(τ) , (5.4)

where τ ≡ m2
`τ/s, m`τ being the invariant mass of the lepton pair, and Lqmq̄n are the

parton luminosity functions for q̄nqm colliding partons defined by

Lqmq̄n(τ) =

∫ 1

τ

dx

x
[ fqm(x, µF ) fq̄n(τ/x, µF ) + (qn↔ q̄m) ] , (5.5)

10In the limit of massless fermions the helicity is conserved and the contributions of the other semilpetonic

operators do not interfere with that of Q
(1,3)
`q in the cross section.
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in terms of the single parton PDF fa (µF denotes the factorization scale). Again for

illustrative purposes, we compute (5.4) by integrating the high-mass tail of m`τ in

the range m`τ ∈ [1, 5] TeV at
√
s = 13 TeV, setting µF = sτ and using the central

values of the PDF4LHC15 nnlo mc PDF set [30] This leads to

Ku = κ


1 0.5 0

0.03 0.01 0

0 0 0

 , Kd =
κ

2


1 0.6 0.3

0.1 0.07 0.03

0.04 0.02 0.01

 , (5.6)

with κ ≈ 4.8× 10−3. The third row and column for Ku vanishes because the PDF of

the top-quark in still negligible at
√
s = 13 TeV.

We have now all the ingredients to compute the traces in (5.1). In the down sector,

the explicit calculation yields

Tr
(
F `τd ·Kd

)
=

∑
n,m={d,s,b}

∣∣∣Σ`τ,nm
`q

∣∣∣2Kmn

∝
(
1.07+0.068s2

b

)∣∣∣C(1+3)
`q (β1)

∣∣∣2+
(
0.01+0.068s2

b

)∣∣∣C(1+3)
`q (β2)

∣∣∣2
+0.13s2

b Re
[
C

(1+3)
`q (β1)C

(1+3)
`q (β2)∗

]
−sbεq Re

[
0.15 C

(1+3)
`q (β1)C̃

(1+3)
`q (γ2)∗

+0.2C
(1+3)
`q (β1)C̃

(1+3)
`q (γ1)∗+0.072 C

(1+3)
`q (β2)C̃

(1+3)
`q (γ2)∗+0.024C

(1+3)
`q (β2)C̃

(1+3)
`q (γ1)∗

]
+ε2q

[
0.046

∣∣∣C̃(1+3)
`q (γ2)

∣∣∣2+0.022
∣∣∣C̃(1+3)

`q (γ1)
∣∣∣2]+O(ε3q) (5.7)

γi=0−→
(
1.07+0.068s2

b

)∣∣∣C(1+3)
`q (β1)

∣∣∣2+
(
0.01+0.068s2

b

)∣∣∣C(1+3)
`q (β2)

∣∣∣2
+0.13s2

b Re
[
C

(1+3)
`q (β1)C

(1+3)
`q (β2)∗

]
, (5.8)

where we used sd ≈ |Vtd|/|Vts| and cd ≈ 1 (see appendix A), we have factored out the

leptonic part, common to all operators, and we have taken into account that sb = O(εq)

when neglecting O(ε3q) terms. Here and below C
(1±3)
`q (F ) = C

(1)
`q (F ) ± C(3)

`q (F ). Similarly,

from the up-quarks we get

Tr
(
F `τu ·Ku

)
=

∑
n,m={u,c}

∣∣∣V nr
CKMV

ms ∗
CKM Σ`τ,rs

`q

∣∣∣2Kmn

∝ 1.01
∣∣∣C(1−3)

`q (β1)
∣∣∣2 − (0.003 sb − 0.035 s2

b) Re
[
C

(1−3)
`q (β1)C

(1−3)
`q (β2)∗

]
(5.9)

−0.036 sbεq Re
[
C

(1−3)
`q (β1)C̃

(1−3)
`q (γ2)∗ + C

(1−3)
`q (β1)C̃

(1−3)
`q (γ1)∗

]
+O(ε3q) , (5.10)

where we have implemented the numerical values of the CKM matrix from [31] and, consis-

tently with the assumption of neglecting O(ε3q) terms, we have neglected numerical entries

of O(10−3).
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From the above expressions we can draw the following conclusions:

• Operators which are both quark- and lepton-flavour violating (parameterised by

the coefficients γi) contribute with very small numerical coefficients (recall that

|εq|, |sb| . 10−1). Once we take into account the corresponding bounds from low-

energy processes, such as Bs → τ`, their impact in the cross-section is negligible.

This is a nice virtue of the U(2)5 approach that, contrary to the MFV case, allow us

to easily separate flavour-conserving and flavour-violating operators.

• Once quark-violating terms are eliminated, we remain with an expression depend-

ing only on C
(i)
`q (β1) and C

(i)
`q (β2), which is quite simple. Here the contribution

of C
(i)
`q (β1) is largely dominant receiving contributions by valence quarks collisions

(uū, dd̄→ τ ¯̀).11

• The other virtue of the U(2)5 approach is that of separating the contribution of non-

trivial dynamics associated to the third generation, which in many UV completions

of the SM is the one associated to larger couplings (or lower effective scales). In

our specific example these are the terms proportional to |C(i)
`q (β2)|2. In this case it

is interesting to analyse the relative weight of third-generation partons, which have

suppressed PDFs, vs. the flavour-violating terms, which receive contributions from

the larger light-quark PDFs. The analytical expression of the terms proportional to

|C(i)
`q (β2)|2 in the cross section is

Tr
(
F `τd ·Kd

)∣∣∣
|C(i)
`q (β2)|2

∝ Kbb
d +

[
Kbs
d +Ksb

d +
|Vtd|2

|Vts|2
(
Kbd
d +Kdb

d

)]
s2
b (5.11)

+

[
Kss
d +

|Vtd|2

|Vts|2
(
Kds
d +Ksd

d

)
+
|Vtd|4

|Vts|4
Kdd
d

]
s4
b . (5.12)

Given |sb| . 10−1, and given the entries of Kd in (5.6), it is easy to realise that for this

specific operator the cross-section is completely dominated by the bb̄ → τ ¯̀ channel,

a conclusion that is not obvious a priori and that follows from the underlying flavour

symmetry and symmetry-breaking ansatz.

6 Conclusions

In this paper we have analysed how the flavour symmetries U(3)5 and U(2)5, with a minimal

set of breaking terms, act as organising principle for the dimension-six operators with

flavour quantum numbers in the SMEFT. The main results of our analysis are summarised

in table 1 and 6. As can be seen from table 1, the U(3)5 symmetry, and the MFV hypothesis,

allow us to obtain a drastic reduction in the number of independent terms: this is about 25

11The coefficients C
(i)
`q (β1,2) also appear in low-energy LFV processes such as τ → ρ` and Υ → τ̄ `. A

detailed analysis of these low-energy processes is beyond the scope of this work. We simply note that, at

present, the low-energy bounds on C
(1+3)
`q (β1) are more stringent (by less than one order of magnitude) than

those which can be extracted from σ(pp → τ ¯̀), whereas collider bounds on C
(1+3)
`q (β2) dominate vs. the

low-energy ones [32].
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times smaller compared to the case of no flavour symmetry (limiting ourself to the leading

terms in the MFV expansion). In the U(2)5 case, which encompass a wider spectrum of new-

physics models where the third generation plays a special role, the number of independent

terms is roughly three times higher compared to the MFV case (see table 6), but it is still

about one order of magnitude smaller compared to the case of no flavour symmetry.

We have also provided a general discussion of why these two sets of flavour hypotheses

(i.e. flavour symmetry and symmetry-breaking ansatz) are particularly relevant if we are

interested in SMEFT implementations where the bounds on the scale of new physics are

not largely saturated by the tight constraints from flavour-violating processes. The two

flavour hypotheses we have considered in detail are somehow unique in ensuring a “natural”

CKM-like suppression for all left-handed transitions in the quark sector, as well as a double

(light-mass × CKM) suppression for mixing in the right-handed quark sector. Variations

preserving these properties are possible with the implementation of U(1) symmetries acting

on the third family, as in the case of the U(2)5 ⊗ U(1)b ⊗ U(1)τ group discussed in some

detail in section 4. In principle, more options are possible in the lepton sector, where

we have not made any attempt to link flavour violation in the charged-lepton sector to

neutrino mixing, which goes beyond the scope of the present analysis.

To highlight the usefulness of this approach in analysing high-pT observables, and the

practical implementation of the classification scheme we have introduced for the SMEFT

with minimally broken U(2)5, we have discussed the concrete example of σ(pp → τ ¯̀). As

already shown in [29] for σ(pp → µµ̄), also for σ(pp → τ ¯̀) the implementation of flavour

symmetries provides an essential tool to sum the contributions of the different quarks

species appearing in pp collisions, which a priori would involve a large number of indepen-

dent SMEFT coefficients. This is quite relevant given the growing impact of high-pT data

in constraining four-fermion operators and, particularly, the flavour-violating ones [32, 33].

So far, most of the implementations of U(3)5 and U(2)5 symmetries in the SMEFT, or

better in subsets of the SMEFT operators, were aimed at analysing low-energy data only.

However, the key virtue of both these approach is that of generating an EFT where bounds

from flavour-violating and flavour-conserving observables are naturally very complemen-

tary, as shown for instance in [11, 29, 32]. Most important, with the implementations of

these flavour hypotheses the overall effective scale of the SMEFT can be kept relatively

low, making the whole construction quite interesting for phenomenology. We thus believe

the classification we have presented in this paper can be a useful first step toward a sys-

tematic analysis of both flavour-conserving and flavour-violating observables, at both low-

and high-energies, in motivated flavoured versions of the SMEFT.
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A Diagonalization of the Yukawa matrices in U(2)5

Given the flavor structure of U(2)5, it is convenient to parametrise unitary matrices in the

following block form:

W =

 B Θ

Ξ† b

 , (A.1)

where W is a generic 3 × 3 unitary matrix that we decompose into a 2 × 2 non-unitary

block-matrix B, 2-dimensional column vectors Ξ and Θ, and a complex number b. Using

the unitarity constraint W †W = WW † = 1 one can solve some of the blocks, in particular:

b = cθ e
−iφ , Ξ = −e

iφ

cθ
B† ·Θ (A.2)

where cθ = cos θ ≡
√

1−Θ†Θ is an angle and φ is the unitary phase Det(W ) = e−iφ. The

block B can be further decomposed into polar form as B = (1 − A) · U , where U is a

2 × 2 unitary matrix and (1 − A) is a positive semi-definite hermitian matrix, satisfying

(1−A)2 = 1−ΘΘ†. The hermitian matrix A measures the deviation of the block B from

being a unitary submatrix. Solving for A yields:

A =
ΘΘ†

1 + cθ
. (A.3)

With this, one finds an exact expression for an arbitrary 3×3 unitary matrix in block-form:

W =

1 − ΘΘ†

1 + cθ
eiφ Θ

−e−iφ Θ† cθ

 ·
U 0

0 e−iφ

 . (A.4)

On general grounds, the block vector Θ can be parametrized with two angles θ and ϕ and

two complex phases:

Θ =

 sθsϕ e
iξ1

sθcϕ e
iξ2

 (A.5)

In the limit where ϕ → 0 (ϕ → π
2 ) the angle θ corresponds to a rotation in the 23-plane

(13-plane).

We can use this general decomposition to compute the unitary matrices that diagonalise

the Yukawa couplings starting from the interaction basis,

L†fYfRf = diag(yf1 , yf2 , yf3) , (A.6)

for f = d, u, e. The unitary matrices Lf and Rf are parametrized using (A.4) with blocks

ΘL,R
f , UL,Rf and φL,Rf , respectively. Following ref. [34], the left handed matrices Lf are
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to a very good approximation a product of two consecutive rotations in the 12 and 23

planes. The matrix ULf is parametrized with one angle θf (rotation in the 12-plane) and

one phase αf as in (3.5). The rotation in the 23-plane is achieved for ϕL,Rf ≈ 0 in (A.5),

we therefore write ΘL
d = (0, sb)

T , ΘL
u = (0, st)

T , ΘL
e = (0, sτ )T (where we set ξL,R2 f = 0

without loss of generality). The right-handed unitary matrices Rf , on the other hand, are

to a good approximation just a rotation in the 23-plane, hence URf ≈ 1. The right-handed

and left-handed angles are related through ΘR
d = diag(mdmb ,

ms
mb

)ΘL
d , ΘR

u = diag(mumt ,
mc
mt

)ΘL
u

and ΘR
e = diag(memτ ,

mµ
mτ

)ΘL
e . For quarks, the phases can be brought to satisfy φLd = φRd =

φRu ≡ φq, while all leptonic phases can be set to zero. With these settings, neglecting tiny

subleading terms, we get [34]

Ld ≈


cd −sd eiαd 0

sd e
−iαd cd sb

−sd sb e−i(αd+φq) −cd sb e−iφq e−iφq

 ,

Rd ≈


1 0 0

0 1 ms
mb

sb

0 −ms
mb

sb e
−iφq e−iφq

 ,

Ru ≈


1 0 0

0 1 mc
mt
st

0 −mc
mt
st e
−iφq e−iφq

 ,

Le ≈


ce −se 0

se ce sτ

−sesτ −cesτ 1

 ,

Re ≈


1 0 0

0 1
mµ
mτ

sτ

0 −mµ
mτ

sτ 1

 ,

(A.7)

with Lu constrained by Lu = Ld V
†

CKM.

• In the quark sector the following two parameters appearing in Lu,d and Ru,d, remains

unconstrained: the real parameter sb and the complex phase φq = φb−φt, defined by

sb
cb
eiφb = xbVq ,

st
ct
eiφt = xtVq , with |st − sbeiφq | = |Vcb| , (A.8)

as well ads the phase of Vq (which can be chosen to make xtVq real and positive). On
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the other hand, the parameters of Uu(d) are completely determined via the relations

sd
cd

=
|Vtd|
|Vts|

,
su
cu

=
|Vub|
|Vcb|

, αd = arg

(
V ∗td
V ∗ts

)
, αu = arg

(
Vub
Vcb

)
, (A.9)

which imply

UuU
†
d =

 cos θc sin θc

− sin θc cos θc

 (A.10)

where sin θc = |Vus|.

• In the lepton sector both sτ/cτ = |xτV`| and se remain unconstrained, together with

the phase of V` (which can be chosen to make xτV` real and positive).

B On the number of independent fermion contractions

Since U(N) ∼ U(1) ⊗ SU(N), to verify that any of the SMEFT operators we consider

transforms as a singlet under the flavour group, we have to ensure two things. First, the

total phase associated to the U(1) part of the flavour symmetry must be zero. Second, the

operator has to be a singlet of the SU(N) group. To determine all ways to form singlets

under the SU(N) groups we first consider the tensor products of two (anti-)fermion fields

in the N = 3 and N = 2 case

For SU(3) : 3⊗ 3̄ = 1⊕ 8, 3⊗ 3 = 3̄⊕ 6, 3̄⊗ 3̄ = 3⊕ 6̄,

For SU(2) : 2⊗ 2̄ = 1⊕ 3, 2⊗ 2 = 1⊕ 3, 2̄⊗ 2̄ = 1⊕ 3. (B.1)

For SU(3) we only get a singlet by contracting a fermion with an anti-fermion, whereas

for SU(2) this is also obtained for two fermions or two anti-fermions However, additional

operators that would be allowed due to that are forbidden by the phase factors, e.g LL

or L̄cL have non-vanishing total phase. Thus, the only allowed operators bilinear in the

fermion fields have each a fermion and an anti-fermion in both cases.

Given the above consideration, for the operators involving four fermion fields we have

to pay special attention only to those with four fermion fields of the same type (i.e. which

Q``, Q
(1)
qq , Q

(3)
qq , Qee, Quu and Qdd). In the following we will consider Q`` as representative

example. In the N = 2 case, at leading order in the spurions, we have different choices for

the contraction of the flavour indices

(i) :
(
L̄rLr

) (
L̄sLs

)
, (ii) :

(
L̄rLs

) (
L̄sLr

)
, (iii) : εr1 r2εs1 s2

(
L̄r1Ls1

) (
L̄r2Ls2

)
,

(B.2)

where the letter corresponds to the contraction of both fundamental representations and

of both anti-fundamental, and εa,b is the totally anti-symmetric tensor. However, the

decomposition into irreducible representations of the full tensor product for this type of

operator yields

(2⊗ 2̄)⊗ (2⊗ 2̄) = 1⊕ 1⊕ 3⊕ 3⊕ 3⊕ 5 (B.3)
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and only contains two singlets. We can associate the two singlets to the combinations (i)

and (ii) in eq. (B.2) and we deduce that all other choices, such as (iii), must be linear

combinations of these two. The same holds also in the N = 3 case, where

(3⊗ 3̄)⊗ (3⊗ 3̄) = 1⊕ 1⊕ 8⊕ 8⊕ 8⊕ 8⊕ 10⊕ 10⊕ 27. (B.4)

and the we two singlets in can be identified with the contractions of the type (i) and (ii)

in eq. (B.2).

Operators with the insertion of spurions proceed in a similar manner. In the SU(2)

case a more complicated tensor decomposition occurs at order O(V 2) for operators with

four identical left-handed fields, such as
(
L̄L
) (
L̄L
)
. Here we find

(2⊗ 2̄)3 = 1⊕ 1⊕ 1⊕ 1⊕ 1⊕ 3⊕ 3⊕ 3⊕ 3⊕ 3⊕ 3⊕ 3⊕ 3⊕ 3⊕ 5⊕ 5⊕ 5⊕ 5⊕ 5⊕ 7 (B.5)

hence we need to identify, a priopri, five independent singlet contractions. Taking into

account that (
V`V

†
`

)
⊗
(
L̄L
)
⊗
(
L̄L
)
∼ (1⊕ 3)V ⊗ (1⊕ 3)L1

⊗ (1⊕ 3)L2
. (B.6)

leads to identify the five contractions as follows

(i) : 1V ⊗ 1L1 ⊗ 1L2 ∼ V r
` V
† r
`

(
L̄sLs

) (
L̄tLt

)
,

(ii) : 1V ⊗ 3L1 ⊗ 3L2 ∼ V r
` V
† r
`

(
L̄sLt

) (
L̄tLs

)
,

(iii) : 3V ⊗ 1L1 ⊗ 3L2 ∼ V r
` V
† s
`

(
L̄tLt

) (
L̄rLs

)
,

(iv) : 3V ⊗ 3L1 ⊗ 1L2 ∼ V r
` V
† s
`

(
L̄rLs

) (
L̄tLt

)
,

(v) : 3V ⊗ 3L1 ⊗ 3L2 ∼ V r
` V
† s
`

(
L̄rLt

) (
L̄tLs

)
. (B.7)

The first two terms are proportional to leading order operators, while (iii) and (iv) are

equivalent. Hence, also in this case we have only two independent contractions that we can

identify with the terms (iii) and (v).
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C Summary tables

5–7: Fermion Bilinears

non-hermitian (L̄R)

5: ψ2H3+ h.c. 6: ψ2XH+ h.c.

QeH (H†H)(¯̀
perH) QeW (¯̀

pσ
µνer)τ

IHW I
µν QuG (q̄pσ

µνTAur)H̃G
A
µν QdG (q̄pσ

µνTAdr)HG
A
µν

QuH (H†H)(q̄purH̃) QeB (¯̀
pσ

µνer)HBµν QuW (q̄pσ
µνur)τ

IH̃W I
µν QdW (q̄pσ

µνdr)τ
IHW I

µν

QdH (H†H)(q̄pdrH) QuB (q̄pσ
µνur)H̃Bµν QdB (q̄pσ

µνdr)HBµν

hermitian (+ QHud) ∼ 7: ψ2H2D

(L̄L) (R̄R) (R̄R′)

Q
(1)
H` (H†i

←→
D µH)(¯̀

pγ
µ`r) QHe (H†i

←→
D µH)(ēpγ

µer) QHud + h.c. i(H̃†DµH)(ūpγ
µdr)

Q
(3)
H` (H†i

←→
D I
µH)(¯̀

pτ
Iγµ`r) QHu (H†i

←→
D µH)(ūpγ

µur)

Q
(1)
Hq (H†i

←→
D µH)(q̄pγ

µqr) QHd (H†i
←→
D µH)(d̄pγ

µdr)

Q
(3)
Hq (H†i

←→
D I
µH)(q̄pτ

Iγµqr)

8: Fermion Quadrilinears

hermitian

(L̄L)(L̄L) (R̄R)(R̄R) (L̄L)(R̄R)

Q`` [a] (¯̀
pγµ`r)(¯̀

sγ
µ`t) Qee [a2] (ēpγµer)(ēsγ

µet) Q`e [a] (¯̀
pγµ`r)(ēsγ

µet)

Q
(1)
qq [a] (q̄pγµqr)(q̄sγ

µqt) Quu [a1] (ūpγµur)(ūsγ
µut) Q`u [b] (¯̀

pγµ`r)(ūsγ
µut)

Q
(3)
qq [a] (q̄pγµτ

Iqr)(q̄sγ
µτ Iqt) Qdd [a1] (d̄pγµdr)(d̄sγ

µdt) Q`d [b] (¯̀
pγµ`r)(d̄sγ

µdt)

Q
(1)
`q [b] (¯̀

pγµ`r)(q̄sγ
µqt) Qeu [b] (ēpγµer)(ūsγ

µut) Qqe [b] (q̄pγµqr)(ēsγ
µet)

Q
(3)
`q [b] (¯̀

pγµτ
I`r)(q̄sγ

µτ Iqt) Qed [b] (ēpγµer)(d̄sγ
µdt) Q

(1)
qu [a] (q̄pγµqr)(ūsγ

µut)

Q
(1)
ud [b] (ūpγµur)(d̄sγ

µdt) Q
(8)
qu [a] (q̄pγµT

Aqr)(ūsγ
µTAut)

Q
(8)
ud [b] (ūpγµT

Aur)(d̄sγ
µTAdt) Q

(1)
qd [a] (q̄pγµqr)(d̄sγ

µdt)

Q
(8)
qd [a] (q̄pγµT

Aqr)(d̄sγ
µTAdt)

non-hermitian

(L̄R)(R̄L) + h.c. (L̄R)(L̄R) + h.c.

Q`edq [a] (¯̀j
per)(d̄sqtj) Q

(1)
quqd [b] (q̄jpur)εjk(q̄ksdt)

Q
(8)
quqd [b] (q̄jpT

Aur)εjk(q̄ksT
Adt)

Q
(1)
`equ [a] (¯̀j

per)εjk(q̄ksut)

Q
(3)
`equ [a] (¯̀j

pσµνer)εjk(q̄ksσ
µνut)

Table 8. List of all fermionic SMEFT operators in the Warsaw basis [2]. The division in classes

is adopted from [5]. The letter in square brackets for the four-fermion operators labels the type of

the operators as defined in section 3.
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MFV breaking terms

Class No. Y 0
i Y 1

i Y 2
u Y 1

u Y
1
d Y 2

u Y
1
d

X3, H6, H4D2, X2H2 15 9 6 — — — — — — — —

ψ2H3 3 — — 3 3 — — — — 1 1

ψ2XH 8 — — 8 8 — — — — 3 3

ψ2H2D 8 7 — — — 3 — 1 1 — —

total (bilinear) 19 7 — 11 11 3 — 1 1 4 4

(L̄L)(L̄L) 5 8 — — — 6 — — — — —

(R̄R)(R̄R) 7 9 — — — 5 — — — — —

(L̄L)(R̄R) 8 8 — — — 10 — — — — —

(L̄R)(R̄L) 1 — — — — — — — — — —

(L̄R)(L̄R) 4 — — — — — — 4 4 — —

total (quadrilinear): 25 25 — — — 21 — 4 4 — —

total: 59 41 6 11 11 24 — 5 5 4 4

Table 9. Number of independent operators in the SMEFT for the MFV scenario with insertions

of different combinations of spurion.
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U(2)5 breaking terms

Class Type No. V 0 V 1 V 2 ∆1 ∆1V 1 V 3

X3, H6, H4D2, X2H2 15 9 6 — — — — — — — — — —

ψ2H3 3 3 3 3 3 — — 3 3 3 3 — —

ψ2XH 8 8 8 8 8 — — 8 8 8 8 — —

ψ2H2D

(L̄L) 4 8 — 4 4 4 — — — — — — —

(R̄R) 3 6 — — — — — — — 3 3 — —

QHud 1 1 1 — — — — — — 2 2 — —

total: 8 15 1 4 4 4 — — — 5 5 — —

total (bilinear): 19 26 12 15 15 4 — 11 11 16 16 — —

(L̄L)(L̄L)

a: 3 15 — 9 9 15 3 — — — — 3 3

b: 2 8 — 8 8 12 4 — — — — 4 4

total: 5 23 — 17 17 27 7 — — — — 7 7

(R̄R)(R̄R)

a1: 2 10 — — — — — — — 6 6 — —

a2: 1 3 — — — — — — — 2 2 — —

b: 4 16 — — — — — — — 16 16 — —

total: 7 29 — — — — — — — 24 24 — —

(L̄L)(R̄R)

a: 5 20 — 10 10 10 — 5 5 15 15 — —

b: 3 12 — 6 6 6 — — — 6 6 — —

total: 8 32 — 16 16 16 — 5 5 21 21 — —

(L̄R)(R̄L) 1 1 1 2 2 1 1 2 2 4 4 — —

(L̄R)(L̄R)

a: 2 2 2 4 4 2 2 8 8 12 12 — —

b: 2 2 2 4 4 2 2 4 4 8 8 — —

total: 4 4 4 8 8 4 4 12 12 20 20 — —

total (quadrilinear): 25 89 5 43 43 48 12 19 19 69 69 7 7

total: 59 124 23 58 58 52 12 30 30 85 85 7 7

Table 10. Number of independent operators in the SMEFT with U(2)5 flavour symmetry and

insertions of different combinations of spurion.
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U(2)5 ⊗U(1)b ⊗U(1)τ breaking terms

Class Type No. V 0 V 0X1 V 0X2 V 1 V 1X1 V 1X2 V 2 V 2X1 V 2X2 ∆1 ∆1X1 ∆1V 1 ∆1V 1X1 V 3

X3, H6, H4D2, X2H2 15 9 6 — — — — — — — — — — — — — — — — — — — — — — — — — —

ψ2H3 3 1 1 2 2 — — 1 1 2 2 — — — — — — — — 3 3 — — 3 3 — — — —

ψ2XH 8 3 3 5 5 — — 3 3 5 5 — — — — — — — — 8 8 — — 8 8 — — — —

ψ2H2D

(L̄L) 4 8 — — — — — 4 4 — — — — 4 — — — — — — — — — — — — — — —

(R̄R) 3 6 — — — — — — — — — — — — — — — — — — — — — 1 1 2 2 — —

QHud 1 — — 1 1 — — — — — — — — — — — — — — — — — — 1 1 1 1 — —

total: 8 14 — 1 1 — — 4 4 — — — — 4 — — — — — — — — — 2 2 3 3 — —

total (bilinear): 19 18 4 8 8 — — 8 8 7 7 — — 4 — — — — — 11 11 — — 13 13 3 3 — —

(L̄L)(L̄L)

a: 3 15 — — — — — 9 9 — — — — 15 3 — — — — — — — — — — — — 3 3

b: 2 8 — — — — — 8 8 — — — — 12 4 — — — — — — — — — — — — 4 4

tot.: 5 23 — — — — — 17 17 — — — — 27 7 — — — — — — — — — — — — 7 7

(R̄R)(R̄R)

a1: 3 10 — — — — — — — — — — — — — — — — — — — — — 3 3 3 3 — —

a2: 3 3 — — — — — — — — — — — — — — — — — — — — — — — 2 2 — —

b: 4 16 — — — — — — — — — — — — — — — — — — — — — 6 6 10 10 — —

tot.: 7 29 — — — — — — — — — — — — — — — — — — — — — 9 9 15 15 — —

(L̄L)(R̄R)

a: 5 20 — — — — — 10 10 — — — — 10 — — — — — 2 2 3 3 6 6 9 9 — —

b: 3 12 — — — — — 6 6 — — — — 6 — — — — — — — — — 2 2 4 4 — —

tot.: 8 32 — — — — — 16 16 — — — — 16 — — — — — 2 2 3 3 8 8 13 13 — —

(L̄R)(R̄L) + h.c. tot.: 1 — — — — 1 1 — — — — 2 2 — — — — 1 1 — — 2 2 — — 4 4 — —

(L̄R)(L̄R) + h.c.

a: 2 — — 2 2 — — — — 4 4 — — — — 2 2 — — 2 2 2 2 4 4 4 4 — —

b: 2 — — 2 2 — — — — 4 4 — — — — 2 2 — — 4 4 4 4 6 6 6 6 — —

tot.: 4 — — 4 4 — — — — 8 8 — — — — 4 4 — — 6 6 6 6 10 10 10 10 — —

total (quadrilinear): 25 84 — 4 4 1 1 33 33 8 8 2 2 43 7 4 4 1 1 8 8 11 11 27 27 42 42 7 7

total: 59 111 10 12 12 1 1 41 41 15 15 2 2 47 7 4 4 1 1 19 19 11 11 40 40 45 45 7 7

Table 11. Number of independent operators in the SMEFT with U(2)5 ⊗U(1)2 flavour symmetry

and insertions of different combinations of spurion.
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1
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(11) (12) (13) (21) (22) (23) (31) (32) (33)

(11) a1

a2

2a1

c1ε
2
`

β1ε` β∗1ε` a3

(12) 2a2

c4ε
2
`

β∗3ε`

(13) β3ε` a4

(21) 2a2

c4ε
2
`

β3ε`

(22) 2a1

c1ε
2
`

a1

a2

c1ε
2
`

c4ε
2
`

β1ε`
β3ε`
ξ1ε

3
`

β∗1ε`
β∗3ε`
ξ∗1ε

3
`

a3

c2ε
2
`

(23) β1ε` β1ε`
β3ε`
ξ1ε

3
`

γ1ε
2
` a4

c3ε
2
`

β2ε`

(31) β∗3ε` a4

(32) β∗1ε` β∗1ε`
β∗3ε`
ξ∗1ε

3
`

a4

c3ε
2
`

γ∗1ε
2
` β∗2ε`

(33) a3 a3

c2ε
2
`

β2ε` β∗2ε` a5

Table 12. The Σij,nm
`` tensor in the interaction basis as defined in eq. (3.16): the entries are as

indicated in rows (ij) and columns (nm), respectively. All terms in each cell should be added.
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(11) (12) (13) (21) (22) (23) (31) (32) (33)

(11) a1 a1

c3ε
2
q

β3εq β∗3εq a2

(12)

(13)

(21)

(22) a1

c1ε
2
`

a1

c1ε
2
`

c3ε
2
q

β3εq
ξ1ε

2
`εq

β∗3εq
ξ∗1ε

2
`εq

a2

c2ε
2
`

(23) β1ε` β1ε`
ξ2ε

2
qε`

γ1ε`εq γ2ε`εq β2ε`

(31)

(32) β∗1ε` β∗1ε`
ξ∗2ε

2
qε`

γ∗2ε`εq γ∗1ε`εq β∗2ε`

(33) a3 a3

c4ε
2
q

β4εq β∗4εq a4

Table 13. The Σij,nm
`q tensor in the interaction basis as defined in eq. (3.16): the entries are as

indicated in rows (ij) and columns (nm), respectively. All terms in each cell should be added.
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