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ABSTRACT: By using the exact solutions of the Weyl equation in a constant magnetic field,
the equal-time Wigner function for magnetized chiral plasma is derived. It is found that the
dependence of the Wigner function on the component of momentum along the magnetic
field is asymmetric and is correlated with the fermion chirality. Such a dependence is
principal for reproducing the correct chiral magnetic and chiral separation effects. In the
lowest Landau level approximation, the equation for the equal-time Wigner function in
a strong magnetic field is derived. By making use of this equation, it is found that the
longitudinal collective modes in a strong magnetic field are gapped plasmons whose gap is
determined by the magnetic field. Unlike the ordinary magnetic field, an axial one allows
for the dispersion law of the collective excitations asymmetric in the wave vector. The
thermoelectric phenomena for chiral fermions in strong magnetic and axial magnetic fields
are studied and the corresponding transport coefficients are calculated.
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1 Introduction

Kinetic theory [1, 2] is the standard and surprisingly very efficient method of the inves-
tigation of transport phenomena in various physical systems. Classical kinetic theory is
widely used to describe the fluid dynamics, electromagnetic collective excitations in plas-
mas, conductivity in metals, etc. Quantum kinetic theory is indispensable in the study
of transport phenomena in material media at low temperature. Relativistic kinetic theory
is relevant in the studies of the primordial plasma of the early Universe [3, 4], relativistic
heavy-ion collisions [5, 6], compact stars [7], and the recently discovered Dirac [8-14] and
Weyl [15-22] materials whose low-energy excitations are described by the relativistic-like
Dirac and Weyl equations, respectively.

One of the qualitatively new key ingredients in the chiral plasma is the chiral charge,
whose conservation is violated only by the chiral quantum anomaly [23, 24]. Recently,
it was shown that its dynamical evolution can be described using the framework of the
kinetic theory. The corresponding version of the theory, i.e., the chiral kinetic theory was
formulated in refs. [25-27]. This theory relies on the wave-packet semiclassical description
of the anomalous Hall effect [28] in metals which takes into account the Berry curvature
effects [29, 30]. The latter are relevant for the chiral kinetic theory because the Weyl
nodes act as the sources and sinks of the Berry curvature. The chiral kinetic theory was



derived in the first order in the Planck constant A and its equations are linear in electric
as well as magnetic fields. Such a theory successfully incorporates the chiral anomaly [23,
24] and describes the chiral magnetic effect [31]. However, many physical phenomena
require the chiral kinetic theory accurate to higher orders in the electromagnetic field.
The first step in this direction was done in refs. [32, 33] where, by using the wave-packet
semiclassical approach, the chiral kinetic equation valid to the second order in a magnetic
field was derived for fermions with a general band structure. In our recent paper [34],
we provided the explicit expressions for the chiral kinetic theory accurate to the second
order in electromagnetic and axial or pseudoelectromagnetic fields for a simple realization
of relativistic matter in a Weyl material with a single pair of Weyl nodes.

Certainly, it would be very useful to formulate the equations of the chiral kinetic theory
to all orders in electromagnetic fields. A convenient starting point for their derivation is the
equation of motion for the Wigner function [35] (see also refs. [36-40]) in an electromagnetic
field. In a many-body system, the Wigner function is given by the Fourier transform of
the two-point lesser Green’s function with respect to the relative coordinates (see, e.g.,
ref. [41]). Therefore, similarly to the usual distribution function, the Wigner function
describes the dynamics in the phase space, albeit retaining all its quantum aspects.

The equation of motion for the Wigner function in an electromagnetic field is exact and
mathematically equivalent to the Dirac or Weyl equation. By solving this equation in the
perturbation theory in electromagnetic field with the zero-order Wigner function propor-
tional to a combination of the Fermi-Dirac distribution functions, the standard equations of
the chiral kinetic theory were derived in ref. [42]. On the other hand, it is very well known
that the Dirac or Weyl equation is exactly solvable in a constant magnetic field. This
suggests a possible means to analyse the kinetic phenomena for chiral fermions when the
background magnetic field is taken into account nonperturbatively and the corresponding
Wigner function is found exactly. Further, this solution can be used to analyze pertur-
batively the effects of a weak electric field, as well as inhomogeneous and time-dependent
magnetic fields. This provides the main motivation for the study performed in this paper.
In addition, we would like to mention also that such an approach could, in principle, be
extended to the case of a constant background electric field. However, unlike the magnetic
field, the electric field does work. Therefore, even a stationary solution would describe a
nonequilibrium state, in which the pair production can take place. Using the formalism
of the equal-time Wigner function (known also as the Dirac-Heisenberg-Wigner function),
this problem was analyzed in refs. [43, 44]. The rearrangement of the particle occupation
numbers makes the analysis more complicated, therefore, in this paper we consider only
the case of constant background magnetic and axial magnetic fields.

By making use of the equal-time Wigner function, in this study we also address the
thermoelectric properties of chiral plasma in the strong magnetic field limit. In weak fields,
the corresponding anomalous transport was studied in refs. [45, 46] by taking into account
the Berry phase effects. Later, these thermoelectric properties were investigated in the
framework of the chiral kinetic theory for Dirac and Weyl materials in refs. [47-51]. The
authors of ref. [47] showed that the thermoconductivity has the standard linear temperature
dependence expected for a metallic system. In the case where the temperature gradient



and weak magnetic field are parallel, the longitudinal thermoconductivity is quadratic in
the magnetic field strength, which is somewhat similar to the quadratic correction to the
electric conductivity from the chiral anomaly. If the magnetic field is perpendicular to
the temperature gradient, then the magnetic field correction to the thermoconductivity
is also quadratic, albeit has a negative sign. In this study, we extend the analysis of the
thermoelectric properties of chiral matter to the case of strong background magnetic and
axial magnetic fields.

The paper is organized as follows. The model is described in section 2. The equal-
time Wigner function for chiral fermions in background constant magnetic and axial (or
pseudo-) magnetic fields is explicitly calculated in section 3. In the same section we tested
the obtained Wigner function by studying the chiral magnetic and chiral separation effects,
as well as determining its weak magnetic field expansion. The equations of motion for the
equal-time Wigner function in the lowest Landau level approximation are given in section 4.
The collective excitations as well as the charge and heat transport in the longitudinal
direction with respect to the magnetic field are analyzed in sections 5 and 6, respectively.
The results are summarized in section 7. Some technical details of the derivation and
analysis are collected in several appendices at the end of the paper.

Throughout this paper, we set h =1 and ¢ = 1.

2 Model

The Weyl Hamiltonian for the right-handed A = + and left-handed A = — fermions in a
constant magnetic field is given by

Hy = —idvp(o - V) + dvpe(o - Ay) + py, (2.1)

where vr equals the velocity of light ¢ in the case of relativistic matter or the Fermi velocity
of quasiparticles in a Weyl semimetal. Further, o = (0, 0y,0,) are the Pauli matrices,
A\ = (0,21B),0) is a vector potential for an effective magnetic field By = B + ABj that
points in the +z direction, and ) = p + Aus is an effective chemical potential, where p
is the fermion number chemical potential and ps is the chiral chemical potential. Here,
we included the interaction of the chiral fermions with an axial magnetic (or, equivalently,
pseudomagnetic) field Bs. Such a field interacts with the different sign depending on
the fermion chirality. While this field is typically absent in relativistic matter systems
(except for, possibly, in the primordial plasma of the early Universe before the electroweak
transition) it can be easily induced by mechanical strains in Weyl and Dirac semimetals [52—
58]. The characteristic strengths of the pseudomagnetic field in Dirac and Weyl materials
range from about Bs ~ 0.3 T, when a static torsion is applied to a nanowire of CdsAsy [57],
to approximately Bs &~ 15 T, when a thin film of the same material is bent [58].

The wave functions of Hamiltonian (2.1) are derived in appendix A. Their final ex-
pressions read

¢n:0,p2,p3(x) = |€B)\|1/46 DP3T3+ip2 2}/’0(5)733}3 (1) , (2.2a)



2v%n|eB,|

Q1Z)n>071102 D3 (X) = |€B)\ | 1/4\/ PSB eiP3T3+ip2t2

2v%n|eB)\] + (€, — SBUF)\p3)2

0 . A 1
X {Yn(ﬁ) <1> - Zm (€n — sBUFADP3) Yn-1(§) <O> }7 (2.2b)

where

€n—0 = SBUFAD3, (2.3a)

€n>0 = TUp\/p3 + 2n|eB,| (2.3b)

are the energy dispersion relations at the lowest n = 0 and higher n» > 0 Landau levels,
respectively. In egs. (2.2a) and (2.2b), we used the operator
(1 — S B) (1 + s B)

Psp = 5 oz + 5 , (2.4)

which interchanges spinor components of the wave functions when the sign sp = sgn (eB))
changes. We also used the following shorthand notation:

Yo(€) = ——— e l2H,(6), (2.5)

Vv 2rnl/m
where H,, (&) denote the Hermite polynomials and £ = \/|eBy| [z1 + p2/(eB))].

The Wigner function of a many-body system can be defined in terms of the second
quantized fermion and antifermion fields. In a constant magnetic field, the former reads

R >N [ dkodks T, .
¥ = 3 [ T a0+ By s )] (26)
n=0

where the summation over the Landau levels and the integration over the correspond-
ing momenta are performed. Here, a1, r, denote the particle annihilation operators
and bL k. k. are the antiparticle creation operators. (The Hermitian conjugate field will
sR2,R3
be similarly given in terms of particle creation and antiparticle annihilation operators
&L ko ks and by, k, s, respectively.) Both sets of creation and annihilation operators sat-
isfy the conventional anticommutator relations. While the spinors for particle states
Un ko ks are given by egs. (2.2a) and (2.2b), the spinors for antiparticles are defined by

¢n7k27/€3 = ¢n»k’27k3 |en—>—|en\ :

3 Wigner function in a constant magnetic field

In a relativistic theory, there are several varieties of the Wigner functions. The Lorentz-
covariant forms of the Wigner function were proposed in the context of relativistic quantum
statistical mechanics [59, 60], as well as in the quantum transport of QCD [36-38]. How-
ever, the covariant formulations lead to conceptual difficulties when one attempts to solve
the kinetic equation as an initial-value problem. In addition, the physical interpretation
of the covariant Wigner function is quite obscure. The alternative approach is to use the



equal-time Wigner function [43] which breaks explicitly the Lorentz covariance because the
Fourier transform with respect to the relative time coordinate is not performed. However,
such an equal-time Wigner function poses a mathematically well-defined initial-value prob-
lem and its interpretation as a quasiprobability distribution function in the phase space is
physically transparent [43, 44, 61, 62]. [Note that the Wigner function is a quasiprobability
distribution function because it can take negative values]. The situation is quite similar
to the study of the Bethe-Salpeter equation which is also fully covariant, but a physical
interpretation of the Bethe-Salpeter two-body wave function is rather obscure.
The equal-time Wigner operator for the Weyl fermions is given by [43]

1 —ipy i®(ry,r T T
Wanloep) = 5 [ dly e ®yeenr) (9] () 0, (e (3.1)

2
where ¥, and \i/l; are the spinor components of the chiral fermion fields given by eq. (2.6)
and its Hermitian conjugated expression, respectively; r+ = x +y/2, the square brackets
denote the commutator, and the Schwinger phase

ri
O(ry,ro) = e/ drA,(r) = —eByya11 (3.2)

ensures the gauge invariance of Wan(x, p). It is worth noting that instead of the usual
normal ordering, where the vacuum parts are simply omitted, we employed the Schwinger
prescription with a commutator [63]. In the absence of external fields, both definitions
are physically completely equivalent. However, for time-dependent electromagnetic fields,
the definition of normal ordering is ambiguous. In such a case, one should use the
Schwinger prescription, which defines the Wigner function correctly transforming under
the charge conjugation.

To obtain a statistical description, the Wigner operator has to be appropriately av-
eraged. In order to do this, we introduce the density matrix operator p, which at finite
chemical potential and temperature reads

b= LeBH-mNy) (3.3)

and defines the probability of the realization of a given quantum state. Here, 5 = 1/7" is the
inverse temperature, H, is the second quantized Hamiltonian, Ny is the particle number
operator, and Z denotes the partition function. By definition, the latter is given by

7 —Tr |: (HA ,U,AN)\):| — Z<®|€7ﬁ [(|E”|7M>\)&IL‘k27k3&TL,k2,k37(7|6n‘7M>\)l;jlyk2’k3l;n,k}2,k3:| |®>

®
= I (1 4 e—ﬂ(knl—m)) (1 n e—ﬂ(knlﬂu)) 7 (3.4)
n,ka,k3
where Tr[...]| denotes the trace over the Hilbert space of the multi-particles states |®) =
|y Ny - - Nm], ...) with Nm partlcles in state m; and Nm antiparticles in state m;.

Note that the minus sign at the bn Kok bn ko ks term in the exponent comes from the normal
ordering of the anticommutating fermion operators.



By definition, the Wigner function is the ensemble average of the Wigner opera-
tor (3.1), i.e
Wan(x,p) = Tr (Wan(x,p)ﬁ> . (3.5)
Its detailed derivation in the case of chiral fermions in a constant external magnetic field
is presented in appendix B. The final result can be conveniently given in the form of an
expansion in the Pauli matrices,

3
W(X7 p) = ’UJ()(X, p) + A Z O;Wj; (Xu p) (36)
i=1
Henceforth, we will omit the arguments of wg, w, and W. Strictly speaking, the corre-
sponding functions do not depend on spatial coordinates when the magnetic field is uniform.
The explicit expressions for the vector components of the Wigner function w = tr(eW)/2
are given by

2
p?/leBal nUFPL 2py 0(en) 0(—€n) 1
L I N (e 1S

el -

n=0 en
(3.7a)
2
—p? J|eBy| nUFP2 o 2p] 0(en) O(—en) 1
o 220; | n\ <\€BA\ L epenl=mn) 11 ehlenlti) 2 [
(3.7b)
e pl/|eB,\| (-1)”
wgz)\SBfZZ ’€n|
n=0 €en
O(en)

2 2
- |(eal+smrvmpa)t (2L )+ enl-smrvpa) s (2oL

X
leB)|

2p% 0(—€n)
+|:(|6n| spAvFp3) L ( B ‘) (len|+spAvFP3) Ln—1 <| BA|>} 1o oPUlen i)

+% [(6n+83>\va3) <|2gi|> (€n—SBAVFP3) Lin— <|2];i|>}} (3.7¢)

where p? = p?+p3, 0(x) denotes the unit step function, and the sum Y., takes into account

14eB(enl=px)

both positive and negative branches of the energy spectrum at n > 0. The scalar part
of the Wigner function wy = tr(WW)/2 defines the quasiprobability distribution function
fwa(p) = 2wp. The explicit expression of the latter reads

_ 0(co) 6(—€o) sgn (o) _p? — (—1)"
_ P /leBa| 0 _ 0 _ P9 /leBa| A
fora(p) =2¢71 {1+@B(60|—m) reblolm) 2 (1T Zl len]
2p% 2p% 1
X { (|€n’+53)‘UFp3)Ln <|€B>\|> _(|€n| SB)‘va3)L (|eB>\| 1_|_eﬁ(|en\ﬁu>\)

(lenl—sX0mps) Lo (22 ) (len|+ sh0ps) Ly (224 !
€n| —SBAVEP3)Lnp leB) €n|T+SBAVFP3)Lin—1 eBy] ) | 1eBllenl i)

2p> 2p>
— SpA\UFD3 {Ln <\6BL>\\> +Lp_1 <’€BLA’ . (3.8)
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Figure 1. The dependence of the normalized Wigner quasiprobability distribution functions on ps
(left panel) and p,; (right panel) at By = 0 (red solid lines) and By # 0 (blue dashed and green
doted lines correspond to the right-handed and left-handed fermions, respectively). In the left panel
p1 = p/vp and ps = p/vp in the right panel. The other parameters are set as follows: us = 0,
T =0.5pu, Bs =0, and eB = 10 (u/vr)%

In order to get a better insight into the Wigner quasiprobability distribution function
fw(p), it is instructive to compare it with the standard quasiprobability frp(p) at By =
0, which is given in terms of the Fermi-Dirac functions, i.e.,

fro(p) = nr(ep — pr) — nr(ep + 1) (3.9)

where ¢, = vp|p| and np(x) = 1/(e’* + 1) is the Fermi-Dirac distribution function. The
numerical comparison of the two quasiprobability distribution functions is shown in figure 1.
As we can see, the inclusion of the magnetic field leads to several qualitative changes
in the dependence of the quasiprobabilities on the longitudinal and transverse momenta,
presented in the left and right panels of figure 1, respectively. While the quasiprobability
function (3.9) is always positive (assuming uy > 0), its counterpart in the background
magnetic field takes negative values in a range of momenta. Such negative values of the
quasiprobability originate from the quantum effects that cannot be captured by usual
distribution functions. As is seen from the left panel in figure 1, the dependence of the
quasiprobability distribution function fw x(p) on p3 is asymmetric in the longitudinal
component of momentum p3, as well as in chirality. A chiral asymmetry is also clearly
visible in the right panel in figure 1, where the distributions fw +(p) have different widths
and heights as functions of p; .

Further, we plot the dependence of the vector component of the Wigner function along
the magnetic field ws on p3 and p| in the left and right panels of figure 2, respectively.
Similarly to the Wigner quasiprobability distribution function, the corresponding depen-
dence is also asymmetric with respect to ps and the chirality. Note that the asymmetry is
well-pronounced at small values of momenta.

Before proceeding further with the analysis of the Wigner function in a strong magnetic
field, we will test our results (3.6)—(3.8) by studying the chiral magnetic effect (CME) and
chiral separation effect (CSE), as well as deriving the weak-field limit of the function W.
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Figure 2. The dependence of the normalized vector component of the Wigner function along the
magnetic field defined by eq. (3.7c) on p3 (left panel) and p; (right panel). Red solid and blue
dashed lines correspond to the right-handed and left-handed fermions, respectively. In the left panel
p1 = p/vp and ps = p/vp in the right panel. The other parameters are set as follows: us = 0,

T =0.5u, Bs =0, and eB = 10 (u/vp)?.

3.1 Chiral magnetic and chiral separation effects

We begin our analysis of the Wigner function (3.6) with the study of the chiral magnetic
and chiral separation effects. The electric and chiral current densities are defined by

It is worth noting that the factor A in eq. (3.10a) comes from the definition of the electric

current operator
ji)\(p) = —e(apiH/\) = —6)\UFJ7;. (3.11)

Taking into account the Wigner function components given by egs. (3.7a)—(3.7c) one can
easily see that the only nonzero component of the current is along the z direction. Inte-

grating over p, we obtain
o eB) O(spAvpps) O(—spAvrp3) sgn (p3)
Jsr =Aevr o /dp3 [1 T BCrlm) 14 eBriml)  SBAT g
eBi| - / p3 [ 0(en) 0(—en) 1]
+evp—= d, - =
"an)? ; P8 ot 2nfeBy] LT+ eflenlmn) " T eflentin) — 2
eB) _ QQBA,UJA
— e g T[l (1 5%) ~1 (1 mﬂ — A : 3.12
e(27r)2/ p3T |In(1+e n(l+e om)? (3.12)
where the contribution from the higher Landau levels is zero due to the integration over
p3. Performing the summation over chiralities, we find the following standard electric and




chiral current densities [31, 56, 64, 65]:

2 2

. . € B/i5 e B5M

Js= jsa= 52 T 53 (3.13)
y

. . eQBu eQB5u5
J3,s=§ Asa = 55+ 5 5 (3.14)
A

Thus, as expected, we reproduce exactly the standard relations for the CSE and CME
using the Wigner function approach.

3.2 Weak magnetic field expansion

In this subsection we consider the limit of small magnetic fields |eBy| < p?. After expand-
ing the Wigner function to the linear order in |eBy|/p? and performing the summation over
the Landau levels (see appendix C for details), we arrive at the following expressions for
the scalar wg and vector w parts:

1

wo = 5 [mrlep = ) = nr(ep + )]

M%eB d 1
. ["F(ep — ) +np(ep + ) — 1] +O(leBal*),  (3.15a)

4 €p dep €p
vEp; 1
wy = ==L = [np(ep — ) + i (ep + 1) — 1]
P
Mvre(By); 1 d
2B L 4 [“F(ep — p1x) — ne(ep + W} +0 (leBa*) . (3.15b)
4 ep dep

The above expressions qualitatively agree with the results obtained in refs. [42, 66, 67].
Note, however, that those papers use the covariant definition of the Wigner function.
Therefore, one needs to integrate their results over the zeroth component of the four-
momentum pg before comparing with egs. (3.15a) and (3.15b). It is interesting to note
that we have the additional term —1 in the second square brackets of eq. (3.15a) as well
as in the first square brackets of eq. (3.15b), which is absent in refs. [42, 66, 67]. This
difference is connected with our use of the commutator in the definition of the Wigner
operator (3.1) instead of the usual normal ordering considered in the cited works.

By making use of the explicit expressions for the Fermi-Dirac distribution functions,
the results for the scalar and vector parts of the Wigner function can be rewritten in the
following equivalent form:

B ) o

1
wo = 2{ o eBa e <Ep 2/pf?

—[1—e(By-Q)\)]np (ep—k)\m)};ipB‘;‘.p) +NA>} _ W+O(‘€BA‘2)>

where Q) = Ap/(2|p|®) is the Berry curvature. This result agrees with the distribution
function in the chiral kinetic theory, except for the last term, which originates from the



commutator in the definition of the Wigner operator (3.1). Note that due to the presence
of the Berry curvature and magnetic field, the quasiprobability distribution function in
eq. (3.16) can take negative values when the magnetic field is nonzero.

4 Equation of motion for the Wigner function

In this section we present the equation of motion for the equal-time Wigner function in
external electromagnetic fields. According to ref. [43], the corresponding equation reads

DOW—i—’uF%D-{a’,W}—i)\vF [(-P),W]=0. (4.1)

Here {, } and [,] denote anticommutator and commutator, respectively, and the following
derivatives are used:

1/2

Do=0,+e /_ |08 (Bl is0y)-3p) =00 (B(e)-3p) O (Vi Sp)BI)) (4.2a)

D E@r+e/1/2 ds [B(r+is0p) x 0p] = Op +€[B(r) X 0p| + O [(Vy X 0p)B(r)], (4.2b)
~1/2
1//2

P:p+z’e/ dss[B(r+isdp) x0p] = p+0O[(Vy-0p)B(r)]. (4.2¢)
~1/2

As one can see from the above equations, the derivatives become local when the external
fields are spatially uniform. In terms of the scalar wg and vector w parts of the Wigner
function, eq. (4.1) reads

Dowo +vr (D-w) =0, (4.3a)
Dow + vpDwg + 2 vp [P x w| = 0. (4.3b)

In the next section, we will use eqgs. (4.3a) and (4.3b) to study the longitudinal modes of
the chiral magnetic wave (CMW) [68] in the limit of a strong magnetic field. In order to
describe such a collective excitation taking into account the dynamical electromagnetism,
we consider the system subjected to small oscillating electromagnetic fields

E = Ee iwitikr (4.4a)

B/ — Befiwt#»ik-l'7 (44b)

and a strong constant effective magnetic field By x. [In the case of a weak magnetic field,
the effects of the dynamical electromagnetism were taken into account in refs. [69, 70].] In
this case, the Wigner function can be naturally split in two parts, i.e., W = WO + W',
While the first part corresponds to the constant external magnetic field By \, the second
one is related to the oscillating fields. The latter can be written in the form

W/ _ W(l)efithrik-r _ w6 + )\(0’ . W/) — w((]l)efithrik-r + )\(0’ . W(l))efiwt+ik-r‘ (45)

~10 -



To the linear order in the oscillating electromagnetic fields, the components of the Wigner
function satisfy the following equations:

1/2
Ow + vpOrwW' + vpe ([BO,A X Op) - W/) +e(E' - Op) / ds w[()o)(p — sk)
~1/2
1/2
+uvpe [B' x Op] / dswO(p —sk) =0, (4.6a)
~1/2

w4+ vpdrw) + vpe [Box X Op| wh + 2X\vp [p x W]

1/2

1/2
—vpe [B' x Op] /1/2 ds wf()O) (p— sk) +e(E"- 0p) /1/2 dsw® (p — sk)

1/2
+22'e/\vp/ dss “B’ x Op| % w(®(p — sk)} =0. (4.6b)
~1/2
In order to find the spectrum of collective modes, we should determine the electric current
density 7™ which enters the Maxwell’s equations through the polarization vector

-Im

le — lL — anE/n7 (47)
w

where X" (m,n = 1,2,3 denote spatial components) is the susceptibility tensor. Then,
as is easy to check, the Maxwell’s equations admit a nontrivial solution when the following
characteristic equation is satisfied:

det [(w2 — k%) 6™ + K"K + 47rw2xm”} =0. (4.8)

The solution to this equation determines the dispersion relation of electromagnetic collec-
tive modes, such as the chiral magnetic wave.

As we saw in the previous section, the scalar part of the Wigner function is related
to the distribution function of the chiral kinetic theory in the limit of weak magnetic
field. However, the Wigner function is applicable even beyond the weak-field limit. It is
instructive, therefore, to consider the case of a strong constant magnetic field By » || 2. In
such a limit, one can use the lowest Landau level (LLL) approximation when only the LLL
contribution is retained. Then, the scalar and vector components of the Wigner function
take the form

w(()o) = e_pi/‘EB"’ﬂfLLL(ps), (4.9a)
w(© — —SB)\ieipi/|eBO’>‘|f~LLL(p3), (4.9b)
where
- ASpsgn
fuin(ps) = G(SBMsz,)nF(SB)\Usz—M)—‘9(—SB>\UFp3)nF(—SB)‘UFPS‘l‘W)_Bi(m)'
(4.10)

Note that both scalar and vector parts of the Wigner function are expressed in terms of
the distribution function on the LLL. The last term in eq. (4.10) is related to our use of the
commutator in the Wigner operator (3.1) and properly describes the vacuum oscillations.
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As we will see below, it is crucial for the correct description of the collective excitations
and transport phenomena in a strong field limit.

In the next two sections, we will use the equal-time Wigner function in the LLL
approximation in order to study: (i) the dispersion relation of the CMW and (ii) the
thermoelectric properties of chiral fermions in a strong magnetic field.

5 The chiral magnetic and pseudomagnetic waves in a strong magnetic

field

In this section, we study the dispersion relation of the CMW in the strong magnetic field
limit by using the equal-time Wigner function approach. In order to simplify the analysis,
we will consider only the case of longitudinal waves, propagating along the direction of the
background field. In other words, the perpendicular components of the wave vector and
the oscillating electric field will vanish, i.e., k; = 0 and E/, = 0. In view of the Maxwell
equations, there will be also no oscillating magnetic field, i.e., B’ = [k X E']/w = 0. In this
case, eqs. (4.6a) and (4.6b) reduce to

1/2 ~
—iww(()l) + ivpk‘gwél) + eEge_pi/‘eBOA‘ /1/2 dsOp, fLin(ps — skz) =0, (5.1a)

1/2 s
—iww§” + ivpkswl” — speByePL/1ePo] /1/2 ds0Op, fLLL(p3 — sk3) = 0. (5.1b)

Note that due to the one-dimensional nature of the LLL, the equations for the wgl) and
wgl) have only the trivial solutions wgl) = wgl) = 0. On the other hand, the solution to
the system of coupled equations (5.1a) and (5.1b) is nontrivial, i.e.,

1/2 7
W) — _ieE3e—pi/|eBo,A|/ / (s Ops fLLL(Ps — sks) (5.2a)
0 —1/2 w + Aspvpks
1/2 f — sk
w:(gl) = SB)\ieEgepiAEBO’A'/ dsameLL(p?’ - 3)’ (5.2b)
~1/2 w + )\SBUFkig

By making use of the definition in eq. (3.10a), we then derive the following correction to
the electric current density proportional to the oscillating electric field:

d3p e~ /1eBo,| 1/2 -
L= —2ie? )\E’/ / ds0). — sks). .
Ja e“vp /\Z;E spAls (27 w T Aspurks e $0ps fLLL(p3 — sks3) (5.3)

It should be noted that there is also a non-oscillating contribution to the current that comes
from the zeroth order Wigner function wéo). It describes the chiral magnetic and chiral
separation effects, but does not affect directly the dispersion relation of the collective modes.

In order to perform the integral over s on the right-hand side of eq. (5.3) it is convenient

to rewrite the partial derivative with respect to ps in terms of the partial derivative with
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respect to s, i.e.,
1/2 1/2
Iy = / dps/ 30y, friL(ps — sks) = / dp3/ / 3 frin(ps — sks)
/2

2T —SspA\UFks spA\vpks
=25gA+ ——< O(sp\)———= 4+ 0(—sgpA\)——— p — s
B +SB)\UFI<:3{ (s5)) T +0(=sp)) T } B

= —SB/\. (5.4)

Then, the final result for the electric current density (5.3) reads

deLe_pi/‘eBo’” I
1902 Y E’/ :
Ja e v Z Spelig (27-‘-)3 w + Aspvpks

A==+
E; leBo,\
— . 2 3 )
evr )\Zi w+ Aspupks (27)?

(5.5)

Let us first consider the case of an ordinary magnetic field background, i.e., By # 0
but Bys = 0. By comparing with eq. (4.7), we extract the following susceptibility tensor:

33 _ vre?|eBo|
2m2(w? — vik3)

X (5.6)

By substituting this into the characteristic equation (4.8), we then derive the following
positive-energy solution for collective modes:

2 2leB,
o= \fuph 4 LD (5.7

™

This frequency corresponds to a chiral magnetic plasmon or, equivalently, the CMW in
the strong-field limit. As we see, the background magnetic field By is responsible for the

2 2leB
Qp, = ‘/vFeﬂ!@o!. (5.5)

We note that the above value of the gap agrees with the one obtained in the LLL approx-

generation of the plasmon gap,

imation by a different method in ref. [71]. This is also consistent with the mass of the
resonance-like photon state revealed in QED in a strong magnetic field that is realized in
the kinematic regime m? < k3 < |eB]| [72].

Further, let us study the case when there is only an axial magnetic field present, i.e.,
By =0 but Bys # 0. In this case, the susceptibility tensor reads

53 __ vpe*leByg|

X (5.9)

2wr2(w + sgupks)

By making use of the characteristic equation (4.8), we then derive the following dispersion
relation of collective modes:

1 Bupe?
ooy (Vs BBl ) 510
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2.5F:

2.0
wks) 1.5F
Qs 10} <
— w, Bp#0 \‘~.~~
O3 B0 | T ’
0.0L , . N
-2 -1 0 1 2
vrks/Qp

Figure 3. The frequencies of the collective excitations in the presence of background magnetic
(red solid line) and axial magnetic (blue dashed line) fields, as given by eq. (5.7) and eq. (5.10),
respectively. Here 0p = Qp, at By # 0 and Qg = Qp, ; at By s # 0.

By analogy with the CMW, we call this mode a chiral pseudomagnetic wave. The dispersion
relations for both types of collective modes (5.7) and (5.10) are plotted in figure 3 as
functions of the longitudinal wave vector k3. The results for a nonzero ordinary magnetic
field By (at By = 0) and a nonzero axial magnetic field By s (at By = 0) are shown by
solid red and blue dashed lines, respectively. Note that, the asymmetry of the dispersion
relation of the chiral pseudomagnetic wave is correlated with the sign of eBg 5. In figure 3,
we plotted the results for eBgys > 0. The results for eBgs < 0 can be obtained simply by
replacing k3 — —ks.

As we can see from figure 3, the chiral pseudomagnetic wave, which is realized in the
case of a nonzero axial magnetic field By 5 # 0, is qualitatively different from the gapped
chiral magnetic wave in the presence of a usual magnetic field. Indeed, while the frequency
of the chiral pseudomagnetic wave takes a nonzero value Qp,, = y/2vpe?|eBys|/7 at
ks = 0, its dependence on the wave vector k3 is asymmetric. The corresponding mode
appears to be gapless in the strong-field limit because w — 0 at large positive k3 when
eBys > 0 (or large negative k3 when eBps < 0). We argue that the gaplessness of
this mode is an artifact of the LLL approximation, which may be formally viewed as the
By — oo limit. In the case of a strong but finite axial magnetic field, the inclusion of
higher Landau levels should make the corresponding mode gapped with the minimum of
the energy obtained at k3 ~ Bgjs. Indeed, this would be consistent with the weak-field
analysis in refs. [69, 70|, where such an asymmetric dispersion relation with a minimum
at k3 ~ By was predicted. The solution in eq. (5.10) is nothing else, but a strong-field
version of the chiral pseudomagnetic wave that was first obtained in refs. [34, 69, 70].

6 Thermoelectric phenomena in a strong magnetic field

In this section, we study the thermoelectric transport in a chiral plasma in a strong mag-
netic field. In essence, the problem reduces to determining the corrections to the Wigner
function in the LLL approximation and calculating the electric and heat (thermal) cur-
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rents when an additional weak electric field E and a small temperature gradient VT # 0
are present. [We will take into account only the contribution due to charged chiral par-
ticles leaving aside all other possible contributions.] For simplicity, we will assume that
B, || E || VT || 2. In this case, the equations for the Wigner function components (4.3a)
and (4.3b) read

dywo + vp (V- w) + evp (Bo X 9p) - W) + e(B - 3p)w” =0, (6.1a)
AW + vpVwg + evp [Box X Op] wo + 2 vp [p X W] + e(E - 3p)w® = 0. (6.1b)

Because of the spatial gradient of temperature, the Wigner function depends on spatial
coordinates, i.e., VW = (V)W ~ (VT)9rW). Here we assume that the gradient
VT is small and of the same order of magnitude as E.

By using the Wigner function components calculated in the LLL approximation, see
egs. (4.9a) and (4.9b), as well as introducing a phenomenological collision term in the
relaxation time approximation on the right-hand sides of egs. (6.1a) and (6.1b), we obtain
the following set of equations:

—p2 r
wo — e PL/1Boal f 11 (ps)

e*pi/|EBO,A| [(—SB)\)UF(V?,T)aT + 6E38p3] fLLL(pg) = — - R (6.2&)
_ = ws + spiePL/1eBoal f
oL/ B0 [ (V5T + (~sis\)e sy fran(ps) = — 22T *EAC T2 unlea),
(6.2b)

where 7 is the relaxation time. As is easy to check, w; = wo = 0 in the present setup. It
is worth noting that, in realistic models, the relaxation time may depend on the particle
energy, external fields, as well as other parameters. For simplicity, here we will assume
that 7 is a constant. The solutions to egs. (6.2a) and (6.2b) read

wy = e Pi/1eBonl {fLLL(p3) -7 [(_SB)\)UFVST(?T]ELLL(I??,) + €E38p3fLLL(p3)] } , (6.3a)

w3 = —spe P1/1BoAl {fLLL(pa) -7 [(—SB)\)UszTanLLL(p:s) + eESapgfLLL(p?))} } .
(6.3D)

By making use of these results, we can now calculate the electric and heat current densities.
In terms of the Wigner function, the corresponding current densities are given by (see, e.g.,
ref. [47])

5= — ZA/ d3pt[fW]——2 Z/dgp (6.4a)
j3 = —evp - @n)3 r{os = evp)\:i (27T)3w3, .

3 3
2= r A / (;lwl';g (co — 1) trlosW] = 2UF2 / (;l;)’g (s5\vEps — 1) ws. (6.4b)

The calculation reduces to four types of integrals, presented in egs. (D.6) through (D.9) in
appendix D. By making use of the corresponding results, we arrive at the following final
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expressions for the current densities:
J3 = Z 2evpspA {1 — 7 [(—sp\)vr(V3T)(Orl) + eE3l3]}

A B B E
_Z € OANA ZIG 0>\|6 SUF7 (6.52)

=— Z 20pspA{Iz — ppI1v — 7 [(—sBAN)vp(V3T)0r (I — puxIv) + eE3(1y — pals)]}
At

: - ZA
A:Zi 2(27)2 [“A 3 S

The last term in eq. (6.5a) is similar to the usual Drude conductivity and is related to

S (6.5b)
/\ +

the density of states on the LLL. Similar physical interpretation applies to the last term
in eq. (6.5b) connected with the heat transport. Note that the anomalous Nernst effect,
i.e., the correction to j proportional to the cross product of the Berry curvature and the
temperature gradient [45], is absent in the problem at hand. This fact is not surprising in
view of the one-dimensional nature of the LLL. Last but not least, we note that the last
term in the square brackets in eq. (6.5b) diverges. The corresponding contribution should
be naturally regularized in realistic lattice models.
By comparing egs. (6.5a) and (6.5b) with the general linear response relation, i.e.,

j3 =7js+ U;g,g )E3 + 0':(')3 )( VsT), (6.6a)
39 =G v oy By 4 0l (- VT, (6.6b)
where ]3 and 33 denote the nondissipative parts of the currents proportional to eBy and

eBy 5 that come from the first terms in egs. (6.5a) and (6.5b) [see also egs. (3.13) and (3.14)],
we find that the off-diagonal terms of the thermoelectric conductivity tensor vanish, i.e.,

aégT) = Tag‘ge) = 0. Therefore, the Seebeck coefficient (or thermopower) S = O’égT) a:(ff)
vanishes too. The thermoconductivity is defined in the absence of electric current and
equals to
rr) _ 0% 0% _ )
K33 = 033 T =033 - (67)
033

Finally, one can easily check that the Wiedemann-Franz law k33 =T 0:());6)#2 /(3e?) and the

Mott relation a:(,)gT) = mT (8Ma§§e)) /(3e) = 0 are satisfied. In fact, in the present setup,
k33 and Uége) are the only nonzero components of the thermal and electric conductivity
tensors, respectively.

In the case of the vanishing axial magnetic field, By s = 0, eqgs. (6.5a) and (6.5b) take

the following simpler form:

e?Bois e?Esvr|eBo|
+ 7

J3 = 27T2 27_[_2 ) (68&)
. eBoups TVgT
j§ = —5— — TorleBo| . (6.8b)
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On the other hand, when the ordinary magnetic field vanishes, but a nonzero axial magnetic
field is present, the electric current density is given by

- e?Bosp 7_62E3UF!€BO,5|
J3 272 om? '

(6.9)

As we see, this is similar to that in eq. (6.8a). However, this is not the case for the heat
current density, i.e.,
2

2
Q_€Bos (o o wT 2 42 TV3T
Jg = e <,LL + p5 — 5 +vpA > — Tvp|eBy 5| 5 (6.10)

While the dissipative term proportional to the relaxation time is similar to the correspond-

ing term in eq. (6.8b), the nondissipative ones are completely different. For example, they
do not require the presence of both chemical and chiral chemical potentials and could be
nonzero even at p = us = 0.

Before concluding this section, it is instructive to point that all nondissipative contri-
butions in egs. (6.9) and (6.10), as well as in egs. (6.8a) and (6.8b), are bound currents that
can be expressed as curls of other quantities. (In other words, their structure is similar to
the magnetization current jy; ~ [V x M].) This follows from the fact that both By and
By 5 can be expressed as curls of the vector A and axial vector A potentials, respectively.
It is interesting to note here that, in the context of Weyl semimetals, the axial potential
A (unlike the usual vector potential A) is an observable quantity [54-58] which is related
to the separation between Weyl nodes in the momentum space.

7 Summary

By using the exact solutions of the Weyl equation for chiral fermions in constant mag-
netic and axial magnetic fields, we calculated the equal-time Wigner function for a mag-
netized chiral fermion plasma at finite chemical potential and temperature. This exact
Wigner function is defined by the scalar and vector parts in the basis of the Pauli matrices.
While the vector part is necessary to calculate currents, the scalar part defines the Wigner
quasiprobability distribution function. We checked that, to the linear order in magnetic
field, the latter also agrees with the distribution functions of the chiral kinetic theory. It is
interesting to note that, owing to its quantum nature, the scalar part of the Wigner function
can be negative in a magnetic field. Besides the possibility of negative values (assuming
x> 0), the most crucial difference between the standard quasiprobability function, which
is given in terms of the Fermi-Dirac functions, and the Wigner quasiprobability distri-
bution function in a magnetic field is connected with the chirality-correlated asymmetric
dependence of the latter on the longitudinal component of momentum. A similar asym-
metric dependence is found in the vector part of the Wigner function and is principal for
reproducing the correct chiral magnetic and chiral separation effects.

Retaining only the lowest Landau level contribution, the equation for the equal-time
Wigner function in a strong magnetic field is obtained. The constant background magnetic
and axial magnetic (or, equivalently, strain-induced pseudomagnetic) fields are taken into
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account nonperturbatively. In this case the scalar and vector parts of the Wigner function
are both proportional to the distribution function on the LLL. By making use of this
equation, it is found that the longitudinal collective excitations in a strong magnetic field
are gapped plasmons. The magnitude of their energy gap is determined by the value of
the magnetic field. Interestingly, the situation changes qualitatively in the case of the axial
magnetic field. The dispersion relation of the corresponding collective excitation, identified
as the chiral pseudomagnetic wave, is clearly asymmetric in the wave vector. While the
chiral pseudomagnetic wave appears to be gapless in the LLL approximation, we argued
that the corresponding mode is in fact gapped when higher Landau levels are included. As
in the limit of a weak axial magnetic field [69, 70], the minimum energy of the corresponding
mode should be at k3 ~ By 5.

By making use of the Wigner function in the LLL approximation, we also studied the
thermoelectric transport of chiral fermions in a strong magnetic field. The analysis was
performed in a phenomenological model where the effects of collisions were introduced into
the equation for the Wigner function via a constant relaxation time. The latter, of course,
is not a very realistic approximation to capture all details of the thermoelectric transport,
but should be sufficient at least for understanding qualitative features. We found that the
electric and heat (thermal) current densities are determined by the density of states on
the lowest Landau level. While the nondissipative part of the heat current density in a
magnetic field requires the presence of both chemical and chiral chemical potentials, its
counterpart in an axial magnetic field is nontrivial when at least one of these parameters
or temperature is present. All nondissipative contributions to currents come in the form of
bound currents that are curls of other quantities. The structures of the dissipative terms
are similar (up to the interchange By 5 <+ Bp) in the cases of background magnetic By and
axial magnetic By 5 fields.
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A Wave functions of the Weyl Hamiltonian

In this appendix, we derive the wave functions of the model Hamiltonian (2.1) for the
Weyl fermions in a constant magnetic field. In order to solve the eigenvalue problem
Hyy = Evy, we look for a solution in the form 1y (x) = eP3zstir2r2=iEt 5, (¢) where the
new variable £ is defined by

¢=leBy| (ep'i +:c1> . (A1)
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By noting that 0,, = 0¢+/|eB)|, we check that function ¢, satisfies the following ordinary
differential equation:

IO
O¢ — 50§ — ————— (E — px — Avppsoz) | oa =0, (A.2)
¢ vEy/|eBy|

where sp = sgn (eB)). The solution to this equation can be given in the form
pr = @Y (Ouy + @y (Ouy, (A.3)
where uf are two linearly independent spinors that satisfy the following relations:
uF Aoy (B — piy — )\UFPBUz)u:t‘
RN

After substituting the ansatz (A.3) into eq. (A.2) and separating linearly independent terms

proportional to spinors uf, we arrive at the following coupled set of equations:

Jzuf = :l:uf,

(A4)

[0:@3(€) F spERY (&) — kDT (€)] =0, (A.5)
[0 F sp — € + K] ©5(§) =0, (A.6)
where
_ (B = pp)? — vip3
k= \/ AN . (A7)

Solutions of egs. (A.5) and (A.6) can be expressed in terms of the parabolic cylinder

functions D,(a€) [74, 75], i.e.,
ik
() = Diaya (V) 9(€) =~ 5D (VEE). (A.8)

By making use of eq. (A.4), we also determine the explicit form of spinors uf\: for each of
the two possible choices of sg = +1. The result reads

\E=tatAspurps
U§B=p83< e /2l ) (A.9)
0

uy*f =Py, <(1)> , (A.10)

(1—83) (1+SB)
5 Tt T

is a matrix operator that interchanges the two components of the spinor when the sign

where

PSB =

(A.11)

sp = sgn (eB)) changes.

The requirement of finite wave functions at |¢| — oo leads to the constraint k2/2 = n,
where n = 0,1,2.... Then, the parabolic cylinder functions can be expressed in terms of
the Hermitian polynomials [74, 75]. After fixing the overall normalization constants (by
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using formula 7.374.1 in ref. [75]), we finally obtain the following eigenfunctions of the Weyl
Hamiltonian (2.1):

o 0
Un=0,ps.ps = ‘eBA|1/4€zp3x5+zp2x2 zEﬂf)(f)PsB <1> ) (A.12)
2v%n|eB,| , . -
Yn>0,p0,p3 = |€B) 1/4 F P33 HipaTo—iBtp
=0 = e 2vfnleBa| + [En — px + SBUFAD,] °r

0  (En — px + sBUpAp;) 1
x{Yn(§)<1>—z/\ YN Yn1(£)<0>}, (A.13)

Ya(€) = —— € 2H, ). (A.14)

vV 2rnl/T

The corresponding energies for the lowest (n = 0) and higher (n > 0) Landau levels are

where

En—o = pix — spUFAp3 = px + €, (A.15)

Epso = px £ vpy/p3 + 2nleBy| = px + €50, (A.16)

respectively. [Note that in the main text we changed the sign at ps in order to use the
same notations in the Wigner function, where momenta are opposite with respect to that
in the wave functions.]

B Derivation of the Wigner function in a constant magnetic field

In this appendix, we provide the details of the calculation of the equal-time Wigner func-
tion of chiral fermions in a constant external magnetic field. Let us write the Wigner
operator (3.1) explicitly

W d2 d2 ) )
Woan (. P) Z / / 26—zp-yez<1>(r+,r-)

{ |: n',q (2%)25717”/5((1 - q/)} ¢I],n,q(r+)wa,n’,q’(r—)

+ _&L,qb];’,q’ - bj’bl7q’dj‘1,qi| Tﬁ;,n,q(rﬁﬁba,n’,q’ (I‘_)

+ I; 7qan Cl &n,7q/bn7qi| ¢j7,n,q(r+)¢a7n/7ql (ri)

— 28] qbw = (27)260w8(a — )] ¢L,n,q<r+>¢a,nf,q/<r_>}, (B.1)

where ry = x+y/2, the phase ®(r;,r_) = —e [ drA,(r) = —eB,ysz1 ensures the gauge
invariance of WM,, and we used the standard anticommutation relations for the fermion
particle creation and annihilation operators &L,q’ {n,q, as well as their antiparticle 627q, IA)n,q
counterparts. While the spinors for particle states v, q are given by eqgs. (A.12) and (A.13),
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the spinors for antiparticles are defined by ¢, q = ¥ q| For simplicity, we set also

a = (g2,93) and q' = (g3, ¢3).

The Wigner function is defined as an average of the Wigner operator over the Hilbert
space of the multi-particle states |®) = |..., Ny, .-y, Npy, - .) with Ny, particles in
state m;, and N,,, antiparticles in state m;, i.e.,

en—r—|en|”

Wan(%,0) =T (Wan (x,9)5) = S (@[ (x,p)|®) (B.2)
[}
3 d? —ip-y—ieB\y2x1 O(en
b(—a(a))

_t
¢n7n,q(r+)¢av”7q(r*) 1+e—Blen(@—pn)

5 Bl 8 anar ) 8 (—en(K) 6} g4 alr)] }

Here the density matrix operator p is given by eq. (3.3) in the main text. Further, 5 = 1/T
is the inverse temperature, » | ., denotes the summation over positive and negative branches
of the energy spectrum, and #-functions are the unit step functions which select the proper
sign of the energy of particles and antiparticles.

In order to proceed with the evaluation of the Wigner function (B.2), we first calculate

3 —ipy —ieB x _ 3 —ipy ,—ieB xr1—1q3Y3—1
/d ye PY, AY2 l¢j;7n,q¢a,n,q — /d ye PY, AY221—1q3Y3—1G2Y2

\/|€B)\’ 1+ sp 1—sp
X 14 len(g3)+5BvEAg3)? Yn(g—i-)Yn(f—) 2 5&25772 + 2 5@15771
2vZnleB, |

len(g3) + sBUFAGs]?
2nv|eB,|

- Yn(er)Ynfl (5*

-5 1+s
Baa25n2 + 2Béa15n1:|

Yoot (€)Y (€) [1
1

2
— SB 1+ sp
2 50425771 + 25a15n2:|

)i)\[fn(QZ&)‘FsB)\UFQB} [
vEy/2nleB,|

+ Yn—1(§+)Yn(f—

iMen(g3) + spAvEgs) [1 — 5B 1+sp }
Sardpp + —Bs ol b, (B3
) vEy/2nleB,| 2 1o 2 20l (B.3)

where

€4 = \/]eBy| (q? tap y;) . &=/]eB)| ((f'i +x1> . (B.4)

eB)

Using the table integral 7.377 in ref. [75], we find the following auxiliary expressions:
. _leByly? q
/dyle 1YL e i Hy |V]eBy| | =
e

hn q2 n
3 )| e [V (4= 5|
ne—p'i’/leBAI

2
B, + 21+
2
= (—1)" 2"t /mplL, [2 <§2 + ;;AM : (B.5)

VleBy|
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and

. leBy |
/dyle_zplyle_ 21’1 [\/@< B, +o1 £ y;)] H, 1 [\/@ <eq32 +x1F y;)]
A

:(—1)”’16_1)%/‘63”2”“\/7?(”—1)' ‘6 ip1 I [ (52 P2 )} B
V|eB| . V]eB| bo |€BA| '

where L)' (z) are the generalized Laguerre polynomials [75]. The above expressions allows

us to obtain the diagonal

/d3Y€_Zp'y€_Z€BW2$Iwlt,n,qd)a,n,q = —0(p3 +q3)0(p2 + q2 + eB,\acl)e_52_p%/‘EB*|

27
4(—1)"vin|eB,| [ ( 5 P ﬂ [14-83 1-sp ]
X Ln 2 + 6(1 + 60[
2v%n|eBy| + [en(q3) + spUFAgs)? § leBy| 2 2 2 !
[en(q3) + sBURAgs)? 9 P 1—-sp 1+ sp
- Ln— 2 6(1 5a 3 B7
2v%n|eB,| ! S leBy| 2 2t 2 ! (B.7)

and off-diagonal « # 7
—iA[en(g3)+5BAVFQ3]

vEny/ |eBy|

1
55(p3+Q3)5(p2+Q2+eB,\$1)

L AED™ 'vin|eBy|e s P/ IR L} 1[ <£2 g )]
2vin|eBy|+[en(g3) +spvrAgs]? b |€BA!
SBq2—1 1+s 1-s
X{ (J\B/CIFTZTH‘ |€B/\|331> [285a15n2+2B5a267]1:|
€D )

SBq2+1i 1-s 1+s
- <Bq2pl+ GB)\|1‘1> |:2B5a15772—|—235a25,71:| }, (B.S)

\/‘GB)\‘

parts of the Wigner function Wy, (x,p). The latter can be represented in the following

3 —ipy ,—ieB\ya2x1 _
/d ye PYe Y wT7n7qwa7n7q_

matrix form:

W(x.p) = P, (% %j) " (B.9)
where
Wiy = —e Pi/leBal 7;)%: (IS%LAI) {(lén\ _ SBAUFP:s)H;((?j_M)
— (len| + SBAvaz)% - % [en — sB/\vag]}, (B.10)
Was — ¢ pl/eB/\|nZ:0§ )" Ln (\i?xl) {(‘6n| +SBUFAP3)H(3HB((€|ZL)—M)
= (len| = stF)\p:a)% - % len + sB)\vag]}, (B.11)
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eB)

n=0 en

X{ Oen) . O(-€n) _1}‘ (B.12)

1+ eBlen—1) 14 eBlenlin) 2

Here pi = p? + p2, p+ = p1 £ isppe, and we omitted the arguments of W,,,. Then the
Wigner function of form (3.6) can be easily determined using the following relations:

. Wi1 + Was . Wia + Woq . Wig — Woy . Wi — Wao

wg= ——2, W = A\—F—, Wy = IANSpg——— T, w3 = ASp———.

2 2 2
(B.13)

C Weak magnetic field limit

In this appendix, we derive the Wigner function in the limit of a weak magnetic field. The
coefficients Wy, Waa, Wig, and Wa; in egs. (B.10) through (B.12) are

Wi =A- — Ay + 04, (C.1)
Way = B_ — B, + 6B, (C.2)
Wi =C_ +Cy +0C, (C.3)
Wa = Wiy, (C.4)
where
207 \ (lenl T sBAvrps)  0(%€n)
—p7 /leBal n L n n
- Z b <|€B)\|> len] 1 + eBlenlFmn)’ (C.5)
2p? (len] £ spAvEP3) IE=
_ —p% /leB| _1\n Pl n BAVEFD3 n
By=e?l Z( 1)"L, (’eBA) o e (C.6)
= 2p2 \ Mvpp_  0(Fey)
— -p3 /leBi| _1\n7rl P Fp n
C:F 2e FL Z( 1) Lnfl <‘6_B)\|) ‘€n| 1 n eﬂ(‘enm:u)\)y (C?)
and
- 2p% '\ sAvpps
SA = —ePi/leBal 1)Ly ( 1 ) 7 C8
Z ‘\IeBal) el (C8)
- 2p2 SBA’UFpg
5B — —e PR S (1)L, < i ) | o
Z( e \feBl) " Ten (©9)
_ )\vpp, 2p?
5C = —2¢PL/IeBl < ) 10
Z |€n| \eB)\| ( )
In order to sum over all Landau levels, we employ the following tricks:
ol Fophvrps Ot _ - G R)
|€n| 1 + eBlenlFur) 230(2n|63)"> T
s m m), 2
— T d 2s1n|eB) | Gg (pS)
- S};%% <d$71ne R (C.11)
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|6n‘ £ spA\vpps3 9(:|:6n) i (27’L|€B/\DmG2 (pg)
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|€n] 1 + eBlenlFur) P i
= lim dieQ‘sm\eB)\\ L(ps) (0'12)
noe dsy! m!
1 O(xen) | mGém)(pg)
[en] 1+ eBlenlFmn) — _0(2n|eBA|) %3 _Ps)
= li N dm 2s1nleBy| Ggm)(pg)
= Slll)mo% <d571ﬂ€ T, (013)
1 B o0 mGz(lm)(pg) T o0 dm 281mleBy| Gz(lm)(pg)
m - Z(Qn‘eBAD o S1h—>HiO @e G wh) o

where Ggm) denotes the m-th derivative with respect to its argument and the following
shorthand notations are used:

_ |en| FspAvpps  O(Fen)

2
G1 (p3 + 2nleB,|) = el 1+ eBlenlFimn)” (C.15)
2 |€n‘ + SB)\UFpg Q(ﬂzen)
Ga (p3 + 2nleB,|) = el 1+ eBlenlFimn)” (C.16)
1 0(£en)
2 n
Gs (p3 + 2n|€B)\D = HW, (C.17)
1

Ga (5 +2nleBy|) = —

l€nl

(C.18)

Performing the summation over Landau levels by using formula 7.414.8 in ref. [75],
we obtain

2

p
2 dm xp <|eB |(1+6L251€B>\)) a2
A = eipi/‘eB,\| llm Z . 6231|€B)\‘ A 1 (pg)
' dsy* 1 4 ¢2s1leBa| m!

51—)—0

1= (0™ m), 2, , leBal = (01)™" m), o )
- 2mZ::o m! Gl (p3)+ 9 Z::O(m—l)!Gl (pg)—l-O(]eB)\] )
1 leBy| [ d
~ iGl(ep) + 5 (dPﬁGl(epo + O(leBy|?), (C.19)
00 m exp <|eB (1+I;3_25163>\|)> G(m)( 2)
By = e—PL/IeBAl iy * 2 P3
s1——0 = dst 1 + e2s1leBa| m!
1= (P)™ m), 2, leBal = 01)™ " m), o )
= 27;::0 ml Gy '(p3) — 5 mZ::O (m — 1)!G2 (p3) + O(leBx|7)
1 leB,| d 9
~ —Gyep) — —= (Gg(e )> + O(leBy]?), (C.20)
2 P 2 dp? P
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where €, = vp|p|. The coefficients 0A, §B, and §C read

2
o0 exp —25,|eB (m), 9
@ () e
= P /|eBal 2s1|eB) | 4 3
0A=splvppse P1L 8111_1>n02d871n e L e2mleBh] —

SBAUED3 = (p2)™ -
~ 2B 2F 3 Z ( nl%)' Gim)(p?»,)—i—sg)\vpp Z G(m (p3)+O0(leBAf)
m=0 =
Y B d
=SB Gy s TP (L ) ) 1 O(eBAP)
9 2 dp?
SBAUFD3 3 |eBy 2
== "2 3snp\ O(leB C.22
2, SBAVRD3 ic3 +O0(leBy]7), ( )

2

bl
exp (eB)‘(1+62516B)\|)> Ggm) (p%)
1+e2s1leBa| m!

s1——0

oo
0B =—spA\vppse” PL/IeBAl Jim Zd —
m=0 *°1

N—SB)\UFpg > (pi)m (m), 2 |€B>\| . (pi)m_l (m), 2 2
~ 5 > o Ga (p3)+spAvEPsT— mZ::o(m_l)!G4 (p3)+O([eBa%)

m=0
SBAV eB
2 2 d P
SBAV eB
DS o(ey ), (.29
Ep 4€p
oo exp< 7 (m)
qm |eB>\‘(1+6_231‘eB)‘|) G m (p )
= — —p? /|eBa| _ | ,2s1|eBa| 4 3
6C = —2\vpp_e PL Slh_{nO Z dsp | (1+e2s1leBal)2 m!

MEp- o~ (P)™ (m AoFp_
= 20 S LT G ) 0y ) = 2P Gy (ep)+O(|e By )

2 = m)!
AOFp—
_ ng +O(|eBy[?). (C.24)
€p

Combining the above results together and using eq. (B.13), we obtain egs. (3.15a)
and (3.15b) in the main text.

D Useful formulas

In this appendix, we present some key formulas used in the calculation of the electric and
heat current densities, defined by eqgs. (6.4a) and (6.4b) in the main text.
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Let us start by presenting the result for the following table integral:

00 1 T 10 (n + 1) .
n — ; wx/T
/0 dp3 p3 T+ o@rpaFm)/T o Lipqq ( e > , n>0, (D.1)

where Liy,(z) is the polylogarithm function (see formula 1.1.14 in ref. [76]). [Note that
in the given reference Li,(x) = F(z,n).] The polylogarithm function at n = 0,1 can be
rewritten as follows:

Lig (—e®) = —Hlem, (D.2)
Lij (—e®) = —In(1 +€%). (D.3)

The following identities for the polylogarithm functions are useful when taking into account
the antiparticles contributions:

In(1+e€*)—In(l+e %) =ux, (D.4)

2 72

Lin(—€") + Lig(—e ") = = — . (D.5)

By making use of the table integral in eq. (D.1), it is straightforward to check the following
results for the four types of integrations encountered in the calculation of the electric and
heat current densities:

I — / 5733 e PLIBOA F L (pg) = !;g;;!i ’ (D.6)
I = / g:rp)gepi/eBO**SB/\vastLL(p:a) = Zﬁ;ﬁ)g (M?\ + W?ﬁ - U%A2> , (D7)
I3 = / g&,)e_pi/e%’k@pgﬁm(m) = —;(1237(:)/\2)‘7 (D.8)
I = / g&,}e_pi/eBo’*SBMsz Ops frrr(ps) = 26(];;’;2)\#% (D.9)

where frrr (p3) is the Wigner function in the LLL approximation defined in eq. (4.10). It
should be noted that the last term in the parentheses on the right-hand side of eq. (D.7)

contains a quadratic divergency that stems from —Aspsgn (p3) /2 term in the function
fror(ps).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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