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ABSTRACT: In this note we consider aspects of the current algebra interpretation of multi-
soft limits of tree-level gluon scattering amplitudes in four dimensions. Building on the
relation between a positive helicity gluon soft-limit and the Ward identity for a level-zero
Kac-Moody current, we use the double-soft limit to define the Sugawara energy-momentum
tensor and, by using the triple- and quadruple-soft limits, show that it satisfies the correct
OPEs for a CFT. We study the resulting Knizhnik-Zamolodchikov equations and show that
they hold for positive helicity gluons in MHV amplitudes. Turning to the sub-leading soft-
terms we define a one-parameter family of currents whose Ward identities corresponding to
the universal tree-level sub-leading soft-behaviour. We compute the algebra of these cur-
rents formed with the leading currents and amongst themselves. Finally, by parameterising
the ambiguity in the double-soft limit for mixed helicities, we introduce a non-trivial OPE
between the holomorphic and anti-holomorphic currents and study some of its implications.
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1 Introduction

The simple geometric fact that a null vector in Minkowski space defines a point on the
sphere at null infinity naturally suggests interpreting scattering amplitudes for massless
particles as two-dimensional correlation functions. An early and prominent example of
such an interpretation was given by Nair in [1] where certain N' = 4 super-Yang-Mills
(SYM) amplitudes were constructed using the operator product expansion (OPE) of the
Kac-Moody currents which define a two-dimensional Wess-Zumino-Witten model. This
construction in part lead to the development of the twistor string [2] which gives a complete
description of tree-level ' =4 SYM in terms of a two-dimensional world-sheet theory.

Kac-Moody structures have also recently appeared in the study of the soft-limits of
gluon amplitudes [3, 4]. Scattering amplitudes of massless particles such as gluons can be
formally expanded in powers of a small scaling parameter § multiplying the momentum of
a particle which is thus taken to be soft, p* = § ¢*, and which schematically gives

tim Aver (02) = (550 +59(0) ) Av+000). (1)

where A,, depends only on the remaining hard momenta. That scattering amplitudes of
photons and gravitons have a universal, leading divergent behaviour as the external leg



becomes soft has been long understood [5-8]. It is also known that at tree-level the be-
haviour at the sub-leading order is universal, which is sometimes referred to as the Low
theorem [5-7, 9-11], while for tree-level graviton amplitudes there is further universal
behaviour at sub-sub-leading order [12]. Analogous sub-leading behaviour for gluon ampli-
tudes has been recently studied [13-18]. In [4] He et al. showed that one could identify the
tree-level leading soft theorem for positive helicity gluons with the Ward identity for holo-
morphic two-dimensional Kac-Moody currents. These currents were shown to be related
to the asymptotic symmetries of Yang-Mills theory given by large CPT-invariant gauge
transformations [3].! The OPE of the currents was extracted from the limit of two soft
positive helicity gluons and it was shown that the level is zero in this identification, that
is the algebra is a standard current algebra

Ja(zl)Jb(ZQ) ~ M. (12)
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It was further noted that the limit where one positive and one negative helicity gluon are
both taken soft is ambiguous with the result depending on the order in which the limit is
taken. In [4] the authors gave the prescription of first taking all positive helicity gluons soft
which resulted in one copy of the holomorphic Kac-Moody algebra but without a second
anti-holomorphic copy arising from the negative helicity gluons.

Multi-soft limits of gluon amplitudes have been studied more generally in a number of
recent works and universal behaviour in the limit where all gluons are taken soft simultane-
ous was found for tree-level amplitudes using the BCFW [33] and CHY [34, 35] formalisms
in [36, 37]. These limits have also been studied using the CSW [38] formalism by [39]
and by considering the field theory limit of string theory [40]. At leading order in the
soft parameter this simultaneous double- and multi-soft limit differs from the consecutive
case when there are particles of both positive and negative helicity. There is also universal
behaviour in the sub-leading order of the multi-soft limit however the order in which the
limit is taken is important even when all gluons have the same helicity.

We use these multi-soft limits to study further aspects of the current algebra interpre-
tation in four dimensions. Starting with the leading soft-limit for positive helicity gluons
we show that, by analogy with the Sugawara construction [41], one can use the double soft-
limit to define a holomorphic energy-momentum tensor. Moreover we show, by analyzing
the triple- and quadruple-soft limits of positive helicity gluons that this energy-momentum
tensor has the standard OPE with both the holomorphic current and with itself. In a
conformal field theory with a Kac-Moody symmetry the correlation functions of primary
fields should satisfy certain differential equations, the Knizhnik-Zamolodchikov (KZ) equa-
tions [42]. We consider the KZ equation for the amplitudes and show that while they hold
for positive helicity gluons in MHV amplitudes this is not the case for the negative helicity
gluons or for non-MHV amplitudes. While this suggests that the holomorphic currents do

"We focus entirely on gluon amplitudes but the relation between asymptotic symmetries and soft-
behaviour has been the subject of significant recent interest particularly for gravitons and photons, see
for example [19-32].



not provide a complete description of the putative CFT it motivates further analysing the
sub-leading and negative helicity soft-limit.

We thus study the soft limit at sub-leading order and give these sub-leading soft-
theorems an interpretation as Ward identities for two-dimensional currents which depend
on a continuous parameter corresponding to the soft gluon energy, J¢, (2;w.). The OPE of
these currents with themselves and with the leading order currents is then extracted from
the sub-leading double-soft limits. As the algebra depends on exactly how the double soft
limit is taken we introduce parameters to characterise this ambiguity. In the language of

the two-dimensional field theory the leading terms of the OPEs are given by
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As in [4] the anti-holomorphic currents are defined using the soft-limits of negative
helicity gluons and to study the algebra with the holomorphic currents we consider double-
soft limits involving both a positive and negative helicity gluon. However rather than
picking a specific ordering of soft-limits we consider a linear combination and introduce
variables with which we parameterise the ambiguity. The resulting algebra of currents is
found to be

J . J C(ZQ) Z12

G —dy2207%(2) ] (1.5)
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This OPE differs from the usual CFT chiral current algebra where one would find
J(21)J%(22) ~ 0. However such OPEs can be considered in general [43] and bear re-
semblance to the non-chiral current algebras that appear in the study of non linear sigma-
models on super-group manifolds [44]. In the super-group case it is still possible to con-
struct a holomorphic stress-energy tensor as the terms which would spoil conformality are
removed by the fact that the Killing form is zero. While these theories are conformal
they are however non-unitary and lack many of the features familiar from the study of
two-dimensional CFTs (see [45] for a review of super-group CFTs). Of course there are a
number of very significant differences between the current algebra in the super-group non-
linear sigma-models and in our considerations, not least the absence of logarithmic terms,
at least at tree-level, and naturally the Killing form for the gauge group in Yang-Mills
theory is not usually taken to vanish as in the super-group case. To complete the algebra
of currents we calculate the OPEs of the sub-leading currents with the anti-holomorphic
currents and sub-leading anti-holomorphic coordinates

= ) ¢ (z9;w
O R (1.6)
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JSub(Zl;Wn)Jsbub(ZZ;Wm) N ifabc sub(zg 2“]22) . sub(ZZ 1wz1)
Z12 Z12
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Using (1.5) one can compute the OPE of the anti-holomorphic currents with the holomor-
phic stress-energy tensor. We do this in section 5.2 and show that it is consistent with the
triple-soft limit involving two positive helicity gluons and one negative. Finally, using the
leading order holomorphic and anti-holomorphic currents, we define a conjugation operator
C(2) x:J%J%:(z) and compute its OPE with the currents.

While we don’t attempt to give a more fundamental interpretation of these two-
dimensional currents the renewed focus on understanding the asymptotic symmetries has
lead to a number of interesting proposals for a holographic description of flat space scat-
tering amplitudes. In [46], building on [47], a world-sheet theory with the null infinity
boundary of flat space as its target space was proposed. An alternative approach based on
the ambi-twistor string, [48, 49], was studied in [50, 51]. Recently, Cheung et al. [52] have
proposed a holographic description which, following [53, 54], makes use of a slicing of flat
space into a family of AdS3 sub-spaces to interpret four-dimensional amplitudes in terms
of a two-dimensional CFT. They identify the conserved currents and energy-momentum
tensor with the asymptotic symmetries of gluon and graviton amplitudes. While there
are a number of differences with our current work, for example the central charge of the
current algebra, it would be very interesting to understand better if there is a holographic
interpretation of the sub-leading and anti-holomorphic currents.

2 Soft limits for gluon amplitudes

The central objects of our study are the soft limits of gluon scattering amplitudes. While we
will be interested in the full colour dressed amplitudes it is convenient to start with colour
stripped amplitudes. Consider an n+1-leg amplitude where we take the first leg to be a soft
particle of helicity h, with momentum dg, or in terms of spinor variables, {\/5)\11, \/Ej\q}?
The soft limit corresponds to expanding the amplitude in powers of §; and we keep only
those terms in the expansion which are universal. As it will make subsequent formulae
simpler we will often simply denote the non-soft legs with momenta p;, ¢ = 1,...,n by
1,2,...,n

2.1 Single-soft limits

The single-soft limits for gluon amplitudes were found, up to the first sub-leading term,
n 7,9, 13]

AP 1) = (5800 + 50 ) Anlm) (2.1)
where, for a positive helicity gluon, hy = +, between neighboring particles n and 1, the
universal soft-factors can be written using the spinor-helicity formalism as
1 ~. 0 1 ~, 0

_Anl) 5 .
maam M) S N e T g e (2.2)
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n,

*We will make extensive use of the spinor-helicity formalism. Useful reviews can be found in [55-57].



Here we use the conventions
(ab) = €agAIN, = AapA) = —A2Nba (2.3)

and similarly for the dotted indices, [ab] = aﬁ)\g)\ﬁ Correspondingly we will write the
contraction of a spinor with a derivative as

A= = —[ady). (2.4)

For a negative helicity gluon the soft factors are given by conjugation of the spinor variables,

2.2 Multi-soft limits

One can similarly consider the limit of gluon amplitudes with multiple soft gluons. However
as mentioned there is in general an ambiguity in the result which depends on the order in
which the gluons are taken to be soft. Starting with the case of two soft gluons we consider
the n+2-leg amplitude where we will take the first and second legs to be soft particles with
helicities hg, and hg, and momenta {v/&1 Ay, V01 Ay, + and {v/Ga)g,, VO2)g, } respectively.
In particular, if one takes the gluons soft sequentially we call this a consecutive soft limit
in contradistinction to the simultaneous or double soft limit. These consecutive soft limits
can be calculated straightforwardly from repeated action of the above single soft factors.
We define the consecutive soft factor, CSLnJ(qiL‘“ , qg 2)) to be

CSLnl(q ,q 2)A,(1,...,n) = lim lim An+2((51q1 ,(52q3q2,1...,n) (2.5)

02—0 01—
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where we take the particle ¢ soft first and then ¢o. As it will be of interest later, let us
give the explicit expression:

1 (n1)
5102 (na) (arae) (@a1)

CSLy1 (g, q3) = O(85/81,67/82) - (2.6)

If we take the reverse consecutive limit, i.e. take leg ¢; soft and then leg ¢o, the leading
term in CSL(qf,q; ) is unchanged. However when the particles have different helicity, or
when we extract sub-leading multi-soft terms, the order of limits will be important and so
we consider linear combinations by defining more general multi-soft limits

lim = (algmm lim ... lim lim +aoq. méhm ... lim lim —i—) (2.7)
«

om—0 62—>0 1—0 m—0 61—002—0

with the ellipses denoting all further permutations. Thus we can define a multi-parameter
family of consecutive soft limits

aCSLy, 1 (1h‘11 a2 ,thm> Ap(1,...,n) =lim A+ (51q?q1, i 5mq am o, ,n) .
(6%



The effect of this general limit can be seen in the sub-leading term in the expansion of two
soft, positive helicity gluons which a short calculation shows is given by

_ [ 1 [aaa(nga)(@1l) + a2 (nl){q1g2)
sub—leading [51 ( (@1q2)(q11)(nq1){g21) > l9201]
a2 g20n] 1 (a1a(nl){q1g2) + a21(q11){ng2) a2 [q104]
+&mm@m+®( (0142)nae) (na1) g21) >[8” ]

lim A2 (6147, 02q5 . ..)

02 (q21)(q192)
(2.9)

It is perhaps worthwhile to note that this expression is only valid for generic external
momenta as we have neglected holomorphic anomaly terms that can arise when external
legs are collinear with soft legs, however it will turn out that they are not necessary for
our considerations.

For the case of mixed helicity the two orderings of limits already differ at leading order
in the soft expansion and so we can define a two parameter double-soft limit

1 <a (nl) 1] (0] <Q2”>>’

nalel] \" o] (@) 2 ag) g

0
aCSL) (4, ay) =

(2.10)

where aCSL(®) has the overall (0162) ! dependence stripped off. As described previously,
we can of course also consider the simultaneous double-soft limit where both particles
are taken soft together. The case of two gluons of the same helicity is identical to the
consecutive limit but the case of one negative helicity and one positive is different. In four
space-time dimensions the leading order double-soft mixed helicity factor is given in the
spinor helicity formalism by

0, 4 _ 1 1 [l (ngs)? 1L (g
DSL = — 2.11
w0102 (nlg2(1] [2pn - @2 {(@1@2){nar)  2p1- 12 [(1g2](g2]] =
where

q12 == q1 t+q2. (212)

This expression differs from the consecutive limit due to the sum of soft momenta in the
denominator but it is closest to the symmetric a0 = a9; = % case. A similar ambiguity
appears at sub-leading order when we consider the double-soft limit in the mixed helicity
case. Explicit formulae can be found in [36] but in this case we will focus on the consecutive

limits which can be calculated by repeated use of the single-soft limits (2.2).

3 Current algebra interpretation of Yang-Mills soft limits

Let us consider the single and double soft limits of Yang-Mills amplitudes but now instead
of just focussing on colour-ordered partial amplitudes we examine the full amplitude

A ({pi, hiya; }) —gYM Z An(o1, ..., 00)Te(T%1 ... T%n) (3.1)
O'GSn/Zn

where the sum runs over all permutations, S,,, modulo those which are cyclic, Z,,, and T
are the generators of the colour algebra which we will take to be su(N). We will drop the
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Figure 1. The gluons emerging from the amplitude travel on the light-cone and intersect with
the sphere at null infinity, or any finite time representation, at points which can be given complex
coordinates z, for the soft gluon, and w; for the hard gluons. The soft gluon is then interpreted
as the insertion of a current operator at the point z while the u; denote the insertion points of
additional fields.

factors of gy but as we are only concerned with tree-level amplitudes they can be trivially
restored. If we take the soft-limit of the n 4 1-particle amplitude we have at leading order
in the soft-expansion

=> Lo (qf‘“)An(al,...,an)Tr(TaT%l .. T%n).
1

g On,01

lim Ay, 11(0q1, by, , a; {pi, hiyai})
6—0
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We can rewrite this soft limit in terms of two-dimensional position space variables by using
the parameterisation for the soft-gluon momentum

A = Vw(l,2), Ay =Vw(l,2), (3.2)
and for the hard momenta the parameterisation \; = \/7;(1,u;) and A, = /(1 ;).
Essentially the complex z-variable describes the position of the intersection of the soft
gluon’s trajectory with the sphere at asymptotic infinity and the u;’s are the corresponding
intersection points for the hard gluons, see figure 1. We take all gluons to be outgoing and
so this is in fact the anti-sky mapping. In these variables we have for the leading single

soft factor (2.2) ,

Cene@ ey 11
( 5W)S¢,j (a1) PR (3.3)

where we see that it has simple poles as the soft momenta approach the hard momentum
in position space i.e. z — u; for each i. Now we define,

ja(z) . An({ula ,aia VZ}) = — %E;%(dw)An-l-l((spv +7 a; {pla hia ai}); (34)
and so
g 1 ~ a a a5 a5
TU2) - An(fug, @) = [Z - W} S° AulliGa, e Ea) TH([ T T T . T%0)
/=1 GESH—1
e o
=3 — WA,A{W,UZ}) (3.5)



where in the last line 7} is understood to act (in the adjoint representation) only on the
¢-th particle colour factor in A,,. This is the result of He et al. [4] who compared it to the
OPE for a Kac-Moody current J* and a primary field in a representation R

(TR ()

a @T’ .
T2 W) ~ (36)
and the consequent Ward Identity
’ . . ~ Tk, . .
(JU2)PR, (u1,u1) ... PR, (un, Upn)) = Z7u£<(I>R1(U1aU1)‘--@Rn(“nvun»- (3.7)
(=1

Note that we use the notation J® in (3.5) to denote the expression derived from a four-
dimensional scattering amplitude perspective and the J% in (3.7) to be the corresponding
quantity from the two dimensional CFT perspective. It is the formal similarity of these
two expressions that suggests the interpretation of the soft-gluon limits as corresponding
to the insertion of the current operator and it is interesting to ask to what extent this
analogy can be extended.

3.1 An su(N) current algebra

As a first step, it is natural to ask whether one can reproduce the current-current OPE

k;(;ab - achc
i if (22) '

T )T e) ~ (21 — 22)? z1 — 2

(3.8)

At the level of correlation functions we would expect to find,

ab - rabc T¢
MU ). )+ L U

<Ja(zl)Jb(z2)(I)(u1)...> ~ m 71 — 7o

L (P(ur)...). (3.9)
7 Z2 Uy

That the corresponding result can be found by analyzing the double-soft limits of ampli-
tudes was shown in [4] and as it is useful for our later results we rederive this fact in our
notations. To this end we consider the double soft limit which we can write as

%L}Hé An+2(51Q17 hq1 ) aql 5 52Q27 hqzv a’qg; {plu hi) al}) -

h h, h h
Z {(CSLUmJl (qlq1 ) q2q2) + CSLo,, 04 (QQQQ ) qlln))Tr(qIQQUl s Un)

O’GSn
- h h
Z SUmUl (‘h . )Stfifl,Uz‘ (q2q2)Tr(Q101 -+ 07-14205 - . 'Un)
=2
. h h
iCSLe,, oy (q5%, g1 ) fr22%0 . Tr(coy ... op) }An(al, .oy Opn) (3.10)

in a slightly condensed notation with Tr(qi1q2071 ...0y,) = Tr(T% T2 T%1 .. . T%n) etc. As
we first want to find the OPE of two holomorphic currents we consider the leading order
double soft limit of two positive helicity gluons. As the gluons have the same helicity the



order of limits is not relevant and so we simply take the simultaneous limit with a single
soft parameter §; = §o = §. We use the identity for consecutive soft-limits

L0, () + oot (g gl ) = 50, () 50, () 11

here with both helicities positive hq, = hy, = +, and so we can combine the first two terms
to find

%1_1;% -An—‘rQ (5(]17 +, aql;(qua +, Qgy s {p’u hi-) CLZ}) =

Z {Z S((,?z)m (qf)S((,?)_l’gi(q;r)Tr(qlal 01420 ... Op)

oeSy \i=1
+ iCSLS,(;)’Ul(q;, qi ) f*2% . Tr(coy . .. o*n)}An(ol, o, 0n) . (3.12)

Re-writing the soft-factors in terms of polarisation vectors one recovers the result quoted
in [4].

The singularities of these double soft factors in the collinear limit, as the soft momenta
approach each other, can be made clear by rewriting them in position space and examining
the z; — 2o limit. We can see that there will be no singularities from the terms involving
the products of single soft factors; these terms instead give poles when the soft momenta
approach the hard momenta. However the term involving the consecutive double soft
limit does have such a singularity and gives rise to the non-trivial algebra between the
holomorphic currents. More explicitly, defining

TN 21) T (22) - An({us, @5 }) = (%im(él 6% Way Wiy ) Ansa(8q1, 4, a; 0ga, +, b; {pi, hiy a;}) (3.13)
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we find

T Al ~ o Y S it (- )

zZ1 — & zZ9 — U zZ9 — U
1 2 il oesn 2 ¢ 2 m

x Tr(bemoy ... )Ap(dmoy .. .)

iff o~ 1 5 B
= Tr([4,clor...)An (€51 ...
21—2’2;22—1&13&%;_1 ([6,cloy ... )An(loy .. )
_ i N~ T
A > A @) (3.14)
(=1

Hence comparing with (3.9) we see that the double soft-limit reproduces the structure of
level-zero Kac-Moody or simply a current algebra as described in [4].

3.2 Sugawara construction for amplitudes

If this is a correct interpretation, i.e. there is a level-zero Kac-Moody symmetry acting
on amplitudes, we may try to construct a holomorphic energy-momentum tensor via the
Sugawara construction. Namely, we define

T5(z1) =7 : J%JYz1): =~ lim J%z)J% %) (3.15)

zZ2—21



where 7 is a constant related to the dual Coxeter number, h", by v = Qh%, and the normal
ordering is missing the usual singular term that occurs in the Kac-Moody case as the
current algebra has no central extension. At the level of correlation functions this leads
us to again consider double insertions of holomorphic currents and so, as the analogue
for amplitudes is the double soft limit, we again consider (3.13) but now with contracted
adjoint indices. That is we define

T5(z1) = ﬁ Jim 7°7%(z1). (3.16)
We could in principle work with a general Lie group but for simplicity we focus on the case
of su(N) colour where we can contract the indices a and b using the identity

, 1
(T*)7(T)! = 6}6] — N@”Z- (3.17)

and in this case h¥ = N.
To calculate the scattering amplitude analogue of the insertion of an energy-momentum
tensor into a correlation function we consider the singularities as either of the soft momenta
approach one of the hard momenta, say u,,, and then expand the zo dependence near zi.

Using the notation z1,, = 21 — Uy, for m =1,...,n we write the result

. o _
T5(21) - An({ui, wi}) = on T (2) T (1) - An({us, wi})

n n—1
1 1 1
= Z Z {—— —Tr([a,m]oy ... [a,04]...)
m=10€S, 1 2N 21m = #1o;
1
+—Tr(moy ... )}An(mg1 ). (3.18)
“Im

While this definition seems sensible we should ask whether it satisfies the basic properties

of a energy-momentum tensor for a conformal field theory.

3.3 Energy-momentum tensor/current OPE

In two-dimensional conformal field theory a defining characteristic of T°(z;) is its OPE
with the holomorphic current operator

TS (20) 0% (25) ~ * az(j?’) + a‘];(:?’) . (3.19)
13

The analogous object for the amplitude is a specific case of the triple soft-limit

%Lr}% An+3((5q17 hq1 ) (5q27 hqz y Aga s (5q37 hq37 Qg3 {p2> hi, az}) (320)
n—1 n h L b
= > { S @)W (05)S W, (057) Tr(ar - sz s )
ceS, s=1r=1
r#s
“ hey R hey B h
3 (s, (@™ a3 + SLY o, (03, 01 ) SV, (65°) Trlaas - 0vgs. )
r=1

. h h hyq.
+iCSLY) , (g5, qy ™) S, (g5™) foo201 Tr(c. .. opgs ... ) + (d2 4 3) + (a1 4> qg))

+ (CSLEBL)M(lhl, oh2 3h3)Tr (12301 ... 0y,) + perm(1,2, 3)) }An(al, ceyOp) .

~10 -



We take all gluons to have positive helicity, such that the triple and double soft limits are
the same regardless of whether we take the consecutive or simultaneous soft limit and so, as
in the double-soft case, we set all soft parameters equal. The product of three holomorphic
currents is then defined to be

T 21) T (22) T (23) - An({us, w3}) = (3.21)
- %%(62 w21w22w23)-’4n+3(5q17 +,a, 6QQ, =+, ba 5Q3a +, ¢ {pu hia az}) .

In the standard two-dimensional conformal field theory calculation, to compute the OPE
of the energy-momentum tensor with the current operator we collect the terms which are
singular as z3 approaches either z; or zo. In the soft-limit such terms correspond to the
soft momentum g3 becoming collinear with either ¢; or go. In particular the contributions
from the triple soft terms split into two groups, those where the soft particles ¢; and ¢o are
adjacent which come with a colour factor (N — &)Tr(coy . .. 0,) and those where ¢ and go
are split by particle g3 which have (—%)Tr(cal ...0p). Combining these terms we find that
the (—%) factors cancel. There are further contributions from terms involving double soft
limits times single soft factors which have colour structures f“*;Tr(a...o.d...) however
these terms cancel between themselves. This makes use of the identity (3.11) as well as
the fact that

Te(T°T%1 ... T% [T°,T%...) + Te([T¢, T T% ... T% T .. )=0. (3.22)

Following the conformal field theory calculation, we then expand this in powers of zo; =
z9 — z1 and keep the leading term (in principle there could be a more singular term however
this term is absent which corresponds to the level of the current algebra being zero ). We
finally have

1 1 1
T5(21) T (23) - Ap({us, @i}) ~ Z—gl (Zl 7 — > Tr(coy...on)An(o1...00)
oc€Sh n

Ly ! > Te([e, )51 ... ) An(l5y .. )

= 5 5 1--- n 1.
2’32’1 —1 Z1 — Uy 565, 1
1

= = J%(21) - An({ui, wi}) (3.23)
“31

which after expanding the z; dependence on the right hand side is the required result.

3.4 Energy-momentum OPE

Using the OPE of holomorphic currents it can be shown that the Sugawara energy-
momentum tensor for a current algebra (k = 0) satisfies the OPE

QT(ZP,) 6T(Z3)
(1= 23)2 (21— 23)
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and so defines a conformal field theory with vanishing central charge. Correspondingly,
inserted into a correlator of primary fields ®(u;), we have that

2 0.,
(21—23)? (21—23)

+Z{ (21— ;)2 (zlafiui) H X AT (23)®(uy) ... ®(uy)).

(T(21)T(23)®(uq) ... B(un)) = [ (3.25)

In terms of the soft-limits of amplitudes this Ward identity should be reproduced by the
collinear part of the quadruple soft limit for positive helicity gluons. Once again as we are
only considering positive helicity gluons there is no ambiguity in the order of limits. In
the two-dimensional conformal field theory construction one starts with pairs of currents,
JM(21)J%(22) and J*(z3)J*(z4), and to calculate the OPE one first extracts the terms
which become singular as either z; or zo approaches either z3 or z; and then takes the
limits zo — 21 and z4 — z3. For the amplitude one similarly considers those terms which
are singular as either q; or g2 become collinear with ¢3 or q4. The singular terms get
contributions from quadruple soft terms, where all soft particles are adjacent, from triple-
soft terms and from the “double” double-soft terms. Carefully combining all these terms we
find, after taking the zo — z; limit, that the singular terms in the quadruple soft limit are

4
. i=1%z;
TS(Zl)TS(Zg) AE (%HI(]) (1—{2]\1])2 )An+4(5Q17 +,(I; 5q17 +7 (1;5613, +)b;6q37 +7ba {p’m hivai})

91 Ug;_y —Uo;
Z Z< ZS_UU” 23—u01)> <(21—U0i1)(2’1—u0i)> r(aal ao; )An

Zl3 JES i=1

This can be compared with the definition of a single insertion of the energy-momentum
tensor in (3.18) and, after further expanding the z; dependence near z3, we see that we
indeed reproduce the OPE in (3.24) as expected.

While we restrict our considerations to gluon amplitudes it is interesting to note that
the sub-leading soft theorem for a graviton has been identified with the Ward identity for
a two-dimensional energy-momentum tensor [58] which suggests interpreting the collinear
limit of double-soft gluons as a graviton. This is reminiscent of recent work [59-62] showing
that amplitudes describing the interactions of gravitons with gluons can be written as linear
combinations of amplitudes in which the graviton is replaced by a pair of collinear gluons.

3.5 Comments on a Knizhnik-Zamolodchikov equation

Given the above construction for the energy-momentum tensor it is interesting to ask if we
can derive conformal Ward identities by considering correlation functions with insertions
of the energy-momentum tensor. However, a priori, even if there is a sensible conformal
field theory interpretation of the asymptotic states the current algebra may only form part
of it, which is to say the full energy-momentum tensor 7'(z) would be given by

T(z) =T'(2) +T(2). (3.26)

- 12 —



If we consider the individual terms in the mode expansion

<ﬁ_n¢xu>=t%’d?Zln,lixaaxum

271 (2 — u)
(J°, &) (u) = 7{ 4z 1 jai)ew) (3.27)
" 271 (2 — u)”
we have that
Lopm=1L", +~ Z JEJE Z JYy. (3.28)
1<—1 I>—1

In conformal field theory we can insert this inside a correlation function of primary fields
and if we consider the case where T"(z) is absent we can derive the Knizhnik-Zamolodchikov
equation

(D(ur) ... (Lo1®)(um) ... P(uy)) =

@)oo (A TET 3 T T)® | () . ).

1<-1 >-1

Turning now to the scattering amplitudes, we consider the individual terms in the ex-
pression for an insertion of the energy-momentum tensor following from the double-soft
limit, (3.18). We have at leading order

i o 21m T (21) - An{ui, @5}) = An({ui, @ }) (3.29)

where C,,, is a contour surrounding the point u,. This has the expected form for an
insertion of the energy-momentum tensor into a correlation function of primary fields with
weight one. More non-trivially the sub-leading term is given by

- ;,z ® Tf
fé 9 TS( 1) - An({wi, u:}) = N Z £ .A ({ui,wi}). (3.30)

Z;ém

The usual conformal Ward identity would then imply

n

An({ug, 1:}) = An({ug, w3}) + Z o A ({us, 4 }) (3.31)

K:l
{#m

where £ | is the residue of T"(z1) at z1 = up,. It is tempting to ask what would happen if
the £’ ; term would be absent, that is, if the current algebra described the complete CFT.
As an example one can consider the MHV amplitudes. It is useful to define a rescaled
quantity G,, as follows

G ({ui, s, hi}) = H vt A ({ui, @ }) - (3.32)
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In the simplest three-particle case

(u1 — ug)?

MHV (1 — o— o+\ _
G3 (1 52 73 )_ (UQ—Ug)(Ug—Ul)

(Te(TTT%) — Te(T“T*T*))  (3.33)

and it is immediately obvious that (3.31) with £’ ; absent is satisfied for us but not u; or
ug. In fact it is easy to check explicitly that the KZ-equation with £’ ; absent continues
to hold for the positive helicity gluons in higher point MHV amplitudes (currently done
with Mathematica to seven-points). It is slightly non-trivial to check that the double trace
terms, which arise when m and / in (3.31) are not adjacent in a specific colour-ordered term,
vanish. This requires that the colour ordered amplitudes satisfy a number of identities.
For example, for the m = 3 KZ equation one such relation at four points is the vanishing
of the Tr(T“T%)Tr(T*2T%) double-trace terms, which requires that

A(1,2,3,4) n A(1,4,3,2)  A(1,2,3,4) A(1,3,2,4)

us — Ul uz — Ul uz — u2 uz — U2

A(1,4,2,3 A(1,4,3,2 A(1,3,2,4 A(1,4,2,3

_(777)_(777)+(777)+(777>:0. (334)
us — Uy uz — U U3 — Ug us — ug

More generally for the m-th KZ-equation the vanishing of the
Te(T*T% ... T%e=1)Tr(T%e ... T%n-1) (3.35)

term requires

Z (|: 1 — 1 :|An(m0'1...0'g...0'n_1)
Um — Ug, U

m — Ug,_
Cyc{gfvnwgnfl} =1

— 1 ]An (m,ag...an_lal ...0'51)> =0 (3.36)

[ 1
U, — Ugy Um — Ugy,_y

where cyc{oy,...,on_1} denotes the sum over all cyclic permutations. We checked all such
identities hold up to seven points for MHV amplitudes. However, starting with the six-
point NMHV amplitude it no longer appears that the KZ equations holds even for the
positive helicity gluons. This suggests, unsurprisingly, that if there is a CFT interpretation
there is additional structure and as there is further universal behaviour in the soft-limits
we attempt to also interpret these in the context of a two-dimensional description.

Let us round off this section with an interesting connection of the above amplitude
relations with the so called Bern-Carrasco-Johansson (BCJ) [63] relations resulting from
the color-kinematic duality of gauge theory amplitudes. We can re-write the previous
example of the four point amplitude relation (3.34) in a different way using Kleiss-Kuiff and
the photon decoupling relations, which gives A(1,2,3,4) = A(1,4,3,2) and A(1,3,2,4) =
A(1,4,2,3). Using these relations we can rewrite the left-hand side of (3.34) as,

1 1 1 1
A(1727374) — +A(1,4,273) _— — :O
u31 U3z2 U34  U3D
A(1,2,3,4) 12 4 A(1,4,2,3) 12 — 0. (3.37)
u31 U34
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Now using the representations of the spinor helicity variables (ij) = |/7vju; and [ij] =
/ViVju;; and four-point momentum conservation we get,
U12U34 <12> <34>[12] 512

usttzs | (20(31)[12]  sa4’ (3.38)

where s;; = (p; + pj)? are the Mandelstam invariants. Hence, using these change of vari-
ables (3.37) and resultantly (3.34) becomes,

A(1,2,3,4>812 = 813A(1,4,2,3), (339)

which is remarkably the 4—point BCJ relation. Thus the MHV amplitude relation derived
from demanding the vanishing of the double-trace terms in our KZ equations leads to the
BCJ relation at least for 4 points. This connection is harder to see for higher number of
points and we will report on this in a future publication.

4 Sub-leading currents

So far we have only been considering the leading soft terms, however it is known that the
sub-leading soft terms for Yang-Mills amplitudes are also universal. This behaviour, the
gluon version of the Low theorem [5-7, 9-11] described in section 2.1, is understood to
be valid only at tree-level and for generic configurations of the remaining external hard
legs [17]. We will only consider such configurations and so neglect boundary terms in the
kinematic space where additional particles become collinear. At loop level such corrections
could no longer be avoided and so it would be interesting to carefully understand these
terms, and more generally to make contact with the SCET [64-67] description used in [17].
We thus repeat the above analysis at the sub-leading order by defining the sub-leading
currents, J,, as

To(2500e) + Al 85, 1) = _c%i_rf(l)(l + 005w Ant1(8q, +, a; {pi, hi, a;}) (4.1)
where the (1 + 00s) factor picks out the sub-leading soft term. We have that
(w200, + 52 (2 - )0l T7
T (ziwz) - An({ui, i, vi}) = (w200, + % 1Ty

(=1

An({ul,ﬁl, I/,L}) (42)

Z— Uy

where 0y = B%e and 0, = aiwg' If we again attempt to interpret this in terms of the OPE
of a current with a primary field we must consider the primary fields as depending on an
auxiliary variable v and we have

(TR [wd, + %(z = 03] Op(wiv)

Z—U

Joup (23 W) PR (w; v) ~

(4.3)

The appearance of an auxilliary parameter and derivatives in the representation is
(very vaguely) reminiscent of the Cartan element of the non-compact affine sly current
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algebra in the principle continuous series representations, ®J-¢ (w), for which we introduce
the complex parameter z, and the OPE is given by

B30 (wyx) kL

J3(2) @ (w; ) ~ T ?q)m(w; ) (4.4)

z—u
where t3 = z-2 a . In the case at hand we see that, in addition to having a one-parameter
family of such currents, there is no extension as & = 0. Adamo and Casali [46] have,
in their world-sheet theory with null infinity as its target space, given the definition of a
charge with reproduces the sub-leading soft factor. It would be interesting to understand
if there is a relation between the currents introduced here and their charges which have
the interpretation as rotating the space of null generators. It is also known that these sub-

leading soft terms in four-dimensions are intimately connected to the conformal invariance
of the theory [17].

4.1 Sub-leading algebra

To continue the two-dimensional interpretation of the collinear soft limits to sub-leading
order and given these new currents we analyse the algebra that they form with the leading
currents and amongst themselves.

JsubJ. To find the OPE of the Kac-Moody current J%(z) with
part of the double soft limit at sub-leading order. The order of limits in this case is relevant

@, (z) we must consider

and a specific prescription must be given with the results dependent on the prescription.
We start with the consecutive limit and take leg ¢o soft before leg ¢1:

lim lim (1 + 51051)52An+2(51q17 hq1 y gy 3 52(]27 hqz ) {pz» hla az})

514}0 52*)

hq hq
> {80, (@880, (6™ + 52 4, (65) S0 (6™ | Tr(rga0 - - 70)

UGSn

n
h h
+ Z ch'?)_l,ai (QQq2 )Séi),al (Chc“ )Tr(qio1 ... 01204 . . . On)

+zs§,n>q1( S g (™) [ Te(eoy o) | Anor,. o yon) . (45)

An important feature of this formula is that, as previously, the singularities as ¢; and ¢s
become collinear only occur in the third set of terms on the right-hand side as those that
appear in the first set of terms cancel amongst themselves

lim lim (1 + 6105,)02.A,42(01q1, hg, > Qg3 02G2, Ry, Qs {Dis his ai}) =

81—0d2—0
Ungl [qlgm] [Q1éo'n]
_gs: {{ (ona2)(q201) (<q101> - <anq1>)}Tr(QIq”1“-(’n) (4.6)
+...

(Tnq1) <[Q13al] [9195,,]

(o) (@2q1) \qio1)  (onqi) ) fl2% . Tr(coy ... Un)} Ap(o1,...,00).
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Using the coordinate representation (3.2) we can find the most singular part as z; — 22

Tfws, (Oy, + ”V;fag)] 1

ZfaLn Aqg c n
5111210 121510(1 + 0105, ) dow sz way Apta ~ Z (4.7)

z 29 — U
12 =1 2 ¢

If we had instead taken do to zero after 61 we would find

lim lim (1 + 61861)52An+2(51q17 hq1 » Aqy ;5 52(]27 hqza Qgys {p’m h17 az})

52*}0 514)
> { [SE,?,%( DS () + S, (650, (63%) | Tr(arga0 - )
0ESH

-+ ZS(E;)UI( hay )Sz(r?l),ol (qg@)fa‘l?“qlc Tr(co ... an)} Ap(o1,...,0n). (4.8)

Again one can show that in the collinear limit the potentially singular terms only come from
the last line above, however in this case there are in fact no non-vanishing singular terms in
the collinear limit. Such terms potentially could have arisen from the holomorphic anomaly

0o 1 i
— = 7e,. 1’6 P (A 4.9
ONG <)‘M> TE€apt (< M)) ( )

which gives
6121510 6111§ (14 6105,)02An4+2 =
D R e s LIl S)

oyl (q2q1) (q201)

4o 5(2)(<q201>)> Tr(cor . .. an)} An(0n,- . yom). (4.10)
<QQUTL>

However these terms are also of order one when ¢; becomes collinear with ¢o. Thus taking
a combination with parameters a2 and aoq only the ag parameter contributes and from
the definition

T (21)T(22) - An({ui, 4:}) = (4.11)
hofén(l + (51861)62 Wzlwngn+2((51q1’ +,a; 52(]2, +, b; {pi7 hi; al})
we find
Tiws, (0y, + Za— Uza /)
T 72) - A 1)) = 2T e z e 4,

22 — Uy

or in the notation of the OPE, after a slight rearrangement involving exchanging the soft
legs and renaming the parameter cj,

zclf“b (225 w2,)

J(21) Joup (223 w2y ) ~ .
12

(4.12)

Note that if we choose ¢ to vanish then the OPE between the leading soft current and
the sub-leading current vanishes and these sectors decouple as the parameter a;5 doesn’t
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appear. For brevity we will make the choice to set ¢j = 1 and c¢5 = 0, however it can
always be reintroduced. Using this OPE, one can compute the OPE of the Sugawara

energy-momentum tensor with J%, (2;w.)

J¢ ; o0J4 :
T5(21) T (22 w2p) ~ Sub(zg%w@) + ENCILRY ) (4.13)
212 212

where we have not included the composite term fad :J“JSdub: (22,w,,) which appears at
1/z12. This is what one would expect for a field of weight one.

JsubJsub. To find the OPE of the sub-leading currents with themselves we must calculate
the sub-leading behaviour of each soft particle in the limit of two soft gluons

h(§n<1 + 6105, ) (1 4 0205,) Ant2(01q1, +, a; 02q2, +, b; {pi, hi, a; })

= Z {+Z fbac (an[q2§0'n] + CY21[Q2501]

oESn (2q1) (onq1) (q1o1)

12[q105,]  12[q105,]
(UnQ2> (CI201>

> TI“(CO'3 cee 0n+2)} An(ala RN Un)
where we have included contributions from both orderings and from which we have

~7s?1b(21; Wz )‘7Slilb(z2; wzz) : An({ui, '&Z}) =
ifob, Z T§(a1ws, + a1ows, )9y, + W)ég] )

Ve
z
12 —1

22 — Uy

or in the notation of the OPE and writing the parameters as c¢i® and ¢35 we have

- rab .
Zfa CJscub(z2ﬂ Cgsw21 + CTSWZQ)

Ten (213 w2y ) S (223 wz5) ~ (4.14)

212
Here we see an example where there doesn’t appear to be a natural choice for the ordering
of the soft limits and so we simply keep both and parameterise the ambiguity by ¢j* and ¢5°.
Given our previous considerations and the form of the OPE, one might attempt to
repeat the Sugawara construction for these sub-leading currents. While we don’t analyse
the general case, at least in the symmetric case where ¢j* = ¢5° = 1 using the OPE it is
straightforward to show that one can define an operator for each value of w,,

1

= ﬁ‘]saub(zl; Way ) Jgup (215 —w2y) (4.15)

Tsib(zl’ w21)

which acts like a sub-leading energy-momentum tensor in that it satisfies

J2 (295w 0J%. (29;w
Tsib(zl7w21)‘]saub(z2;wz2) ~ Sub(2;22 ZQ) + Subili ZQ) . (4.16)
12

~ 18 —



5 Anti-holomorphic currents

We can of course repeat the previous calculations for the negative helicity gluon and find
the anti-holomorphic currents. We define

T (2) - An({us, w5, vi}) = (%1_1%(500)«4%1(5?, —, a;{pi, hi,a;}), (5.1)

so that the current still acts with the adjoint action but because of the missing minus sign
it acts from the right rather than the left or, alternatively, with the complex conjugate

generator
n

T9C) - Aalfe 1)) = 3 b (s ). (52)
/=1

5.1 OPE for anti-holomorphic currents

Slightly more non-trivially we can consider the mixed helicity double soft limit and attempt
to reproduce the action of the holomorphic currents on the anti-holomorphic discussed
in [4]. We can again start from (3.10) however now hy, = + while hy, = —. In this case
there is an ambiguity in the double soft limit which we parameterise in case of consecutive
limits by using a specific case of the general multi-parameter limit

lim = (()[12 lim hm +ao1 lim hm) i (5.3)

62—061—0 61—0 d2—0

The corresponding two-parameter family of consecutive double-soft factors, aCSLE,?L)’Ul, still
satisfies the identity analogous to (3.11)

acsL®) | (1*,27) +acsL?, (27,17) = SO (1M)s©, (27). (5.4)

On,03 On,03

We thus find that the terms singular in z1o arise from the aCSLS,?lUl@_, 1) term. More

explicitly, if we start from
T (21)T(22) - An({ui, 0 }) = —1im 6102 W, wa Any2(0191, +, a; 0242, —, b5 {pi, hi; ai})

then we find that

_ Te Tc
ja jb An i, Uj :.abc |:+ _é — — ¢
(2)7(z2) (s, wip) = if ; a2 z12(Z2 — W) o Z12(22 — up)
212 Ty
2 e LA,
+0421Z12( 2—2’2)2 + ]

where we have included the sub-leading term that has a non-trivial phase as z; encircles
zo. This expression can be interpreted as a non-trivial OPE between the holomorphic and
anti-holomorphic currents of the form

J(21) I (22) ~ if P |dy S ) _ da M) s 720.¢ (2 )] (5.5)

212 Z12 212
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where the OPE parameters are related to the order of the soft limits by d; = a2 and ds =
aa1. If we require that the current-current OPE be consistent with the complex conjugation
(J%(z1))* = J%(21) we find the constraint d} = dg and dj = d;. For the soft-limit which
naturally implies real parameters this requires d; = do which is to say the symmetric
choice of parameters. The structure for the OPE (5.5) between the holomorphic and anti-
holomorphic currents appears similar to that found in the CFT's describing supergroup coset
models considered in [44]. As mentioned previously, in the case of super-group non-linear
sigma models the vanishing of the Killing form allows the construction of a holomorphic
stress-energy tensor. Supergroup CFTs are generically non-unitary and logarithmic which
suggests that in our case if one can construct a corresponding CF'T it will potentially be
non-unitary. However, without a better definition of such a putative CFT it is difficult to
understand the meaning of such an interpretation.

It is interesting to compare this with what one finds in the simultaneous double-soft
by computing

- %i_% 6% wa w2y Ant2(8q1, +, a, 52, —, by {pi, hiy a;})

and making use of the results of [36, 37]. Focusing on the singular terms this gives

IRTCR T

212 Zy — UE) 212(22 - UZ)

With the previous interpretation of the leading order soft limits in terms of currents J* and
J® this expression doesn’t appear to make sense due to the appearance of the soft-particle
energies w,, on the right-hand side. One could of course attempt to introduce a family
of currents parametrized by w already at leading order; alternatively we can additionally
demand that w,, = w,, in which case we reproduce the consecutive answer with a symmetric
choice for the parameters d; and ds.

JJsup- To complete the algebra we must compute the OPE of the anti-holomorphic
current with the sub-leading current. The calculations are essentially the same as those
above and we again start from

T (20) Ta (223 w2,) - An({i, 0:}) =
- hén 51(]‘ + 52852) w21w22“4n+2(61q1a —, a, 62q25 +7 b’ {p17 hiv al})

which implies

n Wzg c _ Wzo Te

= _ . 21wy 212wy, 4L
T (= LZZ 225 Wz, ) - An({ug, ui}) =1 abc _2717'}‘30[ —
(1) o) (a8} = i3 | o= 222 2 v 2
o Tiws [0 + 250 0]
Z12 (22 — up) N
(5.6)

As it stands this doesn’t appear to be interpretable as an OPE between an anti-holomorphic
current and a sub-leading current depending on the parameter w,, due to the explicit

—90 —



appearance of w,, on the right-hand side. Thus we are lead to imposing a particular
ordering for the soft limits where we take the particle corresponding to the sub-leading
current to be soft after the leading order current, that is ag; = 0 and a9 = 1. This, taking
the sub-leading limit after the leading limit, is the same as in the holomorphic sector and as
there seems a reasonable choice. This corresponds to an OPE between the non-holomorphic
currents and the sub-leading holomorphic current

C
J . Z9;W
T (21) o (225 w2, ) ~ —zf“bcM'

e (5.7)

In some aspects this lack of choice is unappealing and it would be interesting to under-
stand it better. As a small step in this direction one can again consider the simultaneous
double soft limit at sub-leading order the expressions for which can be found in [36]. In
this case the simultaneous limit is not the same as the consecutive limit and for the case of
mixed helicity is not given by products of single soft limits. The simultaneous limit mixes
the terms where particle g1 and ¢o are sub-leading but by focussing on the terms with
anti-holomorphic derivatives one can identify those terms corresponding to the sub-leading
terms in the soft-expansion for the positive helicity gluon. Denoting the simultaneous
double-soft factor DSLnjl(q{“,qg?) the relevant, singular, sub-leading terms are

[nqo]?[q201] [ng2]?[q20n]

DSLn,l(q;,qg)‘Singmar " naJlaae] (Uaizln] — [nalarge] (2pn - q12) (58)

This prescription does not include the contact terms, which involve no derivatives,

[n g2]*(q1 m) 1 (1g1)%[g21] 1
nqi]  (2pn - q12)? (1g2)  (2p1 - q12)*

DSLS&(C];, QSFa )|contact = (59)

however as they are not singular in the collinear limit this is no loss. Expanding the
collinear limit, gives the analogous result to (5.6)

2
wz2

incwzl-l-wzz [8‘% + zz;eue 5(]

Z12 (22 — up)

Ay .

n
z’f?bz e
=1

Here we see that the troublesome non-derivative terms in (5.6) don’t appear. Of course,

as before, due to the non-local nature of the simultaneous limit we find the soft-particle
2

energies entering as wfw and so the simultaneous limit, by itself, does not give a good
Zl zZ

prescription. As this limit involves the sub-leading soft-terms this behaviour may be related

to the failure of the Low theorem in general. Understanding these terms better will be
essential if there is to be any progress at loop-level where despite the breakdown of the
Low theorem there is some evidence of universal behaviour [68] of a restricted type and in
particular the SCET framework is useful in trying to better understand these terms [17].

JsubJsub. Finally we consider the OPE of a sub-leading current with its anti-holomorphic
analogue. This is related to the sub-sub-leading double-soft limit. While such sub-sub-
leading behaviour has not been studied in the simultaneous double-soft limit it is straight-
forward to define using consecutive single-soft limits though naturally this again leads to
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the introduction of parameters. Starting from

js?lb(zl?WZ1)\7s?1b(225w22) : An({uuﬁz}) =
- ligl(l + 0205,) (1 4 0205,) Wz Wzo Ant2(61q1, +, a; 022, —, b; {pi, hi, ai})

and so
B n Tcw [a + 2271%6 ]
_ . 12 LWz () 4
T (215 ws ) oy (223 0) - An({ugy wi}) = ifebe 3 |- = SRR TR T
= 212 (Z2 — @)
Q12212 Tiwz, [Ou, + 2,04 a1 Tiwz [, + 270,
212 (22 — 1)? Z12 (22 — wp)
_ 9021212 Tfws, [, + 2,700 1
Z12 (29 — up)? IR

which corresponds to the OPE

S (22, d5ws, ) G (225 diws,)

Jsaub(zl; Wz )']sbub(z% (")22) ~ ifabc :

212 212
212 5 = Z12
+ 220 (i dfon) + 222005 (i )| (510
212 212

5.2 CFT interpretation of anti-holomorphic currents

It is interesting to compute the OPE of the anti-holomorphic current with the holomorphic
energy-momentum tensor found via the Sugawara construction. This can be done directly
by using the formulae above to compute the OPE of two holomorphic currents with an
anti-holomorphic current and then extracting the singular terms as the two holomorphic
currents approach each other. At leading order in 213 we find

J(21) J (22) € (23) ~ fqf%, {cfje(;g) - [0’22212 + cgmﬁ] J¢ (23)} . (5.11)
<13 <21 213 %21 213

where the constants ¢; and ), s are related to the parameters in the OPEs of J% with

J% (1.2) and J with J¢ (1.5). The terms less singular in 1/2z13 can be computed and are

more complicated but one can already see at this leading order the unwanted appearance

of J%(z3) in the OPE; however all such terms, while non-vanishing as zo — 21, can be

identified by their phase. If we define the energy-momentum tensor by the contour integral

T(z1) = ﬁ 7{ Z;ZJG(ZOJQ(@) (5.12)

where h" is again the dual Coxeter number then we can drop all unwanted terms depending
on z91 and Z91 so that we have the result

_ e S1a
T(21)J%(23) ~ 1 (223) + e BHT(z23) + - . (5.13)
213 213

where we have now included some of the sub-leading terms and the coefficient c¢; is given
by ¢; = d?. The remaining sub-leading terms are either composite operators of the form
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[y J4J%: (23) or of the form 9J¢, 9.J¢. These later terms would be related to composite
terms of the former type if we imposed the Maurer-Cartan

DJC — DI —ifCeqJ T4 =0 (5.14)

and current conservation

0J°+0J =0 (5.15)

equations. However we restrict our attention to the leading singularity terms for the
present.

One can alternatively start from the triple soft-limit of (3.20) but where we now take
the third helicity to be negative, hy, = —. We are interested in the case where we trace
over the colour indices a4, and agy,, extracting the terms that are singular as z3 approaches
z1 or z9 and then taking the limit zo — 27. For example, and again taking the gauge group
to be su(NN), the terms that potentially contribute are

91—002—0353—0

lim lim lim Z An+3(51q17 +7 a; 52Q27 +) a; 53(137 ) b7 {plu hi) CLZ})

n—1
— Z { cee g Z <CS]'_.((£L)7(,1 (q;» QIF)SC(T?«),JTJA (q;r)
r=1

oESy

—CsLY) , (45,43) S, (4 )) e ove..)
1 —
4+ <N - N> (CSLSBL) o (@ a3, a3) + CSLSBL) o (45,40, 43)

+estl),, (a5 af @) + LY, (a3 s af 1)) Tr(bon )

1 - —
— N (CSLg(:L),Ul (qf_a q3 7QS_) + CSL((;:L),(M (QS_a q3 7q1~_)> Tr(bO'l . )}
X Ap(01,...,00). (5.16)

However it remains to specify exactly how to take the multi-soft limit and the result depends
heavily on the prescription. We could use the general multi-parameter soft limit

hm = a3 lim lim lim +ag9; lim lim lim ... (5.17)
534}052*}0 514)0 51*}052*}053%0

however it is simplified by symmetrizing the order in which the positive helicity gluons
are taken soft i.e. we take aq93 = o913, @132 = aa31 and agzis = aszo1. In the above
expression one can see two different colour structures: those with Tr(boy .. .) and those with
fb?.Tr(a...o.c...). Focusing on the former we can show that the terms with coefﬁcient
% cancel while the remaining terms give, here only including terms of order - and _2 )

13 Zi3
1 1 Z921 1
N Z {— [4041232_ — f+ 2030 5 —————— (5.18)
213 #3 — Uoy 213421 23 — Uoy
O’ES’n
221 1
+ 2(2&312 + 04132) — _ Tr([b, 0'1]0'2 .. ) + ... An(al .. ) .
213221 23 — Ugq
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Using the prescription to drop terms with non-trivial monodromy as 25 circles z; this
multi-soft limit can be written as

J (Z ) + 2« 12378\7(1(23) (5.19)
23 213

T (21)T*(23) ~ 2123

where we have here included the local term at the sub-leading @ order. We can see that

we reproduce at ——order the structure following from the OPE calculatlon if we make the
appropriate ch01ce for the ordering of the consecutive soft-limits. There are additionally
terms at order E which have a bi-local structure and in this case the terms with colour
structure % Tr(a...o.c...) in (5.16) do not vanish but instead also have a bi-local form.
We have not carefully matched these terms with those appearing in the OPE.

To compare this result to the one obtained from the simultaneous triple soft limit
we use the above formula (5.16) and specifically focus on the third and fourth lines since
those are the only singular contributions in the collinear limit. In [37] the simultaneous
triple-soft formulae with three adjacent soft gluons of mixed helicities were derived for the
following cases

An+3(51q1+, 52Q53 (53(]37’ 17 s 7n)‘§1N52~53_>0 — S 77‘4
Any3(614y, 0245 , 0343 , 1, .. ’n)’61~62~63a0 S tA, (5.20)

We can obtain the other possible triple-soft terms needed for the different permutations
in (5.16) from (5.20) by conjugation, i.e. flipping bra to ket and vice-versa., hence

S, =81 and ST =811, (5.21)
and, to get the remaining configurations, by exchanging the neighbouring labels n and 1, i.e.
ST =8, and S, 7T=8/". (5.22)

Using these expressions we again get a cancelation of all the sub-leading color terms of
order O(—%) and we see the same structure as in (5.19) but with specific coefficients.
That is the triple-soft limit can be written as
_ 27%z 2 71307 %(z
T(21) 7 (2) ~ 20 A2) | 2203007(z) (5.23)

9 273 9 z13

A conjugation operator. Due to the non-trivial OPE between J¢ and J? it is interesting
to define the operator

1 dZQ a a
Cla1) = - th% —=J%(21)J%(22) (5.24)
which satisfies the OPE with current J¢
Je
C(21) J* (23) ~ [d2 (23 )+d2Z138J“( ) +..., (5.25)
213 213

where the constants d; are those appearing in the JJ-OPE (1.5) and we see that C' essen-
tially acts as a charge conjugation operator.
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Just as for the energy-momentum tensor we can analyze the same OPE by examining
the triple soft-limit of two positive helicity gluons and one negative but now hy, = — rather
than hg,. The calculation is identical to that above and the final result can be written as

o Je 213 5 ~a
C(21)T*(23) ~ 201123 gzg) + 204123%3&7 (23) + ... (5.26)
13 13

where we again see that with the appropriate choice of parameter in the multi-soft limit
that we find the expression calculated directly from the JJ OPE.
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