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ABSTRACT: Holographic CFTs and holographic RG flows on space-time manifolds which
are d-dimensional products of spheres are investigated. On the gravity side, this corre-
sponds to Einstein-dilaton gravity on an asymptotically AdSg;1 geometry, foliated by a
product of spheres. We focus on holographic theories on S? x S2, we show that the only
regular five-dimensional bulk geometries have an IR endpoint where one of the sphere
shrinks to zero size, while the other remains finite. In the Zs-symmetric limit, where the
two spheres have the same UV radii, we show the existence of a infinite discrete set of
regular solutions, satisfying an Efimov-like discrete scaling. The Zs-symmetric solution in
which both spheres shrink to zero at the endpoint is singular, whereas the solution with
lowest free energy is regular and breaks Z5 symmetry spontaneously. We explain this phe-
nomenon analytically by identifying an unstable mode in the bulk around the would-be
Zo-symmetric solution. The space of theories have two branches that are connected by a
conifold transition in the bulk, which is regular and correspond to a quantum first order
transition. Our results also imply that AdSs does not admit a regular slicing by S? x S2.
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1 Introduction, summary of results and outlook

Quantum field theories are usually studied in flat background space-time. We can consider
them, however, in background space-times that have non-trivial curvature. Space-time
curvature is irrelevant in the UV, as at short distances any regular manifold is essentially
flat. However, curvature is relevant in the IR and affects importantly the low-energy
structure of the QFT.

There are several motivations to consider QFT in curved backgrounds.

e Many computations in CFTs and other massless QFTs (like that of supersymmetric
indices) are well-defined when a (controllable) mass gap is introduced, and this can
be generated by putting the theory on a positive curvature manifold, like a sphere.
This has been systematically used in calculating supersymmetric indices in CFTs, [1]
as well as regulating IR divergences of perturbation theory in QFT, [2—4] and string
theory, [5, 6].

e Partition functions of QFTs on compact manifolds, like spheres, are important in-
gredients in the study of the monotonicity of the RG Flow and the definition of
generalized C-functions, especially in odd dimensions, [7—10].

e Cosmology has always given a strong motivation to study QFT in curved space-
time, [11, 12]. Especially, QFT in de Sitter or almost de Sitter space is motivated by
early universe inflation as well as the current acceleration of the universe.



e The issue of quantum effects in near de Sitter backgrounds is a controversial issue
even today, [13]-[18].

e Partition functions of holographic QFTs on curved manifolds are important ingredi-
ents in the no-boundary proposal of the wave-function of the universe, [19, 20|, and
serve to determine probabilities for various universe geometries.

e Curvature in QFT, although UV-irrelevant is IR-relevant and can affect importantly
the IR physics. Among other, things it can drive (quantum) phase transitions in the
QFT, [21].

e Putting holographic QFTs on curved manifolds potentially leads to constant (nega-
tive) curvature metrics sliced by curved slices. The Fefferman-Graham theorem guar-
antees that such regular metrics exist near the asymptotically AdS boundary, [22].
However, it is not clear whether such solutions can be extended to globally regular
solutions in the Euclidean case (which may have horizons in Minkowski signature).
The few facts that are known can be found in [23, 24].

Using holography, it may be argued, that as we can put any holographic CFT on
any manifold we choose, there should be a related regular solution that is dual to
such a saddle point. This quick argument has however a catch: it may be that for a
regular solution to exist, more of the bulk fields need to be turned-on (spontaneously),
via asymptotically vev solutions. We shall see in this paper, a milder version of
this phenomenon associated with spontaneous symmetry breaking of a parity-like
Z5 symmetry.

In this paper we are going to pursue a research program started in [25] and [21], that
investigates the general structure of holographic RG flows for QFTs defined on various
spaces that involve beyond flat space, constant curvature manifolds. The cases analysed
so far systematically concern the flat space case (or equivalently (S')9), and the S?, dSy
and AdSy cases, although the results in [10, 18, 21] are valid for any d-dimensional Ein-
stein manifold.

The case of S' x §%~1 has also been studied extensively as it contains AdS,,; in global
coordinates, and RG flows were also analysed in this case. The general problem we are now
interested in, is the case where the boundary is a product of constant (positive) curvature
manifolds, which we shall take without a loss of generality to be spheres.

In the CFT case, unlike the S¢ and S' x S9! cases, there is no known slicing of
AdSgy1 by other sphere product manifolds , and even in this cases the solutions if they are
regular must be non-trivial.

Solutions for CFTs on sphere product manifolds have been recently investigated in [26]
and phases transitions were found, generalizing the Hawking-Page transition (that is rele-
vant in the S1 x 971 case), [27].

In this work, we study four-dimensional holographic QFTs on S? x S2. The QFTs
we shall consider are either CFTs, or RG-flows driven by a single scalar operator O of
dimension A.



We shall describe the dual theory in the bulk, in terms of five-dimensional Einstein-
dilaton gravity. The relevant geometries, describing the ground-state of the theory, are then
asymptotically AdSs space-times which admit a radial S? x $? foliation. In the case of
CF'Ts, these space-times are solution of pure gravity with a negative cosmological constant.
In the case of RG flows, these are solutions of Einstein-dilaton gravity with an appropriate
scalar potential.

The geometry S? x S2 is the only four-dimensional sphere product manifold which has
not been already studied in detail. It is also the only one that, as we shall see, cannot be
used to slice the AdSs metric.

Below, we briefly summarize our setup and our main results.

We consider geometries whose metric is of the form:

ds? = du? + 21 Wa2d0? 4 242024032 (1.1)

where a1 and as are constants with dimensions of length, and dQl2 are the metrics of S2%s
with radius 1. The generic space-time symmetry of the QFT, is SU(2) x SU(2) associated
with the two spheres. When the spheres have equal size, a; = a9, then we have an extra
Zo space-time symmetry that interchanges the two spheres.

The holographic coordinate u in (1.1) runs from the conformal boundary at u = —oo,
corresponding to a UV fixed-point of the dual QFT, to an IR endpoint ug where the
manifold ends regularly.

The UV geometry and parameters. In the near-boundary region, the space-time
asymptotes AdSs with length-scale £. The metric on the boundary is (with an appropriate
definition of the scale factors) conformally equivalent to the four-dimensional metric

dsiy, = a3d3 + a3dQ3 (1.2)

This is the metric on the S? x S§? manifold on which the dual UV field theory is defined.
Near the boundary, the scalar field behaves at leading order as

Y~ (@,ZA*) A U — —00 (1.3)

where p_ is a constant, ¢ the AdSs5 length, and A_ =4 — A > 0.
The UV theory is defined in terms of three sources, entering equations (1.2)—(1.3):

e The scalar source ¢_ dual to the relevant coupling deforming the UV CFT;

e The radii a; and as of the two spheres, or equivalently their scalar curvatures RzUV =
2/a3.
They can be combined into two dimensionless parameters,
uv
Ry
2/A_7
80—/

RUV
Ry = 2/2A_ . (1.4)
P

R1=

At subleading order in the UV expansions one finds two more dimensionless integration
constants of the bulk field equations, that we denote C; and C5 and are related to vevs of



the field theory operators. Schematically, they enter the scalar field and the scale factors
in the following way:

AlN...+Cle4u/é—|—..., AQN...+CQ€4U/£+... (15)
O~ .+ (C 4 Cy)ed=A-)w/t (1.6)

e The combination C + C5 sets the vacuum expectation value of the scalar field dual

to ¢,
(0) o 2/27(Cy + Cy) (1.7)

This combination also enters in the expectation value of the trace of the stress tensor.

du/l

e The combination C7 — C9 enters at order e in the difference of the scale factors,

Al—AQ:...+(Cl—02)€4u/e+... U — —00 (18)
and it enters the difference in the stress tensor vevs along the two spheres.

e Additional terms in the stress tensor vev come from the curvatures R;, and they
reproduce in particular the Weyl anomaly on S? x S2.

e In the limit where the source p_ — 0, one can find “pure vev” solutions, in which
the leading asymptotics of the scalar field are

Y~ (<p+€A) A U — —00 (1.9)

In this case, only the combination C — () is allowed to be non-zero, and the scalar
vev parameter C] + Cs is replaced by the constant parameter ¢, . These solutions
are dual to vev-driven flows: the source of the operator dual to ¢ is set to zero, but
a non-zero condensate triggers a non-trivial RG flow. These solutions have one free
parameter less than the source-driven flows, therefore, they are generically singular
in the IR unless the bulk potential is appropriately fine-tuned [21, 28].

IR geometry. Regular solutions of the form (1.1) have an IR endpoint at some finite
u = ug, where the geometry has the following properties:

e At the endpoint, one of the two scale factors e4i(%0)

vanishes, and the corresponding
sphere shrinks to zero size, while the other sphere stays at finite size. Near ug, the

metric has the form
ds® ~ du® + (u — up)2dQ} + afrd03, (1.10)

and the geometry is isometric to R x S2. Therefore the topology of the solution is
that of D3 x S? where D3 is a “cigar” with S? slices or equivalently a hemisphere
of an S3. Instead, any solution in which the two spheres shrink to zero at the same
point, has necessarily a curvature singularity.



e Regularity imposes two constraints on the four dimensionless UV parameters
Ri1,Ra,C1,Cy. Choosing the sources Ri, Ro as independent free parameters, reg-
ularity fixes the vevs C,Cs as a function of the sources, as it always happens in
holography:

0172 = 01,2(7—\’/1,7?,2) (1.11)

e From an analysis of the quadratic curvature invariants, we show that no regular slicing
of Euclidean AdSs by S? x S? exists (unlike the known slicing by S! x S3, which
corresponds to AdSs in global coordinates, and by S*, discussed in [21]). Instead, it
is possible to find a regular slicing of AdSs by AdSs x S2.

Efimov spiral and spontaneous Zy breaking. If the UV radii of the two spheres are
very different, there is a single regular solution, in which it is the sphere with the smallest
UV radius that shrinks to zero size in the IR. As the UV curvatures become comparable
however, multiple solutions start appearing with one or the other sphere shrinking to zero
in the IR.

The limit in which Ry = Rq is particularly interesting. In this case, the two spheres
start with the same size in the UV, and the theory has a space-time Z, symmetry under
which the two spheres are interchanged.

However, this symmetry is broken by the dynamics. This is seen in the gravitational
solution where in the bulk, the symmetric solution, in which A;(u) = As(u) all the way
to the IR endpoint, is singular, as we have discussed above. Any regular solution must
therefore break the Zo symmetry by the presence of a non-zero vev parameter C7 — Co,
which causes Aj(u) — Az(u) to depart from zero as we move away from the boundary, as in
equation (1.8). This is similar to what happens with the singular conifold in the Klebanov-
Strassler solution [29], where the non-zero vev which avoids the singularity, is associated
to gaugino condensation. In our case however, it corresponds to the spontaneous breaking
of a discrete space-time symmetry.

This is indeed what happens: as Rq1/R2 — 1, the theory develops an infinite discrete
set of regular solutions, characterized by a smaller and smaller IR radius ag of the finite
5?2, which approaches the singular solution characterized by arg = 0 and C; = C». In this
regime, the solutions follow a discrete scaling law well described by an Efimov spiral in the
plane (R1/R2,C; — C2), given schematically by:

Ro . —bs . —bs

R 1 = Asin(s + ¢1)e” %, Cy — Cy = Bsin(s + ¢2)e (1.12)
where A, B, b and ¢1, ¢2 are constants, and s ~ log(¢/aqr) runs to infinity in the singular
limit.! The schematic behavior is shown in figure 1, where each point of the spiral cor-
responds to a regular solution. The solutions lying on the vertical axis form an infinite
countable set and correspond to a symmetric UV boundary condition Ry = Ro. The center
of the spiral corresponds to the singular solution with Ry = Re and Cy = Cs.

'Here, aur is the radius of the sphere 2 (the one that does not shrink to zero) at the IR endpoint, defined
in equation (1.10).
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Figure 1. Efimov spiral. Each point on the spiral represents a regular solution with sphere 1
shrinking to zero size and sphere 2 remaining finite in the IR. As we proceed towards the center,
the IR radius of sphere 2 becomes smaller and smaller. The origin corresponds to the singular
solution, in which both spheres shrink to zero size.

The symmetric solutions correspond to vanishing R2/R; — 1 and one can find an
infinite number of them at discrete values of s. The corresponding values of Cy — Co get
smaller and smaller as s grows larger.

The Efimov behavior (1.12) is confirmed by numerical examples, both in the case of
a CFT (no scalar field, in which case it was already observed in [26]) and in the case of
holographic RG-flows.

This type of Efimov scaling has been observed in other contexts in holography, [30-35].
For example, in holographic QCD-like theories, it is associated to a would-be IR fixed point
developing an instability to a violation of the BF bound [34, 35]. The associated symmetry
that is broken is the chiral symmetry. Interestingly, a similar interpretation can be found
in the present context: we show that the scale factor difference A; — A5 behaves, away from
the boundary, as an unstable perturbation. This behavior can be generalized to spheres of
different dimensions, as discussed in appendix G.2.

Conifold transition. Having established that there may be multiple solutions for a given
choice of the UV parameters R and R2 (and even an infinite number for the Zs-symmetric
choice R1 = R2) we analyse which one is the dominant saddle-point solution. For this, we
compute the free energy of the regular solutions as a function of R, Ro by evaluating the
Euclidean on-shell action. The solution with the lowest free energy at fixed R1,Rs is the
ground state of the system.
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Figure 2. The two spirals correspond to the solutions in which sphere 1 shrinks to zero in the IR
(red) and to those in which sphere 2 shrinks (blue). As we cross the vertical axis, the dominant
solution jumps from the red to the blue spiral.

Both in the case of a CFT and of a non-trivial RG flow, we find that the lowest free
energy corresponds to the first occurrence along the spiral of a given value of R1 /R, i.e.
the solution which is farthest from the center.

The two dominant saddle points that exist for R; = Ro correspond to the dominant
Efimov solutions of the two branches R1 > Ro and R; < Ro. They correspond to the two
vacua of the theory with Ry = Ro and they are related by the spontaneously-broken Zj

symmetry.

If we start in the regime R > R, on the branch where sphere 1 shrinks to zero and
decrease the value of R, at the symmetric point R1/Ro = 1 the system undergoes a first
order phase transition to the solution where the two spheres are interchanged: decreasing
R further, the dominant branch becomes the one in which sphere 2 shrinks to zero size and
sphere 1 remains finite. This transition is shown schematically in figure 2. The classical
saddle point undergoes a topology-changing transition similar to the conifold transition,
see figure 3. We should stress that this conifold transition occurs via regular bulk solutions,
and its signal in the boundary QFT is as a first order phase transition not unlike the one
in large-N YM at 6 = m, [36]. It seems to be quite distinct from the conifold transition
of CY vacua in string theory, [37], where the singularity is resolved by non-perturbative
effects in the string coupling.
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Figure 3. Conifold transition. The horizontal axis represents the ratio of the UV curvatures of
the two spheres. In this figure the UV radius of sphere 2 is kept fixed, while that of sphere 1 is
increased going from left to right.

Outlook. The study of holographic solutions on products of spheres can be extended to
arbitrary dimension and arbitrary number of spheres. The topology changing transition
has the potential applications to unveil other (known or otherwise) transitions in holog-
raphy, when these can be embedded into a higher dimensional theory by the mechanism
of generalized dimensional uplift [38, 39]: it is known for example that reducing a higher
dimensional AdS solution on a sphere yields a confining holographic theory in lower di-
mensions, [38]. Starting from a product of spheres can be useful to understand the phase
structure of confining theories on curved manifolds.

Another interesting question from the perspective of generalized dimensional reduc-
tion/uplift is the origin of the discrete scaling discussed in this paper: here, we have
identified an unstable mode underlying this phenomenon, but it would be interesting to
rephrase it in terms of the more familiar language of scalar fields violating the BF bound
at some IR fixed point, as it was the case in [30-35]. This formulation can be reached using
the method of generalized dimensional reduction, starting from the sphere-product ansatz
in higher dimensions.

Another interesting direction is to consider product manifolds which have less symme-
try, for example squashed spheres. These have found a recent application in the context of
cosmology, in particular in the holographic approach to the no-boundary wave function of
the universe [40].

Finally, in this work we have not fully explored the case where one of the factors in the
product manifold has negative curvature. Extending this work to that situation can lead
to a better understanding of AdS/AdS holography, which in the case of RG flows presents
some difficulty due to the appearance of conical singularities on the boundary [21]. It would
be useful to understand these situations by generalized uplift to a higher dimensional AdS
geometries foliated by a lower-dimensional AdS times spheres or tori.



This work is organized as follows. In section 2, we describe in detail the setup and
derive the equations of motion for holographic RG flow solutions.

In section 3 we develop a first-order formalism adapted to the sphere-product ansatz,
along the lines of the formalism developed in [21]. This is particularly useful for the
calculation of the on-shell action.

In section 4 we discuss the UV asymptotics of the solution and identify the parameters
which correspond to dual field theory quantities.

In section 5 we discuss the IR side of the geometry and we identify the conditions for
the absence of singularities.

In section 6 we find the expression for the free energy, a.k.a. the on-shell action, in
terms of the UV data (curvatures and vev parameters), including the appropriate holo-
graphic renormalization.

In section 7 we analyze in detail solutions in the case of a CFT: we construct solutions
in numerical examples, and show that they undergo a conifold phase transition. In this
section we also discuss the Efimov scaling in the CFT case, of which we give an analytical
derivation in terms of an IR instability.

In section 8 we present numerical examples of the more general case of holographic
RG flows on S? x S?, where we again display the Efimov phenomenon and topology-
changing transition.

Most technical details are presented in the appendix.

Note added. During completion of this work we became aware of the article [26], which
addressed similar problems and reached some of our conclusions, in the absence of a bulk
scalar field. A similar setup was also considered in [41] in connection with Little String
Theory. It was also pointed out to us’? that phase transitions in holographic CFTs on
product manifold were also observed in an older work [42].

2 Holographic theories on S?x S2

In this section we consider the bulk holographic description of RG flows of four-dimensional
QFTs on 5% x 52, But before we specialize to this, we shall first consider general holographic
solutions that are cones over a general product of spheres.

As a bulk holographic theory we consider an Einstein-scalar theory in (d+1)-dimensions
with Euclidean or Lorentzian metric (in the latter case we use the mostly plus convention).
The two relevant bulk fields we keep are the metric, dual to the conserved QFT energy-
momentum tensor, and a scalar field ¢, dual to a relevant scalar operator O that is driving
the RG flow of the boundary QFT.? The bulk theory in the infinite coupling limit, is
described by the following two-derivative action (after field redefinitions):

1
Slavl = [ dudte gl (R = J0,50% ~ V() ) + ey (2.1

2We thank O. Aharony for this.
3In general the bulk action contains many other scalars. We suppress their presence as we work with
the single combination that is non-trivial for the flow.



where we also included the Gibbons-Hawking-York term Sgy. In the Lorentzian signature
we use the (—,+...+) convention for the metric. The Euclidean action is defined by setting
Sk = —95 and changing the metric to positive signature.

2.1 The conifold ansatz

Consider a boundary (holographic) QFTs defined on a space that is a product of Einstein
manifolds. The natural bulk metric ansatz in such a case, that preserves all the origi-
nal symmetries of the boundary metric, is given in terms of a domain wall holographic
coordinate u and a conifold ansatz (for both Euclidean and Lorentzian signatures):

=) , ds*=g,daids” =du® + Z eQAi(“)(iiﬂidxaidxﬁi . (2.2)
i=1

Here the constant u slices are products of n Einstein manifolds, each with metric Ciw,ﬂi’
dimension d; and coordinates x%, a; = 1,2,--- ,d;. Each Einstein manifold is associated
to a different scale factor A;(u), that depends on the coordinate u only. Therefore, every d-
dimensional slice at constant u is given by the product of n Einstein manifolds of dimension
di,...,dy.

The fact that these are Einstein manifolds translates in the following relations®

where k; is the (constant) scalar curvature scale of the ith manifold and no sum on i is
implied. We have the identity

zn: di=d. (2.4)
i=1

In the case of maximal symmetry,

M dSy, or S%
@
Ki=14 0 My, : (2.5)
i —1
USSR
\ &

where «a; are associate radii and Mg, denotes d;-dimensional Minkowski space.

In the following, we adhere to the following shorthand notation: derivatives with
respect to u are denoted by a dot while derivatives with respect to ¢ are denoted by a
prime, i.e.:

df (u)
du

dg(e) (2.6)

dp

flu) = )

“These can be either of Euclidean signature (like a d;-dimensional sphere) or Lorentzian signature (for
example a d;-dimensional de Sitter space in the maximal symmetry case) In the rest of the paper we shall
mainly refer to the Euclidean case keeping in mind that the results also hold for Lorentzian signature.

~10 -



The non-trivial components of Einstein’s equation are:

n 2 n n
. . 1
( E dkAk> — E dkAk2 — E ef2AkR<k - §g02 +V =0, Uy (27)
k=1 k=1 k=1

1\ <& . 1 . . 2 &
2(1 - d> DA+ 5D didi(Ai = Aj)* + 3 YT MRS @ =0, i (2.8)
k=1 i k=1
. . s . 1 i . . n . 1 j
A + A Z dp Ay — EEE_2AZ}{C = Aj + Aj Z dp Ay — Ee_2AjRCJ , i#j. (2.9)
k=1 t k=1 J

The Klein-Gordon equation reads:

p+ <zn: dkAk> -V =0. (2.10)

k=1

These equations are the same for both Lorentzian and Euclidean signatures, so all our
results hold for both cases.

Holographic RG flows are in one-to-one correspondence with regular solutions to the
equations of motion (2.7)-(2.10). Hence, in the following we shall be interested in the
structure and properties of solutions to these equations for various choices of the bulk
potential V' (¢).

To be specific, we assume that V() has at least one maximum, where it takes a
negative value. This ensures that there exists a UV conformal fixed point, and a family
of asymptotically AdS solutions which correspond to deforming the theory away from the
fixed point by the relevant scalar operator dual to .

In addition, V(¢) may have other maxima and/or minima (in the AdS regime, V' < 0)
representing distinct UV or IR fixed points for the dual QFT.

Note that every equation can be associated with its equivalent in the case with a
single sphere, [21], except for (2.9) that gives additional constraints on the solutions. One
may also observe that these constraints are automatically satisfied by A; = A(u) for all
and RS = d;r for all i, where  is a constant and A(u) is a function of w. In this case,
the equations of motion (2.7)—(2.10) reduce to the equations one obtains for of a single
sphere [21]. This could be foreseen since under these conditions there is only one scale
factor and the product space is an single Einstein manifold.

In appendix A we match these equations to some known special cases.

2.2 The S? x S? case

Now we restrict ourselves to the case d = 4 and consider the product of two 2-dimensional
Einstein manifolds. In our ansatz, the metric reads:

=) , ds®=du®+ eQAl(”)Coléhﬁldxo‘lda:Bl + eQAQ(“)C§2,52de‘2dxﬁ2 , (2.11)

where (j;i 5 is a fiducial, u-independent 2-dimensional metric of the each of the two Einstein
manifolds. In two dimensions, compact Einstein manifolds of positive curvature are spheres.

- 11 -



On the other hand, if the curvature is negative, there can be many Riemann surfaces with
g > 1. We shall not consider the negative curvature case further as in that case the
non-trivial holographic flows have extra singularities [21].

In the sequel we assume that the slice manifold is S? x S2. The equations of motion
specialize in this case to:

92A1° + 2457 + 841 Ay — ROe™2M — R 242 %@2 +V =0, (2.12)
34, + 345 +2 <A1 - A2)2 + R;eQAI + R;eQAZ + % =0, (2.13)
<A'1 + 24,7 - R;e“l> - <A'2 + 2457 - R;Qe%’) =0, (2.14)
¢+2<A1+A2>¢—V/:0. (2.15)

As mentioned earlier, a trivial solution for the constraint (2.14) is given by A; = As.
If we set A] = Ay = A and R = R = R we have the following set of equations:

6A+ ¢? + Re™ 2 =0, (2.16)

o1
1242 — §¢2 +V —2Re 24 =0, (2.17)
¢ +4pA—-V' =0, (2.18)

which is equivalent to the S* case, analyzed in [21], if we make an appropriate constant
shift in A. For %, as shown in [21], these equations admit IR-regular solutions where 4
vanishes at an IR endpoint ug. As we shall see, the same solution is singular if the slice
manifold is S? x S? instead of S*. We anticipate that IR-regular solutions correspond to

one of the two sphere shrinking to zero size, while the other remaining finite.

2.3 CFTs on S? x S2

Before analyzing RG-flow solutions, we conclude this section by briefly discussing equa-
tions (2.12)—(2.15) in the special case of a conformal boundary theory. This amounts to
setting ¢ = constant and V' = 0 in (2.12)-(2.15), which leads to

21412 + 2A22 + 8A1A2 — Rgleszl — R<2672A2 + Vo =0, (2-19)
.. .. . .\2 R R%
341 + 345 +2 (Al = AQ) + e M e g, (2.20)
.. . C1 . . C2
<A1 1247 - R2€2A1) - (Az + 24,7 - R2e2A2> =0 (2.21)

where Vj now is a negative constant. These are two second-order equations plus one first-
order constraint for the functions A (u), As(u), depending on the two parameters R, RS2,
The system has a total of three integration constants: two of them are constant shifts
of A; and Ay which can be fixed by requiring that R and RS coincide with the actual
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curvatures of the manifold on which the UV boundary theory is defined according to the
holographic dictionary, i.e.

Qﬂdeanmﬂ? + subleading, u — —o0, (2.22)

a1,B1 o

ds? — du? + e~2v/* [gl Az da® + 2

where we set Vy = —%.

The remaining integration constant is the interesting one: it must enter at sublead-
ing order in the UV expansion (since the leading order is completely fixed by the condi-
tion (2.22), and therefore it corresponds to a vacuum expectation value. In particular,
since the only non-trivial bulk field is the metric, it must correspond to a combination of
the vevs of the components of the stress tensor. As we shall see, in the symmetric case in
which RS = R, this combination is the difference between the two (constant) expectation
values of Ti,5 along the two spheres, and it parametrizes the difference between the two
scale factors as we move towards the IR.

3 The first order formalism and holographic RG flows

To interpret the solutions to the equations of motion (2.12)—(2.15) in terms of RG flows,
it will be convenient to rewrite the second-order Einstein equations as a set of first-order
equations. This will allow an interpretation as gradient RG flows. Locally, this is always
possible, except at special points where ¢ = 0. Such points will be later be referred to as
“bounces”, as previously observed in [21, 25, 43]. Given a solution, as long as ¢(u) # 0, we
can invert the relation between u and ¢(u) and define the following scalar functions of :

Wi(p) = —24, Wy(p) = —24, S(p) =, (3.1)
Ti(p) = e 2MRE) Ty(p) = e 242 R(E) (3.2)

where the expressions on the right hand side are evaluated at u = u(p). In terms of the
functions defined above, the equations of motion (2.12) —(2.15) become

W2+ W24+ AW Wy — 8% —2(Ty + Tp) + 2V =0, (3.3)

2 — gS(W{ W) + %(W1 W)+ %(T1 + D) =0, (3.4)
(—SW! + W2 —Ty) — (=SW}+ W2 —Ty) =0, (3.5)

SS" — S(Wy +Wy) — V' =0. (3.6)

The last equation is not independent but it can be obtained by combining the derivative
of equation (3.3) with equations (3.4) and (3.5). However it is convenient to keep equa-
tion (3.6) , and to eliminate instead T} and T, which only appear algebraically and can
be expressed in terms of the other functions:

Ty = —S% — W3 + W Wy + S(W] + 2W3) (3.7)
Ty = —S% — W2 + Wi Wy + S2W/] + W3) (3.8)
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Inserting these relations in equations (3.3) and (3.6) we are left with two first order equa-
tions for Wi, Wy and S,

2
S% —2S(Wi + W) + Wi+ W2 + 3V =0, (3.9)
SS — S(Wy + W) — V' =0. (3.10)

An additional equation is obtained by using the relation

Wi :
f—? s ’L—].,27 (311)
which follows from the definition (3.2): differentiating once equations (3.7) and (3.8), and
using (3.11) one obtains:

S2(WY — W) + SS' (W, — W3) + QW1 Wy — S?) (W — Wa)
+ S(WQWé - W1W{ + 2(W1Wé — WZW{)) =0. (3.12)

Equations (3.9), (3.10) and (3.12) will be the starting point for our analysis of solutions.
This system is first order in S and second order in W o with a first order constraint (3.9).
Accordingly, there are four integration constants.

These integration constants should match with the data of the dual QFT. On the
QFT side, there are five dimensionful quantities which correspond to asymptotic data of
the solution:

e The UV coupling ¢_ which drives the flow away from the UV fixed point;
e The two curvatures of the spheres, R!, R2.

e The vev of the deforming operator, which by the trace identity is related to the trace
of the stress tensor;

e An additional vev parameter which controls the difference between the stress tensor
components along the two spheres, and can vary independently of T},

Out of these five dimensionful quantities, we can construct four dimensionless ones by
measuring the curvatures and the vevs in units of the UV scale ¢p_. These four dimen-
sionless parameters correspond to the four integration constants® of the system of equa-
tions (3.9), (3.10), (3.12). The final integration constant ¢_ correspond to the initial
condition we have to impose when we integrate the equation for ¢ = S in order to write
the solution as a function of the u coordinate®

®Notice that each equation is of homogeneous degree (namely 2 or 3) in S, W; so that each of them can
be taken to be a dimensionless function times a fixed scale determined by the potential V. Accordingly, all
integration constants of the system can be taken to be dimensionless.

The corresponding integration constants arising in integrating A; = —2W; are fixed by the requirement
that the asymptotic expansion has the form (2.22) so that the curvatures R* and R? coincide with the
curvatures of the space where the UV CFT lives. See the discussion in section 2.3, or reference [21], for
more details.
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This system displays an additional degree of freedom (an additional integration con-
stant, beyond the extra curvature parameter, compared with the S* case), which correspond
to the last bullet point in the list above. As we shall see in the next section, it controls
how the relative sizes of the spheres change as the theory flows to the UV. Turning on this
parameter, allows us to obtain regular solutions in the IR, as we shall see in section 5.

4 The structure of solutions near the boundary

We now proceed to determining the near-boundary geometry in the vicinity of an extremum
of the potential. This will allow us to identify the integration constants in the bulk with
the corresponding parameters of the boundary field theory.

Without loss of generality, we take the extremum to be at ¢ = 0. It will then be
sufficient to consider the potential

2
v=-2D T o (1.1

where m? > 0 for maxima and m? < 0 for minima. A maximum of V always corresponds
to a UV fixed point. In contrast, a minimum of the potential, in the flat slicing case, can
be reached either in the UV or in the IR, but as we shall see, the second possibility does
not arise when slices are curved”

In the following we solve equations (3.3)—(3.6) for W(y), S(p) and T(p) near ¢ =
0. The relevant calculations are presented in appendix D. Here we present and discuss
the results.

Like in the case of a maximally symmetric boundary field theory [21], there are two
branches of solutions to equations (3.3)—(3.6), and we shall distinguish them by the sub-
scripts (+) and (—):

1[. A 1 2
W) = ¢ [2+ G5+ 060 + iR - Rl L+ 0] (4
IR ST
24Ai€(Rl Rl 2+ log o] [1 + O(p)]
+ e L (R} + 4R35 — 4R1R>) mﬁu + O(p)]
¢ 1440 VT 2 ’
+0O(C?) + O(R?)
+ 1 Ay 2 3 1 o
Wy(p) = 5 |24 ¢ T O0(@")| + (R +2R2) [0 2+ 1+ O(0)] + (43)
1 2 2| AL
+oaae (R~ Rallel = log ol {1+ O(¢)]

Cy 1 ar
+ {g g AR+ RS - 47317%2)] el 2+ [1+ O(p)]

+0(C?) + O(R?)

"This was already the case for maximally symmetric S* slicing, as it was shown in [21].
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5:(p) = S 1+ 0l + AL =57 14 o) (1.4
+0(C?) + O(R?)
T (p) = "2 PS5 1+ O()] + + 15 (2RE ~ RiRa) [olSE 14 O(0)]  (45)

+0O(C?) + O(R?)

1 4

TH(g) = D2 Iol5E 14+ 0] + 5 (RS ~ RiR) 521+ O(p)]  (46)

+0(C?) + O(R?).

The expressions (4.2)—(4.6) describe two continuous families of solutions, whose struc-
ture is a universal analytic expansion in integer powers of ¢, plus a series of non-analytic,
subleading terms which, in principle, depend on four (dimensionless) integration constants
C1,Cy and Rq,Ro, consistently with the counting made at the end of section 3. In these
expressions, we write O(C) and O(R) to indicate terms which are subleading because they
are accompanied by a higher power in ¢, and completely determined by Ci2 and Ri 2.
Each of these terms multiplies its own analytic power series in .

Notice that, close to a minimum of the potential, A_ < 0. Therefore, terms propor-
tional to |¢|?/2~ — oco. The absence of these terms requires R = Ry = 0: as we shall see
below, the constants R; give the curvature of each sphere in units of the UV source ¢_.
Therefore, no solution with curved slicing can reach the minimum of the potential. This
is similar to what was found in [21] for the case of the S* slicing, i.e. only the flat-slicing
solution can reach a minimum of the potential. The same property is also true for S x S3
slices that includes the global AdSs case.

On the other hand, Ay > 0 for both a maximum and a minimum, so the (+)-branch
can exist around a minimum of V(y) (in which case it corresponds to a UV fixed point,
as we shall see below). All in all, an AdS UV boundary exists for both + and - solutions
near a maximum of the potential and for a + solution near a minimum of the potential.

As discussed in appendix D.4, in the (—)-branch C; and Cy are arbitrary, but in the
(+)-branch they are constrained to obey C; + Co = 0. Therefore, the (4)-branch has only
three dimensionless integration constants, namely R 2 and C7 — Cs.

Given our results for Wy, Ws, S and 17,7 (4.2)—(4.6), we can solve for ¢(u) and
A1(u), A2(u) by integrating equations (3.1). This introduces three more integration con-
stants (i.e. initial conditions for the first order flows), which we call A;, A3, ¢+, where =+
refers to the 4+ branches.

In the (—)-branch, the result is:

o(u) = p_A-eA-u/t [1 e <e2“/‘)] (4.7)
6(C1+Co) o[22 A, Aupe 2u/t
A—2ay L [1+O<e ﬂ ’
3 2 €2A,
A(u) = A; — % - “O*Temfu/f [+ O(eA-/0] (4.8)
o [¥/A- 2

Y1 (2R1 — Ra)e® 1 4+ O(eA-1) 4 O(eA+—A-)w/by]
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1 U gy, ”
+— (R} — R3)|o_ |4~ 44? et/ [1+ O(eA/0)]

192
LIy Ny, Ay C1— Oy
8|<,0_| e (C1+C'2)4_2A_+ 5

5 4 R? — R3
g [0+ R R - S e (o0 )

Ag(u) = Ay — & - P2 28w/t | o(eb-ulty] (4.9)
- |<,0— B (—Rl + 2R2>e2u/f [1 + O(eA_u/E) + O(e(A+—A_)u/£)]

1
192

1
—§|@7|4/A* pretult <(Cl + ()

U g »
(RS~ Rl [/ 11 8/ 4 O(e>4/)

AL G-G
4—2A_ 2
52 myy_? RY—R3 A
T |:6(R1 +R3) 3731732] I log (p—027) ) +...,
and in the (+)-branch:

o(u) = @ A+ eArult [1 e (e%/f)] , (4.10)

_ 2 £2A+
Ai(u) = A — % - “Temw/f [14+ OB+ (4.11)

g A 22
24

1
195 (R~ RE)p 4[5+ 64% M1 4 OB /Y]
—é|¢+|4/A+ pletu/t (CH;CE

(2R1 — Ra)e? (1 + O(eP+4/)]

R —R3

1[5, 5 ., 4
+[(R1+R2) RIR% A,

A
Rl 3 log (|p]€ +)> +...,

_ 2 €2A+
As(u) = Ay — % - S”Te%w/f [+ O(eA+/0)] (4.12)

|y |2/ 2+ ¢2
24

(R} = R3[4 015 /1 [1 4 O(eB+/1)]

(=R1 + 2R2)e? [1 4+ O(eA+44)]
1
192

oy e C1—Co

L5 2, poy 4 Rt —R3 A
+ —(R7+R3) — =RiRa2| + 1 o))+ ...

A few comments are in order.

e In each branch, the solutions depend on three more integration constants A; and .

e According to the discussion above, both A4 > 0. Since the results above are supposed
to be valid for small ¢, these expansions holds in the limit © — —oo, which means
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that we are close to the AdS boundary (the scale factors diverge). The omitted terms
in equations (4.7)—(4.12) vanish as u — —o0.

e For the (—)-branch of solutions, we identify ¢_ as the source for the scalar operator
O in the boundary field theory associated with ¢. The vacuum expectation value of
O depends on C; + C3 and is given by

_ 6(C1+Cy) o |Ae/An

() A_

(4.13)

e For the (+)-branch of solutions, the bulk field ¢ is also associated with a scalar
operator O in the boundary field theory. However, in this case the source is identically
zero, yet there is a non-zero vev given by

(0), = (224 - 4)p4 (4.14)

e As explained at the end of appendix D.4, the integration constants R; appearing
n (4.2)—(4.6) are identified as the “dimensionless,” UV curvature parameters,

Ri = RV|pi| 7755, (4.15)

where RZUV are the physical scalar curvature parameters in the UV, i.e. the Ricci
curvature scalars of the two 2-spheres on which the dual QFT is defined. If we make
the choice A; = Ay = 0, these coincide with the “fiducial” curvatures R€) that we
have introduced in the metric.

e An interesting property of the solution for the S?xS? slicing, compared with the
maximally symmetric case, is that, beyond the fact there are two UV integration
constants corresponding to the curvatures of the spheres, there are also two indepen-
dent vev parameters C1 and Cy. As can be seen from equation (4.7), C; + Cy is the
only combination which enters in the near-boundary asymptotics of ¢(u).

e The combination (C — C3) instead only enters the difference of the scale factors,

‘Q/A_ 02

Al(u) - A2 (u) = Al — AQ — MS(Rl — R2)62u/£ (416)
1 2 4/A_pa Y aysp
1 Ri—R3 A 4/A_ y4 duft
) [(01—02)—%A_log(’¢—w )| | Ce t

As is shown in appendix F, this corresponds to a vev of difference of the boundary
stress tensors along the two spheres. One finds that the full stress tensor vev has

1 R 1
z;(g <)(< <)] 17
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where T is the trace part and T is the traceless part, given by:

1 A
T = <96(R% + R% — 4R1R2) — ﬁ(c& + CQ)) (4.18)
~_ 1 (RI-R3 RY—R3 A
= (2 ~12(Cy ~ Cy) + L2 log(Jp_ e )) (4.19)

As expected from the trace identity
T ~ Weyl anomaly + 5(O) ,

the scalar vev C1 4+ C5 enters in the expectation value of the trace of the stress tensor.
The combination (C; — C3) contributes instead to the difference between the stress
tensor components along spheres 1 and 2. In particular, when R; = Rao, it is manifest
that C7 # C9 introduces a asymmetry between the two spheres. This leads to the
spontaneous breaking of the Zo symmetry that exchanges the two spheres.

To conclude this section: as expected maxima of the potential are associated with
UV fized points. The bulk space-time asymptotes to AdS® and reaching the maximum
of the potential is equivalent to reaching the boundary. Moving away from the boundary
corresponds to a flow leaving the UV. Flows corresponding to solutions on the (—)-branch
are driven by the existence of a non-zero source _ for the perturbing operator 0. Flows
corresponding to solutions on the (+)-branch are driven purely by a non-zero vev for the
stress tensor of the boundary theory. As for minima of the potential, they can only be
associated with UV fixed points, only when the flow that leaves them is in the (+4)-branch
of solutions. This is because of the result from the previous section that minima of the
potential cannot be IR end-points of the RG flow.

4.1 The flows associated to a CFT on S2? x S2

In this section we discuss the structure of the bulk solution for holographic CFTs on S?x
S%2. This could arise either in the case where the bulk potential is purely a (negative)
cosmological constant, or by taking a solution with ¢(u) = const. at an extremum of V ().
In either case, for the ansatz (2.11), Einstein’s equations correspond to equations (2.12)—
(2.14) with ¢ set to a constant and V' = —%.

We still use the first order formalism with the superpotentials defined as functions of wu,

Wi(u) = —24; Wa(u) = —24,, (4.20)
Ti(u) = e 2MREH Ty(u) = e 242 R(E) | (4.21)

The equations of motion (2.12)—(2.14) become
24

W2 + W2+ 4aW Wy — 2(T) + Tp) — = =0, (4.22)

3 . . 1 1
—§(W1 +Wa) + 5 (W1 — Wa)? + 5(Ti+T2) =0, (4.23)
(Wi +WE—T)) — (—Wa+ W2 —-T5)=0. (4.24)

~19 —



We can solve algebraically for T} and T5 as

T = —W22 + WiWs + Wl + 2W2 , (4.25)
T = *le + WiWs + 2W1 + WQ . (4.26)

The T; also satisfy from their definition
oW, o, i=1,2. (4.27)

The two independent differential equations for the two W superpotentials are:
8
ez
Wl — WQ — (W1W1 — WQWQ) + 2(W1W2 — W1W2) + 2W1W2(W1 — WQ) =0, (4.29)

(Wi +Wa)+ W2+ W2 —— =0, (4.28)

There are three integration constants in this system of one first order equation and one
second order equation. Two of them are the two (independent) curvatures of the two S2s
of the space-time manifold, RYV and RYV. These are sources in the holographic dictionary
and give rise to one dimensionless number, that is the ratio of the curvatures. Only this
ratio is a non-trivial parameter of the boundary CFT. The other integration constant of
the system, which we denote by C|, represents a vev in the QFT, and it corresponds to the
(1 — C5 vev in the non-conformal case. Close to the boundary, the superpotentials W7 and
Wy have the following expansion:

_2 i . 2u/l 1 2 R 4y
Wi(u) = 7T 6(2731 Ro)e STV E(Rl R2) 7° (4.30)
e L (R? + 4R3 — 4R Ro) | */* + ...
120 7 1440 V! 2 ’
Wa(u) = 2 + i(273 —Ry)e?/ 4 1 (R3 — R2)3e4“/£ (4.31)
2 A UALLN T2y ‘
e 1
- —— (4 2 2 4 4u/£ o
+_ 2€+144€(R1+R2 Rle)]e +...,
R 2R2 — R1R
T1 (u) = 72162u/€ + 112762126411/( —+ ... (432)
R 2R2 — R1R
To(u) = 72262“/’5 + ZT;Z&“/@ ... (4.33)

The asymptotic solution for (A;(u), A2(u)) can be obtained integrating the first order
equations (4.20),

- U 1
Ai(u) = A= 5 = (2R - Ry)e?/ (4.34)

P N Y,
1R~ Ra)ge

_} i § 2 2 _é du/l 6u/l
3 <C+48 |:6(R1+R2) 3R1R2:|>€ —|—(’)(e ),
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AQ(U) = Ay — Z — ﬂ(*Rl + 2732)62“/Z (435)
B ST s N
192 (R —R3) 7 €
1 1 (5 4 .
-3 (—C + 15 [6(73% +R3) - 3731722}) e/t 4 O(e5/")

where Al,g are integration constants. As in the general non-conformal case, the physical
UV curvatures R}J;/ are related to the fiducial curvatures Rz = RP;Z by:

RVV = ¢ 24 RG. (4.36)

We can always choose integration constants A; = 0 so that the two coincide. We implement
this choice in what follows.

The dimensionless curvature parameters R; can be related to R}JV by comparing equa-
tions (4.21) and (4.32)—(4.33), which leads to:

Ri; = RYV(? (4.37)

The solution depends on an additional integration constant C, which appears at order
e*/t and therefore corresponds to a combination of vevs of the stress tensor: this is most
clearly seen by going to the symmetric case RYY = RYV, in which we observe that C

parametrizes the difference between scale factors:
C
Al — Ay = —Z€4u/€+..., (438)
whereas Ay + Ay ~ —2u /¢ is independent of C. Accordingly, C' here plays the same role
as (7 — (5 in the non-conformal case, and parametrizes the difference in the vevs of the

stress tensor components along the two spheres, It can be related to a specific component
of the stress tensor. In the conformal case, the latter has a similar form as (4.17),

1 . 1
TC4FT (CO CO2 ) + Tcrr (% _22 )] (4.39)

where now the trace part Tcpt and traceless part Tepr are:

(Tag) = 4(Mp0)°

1
Torr =55 ((R}JV)2 + (RIV)? — 4R}JVR§V) (4.40)
v 1 (R - (RYYV)? C
Tcrr = % ( 2 — 24€f4 (4.41)

where C'is the vev parameter which enters in the scale factor as displayed in (4.38).

In contrast, there is no analog integration constant for the vev of the sum of the two
components, C1+Co, i.e. the trace of the stress tensor, which here is completely determined
by the curvatures (as expected from the trace anomaly, see appendix F).
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5 Regularity in the bulk

We shall study here the regularity of the bulk solutions, as well as their structure near IR
endpoints of the flow. These points are identified by a vanishing scalar field derivative,
which in the superpotential language corresponds to S = 0. Both in the flat-sliced domain
walls [25] and in the maximally symmetric curved-sliced domain walls [21], one finds S = 0
either at true IR endpoints, where the scale factor vanishes, or at a a bounce, where the
scalar fields has a turning point but the flow keeps going. The latter case is a singular
point of the superpotential description, as the scalar field ceases to be a good coordinate,
but the geometry is regular. On the contrary, the vanishing of the scale factor signals the
end of the flow in the Euclidean case (which becomes a horizon in the Lorentzian case).
The question we address in this section is: what are the possible IR endpoints which give
rise to a regular geometry?

The starting point of the study of regularity of the solutions are the bulk curvature
invariants, that are calculated and analyzed in appendix B. As shown there, the curvature
invariants up to quadratic order are given by the following expressions in terms of the

superpotentials,

S22 5 AB s VY, 4v?

A _ (5 Sl 1
§2 v\? w2 —w2\?

K = RunonRABCD — <2 n 3) + <S(W1’ W) — 122> + WiW3

w2 i
+ <21 + 8%+ W5 — WiWs — S(W] + Wé))
2

(Y wr—waws — SV + W 5.2

2 i Wo = S(Wi+Ws) ) . (5:2)

Our goal is to find under which conditions the vanishing of S at a scalar field value ¢ = ¢y
corresponds to a regular endpoint As we shall see shortly, regularity requires one of the
two spheres to shrink to zero size in a specific way, while the other keeps a finite size.

As one can observe from equation (5.1), for the Ricci scalar and the square of the Ricci
tensor it is enough that V(¢) be finite at the endpoint. We assume that V(¢) can only
diverge as ¢ — 00 as is standard in string theory effective actions.

The conditions for regularity of the Kretschmann scalar, I, written in equation (5.2),
is not so straightforward, since it also involves W; and their derivatives. Already in the S*
case, a divergent W’ does not necessarily signal a singularity (see e.g. [21]). The detailed
analysis of the regularity conditions is presented in appendix C. The result is that regularity
restricts the superpotential to have the following behavior near an endpoint ¢q:

[ 2V (o) 1 1 6(¢ — o)
Wy = m - (27‘/(900) + 9T2,0> Vo) +O((p — ¢0)*?), (5.3)

T = 3(‘; (_80230) + 2%‘/(4/30) + %Tzo + O(p — »o), (5-4)
Wa == (2760 - 3720 ) | 252 4 (G - o)) (5:5)
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Ty =Ty + O — ¢0), (5.6)

5 ==V () e 3+ Ol(o - ). 5.)

The expressions (5.3)—(5.7) depend on two free parameters: the point ¢ in field space
where the flow ends and the constant T5 g = T5(¢p) at that point. We observe that one of
the superpotentials (in this case, Wp) diverges at ¢, as does the corresponding function
T1, while Wy and T stay finite. This implies that, as ¢ — g, the first sphere S? shrinks
to zero size, whereas the size of the second one S5 stays finite,® if we recall the definitions

T, = RC)e 24 (5.8)

where R(¢) = 2 / a? are the curvature scalars of the fiducial metrics ¢* of the two spheres,
and «; their radii.

Following the results of appendix C.2, we can write the near-endpoint expression for
the scalar field and the scale factors in terms of the domain wall coordinate w:

plu) = g0+ V' (po)(u = u0)* + O((w — o)), (59)

Uy —u

Ai(u) =1In < 7 > + A0+ O(up — u), As(u) = Az + O(up — u) (5.10)

where
1 RCHyp2 1. R

Ajg=-1 =1
1,0 9 0og 9 ) 2,0 2 0og TQ,O ’

(5.11)

where ug is the coordinate at which the endpoint is reached. From equation (5.10) we
can see explicitly that, as u — ug, the sphere S' has vanishing scale factor, whereas the
free parameter 15 controls the size of the sphere S2 which remains of finite size at the
endpoint. More specifically, the radius of sphere 2 at the endpoint is simply:

| 2

as can be seen from equation (5.11), the metric ansatz (2.11) between the curvature and
the radius R(*) = 2/a2.

With similar reasoning, taking 75 to be negative one would find endpoints for a
domain-wall solution with S? x AdSsy slicing, in which the S? shrinks to zero size while the
AdSs remains finite.

The value of the Kretschmann scalar in the interior (at ¢ = o) can be explicitly
computed inserting the expansions (5.3)—(5.7) in equation (5.2), which leads to

V(<§0)2 <

1 1
K(o) = 1+ —(Thol?)* + Tz,o€2) : (5.13)

24 6

80f course, the opposite is also possible, in which case the roles of Wy, Ty and Wa, Ts in equations (5.3)—
(5.6) are interchanged.
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Notice that finiteness of K requires a finite 15, i.e. a finite size for the sphere S2 at
the endpoint: if both spheres shrink at the same time, the space-time is singular. This
means that, even if we start with a symmetric solution with RYY = RYV in the UV, for
regular solutions to exist, the sizes of the two spheres will necessarily start to deviate as
the geometry flows towards the IR.

We briefly comment on the particular case of a CFT, where ¢ is a constant and

dd—1) 12
Vi) =W =-—p—=-5" (5.14)
In this case the expressions (5.3)—(5.7) are ill defined, but equation (5.13) still holds,” and

reduces to,

40 5

7= TSVOQ' (5.15)

K(ug) = K ags (1 + %(Twﬂ + 2)2) , Kagss =
In equation (5.15) , Kags, is the Kretschmann scalar for the AdS® space-time. Therefore,
AdSs is recovered in the IR only when To9 = —2 /¢?, which corresponds to the AdSsxS?
slicing of AdSs, whose explicit form can be found in appendix C.3.

For any other value of T5 (in particular for any positive value, corresponding to an
S%2xS? slicing), the Kretschmann scalar differs from the AdS® value. This implies that the
space-time with the metric (2.11) is an asymptotically AdSs; manifold but it deviates from
AdS® in the interior, and that there is no S? x S? slicing of AdSs.

6 The on-shell action

In this section we compute the on-shell action of the bulk theory for regular 52 x S2-sliced
solutions. This will be used in sections 7 and 8 to determine which is the dominant solution
when several are present for the same boundary conditions, since the Euclidean on-shell
action equals the free energy.

Starting with the action (2.1), the on-shell action is computed by substituting a solution
to the bulk equations into the bulk action. The details of the computations can be found
in appendix E, and the result is:

Wile) + Wa(@)]" | (™ de 1 1
nont ) e [ +T2(<P)D oy

The above expression is obtained from the action (2.1), which is written for the

Son—shell = 327T2M§ (3 |:

Lorentzian signature. For a static solution, the Euclidean action (aka the free energy

F) is given by the same expression but for an overall sign.
F= *Son—shell- (62)

It is convenient to write the second term in equation (6.1) also as a UV boundary
term. For this, paralleling the procedure used in [21] for the maximally symmetric slicing,
we introduce two new superpotentials U; and Us as solutions of the differential equations:

SU! —W,U; = —1. (6.3)

9This can be seen by writing K as a function of the scale factors, see appendix B.
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This allows us to write the integrals appearing in the on-shell action (6.1) as boundary

v _ 4 (U"“@)> (6.4)

terms: writing

S(p)Ti(w) Ti()
makes it possible to integrate the second term in (6.1) and express F as
Wi(e) + Wz(sO)] N [ute) | Ue()]Y
F=-321"M} | 3 { + + : 6.5
: ( T (oTa(0) Tile) " Tole) i (65

The functions U; are defined up to an integration constant each. However, different choices
of these integration constants does not change the effective action, as it is clear from the
fact that, for any choice of the solutions of equations (6.3), the integral in the second term
of equation (6.1) coincides with the second term in equation (6.5) (for more details, see
appendix E).

Given this freedom, it is convenient to choose the integration constants of (6.3) in
such a way that the IR contribution in equation (6.5) vanishes, and one is left with a UV
boundary term. One can see that this is possible by solving (6.3) close to an IR endpoint.
We insert the expansions (4.2)—(4.4) into (6.3) and find upon integration:

Uig) = —2 L Uo/To =l + Ol — o) (6.6)

o=y P 0

Uz(p) = _ba+UoVIp — ol + O(l¢ — o), (6.7)

=y

with b; and bs two integration constants and

6

V' (0)
In particular, choosing by = by = 0 fixes the solution completely and in such a way that,
with the behavior of T; given in equations (5.4)—(5.6), we have U;/T; — 0 as ¢ — o and
only the UV contribution remains in the second term of equation (6.5).

Uo = (6.8)

In what follows we need the expression for the near-boundary expansion of U;. It is
obtained by substituting (4.2)—(4.4) into (6.3). As ¢ — 0, we obtain:

L 2R1 — Ra 2/AL

Uile) .1 [2 + (Bl +—on los |90|> Pl7 2= 1+ O(p)] (6.9)
0 2R — Ry 2/AL

Galo) .1 [2 + (Bz + T on o8 !wl) Pl7 721+ O(p)] (6.10)

where B1 and By appear as new integration constants, which however are completely fixed
by the choice we already made to set by = by = 0 in the IR expansion. Therefore, B; and
By are completely determined by the other integration constants appearing in W and S.
Among these, C'1 and C5 are fixed by regularity in terms of the UV curvatures R;, therefore
Bi = Bi(Rl,RQ).

Notice however that this determination may not be unique: for a given choice R;
however there still may be different (discretely many) regular solutions characterized by
different values of C; and B;.
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6.1 The UV-regulated free energy

The free energy is a divergent quantity, due to the infinite volume of the solution near the
boundary. We make it finite by evaluating the various quantities at the regulated boundary
at u/l = log(e) with e < 1 and we define the dimensionless energy cutoff:

eA1(u)-2FA2(u)
A= — (6.11)
¢(RVY RUV)1/4
The UV-regulated free energy is then given by:
Wi(p) + Wale) | Uilp) UM] ellog(e)d)
F=-32m2M3 |3 + 6.12
P Phone) D) | Thly) (6.12)

where we have made explicit the dependence on the dimensionless parameters which enter
the superpotentials, as well as the cut-off.

As shown in appendix E, the free energy can be organized in an expansion in A~!,
which takes the following form:

F = AMFU(R1,Ra) + A2 F2(R1, Ra) + (log A Fo(R1, Ra) +
+?(R1,R2,Cl,02,81,82) —i—O(A_A*). (6.13)

The explicit expression is given by equation (E.39). The important point is that the terms
which are divergent as A — 400, i.e. Fy, Fa, Fo, are universal,'” i.e. they only depend on
R1,Ro, which are fixed by the boundary conditions. On the contrary, the vev parameters
C4,Cy, By, By only enter the finite term F.

As a consequence, the free energy difference between two solutions with the same
boundary curvatures R; and Rq, but different sets of vev parameters (B;, C;) and (B;, C;),
is finite,!!

AF = tim [F-7F], (6.14)
A—+o0
and it reduces to the remarkably simple expression:
32m M0 . . -
AF = =22 [(By — BI)Ra + (B2~ Ba)Ri +3((C1 + Co) = (Cr + Ca))| - (615)
RiRo

6.2 The free energy for CFTs on SZ2x S2

We now consider the special case of a CFT on S? x §2. The only two energy scales in the
problem are the curvatures of the two S2s and the only non-trivial dimensionless parameter
is the ratio of the two curvatures.

In the conformal case, the scalar field is constant and locked at an extremum of the
bulk potential. We can still define dimensionless curvatures in AdS units,

Ry =RV | Ry=RIVEA (6.16)

10T heir explicit expressions can be found in equation (E.39).
171t is also scheme-independent, i.e. it is unaffected if we regulate the free energies using a different
prescription, or use boundary counterterms.
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For the on-shell action, the same expression (6.12) can be used after replacing the super-
potentials by their expression in terms of A; and As:

u=log(e)¢

F= 320203 | 6 Ai(u) + Az (u) Uy (u) Uz (u)
R6G RGe—2(A1(uw)+A2(v)  RGe—241(v)  RC2e—2A42(u)
(6.17)
In terms of these UV parameters, the near-boundary expansions of A; and A, is given
in equations (4.34)—(4.35). Again, we choose A; = Ay = 0 to have R%2 = RP;’ As we
discussed in section 4.1, in this case there is only a single vev parameter, denoted by C.
Its field theory interpretation is given in equation (4.39).
To rewrite the free energy in terms of boundary quantities, we can again define the
functions Uy (u) and Uz(u), which now are solutions of the following ODEs:

U+24,U;=-1 , i=1,2. (6.18)

As before, the choice integration constants of these equations is not affecting the free energy,
and we can choose them so that the IR contribution vanishes. This choice is implicit in
equation (6.17).

Near the boundary (in the limit u — —o0), the U superpotentials have the following
expansion:

Ur(u) = ¢ B + <81 + QRERNZ) 2L 4| .]} (6.19)

Us(u) = ¢ B + <BQ + 27321;%”2) 21 4 . .]} . (6.20)

where By and Bs are integration constants, which are chosen so that U; = 0 a the IR
endpoint. This fixes B; and Bz (up to possible discrete degeneracies) in terms of the
position of the endpoint, or equivalently of the UV parameters RP;/

We can expand the free energy in terms of the dimensionless cut-off A, defined in
equation (6.11). The explicit expression is given in equation (E.43) and has the same
structure as (6.13), except that the finite part only contains on the B; vevs.

The free energy difference between two different solutions with same parameters Ro
and Rq is

32w M3

AF =
4 R1R2

[RQ(Bl ~Bi) +Ri(Bs — BE)] : (6.21)

7 Holographic CFTs on S2x S? and Efimov phenomena

We are now ready to analyse in detail the full 2-sphere-flow geometries, the various branches
of the solutions, and the phase transitions between various branches.

We start with the case of a CFT on S?x S2. This case already displays a very interesting
phase diagram, and it will give an insight on what occurs for non-trivial RG flows on S%xS2.

That the constant scalar field is already non-trivial is expected: we already know from
the discussion on the Kretschmann scalar in section 5 that the solution is an asymptotically-
AdS®-space-time, but that is not AdS® everywhere. In contrast, the geometry correspond-
ing to a CFT on S* is AdSjs in a different coordinate system.
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Since we could not solve Einstein’s equations analytically, we employ a numerical ap-
proach. We shall proceed by solving equations (2.19)—(2.19) numerically for A;(u) and
Ag(u). As it happens in similar cases, solving the equations starting near the boundary,
we generically end up with singular solutions in the bulk. It is easier to specify boundary
conditions for Ay and A, at the point where space-time ends in the interior, as this is a
potential singularity. Demanding the absence of a singularity gives us special initial con-
ditions.

As we have seen in section 5, regularity demands that one of the spheres shrink to zero
size, while the other one stays finite. In the following we assume that it is the sphere 1
that shrinks in the interior, at some value of u that we call ug.

The relevant regular boundary conditions on Wi,W5, 77 and T5 are described in sec-
tion 5. In the case of a CFT, we have

W; = —24;(u), T;=RPVe 24— =12 (7.1)

and their expansions near a regular endpoint can be obtained from equations the behavior
of A1 and As,
uyg —u

Ai(u) ~1In 7

AQ (u) ~ AQVO, u — Ug, (72)

see equation (5.10).

There are two free dimensionless parameters in the IR: these are ug/¢ and A o defined
in (7.2).This means that enforcing regularity in the interior imposes one constraint on
the three boundary integration constants C, RYV, RYV. This constraint can be written
as C = C(RYV,RYV). Since the theory is conformal, C actually only depends on the
dimensionless ratio RYY /RYV = R /Ro.

The dependence of the three boundary integration constants on wuy/¢ can actually be
deduced from the behavior of the equations of motion (2.19)—(2.19) under a shift of u: near
the boundary, A;(u) ~ —u/¢, implies that

Ryg x e—2u0/£, C o e duo/t (7.3)

This implies in particular that the dimensionless quantities RYY /RYY and C/((RYV)?¢%)
do not depend on ug/¢. We are therefore left with one dimensionless parameter in the IR,
that is Aa o, which completely fixes the solution up to a choice of overall scale. The two
dimensionless UV parameters RYY /RYY and C/((RYY)2¢*) are fixed by the choice of Ag .
Rather than Aj(, for numerical purposes, we find it more convenient to work with 75 ¢ as
an IR parameter independent of ug/¢, defined by

Ty = R e=2420, (7.4)

A typical numerical solution for A; o(u) is presented in figure 4. The initial conditions
are given in the IR: we pick an arbitrary uo then fix A;, A; and Ay at a point u slightly
shifted from the IR endpoint (u = up — €), so that the solution behaves as in (7.2). This
fixes all initial conditions of the system (2.19)~(2.19). While A; and A; at the endpoint are
fixed by regularity, the value As o of A at ug—e€ is free and we vary it to scan over different
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A1 flat(u)

— A2(u)

A2 flat(u)

u

................................

-30 -25 -20 -15 -10 -05 0.0/

Figure 4. The blue solid lines show the scale factors A;(u) — A0 (top panel) and As(u) — Az o
(bottom panel) in the case where the sphere 1 shrinks for ug/¢ = 0. The constant shifts A; o is
given in equation (5.11), whereas Asg g, related to Tz in (5.11), fixes the initial condition in the
IR (see equation (7.2)). It is set so that 75 of? = 20. The green dashed line represents the same
functions, in the case of a flat boundary.

solutions. For each solution, we then read-off the boundary parameters by analysing the
asymptotic behavior as u — 00, as will be discussed in detailed in subsection 7.1

When v — —oo, we approach the AdS boundary and the solutions are described by
the asymptotic form (4.34) and (4.35). One interesting quantity is the bulk Kretschmann
scalar KC(u) = (*R pcpRAPCP, whose expression is given by equation (5.2) (with S = 0
for the CFT case). For the solution corresponding to figure 4, K(u) is shown in figure 5: as
expected, as we move towards the interior it deviates from its constant AdSs value (which
is attained as u — —o0). We have verified that the value obtained at wug is in agreement
with (5.15).

7.1 The UV parameters

Given a numerical solution, we can extract the corresponding values of R, Rs and C
explicitly by fitting the UV region with the asymptotics (4.34) and (4.35).

Let us first clarify the influence of T: 27052 on the UV parameters Ry/R1 and C’/Rf
Figure 6 shows the evolution of Ry/R1 (recall that this is independent of ug) when Ty f?
varies from 0 to +00. From the figure, we observe the following facts:

e Each choice of T270€2 uniquely fixes the value Ro/R;.
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Figure 5. The dimensionless Kretschmann scalar ¢4/ (u) = (*RspcpRABCP (expressed in terms
of the holographic variables in (B.5)) as a function of u for ug = 0. To be specific we set T% o¢? = 20.

e When the ratio of curvatures is far from unity, increasing TQ,0€2 essentially amounts
to increasing the ratio Ro/R;.

o As T270£2 — 400, R2/R1 — 1 in a non-monotonic way: the curvature ratio follows
dampened oscillations around the asymptotic value. Thus, there is an infinite number
of values of T: 27052 for which Ro/R1 = 1. We shall see later that the dampened
oscillations are directly linked to a discrete scaling of the type of an Efimov spiral. The
other UV parameter C'//R? follows the same kind of dampened oscillation behavior.
Figure 7 gives a complete description of the solutions in the parameter space, that is
the plane (Rg /R1,C/ R%), both in the case where the sphere 1 shrinks to zero size
in the IR and in the symmetric case where the sphere 2 does. The parameter that
parametrizes the curve is Tpof? (which increases as one follows the curve from the
point Ry = 0).

Interestingly, we observe that there can be several possible values of C for a given value
of the ratio Ro/R1. The resulting figure in the (R2/R1, C/R?) plane is a spiral that shrinks
exponentially as is apparent from the logarithmic plot in figure 7. This kind of behavior
has been already observed in D-brane models, [31-33] and holographic V-QCD, [34, 35],
and is known as the Efimov spiral.

Remarkably, if both spheres have the same radius in the UV, an infinite number of
solutions exist, in which one of the two spheres shrinks but not the other, corresponding
to either positive or negative C. This translates into a spontaneous breaking of the Z2-
symmetry that exchanges the two spheres, which is a symmetry in the UV for Ry = Ros.
The solution in which the symmetry is unbroken corresponds to the end of the spiral:
C =0 and T3 — +o00. In this case, both spheres shrink, but the solutions is singular in
the bulk.

7.2 Efimov spiral

We now investigate the origin of the Efimov spiral, which arises due to the appearance of
multiple solutions as the UV radii of the two spheres R1 and Ro get close to each other.
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Figure 6. %(T b.00?) in the case where the sphere 1 shrinks. The ratio is independent of uj.

We follow a reasoning similar to what was done in [34, 35]. The idea is to consider
the behavior of a quantity in the bulk theory when its source asymptotes to zero, and look
for signs of an instability which will trigger a non-zero vev. Here the relevant source is
Ro — R1 and the corresponding quantity A; — As. The latter has the following behavior
in the UV, which can be deduced from equations (4.34)—(4.35):

- - 1
Ay (U,) — Ag(u) = A;—As+ g(RQ — R1>62u/£ (7.5)

U——00

1 U U u C U u
+&¢R%—R@ze4mﬂf%O®A—MH—UZ&/L+O@6My

For simplicity we choose RS =R =2 /0?. Note that C'is indeed the associated vev (this is
how it is defined), which is consistent with the spiral appearing in the plane (R2/R1, C/R?).
We now consider the case where:

1. R1 = Ry which is equivalent to 4; = A,.
2. Ay — As is infinitesimal, and we define

e=A; — A,y. (7.6)

3. We are away from the UV regime, so that
Ay~ 1/(u — ug) (7.7)

(as implied by the asymptotic behavior (7.2), but not too close to the IR end-point
uo (where we know that A; — As — —00), so that we can consider e small.

Condition 1 amounts to choosing Zs-symmetric boundary conditions in the UV; in this
case, condition 2 certainly holds close to the boundary (by equation (7.5) and condition
1) and down to the point where the radii of the two spheres start deviating due to the
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Figure 7. Top: C/R? in both the case where the sphere 1 shrinks (blue) and the case where the
sphere 2 shrinks (orange). Bottom: the same plot in the case where sphere 1 shrinks, where we
represent the logarithm of the distance to the center of the spiral with coordinates (1,0) for each
quantity. The orange dots are given by numerical computation while the blue curve is the fit found
in (7.19)- (7.20).

non-zero vev C'. Condition 3 identifies an intermediate region between the UV and the IR,
as we explain below.
More precisely, the last condition holds in an intermediate region

ayy =4

o K U —u <L ayy, . 5 - (7.8)
AR = Tho

In other words, ayy is the UV AdS radius and agg the IR radius of sphere 2 (see equa-
tion (5.12)).

The range (7.8) for the validity of the last condition can be understood as follows.
From the asymptotic behavior (7.2), the assumption 4; — Ay < 1 is violated in the in-
terior starting from the point wir where log((ug — uir)/¢) ~ Az, so that (using the
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relation (5.11)):

UIR < Ug — eeAQ’O = ug — l4/ R¢ /T270 (7.9)

is the typical IR boundary of the region satisfying condition 3. Since we are working with
RS2 = 2/£2, this leads to the identification ag in equation (7.8).

In the UV, the condition
1

(u —up)

is violated starting from the point uyy such that

Ay~

1 1

_Z (UUV — UO) ’
where we used the fact that the leading UV behavior of Ay(u) is A1(u) ~ —%. Therefore,
in the UV, condition 3 is valid starting approximately at uyy = ug — £. This leads to the
upper bound in equation (7.8).
The ratio of the IR length-scale to UV length-scale in (7.8) is then given by:

OIR, 2
= . 7.10
ayy \/ Tol? (7.10)

Note that a condition for the validity of our analysis is that aig < ayy. This is automatic
in the limit 75y — oo.

We have checked numerically that in the range (7.8) both conditions 2 and 3 are
satisfied: in this range, both (7.6) and (7.7) hold, as shown in figure 8.

Under the assumptions (7.6) and (7.7), we rewrite the EoM’s (2.19)—(2.21) as an ex-
pansion in e. In particular, (2.21) reads, to linear order in e:

€

E+4 (1+--)+Ti(e+ O(?) = 0, (7.11)

U — ug

where the dots refer to subleading terms in the expansion in u — ug. The quantity T} is
given by (4.25) and under the present assumption it reads:

. . 6
T =4éA1 —6A1 +0(€) = —= + -+ 0(e). 7.12
V= 4ed =04+ 0(0) = oy + 4 O(0) (712)
At leading order, the equation for € is therefore:
€ €
€+ 4 = 1
€+ u—uo+6(u—u0)2 0, (7.13)

whose solution is given by

e(u) = <“°a “)3/2 sin <\/21>510g <uoa “) + ¢> , (7.14)

where a and ¢ are integration constants. The solution displays two important properties:

— 33 —



A1—Ao

Ag
0.10

o o [=]
e~ &) 3]
e I o e ]

o
o
N

log(uo—u)/¢

-0.02L

QIR aygv

o log(uo—u)/¢

-0.2

<

ayv

9-
=

Figure 8. These figures show the region of validity of equation (7.13), delimited by the red dashed
lines corresponding to the boundary values in equation (7.8). The upper figure is a plot of the
relative difference between A; and As, while the lower figure shows the relative difference between
A and (u—ug)~". Both are small in the region delimited by the dashed lines, confirming the validity
of equation (7.13) in this regime.

e It increases in amplitude as ug — u — 0, which is an expected behavior in the IR.
Eventually it diverges, as expected, although this regime lies outside of our linear
approximation, and it should only be taken qualitatively.

e [t oscillates an infinite number of times close to ug. This is at the origin of the Efimov
spiral behavior [34, 35].

From the above analysis, we conclude that the singular background with A; = A, all
the way to the IR (i.e. e(u) = 0) has a tachyonic instability, signaled by the unbounded
growth of the linear perturbation e in the IR. This instability points to the existence of
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other solutions where e ~ (1), which have a non-vanishing vev for A; — A;. When this
parameter is turned on, the system avoids the singular solution.

Now that we have identified the unstable mode at the origin of the spiral, we can keep
following the analysis of [34, 35]. The relevant parameter that runs along the spiral is:

2 2
s = log (TQQE > = log ((Zgg) > (7.15)

which is defined independently of uy as it should. The next step is to connect the UV
parameters (Ra/R1,C/R?) with the IR parameter Ty of2. Note that we consider C/R?
instead of simply C as the former is the ug-independent quantity that enters in the free
energy (6.17).

To see explicitly how the spiral behavior arises, we need to match solutions (7.14) on

both edges of the domain of validity, i.e. for ug — u =~ ayy and ug — u = qIR.
We first consider the UV regime, we know that A; — Ay has a source and a vev term:
the former is proportional to Rg — R1, the latter is proportional to C' (see equation (7.5)):

Al — Ay~ A] — Ay + @2—1) A+ )+ 1+, u— —oco, (7.16)
1

where A; — Ay = O <% — ) This regime can be connected to the upper region (uy—u =~

ayy) of regime of validity of equation (7.13), where the solution reads:

_ —3/2 1 _
cov = Kp (22 - 1) (“0 “) sin (ﬁ In (“0 “) + ¢R> (7.17)
1 ayv 2 ayy

_ —3/2 1 _
+ K¢ % <u0 u) sin \/T')ln <u0 u> + ¢c
Ri \ auvv 2 ayy

where Kgr, K¢, ¢r and ¢¢c are some constants, which are fixed by matching the solution

in the UV to (7.16). Note that thus written, this expression for eyy implies that ayy
is the length from which é starts vanishing and should therefore be matched to its UV
behavior (7.16). Because it is the same scale as the one for which A; should be matched
to its UV behavior (which is ayy by definition), the presence of ayy here is justified.

On the other hand, the solution when uy — u = «aqr reads:

_ —3/2 1 _
er = Kir <u0 u) sin <\/2>51n (uo u) + ¢IR> ; (7.18)

IR IR

where Kir is another constant. The presence of ajg is justified here by the fact that it is
the scale in the IR for which e should reach O(1). The two expressions (7.17) and (7.18) are
valid in the same region, therefore we can match the coefficients: this gives an expression
for Ra/R1 and C/R? as functions of s (defined in (7.15)):

Ry | _ Emr sin <¢IR —¢c + @s) — 19
R1 Kpg sin(¢r — ¢c) 7 '
: V15
sin ( 1R — Or + Y5
% _ KIR ( 4 ) e73/4s. (720)

R} K¢ sin(¢c — ér)

— 35 —



These expressions reproduce the spiral behavior: as s increases, the IR radius of the sphere
2 becomes smaller and smaller, and it reaches zero in the singular limit (s — oc). At the
same time, the vev parameter C decreases and the UV ratio Ro/R; oscillates, crossing
unity an infinite number of times. Therefore, if we consider the symmetric UV boundary
condition Ro/R1 = 1, we find an infinite number of solutions, for the values of s which
correspond to the vanishing of the sin function in the numerator of equation (7.19).

Note that because the spiral turns clockwise, C//R? is ahead of R2/R; — 1, which
means that sin(¢r — ¢¢) < 0.

The fit corresponding to those solutions is plotted in figure 7.

7.3 The dominant vacuum

The degeneracy which originates from the Efimov spiral close to the singular point indicates
that for a boundary CFT characterized by a given value of the ratio Ro/Rq, there are
several possible values for the vev C, that is, several possible vacuum states (saddle points).
The number of possible vacua increases when the ratio tends to 1, asymptoting to infinity
for Rg = Ry. For each fixed value of Ry/R1 the dominant vacuum is the one with the
lowest free energy (on-shell action).

Numerical evaluation of the free energy of the solution using equation (6.21) shows that
the dominant vacuum is the first one reached (for a given Ry/R1) when moving towards
the center of the spiral. This is displayed in figure 9, which shows the finite part of the free
energy (i.e. the term F in equation (6.13)) as a function of Ro/R1. As a result, the Efimov
degeneracy is broken and there is only one possible vacuum for every value of Ro/R1,
except at the critical point Ry = R1 where both C' and —C' are possible, corresponding to
the spontaneous breaking of the Z2-symmetry that exchanges the two spheres. The system
therefore exhibits a bifurcation at this point, where the vev C changes sign and the sphere
that shrinks in the IR is exchanged.

Another point that deserves attention is the behavior of the radius of the sphere that
does not shrink to zero size in the IR (the sphere 2 here). To be more specific, we computed
numerically the radius of the non-vanishing sphere at the endpoint, given in equation (5.12),
as a function of Ry/R;. The result is displayed in figure 10.

8 Holographic RG-flows on S?x S2

We now move to consider RG-flow geometries, where the scalar field is not constant. They
originate in the UV from a maximum of the potential (at ¢ = 0) and end regularly when
one of the spheres shrinks to zero size. At this point, the scalar reaches a value ¢ = g
which lies in the region between this maximum and (typically) the nearest minimum.

We consider solutions where ¢ changes monotonically along the flow from UV to IR.
Therefore one can use ¢ as a coordinate along the flow. We still assume that sphere 1
shrinks in the IR (i.e. A1(p) eo——ﬂ;o—) —oo which implies that Ay remains finite to have

regularity in the interior according to B).
These solutions are generic, as they arise for generic potentials as long as they possess
at least one maximum and one minimum. The simplest such potential is the following
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Figure 9. Finite part F of the free energy (E.43) as a function of the ratio Ro/R1, in both the case
where the sphere 1 shrinks (blue) and the case where the sphere 2 shrinks (orange). We normalize

by the overall volume factor 327T2M5’€3 . The point where the two curves first cross at Ry = Ro
corresponds to a bifurcation, where the sphere that shrinks is exchanged and the vev changes sign.
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Figure 10. The IR endpoint radius aig of the sphere which stays finite at the end-point of the
flow, as a function of the curvature ratio Ra/R1. The blue curve corresponds to o in the case
where sphere 1 shrinks to zero size in the IR; the yellow curve to oif in the solution where the
sphere 2 shrinks to zero. The transition which exchanges the two spheres corresponds to the point
where the curves cross at the largest value for the radius.

quadratic-quartic function:

12 m?
V(p) = —Z 7@2 + Aot (8.1)

This potential has one maximum at ¢, = 0. For purposes of illustration we choose

A = m?2 /4 so that the minima occur at @i, = 1. The qualitative features of the solutions

do not depend on this choice.
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Figure 11. Solutions Wi (¢) and Ws(p) for the potential (8.1) with A_ = 1.2 in the case where
the sphere 1 shrinks. The five solutions (W7 ;, Wa,;) with ¢ = 1,...,5 differ in the value of their IR
endpoint ¢ for Th o¢? = 4.5. The critical curve is defined as B(y) = \/—V (¢)/3. In the case of
S4 [21], the superpotential W () cannot enter the area below the critical curve, which is depicted
as the shaded region.

We then proceed by solving (3.3)—(3.6) numerically for Wi(p), Wa(y) and S(p). Like
in the case with no scalar field, to impose regularity we specify boundary conditions for
Wi, W5 and S at the IR end point ¢, as prescribed by equations (5.3)—(5.7), with Ty as
a free parameter. Given the symmetry of the setup, we restrict our attention to flows that
end in the region g € [0,1].

8.1 General properties of the RG flow

We first discuss general properties of the flow solution of the equations of motion (2.12)—
(2.15) obtained numerically. The IR parameters one can vary are g and Thof?. These
determine all other terms in the IR expansion, as well as all the dimensionless UV data.
More specifically, in the vicinity of the UV fixed point the solutions are described by the
family of solutions collectively denoted by W, and W, in section 4. These solutions
depend on the four independent dimensionless parameters R, Ro, C; and Cy. There is
one more parameter than in the CFT case (where C + Cy = 0), corresponding to the fact
that the vev of the scalar operator is now a free parameter of the UV theory.

Below, we analyze separately the dependence on each of the two IR parameters g
and T270£2.

Fixed T»,0¢2. In figure 11 we exhibit solutions for the superpotentials Wy () and Wa(¢p)
corresponding to generic RG flows for a bulk potential given by (8.1) with T o¢? fixed,
and for different values of the endpoint ¢g. To be specific, we have set A_ = 1.2 and
T 27062 = 4.5 but our observations hold more generally.
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e The main result is that for every value of g between pn.x = 0 and @i, = 1 there
exists a unique solution to the superpotential equations (3.3)—(3.6) (remember that
T270£2 has been fixed) corresponding to an RG flow originating from the UV fixed
point at pmax = 0 and ending at ¢g.

e Note that whereas W (y) diverges like (g — )~/

when approaching the IR end
point g, Wa(e) — 0. This is in agreement with the analytical results found in

section 5.

e The counting of parameters is as expected: picking a solution with the regular IR
behavior for a RG flow fixes two combinations of the four UV parameters; the re-
maining freedom is then equivalent to the choice of IR end point g, together with
the choice of the radius in the interior of the sphere that does not shrink at g (here
the sphere 2), which is given by T3 . Therefore, regularity plus a choice of ¢g, T2
uniquely determines the solution.

e The solution is then matched to the UV asymptotics (4.2)—(4.6) to extract the UV
quantities R12 and Ci2. The two IR parameters ¢g, 720 can then be traded for
the two independent UV parameters R 2, and the vev parameters C7 2 can then be
expressed as functions of R .

Fixed pg. Wenow keep ¢ fixed and let 75 ¢ vary. In figure 12 we exhibit solutions for the
superpotentials Wi () and Wa(p) corresponding to generic RG flows for a bulk potential
given by (8.1) when ¢y is fixed. To be specific we have set A_ = 1.2 and ¢y = 0.8 but our
observations hold more generally.

e Because ¢y is fixed, there is a unique solution for every T of2.

o As Ty grows, Ws goes to a value ever higher in the interior before diving to 0 to
have regularity. More precisely we observe that both W; and W5 approach a single
curve (the red-dashed curve in figure 12) as Ty of*> — oo. This curve corresponds
to the singular solution, where both W; and W5 diverge in the IR and both spheres
shrink to zero size.

UV parameters. Given a numerical solution, we can extract the corresponding values
of R1, Re, C1 and Cy explicitly by fitting the UV region with the asymptotics (4.2)—(4.3).
Figure 13 represents Rq and C7 — U5 as functions of ¢g when 759 = 0. In this section,
C1—C5 is defined as the full vev term for A; — Ao, which corresponds to make the following
redefinition in equation (4.16)

Ri-Rj A Ri-Rj A
Cr—Cr+ YN log(lp—[€77), C2— Co— TN log(|¢—[£7). (82)

This redefinition does not affect C; + Cs.

We observe that for small ¢g, R1 o ¢, 2
erties can once again be deduced from the scaling properties of the equations of mo-
tion (3.3)—(3.6) under a shift of u — u + du: under such shift, in the UV we have: indeed,

/A= and C1 — (Cy x @64/A_. These prop-
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Figure 12. Solutions W (¢) and Ws(p) for the potential (8.1) with A_ = 1.2 in the case where
the sphere 1 shrinks. The six solutions differ in the value of T whereas ¢y = 0.8 is fixed.
From the lowest curve for W5 to the highest one, T: 27052 increases, taking successively the values:
0.9,4.5,13,5,90,270. The red dashed curve is the one towards which W5 tends when T3 ¢ — +00
on every interval in [0, ¢o[. The critical curve is defined as B(yp) = y/—V(¢)/3. In the case of
S% [21], the superpotential W () cannot enter the area below the critical curve, which is depicted
as the shaded region.
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log (R1)
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Figure 13. Rq(ypo) and C1(po) — Ca(po) in the case where the sphere 1 shrinks and for T o = 0.
In this situation the space 2 is flat (R = 0).

o(u) ~ @_tA-eB-00u/0 in the UV. This implies that, if ug is the IR coordinate of the
endpoint, then
Qo o p_lA-eh-uo/t (8.3)

The above equation gives either the dependence of ¢_ on ug when g is fixed, or the
dependence of ¢y when ¢_ is fixed. It is apparent from g m 1 that (8.3) is only
valid for ¢p < 1.

The scalings of the UV parameters in terms of ¢y when ¢y < 1 can then be deduced
from the scaling properties of the EoMs (2.12)—(2.15) under the translation u — u — uo.
In particular, under such a translation, the leading terms in the near boundary expan-
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Figure 14. Ci(pg) + Ca2(po) in the case where the sphere 1 shrinks and for To g = 0. In this
situation the space 2 is flat (Ro = 0).

sion (4.2)—(4.4) should have the same scaling. It implies in particular that the terms at
order 1 in curvature in the expansion of W7 and W5 should be invariant under such a
translation, which gives the expected scaling in g for R; and R2 when ¢p < 1 (in which
case (8.3) can be used to relate ¢y with ug). Knowing this, the expansion of W7 — Wy gives
the appropriate scaling for C7 — Cy, and that of S (4.4) gives the yp-dependence for the
scalar vev Cy + Co (which is not the same as C] — Cs):

A_—A

01+CQOC(p0 8- , oK 1. (8.4)

Figure 14 represents C7 + C2 as a function of g when 759 = 0.
Note that whereas R1, Ro and C7 — Co tend to 0 when ¢g — 1 (flat limit), the scalar
vev tends to a finite value. This is again coherent with what was found in the S* case [21].

8.2 Efimov spiral and dominant vacuum

As in the conformal case, in the Zs symmetric limit Ro/R1 — 1 we encounter again a
discrete Efimov scaling and an infinite number of solutions.

Figure 15 shows the Efimov spiral in the plane (Ro/R1, (C1 — C2)/R?). The behavior
is essentially the same as what was observed without a scalar field, with the notable prop-
erty that the amplitudes (K¢, Kg) and the phases (¢¢,¢r) defined in equations (7.19)
and (7.20) are now functions of ¢g: there is a continuous family of spirals parametrized
by ¢o.

Figure 16 shows the spiral for the a fixed endpoint value, ¢g = 0.1. With a scalar
field, the equation for e = A; — Ay (7.13) (given the same conditions) at leading order is
the same:

E44 +6 =0. (8.5)
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Figure 15. The Efimov spiral in the plane (Ra/R1, (C1 — Co)/R?), in the case where the sphere
1 shrinks and for ¢y = 0.01 and g = 0.7. Although it is difficult to see a “spiral” in the plot
above, it can be inferred as it is similar to the one plotted on the top of figure 16. For values of
o intermediate between 0.01 and 0.8, there is a continuous family of spirals that fills the space
between the two spirals that are plotted.

The formulae that describe the spiral (7.19)—(7.20) are therefore exactly the same as
without a scalar field, where the amplitudes (K¢, Kgr) and the phases (¢¢, ¢r) are func-
tions of ¢g.

We use equation (6.12) to compare the free energy of two vacua with the same ratio
R2/R1 and value of g, but with distinct vevs (C; — C3)/R3. The conclusion is the same
as the one reached in section 7 without the scalar field: the stable vacuum corresponds to
the first point that is reached by the spiral in the (Ra/R1, (C1 — C2)/R?)-plane. There is
therefore a bifurcation at the point R; = Rs, where the sphere that shrinks is exchanged
and C — C'y changes sign.
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A Matching to known cases

In this appendix we show that the general equations (2.7)—(2.10) match known special cases.

1. When all d, = 1 and A; = A; = A, this is the same as the flat slice case. We do
recover the equations of motion for the flat slicing ansatz:

2d—-1)A+¢*=0, (A1)
d(d —1)A? — %ng +V =0, (A.2)
$+dAp—V'=0. (A.3)
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Figure 16. Top: (C; — Cs)/R? in both the case where the sphere 1 shrinks (blue) and the case
where the sphere 2 shrinks (orange) and for ¢y = 0.1. Bottom: the same plot in the case where 1
shrinks, where we represent the logarithm of the distance to the center of the spiral with coordinates

(1,0) for each quantity. The orange dots are given by numerical computation while the blue curve
is the fit found in (7.19)—(7.20).

2. When all d;, = 1, and A; is distinct from all others A;.; which are equal, the metric is

ds? = du® + M1 dt? + *42d7? . (A.4)
By a change of coordinates, the metric can be put in the black hole form
o du? 24 2 =2
ds :T—i-e (fdt” +dz°). (A.5)
We have
A=A, , f=eM"42) gy =ehA2gy. (A.6)

The equations for (A.5) are

2(d — 1)A(u) + ¢*(u) = 0, (A7)

fw)+df(wAu)=0=f=Ce (A.8)
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Figure 17. Finite part F of the free energy (E.43) as a function of the ratio Ro/R1, on the line
of the (R1, Ra)—plane where the radius of the sphere which shrinks to zero size in the IR is kept
fixed. We represent both the case where the sphere 1 shrinks (blue) and the case where the sphere
2 shrinks (orange). We normalize by the overall volume factor 3272M3¢>. The point where the
two curves first cross at R; = Ro corresponds to a bifurcation, where the sphere that shrinks is
exchanged and the asymmetric vev changes sign.

. . . '2
(@~ DA + 1 [dd - 1420 - 5 | + Vo) =0 (A9)
I U
G(u) + (dA(u) + f(u)> o(u) o) 0 (A.10)

From (2.7)-(2.10) with d, = 1, A; # A; with j = 2,...,d we obtain the following

equations
. . . . 52
Ay — Ay <A1—A2) +ﬁ —0, (A.11)
2((d — 2) Ay — Aj Ay + A1 + A2) + ¢% =0, (A.12)
2(d —1)A1 Ay + (d — 1)(d — 2) A% — %ga? +V =0, (A.13)
G+ A1+ (d—1)Ap — V' =0. (A.14)

Implementing the redefinitions in (A.6) and converting to derivatives with respect to
@, we obtain egs. (A.7)-(A.10).

3. When dj, = d we have a single scale factor and this is case analyzed in [21]. The
equations match with those derived there.

4. When d; = 1 and ds = d — 1 we have the S x S9! glice. The solution with constant
potential should be global AdSgy;.
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For this case we have the following equations of motion

. .. 1
(d—1)(d —2)A2 +2(d — 1) Ay Ay — e 22 R — 58 V=0, (A.15)
2(d — 1) (A2 — Ay (Al - A2>) 42 =0, (A.16)
2 (Al + (d — 2)A2 + Al(Al — Az) + d_162A2R<2> + ng =0, (A.17)
¢+ A1+ (d—1)Ayp — V' =0, (A.18)
which with V = —d(j;” and RS = % can be reduced to the form
i ' i o, (d—2) d
Ao((d —2)Ag +2A;) — e 72 = 2 =0, (A.19)
Ay — Ay (Al - AQ) — 0, (A.20)
. . . o (d—2)
A+ (d — 2)A2 + Al(Al - Ag) +e QT =0. (A21)
The solution to the above equations is indeed AdS space in global coordinates
24 2 2 (U 24 oo
e“"t = (Y cosh <Z> , et = 2 sinh (Z) . (A.22)
B The curvature invariants
In this appendix we shall compute the curvature scalars, R, R4 sRAB and RapcpRABCD

and we shall express them in terms of the first order functions Wy, Ws, S, 11 and T5.

The Ricci scalar. The Ricci scalar is found to be

R=—(44; + 44y + 6A;" + 645" + 841 Ap) + R1e2A1 4 Rb2e—242, (B.1)
Using the equations of motion, this can be written as
5% 5
R=—+4_-V. B.2
2 * 3 (B-2)

As V is regular everywhere for finite ¢, regularity of the scalar curvature is guaranteed
once ¢ is regular.

Ricci squared. The square of the Ricci tensor is given by

RapRAB = 4(A) + Ay + Ay + A°)? +164,° 4y (B.3)

L. . . C1 . . C2
184, Ay <A1 424, - %e*% t Ay 424y — R2e2A2>

.. . G1 2 = ) Co 2
+2(A1 24, - R2e2Al> +2<A2 T 2y% RQeQAQ> |

Using the equations of motion, this can be written as

S22 V\? 4?2
AB
_ L B4
Raph ( 2 3) 9 (B.4)

The regularity conditions are as in the case of scalar curvature.
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Riemann squared. The Kretschmann scalar reads
RupcpRABOD — (R&)2e441 4 (R2)2e442 1 124, 1 124," + 84,> +84,"  (B.5)
+84, <2A1 R; 2A1> + 84, <2A'2 - R; 2A2> +164,7 4y
In general, we can rewrite the expression as
RupcpRABCD — 8(A1 + A1)? + 8(Ay + As)? + 1641° As” + (RS )24 (B.6)
P44 — ARG A Pem M 4 (RG2)2e M2 g Ayt — ARG Ay e 2

= 4(/11 + A12 + AQ + A22)2 + 4(14.1 + A12 — AQ — A22)2 + 16A12A22

. 1 2 . o 2
+4 <A12 - R2e2A1> + 4<A22 - RzeMQ> . (B.7)
We also have
L L S2 1 \?
4(A1 + A12 + Ay + A22)2 = 7 + 3V> (B 8)
: W2 - w2\>
(A1 + A7 — Ay — A2 = [ S(W! — W) ! 5 2 ) (B.9)

Therefore we can convert

2 2
1% W — W3
> <S(W1 W3) — 122) + WEW3 (B.12)

RapcpRAPEP = (SQ
2
+< _|_SQ_|_W2 W1W2—S(W1/+W2/)>
- 2
+ <22 _|_Sz —|-W12 —WiWsy — S(W{ +W2/)> :

It is useful to rewrite this equation in terms of A; and As:

2 2 .. . . .
RapcpRABCD = % (S2 + Z) — 282V — S4 4 6(A) + A" — Ay — Ay°)?
+48(A; Ag)? + 8V Ay Ay — 452 A1 Ay . (B.13)
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When A; = A,, this expression reduces to

RapcpRAPOP = 8e™44 4 40A* — 16A% 724 + 1642 + 32424 (B.14)
S VN 1, ., , 1,
= (5= + = — (5% -2 -T
(5+%) + 52— 2P 372

where T'= T + T, = 4exp(—2A). In this case it is singular when 7" — oc.

C The regularity conditions on the interior geometry

We study here the regularity of the solutions near end-points of the flow where S — 0. As
a guiding criterion for regularity we use the finiteness of the Kretschmann scalar, whose
expression was derived in the previous appendix, equation (B.13). As we shall see, this will
turn out to be a sufficient (not just necessary) condition to identify regular geometries.

C.1 Analysis of the IR behavior of solutions
C.1.1 Leading behavior

Regular flows stop at a point ug where ¢(up) = 0. We want to understand the behavior of
the scale factors near such a point.

We start by assuming a generic power-law leading behavior near ug of the form: Aj(u)
and As(u) is

A1:>\1(u0—u)a+... , Ag:)\g(uO_u)b+... U — UQ (Cl)

where A1,a and Ag,b are constants such that a < 0, b < 0 and A, A2 # 0. We further
assume the following ansatz for ¢(u) near wup:

@ZC()(U()—U)C-F-” , u—uy , ¢>0 , Co#0. (0.2)

Substituting the asymptotics (C.1) and (C.2) into equations (3.7) and (3.8) written in
terms of the u variable we find that, at leading order in (ug — u), the following constraints
must be obeyed:

4bari Ao (ug — u)?P2 a < b

0= RCle—le(uO_u)a _ (CS)
—0?N(ug —u)®2  a>b

0— RCze—Q)\z(uo—u)b B { 4ab)\1/\2(u0 — u)a+b72 a>b (04)
—a?X(up —u)?*2  a<b
For non-zero, negative a and b, the exponentials in (C.3) and (C.4) always dominate the
power-law terms, therefore for non-zero RS the power-law behavior assumed in (C.1) can-
not solve Einstein’s equation near ug. If (say) a = 0, then the first equation may be
consistent (for b = 2), but the second one fails. Therefore in order for (3.7) and (3.8) to be
satisfied, we need both @ and b to vanish.!?

12The same reasoning is easily generalized to an ansatz of the form

Az~ (uo —u)™? log((uo — u)/0)"*

u—uQg

with ai12 > 0 and bi1,2 > 0,b1,2 # 1, and one concludes that a; = a2 = 0.

47 —



Suppose now A; and/or Ay diverge logarithmically at the endpoint, so that the corre-
sponding scale factors have a power law behavior:

Alz)\llog(uou) +A1 04+, Agz)\glog<u0u> + Ao+ - (C.5)

where A\i,A; 0 and Ap,A2 are some constants, and we suppose that at least one among A\
and A2 is non-zero. Substituting this ansatz, as well as (C.2), in the EoMs (2.12)—(2.15)
one finds, to leading order in (u — ug):

C1,—2A10 [ WO — U 2 (o —2A U — U e
RSe ,0 ; + R%¢ 2,0
= Q(UO —u)_Q(()\l —i—)\g) +2>\1)\2), (Cﬁ)

—2A -2\
RCle—ZAl,o <u0 — u> ' RC2 —2A5 0 < —u ’
/

= 2()\1 — )\2) (U() — u) ( ()\1 + )\2) - 1 (07)
M4 A2 =+ ),
Co (uo — ) (e + 2(M + A2)) = =V (¢ (uo)), (C.9)

where ¢ was defined in (C.2).

e Suppose first that at least one among A; is strictly positive. Then, from (C.6),
this implies that either A\; = 1 or A2 = 1 or both. From the constraint (C.8), we
deduce then that there are three possible solutions (A1, A2) = {(1,0),(0,1),(1,1)}.
The case A\; = A9 = 1 however leads to a singularity at wg: in fact, in this case
Ay Ay ol (uo —u)~2, and the Riemann-square invariant (B.13) is dominated by the

second and third terms, which are both positive and divergent as (up — u)4. This
leaves as only possibilities A\ =1, A2 =0 or Ay =0, 2 = 1.

e Suppose now that both A\; and A9 are zero or negative. In this case, the left hand
side of (C.6) vanishes as u — ug, which implies that the coefficient of the (divergent)
right hand side must vanish too,

2X1 00 + (A1 +A2)? = 0. (C.10)

But this is impossible under the assumption that both A 2 are zero or negative, unless
they both vanish, \; = Ay = 0 is therefore the only solution in this case.

e In all cases above, equation (C.9) implies ¢ = 1, i.e. f has to vanish linearly as u — ug.

Thus, with the ansatz of the form (C.5), the only solutions which may possibly be regular
correspond to one of the choices below:

M=12=0, M=0X =1 A\ =»X=0. (C.11)

As we shall see, the first two choices correspond to regular IR endpoints (section C.2). The
last one corresponding to a bounce, and will be discussed in section C.4.
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C.1.2 General divergent subleading ansatz

In the previous subsection we have assumed that the first subleading terms (after the
logarithmically divergent ones) in equation (C.5) are finite constants, and we found that
the only solutions are given in (C.11). Here we relax the ansatz (C.5) and allow for a
generic subleading (divergent) term. We conclude that the ansatz (C.5) with one of the
choices (C.5) is the only consistent possibility.

The general ansatz for the diverging part of A; o is written:

Ay = A log <u06—u> + fi(u) + Aio+---, Ay =Xlog (ug—u> + fo(u) + Az +--- .
(C.12)
where we suppose that fi2(u) = o(log(up — u)) and 1 = o(f1,2(u)). We show that it
uU—ug u—ug
leads to a contradiction.
For this ansatz, the EoMs (2.12)—(2.15) at leading order in u — ug are written:
72/\1 *2)\2
RS1e—241,0 <u0 — u) e~ 2f1(u) + RG2e 2420 <u0 — u> e~ 2/f2(u) 4.
/! /
IQ(UO—U)fz((/\l +)\2)2+2)\1/\2)—|—~'~ , (C.13)
PV RSP IS VINED (C.14)
—2\ —2X2
RS e—2410 <u0 — u) e~ 2f1(v) _ Rl2p—2420 <u0 — u> e~ 2f2(u) 4.
/ /
=2(A1 — A2) (up —u) 22N+ A2) = 1) +-- -, (C.15)
Co(ug—w) e+ 20 4+ X)) +--- = =V'(o(up)) + - - -, (C.16)

where we suppose for now that the right-hand sides of (C.13), (C.15) and (C.16) do not
vanish, as well as the left-hand side of (C.15). In this case, (C.13) implies that either
((uo — u)/O) 7 exp(=2f1(u)) ~ (uo—u)~?

U—uUQ

((uo — u)/0) "2 exp(—2fa(u)) ~ (ug—u)~2,

uU—ug
which are in contradiction with the hypotheses on f; and fs. The same reasoning applies
to the case where only the right-hand side of (C.15) does not vanish.
Finally, if both the right-hand side of (C.13) and that of (C.15) vanish, A\; and A2 obey
the same equations as for the ansatz (C.5), with solution \; = A2 = 0. (2.12) at leading
order then reads:

RS e—2A105—2f1(w) + RS2 e—242,05=2f2(w) — 2(]“12 + f22) + 8f1f2 ) (C.17)

Depending on whether f; or fo dominates in the limit where u — wug, it implies that f; or fs
should have a logarithmic behavior in this limit, which is in contradiction with the hypothe-
ses on f1 and fo. Note that it is still true if f;/f2 remains of order 1. The conclusion of the
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above analysis is that, up to order O(1), the correct regular ansatz for the A variables near
a point ug such that ¢(ug) = 0 is (C.5) with (A1, A2) € {(0,0),(1,0),(0,1)}. Finally, (C.9)
in the case where V' does not vanish at ¢(up) and with (A1, A2) € {(0,0),(1,0),(0,1)}
implies that ¢ = 1 in (C.2). If V' does vanish at ¢(ug), but there is some minimal k > 2
such that V() (pg) # 0, then (2.15) at leading order in u — ug implies:

c+1

k—1
Co (ug — u)* e+ 201 + A2)) = =V® (o(ug)) ( (up — u>c+1> . (C.18)
which leads to a contradiction for k = 2, and to negative ¢ for k£ > 3. So ug cannot be an
end-point of the flow in this case. The remaining case where the potential V is flat at ¢(ug)
implies that the only solution of (2.15) is the one with constant scalar field ¢ = (up),
which corresponds to the CFT case.

We conclude from this analysis that the only consistent behavior at leading order near
an endpoint is (C.5) with one of the choices (C.11).

C.1.3 Subleading terms

Having determined that the only possible regular solution close to a point ug where ¢(ug) =
0, are are of the form (C.5) with one of the combinations (C.11) of coefficients, we want to
determine the form of the subleading behavior in such a way that the solution is regular
at ug.

We start from the following ansatz, which corresponds to the case Ay =1, Ao = 0. The
discussion of the other cases follows similar lines and gives the same result.

l
Ay = AQ’O + ,ug(uo — u)az + ﬁg(u() — u)b2 + e (020)

Ay = log <u0—u> + Aj o+ pa(uo — u)™ + Br(ug — u)b1 +ee, (C.19)

with pq, po, 81,082 # 0, by > a1 > 0 and by > as > 0. The part of the Kretschmann
scalar which is potentially singular as u — wug is made of the terms in the second line in
equation (B.13), and it has the following expansion:

K = 8V(p(uo)) [14 O((ug — u)?)]
X [m@(uo —w)®22 4 O((ug — u)?22) + O((ug — u)MT%272) 4. ] (C.21)
+48(p3ad(uo — u)* > 4 -)
+6(—2pu1poaraz(ar + 1) (ag — 1)(ug — w)M T4 4.0,

Regularity of the solution demands that acting with further Laplacians should also give a
finite result at wg. This implies that only integer powers of (ug — u) should appear in the
above expansion. In particular, if a; = a2 = a, then a is an integer and a > 2.

Next, we expand equations (3.7) and (3.8) close to up:

2(up — u) "2(—2u1 (ug — w)™ + O((ug — u)*) + O((ug — u)**)) (C.22)

az2—2 a1—2

—2p1ay(a; — 1) (up — u)
+O((uo — )" 7?) + O((ug — w)" %) + O((ug — u)*™>7?) + -,

= —C2(ug — u)? — 4poas(az — 2)(ug — )

— 50 —



R%2e™2420(1 — 215 (ug — 1) 4+ O((ug — u)*2) + O((ug — u)?®2)) (C.23)
= —Cg(uo — u)2 — 2usas(az — 3)(ug — u)a2_2 —4pyai(a; + 1) (ug — u)‘“_Q

+0((uo — u)”*7%) + O((ug — u)" ) + O((ug — u)** ) + -+ - .
From (C.23), there are three possibilities for a; and as:
e ay = 2, which implies that a; = 2 from (C.22).
e ay = 3 which implies that a; = 2 from (C.23).
e ay = a; = a which implies that a is an integer from (C.21).

The conclusion is that a; and as should be integers. We assume that this result can
be recursively extended to all exponents in the near uy expansion of A; and Ay (C.19)—
(C.20), so that the finite parts of A;(u) and Az(u) are regular functions near ug that can
be expanded in Taylor series.

Summary. The conclusion of the above analysis is that a regular solution for Ay, A and
¢ near a point ug where $(ug) = 0 must take the form:

A1=)\110g<uozu>+z41,0+“' ) A2=A210g<%£_u>+142,0+'“, (C.24)

¢ = Coluo —u) + -, (C.25)

where the dots correspond to a Taylor expansion near wugp, and (A;,N\2) €
{(0,0),(1,0),(0,1)}. We refer to the three different possible choices for the pair (A1, A2)
respectively as a bounce, an IR end-point where the sphere 1 shrinks to zero size and an
IR end-point where the sphere 2 shrinks to zero size.

C.2 The regular IR boundary conditions

We now consider the case of an IR end-point where the sphere 1 shrinks to zero size (the
case where the sphere 2 shrinks is symmetric). This corresponds to a point ug such that
near u = ug, A1, Az and ¢ follow the ansatz (C.24)—(C.25) with \; = 1 and A2 = 0. The
case \} = 0 = A2 (both spheres stay finite) will be discussed in section C.4.

From the near-IR behavior in equations (C.24)—(C.25), it follows that the correspond-
ing expansions for the superpotentials (as functions of u) near u = wuy are written:

Wi= ot Wit Wii(u — up) + Wia(u — ug)* + O((u — ug)?), (C.26)

=2 e T (o) + O((u— w0)?), (C.27)
(u—up)?2 ' u—ug 7 ’

Wa = Wag + Wai(u — ug) + Waa(u —up)? + O((u — up)?), (C.28)

Ty = Top + To(u —ug) + O((u — up)?), (C.29)

S = S1(u—ug) + Sa(u —up)?® + O((u — ug)?). (C.30)
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Substituting into the equations of motion (3.3)—(3.6) we find the coefficients to be:

Wig=0 | Wit = 5V (00) + 5To0 | Wis—0,  (C.31)
Ti,-.1=0 , Tio= %V(%) + éTz,o , Ty =0, (C.32)
Wao=0 | Wo = SV(W) - %TZO , Wao =0,  (C.33)
Ty = arbitrary Tr1 =0, (C.34)
S1=3V (o) S =0, (C.35)

where g = (ug). Note that in the case of S? x S2, Ty(u) is always positive, so To can
take any positive value.

From (C.27) and the definitions (3.2), we can obtain the constants A; g and Agg in
equation (C.24) (recall we are assuming \; =1, 2 =0 ):

1 R(CH g2 1 RS
A= 5 log ( 5 , Ay = 5 log Ty | (C.36)

The constant T3 therefore determines the finite radius air of the sphere-2 at the IR

endpoint:

2
ot = qped2o = Too’ (C.37)

)

where « is the radius of the sphere in the fixed fiducial metric ¢? and we have used the
relation R¢*) = 2/a3.

We can now write the superpotentials close to the endpoint in terms of ¢: using S = ¢,
one finds the behavior of ¢(u) near u = uy:

plu) = g0+ GV (o) (= wo)? + O((u — o)), (C:38)
w—o = [ A=) o((p - ) (©39)

where we assumed u < ug. In terms of ¢ the expansion therefore reads:

W1 = [ o (Vi) + 5T ) \[ 2B 1 0 ), (Ca0
T, = m + 5V (00) + 5 Tao + Ol — o), (C.41)
Wa = = (5V(en) — 3720) o o2 4 0((0 - ), (.42
Ty = Too + Oy — o), (C.43)

5 = V(o)) 3o )+ Ol( - o)) (C.44)
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We therefore conclude that Wi and T3 diverge at the IR end-point of the flow, while S and
Ws vanish, and T remains finite.

The value of the Kretschmann scalar (B.13) in the interior (at ¢ = ¢g) can also be
computed from the previous expansions:

2
Ko = L0 (14 Limaa? + (o). (©.15)
where ¢ is the AdS length near the boundary. It is finite for any value of the constant
Ty9. Therefore, we conclude that the ansatz (C.24)—-(C.25) with A\; = 1, A2 = 0, and the
subleading terms in the expansions determined order by order by Einstein’s equation, gives
a regular second-order curvature invariant.

In fact, one can show without any extra assumptions that the metric at the endpoint
is completely regular: near the endpoint ug we have, using (C.24) (with \; = 1, Ay = 0):

(u — ug)?

ds® ~ du® + Iz

e2410a3d0? + e242003d0? U = U, (C.46)

where a7 and a9 are the fiducial radii of spheres 1 and 2, and dO? is the metric of the
unit 2-sphere. Using the results (C.36) and the relation R(****) = 2/a? between the Ricci
scalar and the radius, equation (C.46) becomes

2
ds? =~ du® + (u — ug)?d? + T—dQQ w~ug . (C.47)
2,0

Changing variables to p = 1o — u one can recognize the metric of R3 x S? at the origin of
R3 in spherical coordinates. The space-time is therefore regular at u = uyg.

C.3 Regular AdS slicings

Finally, consider the special case where ¢ is a constant and

12
V(SD) =W= _ﬁ .
From equation (C.45) one finds:
1
K(uo) = Kaggs (1 + %(Tzoﬂ + 2)2) (C.48)
where 10 .
2
Kaass = 51 = 15" (C.49)

is the Kretschmann scalar for the AdSs space-time. This means that the space-time with
the metric (2.11) is an asymptotically AdS® manifold, but it deviates from AdSs in the
interior. Incidentally, this shows that AdS5 does not admit a regular S? x S? slicing (which
has positive Ty ). This is unlike the case of other positively curved manifolds, like R x S3
and S*, which provide regular slicings of AdSs.

However, from equation (C.48) we observe that AdSs may admit instead a special
EAdS; x S? slicing with Top = —2/627 i.e. such that in the IR the S? shrinks to zero size
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and the AdSs has finite radius ¢ (by equation (C.37)). This can be explicitly obtained from
first principles, from the embedding space definition of Euclidean AdSs,

X2 XA X4 X2 X4 X2 =, (C.50)

by choosing the following set of local coordinates:

X_1 = {cosh(u/l) cosht Xy = sinh(u/l) cos 6
Xo = £cosh(u/¢)sinhTcosv , X3 = ¢sinh(u/¢) sin 6 cos ¢ (C.51)
X1 = £cosh(u/¢)sinh 7 sin ¢ X4 = ¢sinh(u/f) sin @ sin ¢

the resulting metric is
ds” = du® + (% cosh® 7 [dr? + sinh® rdy?] + £ sink® - [d6? +sin’ dg?] . (C.52)

We recognise the metric in the ansatz (2.2) with EAdSy x S? sections. At the IR endpoint
u = 0, the S? shrinks to zero and the EAdSs has a finite radius ¢, in agreement with the
value we have found above, Thy = —2/¢%. In the UV (u — —o0) both factors have the

—2u/l

same radius ¢ (up to the common divergent e prefactor).

C.4 Bounces

We now consider the case of a bounce. This corresponds to a point uy such that near
u = ug, A1, Az and ¢ follow the ansatz (C.24)—(C.25) with A\; = Ay = 0. The corresponding
expansions for the superpotentials (as functions of u) near u = ug are written:

Wi = Wi+ Wii(u—ug) + O((u — up)?), (C.53)
Ty = T+ Tia(u —up) + O((u — up)?), (C.54)
Wy = Wa o+ Wai(u —ug) + O((u — u0)2), (C.55)
Ty = T+ Tox(u —up) + O((u — up)?), (C.56)

S = Si(u—ug) + Sa(u — up)* + O((u — up)?). (C.57)

The only qualifying feature of a bounce is the vanishing of S.
Substituting into the equations of motion (3.3)—(3.6) we find the coefficients to be:

Wi = arbitrary | Wii=Too+ %(Wﬁo — W3o) — WioWag — %V(tpg) . (C.58)
Tio=-Tho+ %(Wﬁo + W3o) +2WioWao + V(o) . Tin=WioTip, (C.59)
Wa = arbitrary Waq = —Tao+ Wig+ WioWao + gV(goo) , (C.60)
Ty = arbitrary To1 = WaoTap, (C.61)

S =V (g0 Sy = %V/(gao)(WLo + Way). (C.62)
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where ¢ = ¢(ug). Using that S = ¢, one finds the behavior of ¢(u) near u = uy:

p(u) = o + %V/(@o)(u —up)? + 1V/(V?o)(Wl,o + Wa)(u — o) + O((u — up)*),

6
(C.63)
2(p—p0) P —wo 3/2
u—ug =+ ; — o W10+ Wao) + O((¢ — ¢0)*?). C.64
Vi) 3V (p0) (™) (o0
In terms of ¢ the expansion therefore reads:
1 1
Wiy =Wio=+ (TQ,O + §(W12,0 —W3o) — WigWag — 3V(900)>
2(¢ — o)
X e + O SO - SOO 9 C65
V (20) ( ) (C.65)
Th=Tip|1xWip M + O —¢o) |, (C.66)
V(o)
2 2(p—
Wy = Wapo + (—T2,0+W§O+W1,0W2,0+3V(800)> m + O(¢ — ¢0), (C.67)
To =T | 1= Why M +O(e = o) |, (C.68)
V(o)

§ = £/2V (o) — w0) + 5 (W0 + Wao)(o — 90) + Ol — w0)?).  (C.69)

The solution (C.69) describes two branches, depending on whether ¢ is positive or negative
near g, which can be glued together, exactly as in the maximally symmetric case [21].
At g, neither is the geometry singular, nor does the flow stop. The singularity of the
superpotentials as functions of ¢ at (g is only the sign that ¢ is not a good coordinate for the
flow across @g: the monotonicity of ¢ is reversed, but the flow is uninterrupted and regular,
as can be seen from the expansions of the superpotentials in u near ug (C.53)—(C.57).

D The structure of solutions near the boundary

In this appendix we derive the near-boundary expansions of the flow solutions to equa-
tions (3.3)—(3.6). For the second order equations in terms of the variable w, this corresponds
to the limit where © — —oo0.

The UV expansion can be organized as a double expansion in powers of the curvatures
R R and in powers of ¢:

e The curvatures enter equations (3.3)—(3.6) only through 77 and Ts, which, from the
definition (3.2), in the UV scale as e=2412 — 0. Therefore we can solve the equations
order by order in 77 and T>. We shall loosely use O(R") to denote terms in the

—2nA

curvature expansion which enter as T" ~ e in the UV expansion.

e At each order in the curvature, we can expand the corresponding functions in powers
of ¢ around the fixed point ¢ = 0.
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The curvature expansion takes the following form, up and including to second order:

S(¢) = So(e) + S1(p) + Sa(p) + O(R?), (D.1)
Wi(e) = WP(p) + Wl (p) + Wi (p) + O(R?), (D.2)
Ti(¢) = T;'(p) + T () + O(R?) (D.3)

Notice that R, R(1) do not appear at all in equations (3.3)-(3.6): they can be
considered as two integration constants of the solutions, prametrizing the near-boundary
behavior of T} and 75. Also, we should not forget however that the curvatures are not the
only integration constants, as there should be a total of four. The dependence on the re-
maining two parameters should appear as perturbations to the small curvature expansions.

The goal of the following three subsections is to determine the functions of ¢ appearing
in equations (D.1)-(D.3) , to leading order in an expansion around ¢ = 0. This is done by
writing the equations of motion (3.3)—(3.6) order by order in the curvature.

D.1 Order zero in the curvature

We shall write (3.3)—(3.6) at leading order in the curvature expansion as

(W2 + (W2 + 4WPWD — S +2V =0, (D.4)

S~ SSo((WP) -+ (W8)') + 3 (WP~ W3)2 =0, (D5)
(=So(WP) + (WP)?) = (=So(W3) + (W3)?) =0, (D.6)
S0Sy — So(WY + W) — V' =o. (D.7)

It is convenient to define the two variables:
1
X(p) = (W) + W3(9),  fle) = Wi(p) = W3 (). (D.8)

We can take the following as independent equations for the variables X, f, Sp:

2
—So X' +2X% + 3V =0 (D.9)
S0S) — 250X — V' =0 (D.10)
—Sof +2Xf =0. (D.11)

We first consider the system of equations (D.9)—(D.10), which does not contain f(y).
Close to the UV fixed point ¢ = 0, where the potential is approximate by

m
Vip)=—55 — 5 ¢ +0(¢%), (D.12)
we look for a regular power-series solution for So(¢) and X (),

So = s1¢ + O(¢?), X =20+ 210 + 220% + O(9%) (D.13)
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where we set to zero the O(¢°) term in Sy to ensure we look at solutions that stop at the UV
fixed point,? for which S(0) = 0. Substituting (D.12) the ansatz (D.13) in equations (D.9)-
(D.10) and equating terms order by order we obtain two branches of solutions,

2 A4 A
X(p) = 7T @902 +0(4%), So(p) = Wl O(¢?) (D.14)
where A4 is one of two choices:
Ay =244 +m2e2. (D.15)

Notice that, to this order, S = (3/2)(W/ + W3).

The non-analytic terms. The power-series solution (D.14) can be extended to higher
order and does not contain any free parameter. The remaining integration constant of
equations (D.9)—(D.10) enters in a subleading non-analytic term, as it happens in holog-
raphy with flat slicing (see e.g. [25]) or S* slicing [21]. To identify it, we look for a small
perturbation of the power series solutions (D.14),

X(p) = XB () +5X(9),  Sole) = S5 () +65(). (D.16)

We now linearize the system (D.9)—(D.10) in 0X,0S5, and at the same time perform an
expansion in ¢ around ¢ = 0 of the coefficient functions. The resulting system of linear
differential equations reads:

—ApdX' — §¢55+85X =0 (D.17)
Ap§S + (A —4)6S —2Ap5X =0 (D.18)

where A = AL depending on which branch we are choosing for the unperturbed solution.
The solution to equations (D.17)—(D.18) reads, to leading order in ¢:

C 12C _
X = LlelV2(1+0(p), 85 =712 1+ 0(9)) (D.19)

where C is an arbitrary integration constant.'?
Lastly, we turn to the combination f(¢), defined in (D.8). This function obeys the
linear equation (D.11), whose solution is

~ v 2X

fo)=Comp [ a7 (D.20)
So

where C' is one more integration constant. It is enough to consider the leading order

solutions (D.14) to obtain

() = Clel"2 (1 + O()) (D.21)

where this time both AL are allowed.

13In so doing, we already chose one of the two integration constants in equations (D.9)—(D.10). As we
shall see, the second one appears at subleading order in a non-analytic term.

1The second integration constant of the linearized system is unphysical and it can be fixed by the
requirement that S = 3X’ to all orders in ¢ at zeroth order in the curvature.
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We have therefore two integration constants C,C entering respectively the sum and
difference or W7 and W5 at order g04/ At Thus, defining

C C

01:0—1-5, 02:0—5 (D.22)
we can write the general near-boundary expansion at zeroth order in the curvatures:
WP =24 25204 0(e) + Tt (11 0(9), (D.23)
WE =24 TEL( 4 0(p) + 2ot (14 0(9), (D.24)
5= S +0() + LED a1 4 o)) (D.25)

D.2 Order one in the curvature

We now consider the equations of motion (3.3)(3.6) at first order in (R, R(¢2)) or, which
is the same, in 17, T5:

6X (Wi +Wa) — 2805, — 2(T} + T) = 0, (D.26)

25051 — 381X’ — gSo((W{)LO + (W3)10) + %Tf =0, (D.27)
(=So(WLY 4+ 2XW! — T — (=So(W3) + 2XW4 —T)) =0, (D.28)
SoS) +518) —2X 81 — So(Wl + W) =0, (D.29)

where we remind the reader that X = (W + WY)/2. We have also neglected terms
involving the difference W — W2 since they are of higher order in ¢ with respect to the
leading terms in the curvature.'

Again, we want to find a perturbative solution around ¢ = 0. We fist start by determin-
ing T;(p) from the zeroth order solutions for W 5 and S. Using equation (3.11), together

with the zeroth order expressions (D.23)—(D.25), we obtain the differential equations

1y\/ 1y/
=m0, - Zoaow) (D30
giving
Tip) = S (11 00),  ThHe) = LlePA+(140() (D3

where R are (dimensionless) integration constants which will be related to the actual
curvatures (R(), R(¢)) in subsection D.4. As T} and Tj are proportional at leading order
to R1,Re, we can use these constants to count the order in the curvature expansion.

We can now determine W2 and S at this order. We introduce again the sum and
difference of the superpotentials as independent variables,

1
= §(Wf+W21), g=W—-Ww}. (D.32)

15This will be justified a posteriori.
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Then, adding equation (D.26) to twice equation (D.27) and using the zeroth-order relation
So = 3X', we find two decoupled first or equations for Y (¢) and g(p):

SoY' —2XY = —%(Tf +T9),  Sog’ —2Xg=—(T} - TJ). (D.33)
Using the lowest order results (D.14) as well as (D.31), we obtain the solution to leading
order in ¢,

vig) = PR e g on + e n o), 03

o) = B Rpins (o) + St o). 03

The new integration constants C’,C’ multiply the same non-analytic term we found in
the previous subsection at order zero in the curvature, and they can be reabsorbed in the
definition of C, C, see equations (D.19) and (D.21).

From the definitions (D.32) we obtain, to lowest order in ¢:

Moy = 7 (5 = 2 ) 16l/3% 14 01 + Cilgl/4+ L+ 0], (D39
(Wa)or) = % <7§2 - 721) 0?2+ [1 4+ O(p)] + Cslp| 2+ [1 + O(p)] . (D.37)

The constants O] , = C' £+ 1/2 C’ can be reabsorbed in C o appearing in (D.23)~(D.24).
Finally, we can solve for S; algebraically from (D.26) All terms proportional to |p|>/A=+
cancel, and we are left with:

Slow = AL a1+ 0. 039

Notice that to O(R) we still have the relation S = (3/2)(W7+W3)'. The contribution (D.38)
(as well as the second terms in (D.36)—(D.37) can be completely absorbed in the non-
analytic terms of the same order in (D.23)—(D.25).

D.3 Order two in the curvature

We start by obtaining equations for 77 and 75 from equation (3.11), which at order R? reads:

Wy Tw
S0 g0

(T?) — i=1,2, (D.39)
where we have used the fact that the contribution to S at linear order in the curvature
vanishes.

Substituting in equations (D.39) the near-boundary behavior in equa-
tions (D.14), (D.31) and (D.36)—(D.37), we find, to lowest order in ¢,

App ! 602 ’

_ T2 —
Ao 2 6A.2 © ’
(D.40)

(17)' (73)'
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the solutions at order R? are then:
27?,% —R1Ro

(o) = =5 1¢[2 1+ 0(p)),
2R3 — R1R
(Mo = 15— 1e[V2* (14+0(¢) . (D.41)

plus a solution of the homogeneous equation ~ @2/ A+ which can be reabsorbed into the
leading order terms (D.31).
Next, we introduce the variables

1
Z((p) = 5 (Wl + WQ)O(RQ) , h(QO) - (Wl - WQ)O(RQ) . (D42)
We consider again the sum of equation (3.3) plus twice (3.4). At order R? we obtain:
1 1 1 1
$°2' —2XZ =~ (TP +T3) + 4 (WH? + 3 (W3)* + S WIS, (D.43)

The functions appearing on the right hand side can be found in equations (D.36)—(D.37)
and (D.41), and one can easily check that the right hand side of equation (D.43) vanishes
identically. Using the leading order power-series expansion of X and S%° from equa-
tion (D.14), equation (D.43) reduces to the usual homogeneous linear equation,

ArpZ' —47 = 0. (D.44)
This results in:
(W1 + Wa)o(rzy = (Cf + C5)p"/ 241 + O ()] (D.45)

whose solution can be reabsorbed once again into a redefinition of the integration constant
C' already introduced in equation (D.19).

We now consider the difference h = W; — Ws. Writing equation (3.5) at second order
in the curvature, we obtain the following linear differential equation:

S()h/ —2Xh = —(Tl — TQ)O(R2) + (W1 + WQ)O(R) X (W1 — WQ)O(R) . (D.46)

Using the leading order expansion of Sy and X on the left hand side, as well as the
results (D.41) and (D.36)—(D.37) on the right hand side, equation (D.46) becomes, at
leading order:

1
Arph’ —4h = ~ L@ (R — R3) (D.47)
whose solution contains the usual homogeneous term ~ %% plus a new logarithmic cor-
rection:
" 1" 4/A 4 (R% — R%) 4/A4
(Wi(p) — Wa(@))omrz) = | (C] — C3) || BTNV log [¢]| (14 O(p)) -

(D.48)
Lastly, we can obtain S(¢) at order R? from equation (3.3), using the results obtained
so far for all the other quantities. The result is:

(S)ore) = [6(01/ ) 1

Ael " 2dage ORIHORE - 8R1R2)} /271 (14 O(¢)) -

(D.49)
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Notice that there are no logarithmic terms but, to this order, the relation S = (3/2)(W; +
W3) is violated by the second term.

It turns out to be more convenient to redefine the integration constants C7 and C5 in
such a way that the second line in (D.49) appears in W; + Wa but not in S(y), because
this simplifies the expression for the scale factors and has a clearer physical meaning.

D.4 Near-boundary RG flow solution: full result

Here we collect the results of the previous two sections, and we obtain the near-boundary
behavior of the scale factors A; 2(u) and scalar field profile ¢(u).

It is convenient to redefine the integration constants appearing in front of %2+ term
in such a way that there are no explicit R? terms appearing in S: more explicitly, with
respect to the definitions in the previous sections, we redefine:

1 /5 5 4
0172 + CLQ + Ci/’g - 4786 <6R% + ER% - 3R1R2) — 0172 . (D50)

This redefinition does not affect the difference C7 — Cs.

Combining the results (D.23)—(D.25), (D.31), (D.38), (D.36)—(D.37), (D.41), (D.45),
(D.48) and (D.49), the expressions for W;, S and T; in the vicinity of an extremum of V,
and up to order O(R?) are given by

W) = 7 [2+ P+ 09 + T2 6% 4 o)
BT o1 g ol 1+ O (0.51)
+ Gy BB IR i 14 ()
W) = 7 [2+ S+ 00 + T2 6% o)
+ B o1 0g ol [+ () (052
+ |G T ARRe 1S5+ o),
5:(p) = S 1+ 0l + AT S 14 o) (0.5
1) = S+ 0] + TR o) 0s)
1) = 2+ o) + TR s o). 05)

Up to now we have not made any distinction between the + and — branch, but from
the expansions (D.51)—(D.55) we can infer some important differences between the two.
The main observation is that, in obtaining the expressions above, we have systematically
assumed that the leading terms as ¢ — 0 in Wy, Wa and S are given by

2 A
Wi Wa b, 527*<p+.... (D.56)
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This requirement imposes some constraints on the rest of the terms in the expansion, which
depends on the branch one chooses.

o (—)-branch, A_ > 0:

This is the case the extremum of the potential is a maximum. The non-analytic
subleading terms in S and W are at of order

~ R’@‘1+(2_A7)/A77 Snonfanalytic ~ (Cl + 02)’()0‘1+2(2_A7)/A7
(D.57)
and since 0 < A_ < 2, these are subleading with respect to the terms in (D.56).

Wnonfanalytic

Therefore the analysis of the previous sections goes through.

e (—)-branch, A_ < 0:

In this case the extremum of the potential is a maximum. Because A_ < 0, the non-
analytic subleading terms in S and W, as well as the leading term in 77 2 diverge and
the solution does not exist as an expansion around ¢ = 0, unless we set R; = Ry =
C1 = Cy = 0. If this is case, we find the flat IR solution where ¢ = 0 corresponds to
an IR fixed point. This shows that the flat IR fixed point cannot be reached in the
presence of curvature, like in the more symmetric S* case [21].

o (+)-branch:
Since A4 > 2, it does not make a difference whether the extremum of V' is a maximum

or a minimum. The non-analytic subleading terms in S and W are of the order

~ ’R’|90’17(A+72)/A+7 Snonfanalytic ~ (Cl + CZ)’()O‘172(A+72)/A+
(D.58)
The non-analytic term in W is subleading, but the one in S potentially dominates

Wnonf analytic

over the leading term in (D.56). Therefore, in the + branch, the integration constants
controlling the ¢* 2+ terms have to obey the constraint

(4+) — branch: Ci+Cy=0. (D.59)
On the other hand, the combination Cy — Cs is unconstrained.

Next, we obtain the expansions of p(u) and Aj 2(u) near the boundary. This can be
achieved by integrating order by order in ¢ the first order flow equations:

flu)=5(p), A1 =-2Wi(p(u)), Ay =—2Wa(p(u)). (D-60)
The result of the integration is, in the (—)-branch:
o(u) = go_EA—eA‘”/Z [1 +0 (e2“/£>]

NN
6(01A+ if)_!i—A! )+ oA A/t [14—(9((—)2“/4)} , (D.61)
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2 ZQA,

Arf) = Ay = 5 = Fp e 1 O
N - N N
B T (2R1 — Ra)e™/ [1 + O(e2 /) + O(el+= 20/

g5 (RE — R [VA- (A% 1 1 O(eA-/%)]

192

A C;1-C
1o aa ja auge + 1— 0
8|<Pf| e ((01+C2)4_2A+ 5

1[5 4 R2 — R3
+ B {G(R% +R3) — 3R1R2:| YN —1 2 log (p- (A= )) +..., (D.62)
_ U 2 20—
AQ(U) _ A2 - z o (pTeQA u/@[ +O( A_ u/f)]
o [¥/A- ¢ 2u/t A_u/e (Ap—A_Yu/t
_T(_Rl +2Ra)e 14 O(e )+ O(e )]
U U —Uu
—@(R2 R3)|p_[M/4- 54@ e*/![1 + O(er-/1)]
A Cc,-C
Lo a/a 4 duge + G-y
S R (R
4 R? —R3
+ —= 3 |:6(R2 + 'R2) 3R1R2:| + ﬁ log (‘P—EA_)> +.. (D.63)

where ¢_, Ay and A, are new integration constant which parametrize initial conditions for
the flow. According to the discussion above, we are considering A4+ > 0 therefore to be
close to ¢ = 0 we need u — —o0. Therefore, the p-expansion in (D.51)—(D.55) becomes
an expansion in exp(u/¢) < 1 in (D.61)—(D.63). According to the standard holographic
dictionary, the parameter ¢_ represents in the field theory the source of operator dual to
the field ¢, while the combination C; 4+ Cs parametrizes the vev of the same operator.

In the (+)-branch we have similar expressions, except for the fact that we have to set
Ci+Cy=0:

o) = @i fO+eBru/t [1 +0 (e%/fﬂ , (D.64)

_ U 2 €2A+
Al (U) — Al _ Z _ SD+24 62A+u/£ [1 + O(GA+U/Z)}

_W@Rl _ Rz)e%/ﬁ 1+ @(eA+U/€)]
g5 (RE — Rl V2 (A% M1 4 O]
_,‘@+|4/A+ Phedu/t <01;C2 + 4% [Z(R% + R%) _ %Rle
mlog (lo+ \£A+)> +..., (D.65)
Ag(u) = Ay — % - ﬁﬁmemwﬂ [1+ O(et+u/f)] —
A

o (Rt 2R2)e? 1+ O(eA+4/h)]

15 (R~ RE) a2+ 112 1 4 Oe e/
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N Oy ) S O S & TR S K S ST s N
Sl [4/8- ghe T+ 15 [c(RE+RY) - SRR,

R2 —R2
+4 2 log (\goerA*)) +.... (D.66)

24A
In this case, ¢ parametrizes the vev of the operator dual to .

From the expressions above, we can obtain the field theory interpretation of the inte-
gration constants R;: substituting (D.61) or (D.61) into the leading order expression for
T; in (D.31) and comparing with the definition (3.2), we find, in either + branch:

R« -

—2A;
(po)2/Bz" 40

Finally, remember that R©") are just placeholders, and the physical parameters are the UV

P =

scalar curvatures R}JV of the metric seen by the UV QFT. We can relate these quantities
to (D.67) by recalling that the metric on which the QFT is defined can be read-off from
the leading term in the near-boundary expansion as u — —oo,

ds? = du® + e_QU/Z(ds(QQFT +...)
= du? + e 20/t |2l pdada? + 2422 pdada® + .| (D.68)

Therefore the QFT metric on each 2-sphere is given by eQAngbeta and its curvature is
Rl = e 24 R, Therefore equation (D.67) becomes:
ROV
Ri=——+—.
(pa)?/ B+

This equation relates the dimensionless curvature parameters R; introduced as integration

(D.69)

constants, to the physical parameters of the UV QFT, namely the curvatures of the two
spheres and the source parameter ¢_ (in the (—)-branch) or vev parameter ¢, (in the
(4)-branch).

For simplicity, one can make the choice A; = 0, to identify the UV metrics with the
fiducial metrics ('.

E The on-shell action

In this appendix, we provide details on the evaluation of the on-shell action for the flows
we consider in this paper.
We start with the action (2.1),

1
Slguw- ] = My / dud*z+/g] (R<g> ~ 50up8"p V(@)) +Seny, (B

with R the Ricci scalar for the full metric and Scuy the Gibbons-Hawking-York bound-
ary term. The various terms in the action (E.1) are written in terms of the holographic
quantities:

5

gV(@ , (E.2)

O0ap0tp = <,b2 ) (E.3)

Vgl = 242 /1112 (E4)

1
'R/(Q) — 5(702 +
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where (1?2 are the fiducial (u-independent) metrics of the two spheres. The first of the
above identities is the trace of Einstein’s equation. Substituting into (E.1) we obtain the

expression:

Son—shell = ;ME Vaxa /UI: due® 42V (o(u)) + Sany, (E.5)
where Va9 is the volume of the two 2-spheres,

Vaxa = /d:c4\/W = Vol(SY) x Vol(5?) = ;ﬁg?. (E.6)

The potential V() can also be expressed as a function of A; and As using (2.12)
and (2.13):

3

V = 3 Al + Ag) + Z(Rglefy‘l + RC2672A2) — 3(A1 + A2)2, (E7)

_5(

so that the on-shell effective action in (E.5) reads
3 2 A+ A . . uv
Son—sett = My Vaxa [20549 (A + A)| -+ Seny (E.8)

3 IR IR
+M {RCI/ du 242 +R<2/ due2A1] .
2 uv uv

Note that the IR contribution to the first term vanishes for the appropriate regular bound-
ary conditions (see section 5), since either e/ or e42 vanishes in the IR.
The GHY term needs also be expressed in terms of A; and As. It is given by:

uv
Sauy = 2M} [ / dat MK] (E.9)

where v, (u) is the metric on a S?x S slice at a fixed UV value of u and K is the extrinsic
curvature of the slice. They are given by:

K =-2(A1+4y) , ]l =eH2 /1012 (E.10)

This gives
. . uv
Sary = —AM; Voo [ X042 (A + Ay)| (E.11)
Substituting in equation (E.8) we obtain for the on-shell action:
3 (A1t Az) [ . UV
Son—shell = —3Mp Vaxa [e A2 (A + Az)} (E.12)
3 IR IR
+ My Voo {RCI / due??? + R¢ / du e2A1] .
2 uv uv

Using the relation between the volume and curvature of the 2-spheres (E.6), as well as the
definitions (3.1)—(3.2), equation (E.12) above can be written in terms of the superpotentials:

W1(¢)+W2(<p)rv R de [ 1

— 397203 1
o=ttt = 324, (3[ () Ta() vy S(9) T1(90)+T2(90)D' (E.13)
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Remember that the unrenormalized free energy F is equal to —Sgn_ghen- Inserting the
expression of Vaxo (E.6) and expressing everything in terms of the first order superpotentials
using the definitions (3.1)—(3.2) F can be expressed in the following way:

F = —s2rM? <3 [W1(90) - WQ(SD)]UV . /IR y {S(@)l i 1 D .

T1(p)T2(p) uv Ti(p)  S(P)T2(p)
(E.14)
Comparison with the S% case. In the S* case, the expression for the free energy is
given by [21]:
AUV M3V, IR
Fi=6M3V, [64‘44 — RS / due?4, (E.15)
uv

where RS is the curvature of the 4-sphere in the UV (with the appropriate choice of bound-
ary condition for A)and Vj its volume. And when A; = Ay, RS = R%:
.UV M3V IR
F = 6M3 Vo [641“1141} - mezRﬁ / du e | (E.16)
Uv

where RS is the curvature of the 2-spheres in the UV. By considering the 4-sphere with
curvature:

Ry = 2R% . (E.17)
The previous expression (E.16) can be written as:
.UV M3V IR
F = 6M1§ V2><2 [64A1A1] — pMR4/ du e2A1 s (E.18)
2 uv
which is of the same form as (E.15). So, up to an overall factor of 2/3 equal to the ratio
of the volumes, the free energy of the solutions where both spheres have equal radius and
A1 = As reduces to the free energy of a boundary theory defined on a 4-sphere.
E.1 The U superpotentials

We introduce the superpotentials U; and Us defined by the differential equation they satisfy:

SU! — W;U; = —1. (E.19)
This equation implies:
de <Ui(90)>
—— =—d | =), E.20
S(e)Ti() Ti(¢) (E.20)
which makes it possible to express F as:
Wi(p) +W2(90)]UV Ui(p) | Ualp)]"Y
F=-32r"M> | 3 [ + + : E.21
: ( T (PTo(0) (o) " Ble) i (21

Each equation (E.19) defines U; up to a single integration constant. Although it may seem
that the expression (E.21) depends on which the choice of the particular solutions for Uj,
this is clearly not the case: indeed, the original expression (E.14) is unambiguous, and so
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must be (E.21): in fact, by construction, the integration constant enters in U; in such a way
that it exactly cancels when we take the difference between the UV and IR contributions,
since integrating back equation (E.20), the two integrated terms term in (E.14) become:

dp  _[U) gl _[Uile)  p
wr STilp) [Tz‘(@) +BZ] oy I:Ti(go) +BZ] . (E.22)

where U; are two references solutions and B; are the two integration constants of each of

uv

equations (E.19). It is clear from the above equation that B; cancel out when taking the
difference between the UV and IR contributions.

Near-boundary expansion. We can see explicitly how the integration constants B;
appear in the near-boundary (u — —o0) expansion, by inserting the UV-expansions of the
superpotentials: (4.2)—(4.4) into (E.19): as u — —oo we obtain:

_ 1 2R1 — R» 2/A+

i) =, |5+ (B T loglel ) oS40+ . (.23)
B 1 2Ry — Ry 2/A4

0ae) =, |5+ (B T loglol ) oS40+ (.24)

where we have omitted higher order terms which vanish as ¢ — 0.

Up to this point the constants B; can be chosen arbitrarily, however there is a specific
choice which is very convenient, as it allows us to write the free energy purely as an UV
contribution, as discussed below.

Boundary condition in the interior. To compute the free-energy (6.5), a boundary
condition is required for U; and Us in the IR. To derive it we inject (4.2)—(4.4) into (6.3)
and find:

b
Ullp) = — + Uo/le — w0l + Olp — ol) , (E.25)
ooy P T PO
Ua(p) = b2+ Uo/ | —wol +O(lp = wol) (E.26)
PPy

where b; and by are two integration constants and:

6
U= ——. (E.27)
[V’ (00)]
Going back to the expression in terms of A and A (E.12), we know that F only depends on
R2/R1, C and the UV cutoff. There is therefore no dependence on any other independent
integration constants such as by and bs. This fixes the way B; and Bs should respectively
depend on by and by. In general the terms in (E.22) have the following expansion:

UI(SO)] G aas B 3D
+ 2L o E.28
[Tl(SO) " T 2R, el Ri V'(go) (E.28)
UQ(SD)] ¢ o/aL , B2 by
40P == — + - E.29
|:T2(S0) IR TR,y o Ra  Tao 0 ( )
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where we brought out in each case the leading term that depends on b;. Note in particular
that there may be other terms at order O(1) that do not depend on b;, as well as subleading
terms that do depend on b;. The conclusion is that:

3b1R1

= —_— E.
Bl(R27R17bl) BI(R27R170) + €3V/(S00) ) ( 30)
boRo
BQ(RQ,Rl, bz) = B1(R2,R1, 0) + yrr—at (E.31)
14 T270

In the expression above, the ambiguity in the definition of U; and Uy is made explicit in
terms of b; and by. As we have discussed, the choice of these constants is irrelevant as
long as the evaluation of the free energy JF is concerned. In the following, we make the
convenient choice by = by = 0. This choice enables to express the free energy exclusively
in terms of UV quantities:

uv
FA R Ra, O, Cy) = —3222013 |31 T Wal0)  Uile) | Ual@)] 70 - g

P T1(p)T2(p) Ti(p)  Ta(p)

E.2 The UV-regulated free energy

We now evaluate expression (E.32) at the UV boundary. This quantity is divergent, because
ei = oo in the UV. Therefore, we regulate the boundary at u = ¢loge with € < 1, and

introduce a dimensionless “energy scale” cut-off,

A (w)+Ag(u)
e 2

A

(E.33)

ARV,

% =log(c

We now write (E.32) as an expansion in inverse powers of A, using the UV expansions (4.2)—
(4.6) and (4.7)-(4.9)
We consider each term of equation (E.32) separately, and start with the first one:

Wi(p) + Wa(p)

T1(p)Ta(p)

— 3(0A)* (4 e RitRe oa

S+ S+ 0) + (1+0(¢) (E:34)

5(R1 — R2)2 + 2R1Ro
144

+% <01 + Oy + > OB (1+ O(p) + O(R) + O(C))) .
In the expression above, and in all the expression that follow, it is understood that ¢ is
evaluated on the regulated boundary, even when the argument € is omitted. We remind
the reader here that the O(R) and O(C) always come with the appropriate power of ¢,
that is respectively ¢*2- and @¥/2-.

The leading terms in equations (4.7)—(4.9) allow to express ¢ in terms of A,

AfA_
o= ( (1+0(A7%), (E.35)

R1R2)A,/4
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—2/A_

where we have used the definition of the UV “dimensionless” curvatures R; = RZUV@
With equation (E.35), the expression (E.34) becomes:

Wi(p) + Wa(p)

Ti () Ta(¥)
= 30% [4/\4 <1 + 12(731?32)&/2”% (1+0(A %)+ O(A—<A+—A>)>
m/ﬁ (1+0(A2) + O(A-@8)) (E.36)
+ (%;FRC:Q EiGe _1227;217:227%1732) (1 +OMN A7) + (’)(A—(A+—A—))>] .

We now consider the last two terms in (E.32). Using the expansions (E.23)—(E.24), as
well as equation (E.35), they have the following expansions:

3 1/2 _ _

Ti(p) 2 \Ra R1R2 8 6
X (1 + O(A2) + (’)(A‘(A“A*))) > : (E.37)
Us(p) 68 (Ri\Y? 1 Ri-R2 2R2—Ry /4
ri =3 () (V7 g (280 55 T s (i)
x(1+OA2) + O(A*Arﬁ—))) ) : (E.38)

Adding together all terms (E.34), (E.37) and (E.38), we obtain the final expression for
the expansion of the regularized free energy as A > 1:

12(731?3_2%/2”% (1+4.. .)) (E.39)

()" (@) e

1 (R34 R3—4R1R s\ | 4R1—R2)?+ RiR
log (A (R1R2)Y
+R1Rg( 12 Og( (RiR2) )+ 24

F =32 M3 {121\4 <1 -

+3(01+02)+B1R2+B2R1> (1+...)},

where the ellipsis represent subleading terms which are either O(A=2-) or O(A~(A+=4-)),

Notice that the UV-divergent part, (terms in (E.39) proportional to A%, A% and log A)
is universal and depends only on the R; and Rs but not on vev parameters C;, B;. The
latter quantities give a finite contribution, given by the last line of equation (E.39). This
implies that if we take two distinct solutions with the same UV boundary conditions (i.e.
two solutions with the same UV curvatures R; but distinct sets of vevs (C1, Ca, By, B2) and
(C1,Ca, By, By), their free energy difference has a finite limit A — oo, to which only the
difference in the last line in equation (E.39) contributes, and given by:

32m2 M3

AF =
d R1R2

[3((01 +Cy) — (01 + 02)) + (B — 31)732 + (B — BQ)Rl] , (E.40)
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E.3 Conformal case

If there is no scalar field, or if the latter is stuck at an extremum of the potential the same
expression, (E.32) can be used after replacing the superpotentials by their expression in
terms of A; and As:

. . In(e)
A (u) + Az(u) Ui (u) Uz (u)
_ a5 2173 1 2
F =32, | b G e A G ) T Raetai@ T Raezam | 0 (Bl

» |0

where now Uy (u) and Us(u) are solutions of the following ODEs:
Ui +2A,U; = —1. (E.42)

The expression of F in the limit where A — +oo (the equivalent of (E.39)) reads:

R\ 12 R\ 1/2
— 32720303 [ 1204 s =2 A2
F 327 » [ + R + R +

2 _
1+ (732{;?%1/7314722/721 log (A (7?,27?,1)1/4) (1+ (’)(A_Q))

_ 2
R

As in the RG-flow case, the divergent terms of order A%, A? and log A are universal, as

they depend only on R2 and R (and in fact, only on their ratio, as expected because of
conformal invariance). The last line in expression (E.43) contains the finite terms, and the
dependence on the vevs B;. Notice that there is no explicit contribution from the vev C
(defined in (4.38), and corresponding in the non-conformal case to C; —C2). This is similar
to the running scalar field case, where the free energy (E.40) depends only on the sum of
the C;’s but not on their difference it was the case in the

From equation (E.43) The free energy difference between two solutions with same ratio
R2/R; is given then given by:

3220303 [Ry (B, [Bi\\ By [ Ba)\
o @) h @] e
Ra2/R1 [R1 R1 R R1 R ( )

F The vev of the stress-energy tensor

We explain in this appendix the steps that lead to the expression for the vev of the stress-
energy tensor of the boundary QFT (4.17)—(4.18).

F.1 CFT case

We start by deriving the expression for the stress-energy tensor in the case where the
boundary theory is a CFT (4.39)—(4.40), that is when we set the scalar field ¢ to a constant.
As explained in Skenderis et al., 2000, the vev of the stress-energy tensor can be directly
related to a quantity that appears in the Fefferman-Graham expansion of the metric near
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the boundary. For an asymptotically AdS space-time the metric near the boundary can be
brought into the form:

du? 1 o
2 _ 42 2 i
ds* =/ 22 + u2gij(u yx)dztda? | | (F.1)

where g;;(u?, z) has the following expansion when u — 0:
gij(u?, ) = 99 (@) + u?¢? (z) + u'[gW (x) + logu® NV ()] + -, (F.2)

where ¢()(z) corresponds to the boundary condition for the metric. The equations of
motion determine recursively the functions ¢ and A in terms of ¢(©) () except for
g™W. This is in accordance with the fact that the second order equations of motion have
two independent bulk solutions. The two independent functions are ¢ and ¢(@. ¢®
turns out to be related to the expectation value of the stress-energy tensor in the dual
field theory, [44]. After solving the equations of motion recursively in powers of R, g(>")
will be a functional of ¢(®) () involving 2n derivatives. The logarithmic term proportional
to h®(z) is determined by ¢(®) and turns out to be the metric variation of the conformal
anomaly of the dual field theory.

The general expression for the various terms in (F.2) in the case of a 4-dimensional
boundary is found to be:

@ _lp _Lp ©
9i; = iR” - 12R 9i; (F.3)
1 1 1
9 = ggﬁ)) [<Trg(2))2 - Tr[(g(Q))Q]] + 507 - zgff) (Trg®) + Ty, (F4)

@ _ 1 0 . [0 | p.pi_ Lpe
;' = 16/50 59005 /dx 9 | Ri;R 3R , (F.5)
where Tjj(x) is an “integration constant” satisfying
. . 1
VT, =0, T = -7 [(Tg®)? = T((g®)] . (F.6)

where the covariant derivative is taken with respect to g(o). It turns out that it is propor-
tional to the vev of the stress-energy tensor of the boundary CFT:

(Tij) = 4(My0)*Ty5 (F.7)

with ¢ the AdS length. The vev (4.39)—(4.40) is then found by comparing the above

expressions in the case of a boundary CFT defined on the product manifold S?xS?, with the

near-boundary expansion of the metric obtained by solving the equations of motion (4.22)—

(4.24) for the ansatz (2.11). The latter is given by expanding e?41 and €242, where the

expansions for A; and Aj are given by (4.34) and (4.35), respectively, where we set A; and

A to 0. We obtain the following expression for gz-(;-l :
(L (RYV)2—L(RYV)2—2RYVRYY -72G ) ¢!

4) 3x96
9i;° =

0

(L(RYV)2—L(RYV)2—2RYVRYV 472G )2
3%x96

(F.8)
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Subtracting

1 1 1 RYV +RYV)? (¢ 0O
£ [(Teg®)2 = T )21] + 56 - 102 (g = L) (C ) ,

8 2 Uy 6 x 96 0 ¢?
(F.9)
gives the expression for Tj;:
(SR F(REV)?-R{VRYY 24 5 ) (! 0
T.A — 96
ij (%(REV)Q_i(R}JV)2_R}JVR;JV+24Z%)<2
0 96
(F.10)

from which (4.40)—(4.41) is derived. The constant C' is the vev parameter appearing as
in (4.38).

F.2 'With a scalar perturbation

We now reintroduce a scalar operator in the boundary theory, dual to the field ¢ in the
holographic description. Because the scalar vev vanishes in the (+)-branch, we consider
the (-)-branch here.

The same formula (F.4) can be used to derive the vev of the stress-energy tensor. From
the fact that the ¢g(®-dependent term depends only on ¢ through its spatial derivatives on
constant u slices, [45], which are null in the case we consider, and using the expansion of
Ay and Ay (4.8)-(4.9) to compute g, it is manifest that the scalar vev should contribute
to the vev of the stress-energy tensor in the following way:

Ty = TR +TC (F.11)
with
2 2 1
Ty o1 < (BRY = Ry — AR R2) € ! > (F.12)
i = ’ '
o |5 384 0 (3R} — R} —4R1Ry) ¢
A —
16 1 (B@ro)+932)g, 0
4 = A —
W : (-0 + 00— 25)
(F.13)

from which (4.17)—(4.18) is derived.

F.3 The vev of the stress-energy tensor on S*%

We derive in this subsection the expression for the vev of the stress-tensor for a boundary
theory defined on the maximally symmetric space S* (or dS* in Lorentzian signature), in
the case where there is no scalar operator (that is when the dual bulk space-time is AdS®).

We follow the same steps as above and use the expression derived in G.1 for gi(;-l) in

the case of S*: )
4 1 R w
9§j) = —gmgisj + Tij - (F.14)
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(4)

T35 is found using the other expression of g;;* in terms of A given by (2.2):

S4 R£2 w/l R2£4 w/l
gt a) = 5 o) (1= e/t Spete). (F.15)
Upon a change of variable e*/¢ = /¢
~92 . 54 R ~92 R2 ~4
9 (07, ) = gij (x) <1 YR > : (F.16)
So we identify:
4 1 R2 4
z(])( )= Emgi (), (F.17)
and obtain for the stress tensor vev
R2 54
v] 48 % 1691] (‘T) (F 8)

G General product of spheres
In this appendix we generalize our formalism to an arbitrary product of spheres.

G.1 Fefferman-Graham expansion

We derive in this appendix expressions for gg), hg?) and the ¢(®-dependent term of gl(;-l)
in the case where gg-)) describes a product of n Einstein manifolds with dimension d; and
with curvatures k;, ¢t =1,--- ,n
1 1 1
9ij 1 k1 g;;
2 2 2
) _ 9ij Ro.— Rij _ ko 9ij
ij = . At = . = . ’

so that the square of the Ricci tensor and the Ricci scalar are given by:

R =) diki , RyR" =) dk} (G.2)
=1 =1
k% gilj 2 .2
2 _ 2 Jig
R} = (G.3)
k2 gt
and
@ _ 1 L 0
i = ol — 51t 9 (G-4)
1 (kl - %) 91,1J
R
= 5 k2 — ﬁ) g?j
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1 1 1
95 = 595 [(Tg®)2 = Txl(¢®)?] + S (4™ — 79 (Trg®) + T, (G.5)

K 8 2
—-d)R d*>—13d R? kl
1 (k% -G 6) ky + 1214152) - RM4R )gilj
S + Ty
8
r (0) (0)
1 i 1 i
hg‘) = 3 (Rfj — gT’R R’d> — 3R (R” g i R) (G.6)
) 2 R Rkl
1 (2 - Zhn + (%5 - 247)) g,
2 R Rkl
=3 (18 = b+ (5 - 245) ) o

Note that hg-l) depends on general on second derivatives of R and I7;; on the boundary,
which vanish in this case.

G.2 The Efimov spiral for a general product of spheres

We consider in this appendix the general case of a slicing by Sfl X ng x ---x 8% 1 spheres
with respective dimension di,ds,- - ,dy and Y ,_, dr = d, in the case where there is no
scalar field.

We suppose only the sphere 1 shrinks in the interior, and that the boundary curvature
sources satisfy (1/d1)R1 = (1/d2)R2. This corresponds to setting the source for A; — Ay
to 0 (Note that if one of the spheres is flat, the condition is that the curvature of the other
sphere be 0. It is the case in particular if one of the spheres is of dimension 1). All the
other spheres are supposed to be such that A; — A has a non-vanishing source for k& > 2.
We assume that the argument of C.1 can be generalized so that near the IR end-point
Ay ~log((ug —u)/¢). Also, we consider a situation similar to the one we considered in the
paragraph about the Efimov spiral in 7.2:

e A — A, is infinitesimal. We denote:

e=A; — A, (G.7)

e We are away from the UV, so that A; ~ 1/(u — ug), but not too close to the IR
end-point where we know that A; — Ay — —oco. The precise condition is that ajg <

ug — u <K ayy, where amr and ayy respectively refer to the radius of the sphere 2 in
the IR and in the UV:

202 2
ayv R Raluo =0) 0o/t (G.8)
2 2
QIR u_lffa \/QQu/ZTQ(u) \/TZOEQ e (G.9)

e Here we also require that all the derivatives of Ay for k > 2 are negligible compared
to the corresponding derivatives for A;. This hypothesis is consistent because for
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k > 2 we supposed that the source of A — Aj does not vanish, and for every j # 1,
A;j tends to a constant in the IR. Therefore there should be an interval of values of
u for which Ay ~ As but the derivatives of every other scale factors are negligible.

We now solve the equations of motion (2.7), (2.8) and (2.9) within this set of hypothe-
ses. We first write (2.8) for i =1 and j = 2:

. . . 1 . . . 1
Ay + ALY diAy - d71672A1R41 = Ay + Ay dip Ay - d—ze’QAQR@ : (G.10)
k=1 k=1

This gives for e:
.o : 2
€+ € Ek dkAk+aT16=O, (G.11)

where T; = RSe24i. To express Ty we first multiply (2.8) for i = 1 and general j by d;

and sum over j:

2
dAl + dAl Z dkAk — 7T1 Z d A + (Z dkAk> - Z Tj . (G.12)
J

Multiplying by 2/d:

24 + 24, deAk — 7T1 Zd Aj+ S (Z dkAk> 2 52T (G.13)

J

where (2/d) >_; T} is given by (2.8):
2 1 o 1 ]

fEZTj:gZdidj(ArAj) +2(1- 4 > dp Ay (G.14)

J 0,3 k

Substituting into (G.13) finally gives the general expression of T:

. . . , dy S

Ty = d A1 —dy Ek:dkAHdlAl Ek: dkAk—— <Z dkAk> ~5d Zdidj(Ai—Aj) . (G.15)

27]

We now use the hypothesis that we can ignore the derivatives of Ay for k > 2 and that
Ay ~ Ay and Ay ~ 1/(u — ug). At leading order the terms in (G.11) are then given by:

di + da

> dpAy = e (G.16)
- U — Ug
2 . di+ds—1

where the dots refer to subleading terms in the expansion in u—wug. Substituting into (G.11)
gives the general equation verified by e:
dy + dy . di+dy—1

€ 2 =0. G.18
e+u_u06+ (u—u0)26 ( )
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If di + do <9, the solution is:

e — )\ —(di+dz=1)/2
(1= da)(w) ~ ()
X sin <\/|(d1 +d — 12)(d1 +dz2 —9)| In <u0; u) + <Z5> , (G.19)

where a and ¢ a real constants. Proceeding similarly to 7.2 we find the Efimov spiral to
be described by:

. \/\(d1+d2—1)(d1+d2—9)|
d1R2 Kir o <¢R i ! ’ —((d1+d2—1)/4) s
1= o~ ((ditd2 . (G.20)

daRq Kpg sin(¢r — ¢c)
: VI di+dz—1)(di+d2—9)] )
sin [ ¢ + s
732 - II{(IR < sin(¢ ; ) en (b (G
1 C C — PR

with s = In ((aUV/aIR)2> and C the vev for A1 — As. The amplitudes Kr, K¢ and the
phases ¢g, ¢c are real numbers. Note that for d; + ds > 9 the sinus should be replaced by
a hyperbolic sinus, so that the spiral reduces to a line.

If di + da > 9, the independent solutions of equation (G.18) are real power-laws:

di+d—1 1
(A1 — Ag)(u) ~ ca(ug —u) % gy = D271, SV d = 1)(d + 5~ 9)

2
(G.22)

where c4 are integration constants. Notice that d+ > 0, therefore the deviation from the

symmetric solution A; = As always grows in the IR. However, in this case there are no
oscillations, therefore one does not expect a discrete infinite family of solutions, nor an
Efimov spiral.

In the limiting case d; + d2 = 9 the independent solutions are:

(A — A)(u) ~ c1(up — u) ™4 + ea(up — u) ~Hlog(ug — u), (G.23)

and here too we find no discrete scaling structure.

The critical value d; + do = 9 is reminiscent of the BF bound for a scalar field close to
an AdS extremum: there too, when the BF bound is violated the solutions are oscillating,
whereas above the BF bound both solutions have real exponents and grow monotonically
away from the extremum. The difference is that here the perturbation € is around an
unphysical solution since the geometry with € = 0 is singular.

Finally, in the case where one of the spheres is flat, the solution

U

Ry=Ri=0 , Al=4y=—7, (G.24)

is regular, as can be seen by evaluating the Riemann square (B.13).
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