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1 Introduction

Integrability plays a key role in quantitative understanding of the planar AdS;/CFTy cor-
respondence and strongly coupled quantum field theories (QFT). For a review, see [1] and
references therein. Exploration of integrability based methods to studying non-perturbative
properties of QFT is one of the research focuses in theoretical physics. Integrable quantum
field theories in spacetime dimension higher than two are quite rare, among which the
planar NV = 4 super Yang-Mills (SYM) theory in four-dimensional spacetime is the most
famous example.

N = 6 superconformal Chern-Simons in three-dimensional spacetime is another exam-
ple [2]. The integrable structure established in the ABJM theory mainly focuses on single
trace operators which correspond to closed spin chains in field theory or closed strings in the
gravity dual theory [3—6]. See review [7] and references therein. In our previous paper [8],
we studied the anomalous dimension problem of determinant like operators in ABJM the-
ory under the inspiration of the fact that integrable structure can be found in SYM open
spin chain constructed from giant graviton [9, 10]. We have computed the anomalous
dimension matrix of the following determinant like operators up to two-loop order

Ow = GalmaNGbl“'bN (AlBl)le R (AlBl)aN71 N (11)
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where
W = (A2B2) - (x) - (A2Ba). (1.2)

The determinant like operators in the ABJM theory can be viewed as an open spin
chain with the Hamiltonian given by their anomalous dimension matrix. The gravity dual
description of these operators is open strings attached to the giant graviton—D4-brane
wrapping a CP? inside CP?, while the operator with W = A;B; is dual to the D4-brane
itself [11, 12]. Strong evidence on the integrability of this open spin chain has been found
in paper [8] based on the coordinate Bethe ansatz approach and a much more solid proof
was given in [13]. In this paper, we want to push these results to higher loops to obtain
the asymptotic Bethe ansatz equations. We do this by the assumption of integrability still
survives at higher loops. We choose W = (A3B2)* as our open spin chain vacuum, and the
field  is an elementary excitation belongs to either A-particles or B-particles and both are
transformed in the four-dimensional representation of centrally extended su(2|2) algebra.
At the boundaries, the symmetry preserved by the bulk breaks down to su(1]2).

The ABJM giant graviton open spin chain has two types of particle which we named
A-particle and B-particle and are charge conjugate to each other. The bulk dispersion
relation is

1
e(p) = 2\/ 1+ 16h2(\) sin? (g) (1.3)
where the h()\) is the so called interpolation function with the weak coupling expan-
sion [14-16]
2
h(\) = A — %xg + O, (1.4)
and in paper [17], the authors conjectured a exact formula of A(\) by comparing the quan-

tum spectral curve method [6] and supersymmetric localization. The anomalous dimension
of determinant like operator is related to the bulk energy of the spin chain as

A- Kz (et -5) + KZ (et~ 5) (15)

where K 1{1, K 113 is the number of momentum carrying A-particle and B-particle respectively.

The remaining part of this paper is organized as follows: in section 2, we briefly review
the su(2]2) invariant S-matrix and obtain the bulk S-matrices of ABJM giant graviton open
spin chain. In section 3, we fix the boundary scattering amplitudes by symmetry analysis
and computation from the weak coupling region. In section 4, we define the double row
transfer matrices and the eigenvalues are easily obtained based on people’s previous work.
The asymptotic Bethe ansatz equations are also given in this section. In section 5, we
discuss the weak coupling limit of our asymptotic Bethe ansatz equations. By a sequence
of actions of fermionic dualities, we obtain the two-loop scalar sector (SU(4) sector) Bethe
equations. Making use of the “gauge” transformation on Bethe equations, we can obtain
the same set of equations derived in our previous paper. Finally, we conclude in section 6
and some details on “gauge” transformation are given in the appendix A.



2 The bulk S-matrices

As mentioned above, the symmetry preserved by the bulk of the ABJM giant graviton open
spin chain is centrally extended su(2]2). It’s convenient to use the generalized rapidity z1, zo
to parameterize the su(2|2) invariant S-matrix. In this paper, we use the form of su(22)
invariant S-matrix given in [18§]

10
S(z1,22) = > ar(21, 22) A, (2.1)
k=1

where Ay are su(2) @ su(2) invariant matrices and ag(z1, z2) are the corresponding coeffi-
cients. The explicit expressions can be found in that paper.
It’s useful to introduce spectral parameter z and u

1 wuxi i
+ 2 + _
E— = + - ). 2.2
T —i—xi o) T a:(u 2) (2.2)

The momentum p and energy € of the fundamental magnon are

, x " 1 1 1
W= = — ) _—
e = €=3 +ih(N) <x+ x—) ) (2.3)

The generalized rapidity is defined on a torus with half periods
wy = 2K (k), we =2iK(1 —k)—2K(k), (2.4)

where K (k) stands for the complete elliptic integral of the first kind with elliptic modulus
k = —16h%()\). The spectral parameters x, the momentum and the energy of magnon can
be expressed in terms of Jacobi elliptic functions of the generalized rapidity z

zt = 4}110\) (% + z) (1+dnz), p(z)=2amz, €(z)= %dn(z). (2.5)

The S-matrix is unitary
S12(21, 22) 21 (22, 21) = h2, (2.6)
and satisfies the Yang-Baxter equation
S12(21, 22)S13(21, 23) S23(22, 23) = Sa3(22, 23)S13(21, 23) S12(21, 22). (2.7)

Here I is the identity matrix.
The particle anti-particle transformation or crossing transformation is defined by

p(z) — —p(z), 6(2:) - —6(2:), (2'8)

which can be described by the shift of the rapidity along the imaginary half period wo

5 (2) » —— = 2T (z £ wy). (2.9)



We also note that the reflection

p(z) = —p(2), €(z) = €(2) (2.10)
corresponds to a transformation on rapidity z — —z
zE(—2) = —2T(2). (2.11)
The S-matrix also satisfies the (quasi) crossing relations
1
Cr 181y (21, 22)C1S12(21 + wa, 22) = Lo,
f(xlv 1‘2)

) (2.12)

S13(21, 22)CaSia(21, 22 — w2)Cy ' = f(x17x2)112,

where C is the charge conjugation matrix

C= <%2 z‘l) . (2.13)

Here o4 is the Pauli matrix and f(z1,22) is a scalar function defined by

(o] — o) (1- =)

f (a1, m2) = : (2.14)
(#) —3) (1 - ﬁ)
12

The scattering matrices of A-particle and B-particle are given by

SAA(Zl,ZQ) = SBB(Zl, 22) = S()(Zl, ZQ)S(Zl, 2’2), (2 15)
S (21, 22) = SPA (21, 22) = So(21, 22) S (21, 22). ‘

We assume S44 and S4B satisfy the unitary conditions, which imply

So(zl, ZQ)S()(ZQ, ZQ) = 1, gg(zl, 22)50(22, Zl) =1. (216)

The identification of the B-particles as charge conjugates of the A-particles suggests the
following crossing relations [5]

Cflsngtl(Zl, 20)C1SPP (21 + wa, 22) = 2,

B (2.17)
S{;Atz (21, ZQ)CQSfQB(Zl, z9 — OJQ)C2 1 = 112.
Then using the relation (2.12), the scalar factor should satisfy
So(zl, 22)5'0(21 + wo, ZQ) = S()(Zl, ZQ)go(Zl, 29 — w2) = f(xl, xg). (2.18)

The constraints eq. (2.16) and eq. (2.18) can be solved as’

+_ o —1-== = [ - .+
ry — & X X ~ X X
80(2'1,7«'2) - 1, 2 xllx2 71 %0(21522)7 50(21722) - 71 %0(21522)7
+7 + +
1131 - 1'2 — ml_m l’l 1'2 331 1'2

i (2.19)

+

!The equations satisfied by the scalar of S-matrices has another solution, which is given by So(z1, 22)
and Sp(z1, 22) interchanged in eq. (2.19). These two solutions correspond to two possible choices of grading
in ABJM higher loops Bethe ansatz equations. We adopt the n = +1 grading or su(2) grading in the
main text.



where o is the BES dressing phase [19] and has the following properties

0(21,22)0(22,21) = 1,

-+ 1
([:2_ (331 7$2) (1 - ml—mz—)
U(Z1 —i-w2722)0(21722)=QCTr n n 1 )
3 (of —a3) (1- =) (2.20)
- 1
of (o =) (1- )
0 (21,20 —w2) 0 (21,22) = — F—— ;
" (of =) (1- w?w;)

3 Boundary reflection matrices

3.1 Boundary su(1]|2) symmetry and boundary crossing

In paper [8], we have computed the reflection matrices of the scalar sector at leading order
(two loops). We find the reflection matrices are diagonal which means the A-particle and
B-particle will not mix when they are scattered at the boundaries (at least at two-loop
level). We assume that this property is still preserved at higher loops. Thus there are two
kinds of reflection matrices at each boundary. Similar to the analysis of N'=4 SYM open
string attached to Y = 0 brane [10], symmetry preserved by the boundary of our integrable
open system is su(1]2), which can fix the right boundary reflection matrices up to some
scalar factors

R4~ (p) = R}~ (») R~ (p) = Ry~ (p) diag <e*i%, —e' 1, 1) ,
R~ (p) = Ry~ (p) R™ (p) = R~ (p) ding (7%, —¢'%,1,1).
The left boundary reflection matrices are related to the right ones as
R (p) =R (=p), R¥F(p) =R" (-p). (3.1)

There are two types of particles in the bulk, both are transformed under fundamental repre-
sentation of su(2|2). Therefore the bulk Zamolodchikov-Faddeev (ZF) algebra is described
by two kinds of creating operators

Al(p), B (p), i=1,---

which satisfy

Al (p) AL (p2) = S (pr, p2)t7 AT, (p2) AL (p1),

B,T(Pl)B; (p2) = SBB(Pl,Pz)E;j/BI/(m)BI/ (p1), (3.2)
Al (p1)B(p2) = S (p1, p2) L7 B, (p2) AL, (1), '
B (p1)Al(p2) = SP4(p1, p2)i7 AL (p2) B (p1).

The associativity of the bulk ZF algebra implies the Yang-Baxter equation (YBE). In
order to incorporate the boundary integrable systems, it’s useful to introduce the boundary



creating operator B [20]. Following the strategy in [21], for the right boundary, we introduce
the right boundary creating operator By satisfying the right boundary ZF algebra

Al(p)Br = RA~(p)! Al (—p)Br,

y 3.3
B! (p)Br = R~ () B!, (—p)Bx. (3.3)

The consistent condition of the bulk ZF algebra and the right boundary ZF algebra gives
the boundary Yang-Baxter equation (BYBE). It’s easy to see the right boundary ZF
algebra implies the right boundary unitary

RA(p)RA(—p) =1, RP-(p)RP~(—p)=1. (3.4)
In terms of scalar factors, we have
Ry~ (DRy(-p) =1, Ry (R (-p) = L. (3.5)

In order to obtain the boundary crossing unitary relation, we consider the following sin-
glet operator

I(p) = Li(p) + L2(p), (3.6)
where
Li(p) = CYAl(p)BI(p). La(p) = CB[(p)Al(D), (3.7)
and p is the crossed momentum, defined by
() = ——. (3.8)
z*(p)

Scattering the singlet operator off the right boundary, we must have
I(p)Br = L(—p)Bk- (3.9)

Firstly, considering the I;(p) term, we obtain

L (p)Br = CiJAZT (p)B; (P)Br
= CRB~(5)) Al (p)BL, (—p)Br
= CURP™ (p)]'$"P (p, —p) ;) Bl (—p)AL (0)Br (3.10)
= CIRP= (p)/ $AB (p, —p) ) RA™ ()4 BL, (~p)AL (—p)Br
= Io(—p)Br

Similarly, for the Iz(p) term, we have
Io(p)Br = CB] ()AL (5)Br
= CURA™ (p)) $B4(p, —p)L) R~ (p)i/ AL, (—p)B
= Hl(—ﬁ)B R-

L(-p)Br  (311)



Using the relation (3.9), we obtain

(3.12)

1

CHIRA (p)? (p)SBA(p, —p) 4 R~ (p)i) = CI""".

In terms of the scalar factors Rg‘_ (p), Ry~ (p), the above boundary crossing relations imply

1
Ry~ (p)Ry~(p) = g (3.13)
We define .
$7‘¥5i
fo(p) = m (3.14)

A solution of eq. (3.5) and eq. (3.13) is given by the ansatz?

R~ (p) = Ry~ (p) = Ry (p), (3.15)
where :
Ry*(p) = F(p)o(p,—p) ) (3.16)
and F(p) is a CDD-type factor satisfies
F(p)F(p) =1, F(p)F(-p)=1. (3.17)

The CDD-type factor F(p) can be fixed by comparing with the reflection matrix obtained
from the weak coupling result
F(p)=—e"2, (3.18)

which we will discuss in the next subsection.

3.2 Fixing the CDD factor

We now turn to the weak coupling region. We can fix the CDD factor by comparing the
quantized momentum of single particle excitation computed in two different ways [23].

The two-loop Hamiltonian of the ABJM open spin chain from giant graviton is
given in [8]

2L-3

1 1
H=XY" (H—Pl,l+2+§Pz,l+2Kz,Z+1+§Pz,z+1Kz+1,z+2) Q" Q3}
=2

1 1 1
+A2Qh <H+§K172—P1,3+5P1,3K1,2+5P1,3K2,3> QM QY
1 1 1
+>\2Qf1Q§L1 (H+ §K2L—1,2L_P2L—2,2L+5]?21—2,2[K2L—2,2L—1+§P2L—2,2LK2L—1,2L> Q%

Al Bi
+A2QM <H—Q21>QQBL1+)\2 A1 <]I—Q2L1_1> b (3.19)

*We have utilized the solution given in [22]: o(p, —p)o(p, —P) = sz(’;(p_)ﬁ) and the fact fo(p) =
fo (D), fo(p) fo(—p) = 1.



where the trace operator K and permutation operator P are defined as

(Ki)jg, = 0105850, (Biy)j) = 6767, (3.20)
and the () operators are defined as
Q%¢) =0, Q%) =), fory#¢. (3.21)

The shortest operator described the one particle excitation has the form
P) gt =gt (1) |1) gt + f5(2) [2) g+ with L = 2, where we have used the same notation in [8].
1 1 1 1 1

The anomalous dimension of this operator is related to bulk energy €(p) of the magnon as

A=e(p)— % = ;\/1 +16A2 () sin? (g) - % = 4)?sin? (g) +O (M), (3.22)

The eigenvalue equation is

2 _\2 1
H p) gy = Alp) = <_AA2 2:‘2 ) (Eé;) . (3.23)

Comparing with the solution of the eigenvalue equation in [8], we can get the first eigenvalue
when fi(1)/f51(2) = 1—T\/5 i.e. when p = 37/5
1 1

3+Vh.y o o (37
A+ = T)\ = 4)\*sin TO N (324)
and the second eigenvalue with foi(1)/f5(2) = 1+2‘/5, which means p = %
1 1
N _2‘@% = 472 sin? (110) . (3.25)

In a similar way, we find the possible momentum values of a single A; excitation to be
s T 3m 5w

p:g,%ﬁwithL:?). For L =4, we obtain p = %, =%, 3F.

We now turn to the boundary Bethe-Yang (BBY) equation of a single particle excita-
tion. As mentioned previously, the boundary scattering amplitudes are fixed by boundary

symmetry and boundary crossing as

R* (—p) = R~ (p) = R (p) = Ro (p) diag (75, ~c'%,1,1), (3.26)
where _ 1
Ri(p) = —e 2 (3.27)

Vis®)

Then for a single particle excitation, the BBY equation reads
e PPERT (—p)R™ (p) = e P RY (p)diag(e P, e, 1,1) = 1. (3.28)
At leading order, this reduce to

e Pl diag(e 7P, ¢, 1,1) = —1. (3.29)



For a single BI excitation, we obtain the quantized momentum

nm

= —— :13"' 2L_1. 3.30
oLy1 T (3.30)

Pn

Similarly, for a single A; excitation, the quantized momentum is

nm

= — =1,3,---,2L — 3. 31
2L_17 n 737 ) 3 (33)

Pn

These give the same results with the Hamiltonian based computation.

4 Asymptotic Bethe ansatz equaitons

4.1 Double row transfer matrices

As mentioned before, there are two type of excitations in ABJM open spin chain from
giant graviton which we call A-particles and B-particles. The two-body S-matrices between

elementary excitations can be written as

S (p1, pa) = SPB(p1,p2) = So(p1,p2)S(p1,12),

- 4.
(p1,p2) = SBA(p1, pa) = So(p1,p2)S(p1,p2), (1)

SAB

where S(p1,p2) is the su(2|2) invariant S-matrix normalized in su(2) compatible way [18]
and we choose the scalar factor in the su(2) grading as

of —ay ' " o [af - o o
SO(PLPQ) = T 1 T 70-(p17p2)7 SO(php?) - T ,U(plaPZ)'
T, — Ty 1— ﬁ T Ty T, Ty
(4.2)

In order to obtain the right boundary Bethe-Yang equations from the double row

transfer matrices, we should define the fundamental double row transfer matrices as fol-
lowing [23-25]?

D(p, {p,p?})

KL+ 1 K e
A AA A\— AA/ A A i
=Tr, | [] S&2(0.07) ] Si* .o R, 0 [[Si 0t —p) [ SEP0F,—p)RS (—p)
i=KT i=Kh =1 i=Kh 41
D A
KL 1 KL wl
=Tro | [ S2”m.0?) ] Soon R, ) [[SE it —p) 1] SEP 0P, —p)RY (—p)
i=kT i=Kh i=1 =KL 41

where

R™(p) = Ro(p)R™(p), RY(—p)=R{(-p)R"(-p), K'=Ki+Kp, i=i—K}. (4.3)

3Fundamental means we trace over the four-dimensional representation of centrally extended su(2|2),
and we arrange the supersymmetric grading as BBF'F'.



Ry is given by eq. (3.27) and
R~ (p) = diag (e_T,
R (p) is defined through

Ry (p) = Tra <Paa’8£ﬁ (p, —p) R;(_PD (4.5)

such that the boundary Bethe-Yang equations can be obtained from the double row transfer
matrices as

oipA _
e 2D (pA, {p pP}) = =1, D (oF, {p! pPY) = 1. (4.6)
Using the explicit form of the S-matrix, one can solve the equation (4.5) as?

e PRy (p) v

RE(—p) = ———0 *(—p) = (~1)F R~ (—p) = diag(e ¥, —e~ %, -1, - .
RO( p) So(p,—p)p(p)’ R ( p) ( 1) R ( p) d g( ) ) 17 1)> (47)

where

(1t @)t )
20t (14 atz™)

The two kinds of double row transfer matrices defined above actually differ only in

(4.8)

some scalar factors. We introduce

KL+ KL I
D(pAp{",pf}) = Tr, ( I Sai(p.p? H Sai(p: 0V Ry (D) [ [ Siap's—p) T Sialp?,—p)RE (p)).

I i=1 P |
i=K v i=K,+1

Then the two kinds double row transfer matrices can be related as

D(p, {pi",pP}) = d(p)D(p. {pi",pP}), Dlp.{pi'.pP}) = d(p)D(p. {pi,pP}),  (4.9)

where

K} Kp
d(p) = Ry (0)R§ (—p) [ [ So(w. 0 So(0i*, —p) [ So(p 27)S0(0F, —p),
=1 i=1
o o (4.10)

d(p) = Ry (P) RS (—=p) [ [ So(p. pi) S0 (pi, —p) [ [ So(p, p7)S0(p?, —p)-

i=1 =1

Due to the relation (4.7), we can change the trace in the definition (4.1) to supertrace

Ki+1 oA w1
D(p,{p;",p}) =sTrq (H Sai(p: P! )HShpm p)HSm pi=p) JI Sia®? —p)R( p))

i=k1! =K i=1 i=Kh 41

The eigenvalue of the fundamental double row transfer matrix of open spin chain from giant
graviton has been conjectured in [24] in the SYM context. However, we just need slightly

4 Alternatively, one can determinate the scalar factor Ro(—p) by comparing the one particle BBY equa-
tion (3.28) and eq. (4.6) [24]. Although not shown here, the two methods agree with each other.

~10 -



change some definitions of related functions in that paper for our ABJM case. Taking into
account the minor differences, we can write down the double row transfer matrix eigenvalue
of ABJM open spin chain from giant graviton explicitly as

+ KII KII
Me) = (2) " ote, [ Uk

+

La — Yk yk+xa
Kq + at pa— . .
_ H Hxa ] +ay H — Y Y+, H Ug— W+ W +Ug 11
rh - O‘Jr—ka:Jr Ta — Yk yr+Td Ug—w;  witu
a=A,Bi=1"% " a1t kdkTda 3 Ha a
KL 1 gl . '
_E H ng_w H “Ue Ukt oE H Ug =W —1 W+ Ug—1
Ua a=A,Bi=1 2 z a++$a k=1 z— Yk yk+7‘ = UYaT Wl wy+Uq
KL _ 1 ot a— 1 KII 1
U L I ) o s e ]
Ua, a=A,Bi=1 fﬂcf—ﬂﬁ?* a++33+ t _x?_ x?+—|—é kel E—yk yk—l-g ’
where
20t =2t (pf), a=AB. (4.12)
When we evaluate A(p) at p = p§, only the first term survives,
K II
Ap) === |  plaf) i+ (4.13)
Ty o1 T —ykykﬂ:

4.2 Bethe ansatz equations

Bethe equations for the auxiliary roots are obtained from the analytic condition of the
double row transfer matrix eigenvalue. There are three types of superficial poles of A(z,)
at ) = yj,ue = w; and x; = 1/y;. The analytic constraints give three sets of equations®

a— a—l—KHI % %
H Hyj Ty + Hhvj—wk—ihvj+wk—§

2ot a— _ i ; i
eABi=1 Y T % Vit o hp — w5 hoy +wg + g
_ K i i KT ) .
wy wl—hvj—iwl+hvj—§le—wk+zwl+wk+z_ 1 (414)
wT i R _ _ _ ;D ’
ljzlwl—hv]—kfwm—hv]%—ék:l wy Wi 1w + wg 7

H Hy]—x y] Hh’l}] wk+%h1}]+wk+%_1
a=ABi=1Yi a+ 1 oy —wp = 5 hvg +wg — 5

We observed that the first and third set of equations are the same. The main or physical
Bethe equations for the massive roots are given by

—2ipA —2ipBL 3
e PP AP = =1, e PP EA(pP)Ap]) = -1, (4.15)

5The parameter v is related to y by v + % =y

11 -



K} $A+—5Uf_ 1— = <$A++33?+> 14—t
AT J i T J i T

—ipi K A J k J k
xe TS (pf) ]

3 (o=t ) (10 o ) (o) (10t )
i T i Tk

Here the ¥(p) is defined as

K
()= [I IIe pt)os,—p) (4.16)
a=A,Bi=1

and a very similar expression can be found for J(pf ).

5 Weak coupling limit

In order to compare the above asymptotic Bethe equations with the two-loop Bethe equa-
tions derived in our previous paper [13], we should rewrite the asymptotic Bethe equations
into a manifestly OSp(2,2(6) covariant way. In doing so we relabel the roots as

et e wyy,i=1,2,-  Ki =K, el ag,i=1,2, [ Kh=K;
1 .

yjHFa]:LQ?“'aKla yK1+j<_>1:3,jvj:172a"'aK3 (K]I:K1+K3)
7.7

wl<—>u2’l, l:1,2,'-‘ ,KIII:KQ

(5.1)
In weak coupling limit, we have
ut i .
7o 2 fe) e S -0, (52)
The asymptotic Bethe ansatz equations then reduce to
QQ U1k
w505
u+ QTQ;}—QQ__ ’LLQ’]C’
90101
;QZQZI US,k7 (5.3)
\ 2L
o (um2) Qs
uts)  Qr Qflu,
\ 2L _
1= (%= 3 Qi Qs
u+ % QZI_Q; Ui,k7

- 12 —



where I = L + KSK?’ + K‘Hé(‘i_l and we have used the common definition of Baxter

polynomial
K

Qu(w) = [ = wy)(u+ uy). (5.4)

J=1

5.1 Reducing to the scalar sector

In order to obtain the scalar sector Bethe equations and to compare with our previous
result derived in [13], we must do fermionic duality on the Bethe ansatz equations [26, 27].
For this purpose, we define

KQ . . K2 . .

[ [ i i

P1($)=||<SU—U2,'—> <$+U27'—>—||<$—U27‘+> <$+U27‘+>
j=1 T2 o2 T2 7 2) (5.5)

= —2iKou?f271 4 ...

The degree of the polynomial P (x) is 2K>—1 and have 2K obvious zeros {£uj t }r=12.... Kk,
and 0.5 We can write

K1 IEI
Pi(x) = onz [[(z — wp)(z +ua ) [ [ (2 — i) (@ + i 1), (5.6)
k=1 k=1

where K = Ky — K; — 1,1 = —2iK5. Thus we can compute Py (ug ) + %))/Pl(uzk — %)

in two ways

: K

Pr(ugg+3) 3 (uzp —u2; + ) (ugp +uay +1) (5.7)

Pi(uzk — 3) j=1 (U — u2,j — 9)(ugk + uz; — 1) '
usk + 5 71 (U — ury + 5)(ug g +uij + 35 ﬁ ug e — iy + 5)(ug g + U1y + 5)
uge = 5 o (uae = uy = ) (uak —urg — ) 5o (uak — G1g — 5)(uzg — 1y — 3)

In terms of Baxter polynomial, we have

QQ*Q; ut QF

— = (5.8)
Qy QF ug, Ll Qr
where @7 is dual Baxter polynomial of the first type
K
Qp(u) = [ (w — i) (u+ ). (5.9)
j=1

®The polynomial P;(z) defined here and Pi(z) defined below are odd under reflection: Pi(x) =
—Pi(—x),i=1,2.
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Therefore, after apply fermionic duality on the first Dykin node, we obtain

o
QQ_ U1,k
o
Q7 Q3 luy,
@ Q Q7 1QF
Q2 Q; Q; s h (5.10)
(e et
uts) Qr Qflu,
o QI+Q3
u+ % QZI_Q3 Uz k

where 2L/ = 2L/ — 2K, + Ko — 1.

Then we apply fermionic dual on the second Dykin node in the new basis by defining”

K1 . . K3 . .
~ 1 - (3 1 1
PQ(I‘): | | (x—ul,j+2> (x+u1,j+2> | | <$—U37l—2> <x+u37l—2>

j=1 =1

H( - > (Hﬂl,j ¢>1K51<$u3l+-> <m+u3’l+;> (5.11)

— 9 (K3 _ K1) p2R1H2Ks =1 4

The degree of the polynomial Ps(z) is 2K1 + 2K3 — 1 and have 2K, obvious zeros
{fugk}tr=12. K, and 0. We can write

Ky Ko
Py(x) = gz [ [ (2 — ug) (2 + ug) [ [ (2 — tio ) (2 + finp), (5.12)
k=1 k=1

where Ky = Ky + K3 — Ky —1 = K3 — K| — 2, ap = —2i(K3 — K1). Similarly, by using the
two different expression of Py(z), we can get the following relations

Py (usp+4) 1 (ugp —ugg+0) (ugp + ugg + 1)

LA LA 74 H : (5.13)

Py(ugp— %) i (use —usg — 1) (ug o +uzg — 1)

_ Uzt i ue (ug g — w2y + %) (usp +usj + 2 ﬁ ug g — o+ 5) (ugp + oy + %)
Usk ~ 3 j=1 (usp —uzj — 5) (us — uz,j — ol (use — iz — 5) (g — G2 — 5)

"Fermionic duality on Bethe equations is related to the odd Weyl reflection on simple root systems of
super Lie algebra. See appendix C of [27] for more details.

— 14 —



& e
Bt R T (5.14)

(U g — U1,y — 1) (Ur g + U1 — 1)

ﬂm+%2@m—wwéﬂmwww+@ T (@ = 25 +5) (Tk + 2, + 5)

alvk - % 7=1 (alvk - u2j - 5) (ul k= u27j - %) 7=1 (alvk - ﬂZ’j - %) (ﬂlvk - a27.j - %) .

Using the above relations, the following Bethe equations after dualization can be
easily derived

_u Q70
ut Q7 Q3

Q7 QF

Q7 Q3 i

wtQFQyQfQ7

Q08 TQQ; Ly, (5.15)

o\ 2L/
o (v Qdifes
u+% QZ_Q;,_

\ 2L _
i Qi@
uty) Q@5

We now should remove the first and second type of Bethe roots 4 j, ts 1, to obtain the

uy K

1:

)
Ug ko

Uz, k

scalar sector Bethe equation. Applying “gauge” transformation: Qs(u) — u?Q3(u) and
identifying L' = L [28, 29], we found it has the same form with the equations given in [13].
See appendix A for details.

6 Conclusion

In this paper, we have derived the all loop Bethe ansatz equations for our ABJM open
spin chain constructed from giant graviton mainly based on symmetry analysis. We check
our result in the weak coupling region by comparing with the two-loop SU(4) sector Bethe
ansatz equations given in our previous work. By using fermionic duality and “gauge”
transformation, we found our proposal in this paper is consistent with our previous results.
It’s interesting to go beyond the asymptotic region to include all finite-size effect in the
boundary thermodynamic Bethe ansatz (BTBA) framework of the ABJM open spin chain
from giant graviton. The similar treatment of integrable open system from giant graviton
in SYM is fruitful and we hope this also happens in ABJM theory.
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A “Gauge” transformation of Bethe equations

In this appendix, we show that the two-loop scalar sector Bethe ansatz equations have
“gauge” freedom, i.e. the form of Bethe equations is not unique. The different forms are
related by “gauge” transformation which we now discuss. As computed in [13], at two-loop
orders, the vacuum eigenvalues of double row transfer matrices are given by®

No(u) = Rofu) = — o) (urt 12 () by (1) —e(uwpu (ut 2?4, (A1)

d(u)
where
a(u) = u+3)(u+1)%  blu) = (2u+1)(u+1)2 (A2)
c(u) = 4(u+1)%, du) = (u+1)(2u+1)(2u + 3). '
The eigenvalues of a generic state should have the “dressed” form
W 2 2L 2r Qa(iu—73) 2L or Qa(iuty)
Atul{ush) = 775 {a<u><u+1> (1422 G B bt (e 1) S
(A.3)
oo oL Qaiu+3)Qs(iu) Qs (iu+20) Q3 (iu+%)
w2 el gt D sty T2 Qg(z‘uH)Qa(z’w?)] }
x W 2 2L o1, Qaliu—73) 2L o1, Qa(iut3)
Aul{ush) = 75 {a<u><u+1) (422 G bt (e 1) S
(A.4)
oL 2r Qi(iu+3)Qs(iu) Qs (iu+2i)Q4(iu+t35)
w2 el g D st T2 Qg(iu+i)Q4(iu+‘°§)] }
The functions ¢1(u), co(u) must satisfy
c1(u) + ca(u) = c(u). (A.5)
The crossing property of eigenvalues
A—u = 2{u;}) = Aul{u}) (A.6)
implies
c(—u—2)=—ca(u), ca(—u—2)=—ci(u). (A.7)

The constraints eq. (A.5) and eq. (A.7) cannot determine c;(u),c2(u) uniquely. In fact,
there are two solutions

ci(u) = u+3)(u+1)%  calu) = (u+1)*2u+1), (A.8)
and
é1(u) = u?(u+3), é&(u) = (u+2)%(2u+1). (A.9)

In terms of the eigenvalues of double row transfer matrices eq. (A.3) and eq. (A.4), these
two solutions can be related by the gauge transformation on the Baxter polynomial Q3(u)

Qs(u) — u*Qs3(uw). (A.10)

8The two-loop construction of double row transfer matrices is described in detail in paper [13]. In that

paper, only one possible eigenvalues of double row transfer matrices were given. In this appendix, we give
an alternative one and find relations of these two solutions.
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