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ABSTRACT: The two kaon factories, KOTO and NA62, are at the cutting edge of the in-
tensity frontier, with an unprecedented numbers of long lived and charged Kaons, ~ 10'3,
being measured and analyzed. These experiments have currently a unique opportunity to
search for dark sectors. In this paper, we demonstrate that searches done at KOTO and
NAG62 are complementary, both probing uncharted territories. We consider two qualita-
tively different physics cases. In the first, we analyze models of axion-like-particles (ALP)
which couple to gluons or electroweak gauge bosons. In the second, we introduce a model
based on an approximate strange flavor symmetry that leads to a strong violation of the
Grossman-Nir bound. For the first scenario, we design a new search strategy for the KOTO
experiment, K; — 7% — 4+. Its expected sensitivity on the branching ratio is at the level
of 1079, This demonstrates the great potential of KOTO as a discovery machine. In addi-
tion, we revisit other bounds on ALPs from Kaon factories, highlighting the main sources
of theoretical uncertainty, and collider experiments, and show new projections. For the
second scenario, we show that the model may be compatible with the preliminary analysis
of the KOTO-data that shows a hint for New Physics.
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1 Introduction

The Standard Model (SM) of particle physics is a successful description of Nature, especially
given the discovery of the Higgs boson at the LHC [1, 2]. The SM describes forms of
matter which interact via the electro-magnetic, weak and strong forces. However, the SM
is incomplete as it can not account for e.g. the observed baryon asymmetry of the universe,
neutrino masses and mixings, and the origin of Dark Matter (DM). Motivated by the
fine-tuning problem of the electroweak (EW) scale that conventionally requires TeV new
physics (NP) which also characterizes the DM sector, tremendous efforts have been made
to search for new states at the energy frontier, and yet, so far there is no conclusive sign
of the beyond the SM (BSM) physics. On the other hand, a NP sign could appear as a
light weakly coupled state, for instance associated with a pseudo Nambu Goldstone boson
(pNGB) field, and the representative example is an axion or axion-like-particle (ALP).! The
mass scale of the pNGB can be substantially lighter than the GeV scale, and its interaction
strength with SM particles can be suppressed by a higher symmetry-breaking scale. This
type of particle can be tested at high-intensity experiments, such as in rare meson decay
measurements, at B-factories, beam-damp experiments, and neutrino experiments.

Among the high intensity experiments, the Kaon factories, KOTO and NA62 experi-
ments, are unique since they aim to measure Kaon decays with a branching ratio as small
as ~ 10711, collecting an extraordinary large number of Kaon decays, ~ 103, More specif-
ically, the KOTO experiment aims to detect for the first time the SM decay, K; — 7n%vw,
while the NA62 is searching for the charged counterpart, K™ — wtvi. The SM pre-
diction for the branching ratios is tiny, BR(K; — 7’v) = (3.00 & 0.30) x 107! and
BR(KT — ntvi) = (9.11 £0.72) x 10711 [3, 4]. Given the very small branching ratios,
these decays are extremely sensitive to NP effects. Under some fairly general assumptions,
discussed below, the charged and neutral decay channels are tightly connected leading to
the Grossman-Nir (GN) bound [5], BR(K} — 7%v#) < 4.3 BR(KT — ntvw), which may
hold even if the final state is modified but the topology remains similar as is further dis-
cussed below (see the recent discussion in [6-11]. For earlier discussions on the violation
of the GN bound see [12-16]).

In this paper, we demonstrate that both Kaon factories have great opportunities as
discovery machines of light new particle. In section 2, we introduce two qualitatively

LA terminology of axion-like-particles is not well-defined. Here we use it as a light CP-odd particle with
couplings to gauge bosons and with a mass not uniquely determined by its decay constant.



different physics cases that show that NP searches done via charged Kaon decays at NA62
and via neutral Kaon decays at KOTO are complimentary, as opposed to be strongly linked
with each other. This is in contrast to what one would naively expect to be the case due
to the GN bound.

First, we consider an ALP (a) with coupling to gluons or W bosons as a representative
candidate of pNGB. In this context, we propose a novel search for the KOTO experiment
(section 4). Specifically, KOTO can search for K — 7’a where the ALP decays to di-
photon. This search will be complementary to the K; — 7%a with an invisible ALP
search that is already performed by the collaboration. These two channels together will
probe experimentally unexplored parameter space of the ALP coupled to SU(2) gauge
bosons (section 5.1) or to gluons (section 5.2), in the mass range from 10 MeV to 350 MeV.
NA62 will also probe parameter space through the corresponding K™ — 77 a decay that
we analyze.?

The second scenario we analyze in this paper is a theory with an approximate strange
flavor symmetry, with an additional light, flavon-like, complex scalar field, ¢. We discuss
its phenomenology in section 6. The flavor preserving coupling allow for a SM singlet final
state, consisting of the real (o) and imaginary (x) parts of ¢, to be accessible only to K,
and not to its charged isospin-partner. Therefore, breaking the GN relation. KOTO is
particularly sensitive to such a scenario, once we allow the y to decay to two photons. Fur-
thermore the expected signal can be made compatible with the preliminary analysis of the
KOTO-data that shows a hint for NP [18] (though more investigation of the collaboration
is needed). Other explanations of this anomaly can be found in [6-11, 19-24].

2 Light scalars at kaon factories

Here, we describe the two new physics scenarios where the Kaon factories can play a major

role probing the parameter space.

2.1 Massive axions, ALPs and pNGBs

The Goldstone theorem provides one of the most compelling motivation for the presence of
light scalars as their masses are protected by a shift symmetry. The simplest manifestation
of the Goldstone theorem is the case of a spontaneously broken U(1) symmetry that leads
to the presence of a light ALP. Such a state can be motivated by a solution of the hierarchy
problem [25], the strong CP problem [26-28], the flavor puzzle [29], and combinations of
these with DM physics [30-37]. For concreteness, to motivate our scenario we focus on
the QCD axion case, however, the essence of our reasonings below holds for a broader
class of ALP models. The typical breaking scale of the Peccei-Quinn (PQ) symmetry [26],
F,, considered in literature is rather high. The standard axion window is 10° < F, <
10'2 GeV.The upper bound is due to the over-production of axion as dark matter, and the
lower bound comes from astrophysical observations [38].

2KOTO and NA62 also have great potential to probe a very light axion with flavor violating cou-
plings [17].



However, there is a theoretical concern about the quality of the PQ symmetry with
a high decay constant [39-43]. Any global symmetry is believed to be broken by the UV
physics: the quantum gravity does not respect global symmetries; or any global symme-
try can be an accidental symmetry of the UV physics. In the effective field theory, this
conjecture implies that higher dimensional operators suppressed by the UV physics scale,
P|p|P-1 /A€\74, can explicitly break the PQ symmetry where ® is a field which carries
a non-zero PQ charge and has a VEV of F,. These operators ruin the P(@Q mechanism
because this operator shifts the minimum of the axion potential away from 6 = 0,

F? a
V(a :mQFQ{l—cos <a>}+ 2 __ cos <—|—A> 2.1
( ) a- a Fa A€\74 Fa ( )
= OQmin FDP—2
— 00 = ~ 1 ) 2.2
Fa m3A5\74 ( )

where A is a non-aligned CP phase that is generically expected to be of order one. Even
though the deviation is suppressed by a high scale Ayy < M, the effect in the 0 can
be significant because of two factors: (1) the original axion potential is not very steep,
m2F? ~ m2F2; (2) the precision of the neutron EDM measurement is accurate, 66 < 1071,
Therefore, operators up to D ~ 10 need to be absent to maintain the PQ mechanism. This
situation is unsatisfactory from the low energy point of view. Some mechanism should
maintain the quality of the global PQ symmetry to be extremely good to solve the strong
CP problem. This problem is not unique to the QCD axion but is also common to other
solution to the QCD CP problem [44] and other mechanisms that strongly rely on precise

global symmetries [45-47].

Heavy axion as a consequence of the quality problem. To construct theories that
are protected against Planck suppressed operators of D > 5, the favored decay constant
is necessarily low. Assuming the standard relation of axion mass and decay constant,
Ma ~ My Fy/F,, and requiring a small deviation, 50 < 107! one can obtain the bound
on the effective decay constant and the mass,

F, £10 GeV and m, 21 MeV. (2.3)

This parameter space is similar to the original Weinberg-Wilczek axion [27, 28]. This
motives us to search for axions with a mass at and above the MeV scale.

The low decay constant along the standard QCD axion relation has been excluded by
astrophysical observations and beam-dump experiments. However, the bounds do not apply
if there is an additional contribution to the axion mass. Many phenomenological studies
for ALPs show that parameter space with very low decay constant are poorly constrained
if the mass is heavier than ~ 50 MeV (see recent works, for example, refs. [48-55]). Indeed,
there are models of heavy axions without the standard axion relation, where the strong
CP problem can be addressed [45, 54, 56—60]. As an example of non-minimal heavy axion,
we consider a scenario with a mirror strong sector. The mirror sector shares a strong CP
phase and quark phases with the SM ensured by a Zs symmetry, and a single axion relaxes
the two CP phases of the SM and mirror sectors. With soft breaking of the Zy symmetry,



a higher confinement scale in the mirror sector is achieved, which is an extra source of the
axion mass.

We now revisit the quality problem and the bound on the axion mass based on the
scenario with the mirror strong sector. First, the higher dimensional operator should be
sufficiently suppressed as in eq. (2.2),

_1
F, < <m3A€\7450‘> P2 (2.4)

The axion mass is dominated by the contribution from the mirror sector because its con-
finement scale A’ is much higher than the SM one, Aqcp,

mgA m2F2
m? ~ jﬂ% +(9< [ ) (2.5)

where m, are SM quark masses. Generally, we expect a hierarchy A’ < Fj, because A’ is

generated by dimensional transmutation, but the confinement scale can be up to A’ = F,,
and consequently m2 < myF,. Combining this with eq. (2.4), we get

mg < | mgAy~ 00D-2 . (2.6)

Specifically, the bounds for D = 5 case are

3 1 — 1
m 1 (Apv\* 00 \+
< < I 7
1 MeV <mg <5 GeV<1O MeV> <Mp1 ) <1010) , (2.7)
2 1 — 1
mg 3 AUV 3 o0 3
F,<2 . 2.
S 200 GeV<1oo MeV> <Mp1> (10—10> (28)

The above parameter space is only weakly covered by the current experimental probes.
Since part of this mass range is within the range of Kaon experiments (particularly the
lower mass range), it is very important to develop a search program to discover heavy
ALPs at Kaon factories. For the phenomenological study of heavy axions, we consider two
simplified models: the first involves a ALP coupled to the electroweak sector of the SM,
and the second a ALP coupled to gluons (for more information see section 5).

2.2 The generalized GN bound and how to avoid it

Under fairly general assumptions, the Kj, — 7%v¥ rate can be strongly constrained by the
K+ — 7% rate via the Grossman-Nir (GN) bound [5]:

BR(K} — 'vp) < 4.3BR(K'T — nTvp). (2.9)

The numerical factor comes from the difference in the total decay widths of K and K™,
isospin breaking effects, and QED radiative corrections [4, 61]. The GN bound only relies
on the following assumptions [5]: first, the isospin symmetry, which relates the decay
amplitudes of K% to the ones of K and K°. Second, the ratio of the K and K° decay
amplitudes to the corresponding sum of final states is close to unity, where if the final state



is CP eigenstate it means no CPV in the decay. For the wvv final state, within the SM, it
is expected to be an excellent approximation. The above assumptions are not easy to be
violated even when going beyond the SM.

Inspired by [62], we shall construct a model based on an approximate global flavor
symmetry, that avoids the GN bound via exploiting strong isospin breaking (see [12-16]
for relevant discussions). To realize the idea, we add a light complex scalar, ¢, which carries
a half strange (or second generation doublet) flavor charge. This implies that we expect
the following operator to be allowed by the symmetry and present in the effective theory,
in the down quark mass basis,

W HQ15¢?/A? and/or y HQod¢? /A? + h.c., (2.10)

where the first (second) operator corresponds to ¢? carries a unit 5 (Q2) flavor charge, and
we assume (¢) = 0. In the broken electroweak phase, this effective Lagrangian leads to an
effective operator y; 25d¢? + h.c. that induces the Kj — ox decay, with o = Re(¢)/v2
and x = Im(¢)/v/2 (here, for simplicity, we assume an approximate CP conservation in
the decay). Using NDA, from eq. (2.10) we expect

(K} — xo) ~ Mg x F2. (2.11)

™

Y1,20 ‘2
A2
However, due to conservation of charge there is no analogous 2-body decay of the charged
Kaon unless additional charge pions are added to the final state. This implies that the
charged Kaon decay is suppressed, by two-vs-three-body (and possibly kinematical) phase
space factors which implies a strong violation of the effective new physics GN bound. As
discussed in section 6, we find that the NP charged Kaon decays are suppressed by at least
two orders of magnitude relative to the K7 one. Thus, in such a scenario, it is possible
that while, at present, the KOTO detector is sensitive to a NP signal, the NA62 one is not.
The model, as presented above, has an exact ¢-parity symmetry which renders
the ¢ state stable. To achieve a visible signal at Kaon experiments, we add a CP

conserving coupling,
X

A F B (2.12)

Ly D
that is responsible to the decay of x into two photons. Up to small symmetry breaking
effects, to be discussed below in section 6, o would be stable and hence the final state of
the K1, — ox(vy) is similar to the Ky — 7%, which KOTO is searching for.

3 The KOTO experiment

3.1 Overview

KOTO is an experiment searching for the rare neutral Kaon decay, K; — v, whose
branching ratio is expected to be (3.040.3) x 101! [3, 4]. In the past, the E391a experiment,
at KEK, set the most stringent limit on the branching ratio at 2.6 x 10=® [63]. The first
KOTO analysis based on data collected in 2015 was able to set a bound at BR(K —
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Figure 1. Layout of the KOTO detector, taken from [66]. The Kaon beam enters from the left,
as indicated by the arrow. Schematic drawing of the detector. The components of the detector
include collar counters (CCxx), Neutron Collar Counter (NCC), Front Barrel (FB), Main Barrel
(MB), charged-particle vetos (BCV and CV), CsI crystals (CSI), Beam Halo Charged Veto (BHCV)
and Photon Veto (BHPV). For more information see [65].

7ovi)koTo < 3x 1079 [64]. This is relatively close to the bound obtained from the charged
decay, K+ — ntvw, using the Grossman-Nir bound: BR(Kj — 7mvi)an < 1.46 x 1079,

KOTO is a fixed target experiment that utilizes a 30 GeV proton high intensity beam
extracted from the J-PARC main ring accelerator. The produced Kaons are purified by
a 20m-long beam line and enter in the detector of figure 1, as indicated by the arrow,
where the beam axis is denoted as the Z direction. The flux of Kaons was measured
by an engineering run in 2015 at Z ~ —1.5m [65]. The actual detector consists of a
CslI calorimeter (Ecal) at the front target and various veto detectors for charged particles
and photons.

The measured momentum distribution of the incoming K7j flux is shown in black in
figure 2 and it peaks at around 1.5 GeV. Then the Kaons decay in the decay volume at
2m < Z < 6.148m to produce pions or neutrinos, and the momentum distribution of the
decayed K7, is shifted towards lower values as shown by the orange histogram in figure 2.
The neutral pions are reconstructed through the identification of photons that hit the Csl
calorimeter with £, > 2MeV.

The output from the detector is the position of the photon energy deposition on the
ECAL (on the plane perpendicular to the beam direction), and the timing of the hits.
What is known is the energy of photons rather than their four-momenta because the de-
cay vertex of the Kaon (effectively same as the pion), Zy, is unknown and the ECAL
can measure only the photon energy. Furthermore, the final states of interest include no
charged particles, which could provide directional information. In order to reconstruct
the decay vertex, the standard technique is to impose at least one additional assumption
regarding the invariant mass of the parent particle or intermediate particles [65, 67] (see
appendix A for a brief review). This procedure still has multi-fold ambiguities, but the
correct vertex can be picked, at least based on statistical merit, by requiring that the re-
constructed event describes the physical process. This challenge holds for SM processes
such as K — 70(yy)vw, K — 7%7% — 4, as well as possible new physics processes, to
be discussed below.
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Figure 2. Left: the solid black line represents the measured K; momentum distribution in a
special run at the beam exit (figure 6 of [65]). The histogram shows the momentum distribution of
K, decaying within the detector (the normalization is arbitrary).

3.2 Flux, signals, and future plans

In table 1, we summarize the most important numbers that characterize the intensity of
the KOTO experiment. We compare the amount of data collected in 2015, to the one
collected in 2016-2018. We then report the amount of data that is aimed to be collected
in the coming years to reach the measurement of several SM events for K — mvo.

The Kp, flux at the beam exist is usually reported. We refer to it as N?Q’ which is
calculated by protons on target (POT) [65],

2 x 10 POT = (4.188 4 0.017) x 107 Kaons at beam exit. (3.1)

The reduction factor of ~ 1077 in eq. (3.1) can be understood in this way: the number
of produced Kaons at the target is 10711072 per proton (for O(100) GeV); the fraction
of Kaons that survive until the beam exit is exp[—20m/c7x, | ~ 25%; K1, need to travel
through the beam hole 20m away from the production point, and the corresponding effective
angle is small, AQ/Q ~ (14.8cm x 14.8cm)/(20m x 20m) ~ 10~4.

Since most of the entering Kaons do not decay, we need to translate N?(L to the fraction
of decays inside the relevant detector volume. The probability for the K, to decay inside the
entire detector region, 2m < Z < 6.148m, calculated at truth level is 7.9%. The fraction
of K L — T 0
our reconstruction-level simulation was found to be 3.2% (consistent with [68]), while the

vo relevant to the actual analysis, within the region of 3m < Z < 4.7m, using

one associated with multiple pion final state analysis, which corresponds to the region of
2m < Z < 5.4m was found to be 6.5%, at the truth level (consistent with [65]).

For the following discussion, it is useful to examine the search for the Kj — wlvi
decay as done by the KOTO experiment in more detail. The relation between the flux,
acceptance and the S.E.S is given by

N, =1/(Azo,5 X SES.0,5) . (3.2)

The event selections are given in [64], and most of them are included in our analysis,
except the veto and shower-shape cuts. To keep these cuts into account, we choose uniform



2015 [64] | 2016-2018 [18] Future [69]

POT 2.2 x 101 3.4 x 101 ~ 10%!

K1’s entering the detector, Ny 4.62 x 1012 7.1x1012 | ~21x10"

K1’s decaying in detector, 2m < Z < 6.148m | 3.68 x 10*! 5.7x 10 | ~ 1.6 x10'3
K — 7" within 2m < Z < 5.4m 3.02 x 10™ 4.7x 10" | ~1.4x 10"

K1 — mvp within 3m < Z < 4.7m 1.48 x 101! 2.3 x 10 | ~6.6 x 102
S.E.S of K, — mvw 1.3 x 1077 6.9%x 10710 | ~2.9 x 1071

Table 1. Summary of expected number of Kaons in different regions of the experiment. The
number of protons on target (POT), the number of Kaons entering the detector, N%L7 and single-
event-sensitivity (S.E.S) are given in the literatures, while number of Kaons decaying in the various
regions is calculated with the measured K momentum distribution. The S.E.S. does not scale by
just statistics from the 2015 analysis to the 2016-2018 analysis because of an improved acceptance
from 1.7 x 10™% to 2.0 x 10~*. For more details see text.

efficiencies: for the veto cut we use 0.17, and for the shower-shape cut we use 0.52 [64]. The
signal region after these cuts is defined by the transverse momentum of the reconstructed
70(7y) and its decay vertex, Zyty, that is, p?in(thX) < p?o < 250 MeV and 3m < Zyty <
4.7m.?> where p%ﬁ“(thX) = 130 MeV + max[0,20 MeV (Z"fﬁ%)] Note that the vertex
reconstruction in the Kj — m%v¥ search occasionally has two-fold physical solutions for
Zytx, SO we choose the one further from the ECAL. We have checked that this is the
physical one in most cases. Even if we discards the events with the two-fold solutions, the
acceptance changes by only O(1%).

In section 6, we will discuss how the requirement to have photons in the signal region

affects the acceptance of a NP model that leads to a K; — oy, x — v decay.

4 New ALP searches at KOTO

The KOTO experiment can look for heavy axions or ALPs produced from Kj decays.
Particularly, as we will argue, searches could be designed to identify the decay topology

K1 — 7%, a — 7, that we will analyze in detail in this section.

4.1 Reconstruction of the four photon signature

The signal of our interest is four photon final state from K — 7°(yy)a(yy). As already
mentioned, in order to reconstruct the decay vertex, the standard technique is to impose at
least one assumption on the invariant mass of the parent particle or intermediate particles.
This procedure still has multi-fold ambiguities, but the correct vertex can be picked within
an error of a few percent by consistency checks. However, note that this technique works
only for the anticipated decay topologies.

Axion reconstruction. Extending the standard technique, we propose a new algorithm

0

to reconstruct the signal process K; — w°a — 4~ without knowing the axion mass,

as follows.

%Note that in the recent KOTO analysis [18], a slightly different cut was employed, 3.2m < Zytx < 5m,
which we shall also adapt when comparing with this data sample.



1. Divide the four photons into two pairs which can be associated to mother particles,
say the pair A consists of 71 and 5 and the other pair, B, consists of 3 and ~4.
There are six such combinations of photon-pairs.

2. Obtain a candidate vertex, Zytyx, assuming that the mother of the photon-pair B is
a neutral pion. This assumption holds for the signal as well as physical background

processes K7 — 7979, 709~. Consequently, the invariant mass of the pair B can be
written as,
2 _ 2
m%M (thx) = mﬂ_o (41)

There are up to two solutions for Z¢. One solution is often unphysical, since the
reconstructed vertex is outside from the decay volume, or it is an imaginary number,
and thus discarded.

3. Repeat the above steps for all the possible parings, which lead to twelve-fold ambi-
guities in a four-photon event.

4. If the pairing and the reconstructed vertex are found to be physically consistent, the
four photon invariant mass, my,, is also required to be peaked around the K mass,
and the combination that minimizes the resulting |mg, — ma,| is selected.

This reconstruction algorithm works quite well, allowing us to select the correct pair in
the signal process. The fraction of the (preselected candidate) events that are correctly
selected is 90% (70% for my =~ m o). The di-photon invariant mass of one pair is expected
to have a peak at around the ALP mass, while the background events K; — 7%7% have a
peak in the same variable around the neutral pion mass.

4.2 Simulation

We develop a MC simulation based on our reconstruction algorithm, and estimate the
acceptance of the signal and the K — 7%7°, K; — 7%y backgrounds. We start from
the known K7, flux, and then let K7, decay to 7°7°, 79+, 7%, and subsequently decay the
70 and a to yy. For the photon energy measurements, we include the dominant smearing
effects due to the ECAL.

Kj; momentum and vertex reconstruction. Our simulation aims at obtaining the
two-dimensional distribution of the Kaons in terms of the reconstructed momentum and
the reconstructed decay point, Zyx. We generate the Kaon momentum according to its
measured distribution at the beam exit Z ~ —1.5m, shown in black in figure 2. The Kaons
then decay according to their lifetime of approximately 0.51 ns. We assume that the Kaons
are fully aligned with the beam axis. We collect the decayed K within the decay volume
of the detector, 2m < Zg, < 6.1 m where Zg, is the actual point of K, decay, and the
decay probability is about 7.9%.* As a cross-check, we calculate the decay probability in
the fiducial volume of K; — mvi analysis, that is, 3.2%, and it is consistent with the
reported probability in [68].

4Backgrounds from upstream decays are not included in our simulation.



Decays to four photons. Based on the distribution of decaying K within the detector

(2m < Zg, <6.1m), we generate events for three decay processes, w07’ 70y, and 7%a .

The MC sample size is 5 x 10* events for the K; — 7% — 4+ signal for each mass bin
(mq = 1,10,20,...,360MeV), and 2 x 10° (1.5 x 10°) events for the K; — 70yy — 4y
(K — 7% — 4v) background. We treat the two-body decay processes as spherically
symmetric, which is a good approximation. The three body decay Kj — 7%y has a non-
trival Dalitz-plot distribution, thus, we take into account the shape based on the matrix
element given in [70]. For the K branching ratio, we take BR(K} — 7%7°) = 8.64 x 1074
and BR(Kp — m¥yy) = 1.29 x 1075.

Starting from K momentum and decay vertex, {px, , Zx, }, the flow of our simulation

for the two body decays is as follows,

{pKL7ZKL} —_— {p7r07pa/7r07ZKL} (42)
Kp—m0%a /70
0 {p717p’727p’737p’747 ZKL} (4.3)
70 a—yy

D {(x7y7E)71’(wvva)’Yw(x?y?E)%ﬂ(x’yﬂE)M}' (4'4)

ﬁ"/»ZKL’_)(xzy)’Y
In the last step, the information of the photon momenta and the K decay position is

mapped onto the photon positions (x,y) on the plane of the ECAL. The three body decay
K1 — w7 is treated in a similar fashion.

Detector’s finite resolution. To take into account the detector effects, that is the
photon’s finite energy and position-resolution, we smear each photon’s energy and position
following the detector resolution [71],

— = ——=®0.99%, (4.5)

E  \/E/GeV

4.40
Oposition = 2.50mm @

VEGV

where oposition = (02 ® 0y)/ V2. Taking these as a standard deviation of a gaussian distri-

(4.6)

bution, we smear each photon hit as

(z,y, E)y = (z,y, B)§**". (4.7)
Thus, outputs of our MC samples are (z,y, E/ )E‘}fgegt ,» Where the energy smearing dominates

the total smearing. There are other detector effects, such as photon inefficiency, shower-
shape, and timing-resolution, but these are beyond our simulation setup and the effects
are expected to be minor because we reproduced shapes and normalizations of several
measurements (see appendix B).

4.3 Event selection

4.3.1 Preselection of four photon events

Our preselection of four-photon events is similar to the one used for the four-photon analysis
for the K — 7970 decay [65]. We employ a series of basic cuts on photon energies
and positions.

®Before the detector upgrade (see e.g. [65]), the ECAI resolution was og/E = 1.9%/+/E/GeV & 0.6% .
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6.

. The four photons should hit the front ECAL, which is a circle of 1 m radius. No

photons hit the main barrel of the detector (see figure 1).

As the Csl calorimeter has Moliere radius of about 3.5cm for the electro-
magnetic shower, the four photons are required to be inside a 90cm radius,
Rpax = max[r;] < 90 cm.

The position of the innermost photon should be outside of the beam hole,
max|[|z;|, |yi|] > 7.4 cm.

The photons should be well separated such that dpyin = min |7 — 7| > 15cm. This
ensures that there are at least four clusters of hits, and, thus, events with four or
more photons.

The minimal energy of each single photon should be min[FE,,] > 50 MeV.

The total photon energy should be ), E,, > 350 MeV.

The efficiency of the above preselection cuts is about 7% for both signal and background,
except the efficiency for K; — 7%a with m, < 20MeV that is about 1% or less due to
CUT4 and CUTS5 described above.

4.3.2 Cuts after reconstruction

After the preselection defined in section 4.3.1, the search for axion decay to a pair of

photons, within the multi photon events proceeds via the following set of cuts:®

7.

10.

The reconstructed vertex should be within 2m < Zytx < 5.4m, which defines the
fiducial volume of this analysis.

The four-photon invariant mass should match the K, one, namely, |ms, — mg, | <
20 MeV.

The invariant mass of the photon pair which corresponds to the non-pion candidate,
My,~,, 18 Tequired to be away from the neutral pion mass, |17y,,, — myo| > 10 MeV.
This cut particularly removes most of the K — 7%7° background.

To further remove the 7%7° background, we examine all the possible di-photon pair-
ings to check if any of them reproduces the Kj — 7970 decay topology. The event
is discarded if, for any pair assignment, the pair A satisfies |m.,~, — mo| < 20 MeV
and |my, —mg, | <50 MeV. Only 1.6% of 7%7° background remains after this cut
while the other decay topologies are almost unchanged.

When we compute the sensitivity to axion masses near the pion mass, then CUT10 is
excluded. This cut would, in fact, substantially reduce the signal for m, = (130—140) MeV,

The overall efficiencies of CUT1 - CUT10 are 9 x 107° and 5% for K; — 7%7Y and

7997, respectively. The signal efficiency is 3-6% except for mq < 20 MeV or my ~ mo.

SWherever relevant we have followed the cut-flow described in [65].
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Figure 3. The expected background distribution after cuts with N?Q =2 x 10, For comparison,
the distributions for the signal of a ALP with m, = 50, 200 MeV and BR(K — ma — 4v) = 107°
are also shown. We use a larger bin size for the 7°7° background except near the pion mass due to
the poor MC statistics of the remaining events. For this figure, we also include the efficiencies of

veto and shower cut (€yeto = 17% and €gpower = 52%).

Our background 7%7% MC statistics is poor for myy < 50MeV, we thus treat this region
as a single bin for m, = 1, 10, 20, 30,40 MeV.

So far, our simulation setup does not incorporate the veto cuts and the shower shape
cut that are adopted by the KOTO analysis [64]. To take into account the efficiencies of
the veto and shower shape cuts, we multiply the kinematic acceptance obtained above by
€veto = 17% and egnower = 52% [64] for both signal and background.”

After all cuts and efficiencies, the remaining background events are mainly from combi-
natorics of K7, — 7°7° and an irreducible Kj, — 7%yy. The corresponding distributions are
shown figure 3 in gray and red, respectively. In the same plot we also show the expected sig-
nal for axion masses of 50 MeV and 200 MeV respectively and BR(Ky, — ma) = 107 . The
number of events is computed assuming the future KOTO luminosity of N?Q =2 x 10

Next we estimate the typical size of the ALP di-photon peak. Given the above cuts,
we have found the RMS of the peak as a function of the mass by fitting the result of our
MC simulation to an approximate functional dependence. By fitting the typical resulting
width of the peak around m, to its RMS value, the peak region is defined as |1, 1, —mq| <
20m~ (Mmg) , wWith 6m,(mq) = 1.30 MeV + 0.0226m,, (see figure 4).

"This is an approximation since the efficiencies in [64] are for the two-photon plus missing energy analysis,
while our analysis uses four-photon. We expect that the veto cut efficiency in our analysis can be larger
than 17% because the expected signal does not rely on the missing energy which requires careful veto cuts.
At the same time, we expect the efficiency of the shower shape cut to be smaller due to higher multiplicity
of photons. The precise estimate of the efficiencies requires a full detector simulation which is beyond the

scope of this paper.
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Mass Resolution
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Figure 4. The resolution function and standard deviation in the di-photon invariant mass for
K; — m%a. In calculating the standard deviation, samples after CUT10 and after the requirement
of correct pairing and vertex choice are used. The linear fit is performed excluding the pion mass
region, 120 MeV < m, < 150 MeV where CUT10 cannot be applied.

Before ending this section, let us briefly discuss another potential source of background:
the three-body decay Kj — 37%. Although this Kaon decay mode has a large branching
ratio, BR(Kp — 37°) ~ 0.2, the photon multiplicity is six. The impact of this background
in the 4+ analysis will crucially depend on the photon inefficiencies of the Main Barrel
detector (e,), which is at the level of 1073 [72, 73]. We estimate the total efficiency of the
370 background as

10-3 0.1

where the factor of 30 is from combinatorics, and €sther are efficiencies other than photon

2
BR(K, — 31°) x 30 X €2 X €opher ~ 6 x 1077 (”) <E°ther), (4.8)

one. Eq. (4.8) can be compared to the other physics backgrounds, K; — 7%yy and
K1 — 37%7: BR(K[ — 7%7) X €;0,, ~ 8x107% and BR(K — 77%) X €00 ~ 8x 1075,
Thus, K7, — 37° background is subdominant but can be larger than K; — 7%7% which
may affect the sensitivity at low mass m, < 100 MeV (see figure 3). The simulation of
K1 — 379 background requires the full detector simulation, which is beyond the scope of
the paper.

4.4 Displacement and energy of axion decay

Light ALPs tend to be long-lived because hadronic final states are kinematically forbidden.
Decay with up to 5 cm displacement is effectively prompt decay in our analysis for the
KOTO experiment. In fact, the resolution of the reconstructed vertex due to the finite
energy resolution of the photons is typically 5 cm. This is shown in figure 5, where a
comparison between the location of the true and reconstructed vertex location is shown for
different axion masses.

In order to remove displaced decay with a displacement larger than 5 cm,® each signal

event of our MC simulation is weighted by (1 — exp[—%]) where 7, is the ALP

8Large displacements introduce an extra unknown information rendering the current reconstruction
algorithm suboptimal.
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Vertex Resolution
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Figure 5. The vertex resolution for the preselected samples of K; — w%a with m, =
50, 150, 250, 350 MeV. The correct pairing is used for the reconstruction.
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Figure 6. Distribution of the energy of the ALP produced in K; — 7%a decays for different ALP
masses after cuts. The original MC sample size is 5 x 104, and the different normalization of the
several curves indicate the difference in the cut efficiency depending on the ALP mass.

mean life-time and (E,/m,) is the relevant boost factor, . The ALP energy distribution
used to compute the boost factor is shown in figure 6 for different values of the ALP mass.

4.5 Expected sensitivity to the four photon search

The solid blue line in figure 7 shows the future reach of the KOTO experiment to the
K; — 7% — 4~ signature, as a function of the ALP mass for both m, < m, and
mg > my. We assume that the sensitivity is determined by the statistical uncertainty, and
the decay of the ALP to di-photon is treated as a prompt decay. To obtain this curve,
we require S > 2v/B where S is the number of signal events from K; — 7a and B is
the number of background events from Kj; — 7%7%, 7%y~. The analysis is done with the
future KOTO luminosity of N?(L = 2 x 10'. From the figure we observe that KOTO can
be sensitive to branching ratios as small as fewx1077.

This proposed search can have systematic uncertainties from the determination of the
SM background. In figure 7, we show the cases of 1% and 10% systematic uncertainties
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Figure 7. The future reach of the KOTO experiment to BR(K; — ma — 4v). The blue line
shows the 20 sensitivity, keeping into account only the statistical uncertainty. The dashed purple
line corresponds to the sensitivity with the systematic uncertainty of 1%, i.e., S > 2(vB @ 0.01B),
and the dashed green line is for 10% systematics. Also, the red line corresponds to the sensitivity
of the analysis without CUT10 which is effective for ALP masses close to the pion mass, m, =
130,140 MeV.

as dashed purple and green lines, respectively. We expect these two curves to be very
conservative. In fact, the expected signal has a reasonably narrow peak shape, which will
allow data-driven background subtraction such as side-band technique.

5 Axion simplified models

In this section, we study the KOTO sensitivity to the K1, — 7°(yy)a(y7), four-photon
final state, in terms of several ALP simplified models. We also compare the reach to other
past and present high intensity experiments.

5.1 SU(2) coupled axions

5.1.1 Introduction to the model

We consider a simplified model where the ALP couples only to the field strengths of the
SU(2)w gauge bosons:

1 . -
£ = (9u0)” - Fmia’ — 94W a W, W (5.1)

where W;}V is the SU(2) field strength tensor, Wgﬂ = %eamﬂ,W“’““, and the g, coupling
is the leading term in the EFT expansion. This coupling is responsible of Kaon decays into
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Figure 8. Branching ratio of K; — 7%a (in gray, dashed) and proper lifetime of the ALP in meters
(in red) of the SU(2) coupled ALP. The branching ratio of K™ — 7a is not shown in the figure
since, in this model, it is simply given by ~ 1.8 x BR(K1 — 7°a).

ALPs, through W-loop penguin diagrams. In particular, the charged and neutral Kaons
will have a decay width [74]:

3 2\ 2
4 + N Mgy mo_ 241/2
[(K" —7Ta) = Gar \ 1T mé; |Gasal™ Afvy s (5:2)
m%{ m2, ’ 1/2
0.\ _ 2
'Ky — 7 a) = 647: 1-— m%:L Im(gasa)” Aoy, » (5.3)
where A\, = [1 — w] {1 — M} The effective coupling g,sq is given by
M Mg
3\/§GFm2 GaWw *
Yasd = — 167T;V . Z Vadvasf(mz/m%/l/) ) (5'4)
accet

with the loop function f(z) = %. In our numerical analysis, we use the CKM
elements as taken from the CKMfitter Group [75]. In figure 8 we show the branching ratio
of K1, — 7%a as a function of the ALP mass, as well as of the g,;r coupling (gray dashed
curves). In this scenario, the branching ratio of K™ — 7T a is correlated with the K, one
through the isospin relation, BR(K™ — 77a)/BR(KL, — %) ~ 1.8.

Once produced, the ALP will decay back to SM particles. In particular, below the

pion mass, the axion will decay to photons with a width:

2
ws Gayy = GaWw sind = T(a—yy) = JaW it g ms. (5.5)

9o o o oy
4 64m

In figure 8 we show the proper lifetime of the ALP in meters (red curves).
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Similarly, after electroweak symmetry breaking, the ALP will also couple to Zv and
Z 7. In particular,

FaZ Fy gozy = gow sinfeost; 220z D, guzz = guw cos” 0. (5.6)

As we will discuss in the next section, the former coupling can induce a signal at the LEP
experiment, since it induces an exotic decay of the Z boson, Z — ~ya, with width given by

ggw sin? 6 cos? 0

3

N(Z — ~va) =

5.1.2 KOTO sensitivity and comparison with other experiments

The KOTO model independent bound presented in figure 7 can be interpreted in terms of
this ALP simplified model. We compute an “effective branching ratio” for K — 7a(y7)
from eq. (5.3), taking into account the probability for the ALP to decay within 5 cm from
the Kaon decay vertex:

BR(K} — 7°a, a = 7y)er = BR(Kp — 7%, a — v7) x {1 — exp (_icfym)} ,  (5.8)
ala
where 7, is the proper lifetime of the ALP, as shown by the red curves in figure 8. 7, is
the boost factor of the ALP that can be easily extracted from figure 6. The corresponding
reach is shown in the right panel of figure 9 by the region delimited by the red dashed
line. This bound corresponds to the “Future Sensitivity” shown in figure 7 for the model
independent bound. The bound is relatively flat above the pion mass and at around
gaw ~ (5 —8) x 107°/GeV. It becomes quite weaker at ALP masses m, < 50MeV,
because of the weaker bound on the BR(K}, — 7%a — 47) (see figure 7) and because the
life time of the ALP becomes quickly macroscopic.
We now compare this bound to the bounds that we can obtain from other present,
past, and future high intensity experiments, and, in particular, with the NA62 experiment.
For additional phenomenological analyses of similar benchmark scenarios, see e.g. [76].

Past and present kaon experiments. Other past experiments looked for an ALP
produced from either charged or neutral Kaon decays. The charged Kaon experiments
E949 and NA48/2 set an upper bound on the branching ratio of K™ — 7t~y [77, 78] that
can be used to set a constraint on a prompt ALP. Similarly, the E949 bound on the SM
Kt — mtvu decay [68, 79] can be reinterpreted in terms of a constraint on a long lived
ALP. Also the NA62 preliminary bound on BR(K+ — 7" X) with an invisible X particle in
the final state [80] imposes a constraint on our parameter space, in the case of an invisible
ALP. Finally, the KTeV analysis for K; — 7y [67] can be utilized to set constraints
on a prompt ALP, and the KOTO analysis for K; — mvp [64] to set constraints on an
invisible ALP.

o NA/8/2, mT v analysis

We utilize the NA62/48 measurement of K* — 77y in the kinematic range z =
(M /mi)? > 0.2 [78] to set a bound on the ALP parameter space. Our analysis is
similar to the one done in ref. [74], even if we use a different statistical method. In
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Figure 9. Left panel: present bounds on the parameter space of the SU(2) coupled-ALPs, as a
function of the ALP mass, m,, and of its couplings with SU(2) gauge bosons, g, . Right panel:
present and future bounds on the parameter space. In gray, we present the present bound (as shown
in the left panel); in red and magenta, and in purple and blue, we present the future bounds at
KOTO (47 and 2v + invisible signatures), and at NA62 (7 + 2y and 7" + invisible signatures).

particular, as a conservative bound, we require that the expected signal is less than
the observed data plus two sigma uncertainty. We use figure 4 of [78] to set the bound
on the branching ratio as a function of the ALP mass for m, € (220 — 350) MeV. We
require that the ALP decays in the detector volume, and, more specifically, that the
decay length in the lab frame is less than 10 m. We include the corresponding weight
factor (1 — exp[—%]) where E, is taken to be 37 GeV (i.e. half of the Kaon
energy). Our bound is shown in violet in the left panel of figure 9.

o E949, 7Ty analysis

The E949 experiment searched for KT decays at rest with a pion momentum p,+ >
213 MeV. This analysis was re-interpreted in terms of K™ — 77a, a — v with the
ALP decaying within 80 cm of the stopped Kaon [74]. The corresponding bound is
shown in purple at m, < 110 MeV in the left panel of figure 9.

o 949, 7T+ invisible analysis

The E949 collaboration has interpreted their analysis for the SM K+ — 7t v decay
in terms of a bound on a new stable massive particle produced from K+ — 7t X [79].
We utilize this result to set a bound on our ALP parameter space. We require that
the effective branching ratio for K™ — 7"a is smaller than the one presented in figure
18 of [79]. To compute this effective branching ratio, we compute the probability for
the ALP to escape the detector, i.e. to have a life-time longer than 1.5m, starting
from a Kaon decaying at rest.” Our bound is presented in cyan in the left panel of
figure 9.

9We have verified that the requirement of a life-time longer than 1.5m reproduces the results in figurel8
of the E949 paper [79] in the case of a finite life-time of X.
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o NA62, 7™+ invisible analysis

Similarly to the E949 analysis, the NA62 collaboration also performed an analysis to
search for a new stable particle, X, produced in K™ — 7% X in [80]. This analysis uses
the 2016+2017 dataset for K+ — 7t [68], and it corresponds to Ng+ ~ 2 x 1012
where N+ is the number of Kaons decaying in the fiducial region. We require that
the effective branching ratio for K+ — 77 a with the ALP escaping the NA62 detector
is smaller than the observed 90%CL upper bound. The effective branching ratio is
calculated demanding that the ALP decay length is longer than 150 m with the ALP
energy of 30GeV.!"Y The corresponding bound is shown in blue in the left panel of
figure 9.

o KTeV, 1%y analysis

The KTeV analysis for K, — 7%y7 [67] has been utilized to set a bound on a prompt
(i.e. decaying within 1 m from the K decay) ALP decaying into two photons [74].
The corresponding bound is shown in red in the left panel of figure 9.

e KOTO, 7+ invisible analysis

The KOTO analysis [64] sets an upper bound on the BR(K, — 7°X) where X is an
invisible NP particle with mass below ~260 MeV. The analysis utilizes 3.68 x 101" K7,
decaying inside the detector (see table 1). Branching ratios as small as ~ 2.2 x 107
have been tested under the assumption of a 100% invisible decay. We reinterpret this
search in terms of our ALP model, requiring that the ALP has a lifetime long enough
to decay after the detector. We obtain the distribution of the energy and decay point
of K, based on our MC simulation with the analysis defined in [64]. Our bound is
shown in pink in the left panel of figure 9.

Past colliders and beam dumps. In addition to Kaon experiments, the LEP and
Tevatron colliders also set constraints on the parameter space of this model. This is shown
by the two green regions in the left panel of figure 9.

Because of the ALP g,z coupling (see eq. (5.6)), the Z boson can decay to av, inducing
a multi-photon signature in the LEP detectors [81, 82]. The total and differential cross
sections for the process ee™ — v was measured by the L3 collaboration at around /s =
91 GeV [83]. In particular, the L3 experiment set the bound BR(Z — vv) < 5.2 x 107°.
This bound is directly applicable to our model at light ALP masses, since the photons
from the ALP decay would be collimated in the L3 detector. The dark green region in
left panel of figure 9 is the bound we obtain from this branching ratio, asking the ALP to
decay before the L3 ECAL (and therefore with a decay length smaller than ~ 0.5m [84]).

Similarly, the CDF collaboration searched for the decay of a Z boson into two pho-
tons [85]. In particular, the collaboration set a bound BR(Z — 77) < 1.46 x 107° and
BR(Z — v7%) < 2.01 x 107, with the pion detected as a single photon. We apply this
more conservative bound on the decay into a photon and pion for ALP masses below the

10With this parametrization, we reproduce the NA62 bounds in the case of finite life time, starting from
the bound obtained assuming an infinite life time (see page 18 of [80]).
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pion mass. To obtain the corresponding bound, we require the ALP to decay before the
CDF central electromagnetic calorimeter located at 6.8in from the collision point [86].1!
The bound is represented by the dark green region at mg, < my, in left panel of figure 9.

Finally, past electron and proton beam dump experiments set a bound on the coupling
of the ALP with photons g, (see eq. (5.5)). We take these bounds from [50]. They are
represented in gray in the left panel of figure 9.

Future measurements at kaon experiments. Next, we compare the future sensitivity
of KOTO to the four-photon final state (see red region in the right panel of figure 9) to
other projection of searches of NA62 and KOTO.

In particular, the purple region in the figure represents our projection of the NA48 /62
KT — w4~y analysis. To produce this region, we scale the NA48/62 K — m"~~ uncer-
tainty by the v/L where L is the ratio of NA62 and NA48/62 number of Kaon decaying
in the fiducial volume. The NA62/48 have used 1.59 x 10° K* decays in the fiducial vol-
ume [78], while for the future projection we assume that the NA62 will collect 1013 K
decays with a downscaling trigger factor of 400 for K+ — w~v [68].

The blue region in the figure represents the projection of the NA62 K™ — 7+ X (with
X an invisible particle) bound utilizing the full future luminosity. To obtain this bound, we
rescale the expected bound on the branching ratio of K — 77X based on the 2016+2017
dataset [80] with the VI (L = 10'3/2 x 10'2).

Finally, the pink region in the figure represents the projected bound for the KOTO
K1 — 7+ invisible analysis. To obtain this bound, we scale the bound on the branching
ratio in [64] with the /L (L = 1.6 x 10'3/3.68 x 10!, see table 1).

5.2 Gluon coupled axions
5.2.1 Introduction to the model

The axion solution to the strong CP problem makes benchmark scenarios with an ALP

coupled to gluons particularly interesting. The effective Lagrangian at the low energy scale

(b~ mg,'? can be written as

Qs

1 g ~ 1
LD (0,a)* — ~mia® — =2 a G, G = (0pa)* — ~m2a* — SiF,

2 4 2

aGs,G",  (5.9)

where Fy, is the ALP decay constant and éfw = %eo‘ﬁﬂ”Ggﬂ. Since the effective theory can
be valid up to a scale 47/g,y = 47(27F, /) ~ 4TeV(F,/10 GeV) (while the cutoff can be
47 F, in many models), we focus on the ALP phenomenology and ignore the bounds from
heavy states.

To obtain the form of the effective theory below the Aqcp scale we resort to chiral
perturbation theory [70, 87]. For convenience, we perform a chiral rotation of light quarks to
remove the aGG coupling [88] (see also [38, 48]) and generate the derivative couplings with

" This type of analysis was done in [48], with a more conservative bound up to m, < 73MeV to guarantee
collimation of the two photons from the ALP decay.

12Tn appendix C.5, we will briefly discuss additional UV contributions that can affect the K — ma rate
if this effective Lagrangian is, instead, valid at a higher energy scale.
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Figure 10. Branching ratio of K, — 7Y (in black dashed), branching ratio of K+ — nta (in
light blue, dashed) and proper lifetime of the ALP in meters (in red) of the GG coupled ALP. The
mass range ~ (135 — 150) MeV is not plotted for a better illustration.

the three light quarks (up, down, and strange) at leading order in the chiral Lagrangian:
—kq(0ua/2F,) @y v5q where kg = mgt/(my ! + m; +my1). In our analysis, we also keep
the strange quark, since, as we further discuss below, the mixing with the 1 meson also
plays an important role when computing Kaon to ALP decay processes [89].

These derivative couplings induce a kinetic mixing between the SM mesons and the
ALP. The 7% and 7 states receive a small admixture of the physical ALP state, such that

77'0 x~ Wghys + Hwaaphys ;11 = Tphys + enaaphys 5 (5‘10)

where, at the leading order, the mixing angles are given by

F m2
Ora SF, (Ko — Kd)m ; (5.11)
0 ~ Fp V2m2[ky + ka — 2K5) €08 Oy — 2 (M2 [k + Ka + Ks) — 6Am2,) sinb,,) (5.12)
"R, 2v/6(m2 — m2) T

where we have defined A™! = (my +mgq)(my' +m;t +m; ), and F, is the pion decay
constant given by F =~ 93MeV. 6,/ is the -1’ mixing, whose value has a large uncertainty
and lies in the range ~ —(10°-20°) (for an early study see [90, 91], and for more recent
developments see e.g. [92-94]). Note the different m, dependence in the ALP-n mixing of
the cosf,,, and sin@,,  terms. This is due to the fact that the sin6,,, term arises from
mass mixing, the cos 6,,, from kinetic mixing. At the same order in the chiral Lagrangian,
the physical masses of the ALP, pion, and eta mesons are unaffected.
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From the ALP mixing with neutral light mesons and the known operators for hadronic
decays of the Kaons in the chiral Lagrangian (see appendix C), we can calculate the Kaon
decay widths at the leading order (similar calculations can be found in [95]). For simplicity,
in the following we will fix sin6,,, = —1/3 [52]. We will comment in the text, how the
results will change if we had fixed a different value of 6,,/ in the —(10°-20°) range.

|l

1
D(K* = mta) = —lgxcen-al® 5 (5.13)
™ my
1 -
F(KL — 7'('0 ) = —’\/iEKgKoﬂ.an |pg| , (5.14)
8T my

where the CP violating parameter in the Kaon mixing is given by ex = 2.23 x 1073,
and |py| is the absolute value of the momentum of the ALP. The corresponding effective
couplings are

3G (mg — m?rJr) + Gor (Sm{j:(Jr — 7mfrJr + 2m2)
3
6Gs (m3.. —m2) + Gor (Tm3. — 3m2, —4m3) }
. (5.15)
3v3
(Gs — Gar) (2m?3, — m2, —m2)
V2
2Gs (—mio +m3) + Gar (Mo +m2o — 2m3)

V6

IK+n—a = _Z'Fﬂ{aﬂa

+ 017(1

9KO70q = _iFw{Hwa

+Opq } (5.16)

The Gg and Ga7 couplings are the coefficients in front of the operators responsible for
the 5 — d transition, which transform like (81,1g) and (271, 1r) (see appendix C). From
lattice calculations, we know that the Gg coeflicient is significantly larger than Ga7. In our
numerical analysis we will use the leading order values [70],

Gr . 1.80 x 10~
G8,27 = —ﬁvudvus 98,27 = —Wg&z%

gs = 4.99, g7 = 0.253, (5.17)

where V4, Vs are CKM elements.

In figure 10, we show the BR(K; — 7%) and BR(K+ — 7ta) as a function of
mg and of the decay constant F,. As we expect from the ex suppression in eq. (5.14),
the branching ratio of the neutral mode is generically suppressed, if compared to the one
of the charged mode. There are also some accidental cancellations of the charged Kaon
branching ratio. The position of the cancellation at low mass m, ~ 80 MeV largely depend
on the particular value chosen for 6,,,, whose uncertainty is sizable. The position of the
cancellation at higher mass m, ~ 210 MeV, instead, depend importantly on both the exact
values of the quark masses, and the mixing angle 0,,,.
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Figure 11. Left panel: present bounds on the parameter space of the GG coupled-ALP benchmark,
as a function of the ALP mass, m,, and of its decay constant, F,. Right panel: present and future
bounds on the parameter space. In gray, we present the present bound (as shown in the left panel);
in red and purple we present the future bounds at KOTO (4~ proposed search), and at NA62
(7T + 2 signature), respectively. The bands for the Kaon experiments (E949, NA62, KOTO) show
the uncertainties from the quark mass values. See the main text for the discussion.

The decay of the ALP is controlled by the di-photon coupling and it is generated by
the chiral rotation and the mixing with the mesons,

Ja ~ alN, 1 _ \/i
Z’Y CLF/“,F‘“ s Gayy = T ( - E“[”q@é] + ﬁtr[ASQg]eaﬂ
2
+ \FCtr[()\g cos Oy, — Ao sin an/)Qg]Oan> (5.18)
g2
_ Jayy 3
= TI'(a—yy) = o1y "a (5.19)

The trace runs on the three-flavor space, @ is the diagonal matrix with the electric charges
of the quarks on the diagonal, N, = 3 is the number of colors, A3, Ag are Gell-mann matrices

(normalization tr[A,\s] = dap), and Ao = %diag{l, 1,1}

5.2.2 KOTO sensitivity and comparison with other experiments

In figure 11, we show the current bounds (left panel) and future reach (right panel) on
the parameter space of this simplified model. We compare the bound from the KOTO
experiment to the bounds from other Kaon experiments, as well as other present and
future accelerator experiments. The discussion for the bounds and projections is almost
parallel to section 5.1.2 for the SU(2)-coupled ALP simplified model. The most relevant
differences arise for LEP, beam-dump experiments, the GlueX experiment, and PIBETA

experiment, which we comment in the following.
e LEP

The GG coupled ALP does not have a coupling to Z~v unlike the SU(2) coupled ALP.
Still LEP set a constraint on this benchmark model through the process ete™ —
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~v* — ~va where the di-photon from the ALP decay is collimated and seen as a single
photon. In [96], the bound on the aF F operator was derived from the OPAL inclusive
27 search [97]. We show this bound in dark green in the left panel of figure 11.

e Proton and electron beam dump experiments

In the proton beam dump experiments, the GG coupled ALP can be produced
through the meson mixings and decay by the effective photon coupling. The bound
was studied in ref. [98] using the CHARM result [99]. In our figure, we also include
the bound from the electron beam dump experiments, E141 and E137, where the
induced photon coupling is responsible to both the production and decay (see [50]
and references therein). Both bounds are shown in gray in the left panel of figure 11.

o GlueX experiment

The GlueX experiment can be used to set a bound on the ALP parameter space [53].
The experiment utilizes a 9 GeV photon beam colliding against a fixed target. The
ALP can be produced from the decay of vector mesons such as p and w and observed
via its decays to photons. The bound was derived using 1/pb data of [100], and it is
shown in yellow in the left panel of figure 11.

e PIBETA experiment

The precision measurement of 7+ — 7°(— ~v7y)er at the PIBETA experiment [101]
gives a constraint on 6., for 100 MeV < m, < myo [102]. The corresponding bound
is shown in light green in the left panel of figure 11 (“73”). We have checked that
the measurement of 7™ — ev by the PIENU collaboration [103] does not give an

additional constraint in the region of parameter space shown in figure 11 [102].

The main updates in figure 11 are the bounds from Kaon decays. In the figure, we
only present the bounds obtained from visible searches (K* — ntyy and K — 70vy),
since the invisible ones do not extend the reach of the beam dump experiments. We
represent each Kaon bound in the figure with a band. This quantifies the uncertainty
coming from varying the quark mass ratios in the range m,, /mg = 0.47 (+0.06, —0.07) MeV,
ms/m = 27.3 (+0.7,—1.3) MeV [104]. This uncertainty particularly affects the NA62
bound at m, ~ 230MeV, close to the accidental cancellation for BR(K* — 7ta) shown
in figure 10. We do not show the uncertainty on the bound coming from the uncertainty in
the determination of 6,,/. This will particularly affect the E949 [K*] bound at low mass.
This bound on F, can change by a factor of ~ 2 varying 6,,, in —[10°,19°]. Note that the
bounds on the K, decays do not suffer of large uncertainties, as we discuss in more details
in appendix C.4.

As shown in the right panel of figure 11, in the future, both the NA62 KT — 7nta
(“I29]"), and the proposed KOTO K — 7la (“[4y]”) searches will significantly extend
the probed parameter space, especially at mq, > m 0. It is also interesting to note that, in
the future, the parameter space of the gluon coupled ALP will be fully probed up to decay
constants F, ~ few TeV for m, < m,. The regions of parameter space not yet probed
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in the left panel of figure 11 will be, in fact, probed by the GlueX experiment with 1/fb
data [53] and by the SeaQuest experiment at Fermilab [105].

6 Breaking the Grossman-Nir bound

In this section, we describe in details the GN-breaking simplified model introduced in
section 2.2, highlighting the unique sensitivity of the KOTO experiment in probing its
parameter space.

6.1 Chiral Lagrangian analysis

The effective scalar (¢)-quark couplings given in eq. (2.10) can be embedded in the chiral
Lagrangian in the form of mass terms as
F?B,

¢QTTr[y2AZdE] +he., (6.1)

F2B
¢ Ty ha®] o+ g

AéNV AéNV
where By = m2/(my + mg), Fy is the pion decay constant, F, ~ 93 MeV, y1,2 are real
couplings in the mass basis, v is the vacuum expectation value of the Higgs, v = 246 GeV,
and ¥ is the common exponential pion field matrix

0

0 L oms + +
YRl \/% 07T K
Y =exp[2ll/F;], II= 7 T —% + % K |. (6.2)
K~ K% 2
V6

Asd 18 the three by three matrix leading to s — d flavor violation

000
da=|001]. (6.3)
000

Expanding the Lagrangian in (6.1) in powers of II, we find the matrix elements for the
several meson to ¢ transitions:

vF,. B _ Yo — vF_B, _
Laa = —(y1 + o)y —ox(K0 + K°) +i 22202 32 (K — K°) (6.4)
GNV GNV
y1+y2 vBy 2 2 0 0 70 8
+ (c° = x)NK +K") | —=+—F=
T W VitV
. vBy 0 =0 0 UL
il =)o (K7 - K (T2 4
A&y V2 V6
~y1t+y2 vB vBy

(=) KTn™ + K- nt) —i(ys — 1) ox(Ktn~ —K~nt).

2

2 2
AGNV AGNV

These terms will lead to exotic KT, K and Kg decays, where we are working on the phase

. 0,4 50 0_ 0
convention Kj ~ K\J/%K and Kg ~ KﬁK

the effective operator in eq. (2.12), ALXFWFW, that is responsible of the y decay into two

. On top of this effective Lagrangian, we add

photons. As long as A, < 50 TeV (120"1716113\/)27 the decay length of x is smaller than ~ 10
cm in the analyzed mass range, and, hence, its decay is effectively prompt [6].
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6.2 New kaon decays

From the effective Lagrangian in (6.4), we can compute the matrix elements for the several
transitions. We find

2 UQFEB(% |ﬁcr|

4 2
AGny My,

1
DKL = ox) = (1 +32) ; (6.5)
where |py;| is the absolute value of the momentum of o in the center of mass frame.
Also the charged Kaons will inherit new exotic decay modes. However, due to
charge conservation, only decay modes with three (or more) final states will be generated
(see (6.4)). In particular,

1 2 2B2 d 2 d 2
F(K:I: — 7T:t0'0') — ’ ((yl +y2) U4 0) f ma% mmr, (6.6)
1287 4 Adny mye
1 v2 B2 fdm2 dm?
D = o) = o (=i s ) H e (6.7
25673 Aty m3

Analogously, KT can also decay to m¥yx with the amplitude given by (6.6) with the
replacement dm?2_dm?2._ — dmixdmiﬂ.
K7, also acquires new three-body decays:

1 (y1 +y2)? v2B2\ [ dm?2, dm?
I"(K; — nl00) = ( a7 (6.8)
12873 4 Ay mi
and correspondingly for K — 7%yx.
Finally, new (two or three-body) decays of Kg will be also induced:
1 o V2E2BE (P,
I'(Ks — 00) = — (y1 — y2)” —5—2 , (6.9)
8 AéNV m%{S
1 v2B2 fdm2 dm?
NKg — Woax) = — <(y1 — y2)2 0 ) x_or . (6.10)
25673 Ay mi

and, similarly, one can obtain the width for Kg — xx with the replacement |p5| — [P\
These decay modes will be obviously more suppressed due to the larger width of Kg.

6.3 KOTO sensitivity and comparison with other Kaon measurements

The decay mode Kj — o) can show up in the KOTO K — 7% signal region, as long
as the pseudoscalar x has a short enough life-time, and o is stable in the KOTO detector.
In particular, one needs 7, < 10 cm that implies the operator ALXF Wﬁ’ ¥ to be suppressed
by a not too large NP scale: i >1/50TeV—1.

This term induces kinetic mixing between y and the pion at one loop, eau)(@“ﬂo,
with € ~ 1/1672 x Gy Gxy Agutoﬂ with gr and g, being the pion and x photon-couplings,
respectively (gry = a/(47F;) and gy, = 1/Ay), leading

B Acutor \ 2 50 TeV
~ 1077 . 11
e~ 1077 x < GV > X Ay (6.11)
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Figure 12. Left panel: signal efficiency as a function of the x mass (blue curve). In the plot, we
fix m, = m,. For comparison, we show in red the KOTO efficiency for the K — n%v signal.
Right panel: the blue lines represent the BR(K — o) needed to produce 3 events in the KOTO
signal region using the data collected in 2016-2018 (solid line), or future KOTO data (dashed blue).
The other curves correspond to the predictions for BR(K; — 7%cc) and BR(K; — 7%xx) (light
blue), BR(K* — nto0) and BR(K* — 7% xx)(red), BR(K* — 7o) (vellow), BR(Ks — 00)
and BR(Kgs — xx) (green), and BR(Ks — n%0y) (purple), once we demand the model to produce
3 events in the KOTO signal region using the data collected in 2016-2018. For the latter three
curves, we have fixed yo = 2y;.

The loop is quadratically sensitive to the internal momentum, Acygo. The loop momenta
that characterize the pion-photons coupling decrease significantly above the QCD scale.

0 mixing shows that this effect can be neglected.

Therefore, the above estimate of the xy — 7
As for o, it can decay to four photons (e.g. via its coupling to x and a neutral Kaon which
couples to two photons) however this coupling is suppressed by CKM factors, extra loop
and 1/A,. Therefore it is safe to consider o effectively stable.

The efficiency for Kj — ox to end up in the KOTO signal region depends crucially
on the mass of the ¢ and y particles. In the left panel of figure 12, we show in blue
the efficiency has a function of m,, that, for convenience, we fix to be = m,. A sizable
efficiency is reached as long as the x mass is not too far away from the mass of the pion. In
figure 13, we also show the distribution of our montecarlo events for Kj — o for different
values of the m, = m, mass. As we can observe, the events fall nicely in the signal region
(the region delimited in red) as long as 100 MeV < m, = m, < 160 MeV.

Using the efficiency of the left panel of figure 12 and the widths discussed in the
previous section, we can compute the sensitivity of KOTO to our model, as well as the
corresponding predictions for the other exotic K and Kg decay modes. In the right panel
of figure 12, the blue lines represent the BR(K, — o) needed to produce 3 events in the
KOTO signal region using the data collected in 2016-2018 (solid line), or future KOTO
data (dashed blue). Note that 2016-2018 data is already able to probe a branching ratio
as small as BR(K[, — ox) ~ 1.3 x 1072, This corresponds to a GN breaking scale as high
as AGNV/\/ (y1 + yg) ~ 107 GeV.

The other lines in the right panel of figure 12 are the corresponding predictions for
BR(K; — 7%00) and BR(K; — 7%xx) (light blue), BR(K* — n*00) and BR(K* —
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Figure 13. The expected event distribution of K; — o) decays for different mass points mgy =
me = m,. We simulate 10* decays for each mass point, reconstruct the vertex and momentum, and
apply the kinematic cuts of the KOTO Ky — 7%vi analysis. The KOTO signal region is delimited
in red, as a function of the position of the vertex, Z, and of the reconstructed di-photon transverse

momentum, pi.

7txx)(red), BR(KT — 7ntox) (yellow), BR(Ks — oo) and BR(Ks — xx) (green),
and BR(Kg — 7w’0x) (purple), once we demand the model to produce 3 events in the
KOTO signal region using the data collected in 2016-2018. For the latter three curves,
we have fixed yo = 2y; (see the parametric dependence of the several widths discussed in

section 6.2).

7 Discussion and overview
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Rare Kaon decay modes have been always considered among the few holy grails of fla-
vor physics because of their rareness, and because of our ability to control them well
theoretically. This made rare kaon decays singular in their ability to probe new physics
(NP) models.

The current time is rather unique as both the KOTO and the NA62 experiments are
collecting high quality data aiming to reach unprecedented precision in the measurement
of neutral and charged Kaons, respectively, providing a direct test to the SM predictions.
What makes all this possible is the huge fluxes of Kaons achieved at J-PARC and at
CERN. The fact that the KOTO and NA62 detectors have access to these astronomical
fluxes makes them sensitive to other types of dynamics that we denote as “dark sector
physics”. By dark sectors we refer to a class of models with light particles that couple
only weakly to the Standard Model (SM) fields. In this work, we have shown that such
dark sectors can be probed in regions that could not have been searched for so far, which
is rather exciting.

In this paper, we particularly highlight the complementarity of the two experiments.
Naively, the fact that NA62 already probes charge Kaon decays with branching ratios
as small as 10719 while KOTO is an order of magnitude behind in the corresponding
neutral decay mode, makes one conclude that KOTO is only providing us with a secondary
validation of the searches done at the NA62. This statement may be enforced by the
Grossman-Nir (GN) relation that bounds the size of the NP contributions in the neutral
mode via the charged one. We, however, demonstrate that the physics of dark sectors do
not necessarily follow this pattern. The reason is two fold: i) on the experimental side, the
two experiments are different in several essential aspects, in terms of kinematics, acceptance
and sensitivity to different final states; ii) on the theoretical side, when examining dark
sectors one find that the NP-GN relation can be effectively violated by as much as several
orders of magnitude.

We show this by considering two qualitatively different physics cases. In the first, we
consider models of axion-like-particles (ALPs) which couple to electroweak gauge bosons
or to gluons. We find that ALP-diphoton decay mode, K; — 7°(y7y)a(y7), can be very
efficiently searched for at KOTO. We layout a new search strategy that, if adopted by the
collaboration, would allow KOTO to probe uncharted territories of ALP-physics. At the
same time we also find that the corresponding final state at NA62, K™ — 7+a, while being
equally interesting, can suppressed. This is the case of the ALP-coupled to gluon model
where cancellations between different contributions when including the 7 and 7’ contri-
butions can happen, albeit with large theoretical uncertainties. This probably calls for a
more detailed theoretical analysis of the KT — 7%a decay, going beyond leading order
in the chiral Lagrangian, and also carefully including the uncertainties related to quark
masses and to the n — 7’ mixing. This might be an interesting study to be performed on
the lattice which would then be freed from the uncertainties related to the chiral expan-
sion. In the second, we introduce a model based on approximate strange flavor symmetry,
that effectively leads to a strong violation of the Grossman-Nir bound. We find that this
benchmark model can be discovered by the KOTO experiment looking for Kj decaying
into two photons plus invisible. It is also worthwhile to mention that this benchmark could
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also account for the potential-candidate events seen at KOTO and the absence of signals
at NA62 at the same time. In fact, the corresponding charged Kaon signals at NA62 would
be several orders of magnitude suppressed, and effectively hidden to this latter experiment.

Our main messages of this paper are quite general and motivate model independent
searches at both Kaon factories.

Note added: while this work was at its final stage of completion, refs. [106-109] that
have some overlap with the topics discussed above, appeared.
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A SM reconstruction

The axion reconstruction we introduce in section 4.1 should also work for the SM processes
K; — 7979 7%y, A dedicated algorithm was employed for K; — 7% by the KOTO
collaboration. This algorithm is well-tested and, indeed, it has been used for flux measure-
ments of the incoming Kj. We use this method to cross check our MC simulation. We
briefly review it in the following.

The strategy is:

1. Assume the four photons come from two neutral pions, and assign the four photons
to two pairs, say 71,72 and 73,74. There are three possible combinations.

2. The position of the vertex, Z,x, is reconstructed based on each pair of photons from
the requirement

m'2}/172 (ZVtXJ) = mfr(h m'%/374(ZVtX72) = mz-()- (Al)

Each of this equation leads to at most two solutions for Zyix1 and Zyiy 2.

3. Pick the combination where the two reconstructed vertices, Zyix 1 and Zyix 2, are the
most consistent. A “pairing variance” is introduced to evaluate the consistency of
the two vertices,

MNpair 2 T9\2
(dz; — dz?)
X2 = Z e (A.2)

02 )

np'ur Npair
dz? = < ) / (A.3)
1 d22 1 dz2 )i

= i=
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where np.;; = 2 for four photon events, and dz is the distance from the ECAL
(Zytx = 6.148m — dz). The combination that minimizes X?lzg is picked, and then the
decay vertex of K, is identified. Since dz? = dz?(F1,7%, E5,, E,,), the variance is
obtained by the combination of resolutions of photon position and energy:

o2, 8dzi20 2 o 8dzi20 2 o odz? o 2 o 0dz? - 2 (A4)
dz2,1 — 37”71 Ty 87’72 L) o E’y1 Ey, o E’Yz Eq, :

B E)dzf 2 o 8dzi2 2
N or, 1 Or-, 1y

© Galz:i2 1—cosf 2@ adzg 1 —cosf 2 (A5)
dcost E,, 7En dcost E,, 7By ) > '

where o and o, are the energy and position resolution, respectively.

B Validation of our analysis

We validate our simulation and reconstruction algorithm by cross-checking the measured
quantities at KOTO [64, 65].

B.1 Detector effects

First, we check the detector smearing we include in our analysis reproduces the KOTO
results. At KOTO, 7% — v+ was measured in a special run and the shape of the di-photon
invariant mass was reported in figure 7 of [65]. Assuming the decay vertex is known,
we reproduce the shape with the energy and position resolution. We use the detector
parameters given in [65]. We find that the position resolution is only a minor effect. This
implies that, when the vertex is reconstructed, the main source of uncertainties is from
ECAL smearing.

B.2 Reconstruction of four photons

K1 — 4v was measured by the KOTO collaboration, and the reconstructed four photon
invariant mass is shown in figure 11 of [65], . The peak region is dominated by K —
7070, We simulate K; — 7%7° events and perform the SM reconstruction discussed in
appendix A. The shape of the peak region is well reproduced.

Ref. [65] provides the acceptance for the performed analysis, A = 1.48 x 1073. We

reproduce this acceptance at the 10% level, as it is shown in table 2.

B.3 Analysis of the decay K; — nvis

We have used the KOTO K; — 7% result to set constraints on the two ALP bench-
marks of section 5, as well as for the K; — o) analysis. First, we cross checked the
efficiency of K — 7°X(— invisible) with [6]. We calculated the KOTO correction
factor e(Ky — m%a).

Also, we checked the overall acceptance. With the efficiencies of veto and shower cut
(€veto = 17% and eghower = 52%), we get an acceptance ~ 30% higher than the reported
acceptance reported in [64]. This information is useful to estimate the uncertainty of our
proposed Kj — m%a — 4+ search, where the result is fully based on our simulations.
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Process Cut Flow | Acceptance
K QBeam Exit 1
Ky, decay in 2 < Z < 6.148m (truth level) 100,000 7.86%
4 photons hit ECAL 5,085
Riax <85cm 3,792
min E,, > 50 MeV 3,442
dmin >15cm 3,056
Am,; < 6 MeV 2,650
Amp, < 15MeV 2,473
Im < Zoix < 5.4m 2,115
> Ei 2,011
| Xcoe| < 6 cm, [Yepe| < 6 cm 2,011 | 1.58x1073
Table 2. Decay probability, cut flows, and acceptance of our K, — 7970 analysis.

C AS =1 transitions and ALP coupled to gluons

C.1 ALP-meson mixing

We want to compute the ALP-meson mixing arising from the effective Lagrangian in (5.9).
We work in the framework of the chiral Lagrangian and perform a chiral rotation such to
remove the mass-mixing between the ALP and the light mesons [88]. The remaining ALP
interactions with SM mesons is through the kinetic mixing that is given by

iF2d,a

Lot = =" Tr[ky(XTDHY — 2DFETY] (C.1)

where &, is the diagonal matrix with xk, = m%z /> q,(m%ll) on the diagonal, and the ¥ is the
non-linear meson field. However, due to the non-negligible mixing between the n and 7’
mesons, the 7’ meson has a mass mixing with the ALP through the axial anomaly.

To compute this effect, we follow the prescription given in [52]. We keep only the light
state 7 in the mass basis and decouple the 7/, assuming sinf,,, = —1/3 (see, however,
eq. (5.12) for the generic expression of the ALP-7 mixing). Then the non-linear meson

field is given by

L + +
. /2 + 73 07T K
Y =exp[2ll/F;], II= 7 T —% + % K° (C.2)
K~ K° -1

where we are adopting the pion decay constant F; ~ 93 MeV. The chiral Lagrangian has

now both kinetic mixing terms of the ALP with the pion and the 7, and mass mixing terms

of the ALP with the n:
iF2 d,a

Lot =1 T,

F2
Tr[ky(STDFY — DY) + fBOTr[EmT +miyl], (C.3)
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where m is the matrix m = exp(irqq575)mqexp(ikgzz75) and By = m2 /(my, + mgq).
After diagonalizing this system, the physical ALP and meson eigenstates are given by

1 _ KoM?2 _ KyM}+6Mya
a . MZ_MZ MM Gphys
Kr
>~ MT]\Z% 1 0 7Tphys 5 (C4)
n KnMng(SMna 0 1 Tlphys
TME-MZ
where
Fr Fr
K - — — K = — —
™ 2F, (/fu K’d)a n \/6Fa (Ku + K4 K’S)u
2 F, My MM
M, = \f = “ ° m2, . C.5
n 3 F, (my, + mg)(mymg + mgms + msmy,) 0 (C5)

C.2 AS =1 transitions

Based on Cirigliano et al. [70] (see also references therein), at the low energy the two

operators responsible for AS = 1 transitions are'?

2
Las—1 = GsF2Tr[\gD'Y1D, Y] + Gor F2 (Luggyﬁ + 3LM21L§‘3> +h.c., (C.6)
where
000
g — i\
L,=ix'D,s, Aa=22"2_fo001]. (C.7)

V2 000

The coefficients Gg 27 can be determined by the measurement of Kaon decays to pions (see
eq. (5.17) for their value). In order to study the width of K — ma arising from ALP-meson
mixing, we need to obtain the trilinear interactions of K-m-7°/n. Below, we expand the
two relevant terms in the chiral Lagrangian.

G8 term.

iF,Gs
3v2

{\fﬂ_KJr (2\/317 (m?7 — mﬁﬁ) + 370 (mfrJr — m20)>

+6K KTK° (m%(() — miﬁ)
+ K° (—2\/§7ror] (m% — m%o) + 37970 (m2 m%o)>

7T0_

+ 6K (m2y —mio) }+he. (C.8)

K9_K©O
V2

. . . . . 0 w0
13 As mentioned in section 6.1, we are working on the phase convention K, ~ % and Kg ~
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G27 term.
,L.Fﬂ'G27
9Vv2

{\/6K+7r_17 (4171727 — 7m§(+ + 3m3r+)
+3V2K 7% (=5m3, — 2mZo + Tm2.)
+ 12K~ KTK® (m30 — my)
+ Kon( — 67 (m%o — m727) — 3370 (—Qm% + m%(() + mfro) )
+ K° (971'0770 (mg(o — mio) — 127 7" ('m%(O — mzr+) ) } + h.c. (C.9)
C.3 K — ™ — a interactions
From the obtained three-point SM meson interactions reported in the previous section, we
can obtain the three-point ALP-meson-meson interaction via the leading order rotation
70 ﬂghy + Orqlphy (C.10)
1 —> Nphy + Hnaaphy . (C.ll)
In the chiral Lagrangian, the masses come from derivative-squared terms. If we expand

the pion/eta fields to physical pion/eta and axion fields, the axion mass dependence appears
due to derivative acting on the axion. For example,

0

(comie + comZo + csm2 ) K770 = Ora(cimi + com? + esm2 ) Kt n7apny, (C.12)

(camFe + esm?o) K007 — Ora(2camic + csm?2 + C5m72r0)K07rghyaphy .
(C.13)

The Gg and Ga7 terms in (C.8), (C.9) with the ALP-meson mixing will lead to the

interactions relevant to the K — ma decays (for simplicity, we omit the subscript “phy”),

LAas—1 — —iGsFKTn~a (—[mfr+ - mZ]Hm + %[mﬁﬁ - mi]@na> (C.14)
—iGsFr K% <\2[2m%<0 —m2o — mZ0rq + \/g[—m%(o + mZ]&na>
—iGoyrFr K 1 a <i1))[5m%(+ +2m2 —Tm2, 0rq + ?n1/§[7m§{+ —4mc2l—3mfr+]c9,7a>
—iGor Fr K% (—\%[Qmﬁ(o —m2, —mgwm—i—\}g [m2. —2mg+m72r0]6?m> + h.c.

This leads to the interactions reported in section 5.2.

C.4 Octet enhancement in KT — nta

The naive estimate for the BR(K+ — 77 a) is often obtained by simply utilizing the ALP-
pion mixing. This would lead to

BR(K" — 7" a)naive ~ BR(KT — 7t 7%)6? 21

a — ?
‘pﬂo ‘

(C.15)
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Figure 14. Left: comparison of our full calculation for BR(KT — 7ta) (in black) to other
estimates. The naive scaling of the SM BR(K+ — 77 7%) is shown in pink (see (C.15)). The result
that keeps into account only the ALP-pion mixing is shown in blue, the one with only the ALP-eta
mixing is shown in red. The analogous comparison of the BR(K7 — 7%a) calculations is reported
on the right panel.

where BR(KT — 77 7%) ~ 21%, and |p,| (|p0|) is the absolute value of the momentum of
the ALP (pion). This, however, only captures a small part of the overall NP effect. In the
SM, the KT — 770 transition is dominated by the Ga7 term while the Gg term is isospin
breaking and suppressed by the pion mass splitting (see egs. (C.8) and (C.9)). However,
if the 70 is replaced by the ALP via 6,,, there is no such suppression of the Gy term.
Moreover, the Gg contribution coming from the n-ALP mixing also leads to an important
contribution [89, 95].

In the left panel of figure 14, we numerically compare the naive estimate from eq. (C.15)
(pink line) to our full result (black line). The result obtained keeping only the mixing 6.,
(0q) is also shown in blue (red). A large difference between the pink and the black lines is
particularly observable at low values of m,. This is due to the fact that the n contribution
comes in part from ALP-n mass mixing that, contrary to kinetic mixing, does not go to
zero for m, — 0. Furthermore, generically, the two new Gg contributions from 6, and 6,
have a similar size and can lead to large cancellations depending on the value of the ALP
mass. However, the value of m, at which this cancellation happens strongly depend on the
various parameters. In figure 11 of the main text, we estimated the uncertainty on the K+
experimental bounds coming from the uncertainty on the quark masses. In addition, there
are additional sizable uncertainties coming from the uncertainty on the n-1’ mixing angle.

On the other hand, the prediction on BR(K; — 7Ya) is rather stable against these
uncertainties because the dominant contribution comes from the Gg contribution from the
ALP-pion mixing, and even the naive formula analogous to eq. (C.15) can typically capture
it (see the right panel of figure 14). Therefore, the prediction on BR(K™ — ©%a) has a
large uncertainty while the prediction of BR(Ky — 7%a) is more theoretically stable.
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C.5 Possible UV contributions to K — mwa

Our analysis in section 5.2 for the ALP coupled to gluons assumed that the effective
Lagrangian in (5.9) is given at the low energy scale u ~ m,. Starting with this Lagrangian,
we have shown that the BR(K;, — mYa) will be quite suppressed, if compared to BR(K*+ —
mta) because the former is CP violating (see the e suppression in eq. (5.14)).

However, UV completions of this effective Lagrangian generically lead to an enhance-
ment of the branching ratio of the K; mode at the two-loop order with direct CP violation,
which we schematically described in the following.

The aGG coupling will also induce a coupling of the ALP with quarks. This is given

by
2

3 « 7 11
Goaq A0V Gagg = —— Mqlag <log — -t g(ﬂ;)) , (C.16)
s mg 3
where 7, = 4m2 /m2 and g(7) is a loop function that can be found e.g. in [48]. Thanks to
these induced coupling, the ALP will be produced in K — n%a through penguin diagrams
with the ALP radiated from the quark loop. The corresponding partial width can be

estimated as [110]

Ky — mla)~

2

* e m

( )4fL KL § Im V ) )(gaga)Qmi log szV’ (C17)
acc,t @

where f, is the form factor in the K decay, and V4, V,s are CKM factors. This decay is
induced, for example, by the dimension five operator d,a(5v5v"dr,) as in the SU(2) coupled
ALP case of section 5.1. In this case, we will not have a e suppression in the decay. Thus,
this two-loop contribution can potentially significantly enhance the BR(K; — 7°a) (see
also [111]).

Similarly, also the rate of the charged mode K+ — m"a can be enhanced by these UV
contributions:

2
m
MKt = rta)~ (% i 2mies Y [VaaVasl” (g5h,)?m?2 log mi%: (C.18)
acc,t

The enhancement is, however, not as sizable as the one in the neutral mode, because of

the absence of the ex suppression in the IR contribution.
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