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1 Introduction

The simple geometric fact that a null vector in Minkowski space defines a point on the

sphere at null infinity naturally suggests interpreting scattering amplitudes for massless

particles as two-dimensional correlation functions. An early and prominent example of

such an interpretation was given by Nair in [1] where certain N = 4 super-Yang-Mills

(SYM) amplitudes were constructed using the operator product expansion (OPE) of the

Kac-Moody currents which define a two-dimensional Wess-Zumino-Witten model. This

construction in part lead to the development of the twistor string [2] which gives a complete

description of tree-level N = 4 SYM in terms of a two-dimensional world-sheet theory.

Kac-Moody structures have also recently appeared in the study of the soft-limits of

gluon amplitudes [3, 4]. Scattering amplitudes of massless particles such as gluons can be

formally expanded in powers of a small scaling parameter δ multiplying the momentum of

a particle which is thus taken to be soft, pµ = δ qµ, and which schematically gives

lim
δ→0
An+1 (δq) =

(
1

δ
S(0)(q) + S(1)(q)

)
An +O(δ) , (1.1)

where An depends only on the remaining hard momenta. That scattering amplitudes of

photons and gravitons have a universal, leading divergent behaviour as the external leg
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becomes soft has been long understood [5–8]. It is also known that at tree-level the be-

haviour at the sub-leading order is universal, which is sometimes referred to as the Low

theorem [5–7, 9–11], while for tree-level graviton amplitudes there is further universal

behaviour at sub-sub-leading order [12]. Analogous sub-leading behaviour for gluon ampli-

tudes has been recently studied [13–18]. In [4] He et al. showed that one could identify the

tree-level leading soft theorem for positive helicity gluons with the Ward identity for holo-

morphic two-dimensional Kac-Moody currents. These currents were shown to be related

to the asymptotic symmetries of Yang-Mills theory given by large CPT-invariant gauge

transformations [3].1 The OPE of the currents was extracted from the limit of two soft

positive helicity gluons and it was shown that the level is zero in this identification, that

is the algebra is a standard current algebra

Ja(z1)Jb(z2) ∼ ifabcJ
c(z2)

z12
. (1.2)

It was further noted that the limit where one positive and one negative helicity gluon are

both taken soft is ambiguous with the result depending on the order in which the limit is

taken. In [4] the authors gave the prescription of first taking all positive helicity gluons soft

which resulted in one copy of the holomorphic Kac-Moody algebra but without a second

anti-holomorphic copy arising from the negative helicity gluons.

Multi-soft limits of gluon amplitudes have been studied more generally in a number of

recent works and universal behaviour in the limit where all gluons are taken soft simultane-

ous was found for tree-level amplitudes using the BCFW [33] and CHY [34, 35] formalisms

in [36, 37]. These limits have also been studied using the CSW [38] formalism by [39]

and by considering the field theory limit of string theory [40]. At leading order in the

soft parameter this simultaneous double- and multi-soft limit differs from the consecutive

case when there are particles of both positive and negative helicity. There is also universal

behaviour in the sub-leading order of the multi-soft limit however the order in which the

limit is taken is important even when all gluons have the same helicity.

We use these multi-soft limits to study further aspects of the current algebra interpre-

tation in four dimensions. Starting with the leading soft-limit for positive helicity gluons

we show that, by analogy with the Sugawara construction [41], one can use the double soft-

limit to define a holomorphic energy-momentum tensor. Moreover we show, by analyzing

the triple- and quadruple-soft limits of positive helicity gluons that this energy-momentum

tensor has the standard OPE with both the holomorphic current and with itself. In a

conformal field theory with a Kac-Moody symmetry the correlation functions of primary

fields should satisfy certain differential equations, the Knizhnik-Zamolodchikov (KZ) equa-

tions [42]. We consider the KZ equation for the amplitudes and show that while they hold

for positive helicity gluons in MHV amplitudes this is not the case for the negative helicity

gluons or for non-MHV amplitudes. While this suggests that the holomorphic currents do

1We focus entirely on gluon amplitudes but the relation between asymptotic symmetries and soft-

behaviour has been the subject of significant recent interest particularly for gravitons and photons, see

for example [19–32].
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not provide a complete description of the putative CFT it motivates further analysing the

sub-leading and negative helicity soft-limit.

We thus study the soft limit at sub-leading order and give these sub-leading soft-

theorems an interpretation as Ward identities for two-dimensional currents which depend

on a continuous parameter corresponding to the soft gluon energy, Jasub(z;ωz). The OPE of

these currents with themselves and with the leading order currents is then extracted from

the sub-leading double-soft limits. As the algebra depends on exactly how the double soft

limit is taken we introduce parameters to characterise this ambiguity. In the language of

the two-dimensional field theory the leading terms of the OPEs are given by

Ja(z1)Jbsub(z2;ωz2) ∼ ifabc
Jcsub(z2;ωz2)

z12
, (1.3)

Jasub(z1;ωz1)Jbsub(z2;ωz2) ∼
ifabcJ

c
sub(z2; css2 ωz1 + css1 ωz2)

z12
. (1.4)

As in [4] the anti-holomorphic currents are defined using the soft-limits of negative

helicity gluons and to study the algebra with the holomorphic currents we consider double-

soft limits involving both a positive and negative helicity gluon. However rather than

picking a specific ordering of soft-limits we consider a linear combination and introduce

variables with which we parameterise the ambiguity. The resulting algebra of currents is

found to be

Ja (z1) J̄b (z2) ∼ ifabc
[
d1
J̄c(z2)

z12
− d2

Jc(z2)

z̄12
− d2

z12

z̄12
∂Jc(z2)

]
. (1.5)

This OPE differs from the usual CFT chiral current algebra where one would find

Ja(z1)J̄b(z2) ∼ 0. However such OPEs can be considered in general [43] and bear re-

semblance to the non-chiral current algebras that appear in the study of non linear sigma-

models on super-group manifolds [44]. In the super-group case it is still possible to con-

struct a holomorphic stress-energy tensor as the terms which would spoil conformality are

removed by the fact that the Killing form is zero. While these theories are conformal

they are however non-unitary and lack many of the features familiar from the study of

two-dimensional CFTs (see [45] for a review of super-group CFTs). Of course there are a

number of very significant differences between the current algebra in the super-group non-

linear sigma-models and in our considerations, not least the absence of logarithmic terms,

at least at tree-level, and naturally the Killing form for the gauge group in Yang-Mills

theory is not usually taken to vanish as in the super-group case. To complete the algebra

of currents we calculate the OPEs of the sub-leading currents with the anti-holomorphic

currents and sub-leading anti-holomorphic coordinates

J̄a(z1)Jbsub(z2;ωz2) ∼ ifabc
J̄csub(z2;ωz2)

z̄12
, (1.6)

Jasub(z1;ωz1)J̄bsub(z2;ωz2) ∼ ifabc
[
Jcsub(z2; ds2ωz2)

z̄12
−
J̄csub(z2; ds1ωz1)

z12

+
z̄12

z12
∂̄J̄csub(z2; ds1ωz1) + 2

z12

z̄12
∂Jcsub(z2; ds2ωz2)

]
. (1.7)
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Using (1.5) one can compute the OPE of the anti-holomorphic currents with the holomor-

phic stress-energy tensor. We do this in section 5.2 and show that it is consistent with the

triple-soft limit involving two positive helicity gluons and one negative. Finally, using the

leading order holomorphic and anti-holomorphic currents, we define a conjugation operator

C(z) ∝ :JaJ̄a : (z) and compute its OPE with the currents.

While we don’t attempt to give a more fundamental interpretation of these two-

dimensional currents the renewed focus on understanding the asymptotic symmetries has

lead to a number of interesting proposals for a holographic description of flat space scat-

tering amplitudes. In [46], building on [47], a world-sheet theory with the null infinity

boundary of flat space as its target space was proposed. An alternative approach based on

the ambi-twistor string, [48, 49], was studied in [50, 51]. Recently, Cheung et al. [52] have

proposed a holographic description which, following [53, 54], makes use of a slicing of flat

space into a family of AdS3 sub-spaces to interpret four-dimensional amplitudes in terms

of a two-dimensional CFT. They identify the conserved currents and energy-momentum

tensor with the asymptotic symmetries of gluon and graviton amplitudes. While there

are a number of differences with our current work, for example the central charge of the

current algebra, it would be very interesting to understand better if there is a holographic

interpretation of the sub-leading and anti-holomorphic currents.

2 Soft limits for gluon amplitudes

The central objects of our study are the soft limits of gluon scattering amplitudes. While we

will be interested in the full colour dressed amplitudes it is convenient to start with colour

stripped amplitudes. Consider an n+1-leg amplitude where we take the first leg to be a soft

particle of helicity hq with momentum δq, or in terms of spinor variables, {
√
δλq,
√
δλ̃q}.2

The soft limit corresponds to expanding the amplitude in powers of δ1 and we keep only

those terms in the expansion which are universal. As it will make subsequent formulae

simpler we will often simply denote the non-soft legs with momenta pi, i = 1, . . . , n by

1, 2, . . . , n.

2.1 Single-soft limits

The single-soft limits for gluon amplitudes were found, up to the first sub-leading term,

in [7, 9, 13]

An+1(δ1q
hq , 1, . . . , n)→

(
1

δ1
S

(0)
n,1(qhq) + S

(1)
n,1(qhq)

)
An(1, . . . , n) (2.1)

where, for a positive helicity gluon, hq = +, between neighboring particles n and 1, the

universal soft-factors can be written using the spinor-helicity formalism as

S
(0)
n,1(q+) =

〈n1〉
〈n q〉〈q1〉

, S
(1)
n,1(q+) =

1

〈q1〉
λ̃α̇q

∂

∂λ̃α̇1
+

1

〈n q〉
λ̃α̇q

∂

∂λ̃α̇n
. (2.2)

2We will make extensive use of the spinor-helicity formalism. Useful reviews can be found in [55–57].
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Here we use the conventions

〈ab〉 = εαβλ
α
aλ

β
b = λaβλ

β
b = −λαaλbα (2.3)

and similarly for the dotted indices, [ab] = εα̇β̇λ̃
α̇
a λ̃

β̇
b . Correspondingly we will write the

contraction of a spinor with a derivative as

λ̃α̇a
∂

∂λ̃α̇b
= −[a ∂̄b] . (2.4)

For a negative helicity gluon the soft factors are given by conjugation of the spinor variables,

λi ↔ λ̃i.

2.2 Multi-soft limits

One can similarly consider the limit of gluon amplitudes with multiple soft gluons. However

as mentioned there is in general an ambiguity in the result which depends on the order in

which the gluons are taken to be soft. Starting with the case of two soft gluons we consider

the n+2-leg amplitude where we will take the first and second legs to be soft particles with

helicities hq1 and hq2 and momenta {
√
δ1λq1 ,

√
δ1λ̃q1} and {

√
δ2λq2 ,

√
δ2λ̃q2} respectively.

In particular, if one takes the gluons soft sequentially we call this a consecutive soft limit

in contradistinction to the simultaneous or double soft limit. These consecutive soft limits

can be calculated straightforwardly from repeated action of the above single soft factors.

We define the consecutive soft factor, CSLn,1(q
hq1
1 , q

hq2
2 ), to be

CSLn,1(q
hq1
1 , q

hq2
2 )An(1, . . . , n) ≡ lim

δ2→0
lim
δ1→0

An+2(δ1q
hq1
1 , δ2q

hq2
2 , 1 . . . , n) (2.5)

=

(
1

δ1
S(0)
n,q2

(
q
hq1
1

)
+ S(1)

n,q2

(
q
hq1
1

))( 1

δ2
S

(0)
n,1

(
q
hq2
2

)
+ S

(1)
n,1

(
q
hq2
2

))
An (1, . . . , n) ,

where we take the particle q1 soft first and then q2. As it will be of interest later, let us

give the explicit expression:

CSLn,1(q+
1 , q

+
2 ) =

1

δ1δ2

〈n 1〉
〈nq1〉〈q1q2〉〈q21〉

+O(δ0
2/δ1, δ

0
1/δ2) . (2.6)

If we take the reverse consecutive limit, i.e. take leg q1 soft and then leg q2, the leading

term in CSL(q+
1 , q

+
2 ) is unchanged. However when the particles have different helicity, or

when we extract sub-leading multi-soft terms, the order of limits will be important and so

we consider linear combinations by defining more general multi-soft limits

lim
α
≡
(
α12...m lim

δm→0
. . . lim

δ2→0
lim
δ1→0

+α21...m lim
δm→0

. . . lim
δ1→0

lim
δ2→0

+ . . .

)
(2.7)

with the ellipses denoting all further permutations. Thus we can define a multi-parameter

family of consecutive soft limits

αCSLn,1

(
1hq1 , 2hq2 , . . . ,mhqm

)
An (1, . . . , n) = lim

α
An+m

(
δ1q

hq1
1 , . . . , δmq

hqm
m , 1, . . . , n

)
.

(2.8)
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The effect of this general limit can be seen in the sub-leading term in the expansion of two

soft, positive helicity gluons which a short calculation shows is given by

lim
α
An+2

(
δ1q

+
1 , δ2q

+
2 , . . .

)∣∣∣
sub−leading

=

[
1

δ1

(
α12〈nq2〉〈q11〉+ α21〈n1〉〈q1q2〉
〈q1q2〉〈q11〉〈nq1〉〈q21〉

)
[q2∂1]

+
α12

δ1

[q2∂n]

〈nq1〉〈q1q2〉
+

1

δ2

(
α12〈n1〉〈q1q2〉+ α21〈q11〉〈nq2〉
〈q1q2〉〈nq2〉〈nq1〉〈q21〉

)
[q1∂n] +

α21

δ2

[q1∂1]

〈q21〉〈q1q2〉

]
An .

(2.9)

It is perhaps worthwhile to note that this expression is only valid for generic external

momenta as we have neglected holomorphic anomaly terms that can arise when external

legs are collinear with soft legs, however it will turn out that they are not necessary for

our considerations.

For the case of mixed helicity the two orderings of limits already differ at leading order

in the soft expansion and so we can define a two parameter double-soft limit

αCSL
(0)
n,1(q+

1 , q
−
2 ) =

1

〈nq1〉[q21]

(
α21
〈n1〉
[q1q2]

[q11]

〈q11〉
+ α12

[n1]

〈q1q2〉
〈q2 n〉
[q2 n]

)
, (2.10)

where αCSL(0) has the overall (δ1δ2)−1 dependence stripped off. As described previously,

we can of course also consider the simultaneous double-soft limit where both particles

are taken soft together. The case of two gluons of the same helicity is identical to the

consecutive limit but the case of one negative helicity and one positive is different. In four

space-time dimensions the leading order double-soft mixed helicity factor is given in the

spinor helicity formalism by

DSL
(0)
n,1(q+

1 , q
−
2 ) =

1

〈n|q12|1]

[
1

2pn · q12

[n1]〈nq2〉3

〈q1q2〉〈nq1〉
− 1

2p1 · q12

〈n1〉[1q1]3

[q1q2][q21]

]
, (2.11)

where

q12 := q1 + q2 . (2.12)

This expression differs from the consecutive limit due to the sum of soft momenta in the

denominator but it is closest to the symmetric α12 = α21 = 1
2 case. A similar ambiguity

appears at sub-leading order when we consider the double-soft limit in the mixed helicity

case. Explicit formulae can be found in [36] but in this case we will focus on the consecutive

limits which can be calculated by repeated use of the single-soft limits (2.2).

3 Current algebra interpretation of Yang-Mills soft limits

Let us consider the single and double soft limits of Yang-Mills amplitudes but now instead

of just focussing on colour-ordered partial amplitudes we examine the full amplitude

An({pi, hi, ai}) = gn−2
YM

∑
σ∈Sn/Zn

An(σ1, . . . , σn)Tr(T aσ1 . . . T aσn ) (3.1)

where the sum runs over all permutations, Sn, modulo those which are cyclic, Zn, and T a

are the generators of the colour algebra which we will take to be su(N). We will drop the

– 6 –
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−→

−→

Figure 1. The gluons emerging from the amplitude travel on the light-cone and intersect with

the sphere at null infinity, or any finite time representation, at points which can be given complex

coordinates z, for the soft gluon, and ui for the hard gluons. The soft gluon is then interpreted

as the insertion of a current operator at the point z while the ui denote the insertion points of

additional fields.

factors of gYM but as we are only concerned with tree-level amplitudes they can be trivially

restored. If we take the soft-limit of the n+ 1-particle amplitude we have at leading order

in the soft-expansion

lim
δ→0
An+1(δq1,hq1 ,a;{pi,hi,ai})

∣∣∣∣
1
δ

=
∑
σ∈Sn

1

δ
S(0)
σn,σ1

(
q
hq1
1

)
An(σ1, . . . ,σn)Tr(T aT aσ1 . . .T aσn ) .

We can rewrite this soft limit in terms of two-dimensional position space variables by using

the parameterisation for the soft-gluon momentum

λq1 =
√
ω(1, z) , λ̃q1 =

√
ω(1, z̄) , (3.2)

and for the hard momenta the parameterisation λi =
√
νi(1, ui) and λ̄i =

√
νi(1, ūi).

Essentially the complex z-variable describes the position of the intersection of the soft

gluon’s trajectory with the sphere at asymptotic infinity and the ui’s are the corresponding

intersection points for the hard gluons, see figure 1. We take all gluons to be outgoing and

so this is in fact the anti-sky mapping. In these variables we have for the leading single

soft factor (2.2) ,

(−δω)S
(0)
i,j (q+

1 ) =
1

z − uj
− 1

z − ui
, (3.3)

where we see that it has simple poles as the soft momenta approach the hard momentum

in position space i.e. z → ui for each i. Now we define,

J a(z) · An({ui, ūi, νi}) ≡ − lim
δ→0

(δω)An+1(δp,+, a; {pi, hi, ai}), (3.4)

and so

J a(z) · An({ui, ūi}) =

n∑
`=1

[ 1

z − u`

] ∑
σ̃∈Sn−1

An(`, σ̃2, . . . , σ̃n)Tr([T a, T a` ]T aσ̃2 . . . T aσ̃n )

=
n∑
`=1

T a`
z − u`

An({ui, ūi}) (3.5)

– 7 –
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where in the last line T a` is understood to act (in the adjoint representation) only on the

`-th particle colour factor in An. This is the result of He et al. [4] who compared it to the

OPE for a Kac-Moody current Ja and a primary field in a representation R

Ja(z)Φr
R(u) ∼

(T aR)rsΦ
s
R(u)

z − u
(3.6)

and the consequent Ward Identity

〈Ja(z)ΦR1(u1, ū1) . . .ΦRn(un, ūn)〉 =
n∑
`=1

T aR`
z − u`

〈ΦR1(u1, ū1) . . .ΦRn(un, ūn)〉 . (3.7)

Note that we use the notation J a in (3.5) to denote the expression derived from a four-

dimensional scattering amplitude perspective and the Ja in (3.7) to be the corresponding

quantity from the two dimensional CFT perspective. It is the formal similarity of these

two expressions that suggests the interpretation of the soft-gluon limits as corresponding

to the insertion of the current operator and it is interesting to ask to what extent this

analogy can be extended.

3.1 An su(N) current algebra

As a first step, it is natural to ask whether one can reproduce the current-current OPE

Ja(z1)Jb(z2) ∼ kδab

(z1 − z2)2
+
ifabcJ

c(z2)

z1 − z2
. (3.8)

At the level of correlation functions we would expect to find,

〈Ja(z1)Jb(z2)Φ(u1) . . . 〉 ∼ kδab

(z1 − z2)2
〈Φ(u1) . . . 〉+

ifabc

z1 − z2

∑
`

T c`
z2 − u`

〈Φ(u1) . . . 〉 . (3.9)

That the corresponding result can be found by analyzing the double-soft limits of ampli-

tudes was shown in [4] and as it is useful for our later results we rederive this fact in our

notations. To this end we consider the double soft limit which we can write as

lim
δ→0
An+2(δ1q1, hq1 , aq1 ; δ2q2, hq2 , aq2 ; {pi, hi, ai}) =∑

σ∈Sn

{
(CSLσn,σ1(q

hq1
1 , q

hq2
2 ) + CSLσn,σ1(q

hq2
2 , q

hq1
1 ))Tr(q1q2σ1 . . . σn)

n∑
i=2

Sσn,σ1(q
hq1
1 )Sσi−1,σi(q

hq2
2 )Tr(q1σ1 . . . σi−1q2σi . . . σn)

iCSLσn,σ1(q
hq2
2 , q

hq1
1 )faq2aq1 c Tr(cσ1 . . . σn)

}
An(σ1, . . . , σn) (3.10)

in a slightly condensed notation with Tr(q1q2σ1 . . . σn) = Tr(T aq1T aq2T aσ1 . . . T aσn ) etc. As

we first want to find the OPE of two holomorphic currents we consider the leading order

double soft limit of two positive helicity gluons. As the gluons have the same helicity the
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order of limits is not relevant and so we simply take the simultaneous limit with a single

soft parameter δ1 = δ2 = δ. We use the identity for consecutive soft-limits

CSL(0)
σn,σ1

(
q
hq1
1 , q

hq2
2

)
+ CSL(0)

σn,σ1

(
q
hq2
2 , q

hq1
1

)
= S(0)

σn,σ1

(
q
hq1
1

)
S(0)
σn,σ1

(
q
hq2
2

)
(3.11)

here with both helicities positive hq1 = hq2 = +, and so we can combine the first two terms

to find

lim
δ→0
An+2 (δq1,+, aq1 ; δq2,+, aq2 ; {pi, hi, ai}) =

∑
σ∈Sn

{
n∑
i=1

S(0)
σn,σ1(q+

1 )S(0)
σi−1,σi(q

+
2 )Tr(q1σ1 . . . σi−1q2σi . . . σn)

+ iCSL(0)
σn,σ1(q+

2 , q
+
1 )faq2aq1 c Tr(cσ1 . . . σn)

}
An(σ1, . . . , σn) . (3.12)

Re-writing the soft-factors in terms of polarisation vectors one recovers the result quoted

in [4].

The singularities of these double soft factors in the collinear limit, as the soft momenta

approach each other, can be made clear by rewriting them in position space and examining

the z1 → z2 limit. We can see that there will be no singularities from the terms involving

the products of single soft factors; these terms instead give poles when the soft momenta

approach the hard momenta. However the term involving the consecutive double soft

limit does have such a singularity and gives rise to the non-trivial algebra between the

holomorphic currents. More explicitly, defining

J a(z1)J b(z2) · An({ui, ūi}) ≡ lim
δ→0

(4 δ2 ωz1ωz2)An+2(δq1,+, a; δq2,+, b; {pi, hi, ai}) (3.13)

we find

J a(z1)J b(z2) · An({ui, ūi}) ∼
1

z1 − z2

n∑
`6=m=1

∑
σ∈Sn−2

if bac

(
1

z2 − u`
− 1

z2 − um

)
× Tr(`cmσ1 . . . )An(`mσ1 . . . )

=
if bac
z1 − z2

n∑
`=1

1

z2 − u`

∑
σ̃∈Sn−1

Tr([`, c]σ̃1 . . . )An(`σ̃1 . . . )

=
ifabc
z1 − z2

n∑
`=1

T c`
z2 − u`

An({ui, ūi}) . (3.14)

Hence comparing with (3.9) we see that the double soft-limit reproduces the structure of

level-zero Kac-Moody or simply a current algebra as described in [4].

3.2 Sugawara construction for amplitudes

If this is a correct interpretation, i.e. there is a level-zero Kac-Moody symmetry acting

on amplitudes, we may try to construct a holomorphic energy-momentum tensor via the

Sugawara construction. Namely, we define

TS(z1) = γ : JaJa(z1) : ≡ γ lim
z2→z1

Ja(z1)Ja(z2) (3.15)
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where γ is a constant related to the dual Coxeter number, h∨, by γ = 1
2h∨ , and the normal

ordering is missing the usual singular term that occurs in the Kac-Moody case as the

current algebra has no central extension. At the level of correlation functions this leads

us to again consider double insertions of holomorphic currents and so, as the analogue

for amplitudes is the double soft limit, we again consider (3.13) but now with contracted

adjoint indices. That is we define

T S(z1) =
1

2h∨
lim
z2→z1

J aJ a(z1) . (3.16)

We could in principle work with a general Lie group but for simplicity we focus on the case

of su(N) colour where we can contract the indices a and b using the identity

(T a)i
j(T a)k

l = δliδ
j
k −

1

N
δji δ

l
k . (3.17)

and in this case h∨ = N .

To calculate the scattering amplitude analogue of the insertion of an energy-momentum

tensor into a correlation function we consider the singularities as either of the soft momenta

approach one of the hard momenta, say um, and then expand the z2 dependence near z1.

Using the notation z1m = z1 − um for m = 1, . . . , n we write the result

T S(z1) · An({ui, ūi}) ≡
1

2N
J a(z1)J a(z1) · An({ui, ūi})

=
n∑

m=1

∑
σ∈Sn−1

{ 1

2N

1

z1m

n−1∑
i=1

1

z1σi

Tr([a,m]σ1 . . . [a, σi] . . . )

+
1

z2
1m

Tr(mσ1 . . . )
}
An(mσ1 . . . ) . (3.18)

While this definition seems sensible we should ask whether it satisfies the basic properties

of a energy-momentum tensor for a conformal field theory.

3.3 Energy-momentum tensor/current OPE

In two-dimensional conformal field theory a defining characteristic of TS(z1) is its OPE

with the holomorphic current operator

TS(z1)Ja(z3) ∼ Ja(z3)

z2
13

+
∂Ja(z3)

z13
. (3.19)

The analogous object for the amplitude is a specific case of the triple soft-limit

lim
δ→0
An+3(δq1, hq1 , aq1 ; δq2, hq2 , aq2 ; δq3, hq3 , aq3 ; {pi, hi, ai}) (3.20)

=
∑
σ∈Sn

{ n−1∑
s=1

n∑
r=1
r 6=s

S(0)
σn,σ1(q

hq1
1 )S(0)

σs,σs+1
(q
hq2
2 )S(0)

σr,σr+1
(q
hq3
3 )Tr(q1 . . . σsq2 . . . σrq3 . . . )

+

n−1∑
r=1

(
(CSL(0)

σn,σ1(q
hq1
1 , q

hq2
2 , ) + CSL(0)

σn,σ1(q
hq2
2 , q

hq1
1 ))S(0)

σr,σr+1
(q
hq3
3 ) Tr(q1q2 . . . σrq3 . . . )

+iCSL(0)
σn,σ1(q

hq2
2 , q

hq1
1 )S(0)

σr,σr+1
(q
hq3
3 )faq2aq1 cTr(c . . . σrq3 . . . ) + (q2 ↔ q3) + (q1 ↔ q3)

)
+
(
CSL(0)

σn,σ1(1h1 , 2h2 , 3h3)Tr(123σ1 . . . σn) + perm(1, 2, 3)
)}

An(σ1, . . . , σn) .
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We take all gluons to have positive helicity, such that the triple and double soft limits are

the same regardless of whether we take the consecutive or simultaneous soft limit and so, as

in the double-soft case, we set all soft parameters equal. The product of three holomorphic

currents is then defined to be

J a(z1)J b(z2)J c(z3) · An({ui, ūi}) ≡ (3.21)

− lim
δ→0

(δ2 ωz1ωz2ωz3)An+3(δq1,+, a, δq2,+, b, δq3,+, c; {pi, hi, ai}) .

In the standard two-dimensional conformal field theory calculation, to compute the OPE

of the energy-momentum tensor with the current operator we collect the terms which are

singular as z3 approaches either z1 or z2. In the soft-limit such terms correspond to the

soft momentum q3 becoming collinear with either q1 or q2. In particular the contributions

from the triple soft terms split into two groups, those where the soft particles q1 and q2 are

adjacent which come with a colour factor (N − 1
N )Tr(cσ1 . . . σn) and those where q1 and q2

are split by particle q3 which have (− 1
N )Tr(cσ1 . . . σn). Combining these terms we find that

the (− 1
N ) factors cancel. There are further contributions from terms involving double soft

limits times single soft factors which have colour structures f cadTr(a . . . σrd . . . ) however

these terms cancel between themselves. This makes use of the identity (3.11) as well as

the fact that

Tr(T aT aσ1 . . . T aσr [T c, T a] . . . ) + Tr([T c, T a]T aσ1 . . . T aσrT a . . . ) = 0 . (3.22)

Following the conformal field theory calculation, we then expand this in powers of z21 =

z2−z1 and keep the leading term (in principle there could be a more singular term however

this term is absent which corresponds to the level of the current algebra being zero ). We

finally have

T S(z1)J c(z3) · An({ui, ūi}) ∼
1

z2
31

∑
σ∈Sn

(
1

z1 − uσ1
− 1

z1 − uσn

)
Tr(cσ1 . . . σn)An(σ1 . . . σn)

=
1

z2
31

n∑
`=1

1

z1 − u`

∑
σ̃∈Sn−1

Tr([c, `]σ̃1 . . . )An(`σ̃1 . . . )

=
1

z2
31

J c(z1) · An({ui, ūi}) (3.23)

which after expanding the z1 dependence on the right hand side is the required result.

3.4 Energy-momentum OPE

Using the OPE of holomorphic currents it can be shown that the Sugawara energy-

momentum tensor for a current algebra (k = 0) satisfies the OPE

T (z1)T (z3) ∼ 2T (z3)

(z1 − z3)2
+

∂T (z3)

(z1 − z3)
(3.24)
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and so defines a conformal field theory with vanishing central charge. Correspondingly,

inserted into a correlator of primary fields Φ(ui), we have that

〈T (z1)T (z3)Φ(u1) . . .Φ(un)〉=
[

2

(z1−z3)2
+

∂z3
(z1−z3)

(3.25)

+

n∑
i=1

{
∆

(z1−ui)2
+

∂ui
(z1−ui)

}]
×〈T (z3)Φ(u1) . . .Φ(un)〉 .

In terms of the soft-limits of amplitudes this Ward identity should be reproduced by the

collinear part of the quadruple soft limit for positive helicity gluons. Once again as we are

only considering positive helicity gluons there is no ambiguity in the order of limits. In

the two-dimensional conformal field theory construction one starts with pairs of currents,

Ja1(z1)Ja2(z2) and Ja3(z3)Ja4(z4), and to calculate the OPE one first extracts the terms

which become singular as either z1 or z2 approaches either z3 or z4 and then takes the

limits z2 → z1 and z4 → z3. For the amplitude one similarly considers those terms which

are singular as either q1 or q2 become collinear with q3 or q4. The singular terms get

contributions from quadruple soft terms, where all soft particles are adjacent, from triple-

soft terms and from the “double” double-soft terms. Carefully combining all these terms we

find, after taking the z2 → z1 limit, that the singular terms in the quadruple soft limit are

T S(z1)T S(z3)·A≡ lim
δ→0

(
∏4
i=1ωzi)

(2N)2
An+4(δq1,+,a;δq1,+,a;δq3,+, b;δq3,+, b;{pi,hi,ai})

∼ 2

z2
13(2N)

∑
σ∈Sn

n∑
i=1

(
uσn−uσ1

(z3−uσn)(z3−uσ1)

)(
uσi−1−uσi

(z1−uσi−1)(z1−uσi)

)
Tr(aσ1 . . .aσi . . .)An .

This can be compared with the definition of a single insertion of the energy-momentum

tensor in (3.18) and, after further expanding the z1 dependence near z3, we see that we

indeed reproduce the OPE in (3.24) as expected.

While we restrict our considerations to gluon amplitudes it is interesting to note that

the sub-leading soft theorem for a graviton has been identified with the Ward identity for

a two-dimensional energy-momentum tensor [58] which suggests interpreting the collinear

limit of double-soft gluons as a graviton. This is reminiscent of recent work [59–62] showing

that amplitudes describing the interactions of gravitons with gluons can be written as linear

combinations of amplitudes in which the graviton is replaced by a pair of collinear gluons.

3.5 Comments on a Knizhnik-Zamolodchikov equation

Given the above construction for the energy-momentum tensor it is interesting to ask if we

can derive conformal Ward identities by considering correlation functions with insertions

of the energy-momentum tensor. However, a priori, even if there is a sensible conformal

field theory interpretation of the asymptotic states the current algebra may only form part

of it, which is to say the full energy-momentum tensor T (z) would be given by

T (z) = T ′(z) + TS(z) . (3.26)
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If we consider the individual terms in the mode expansion

(L̂−nΦ)(u) =

∮
dz

2πi

1

(z − u)n−1
T (z)Φ(u) ,

(Ĵa−nΦ)(u) =

∮
dz

2πi

1

(z − u)n
Ja(z)Φ(u) (3.27)

we have that

L̂−m = L̂′−m + γ
∑
l≤−1

Ĵal Ĵ
a
m−l + γ

∑
l>−1

Ĵam−lĴ
a
−l . (3.28)

In conformal field theory we can insert this inside a correlation function of primary fields

and if we consider the case where T ′(z) is absent we can derive the Knizhnik-Zamolodchikov

equation

〈Φ(u1) . . . (L̂−1Φ)(um) . . .Φ(un)〉 =

〈Φ(u1) . . .

γ(
∑
l≤−1

Ĵal Ĵ
a
−l−1 +

∑
l>−1

Ĵa−l−1Ĵ
a
−l)Φ

 (um) . . .Φ(un)〉.

Turning now to the scattering amplitudes, we consider the individual terms in the ex-

pression for an insertion of the energy-momentum tensor following from the double-soft

limit, (3.18). We have at leading order∮
Cum

dz1

2πi
z1mT S(z1) · An({ui, ūi}) = An({ui, ūi}) (3.29)

where Cum is a contour surrounding the point um. This has the expected form for an

insertion of the energy-momentum tensor into a correlation function of primary fields with

weight one. More non-trivially the sub-leading term is given by∮
Cum

dz1

2πi
T S(z1) · An({ui, ūi}) =

1

N

n∑
`=1
6̀=m

T am ⊗ T a`
um − u`

An({ui, ūi}) . (3.30)

The usual conformal Ward identity would then imply

∂umAn({ui, ūi}) = L′−1 · An({ui, ūi}) +
1

N

n∑
`=1
6̀=m

T am ⊗ T a`
um − u`

An({ui, ūi}) (3.31)

where L′−1 is the residue of T ′(z1) at z1 = um. It is tempting to ask what would happen if

the L′−1 term would be absent, that is, if the current algebra described the complete CFT.

As an example one can consider the MHV amplitudes. It is useful to define a rescaled

quantity Gn as follows

Gn({ui, ūi, hi}) =

n∏
`=1

νh`` An({ui, ūi}) . (3.32)
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In the simplest three-particle case

GMHV
3 (1−, 2−, 3+) =

(u1 − u2)3

(u2 − u3)(u3 − u1)
(Tr(T a1T a2T a3)− Tr(T a1T a3T a2)) (3.33)

and it is immediately obvious that (3.31) with L′−1 absent is satisfied for u3 but not u1 or

u2. In fact it is easy to check explicitly that the KZ-equation with L′−1 absent continues

to hold for the positive helicity gluons in higher point MHV amplitudes (currently done

with Mathematica to seven-points). It is slightly non-trivial to check that the double trace

terms, which arise when m and ` in (3.31) are not adjacent in a specific colour-ordered term,

vanish. This requires that the colour ordered amplitudes satisfy a number of identities.

For example, for the m = 3 KZ equation one such relation at four points is the vanishing

of the Tr(T a1T a4)Tr(T a2T a3) double-trace terms, which requires that

A(1, 2, 3, 4)

u3 − u1
+
A(1, 4, 3, 2)

u3 − u1
− A(1, 2, 3, 4)

u3 − u2
− A(1, 3, 2, 4)

u3 − u2

−A(1, 4, 2, 3)

u3 − u2
− A(1, 4, 3, 2)

u3 − u2
+
A(1, 3, 2, 4)

u3 − u4
+
A(1, 4, 2, 3)

u3 − u4
= 0 . (3.34)

More generally for the m-th KZ-equation the vanishing of the

Tr(T amT aσ1 . . . T aσ`−1 )Tr(T aσ` . . . T aσn−1 ) (3.35)

term requires∑
cyc{σ`,...,σn−1}

([
1

um − uσ`
− 1

um − uσ`−1

]
An (mσ1 . . . σ` . . . σn−1)

−
[

1

um − uσ1
− 1

um − uσn−1

]
An (m,σ` . . . σn−1σ1 . . . σ`−1)

)
= 0 (3.36)

where cyc{σ`, . . . , σn−1} denotes the sum over all cyclic permutations. We checked all such

identities hold up to seven points for MHV amplitudes. However, starting with the six-

point NMHV amplitude it no longer appears that the KZ equations holds even for the

positive helicity gluons. This suggests, unsurprisingly, that if there is a CFT interpretation

there is additional structure and as there is further universal behaviour in the soft-limits

we attempt to also interpret these in the context of a two-dimensional description.

Let us round off this section with an interesting connection of the above amplitude

relations with the so called Bern-Carrasco-Johansson (BCJ) [63] relations resulting from

the color-kinematic duality of gauge theory amplitudes. We can re-write the previous

example of the four point amplitude relation (3.34) in a different way using Kleiss-Kuiff and

the photon decoupling relations, which gives A(1, 2, 3, 4) = A(1, 4, 3, 2) and A(1, 3, 2, 4) =

A(1, 4, 2, 3). Using these relations we can rewrite the left-hand side of (3.34) as,

A (1, 2, 3, 4)

(
1

u31
− 1

u32

)
+A (1, 4, 2, 3)

(
1

u34
− 1

u32

)
= 0

A (1, 2, 3, 4)
u12

u31
+A (1, 4, 2, 3)

u42

u34
= 0. (3.37)
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Now using the representations of the spinor helicity variables 〈ij〉 =
√
νiνjuij and [ij] =

√
νiνj ūij and four-point momentum conservation we get,

u12u34

u31u24
=
〈12〉〈34〉[12]

〈24〉〈31〉[12]
=
s12

s24
, (3.38)

where sij = (pi + pj)
2 are the Mandelstam invariants. Hence, using these change of vari-

ables (3.37) and resultantly (3.34) becomes,

A(1, 2, 3, 4)s12 = s13A(1, 4, 2, 3), (3.39)

which is remarkably the 4−point BCJ relation. Thus the MHV amplitude relation derived

from demanding the vanishing of the double-trace terms in our KZ equations leads to the

BCJ relation at least for 4 points. This connection is harder to see for higher number of

points and we will report on this in a future publication.

4 Sub-leading currents

So far we have only been considering the leading soft terms, however it is known that the

sub-leading soft terms for Yang-Mills amplitudes are also universal. This behaviour, the

gluon version of the Low theorem [5–7, 9–11] described in section 2.1, is understood to

be valid only at tree-level and for generic configurations of the remaining external hard

legs [17]. We will only consider such configurations and so neglect boundary terms in the

kinematic space where additional particles become collinear. At loop level such corrections

could no longer be avoided and so it would be interesting to carefully understand these

terms, and more generally to make contact with the SCET [64–67] description used in [17].

We thus repeat the above analysis at the sub-leading order by defining the sub-leading

currents, J asub, as

J asub(z;ωz) · An({ui, ūi, νi}) ≡ − lim
δ→0

(1 + δ∂δ)ωzAn+1(δq,+, a; {pi, hi, ai}) (4.1)

where the (1 + δ∂δ) factor picks out the sub-leading soft term. We have that

J asub(z;ωz) · An({ui, ūi, νi}) =

n∑
`=1

[
ωz∂ν` + ωz

ν`
(z̄ − ū`)∂̄`

]
T a`

z − u`
An({ui, ūi, νi}) (4.2)

where ∂̄` = ∂
∂z̄`

and ∂ω` = ∂
∂ω`

. If we again attempt to interpret this in terms of the OPE

of a current with a primary field we must consider the primary fields as depending on an

auxiliary variable ν and we have

Jasub(z;ω)Φr
R(w; ν) ∼

(T aR)rs
[
ω∂ν + ω

ν (z̄ − ū)∂̄
]
Φs
R(w; ν)

z − u
. (4.3)

The appearance of an auxilliary parameter and derivatives in the representation is

(very vaguely) reminiscent of the Cartan element of the non-compact affine ŝl2 current
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algebra in the principle continuous series representations, Φj,`(w), for which we introduce

the complex parameter x, and the OPE is given by

J3(z)Φj,`(w;x) ∼ t3Φj,`(w;x)

z − u
+
k`

2
Φj,`(w;x) (4.4)

where t3 = x ∂
∂x . In the case at hand we see that, in addition to having a one-parameter

family of such currents, there is no extension as k = 0. Adamo and Casali [46] have,

in their world-sheet theory with null infinity as its target space, given the definition of a

charge with reproduces the sub-leading soft factor. It would be interesting to understand

if there is a relation between the currents introduced here and their charges which have

the interpretation as rotating the space of null generators. It is also known that these sub-

leading soft terms in four-dimensions are intimately connected to the conformal invariance

of the theory [17].

4.1 Sub-leading algebra

To continue the two-dimensional interpretation of the collinear soft limits to sub-leading

order and given these new currents we analyse the algebra that they form with the leading

currents and amongst themselves.

JsubJ . To find the OPE of the Kac-Moody current Ja(z) with Jasub(z) we must consider

part of the double soft limit at sub-leading order. The order of limits in this case is relevant

and a specific prescription must be given with the results dependent on the prescription.

We start with the consecutive limit and take leg q2 soft before leg q1:

lim
δ1→0

lim
δ2→0

(1 + δ1∂δ1)δ2An+2(δ1q1, hq1 , aq1 ; δ2q2, hq2 , aq2 ; {pi, hi, ai}) =∑
σ∈Sn

{[
S(0)
q1,σ1(q

hq2
2 )S(1)

σn,σ1(q
hq1
1 ) + S(0)

σn,q1(q
hq2
2 )S(1)

σn,σ1(q
hq1
1 )

]
Tr(q1q2σ1 . . . σn)

+

n∑
i=2

S(0)
σi−1,σi(q

hq2
2 )S(1)

σn,σ1(q
hq1
1 )Tr(q1σ1 . . . σi−1q2σi . . . σn)

+iS(0)
σn,q1(q

hq2
2 )S(1)

σn,σ1(q
hq1
1 )faq2aq1 c Tr(cσ1 . . . σn)

}
An(σ1, . . . , σn) . (4.5)

An important feature of this formula is that, as previously, the singularities as q1 and q2

become collinear only occur in the third set of terms on the right-hand side as those that

appear in the first set of terms cancel amongst themselves

lim
δ1→0

lim
δ2→0

(1 + δ1∂δ1)δ2An+2(δ1q1, hq1 , aq1 ; δ2q2, hq2 , aq2 ; {pi, hi, ai}) =

−
∑
σ∈Sn

{[ 〈σnσ1〉
〈σnq2〉〈q2σ1〉

(
[q1∂̄σ1 ]

〈q1σ1〉
+

[q1∂̄σn ]

〈σnq1〉

)]
Tr(q1q2σ1 . . . σn) (4.6)

+ . . .

+i
〈σnq1〉

〈σnq2〉〈q2q1〉

(
[q1∂̄σ1 ]

〈q1σ1〉
+

[q1∂̄σn ]

〈σnq1〉

)
faq2aq1 c Tr(cσ1 . . . σn)

}
An(σ1, . . . , σn) .
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Using the coordinate representation (3.2) we can find the most singular part as z1 → z2

lim
δ1→0

lim
δ2→0

(1 + δ1∂δ1)δ2ωz1ωz2An+2 ∼
ifaq1aq2 c
z12

n∑
`=1

[
T c` ωz1(∂ν` + z̄2−ū`

ν`
∂̄`)

z2 − u`

]
An . (4.7)

If we had instead taken δ2 to zero after δ1 we would find

lim
δ2→0

lim
δ1→0

(1 + δ1∂δ1)δ2An+2(δ1q1, hq1 , aq1 ; δ2q2, hq2 , aq2 ; {pi, hi, ai}) =∑
σ∈Sn

{[
S(1)
σn,q2(q

hq1
1 )S(0)

σn,σ1(q
hq2
2 ) + S(1)

q2,σ1(q
hq1
1 )S(0)

σn,σ1(q
hq2
2 )

]
Tr(q1q2σ1 . . . σn)

+ · · ·+ iS(1)
q2,σ1(q

hq1
1 )S(0)

σn,σ1(q
hq2
2 )faq2aq1 c Tr(cσ1 . . . σn)

}
An(σ1, . . . , σn) . (4.8)

Again one can show that in the collinear limit the potentially singular terms only come from

the last line above, however in this case there are in fact no non-vanishing singular terms in

the collinear limit. Such terms potentially could have arisen from the holomorphic anomaly

∂

∂λ̄ȧ
1

〈λµ〉
= πεȧḃµ̄

ḃδ(2)(〈λµ〉) (4.9)

which gives

lim
δ2→0

lim
δ1→0

(1 + δ1∂δ1)δ2An+2 =

−
∑
σ∈Sn

{
· · ·+ iπfaq2aq1 c

〈σnσ1〉
〈q2q1〉

(
− [q1σn]

〈q2σ1〉
δ(2)(〈σnq2〉)

+
[q1σ1]

〈q2σn〉
δ(2)(〈q2σ1〉)

)
Tr(cσ1 . . . σn)

}
An(σ1, . . . , σn) . (4.10)

However these terms are also of order one when q1 becomes collinear with q2. Thus taking

a combination with parameters α12 and α21 only the α21 parameter contributes and from

the definition

J asub(z1)J b(z2) · An({ui, ūi}) ≡ (4.11)

lim
α

(1 + δ1∂δ1)δ2 ωz1ωz2An+2(δ1q1,+, a; δ2q2,+, b; {pi, hi, ai})

we find

J asub(z1)J b(z2) · An({ui, ūi, ωi}) =
iα21f

ab
c

z12

n+2∑
`=3

[
T c` ωz1(∂ν` + z̄2−ū`

ν`
∂̄`)

z2 − u`

]
An

or in the notation of the OPE, after a slight rearrangement involving exchanging the soft

legs and renaming the parameter cs1,

Ja(z1)Jbsub(z2;ωz2) ∼
ics1f

ab
cJ

c
sub(z2;ωz2)

z12
. (4.12)

Note that if we choose cs1 to vanish then the OPE between the leading soft current and

the sub-leading current vanishes and these sectors decouple as the parameter α12 doesn’t
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appear. For brevity we will make the choice to set cs1 = 1 and cs2 = 0, however it can

always be reintroduced. Using this OPE, one can compute the OPE of the Sugawara

energy-momentum tensor with Jasub(z;ωz)

TS(z1)Jasub(z2;ωz2) ∼
Jasub(z2;ωz2)

z2
12

+
∂Jasub(z2;ωz2)

z12
, (4.13)

where we have not included the composite term fadc : JaJdsub : (z2, ωz2) which appears at

1/z12. This is what one would expect for a field of weight one.

JsubJsub. To find the OPE of the sub-leading currents with themselves we must calculate

the sub-leading behaviour of each soft particle in the limit of two soft gluons

lim
α

(1 + δ1∂δ1)(1 + δ2∂δ2)An+2(δ1q1,+, a; δ2q2,+, b; {pi, hi, ai})

=
∑
σ∈Sn

{
· · ·+ i

f bac

〈q2q1〉

(
α21[q2∂̄σn ]

〈σnq1〉
+
α21[q2∂̄σ1 ]

〈q1σ1〉

+
α12[q1∂̄σn ]

〈σnq2〉
+
α12[q1∂̄σ1 ]

〈q2σ1〉

)
Tr(cσ3 . . . σn+2)

}
An(σ1, . . . , σn)

where we have included contributions from both orderings and from which we have

J asub(z1;ωz1)J bsub(z2;ωz2) · An({ui, ūi}) =

ifabc
z12

n∑
`=1

[
T c` (α21ωz1 + α12ωz2)(∂ν` + (z̄2−ū`)

ν`
)∂̄`

z2 − u`

]
An

or in the notation of the OPE and writing the parameters as css1 and css2 we have

Jasub(z1;ωz1)Jbsub(z2;ωz2) ∼
ifabcJ

c
sub(z2; css2 ωz1 + css1 ωz2)

z12
. (4.14)

Here we see an example where there doesn’t appear to be a natural choice for the ordering

of the soft limits and so we simply keep both and parameterise the ambiguity by css1 and css2 .

Given our previous considerations and the form of the OPE, one might attempt to

repeat the Sugawara construction for these sub-leading currents. While we don’t analyse

the general case, at least in the symmetric case where css1 = css2 = 1 using the OPE it is

straightforward to show that one can define an operator for each value of ωz1

TSsub(z1, ωz1) =
1

2N
Jasub(z1;ωz1)Jasub(z1;−ωz1) (4.15)

which acts like a sub-leading energy-momentum tensor in that it satisfies

TSsub(z1, ωz1)Jasub(z2;ωz2) ∼
Jasub(z2;ωz2)

z2
12

+
∂Jasub(z2;ωz2)

z12
. (4.16)
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5 Anti-holomorphic currents

We can of course repeat the previous calculations for the negative helicity gluon and find

the anti-holomorphic currents. We define

J̄ a(z) · An({ui, ūi, νi}) ≡ lim
δ→0

(δω)An+1(δp,−, a; {pi, hi, ai}), (5.1)

so that the current still acts with the adjoint action but because of the missing minus sign

it acts from the right rather than the left or, alternatively, with the complex conjugate

generator

J̄ a(z) · An({ui, ūi}) =

n∑
`=1

T̄ a`
z̄ − ū`

An({ui, ūi}) . (5.2)

5.1 OPE for anti-holomorphic currents

Slightly more non-trivially we can consider the mixed helicity double soft limit and attempt

to reproduce the action of the holomorphic currents on the anti-holomorphic discussed

in [4]. We can again start from (3.10) however now hq1 = + while hq2 = −. In this case

there is an ambiguity in the double soft limit which we parameterise in case of consecutive

limits by using a specific case of the general multi-parameter limit

lim
α
≡
(
α12 lim

δ2→0
lim
δ1→0

+α21 lim
δ1→0

lim
δ2→0

)
. (5.3)

The corresponding two-parameter family of consecutive double-soft factors, αCSL
(0)
σn,σ1 , still

satisfies the identity analogous to (3.11)

αCSL(0)
σn,σ1(1+, 2−) + αCSL(0)

σn,σ1(2−, 1+) = S(0)
σn,σ3(1+)S(0)

σn,σ3(2−) . (5.4)

We thus find that the terms singular in z12 arise from the αCSL
(0)
σn,σ1(2−, 1+) term. More

explicitly, if we start from

J a(z1)J̄ b(z2) · An({ui, ūi}) ≡ − lim
α
δ1δ2 ωz1ωz2An+2(δ1q1,+, a; δ2q2,−, b; {pi, hi, ai})

then we find that

J a(z1)J̄ b(z2) · An({ui, ūi}) = ifabc

n∑
`=1

[
· · ·+ α12

T̄ c`
z12(z̄2 − ū`)

− α21
T c`

z̄12(z2 − u`)

+ α21
z12

z̄12

T c`
(z2 − z`)2

+ . . .

]
An ,

where we have included the sub-leading term that has a non-trivial phase as z1 encircles

z2. This expression can be interpreted as a non-trivial OPE between the holomorphic and

anti-holomorphic currents of the form

Ja (z1) J̄b (z2) ∼ ifabc
[
d1
J̄c(z2)

z12
− d2

Jc(z2)

z̄12
− d2

z12

z̄12
∂Jc(z2)

]
, (5.5)
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where the OPE parameters are related to the order of the soft limits by d1 = α12 and d2 =

α21. If we require that the current-current OPE be consistent with the complex conjugation

(Ja(z1))∗ = J̄a(z1) we find the constraint d∗1 = d2 and d∗2 = d1. For the soft-limit which

naturally implies real parameters this requires d1 = d2 which is to say the symmetric

choice of parameters. The structure for the OPE (5.5) between the holomorphic and anti-

holomorphic currents appears similar to that found in the CFTs describing supergroup coset

models considered in [44]. As mentioned previously, in the case of super-group non-linear

sigma models the vanishing of the Killing form allows the construction of a holomorphic

stress-energy tensor. Supergroup CFTs are generically non-unitary and logarithmic which

suggests that in our case if one can construct a corresponding CFT it will potentially be

non-unitary. However, without a better definition of such a putative CFT it is difficult to

understand the meaning of such an interpretation.

It is interesting to compare this with what one finds in the simultaneous double-soft

by computing

− lim
δ→0

δ2 ωz1ωz2An+2(δq1,+, a, δq2,−, b; {pi, hi, ai}) ,

and making use of the results of [36, 37]. Focusing on the singular terms this gives

ifabc
(ωz1 + ωz2)2

n∑
`=1

[
· · ·+

T̄ c` ω
2
z2

z12(z̄2 − ū`)
−

T c` ω
2
z1

z̄12(z2 − u`)
+ . . .

]
An .

With the previous interpretation of the leading order soft limits in terms of currents Ja and

J̄a this expression doesn’t appear to make sense due to the appearance of the soft-particle

energies ωzi on the right-hand side. One could of course attempt to introduce a family

of currents parametrized by ω already at leading order; alternatively we can additionally

demand that ωz1 = ωz2 in which case we reproduce the consecutive answer with a symmetric

choice for the parameters d1 and d2.

J̄Jsub. To complete the algebra we must compute the OPE of the anti-holomorphic

current with the sub-leading current. The calculations are essentially the same as those

above and we again start from

J̄ a(z1)J bsub(z2;ωz2) · An({ui, ūi}) ≡
− lim

α
δ1(1 + δ2∂δ2) ωz1ωz2An+2(δ1q1,−, a, δ2q2,+, b; {pi, hi, ai})

which implies

J̄ a(z1)J bsub(z2;ωz2) · An({ui, ūi}) = ifabc

n∑
`=1

[
· · · − 2

α21

z12

ωz2
ωz1

T̄ c`

(z̄2 − ū`)
+ 3α21

z̄12

z12

ωz2
ωz1

T̄ c`

(z̄2 − ū`)2

− α12

z̄12

T c` ωz2
[
∂ω` + z̄2−ū`

ν`
∂̄`
]

(z2 − u`)
+ . . .

]
An .

(5.6)

As it stands this doesn’t appear to be interpretable as an OPE between an anti-holomorphic

current and a sub-leading current depending on the parameter ωz2 due to the explicit
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appearance of ωz1 on the right-hand side. Thus we are lead to imposing a particular

ordering for the soft limits where we take the particle corresponding to the sub-leading

current to be soft after the leading order current, that is α21 = 0 and α12 = 1. This, taking

the sub-leading limit after the leading limit, is the same as in the holomorphic sector and as

there seems a reasonable choice. This corresponds to an OPE between the non-holomorphic

currents and the sub-leading holomorphic current

J̄a(z1)Jbsub(z2;ωz2) ∼ −ifabc
Jcsub(z2;ωz2)

z̄12
. (5.7)

In some aspects this lack of choice is unappealing and it would be interesting to under-

stand it better. As a small step in this direction one can again consider the simultaneous

double soft limit at sub-leading order the expressions for which can be found in [36]. In

this case the simultaneous limit is not the same as the consecutive limit and for the case of

mixed helicity is not given by products of single soft limits. The simultaneous limit mixes

the terms where particle q1 and q2 are sub-leading but by focussing on the terms with

anti-holomorphic derivatives one can identify those terms corresponding to the sub-leading

terms in the soft-expansion for the positive helicity gluon. Denoting the simultaneous

double-soft factor DSLn,1(qh11 , qh22 ) the relevant, singular, sub-leading terms are

DSLn,1(q−1 , q
+
2 )
∣∣
singular

=
[nq2]2[q2∂̃1]

[nq1][q1q2]〈1|q12|n]
− [nq2]2[q2∂̃n]

[nq1][q1q2](2pn · q12)
. (5.8)

This prescription does not include the contact terms, which involve no derivatives,

DSL
(1)
n,1(q−1 , q

+
2 , )|contact =

[n q2]2〈q1 n〉
[n q1]

1

(2pn · q12)2
+
〈1q1〉2[q21]

〈1q2〉
1

(2p1 · q12)2
(5.9)

however as they are not singular in the collinear limit this is no loss. Expanding the

collinear limit, gives the analogous result to (5.6)

ifabc

n∑
`=1

· · · − 1

z̄12

T c`
ω2
z2

ωz1+ωz2

[
∂ω` + z̄2−ū`

ν`
∂̄`
]

(z2 − u`)
+ . . .

An .
Here we see that the troublesome non-derivative terms in (5.6) don’t appear. Of course,

as before, due to the non-local nature of the simultaneous limit we find the soft-particle

energies entering as
ω2
z2

ωz1+ωz2
and so the simultaneous limit, by itself, does not give a good

prescription. As this limit involves the sub-leading soft-terms this behaviour may be related

to the failure of the Low theorem in general. Understanding these terms better will be

essential if there is to be any progress at loop-level where despite the breakdown of the

Low theorem there is some evidence of universal behaviour [68] of a restricted type and in

particular the SCET framework is useful in trying to better understand these terms [17].

JsubJ̄sub. Finally we consider the OPE of a sub-leading current with its anti-holomorphic

analogue. This is related to the sub-sub-leading double-soft limit. While such sub-sub-

leading behaviour has not been studied in the simultaneous double-soft limit it is straight-

forward to define using consecutive single-soft limits though naturally this again leads to
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the introduction of parameters. Starting from

J asub(z1;ωz1)J̄ bsub(z2;ωz2) · An({ui, ūi}) ≡
− lim

α
(1 + δ2∂δ2)(1 + δ2∂δ2) ωz1ωz2An+2(δ1q1,+, a; δ2q2,−, b; {pi, hi, ai})

and so

J asub(z1;ωz1)J̄ bsub(z2;ωz2) · An({ui, ūi}) = ifabc

n∑
`=1

[
· · · − α12

z12

T̄ c` ωz1
[
∂ω` + z2−u`

ν`
∂`
]

(z̄2 − ū`)

− α12z̄12

z12

T̄ c` ωz1
[
∂ω` + z2−u`

ν`
∂`
]

(z̄2 − ū`)2
+
α21

z̄12

T c` ωz2
[
∂ω` + z̄2−ū`

ν`
∂̄`
]

(z2 − u`)

− 2
α21z12

z̄12

T c` ωz2
[
∂ω` + z̄2−ū`

ν`
∂̄`
]

(z2 − u`)2
+ . . .

]
An

which corresponds to the OPE

Jasub(z1;ωz1)J̄bsub(z2;ωz2) ∼ ifabc
[
Jcsub(z2; ds2ωz2)

z̄12
−
J̄csub(z2; ds1ωz1)

z12

+
z̄12

z12
∂̄J̄csub(z2; ds1ωz1) + 2

z12

z̄12
∂Jcsub(z2; ds2ωz2)

]
. (5.10)

5.2 CFT interpretation of anti-holomorphic currents

It is interesting to compute the OPE of the anti-holomorphic current with the holomorphic

energy-momentum tensor found via the Sugawara construction. This can be done directly

by using the formulae above to compute the OPE of two holomorphic currents with an

anti-holomorphic current and then extracting the singular terms as the two holomorphic

currents approach each other. At leading order in z13 we find

Ja (z1) Ja (z2) J̄c (z3) ∼ f cadfade
[
c1
J̄e (z3)

z2
13

+

[
c′2
z21

z̄21

1

z2
13

+ c′3
z̄21

z21

1

z̄2
13

]
Je (z3)

]
, (5.11)

where the constants c1 and c′2, c
′
3 are related to the parameters in the OPEs of Ja with

Ja (1.2) and Ja with J̄a (1.5). The terms less singular in 1/z13 can be computed and are

more complicated but one can already see at this leading order the unwanted appearance

of Ja(z3) in the OPE; however all such terms, while non-vanishing as z2 → z1, can be

identified by their phase. If we define the energy-momentum tensor by the contour integral

T (z1) =
1

4πih∨

∮
dz2

z21
Ja(z1)Ja(z2) (5.12)

where h∨ is again the dual Coxeter number then we can drop all unwanted terms depending

on z21 and z̄21 so that we have the result

T (z1)J̄c(z3) ∼ c1
J̄c(z3)

z2
13

+ c1
z̄13

z2
13

∂̄J̄c(z3) + . . . (5.13)

where we have now included some of the sub-leading terms and the coefficient c1 is given

by c1 = d2
1. The remaining sub-leading terms are either composite operators of the form
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f cad : JaJ̄d : (z3) or of the form ∂̄Jc, ∂J̄c. These later terms would be related to composite

terms of the former type if we imposed the Maurer-Cartan

∂̄Jc − ∂J̄c − if cadJaJ̄d = 0 (5.14)

and current conservation

∂̄Jc + ∂J̄c = 0 (5.15)

equations. However we restrict our attention to the leading singularity terms for the

present.

One can alternatively start from the triple soft-limit of (3.20) but where we now take

the third helicity to be negative, hq3 = −. We are interested in the case where we trace

over the colour indices aq1 and aq2 , extracting the terms that are singular as z3 approaches

z1 or z2 and then taking the limit z2 → z1. For example, and again taking the gauge group

to be su(N), the terms that potentially contribute are

lim
δ1→0

lim
δ2→0

lim
δ3→0

∑
a

An+3(δ1q1,+, a; δ2q2,+, a; δ3q3,−, b; {pi, hi, ai})

=
∑
σ∈Sn

{
· · ·+ i

n−1∑
r=1

(
CSL(0)

σn,σ1(q−3 , q
+
1 )S(0)

σr,σr+1
(q+

2 )

− CSL(0)
σn,σ1(q−3 , q

+
2 )S(0)

σr,σr+1
(q+

1 )
)
f bacTr(a . . . σrc . . . )

+

(
N − 1

N

)(
CSL(0)

σn,σ1(q+
1 , q

+
2 , q

−
3 ) + CSL(0)

σn,σ1(q+
2 , q

+
1 , q

−
3 )

+ CSL(0)
σn,σ1(q−3 , q

+
1 , q

+
2 ) + CSL(0)

σn,σ1(q−3 , q
+
2 , q

+
1 )
)

Tr(bσ1 . . . )

− 1

N

(
CSL(0)

σn,σ1(q+
1 , q

−
3 , q

+
2 ) + CSL(0)

σn,σ4(q+
2 , q

−
3 , q

+
1 )
)

Tr(bσ1 . . . )

}
×An(σ1, . . . , σn) . (5.16)

However it remains to specify exactly how to take the multi-soft limit and the result depends

heavily on the prescription. We could use the general multi-parameter soft limit

lim
α

= α123 lim
δ3→0

lim
δ2→0

lim
δ1→0

+α321 lim
δ1→0

lim
δ2→0

lim
δ3→0

. . . (5.17)

however it is simplified by symmetrizing the order in which the positive helicity gluons

are taken soft i.e. we take α123 = α213, α132 = α231 and α312 = α321. In the above

expression one can see two different colour structures: those with Tr(bσ1 . . . ) and those with

f bacTr(a . . . σrc . . . ). Focusing on the former we can show that the terms with coefficient
1
N cancel while the remaining terms give, here only including terms of order 1

z213
and 1

z̄213
,

N
∑
σ∈Sn

{
· · · −

[
4α123

1

z2
13

1

z̄3 − ūσ1
+ 2α132

z21

z2
13z̄21

1

z3 − uσ1
(5.18)

+ 2(2α312 + α132)
z̄21

z̄2
13z21

1

z3 − uσ1

]
Tr([b, σ1]σ2 . . . ) + . . .

}
An(σ1 . . . ) .
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Using the prescription to drop terms with non-trivial monodromy as z2 circles z1 this

multi-soft limit can be written as

T (z1)J̄ a(z3) ∼ 2α123
J̄ a(z3)

z2
13

+ 2α123
z̄13

z2
13

∂̄J̄ a(z3) + . . . (5.19)

where we have here included the local term at the sub-leading z̄13
z213

order. We can see that

we reproduce at 1
z213

-order the structure following from the OPE calculation if we make the

appropriate choice for the ordering of the consecutive soft-limits. There are additionally

terms at order 1
z13

which have a bi-local structure and in this case the terms with colour

structure f bacTr(a . . . σrc . . . ) in (5.16) do not vanish but instead also have a bi-local form.

We have not carefully matched these terms with those appearing in the OPE.

To compare this result to the one obtained from the simultaneous triple soft limit

we use the above formula (5.16) and specifically focus on the third and fourth lines since

those are the only singular contributions in the collinear limit. In [37] the simultaneous

triple-soft formulae with three adjacent soft gluons of mixed helicities were derived for the

following cases

An+3(δ1q
+
1 , δ2q

−
2 , δ3q

−
3 , 1, . . . , n)

∣∣
δ1∼δ2∼δ3→0

→ S+−−
n,1 An

An+3(δ1q
+
1 , δ2q

−
2 , δ3q

+
3 , 1, . . . , n)

∣∣
δ1∼δ2∼δ3→0

→ S+−+
n,1 An . (5.20)

We can obtain the other possible triple-soft terms needed for the different permutations

in (5.16) from (5.20) by conjugation, i.e. flipping bra to ket and vice-versa., hence

S−+−
n,1 = S+−+

n,1 |
∗ and S−++

n,1 = S+−−
n,1 |

∗, (5.21)

and, to get the remaining configurations, by exchanging the neighbouring labels n and 1, i.e.

S++−
n,1 = S−++

1,n and S−−+
n,1 = S+−−

1,n . (5.22)

Using these expressions we again get a cancelation of all the sub-leading color terms of

order O(− 1
N ) and we see the same structure as in (5.19) but with specific coefficients.

That is the triple-soft limit can be written as

T (z1)J̄ a(z3) ∼ 2

9

J̄ a(z3)

z2
13

+
2

9

z̄13∂̄J̄ a(z3)

z2
13

. (5.23)

A conjugation operator. Due to the non-trivial OPE between Ja and J̄b it is interesting

to define the operator

C(z1) =
1

4πih∨

∮
dz2

z21
Ja(z1)J̄a(z2) (5.24)

which satisfies the OPE with current Ja

C (z1) Ja (z3) ∼
[
d2

1

J̄a(z3)

z2
13

+ d2
1

z̄13

z2
13

∂̄J̄a(z3)

]
+ . . . , (5.25)

where the constants d1 are those appearing in the JJ̄-OPE (1.5) and we see that C essen-

tially acts as a charge conjugation operator.
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Just as for the energy-momentum tensor we can analyze the same OPE by examining

the triple soft-limit of two positive helicity gluons and one negative but now hq2 = − rather

than hq3 . The calculation is identical to that above and the final result can be written as

C(z1)J a(z3) ∼ 2α123
J̄ a(z3)

z2
13

+ 2α123
z̄13

z2
13

∂̄J̄ a(z3) + . . . (5.26)

where we again see that with the appropriate choice of parameter in the multi-soft limit

that we find the expression calculated directly from the JJ̄ OPE.
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[43] M. Lüscher, Quantum Nonlocal Charges and Absence of Particle Production in the

Two-Dimensional Nonlinear σ-model, Nucl. Phys. B 135 (1978) 1 [INSPIRE].

[44] S.K. Ashok, R. Benichou and J. Troost, Conformal Current Algebra in Two Dimensions,

JHEP 06 (2009) 017 [arXiv:0903.4277] [INSPIRE].

[45] T. Quella and V. Schomerus, Superspace conformal field theory, J. Phys. A 46 (2013) 494010

[arXiv:1307.7724] [INSPIRE].

[46] T. Adamo and E. Casali, Perturbative gauge theory at null infinity, Phys. Rev. D 91 (2015)

125022 [arXiv:1504.02304] [INSPIRE].

[47] T. Adamo, E. Casali and D. Skinner, Perturbative gravity at null infinity, Class. Quant.

Grav. 31 (2014) 225008 [arXiv:1405.5122] [INSPIRE].

[48] L. Mason and D. Skinner, Ambitwistor strings and the scattering equations, JHEP 07 (2014)

048 [arXiv:1311.2564] [INSPIRE].

[49] Y. Geyer, A.E. Lipstein and L.J. Mason, Ambitwistor Strings in Four Dimensions, Phys.

Rev. Lett. 113 (2014) 081602 [arXiv:1404.6219] [INSPIRE].

[50] Y. Geyer, A.E. Lipstein and L. Mason, Ambitwistor strings at null infinity and (subleading)

soft limits, Class. Quant. Grav. 32 (2015) 055003 [arXiv:1406.1462] [INSPIRE].

[51] A.E. Lipstein, Soft Theorems from Conformal Field Theory, JHEP 06 (2015) 166

[arXiv:1504.01364] [INSPIRE].

– 27 –

https://arxiv.org/abs/1506.02906
https://inspirehep.net/search?p=find+EPRINT+arXiv:1506.02906
https://doi.org/10.1103/PhysRevD.95.021701
https://arxiv.org/abs/1605.09731
https://inspirehep.net/search?p=find+EPRINT+arXiv:1605.09731
https://doi.org/10.1103/PhysRevLett.94.181602
https://arxiv.org/abs/hep-th/0501052
https://inspirehep.net/search?p=find+EPRINT+hep-th/0501052
https://doi.org/10.1007/JHEP07(2014)033
https://arxiv.org/abs/1309.0885
https://inspirehep.net/search?p=find+EPRINT+arXiv:1309.0885
https://doi.org/10.1103/PhysRevLett.113.171601
https://arxiv.org/abs/1307.2199
https://inspirehep.net/search?p=find+EPRINT+arXiv:1307.2199
https://doi.org/10.1007/JHEP07(2015)135
https://arxiv.org/abs/1504.05558
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.05558
https://doi.org/10.1007/JHEP07(2015)095
https://arxiv.org/abs/1504.05559
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.05559
https://doi.org/10.1088/1126-6708/2004/09/006
https://arxiv.org/abs/hep-th/0403047
https://inspirehep.net/search?p=find+EPRINT+hep-th/0403047
https://doi.org/10.1007/JHEP08(2015)128
https://doi.org/10.1007/JHEP08(2015)128
https://arxiv.org/abs/1505.08130
https://inspirehep.net/search?p=find+EPRINT+arXiv:1505.08130
https://doi.org/10.1007/JHEP12(2015)150
https://arxiv.org/abs/1507.00938
https://inspirehep.net/search?p=find+EPRINT+arXiv:1507.00938
https://doi.org/10.1103/PhysRev.170.1659
https://inspirehep.net/search?p=find+J+%22Phys.Rev.,170,1659%22
https://doi.org/10.1016/0550-3213(84)90374-2
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B247,83%22
https://doi.org/10.1016/0550-3213(78)90211-0
https://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B135,1%22
https://doi.org/10.1088/1126-6708/2009/06/017
https://arxiv.org/abs/0903.4277
https://inspirehep.net/search?p=find+EPRINT+arXiv:0903.4277
https://doi.org/10.1088/1751-8113/46/49/494010
https://arxiv.org/abs/1307.7724
https://inspirehep.net/search?p=find+EPRINT+arXiv:1307.7724
https://doi.org/10.1103/PhysRevD.91.125022
https://doi.org/10.1103/PhysRevD.91.125022
https://arxiv.org/abs/1504.02304
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.02304
https://doi.org/10.1088/0264-9381/31/22/225008
https://doi.org/10.1088/0264-9381/31/22/225008
https://arxiv.org/abs/1405.5122
https://inspirehep.net/search?p=find+EPRINT+arXiv:1405.5122
https://doi.org/10.1007/JHEP07(2014)048
https://doi.org/10.1007/JHEP07(2014)048
https://arxiv.org/abs/1311.2564
https://inspirehep.net/search?p=find+EPRINT+arXiv:1311.2564
https://doi.org/10.1103/PhysRevLett.113.081602
https://doi.org/10.1103/PhysRevLett.113.081602
https://arxiv.org/abs/1404.6219
https://inspirehep.net/search?p=find+EPRINT+arXiv:1404.6219
https://doi.org/10.1088/0264-9381/32/5/055003
https://arxiv.org/abs/1406.1462
https://inspirehep.net/search?p=find+EPRINT+arXiv:1406.1462
https://doi.org/10.1007/JHEP06(2015)166
https://arxiv.org/abs/1504.01364
https://inspirehep.net/search?p=find+EPRINT+arXiv:1504.01364


J
H
E
P
0
8
(
2
0
1
7
)
1
2
4

[52] C. Cheung, A. de la Fuente and R. Sundrum, 4D scattering amplitudes and asymptotic

symmetries from 2D CFT, JHEP 01 (2017) 112 [arXiv:1609.00732] [INSPIRE].

[53] J. de Boer and S.N. Solodukhin, A holographic reduction of Minkowski space-time, Nucl.

Phys. B 665 (2003) 545 [hep-th/0303006] [INSPIRE].

[54] S.N. Solodukhin, Reconstructing Minkowski space-time, in AdS/CFT correspondence:

Einstein metrics and their conformal boundaries. Proceedings, 73rd Meeting of Theoretical

Physicists and Mathematicians, Strasbourg, France, September 11–13, 2003, IRMA Lect.

Math. Theor. Phys. 8 (2005) 123 [hep-th/0405252] [INSPIRE].

[55] L.J. Dixon, Calculating scattering amplitudes efficiently, in QCD and beyond. Proceedings,

Theoretical Advanced Study Institute in Elementary Particle Physics, TASI-95, Boulder,

U.S.A., June 4–30, 1995, pp. 539-584, hep-ph/9601359 [INSPIRE].

[56] J.M. Henn and J.C. Plefka, Scattering Amplitudes in Gauge Theories, Lect. Notes Phys. 883

(2014) 1.

[57] H. Elvang and Y.-t. Huang, Scattering Amplitudes, arXiv:1308.1697 [INSPIRE].

[58] D. Kapec, P. Mitra, A.-M. Raclariu and A. Strominger, A 2D Stress Tensor for 4D Gravity,

arXiv:1609.00282 [INSPIRE].

[59] S. Stieberger and T.R. Taylor, Graviton as a Pair of Collinear Gauge Bosons, Phys. Lett. B

739 (2014) 457 [arXiv:1409.4771] [INSPIRE].

[60] S. Stieberger and T.R. Taylor, Graviton Amplitudes from Collinear Limits of Gauge

Amplitudes, Phys. Lett. B 744 (2015) 160 [arXiv:1502.00655] [INSPIRE].

[61] S. Stieberger and T.R. Taylor, Subleading terms in the collinear limit of Yang-Mills

amplitudes, Phys. Lett. B 750 (2015) 587 [arXiv:1508.01116] [INSPIRE].

[62] D. Nandan, J. Plefka and W. Wormsbecher, Collinear limits beyond the leading order from

the scattering equations, JHEP 02 (2017) 038 [arXiv:1608.04730] [INSPIRE].

[63] Z. Bern, J.J.M. Carrasco and H. Johansson, New Relations for Gauge-Theory Amplitudes,

Phys. Rev. D 78 (2008) 085011 [arXiv:0805.3993] [INSPIRE].

[64] C.W. Bauer, S. Fleming and M.E. Luke, Summing Sudakov logarithms in B → Xsγ in

effective field theory, Phys. Rev. D 63 (2000) 014006 [hep-ph/0005275] [INSPIRE].

[65] C.W. Bauer, S. Fleming, D. Pirjol and I.W. Stewart, An effective field theory for collinear

and soft gluons: Heavy to light decays, Phys. Rev. D 63 (2001) 114020 [hep-ph/0011336]

[INSPIRE].

[66] C.W. Bauer and I.W. Stewart, Invariant operators in collinear effective theory, Phys. Lett. B

516 (2001) 134 [hep-ph/0107001] [INSPIRE].

[67] C.W. Bauer, D. Pirjol and I.W. Stewart, Soft collinear factorization in effective field theory,

Phys. Rev. D 65 (2002) 054022 [hep-ph/0109045] [INSPIRE].

[68] A. Brandhuber, E. Hughes, B. Spence and G. Travaglini, One-Loop Soft Theorems via Dual

Superconformal Symmetry, JHEP 03 (2016) 084 [arXiv:1511.06716] [INSPIRE].

– 28 –

https://doi.org/10.1007/JHEP01(2017)112
https://arxiv.org/abs/1609.00732
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.00732
https://doi.org/10.1016/S0550-3213(03)00494-2
https://doi.org/10.1016/S0550-3213(03)00494-2
https://arxiv.org/abs/hep-th/0303006
https://inspirehep.net/search?p=find+EPRINT+hep-th/0303006
https://arxiv.org/abs/hep-th/0405252
https://inspirehep.net/search?p=find+EPRINT+hep-th/0405252
https://arxiv.org/abs/hep-ph/9601359
https://inspirehep.net/search?p=find+EPRINT+hep-ph/9601359
https://doi.org/10.1007/978-3-642-54022-6
https://doi.org/10.1007/978-3-642-54022-6
https://arxiv.org/abs/1308.1697
https://inspirehep.net/search?p=find+EPRINT+arXiv:1308.1697
https://arxiv.org/abs/1609.00282
https://inspirehep.net/search?p=find+EPRINT+arXiv:1609.00282
https://doi.org/10.1016/j.physletb.2014.10.057
https://doi.org/10.1016/j.physletb.2014.10.057
https://arxiv.org/abs/1409.4771
https://inspirehep.net/search?p=find+EPRINT+arXiv:1409.4771
https://doi.org/10.1016/j.physletb.2015.03.053
https://arxiv.org/abs/1502.00655
https://inspirehep.net/search?p=find+EPRINT+arXiv:1502.00655
https://doi.org/10.1016/j.physletb.2015.09.075
https://arxiv.org/abs/1508.01116
https://inspirehep.net/search?p=find+EPRINT+arXiv:1508.01116
https://doi.org/10.1007/JHEP02(2017)038
https://arxiv.org/abs/1608.04730
https://inspirehep.net/search?p=find+EPRINT+arXiv:1608.04730
https://doi.org/10.1103/PhysRevD.78.085011
https://arxiv.org/abs/0805.3993
https://inspirehep.net/search?p=find+EPRINT+arXiv:0805.3993
https://doi.org/10.1103/PhysRevD.63.014006
https://arxiv.org/abs/hep-ph/0005275
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0005275
https://doi.org/10.1103/PhysRevD.63.114020
https://arxiv.org/abs/hep-ph/0011336
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0011336
https://doi.org/10.1016/S0370-2693(01)00902-9
https://doi.org/10.1016/S0370-2693(01)00902-9
https://arxiv.org/abs/hep-ph/0107001
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0107001
https://doi.org/10.1103/PhysRevD.65.054022
https://arxiv.org/abs/hep-ph/0109045
https://inspirehep.net/search?p=find+EPRINT+hep-ph/0109045
https://doi.org/10.1007/JHEP03(2016)084
https://arxiv.org/abs/1511.06716
https://inspirehep.net/search?p=find+EPRINT+arXiv:1511.06716

	Introduction
	Soft limits for gluon amplitudes
	Single-soft limits
	Multi-soft limits

	Current algebra interpretation of Yang-Mills soft limits
	An su(N) current algebra
	Sugawara construction for amplitudes
	Energy-momentum tensor/current OPE
	Energy-momentum OPE
	Comments on a Knizhnik-Zamolodchikov equation

	Sub-leading currents
	Sub-leading algebra

	Anti-holomorphic currents
	OPE for anti-holomorphic currents
	CFT interpretation of anti-holomorphic currents


