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1 Introduction

The holographic principle [1-3], especially the AdS/CFT [4], relates the structures of grav-
itational spacetimes to those of quantum entanglement as in [5-13]. This motivates us to
study gravitational counterparts of quantum information theoretic properties.

In quantum information theory, operational methods are very important (see e.g. text
books [14, 15]). Consider a bipartite system which consists of A and B, which are far
apart. We write the density matrix for the total system AB as pap. We also define
the reduced density matrix ps by tracing psp out with respect to B. A basic class of
physical manipulations is called LOCC (local operations and classical communications)
and is defined as follows. Local operation (LO) is defined by the map

PAB — Z ®B PAB(A ®BT) (1.1)

with the trace preserving condition ) ; A; AJr Z B; BJr 1. This includes the projec-
tion measurements and unitary transformations which act either A or B at the same time.
Moreover, we allow classical communications (CC) so that we can send a classical informa-
tion from A to B. These are called LOCC and are considered to describe possible physical
operations.

For example, consider the entanglement entropy (EE) S4 = —Tr[palogpa], which is
the best measure of quantum entanglement when the total system is pure. It has the
important property that it does not increase under LOCC on average. Moreover, the
entanglement entropy (divided by log2) is known to be equal to the averaged maximum
number of EPR pairs which we can extract from A and B by LOCC. In this way, the
entanglement entropy has a definite operational meaning.

The quantum operations play a crucial role in the quantum teleportation [16]. In this
process, it is important that A and B are strongly entangled. Owing to this entanglement,
we can send the information of a given state from A to B by LOCC.

In this paper we would like to formulate several important quantum operations in the
language of quantum field theories. We especially focus on two dimensional conformal
field theories (2d CFTs) so that we can apply the powerful technique of conformal maps.
Our quantum operations include local projection measurements and partial entangling
of two CFTs as well as swapping of two CFTs. Local projection measurements mean
that we perform projection measurements for all points in a region P assuming a lattice
regularization. Therefore, the state just after the projection has no real space entanglement



in P. A class of such states with no real space entanglement are described by boundary
states (or Cardy states [17]) as argued in [18]. Therefore we can identify a class of states
after the local projection measurement with boundary states, as recently pointed out by
Rajabpour [19-21].

Partial entangling is defined by adding maximal entanglement between two CFTs in
a particular region. Swapping is to exchange two intervals in two CFTs. We will also give
holographic duals of these operations and compute the holographic entanglement entropy
(HEE) [6-8] (also refer to the reviews [22, 23]) in various setups with time evolutions.
Finally we will combine our quantum operations to give an analogue of quantum tele-
portation between two CFTs. We present its holographic realization by considering an
AdS black hole. This holographic model of quantum teleportation is closely related to
the one by Susskind [12, 13] as in both setups the information is teleported through the
Einstein-Rosen bridge.

This paper is organized as follows: in section 2, we explain how to realize local projec-
tion measurements in CF'Ts. We also compute the evolution of entanglement entropy after
the measurement in a free fermion CF'T. In section 3, we introduce two more quantum oper-
ations: partially entangling and swapping of two CF'Ts. In section 4, we present holographic
dual of our quantum operations in CFTs. In section 5, we compute the time evolution of
entanglement entropy after these operations by using gravity duals. In section 6, we will
present an analogue of quantum teleportation between two CFT's as well as its holographic
realization. In section 7, we summarize our conclusions and discuss future problems. In
appendix A, we summarized our conventions of theta functions. In appendix B, we present
a toy analytical model of partially entangling two CFTs. In appendix C, we summarized
our result for holographic entanglement entropy for two symmetric intervals under local
projection measurements.

2 Local projection measurements in CFTs

Consider a two dimensional CFT defined on an infinite line —oo < & < oo. This is described

by a path-integral on a complex plane, whose coordinate is expressed as (w,w) such that
_ ztiy
w= =7

Then we would like to describe an operation of projection measurement along an

interval P, given by x € [—q, q]. We especially focus on a local projection measurement,
which means that in a discretized description as a lattice theory, we specify a specific
quantum state for each site by the projection. In other words, we consider the following
projection operator

P= (H |ww><wz|) ® (H Im> , (2.1)

zeP zePe¢

where I, is the identity operator at the site x. The total quantum state we are interested
in is given by P|¥g), where |¥() is the ground state of the CFT. By a local unitary
transformation we can choose |¢;) to be a canonical one |0;). The state [], |¢;) has no
real space entanglement as it is a direct product state on the interval. In [18], a class of



such states, which are translationally invariant, is give by boundary state (Cardy state) [17]
in the boundary conformal field theories (BCFTs).

2.1 General prescription at t =0

The recent papers [19-21] by Rajabpour argue that such a projection measurement is
realized by inserting a slit along the interval P in the Euclidean path-integral description
as depicted in the left picture of figure 1. The upper edge and lower one each give the
state [[,cp |02) and [, p(0z|, respectively and thus they are equivalent to the projection
operation P. Calculations of various physical quantities can be done by performing the

a2 +w
5_”7(1/\/5—@1;’ (2:2)

which is sketched in the right picture of figure 1. This maps our one slit geometry into an

following conformal map’

upper half plane.

A quantity which we can calculate immediately is the energy stress tensor T'. Since T
is vanishing on the upper half plane,? its contribution after the conformal mapping purely
comes from the Schwarzian derivative term

c 3(f”)2 _ 2f/f///
T(w)=—= 2.
w =5 (M, (2.3
where c¢ is the central charge of the 2d CFT. In our example (2.2) we find explicitly
cq?

T(w) = 16(2/2 — w?)?’ (2.4)
We are focusing on the quantum state at the Euclidean time tg = 0, equally Imw = 0.
The position where we measure the energy stress tensor is specified by the coordinate Rew.
The result (2.4) shows that the energy density gets divergent at w = +g¢, i.e. the two edges
of the projected interval P. In the next subsection we will introduce a UV cut off and
resolve this singular behavior.

Now let us compute the entanglement entropy S when the subsystem A is defined as
an interval [g,q + [] next to the projected region P.*> We can compute S, in the replica
method. We introduce the twist operator o, which produces an end point of the cut
for a n-sheeted Riemann surface as in the standard treatment [24]. The chiral conformal
dimension of o, is 57(n — 1/n) for a central charge c¢. Then the trace Tr(p4)" corresponds

!The factor v/2 in q/+/2 is correlated with that in our coordinate definition w = (x + iy)/+/2 which is
consistent with our convention of holographic description. And the branch cut for £ is adopted along the
interval P.

*Due to the conformal boundary condition (T'(§) — T'(€))|¢—g = 0 or (Ln — L_,)|B) = 0 in terms of the
Virasoro operators Ly, L, acting on the conformal boundary state | B), the stress tensor on the upper half
plane vanishes: (T'(€))ump = (0|T(&)|B) =3, & " *(0|L,|B) = 0.

3For more general choices of subsystem A, results are not universal and will be discussed later in the
case of free fermion CFTs and holographic CFTs.
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Figure 1. The conformal transformation from the coordinate (z, y) into an upper half plane (&1, &2),

where w = (z +4y)/v/2 and &€ = (& +i&)/V/2.

to the one point function (o(wi,w;)), on the w-plane, with wy = w; = q—\};. By the
map (2.2) into the upper half plane (UHP), this is evaluated as
) 9 15 (n—1/n) ~ qa 13 (n—1/n)
o= |25 o(&1, _aa : 2.5
(ol ) = | 5ot oten @ x (152 (25)

where a is the UV cut off (lattice spacing) and we defined &1 = i\/(2q + 1)/l = —¢;.
Therefore by taking a derivative with respect to n, setting n = 1, we find

20(1+2
SA—Clog(—;q)

2.6
6 + Vb, ( )

where ~;, represents an additive constant. This agrees with the decompactifying limit of
the result in [19] for a two dimensional CFT on a circle. Note also that as is obvious from
the above analysis, the constant v, depends on the boundary condition of the boundary
state and is given by the boundary entropy [25] plus a numerical constant which depends
on the choice of the UV cut off a. In this paper we will simply set 7, = 0, which does not
change the outline of our results.

2.2 UV regularized description and time evolution

Actually, the previous description with a single cut and the conformal transformation (2.2)
leads to a physically singular setup as the energy density gets divergent near the two
endpoints of the interval P as we saw in (2.4). This is because we projected the state
on P even for high energetic modes. To resolve this issue, we add a small Euclidean time
evolution of the projected state in the path-integration. This leads to the two cuts geometry
explained in the left picture of figure 2, where we choose the length of the interval P to be
2q. This regularized description has an advantage that we can study the time evolution in
a systematic way.
For the real time evolution we set

via an analytical continuation of Euclidean time as in the right picture of figure 2. This
describes the time evolved state

e tHe=PH pg), (2.8)
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Figure 2. The left picture describes the Euclidean path-integral expression of the quantum state,
evolved by an Euclidean time after the projection measurement. The right picture describes the
real-time evolution after the projection measurement.

In order to analyze this setup, we can employ a chain of conformal maps from the two
cut geometry into an annulus or cylinder, sketches in the upper half of figure 3. The map
X = X(¢) from the annulus p < |[¢| < 1 to our two cut geometry is found in [26] (see also
the general analysis [27]) as follows:*

X(0) =2 (K (/) + K ¢V~ 5) ~t. (29)

where K () is defined by

K(Q) = ¢TETE),
PE) = (1= J[-p*00 - p* ¢ (2.10)
k=1

Note that its complex conjugate is given by

X(Q) = ~2in (K C/VP) + K (GV7) - 5) +1 (2.11)

as we need to regard it as a real valued Euclidean time.
We can express this function as follows
C kaCfl kaC

Re= C—1+;(1—p2’“61 - 1—,02’“C>' (212

We can easily prove the relation K(1/¢) =1 — K(¢). Note also K(1) = oo.

We can show that this map (2.9), the radius 1 and p circle, which are boundaries of
the annulus, are mapped into the cuts [ip — ¢,ip + ¢q] and [—ip — g, —ip + ¢|, respectively.
Especially, the points ( =1 and { = —1 are both mapped into the point X = ip —¢t. The
points ¢ = /p and ¢ = —,/p inside the annulus are mapped into the X = oo and X = —t.

“Here we set A = 2ip and x = % in eq. (2.1) of [26] and used the fact K(—1) = 1 and K(—p) = 0.



The value of ¢ can also be found from the transformation (2.9) as we will see below.
For this, we would like to study the mapping of the circle || = 1. The point ¢ = ¥ is
transformed as

. dlog F (6
X() = ip—t+2p-0%w( ), (2.13)
where F'(0) is defined by (our theta-function convention is summarized in appendix A)
F(0) = ﬁ(l . pn—1/2€—i9)(1 . pn—1/26i9) _ ,02%1 ) 04(v,is) (2.14)
oot n(is)

Here we defined 6 = 27v (0 < v < 1) and p = e~ 27,
Note that since F() is real valued function and thus Im[X (e?)] = p. The modular

transformation leads to )
2 Oy (12,1

F(0)=p21-e "5 - M (2.15)
n(i/s)

We are interested in the limit p — 1 or equally 7 =i/s — oo. In this limit we find

2 usZ

F(Q) ~ e_WTe_éeT. (216)

Thus we find the following estimation in this limit

X(e®) = ip—t+(1—2v) 2 (2.17)
S
Since this takes the maximal value® at v = 0, we obtain
q 1
kP . 2.18
PRt (¢>p) (2.18)

The full behavior of ¢/p on p is shown in figure 4.

For later purposes, it is useful to perform two further conformal transformations
(sketched in the lower half of figure 3). We can map the annulus in the { coordinate
into a cylinder in w coordinate as follows:

(=p-e V2 (2.19)

41y .
7 takes values in the range

The coordinate w =
logp<z<0, —2r<y<0. (2.20)

Moreover, we perform the following transformation into an annulus in £ coordinate:
£ =2, (2.21)

where we set 1

B = oW (2.22)

In the appendix B, we presented a toy analogous examples which allow much simple
analytical calculations, where we replaced the two slit with two disks.

®Here we mean that v is chosen to be infinitesimally small in the limit p — 0. The strict value v = 0
actually leads to X = ip — t as we already mentioned.
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Figure 3. The conformal map between the two cut geometry and the cylinder.

Figure 4. The ratio % as a function of p.

2.3 Explicit example: 2d free fermion CFT

Now we would like to apply the previous formulation of local projection measurement in
2d CFTs to a 2d free fermion CFT as an explicit example. Especially, our goal is to com-
pute the time evolution of entanglement entropy after the local projection measurement.
For this purpose, first we briefly explain the expression of the twist operator in 2d free
massless fermion, which is necessary for the replica method computation of entanglement
entropy [24, 28, 29]. First we consider the Dirac fermion on n-sheeted manifold which has
a branch point at z = 0 on a plane C. This can be seen as a collection of n Dirac fermions
(@ (@) a=0,1,--- ,n— 1 € Zy on a plane C with the twisted boundary condition

9 (e272) = " (2), i@ (e 2miz) =t (2), (2.23)

where the zp(La)(z) is the chiral part of Dirac fermion and wg) (z) is the anti-chiral part.
Since the Lagrangian is gaussian, action remains unchanged after the discrete Fourier



transformation

]. nol 2miab
@ 5 N T T 0 (2.24)
i
After this discrete Fourier transformation, the twisted boundary condition is diagonalized:
P (e2mz) = R (2), (2.25)

Thus the theory factorizes into n Dirac fermions which decouple from each other with
different boundary conditions given by (2.25). Next we consider the bosonization of free
Dirac fermion. The free massless Dirac fermion is mapped to the free scalar X (z, z) via
(we follow the convention in [29, 30])

Yr(z) = eXL@) g (2) = e X)) Yr(z) = e XrG) - hp(z) = e Xr(3) (2.26)
The twist operator for Dirichlet boundary condition is explicitly given by [30]

00 (5, 7) = i (XLE+XR(E). (2.27)

and for Neumann boundary condition, twist operator is given by
o(“)(z, z) = eln(XL(2)=Xr(2)) (2.28)

For example, we can confirm that the OPE with (2.27) or (2.28) reproduces the correct
boundary condition (2.25). Then, the full twist operator is given by the product of each

twist operator o(@):6

n—1

2

on(z2)= [ (2. (2.29)

__n—1
n=—"3

Using this expression, we can calculate the correlation function of twist operators from the
correlation functions of vertex operators.
2.3.1 Entanglement entropy at t =0

We consider the (Rényi) entanglement entropy with one interval. The two point functions
of twist operators on the upper half plane are given by

7a’2(§1 _,52)(51 - 522 _ >112<n_711)
161 — &1l[€2 — &al(§1 — §2) (&1 — &2)

where € is an UV cutoff and d,, is the normalization factor of two point function on UHP.

(on(€1,6)0-n(€2:82)) ypp = dn < ., (2.30)

In Imz and Imw — 0 limit, the two point function should factorize to the product of one
point functions on UHP:

(0n(&1,€1)0-n(62,82))ppp ~ (on(€1,E)) vmp (0-n(€2,&2))yrp

1 1

— 53( @ a )12( 7), (2.31)
& — &l &2 — &

SHere we only consider the case of odd n. For even n, we need to consider the choice of spin structure

carefully, but the final result is not changed.



where ¢é,, is the normalization factor of the one point function and we use the same notation
n [24]. Also we define the cutoff a’ = a/+/2 to match the notation of cutoff in [19-21].7
On the other hand, in this limit the explicit two point function (2.30) becomes

_ _ P o o 75 (n—3) 539
(0n(&1,61)0-n(&2,82)) pp ~ dn (,51 NI €_2|) ) (2.32)

Thus we find that d,, = 2. The map from the cylinder with slit to UHP is given by

_ [sinf(g+ V2w)
£(w) = \/ P 2.3

and the differential is given by

d€ T sin 2% q

dw \fL\/sm T(q fw)smL(q—l—fw)

(2.34)

From this, the correlation function of twist operators on cylinder is given by

d d¢ d dé
(om (w1, W1)o—n(w2, W2)) oyt /s1it = e (\/di w:wld’i w:wldi w:w2di .
OO R S
&1 — &1|&e — &l (&1 — &2) (&1 — &2)

By taking the derivative with respect to n and set n = 1, the entanglement entropy is
given by

4Lsm l1 +2q)sin 71 1 4L sin T (la + 2q) sin T
Sa = ~log L+ 20)SmER ) | Loy (AESE(RE2)MER) | 5y
6 a sin Lq 6 T asin < q

sm T (s+11) sin %(s-‘,—lz)
51n 7l1 - sin %lg

sm T (s+11) sin %(s-‘,—lz)
51n X Th sin %12

Note that ¢ is related to the boundary entropy logg [24, 25] up to a UV regularization

log (2.36)

dependent constant.
When we take L — oo , then we get

[Lts _  [lats
1. 201 +2¢)ly 1. 2(ls+ 2q)l h b2
a

Sa==log + = log log‘

(2.37)
6 aq 6 li+s + l2+S

"Because we choose the notation of w = zj%y, we need /2 factor to match the notation with [19-21].




When the region [g+11, ¢+ 2] is far from the end of slit (% < 1, @ < 1), entanglement
entropy becomes

I —1
= bf | &, (2.38)

1
Sa ~ glog

which is the same behavior with the entanglement entropy with no projection measurement
up to the constant term. Generically the two point function of twist operators on UHP is

given by
5 a/2 TCQ( g)
01)o— U =c F(n). 2.39
(outun o)onlwz e = (o) T @39)
Here n = % is the cross ratio and F(n) is the function that only depends on

the cross ratio n and satisfies F(1) = 1 and F(n) ~ fnnTcz("fi) with some constant f,.
We have fi = 1 in the limit 7 — 0. From this, in the limit of £ < 1 and 271l < 1, the
entanglement entropy behaves

C lg — ll

SA:§log "

+ 28 + f1. (2.40)

In this way, we can confirm the usual logarithmic behavior of entanglement entropy for
general CFTs. On the other hand, there is not only the term &, related to the boundary
entropy but also another constant term f{ which comes from the non universal term F(n).

2.3.2 UV regularized description and time evolution

Next we consider the projection measurement with cutoff. The map from the plane with
two cuts to the annulus is given by

X(0) = 2ip (KGR + K(S/VA - 3 ) .

X(Q) = ~2in (KGR + KCIVD) - 5) +1 (2.41)

By putting ¢ = pe?(¢ = pe?), we can map the annulus to the cylinder given by 0 < Rey <
—logp and 0 < Imy < 2x. Using this map, the correlation function of vertex operators
0@ (z1) and 0= () is given by

2 2
a —a dyNowz (Y N2 |, (@) -\ (—a)(, -~
<0( )(xl)a( )($2)>twocut = <d7>2 ’ (ﬁ)z ’ <U( )(ylayl)a( )(y2ay2)>cylinder’ (2.42)

where the coordinate y; and g; on cylinder is given by

1 1
vi=—5 log p + 2miv;, @ = —3 log p — 27iy; (2.43)

v; (7;) is the solution of X (\/pe*™™i) = z; (X(/pe”*™") = z;). The correlation function
of vertex operators on cylinder with Neumann boundary condition is considered in [30] and

~10 -



given by

<V(kR,kL) (y1, ?]1)V(fkR,ka) (y2,92))
(Ble ™1V 1oy W1 51 Vicky —kp) (Y2, 52)| B)
- <B’e—27rsH’B>

ZOO o R? 112)71'5 R(kL’lU(yl yz) ka(ﬂl_QQ))
wW=—00

R2w2rs

Dm0 € 2

2 2
n@isy \"" [ nis® O\ (01(ER 2is)0n (52 2is) | (2.44)
01 (222 |2is) 01 (2201 |245) 01 (2 2i5)0, (20 2is) - (4

21 21 21

We consider the case of symmetric interval i.e. xo = —x1. Then, we find that v; — vy =
U1 — g for any time t. We also find that for any interval [x1,x9] at t = 0, 1) — vy = Uy — I
holds. From this observation, after substituting the value of kg = %,k = —% and (2.43),
we find that the numerator and the denominator of the third line of (2.44) cancels. Finally
the correlation function on cylinder we need is given by

<U(a) (yla gl)o—(_a) (y2> g2)>cylinder (245)
(L2 (L2 n.2
B n(2is)3 n2 n(2is)? w2 (01 (11 — Uy — i5|2i8)01 (o — 1 —is|2is) \ n?
- 01(V2 — I/1‘2i$) 01 (172 — 51‘2i8> 01 (Vl—ﬂl—i8‘2i8>91(V2 — Uy — 13\22‘3)
Here s = —% log p. The final expression of correlation function of twist operators on the

plane with two cuts is given by

(on (Y1, 91)0—n (Y2, 72)) twoeut (2.46)

B [ \/ dy dy dy dy
a ﬁ X:xlﬁ X:mlﬁ X:Ctgﬁ X=x2
: : s NN &1 )
n(2is)3 n(2is)3 01 (1 — 9 —is|2is)01 (V2 — 1 —is|2is)
. (91(1/2—V1 ’2i8)> . (91(V2—V1 ’2i8)> . (91(V1 -1 —iS|2iS)91(1/2—DQ —i8|2i8) )]
After taking the differential with regard to n and put n = 1, we get entanglement entropy:

1 dy dy dy dy
— ] 2.4
Sa =g log [\/dXX 01 dX | Ky dX | Xy dX | K=y (2.47)

. n(2is)3 ' n(2is)? (01 (1 — 3 — is|2is)0: (v2 — 1 — is|2is)
01(1/2 — V1‘27;$) 91(172 — 51’2@8) 91(1/1 — U — ’L'S‘Qis)@l(l/g — Uy — Z'S‘QZ‘S) .

To extract the effect of projection measurement, we consider the difference of entanglement
Sground.
A .

entropy from that of the ground state
AS4 = 84— S&Om. (2.48)

We plotted ASy in the case of p = 5 and p = 0.6 (corresponding to ¢ ~ 5.3) in figure 5.
The left graph shows that the quantum entanglement is reduced around the region P

- 11 -
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Figure 5. The behavior of the growth of entanglement entropy AS4 in the free fermion CFT
after the local projection measurement. The left graph describes AS4 as a function z, where the
subsystem A is chosen to be the interval [—0.5 4z, 0.5+ z]. The right one shows the time evolution
of AS, for the fixed subsystem A given by [—0.5,0.5].

—q < x < q as expected. The right graph shows the time evolution of entanglement
entropy for a fixed interval. Just after the local projection at ¢ = 0, the entropy grows
linearly, whose mechanism is very similar to the global quenches [45]. It starts saturated
around the time given by the half of the length of interval and gets constant for a time
period ¢. After that it rapidly goes to zero. This is because the excitations, which are
originally produced in the region P at t = 0, simply go a way from the interval A for the
late time region t > ¢, as they propagate at the speed of light.

3 Partially entangling and swapping of two CFTs

Next we would like to consider two different quantum operations which act on two identical
2d CFTs, called CFT; and CFTy. They are (a) partially entangling and (b) partially
swapping, of the two CFTs.

The former (a) partially entangling, is defined as the simplest local projection described
by gluing an interval P with length 2¢ in CFT; and an interval P’ with the same size
in CFTa. This procedure and its Euclidean path-integral with a UV regularization are
sketched in the left half of figure 6. Equally this is obtained by attaching a pair of the
sheet with two slits shown in figure 2. This projection P is explicitly written as

P. = H (Z |nz>1|nx>2> (Z<m$|1<mx|2> ® H (I;®1I2), (3.1)
zeP \ ng Mg xePc
where |n,) and |m,) denote arbitrary states in the 2d CFT; I, is the identity operator;
P¢ is the complement of the region P. This corresponds to a projection onto a maximally
entangled state (i.e. analogue of EPR state) between the two CFTs on the interval P. We
can insert the real time evolution by a small period p and UV regularization, which leads to
the same expression of total quantum state (2.8). Note that this procedure also introduce
some minor entanglement between P¢ in CFT; and that in CFT5 at the same time.
Another interesting operation for the identical two CFTs is (b) partially swapping.
This is defined as a swapping of the two intervals P and P’ as depicted in the right half of
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figure 6. At time t = 0 we cut out the intervals P in CFT; and P’ in CFTs and glue them
again by exchanging them. This is described by the operation:

H ( Z |nx>1|mx>2<mx1<nx|2> & H (I% ®I§) . (32)

xeP Na, Mg xeP¢

These two quantum operations have simple descriptions in the Euclidean path-integral
description as also shown in figure 6. We first prepare the vacuum states of the two
identical CFTs by path-integrals from the past infinity of the Euclidean time tg = —ooc.
In the case of (a) partial entangling of the two CFTs, we glue them with each other along
the intervals P and P’ at tg = —p. Soon after that we open up new two sheets just above
this and propagates by a period p. This defines the wave function of total quantum state
e PHP|Wg) at tz = 0. On the other hand, in the case of (b) partial swapping, we exchange
the intervals P and P’ at tgp = —p. After that we perform the Euclidean time evolution
until ¢y = 0 to obtain the regularized wave function.

It is useful to note that the topology of the Euclidean path-integral for the whole time
—00 < tgp < oo is given by a torus in both cases as is clear from figure 6. Since we are
working on CFTs, an important quantity is the period 7 = 71 + iy of this torus (7 is
vanishing in all of examples in this paper).

If we assume 79 > 1 i.e. high temperature limit, the thermal entropy for a CFT on a
circle is given by the universal formula S = %r3. By the conformal map we explained, this
entropy coincides with the entanglement entropy S; when we trace out the whole CFTs.
In the AdS/CFT setup which we will study in the next section, we find

S1 = %7’2 (12 > 1),

S1=0 (2 < 1), (3.3)
where the former is computed as the entropy of BTZ black hole. Note that when 71 = 0,

7o is given by the ratio of lengths of two cycles C;, and C, of the torus as

)
[eX

In the appendix B, we presented a toy analogous examples which allow much simple

T2 (3.4)

analytical calculations, where we replaced the two slit with two disks.

3.1 Case (a): partial entangling of two CFTs

In the case of partial entangling of the two identical CFTs, we need to glue the upper edge
(and lower one) of a slit in the first sheet to the upper one (and lower one) of a cut in the

second sheet.® We can employ the explicit conformal map between the two slit geometry

8Though this geometry is topologically a torus, we cannot describe it by the curve (3.7), which will be
used to describe the case (b). If we consider a sheet with two cuts which are both along a line e.g. the real
line, the two different setups (swapping and entangling) are described by the same torus, because we can
simply rotate the sheet by the angle 7 along the real axis. However, if we act the SL(2,C) transformation
such that the four points on the real axis are mapped into the four points —ip — ¢, —ip+q, ip — ¢,and ip+q,
the two cuts are mapped into two parts of a radius 1/p? + ¢2 circle in an obvious way. Therefore, the final
setup is different from the entangling one, though it is equivalent in the swapping case.
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Figure 6. The description of the partial entangling of two CFTs (left) and partial swapping
between two CFTs (right).

and annulus (2.9). The two sheet are now mapped into two annuli with the same size and
we simply need to glue the two boundary circles in each annulus with those in the other
annulus to obtain the torus.

The period 7 = ;gzl‘ = 5 (note 71 = 0) can be found from an analysis of (2.13) and

we plotted in figure 7. When ¢ > p, we find from (2.18) that the period of the torus is
estimated by

1
To = — o~ —. (3.5)

Finally, the entanglement entropy between CFT; and CFT9 can be obtained from (3.3) as
follows:
TC ¢
S~ — - =, > p). 3.6
1= (¢>p) (3.6)
This behavior matches with our expectation. After the partial entangling along the interval
P, we expect that the state becomes maximally entangled on P. Since the length is given

by 2¢ and the UV cut off (or lattice spacing of entangled pairs) is given by p, we naturally
obtain the above estimation, which is extensive.

3.2 Case (b): partial swapping of two CFTs

To describe the partial swapping, we paste two planes along the two cuts [—ip — g, —ip + ¢]
and [ip — q,ip + q] (refer to the left picture of figure 2 for each plane). The lower part of
each cut in the first sheet continues to the upper part of the cut in the second sheet, as
depicted the left picture of figure 8. This geometry is described by the elliptic curve

Y= (z—ip—q)(z —ip+q)(z+ip—q)(z +ip+q). (3.7)

The doubled planes are mapped into a torus with a period 7. We denote two cycles

by C, and C,, respectively (see the left picture of figure 8). The period 7o of torus
is explicitly evaluated from the ratio (3.4) of the integrals of the holomorphic one form
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Figure 7. We showed the plot of entanglement entropy between the two CFTs as a function
of (Euclidean time p)/(projection length ¢) in the case of partial entangling. The vertical and
horizontal axis correspond to log |7| = log g—z and v = p/q. The blue curve describes the behavior
of the entanglement entropy, while the red one corresponds to the approximation (3.5). When the
blue curve crosses the real axis, there is a phase transition and the entropy becomes vanishing for

larger values of ~.

around each cycle:

=2 =
o) A=) @y 21— 22 —diylz)

2 [t dz
=2 = (3.5)
q.J-1/(1—22) (42 +1— 22— 4diyz)

where we set v = p/q. The entanglement entropy is found from (3.3) as follows:

e |Cy
S == ==, 3.9
3G 39
assuming |Cy| > |Cy|. We numerically plotted the ratio in the right picture of figure 8.
When the size of the projected region is much larger than the UV cut off scale i.e.

g > p we find the following behavior:*

2c q
~ —1] = . 1
Sh 3 108 <p) (3.10)

Interestingly, this result can be easily understood from the partial swap procedure. Before
the swapping, the interval P with the length 2q is entangled with the other part of CFT;.
After the swap, this entanglement transferred into that between CFT; and CFTs, leading

9We can derive this result from the standard expression of elliptic curve y? = (z — 1)(z + 1)(z — u), (we
use the notation of [31]), because we can map our curve (3.7) into this form by a SL(2, C) transformation.
Note that under this map, the shape of cut is deformed into a circle. However, the geometry does not
depend on the shape of the cut. We find the cross ratio of [—1,1,u, 00| is given by n = 212284 — _2_ (Op

213224 u+1"
the other hand, in our example we find n = % Thus we find u =1+ Qq%z. When u ~ 1, the period of

the torus behaves like 7 ~ — % log(u — 1) ~ £ log %. Thus we find the result (3.10).
ks ™ q

~15 —



-g+ip  Cy q+ip \

Cx "

-g-ip g-ip 06l

Figure 8. The left picture describes the double sheeted geometry and cycles of a torus. The right
plot shows the entanglement entropy between the two CFTs as a function of (Euclidean time p
)/(projection length ¢) in the case of partial swapping. The vertical and horizontal axis correspond
to % and v = p/q. The blue curve for 0 < v < 1 describes the behavior of the entanglement
entropr. At v =1 there is a phase transition and the entropy becomes vanishing for v > 1.

to the entanglement entropy Sp = £ log %, where we remembered that p represents the UV
cut off. Since there is the same contribution from the interval P’ in the CFTs, totally we
reproduce (3.10).
At v = 1 there is a phase transition from the BTZ black hole to the thermal AdS.
Thus the entropy becomes vanishing for v > 1 in the large ¢ limit of holographic CFTs.
Finally it is intriguing to note that the two types attachments of the two sheets lead to
two different tori and thus lead to the two different behaviors of entropy (3.6) and (3.10).

4 Holographic local projection measurement

In this section we explain how we construct gravity duals of local projection measurements
explained in section 2 in the AdS3/CFTs setups. We will study the behavior of entan-
glement entropy. Here we set the UV regularization parameter p, introduced in (2.8), to
be zero for simplicity and focus on the state at ¢ = 0. We will analyze a gravity dual for
non-zero p and its time evolution in the next section.

4.1 Conformal transformation and AdS;3;/CFT,

First we start with an Euclidean version of the holographic dual of general conformal map
for AdS3/CFTs2 in [32]. Let us start with the Poincare AdSs

ds® = R? (W) , (4.1)

where (£ ,5) corresponds to the coordinate of complex plane at the AdS boundary. This
is dual to the vacuum state of a two dimensional (2d) CFT on R2. Now we would like to
perform the standard conformal map in 2d CFT (or holomorphic map): & — w as follows

§=fw), &= f(w). (4.2)
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In the bulk AdS, this is extended to the following coordinate transformation:

_ o) 222( ) JF//
é_f( ) (f/)(f/)+22f/lf//’
F_ F 222(f)* "
f—f(w) ( )( /)_|_Z2f//f//’
82(f'f")**
S + 27T 3

By this coordinate transformation, the Poincare AdS metric (4.1) is mapped into
2 2 2 2 . o d2?
ds? = R* | L(w)dw?* + L(w)dw?* + 2t ?L(w)L(w) dwdw + ) (4.4)

Here we defined
3(f/l)2 _ 2f/f/l/
4(f7)? ’

which is proportional to the energy momentum tensor (2.3) induced by the conformal

L(w) = (4.5)

anomaly (i.e. the Schwarzian derivative terms). Note that in the AdS boundary limit
z — 0, the boundary metric becomes flat ds?> ~ iijdwdw. Moreover, if we want to
consider a Lorentzian metric, we can simply set (w,w) — (w*,w™).

For example, if we perform the conformal transformation f(w) = e?#*  the bulk
coordinate transformation is given by

— p2iBw | 2 — 2252
242232 )7

Y 48z
— ¢iBlw—w) el 4
n=e <2+ﬁ222)' (4.6)
We find L(w) = —3% and the final metric (4.4) looks like
2 2 2 2 2
ds? = L dz* + <1 - iz2> dx? + <1 + 6222> dy2] : (4.7)

where w = ¥

For a smooth geometry we need to require the periodicity z ~ x + & ‘[
If we regard z as an Euclidean time, this metric describes the BTZ black hole [33], Wthh
is topologically a solid torus. The boundary of this geometry describes a torus and the two
independent cycles can be chosen to be

Cp:z€ Cy:ye|0,|Cy]]. (4.8)

5 )

V26" V28]
Note that the cycle C; is contractible in the solid torus geometry (4.7), while C, is not,
representing the black hole horizon. This black hole solution is thermodynamically favored
when |Cy| > |Cy|. When |C,| < |C,| the thermal AdS solution is favored which is obtained
from (4.7) by a simple renaming (x,y) — (y,x) of the torus coordinates.
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Figure 9. The setup of AdS/BCFT and its conformal transformation into a half of Poincare AdS.

4.2 Holographic dual of local projection measurement

Consider an Euclidean 2d CFT on R?: ds? = 2dwdw with the coordinate (w,w) =
((z +iy)/V2, (x —iy)/V2). The region P is defined by the interval —¢ < z < ¢ and
at t = 0 we do the local projection measurement for all points in P. As we explained in
section 2, we can employ the Euclidean path-integral formulation and construct the state
at ¢ = 0 by imposing a BCFT boundary condition around the slit P.

A holographic dual of such a BCFT can be found by using the prescription of
AdS/BCFT [34, 35] (refer to figure 9), which gives a bottom up model for such prob-
lems. An upshot is that we can construct the gravity dual by extending the boundary
in a holographic CFT toward the three dimensional bulk such that this extended two
dimensional surface () satisfies the following condition:

Ko — Khgp + Thyp =0, (49)

where hg, and K, are the induced metric and the extrinsic curvature of the surface Q);
K is the trace of K,,. The parameter T' corresponds to the tension when we regard Q)
as a brane. For example, the quantity called boundary entropy [25] is a monotonically
increasing function of T'. In this paper, we simply set T = 0, for which the surface @
becomes a totally geodesic surface.

Note that the condition (4.9) does not have solutions in general if we ignore the back-
reaction by the surface @ and thus we need to solve again the Einstein equation with the
boundary condition (4.9) as explicitly done in [36] in a concrete example. However, in
our three dimensional pure gravity, we know that all solutions to Einstein equation with a
negative cosmological constant is locally given by a pure AdSs. Indeed we can employ the
coordinate transformation (4.3) to map a generic solution into the Poincare AdSs.

For our problem, let us perform the conformal map (2.2), sketched in figure 1. This
transformation maps a plane with the cut along P into an upper half-plane. Therefore we
can easily identify a gravity dual of the latter i.e. a BCFT defined on an upper half-plane
using the known result in [34, 35] (refer to figure 9). This gravity solution is given by a half
of Poincare AdSs3 defined by the metric (4.1) with the restriction Im¢ > 0. The function

L(w) in this metric is found to be L(w) = _23@12/?’2%2)2'
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4.3 Computation of holographic entanglement entropy: a single interval

Now we define the subsystem A to be the interval ¢ < x < g+ and compute the HEE Sj4.
The conformal map (2.2) maps the CFT geometry into an upper half plane. The two end
points of projected region P: (z,y) = (—¢,0) and (z,y) = (¢q,0), are mapped into & = 0
and £ = oo, respectively. The end point of A given by (z,y) = (¢ + [,0) is mapped to
f =3 2q+l1

T

The gravity dual is obtained by performing the extension (4.3) of the specific map (2.2)
to the gravity dual of upper half plane with a BCFT boundary condition at the boundary.
The CFT on upper half place is dual to a half of the Poincare AdS i.e. the space defined by
the metric (4.1) restricted to Im(£) > 0. As follows from a standard calculation [6, 7, 34, 35],

the holographic entanglement entropy for the interval A can be found from the length of

geodesic in the Poincare AdS as follows:°
2(2q+1)
R 2T
= 1 4.1
SA 4GN 0og E ) ( O)

where € is the UV cut off at n = z in the metric (4.1). We can relate € to the UV cut off
of the original space (4.4) by the map (4.3)

V2q

€ /
g -7t 4.11
- =) = wage (411)
This leads to the final expression:
2(1 + 2q)l
S4 = Elog M’ (4.12)
6 aq

which agrees with the previous CFT result (2.6) up to the finite constant contribution ~;.
The finite constant, which is essentially the boundary entropy, is related to the tension T
in (4.9). Note that we set 7' = 0 in our holographic computations (4.12).

Note that (4.12) is a monotonically decreasing function of gq. This agrees with our
expectation that the local projection reduces quantum entanglement and this effect gets
larger when the size of projected region P is large. The smallest size limit of the projected
region P corresponds to g ~ a. Then we reproduce the familiar result Sp = %logé [37].

Now we calculate S4 when A is a general interval defined by ¢+ 1 < x < ¢+ lo. We
expect some phase transition depending on the value of I; and [s.

In fact, S4 has two phases in the é—lq - % plane (figure 10): the phase where the
minimal surface is connected between the edges of the interval A (Phase-1) and the phase
where the minimal surface consists of two disconnected geodesics which end on the bulk

boundary Im§ = 0 (Phase-2). Refer to the left picture of figure 11.

10A5 same as the CFT part (in figure 1), we set & = (& + i€2)/+/2. In this convention, the end point of

A is mapped to (£1,&) = (0,+/2(2¢ +1)/1).
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Figure 10. The phase diagrams of the HEE S4. The horizontal and vertical coordinate correspond
to é—lq and l22— i (zooming out from the left picture to the right picture). In the (tiny) blue region,
Sa(l) > Sa(2) and thus the disconnected solution is chosen. In the (huge) orange region, the
situation is opposite.

We find the following expressions of S4:

Sa(1) = log - (5 - 2

6 €1€2
2q+1 2q+1
_c 2(2q—|—l1)l1 2(2q+l2)52 <\/ L \/ ! 2)
— Slog , (4.13)
6 aq aq 4\/2qu1\/2qu2
ll l2
in the Phase-1 and
(2¢+0h) (2gq+l2)
2(2 2(2
SA \/ \/ Clog |: ( Q+ll)l1 ( Q+l2)l2:| 7 (414)
6 aq aq

in the Phase-2. According to the basic rule of holographic entanglement entropy [6-8], we
always choose the smaller value from S4(1) and S4(2). This leads to

Sa=min[Sa(1),S54(2)]

1 l
Sa(1) (22(”2lq) >kl o>h >0> , (l2 b >0 L >a>0>

T 2q P ’ 2
2q
l l (4.15)
Sa2) (b > %(143) >0, a>%>0
2q a—g ’ 2
where « is a positive constant: o = 4+3‘[. The phase diagram of S4 in the l—l 71227212

plane are plotted in figure 10. As mentloned before, S 4 has two phases and at the transition
point it has a kink as in the right graph of figure 11. Finally we would like to mention that
in our holographic computation, we assumed 7' = 0 in (4.9). If we choose other values of
T, the phase boundary should change.

We can generalize our analysis to multi-intervals. Refer to appendix C for the analysis
in the case of two symmetric intervals.
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Phase-1

Figure 11. The left picture sketches two phases of the geodesics responsible to the holographic
entanglement entropy. The right plot shows the HEE S 4 as the function of é—; with the different

values of %. S4 has a kink when the configurations of the minimal surfaces change. (In this
plot, we set the UV cutoff % = 0.0001.)

4.4 Towards new multi-partite entanglement measure

The entanglement entropy S4 measures the amount of bipartite (=two body) quantum
entanglememt between A and B when the combined system AB is a pure state. As a
next step, it is very intriguing to explore a measure of tri-partite (=three body) quantum
entanglement between A, B and C assuming that the system ABC is pure. For recent
discussions of tri-partite entanglement in the light of holography refer to [12, 13, 38, 39].
Note that the tripartite mutual information defined by I(A : B : C) = Sa + S +
Sc — Sap — Spc — Sca + Sape [40] is simply vanishing in this setup, because Sapc = 0,
S4 = Spe, etc. Since the number of independent values of entanglement entropy, which
is three, coincides with that of two body entanglement in this system, it is clear that we
cannot estimate any tripartite entanglement from them. However, this may change if we
take into account projection measurements.!'' For example, let us introduce the following
new quantity:
68 =2(Sx — S4B) — I(A: B), (4.16)

where I(A : B) = Sy+ Sp— Sap is the mutual information. The quantity SEB denotes the
entanglement entropy for A when we perform a projection measurement of B. Especially
it is natural to take the minimum value when we allow any projection to any state in
B. We would like to argue that 6% can probe tripartite (or more generally multi-partite)
entanglement.

First assume there is only bipartite entanglement in our three body system ABC.
We write the amount of the entanglement between A and B as esp etc. In this case we
obtain I(A : B) = 2e4p. SEB becomes minimum when the projection Iz removes all
entanglement between A and B. Thus we find S}}B = e4c. In this way we obtain

65 =0, (4.17)

for two body entanglement.

1Projection measurements are employed to define a quantity called quantum discord [41, 42], which is
considered to be a measure of two body entanglement even in mixed states.
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On the other hand, if we consider a GHZ state % (|000) 4 |111)) for three qubit system,
which is known as a state with maximum tripartite entanglement, we find the non-trivial
result:

68 =log2. (4.18)

These suggest that 55 can probe the tripartite entanglement. However notice that this
quantity is not always positive definite as we will see below and is not a standard measure.

Now let us estimate this quantity 65 when A and B are finite size intervals in a two
dimensional CFT by using the results in section 4.3 (we replace the interval P with B). It
is natural to choose the projection IIg to be a local projection measurement. Ssp can be
computed as the entanglement entropy for two intervals as follows:

SAB = min[SAB(l), SAB(Q)]

l !
S 1 i(l—’_i) lo—1y 0.1 U 0 lo—=l1 0 b > 1
(1) > >0, 1> 50> s (T 2 Uigg 2

2q

_ (4.19)
%( "';*1) !
Sap(2) | k> Dot >0, 1> 3 >0
T 2q
where
c 2q(ly — 1
Sap(1) = 5 log q(2an>7 (4.20)
c 11(2qg +1
San(2) = 5 log 1(‘222) (4.21)

Note that Sap(1l) corresponds to the disconnected phase and Sip(2) to the con-
nected phase.

Now our quantity 6% (4.16) is expressed as follows:

68 = Sap(1) —2Sp +min[Sap(1), Sap(2)] — 2 - min[S4(1), S4(2)], (4.22)

where Sp is given by the familiar formula [37]

2
ngglog 4

. (4.23)

a .

Also Sap(1,2) and Sa(1,2) are defined in (4.20), (4.21), (4.13) and (4.14).
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More explicitly, we have

5 (4.24)
San(1) — 255 + San(2) — 254(2) = —§ log 152+
a1+
<0< <o, gh > B )>

/2q+z1 /2q+l2)2
Sap(l) =255 + Sap(2) — 254(1) = —glog 121(1%;1;1111);2 ( 4\/2q+11 \/2qlizz

LN 1 b N b b 1+L1
Iy 2‘1( +2‘1> la—1ly 29 ( T2 ) ll 2q< 29 la—ly
<0<2q<04, 17% < % < o 271 , la<Z <1, 17171 < %

2q+l 2q+1o
2(Sap(1) — Sp — Sa(1)) = —& log 22HLIL Gl L \/T)

(2(1(12 ll)) 4\/2€{+l1 \/2q+l2

1 5
! lo—1 7(1+2q) ! lo—1
(0<22<1, 22q1< , 1§2%1,0<2qu

_h
T 2g

This behavior is plotted in figure 12.
We find that 52‘. approaches to 0 in the large separation limit (é—lq — oo with fixed

lzfll).
2 4
A C lz—ll 2q l
-1 c i~ 4.2
5B—>48< 5 > <l1> + 0 <2q—>+oo (4.25)

2q
On the other hands, (5 approaches to an finite value in the small separation limit ( — 40
with fixed 231).

o — —% log 2 <;; — +0 with fixed 122_(111> . (4.26)
In contrast, the mutual information I(A : B), which measures two body entanglement,
diverges in the small separation limit.?

Note that in our holographic computations we always set the tension parameter T
in (4.9) to zero. However, since we are interested in a local projection which minimize
SEB we need to take a smallest possible value of T', which is related to the smallest value
of boundary entropy as found in [34, 35] and thus depends on the details of holographic
CFT. This gives a positive constant shift to (5§ if the phase includes any disconnected
geodesic (which ends on ). This leads to a positive contribution to (4.26) but does not
change (4.25). In this way we find that when A and B are closed to each other, the small
é—lq behaviour of 67 (4.24) can detect tripartite entanglement.

12This difference in the small separation limit seems to be true only for two dimensional QFTs which
have one spatial direction. In two dimension, only two subsystems can be attached together at a same
point. This suggests that the amount of tripartite entanglement (or multi-partite entanglement) is finite
in two dimension. However, in higher dimension, it can diverge in the small separation limit because any
number of subsystems can be attached together at a same point.
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Figure 12. The plot of 5]‘3 as the function of %1 ( l22ql1 = 0.2,¢ =1). In general, (5§ has 2 kinks,
decreases slightly from the finite negative value ~ —% 10g2 ~ —0.924, then increases to the small
positive value (~ 0.010) and finally approaches to 0.

4.5 Local projection measurements at finite temperature

Here we would like to study quantum entanglement when we perform a local projection
measurement in a 2d CFT at finite temperature. We apply our holographic method to
compute the holographic entanglement entropy. We can describe a CFT at finite temper-
ature as a pure state (called thermo field double) |T'F'D) in doubled CFTs (called CFT;

and CFT59):
ITFD) = 3" e 5 Frin)y|n)s, (4.27)

n

where |n); 2 denote complete energy eigenstates H|n) = E,|n) in CFT; and CFTy. The
parameter S is the inverse temperature and is the same as that of the dual BTZ black
hole [5]. If we trace out CFTq, we get the density matrix at finite temperature for CFT}.
In the Euclidean path-integral description, we take the complex coordinate (w,w) with
w = (r+i7)/v/2, —00 < ¥ < 00 and T ~ T+ifBy. We take the projected region to be 7 = 0
and —¢ < x < g. Note that in this description, the CFT; and CFTs of the state (4.27) live

atT—OandT—zﬁH

respectively.
When we define the two end points of the subsystem A to be w = wy and w = ws, the
entanglement entropy is given by

0
Sa= — lim =~ an In{oy, (wr, w1)575 (w2, w2)) (4.28)

where o, is the twist operator with conformal weight §7(1— %) and c is the central charge.
We apply the conformal map,

(q/V2+w)
(g/V2—w)

sinh

— (4.29)

fw) = | ——2F
B

This maps the cylinder with one slit P into an upper half plane. Finally the holographic
entanglement entropy becomes

(6] —[&D? . 4léllel

c
S4 = —min |In ,In (4.30)

6 €1€2 €1€2
where we assumed &1 and & are pure imaginary because 7 = 0 and 7 = ZBTH are mapped

_ 2
into the imaginary axis in the £ plane. &lIn Mll@%ﬂ) and g In % correspond to the
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Figure 13. We plotted AS4 as a function of %’ where l5 = [; + 1. We normalized the total value
by choosing the central charge ¢ = 6 and assume the length parameters to be g—fl = g—}l] = 1. The
blue curve corresponds to the HEE of disconnected geodesics and the red one corresponds to the

HEE of connected geodesics. There is a phase transition.

connected geodesics and the disconnected geodesics. From (4.29) and (4.30), we obtain the
entanglement entropy as

’ 2 2

¢l 25H\gl|‘sinh5%(q—w1) | 2ﬁH|£2|’sinhﬁlH(q—w2)
n n

S4q == +

inh 247 inh 24™
T sinh 57 & sinh (4.31)
_ 2
uin [m (1] = fea) vln4'&|2’£2’” .
a a

4.5.1 A single interval in CFT; (7 =0)

First we take the two end points of the subsystem A to be in CFTy: w; = ¢ 4+ {; and
wg = q + ly, where I3 > [;. From (4.31), we obtain

2 2
c 25H‘§1’ Slnhﬁ?ll‘ Q/BH’£2| ‘Slnhﬁjlgl
Sa =5 In - o 207 +In - NN
S11n ,BiH Sin 67 (432)
_ 2
min [ln (€1 2|§2D I 4!51!52!” ’
a a
where
sinh L(Zq + l172)
11,2 = O — . (4.33)
sinh /37Hl1’2

When ¢/8y — 0, S4 becomes the entanglement entropy at finite temperature 61;1 [24],

SO = im Sy =St (P 1)), 4.34
) q/ﬁllgn—m A 3 n — sin 5H(2 1) (4.34)

We plot AS4 = 54— S% in figure 13. We observe that the entanglement entropy is reduced
as the interval A gets closer to P as expected.
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Figure 14. In the left figure, we plotted AS,4 as a function of g—g, for x1 = —q, z2 = q. ASy

is a linearly decreasing function of g—g when g—g is large. In the right figure, we plotted AS4 as a

T

function of e where o = —x1 = z for % = 1. In this case, AS, approaches a constant value
when 173% is large. We normalized the total value by choosing the central charge ¢ = 6. The blue
curves correspond to the HEE of disconnected geodesics and the red ones correspond to the HEE

of connected geodesics. There are phase transitions.

4.5.2 A Single Interval in CFT; (7 = Z’BTH)

Next we take the two end points of the subsystem A to be in CFTs: wy = 21 + 1571{ and
Wy = X9 + Z'BTH, where x1 < x9. From (4.31), we obtain

2 2
$0=C |m 28|&1| ‘COSh Brr (4~ wl)‘ I 28|&a| ’COSh B (4 = 22)
—a . 2gm . 2gT
™ sinh i m sinh i (4.35)
(Gl =€) | 4éllél
+min [ln > ,In 2 ,
where
cosh 7-(q + x1,2)
[61,0] = O . (4.36)
cosh 7-(q — x1,2)

We find Timg 0S4 = G = §1n (2 sinh % (v — 21)). We plot ASy = S = S in
figure 14. We can observe that the entanglement between CFT; and CFT, is locally
reduced by the projection on the region P in CFT;. This amount of reduction can be

estimated by the saturated value in the right graph of figure 14.

5 Evolution of holographic entanglement entropy after local projections
and partial entangling

In this section, we introduce the UV cut off i.e. the parameter p in (2.8) in the holographic
description and analyze time evolutions of gravity duals of both (i) partial projection
measurement (introduced in section 2) and (ii) partial entangling of two identical CFTs
(introduced in section 3.1).13

13We can also treat the partial swapping of two CFTs introduced in section 3.2 as it is again conformally
equivalent to a torus, though we will not study this in detail.
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5.1 Holographic description with UV cut off

Let us start with a gravity dual of (i) partial projection measurement. In the Euclidean
path-integral formalism, we can introduce the UV cut off p by considering the two slit
geometry (see figure 2). This can be conformally mapped into a cylinder or annulus by the

map (2.9) and (2.19) as in figure 3. Its dual geometry depends on the moduli p = e=2™* of
the annulus, which is related to the ratio ¢/p (refer to figure 4) as follows:

BTZ BH phase: ¢/p > 1, (5.1)

Thermal AdS Phase: ¢/p < 1. (5.2)

In the former phase, the dual metric in the coordinate (w,w) is given by (4.7) by
restricting the range of z as
T
NGT, <z <0. (5.3)
Note also that y is periodic as y ~ y+ 27w. The parameter 3 is given in terms of the moduli
parameter s by the relation (2.22). From the range (5.3), we find that the holographic
geometry is given by a half of solid torus.

In the latter phase, the dual metric in the same coordinate is obtained from (4.7) by
exchanging = and y with the identification 8 = v/2s.

Below we focus on the former phase (5.1) because we interpret the parameter p as a UV
cut off and therefore we are interested in the region ¢ > p. By applying the holographic
transformation (4.3) to the conformal map (2.21), we find that the dual metric simply takes
the form of Poincare AdS3 (4.1) in the coordinate (&,&,7). However we need to remember
the restriction of = and the periodicity of y as shown in (2.20). The identification y ~ y+27
is equivalent to the identification: (n,&,&) ~ 62\/571—6(7], €,€). In this way, we find that the
gravity dual is described by a part of Poincare AdS restricted to the region:

2
1</ L+ lgP < 2V, (54)

with the two half sphere boundaries identified.

Now we move onto to a gravity dual of (ii) partial entangling of two identical CFTs.
As in the left picture in figure 6, we glue two planes with two slits together. After the
conformal transformation (2.9) into the annulus, we perform the map ¢ = peﬁw instead
of (2.19). This leads to the range 0 < x < —% and together with (5.3), the total geometry

: : : V28
describes a torus with the period

Cy] 1
ERiTon V25 55 (5.5)
Therefore its gravity dual is given by the BTZ black hole (4.7) for 72 > 1. On the other
hand for 7 < 1, it becomes the thermal AdS, obtained from (4.7) with x and y exchanged.
In the former phase, the Bekenstein-Hawking area law formula computes the black hole
entropy of the BTZ black hole and this is clearly identified with the entanglement entropy
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Disconnected Connected Geodesic
Geodesics

BH Horizon

Figure 15. The computations of holographic entanglement entropy in a half of BTZ black hole
geometry. In the case of gravity dual of a single CFT with the projection measurement along P, the
geodesic can end on the boundary, which is on the horizon in our example. In the case of gravity
dual of doubles CFTs pasted with each other along P, only connected geodesics are allowed.

S1 when we trace out the whole of one of the two CFTs. This leads to the formula (3.9)
as we find
g _ Horizon Length 7R 3 wc |Cy]
! 4G N Gy V2 3 |G|

where we employed the well-known relation % = 2 [43].

The latter phase 7o < 1, on the other hand, has no black hole entropy and thus S; = 0.
This is because due to the large spectrum gap in holographic CF'Ts, the order one energy

(5.6)

cut off removes the large part of degrees of freedom of order ¢. Since we are interested in the
high energetic limit of UV cut off p < ¢, we concentrate on the former phase 7o > 1 below.

5.2 Time evolution of holographic entanglement entropy

Now we would like to compute the holographic entanglement entropy (HEE) S4 for an
interval A defined as X € [X7, X3] in the coordinate (X, X) which describes the two slit
geometry. We would like to discuss the two different setups: (i) local projection measure-
ment of a single CFT and (ii) partial entangling of two CFTs, at the same time as the
computations are similar. In the latter case (ii), we take the interval A in one of the two
CFTs and trace out all other parts. To compute the holographic entanglement entropy in
both cases, we need to pick up the relevant geodesics and compute the shortest length [6-8].

In the black hole phase 75 > 1, the gravity dual of (i) local projection measurement is
given by cutting a solid torus (= Euclidean BTZ geometry (4.7)) into a half as explained
in the previous subsection. This space is sketched in figure 15. The boundary of this three
dimensional geometry is given by an union of an annulus (described by the coordinate
¢) where the CFT is defined, and another annulus ), which extends in the bulk at the
bottom of the picture. Therefore, following the AdS/BCFT prescription [34, 35], we need
to choose the shortest one among connected or disconnected geodesics. The disconnected
one is possible because the geodesic can end on the new boundary @ at the bottom.

On the other hand, if we consider the gravity dual of (ii) partial entangling of two
CFTs, we allow only connected geodesics in the solid torus geometry (4.7). Since the
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calculation of the connected geodesic length is the same as that in the case (i), we will
present results together below.

First we compute the length of connected geodesic. For this, it is useful to map the two
slit geometry in the X coordinate into the Poincare AdS metric in the coordinate (&, &,n).
In this coordinate, the holographic entanglement entropy is computed from the geodesic
distance as follows:

€ log (&1 —&)(& — 52)7
6 €1€9

where &; and & are the two end points corresponds to X = X; and X = X5. The UV cut
off 7 = €12 should respect the original UV cut off z = @ in the X coordinate.

Sq = (5.7)

The point X on the real axis is mapped into the point on the cirle || = /p by the
map (2.9). We set p = 1/2 in this section. More explicitly, we find the relation (we choose
0<v,v<l)

X (= \/ﬁe%i’/) =1 (K(e%i”) + K (pe*™) — ;) —t,

1

X (C _ \/ﬁe—QmﬁD) - 4 (K(e—Qm‘u) + K(pe—Qm‘D) _ 2> 1t (5.8)

Even though v and 7 are both real, they are not the same when ¢ % 0. This is due to our

analytical continuation of Euclidean time into Lorentzian one.

It is helpful to rewrite K function as follows (remember s = —102%, refer to our theta-

function convention in appendix A)

- 1 1 0,61(v|2is)
K 2miv i - PvviI\Fete)
(™) 2 2mi 61(v|2is)
, 1 1 0;0:1(7|2is)
K 2miv _ = - Fvvi\Fete) )
(™) = 3% 5 B (o2is) (59)
where we defined 7 = v + is.
The final map into £ coordinate is given by
€= (—i) 2BV § . 2V (5.10)

The relation between the cut off € in the Poincare coordinate and the original one a is

— — _ /2
€ _ |de dE wEsr) | ((AX dXN T
a \dXdX 2mV/25 e dv dv ' (5:11)

We plotted results of the connected geodesic in figure 16 and figure 17 as blue graphs.
To calculate the disconnected geodesic, it is easier to work with the BTZ black hole (4.7)
in the w coordinate. If we trust the Euclidean geometry, which is correct at ¢ = 0, each

found as

geodesic from a boundary point ends at the horizon and thus the total length for an interval
A = [Xy, X3 is computed as

V2/B 4, V2/B 4, 9
Length :/ — +/ — =1lo [] , 5.12
5 5 z 5 z & | 82610, (5:12)
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where 019 are the UV cut off in the metric (4.7). The relation between ¢ and ¢ can be
found from the form of map (2.21) as

g = 28eV2rBUAD), (5.13)

By combining this with (5.11), we can calculate the holographic entanglement entropy for
disconnected geodesics.

However, if we consider the real time evolution ¢ > 0, then we need to consider space-
like geodesic in the Lorentzian spacetime so that it ends on a point on the boundary inside
the bulk, which is Lorentzian continuation of ). We choose this point by extremizing the
length of geodesic. Since our holographic spacetime is described by the Lorentzian version
of BTZ black hole (4.7), setting x = i1, the identification of such geodesic can be done in
the same way as done for the holographic quantum quenches [44]. In the end, we find

Length(t) = log cosh(\/iﬁﬁ)} + log [cosh(ﬁﬁrz)] + log [ (5.14)

2
525152] ’
where 71 and 7 are given by 7; = 7w(v; — ;) for i = 1,2; v; and 7; are evaluated at the
two end points of the two geodesics at the AdS boundary. Final results of disconnected
geodesics are plotted as red graphs in figure 16.

The left graph of figure 16 shows the increased amount of entanglement entropy as a
function of the location of a fixed length interval at ¢ = 0 when p = 0.6, corresponding to
q ~ 5.3. The blue and red curve correspond to the connected and disconnected geodesic.
The latter, which is only allowed in the case (i) projection measurement, takes negative
values near the origin. This is because due to the projection measurement removes large
part of vacuum entanglement in this region. Since we always need to pick up the smaller
contribution among the disconnected and connected geodesic length, near the origin the
disconnected one is favored. However, if we instead consider the setup of (ii) partial entan-
gling of two CF'Ts, only connected one is allowed. In this case, the peak near the origin is
clearly understood because the entangled pairs are expected to be localized around |z| < .

The right graph of figure 16 shows the time evolution for A give by the interval
[—1/2,1/2]. In the case (i) we observe the initial growth under the time evolution of the
red curve (disconnected geodesic). This is common to the global quantum quenches [45].
It gets saturated to a thermal value until ¢ ~ ¢(~ 5.3) and after that it goes to zero. This
is because the created entangled pairs all go out of the subsystem A for ¢t > ¢. In the case
(ii), we start with a positive entanglement due to the partial entangling and it suddenly
vanishes at ¢ ~ ¢ due to the same reason as that for (i).

Now let us focus on (ii) partial entangling of two CFTs and study the time evolution
in more detail. This is plotted in the graphs of figure 17. Both graphs shows linear growth,
saturations and linear decrease. This is clearly explained if we remember that at ¢t = 0 we
created entangled pairs in the region P homogeneously and that they will propagate in the
left and right direction at the speed of light. Indeed, the maximum value of AS4 in the
second graph is very close to a half of entanglement entropy between two CFTs, which is
explicitly computed as S7/2 ~ 19.3 from the formula (3.3).
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Figure 16. In the left picture, we showed AS4 as a function of x for the interval subsystem A
defined by [z — 0.5, 2 + 0.5], related to the connected geodesic. We chose p = 0.6. The blue and red
graph correspond to the result from the connected and disconnected geodesic. In the right picture
we plotted ASy as a function of time ¢ when we defined A to be the interval [—0.5,0.5]. In the case
of entangled two CFTs, we always choose the blue curve (connected geodesic). On the other hand,
in the case of local projection measurement of a single CFT, we choose the smaller value among
the blue and red curve at each point, where we observe the phase transition behavior at the point
they intersect.

It will also be interesting to study the time evolution when the subsystem A is given
by a semi-infinite line. We choose the subsystem A to be an interval [0, L] and we assume
the late time and large size limit: L > ¢ > 1 (remember that we set p = 1/2). In this

limit we find
1 1 1 1
~ — o~ 1 — — ~ — Jo Y ——— | 515
= om M ont’ 2T ox(t+ L) 2T 2m(L—1) (5.15)

Finally, this leads to the following estimation of entanglement entropy

Sa(t) ~ glog [\/gt sinh (\/5776)

+ glog(L/a). (5.16)

This logarithmic growth ASs ~ glogt is the same as that found in locally excited
states [46-48], which is defined by exciting the CFT vacuum by a primary field at a
point [49, 50]. It is also intriguing to note that in the local quench defined by attach-
ing two semi-infinite lines, the entanglement entropy grows logarithmically with a doubled
coefficient AS4 ~ £logt [51] (see [52] for its gravity dual).

6 Holographic analogue of quantum teleportation

In this section we would like to consider an analogue of quantum teleportation in quantum
field theory and present its holographic realization by employing our holographic local
projections and entangling operations.

6.1 Brief review of quantum teleportation

Let us start with a brief review of quantum teleportation of a single qubit. Assume that
Alice A and Bob B are sharing an EPR state
1

[EPR)ap = = (10)4]0)8 + [1)[1)B) - (6.1)
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Figure 17. The behaviors of holographic entanglement in the setup dual to doubled CFT defined
on the two cut geometry. We chose p = 0.6. In the left picture, we showed AS,4 as a function of
time ¢ for the interval subsystem A defined by [20,30]. In the right picture, we presented the same
plot for the subsystem A [20, 60].

The physical distance between A and B can be very large. Alice can also access to another
qubit V', whose state is not known to either Alice nor Bob. We express the state of V by

[va)v = M[0)v + A2|L)v, (6.2)
where |A1]? + [Xo]? = 1.

Now Alice wants to send the information of V to Bob by LOCC. For this it is useful
to note the following identity:

4
|Ya)y @ |[EPR)ap = ;; Wi)va ® |Yr) B, (6.3)

where we defined

W) =
W) =
[W3) =
[Wy) =

and

|11
|1h2

) )

) )

[P3) = A1[0) — A2l
)

(10)[1) = [1)]0)) ,
(10)[1) + [1)]0)) ,
(10)/0) = [1)1))

(10)[0) + [1)1)) ,

vl

A1) = Ao]0),
=l

[1ha) = A1]0) + A2[1).

(6.5)

Note that |¥g) k£ =1,2,3,4 are all orthogonal to each other and complete

4

DTk = 1.

k=1
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Therefore we can perform a projection measurement for the system VA to distinguish
these four different states. If Alice observes that the state |Uy) is realized, then this result
is reported to Bob via a classical communication. After that Bob can act an unitary
transformation Uy, on B to reproduce the original state (6.2) of V' as follows

UklYk) B = [¥4) B- (6.7)

It is obvious how to choose Uy as the four states |1;) are linear about A; andX\s.

In this way, Alice can teleport the quantum state of V' to Bob. This is called quantum
teleportation [16]. Since the classical communication can not exceed the speed of light,
quantum teleportation is consistent with the causality.

It is also straightforward to generalize the above construction for more than two dimen-
sional states [16]. For N dimensional states, we take its basis to be |0),|1),---,|IN —1). The
quantum teleportation can be done as follows: for any state [i)y, we assume a maximally
entangled state of Alice and Bob:

v ® 2= 3 li)alie (63

We project the above state by the projection |y, 1,))va(¥ (5m)lva, where

2mwijn

W m )t = jﬁ Z N )yl + m) a. (6.9)

Then Alice send the result of measurement given by (n,m) to Bob. Finally Bob perform
the unitary transformation Uy, ,,) defined by

2mikn

Unmy =D ~ |k)(k+ml, (6.10)
k

to recover the original state as |¢)p.

6.2 QFT analogue

Now we would like to explore an analogue of quantum teleportation in QFTs.'* To simplify
our description, we focus on two dimensional QFTs. Though our setup is general, we will
focus on two dimensional CFTs soon later for a computational reason.

Consider two identical QFTs, called QFT; and QFTs, in two dimensions, each defined
on an infinite line. We perform the partial entangling (see the left operation in figure 6)
so that the two identical intervals A; in QFT; and As in QFT5 are entangled with each
other. We choose the length of A; and Ay to be 2p as before. Next we act a primary
operator O(x) localized at = close to the interval A;. Just after this, we perform a local
projection measurement on each point in an interval P which includes both A; and x.
For a path-integral description of this procedure, refer to the left picture of figure 18. We
expect we can recover the information of the operator O(x) from the quantum state in
QFT5, which we call an analogue of quantum teleportation in QFTs.

HMRefer to [53, 54] for earlier studies of different modelings of quantum teleportation in QFTs.
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CFT1

Projection

Figure 18. The path-integral description of quantum state under our quantum teleportation in
CFT (left) and its conformal transformation into cylinder geometry (right). We glue the slit A; and
As together to realize the partial entangling operation. The projection measurement corresponds
to putting a boundary in CFT;. We assumed the projected region P in CFT; is the whole space.
If we add the slit @ shown in the above pictures, then the point x where the operator O(z) is
inserted gets disentangled with the other region, which looks more similar to the original quantum
teleportation.

For simplicity of our calculations, we assume that the two QFT's are conformal invariant
and choose P to be the total space in QFT;. After the local projection measurement on
P in CFTy, the state is projected to various quantum states [i)); which have the direct
product structure in real space:

)1 = ] 1e(@))e. (6.11)

z€ER

A particular example of such a state is given in terms of a boundary state (or so called
Cardy state) |B) as follows:

[Wp)1 =Ny - e PHIB), (6.12)

where p is a small parameter which correspond to the UV cut off (i.e. lattice spacing) as
the norm of a boundary state is divergent. The factor N}, is the normalization factor which
guarantees (9p|1hp)1 = 1. Note that an appropriate boundary state with this regularization
has no real space entanglement if we regard p as the lattice spacing [18]. General quantum
states |1); are obtained from (6.12) by acting the local unitary transformations

[ = (H Ux) )1 (6.13)

TER

All such states [1); have vanishing entanglement in real space decomposition and also are
complete basis of all possible quantum states in CFT};.

Our operations are summarized as follows. We start with the maximally entangled
state at the Euclidean time tg = —p by gluing the intervals A; in CFT; and As in CFTs.
Next we perform an Euclidean time evolution for both CFTs by a small period p as a UV
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regularization. Then we project the state in CFT; by [¢)1(¢|1. This leads to a pure state
|U)y at the same time tp = 0.

Now we can perform the conformal map (2.9) so that the Euclidean path-integral
—o0 < tg < 0 for CFT; is mapped to a cylinder with the width —% log p and the circum-
ference 27, where p is a function of the ratio ¢/p as depicted in figure 4. In the same way,
we can map the Euclidean path-integral —oco < tg < 0 for CFT5 into that on another
cylinder. The gluing of A; and As is realized by attaching the two cylinders along each
circle, leading to a longer cylinder with the width —log p. In this way, we end up with the
cylinder depicted as the right picture in figure 18. The boundary condition at its bottom
is chosen to be the state |¢)) obtained by the local projection measurement. The Euclidean
path-integral over the cylinder leads to the state |¥)q2, which we wanted to compute, at its
top boundary. Note that the length of the cylinder is estimated as BTH = —logp ~ 27r§ <1
when p/q < 1. The insertion of the local operator O(z) is in the middle of the cylinder.
Thus by using this cylinder description, we find the final state |¥)y as follows

8 8
W)y =No-e 1 4 .0(z) e 1 HJy)s. (6.14)
If we consider a linear combination of two operators A\;O1(x) + X\oOo(x) with |A1]? +
[A2|? = 1, the final state (6.14) is also linear with respect to A; 2 i.e. we have

] ]
W)y =Np-e™ 1 . (MO1(z) + AaOa()) - e~ 4 T |h)s. (6.15)
if the following conditions are satisfied:

(wle™ HO}em F 0= H M) = (e~ HOLe=HH OpeH1 ) = (No) 2,

P

(Wle™

HOle=FHH 0ge =11 ) = (e~ T HOLe=FH O~ FH ) = 0. (6.16)
For example, if there is a U(1) global symmetry, we can choose O; and Oz to be positive and
negative charged operators with appropriate normalizations to satisfy the above conditions
by choosing |1)) to be arbitrary eigenstates of this U(1) charge. In a 2d Dirac fermion
theory, we can take O; = ¢ and Oy = ¢b. We would like to argue these operations which
start with the insertion of the operator \jO1(x) + A\2O2(x) in CFT; and which finally lead
to the state (6.15) in QF T4, is an analogue of quantum teleportation in CFTs.

Let us compare the above procedure with the standard quantum teleportation. Fol-
lowing the idea of quantum teleportation, we started with a maximally entangled state on
Ay and Ay by projecting the vacuum state with the operation P (3.1):

[U)12 = Pl0)1 @[0)2 = ]

TEA]

Z ‘nr>A1’n$>A2

Ny

® [W(AT U A3))12 (6.17)

where |0)1 2 are the vacuum states of CFT1 5. |W(A] U A$))12 is the state on the union of
complements Af, of Aj 2. Note that there is non-zero entanglement between Al and A2
Now we act the local operator at x and we would like to teleport the state

[¥) = No(MO1(x) + Ae0a(2)) | W (AT U AS))12. (6.18)
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Note that the normalization Ny does not depend on A; and Ay by assuming the U(1) charge
conservation as in (6.16) owing to the fact that the state |¥(A{ U A5))12 has zero charge.
Therefore the map from this initial state (6.18) and the final state (6.15) is linear and may
be regarded as a generalization of quantum teleportation. If we consider operators O; with
different U(1) charges, we can generalize the above analysis to linear combination Zi\; 10
to get N dimensional version of quantum teleportation.

However, one may notice that the state (6.18) is not purely defined as a state in CFT;
because there is entanglement between Al and A2. Actually this is the reason why our
teleportation works even though the local measurement P projects to a state with no real
space entanglement, as opposed to the projection to EPR states (or Bell states) |¥y) (6.4)
in the original quantum teleportation.

To make our setup closer to the original quantum teleportation, we can add a small
slit @ just below the operator insertion as in figure 18. This means that we start with a
certain state at = obtained by a projection Q onto a state |p)q, which is not entangled
with any other regions and then we act the operator on it. In other words, our initial state
looks like

|\I/,>12 = PO($)Q|0>1 X |0>2 (6.19)

= N'o(MO1(z) + X20:(2)0)o @ ] [Z [n2) 4y [n2) 4,

r€AL

@ [W(AT U A5z,

Ny

where 121‘13 is defined by removing @) from Af{.
Note that if we trace out the CFT; completely for the state (6.19), then we end up
with the mixed density matrix for CFTy of the form:

Ny

pa = Try [[W)2(¥)12] = []
TEA2

® s, (6.20)
Ao

where the information of the operator A\1O1(x) + A\2O2(z) is completely missing.
However, by projecting the state (6.19) by a state 1)1, we can extract the information
of the operator. Indeed the final state in CF'T9 after the projection is written as

')y = Mo - e TH - (\Oy () + XgOa(x)) - e~ A HeitH ), (6.21)

where O;(x) and Oy(z) are dressed operator in the present of the slit boundary Q. We
also included a real time evolution by t. We apply an appropriate unitary transformation
Uy, which depends on the state |1)) such that

U(Wo-e 1. 0@) - e H0)s) = NoOi@)lp)g @ [W/(Q), (1=12) (622

for a certain state [¢)'(Q°)). The argument of linearity holds in a similar way as before by
choosing the state |¢)g to be an eigenstate of U(1) charge.

In this construction (6.21), if we take the limit Sz — 0 and t — 0, after the conformal
transformation we find a large damping factor like lim,_, e Y1 because of the presence of
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boundary Q. Thus our teleportation fails in this limit. This is because the local projection
measurement leads to a state with no real space entanglement and the mechanism of
quantum teleportation does not work. Therefore we need to take [y or t to be non-
vanishing in this case.

6.3 Holographic interpretation

We would like to consider holographic dual of quantum teleportation from CFT; to CFTy
based on the previous setup. Let us start with an eternal BTZ black hole. Our entangled
state between the two CFTs is conformally mapped into a cylinder as in the right picture
in figure 18. Thus, if we do not perform any projection measurement, the entangled state
is described by a half of Euclidean BTZ geometry. Its Lorentzian time evolution is simply
taken into account by Wick rotation, leading to an eternal Lorentzian BTZ black hole [5].
In this geometry we cannot send any signal from CFT; to CFT9 as there is no interaction
between them in the CFT Hamiltonian. Holographically this is because the two boundaries
are causally disconnected.

Before we proceed, let us do an easy exercise. A ground state of a single CFT is
dual to a pure AdS space. If we perform a local project measurement on the whole space
at a time, then it ends up with a state |¢) with no real space entanglement, which is
holographically dual to an empty spacetime. Thus, the pure AdS space only exists for
t < 0 and it is terminated by a boundary at ¢ = 0. This is the gravity dual of local project
measurement of a single CFT. In this scenario, a collapse of wave function is equivalent to
that of holographic spacetime.

Now consider the state (6.14) just after the local projection measurement. The inser-
tion of the local operator O(x) gives a localized excitation near the AdS boundary region.
In the version with the slit Q, we just need to replace O(z) with a dressed operator O(z)
as we mentioned. Since the projection measurement is interpreted as putting a boundary
in the Euclidean path-integral as in figure 18, this is holographically dual to cutting out
the upper-left wedge of BTZ black hole, i.e. shaded region in the left picture of figure 19.
Following the prescription of AdS/BCFT [34, 35], we need to impose the condition of van-
ishing extrinsic curvature and this requires an introduction of backreactions. Eventually
this leads to the gravity dual given by the right picture of figure 19, i.e. a half of an eternal
BTZ black hole with the operator insertion. Note that the temperature of the black hole
is now reduced by a factor two as is expected because the projection measurement reduces
quantum entanglement between the two CFTs. As is clear in this holographic description,
the information of the operator O(x) originally inserted in CFT} is teleported to the CFTq
through the Euclidean black hole. This is the basic mechanism of our holographic quantum
teleportation.

Let us also comment on the classical communication. We need to send the result of
local projection measurement in CFT; to CFTq via a classical communication. Actually,
this can be done by swapping the information of projection measurement from CFT; to
CFT,. Note that this is still a classical communication as we send a direct product state.'”

15We can insert a cut like Q to make the swapped part of CFT; also have no real space entanglement.
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Figure 19. A holographic description of quantum teleportation.

The size of the geometry which involves this swapping procedure can be negligible in the
gravity dual as there is no entanglement. Therefore we can regard it as a thin wire which
can be included in the Euclidean space (i.e. the lower half parts) in figure 19.

The above holographic model of quantum teleportation is closely related to the one
by Susskind [12, 13], where we start with three copies of CFTs dual to three asymptotic
regions of two AdS black holes. Both share the crucial property that the information is
teleported through the Einstein-Rosen bridge.

7 Conclusions and discussions

In this paper we formulated several important quantum operations in terms of quantum
field theories, especially two dimensional conformal field theories (CFTs). First we con-
sidered local projection measurements. In a CFT, a class of states produced after local
projection measurements are described by boundary states. Their holographic duals are
given by removing some regions from the AdS space with backreactions taken into account
using the AdS/BCFT prescription. We also consider quantum operations for two identical
CF'Ts. We defined partial entangling of two CF'T's by pasting two sheets in the path-integral
along a slit. We also introduced swapping operations by exchanging two intervals.

The local projection measurement is conformally mapped to a path-integral on a cylin-
der. After this operation, the entanglement entropy is reduced. Later it grows linearly as
in the case of quantum quenches and gets saturated for a while. Finally it decreases to the
original value for the ground state. We find this behavior in both a free fermion CFT and
a holographic CFT, though in the latter case we encounter a phase transition.

The partial entangling operation is described by a path-integral on a torus. The
entanglement entropy between the two CFT's turned out to be proportional to the length of
entangled region and thus follows the volume law. The gravity dual of this state is given by a
BTZ black hole. We also computed the time evolution of holographic entanglement entropy
for an interval and we interpreted the results in terms of propagating entangled pairs.

On the other hand, the swapping operation corresponds to another torus with a dif-
ferent period and the entanglement entropy between the two CFTs is given by a twice of
the familar logarithmic formula of ground state entanglement in 2d CFTs.
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Finally we combined these quantum operations to give an analogue of quantum telepor-
tation between two CF'Ts. We also present its holographic realization. The local projection
measurement leads to a collapse of spacetime and this cuts out one of two boundaries of
an eternal BTZ black hole. This allows us to send a signal from one CF'T to another CFT.

One immediate future problem is higher dimensional generalizations. Even though in
general we may not have any analytical control as gravity duals get more complicated in
more than three dimensions, still we can think of simple settings. One obvious example is
found by restricting two copies of Fuclidean d dimensional CFTs to the region 4 specified
by %+ 7% > [? (i.e. outside of a round disk) and gluing their boundaries %, + 7% = [* with
each other. After an obvious conformal map, this geometry is equivalent to pasting two
upper half planes along their boundaries to produce a full plane. A gravity dual of this
background is given as follows. A CFT on X, is dual to a pure AdSg11

d? + dt% + di?
ds2—R2(”+ ZfE‘Lx), (7.1)
7

with a semi-sphere removed as

ty+ 3 +n* > 1 (7.2)
The entangling two CFTs are described by attaching the two boundaries (radius [ spheres).
After the holographic conformal map (4.3), the glued geometry is simply equivalent to a
full geometry of a pure AdS;11. By using this map, we can understand the behavior of
correlation functions and entanglement entropy etc.

The quantum operations discussed in this paper offer us a new method to study quan-
tum information theoretical properties of CFTs. Indeed, we introduced a new quantity
(55 (4.16) using local projection measurement to probe some tripartite entanglement. It is
intriguing to pursuit this direction to study multi-partite entanglement.
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A Conventions of theta functions
Here we present our conventions of §-functions. They are defined by
oo
1
n(r) = q= [J1-q"),
n=1
oo

01(v,7) = 2q§ sin(mv) H(l — ") (1 — X g™ (1 — e H™ M),

n=1
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o0

Or(v,7) = 25 cos(mv) H(l —¢")(1 + 2™ g") (1 + e ™),

n=1
b3(v,7) = [T — a1+ 2™ 3)(1 + e 2 3),
n=1
ba(v,m) = JL(1— q™)(1 — ™ 3)(1 — e~ 2mgn3), (A.1)
n=1

where we set ¢ = e?™7. Their modular transformations are summarized as follows
1 1 N B 1
n(r) = (=ir) 2n(—= ), bi(v,7) =i(—it) 2e ™ 701 (v/T,—— ],
T

-
N R 1 N 1
Oo(v,7) = (—iT) 2e ™7 by (V/T, —) , Os(v, 1) = (—iT) 2¢ ™7 O3 <V/T, —> ,
T T
1 -1/2 1
O4(v,7) = (—iT) 2 ™" 7 b, <V/7', —) . (A.2)
T

B Toy analytical example of entangling Two CFTs

Here we present an simple and analytical example which is analogous to the setup where
we partially glue two CFTs. In the Euclidean path-integral, this model is defined by two
complex planes with two circular holes attached with each other along the edges of the
holes. Each sheet of the doubled planes is mapped into a cylinder as sketched in figure 20.
If we focus only this single sheet, the setup is analogous to the one with a projection
measurement. We will describe the detail of this transformation and computations of
holographic entanglement entropy below.

B.1 Conformal map of a circle
We define a complex plane with two holes (radius 1) by
| X +ire] > 1, | X —ir|>1, (B.1)

where 71 2(> 1) describe the Euclidean time evolution. To describe the real time evolution,
we eventually perform the following analytical continuation:

r =r— Zt7 ro =T + Zt, (B2)

where r is interpreted as the UV regularization parameter of the gluing procedure and ¢ is
the real time coordinate.
We find that the following map

_.(aC+b)
T\t )

a:TQ—Tl_ (7“2—1—7‘1)2_[2’
2 4
ro —1T1 (ro +11)?
b= — 2 B.3
. nl e (B.3)
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-log(R1/R2)

Figure 20. A simple way to entangle two CFTs is described by gluing two planes along two
holes (left). Each of the two sheets can be mapped into a cylinder in the chains of conformal
transformations shown in the right picture.

transforms the two circle |z + ira| = and |x —ir;| = [ into a two circles centered at the
origin |¢| = R; and |(| = Ra, where the two radii R; > Rj are

l
R1 - )
ritry _ [(r2dr)? g2
2 4
l
Ry = ) (B.4)
1”1—57“2 + (72427’1)2 _ 2

Using (B.2), we get

a=1it—\/r2—12  b=it+\r2—-12
2 _ ]2 _ 2 _ ]2
rtve - v;l L Ryl Vr-l Wl”l ' (B.5)

In this way, the sheet is mapped into an annulus with the coordinate (.

Ry =

We act a further conformal transformation
¢ =Ry eV, (B.6)
with w = % The annulus is now mapped into a cylinder

R
—nm<y<m, Ogazglog—l. (B.7)
Ry
In a similar way, by the map ( = Ry - e*‘/iw, the same annulus is mapped into the
cylinder with the range
R
—r<y<m, —log—lgwgo. (B.8)
Ry
If we paste the two of such cylinders along each edge, the total space is now described by
a torus with the period 7 = 7 + i79:
_ log %

- (B.9)

1=0, 7
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Moreover it is useful to perform the following conformal transformation in order to
conduct holographic computations:
£ = e¥bv, (B.10)

All these maps are summarized in the right picture of figure 20.

B.2 Holographic description

Now we move on to the gravity dual of a holographic CF'T on the previous torus geometry.
There are two phases depending on the length of the z- and y-circle, denoted by |C;| and
|Cy|, respectively:

log &1
Thermal AdS Phase: 7= ;gy; _ %%h <1, (B.11)
. ™
log &
BTZ BH phase : 75 = ;?,I’ = % > 1. (B.12)

Note that in former (and latter) phase, the y-circle C, (and z-circle C;) is contractible.
Their gravity dual of the former and latter phase can be simply obtained by assuming
the Poincare AdS metric whose boundary give by the annulus in the ¢ coordinate and &
coordinate, respectively, where we impose the restriction and identification in the most
symmetric way as in [34, 35].

Since there is no black hole in the former phase, the entanglement entropy between
the whole space in the first CFT and that in the second CFT is vanishing. Therefore we
focus on the latter phase below. The holographic dual of the phase (B.12) is given by the
Euclidean BTZ black hole (4.7) which has the periodicity  ~ x+ % We also compactify
y such that y ~ y 4+ 27. Therefore we choose

8=

T
V2log £L-

We can also map the gravity solution (4.7) into the Poincare AdSs (4.1) via the map (4.3)

(B.13)

for the conformal transformation (B.10). However note that we are actually considering
the quotient of the Poincare AdSs (4.1) by the identification y ~ y+ 2 in the w coordinate,
which is equivalent to the identification: (n,&,&) ~ e2V2mB (n,&,€). In other words, this is

a solid torus defined by
2
VI <\ [T [P < e, (B.14)

with the two half sphere boundaries identified.

B.3 Entanglement entropy between two CFTs

We can holographically compute the entanglement entropy S for the first CFT when we
trace out the second one completely in our setup. In the BZT black hole phase (B.12), this
entanglement entropy S is given by the black hole entropy

_ Horizon Length 7R 3 cm? 1

S1 = == — B.15
! 4G N Gy V2 3 ]og% ( )
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Figure 21. The plot of m, = !g;‘l’ which is proportional to entanglement entropy between the two
CF'Ts, as a function of r/l. The blue curve for 0 < v < 1 describes the behavior of the entanglement
entropy. In AdS3/CFTs, at v = 1 there is a phase transition and the entropy becomes vanishing
for v > 1.

where c is the central charge. Note also that we can justify this result in the limit r — [
(i.e. 79 — 0) without using the holography using the standard result of thermal entropy in
the high temperature limit.

In terms of the parameter r and [, we find

272 1
S| = T o T+\/’;@' (B.16)

This is a monotonically decreasing function of the Euclidean time r as we expect (refer to
figure 21). When log @ = 5, the entropy S; suddenly changes to zero as we need to
choose the thermal AdS phase (B.11).

Since the radii (B.4) only depends on 7o + 1 and thus the resulting entanglement
entropy S does not depend on the real time ¢ under the time evolution. This is because
the time evolution is described by a unitary transformation which is a direct product with
respect to the two CFTs.

It is intriguing to consider the limit § = r — [ < [. In this case S1 behaves like

z
Sy ~ C\fé. (B.17)

This result is actually consistent with our expectation. ¢ is interpreted as the UV
cut off the entangled pairs between the two CFTs along an interval. If the length of this
interval is Az, then the entanglement entropy is estimated as Sp ~ ¢ - % as follows from
the volume law of the maximally entangled state. The length Ax is estimated by requiring

the distance between the upper and lower boundary is of order § namely,

[ — /2~ (Az)2 ~§, (B.18)

which leads to Az ~ v/16. Thus we reproduce the behavior (B.17).
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Figure 22. The behavior of holographic entanglement entropy with the vacuum contribution
subtracted in the gravity dual of the two cuts geometry. We normalized the total value by choosing
the central charge ¢ = 6 and assume the length parameters to be r = 2 and [ = 1. In the left
picture, we plotted AS4 as a function of the time ¢ for 4 different choices of interval subsystem A
i.e. [0,10] (blue), [20,30] (red), [40, 50] (yellow) and [60,70] (green). In the right picture, we plotted
ASy as a function of z for the interval subsystem A given by [0.1,z]. The blue, red, yellow, green
and blue curve corresponds to t = 0, 10, 20, 30 and 40, respectively.

B.4 Time evolution of entanglement entropy for an interval in two entangling
CFTs

Finally we compute the time-dependent entanglement entropy S4 when we choose A to
be an interval in the first CFT. The subsystem A is describes as [X7, Xs] in the complex
coordinate X. We choose both X; and X5 to be real. The gravity dual in the X coor-
dinate can be found by applying the previous chain of conformal transformations to the
holographic map from (4.1) to (4.4).

To calculate the length of geodesic between the two points, we start with the Poincare
AdS coordinate (n,&,€), where the holographic entanglement entropy is simply given
by (5.7). The UV cut off n = €12 should respect the original UV cut off 2 = a in the

X coordinate. Thus we find the following relation from (4.3)

€ _ V26Vi? -2 C—iﬂ/\/ifiﬁ/\/i’ (B.19)

a Va2 2 P2+ 422 — I2)

where
V2 -2 —x—t —iVr2 — 12—z 4t
iVl =14z +t —iVrZ—P+az—t

Note that ¢ is not actual complex conjugate of ¢ because we need to treat ¢ as an imaginal

(B.20)

F=

¢

number due to the analytical continuation of the Euclidean time.

We presents some plots of holographic entanglement entropy in figure 22. We sub-
tracted the vacuum contribution. The peaks in the first plot is explained by noting that
the entangled pairs between the two CFTs are locally generated around X = 0 and prop-
agate at the speed of light. When the entangled pairs come into the interval, S4 gets
increased. The second plot shows how the entropy grows as the size of interval increases
at various times. Again we can confirm the light-like propagation of entangled pairs.
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Figure 23. In the left picture, we showed AS4 as a function of x for the interval subsystem A
defined by [z — 1,z + 1]. The blue and red graph correspond to the result from the connected and
disconnected geodesic. In the right picture we plotted AS 4 as a function of time ¢ when we defined
A to be the interval [—1,1]. We normalized the total value by choosing the central charge ¢ = 6
and assume the length parameters to be r = 1.1 and [ = 1.

B.5 Entanglement entropy under projection measurement

Consider a single sheet with two circular holes instead of the double sheet. This is analogous
to the projection measurement around the region near the holes. For this purpose we just
need to restrict to the cylinder (B.7) and ignore (B.8).

It is obvious from our previous arguments that the gravity dual of this setup is obtained
by cutting the previous solid torus into a half as in [34, 35]. Thus there are two possible
types of geodesics: connected one and disconnected one as in figure 15. Notice that for the
latter one, we need to carefully evaluate the location of end point of the geodesic as we
did in (5.14).

We plotted both of them in figure 23. The first graph shows the increased amount
of entanglement entropy as a function of the location of a fixed length interval at ¢ = 0.
The blue and red curve correspond to the connected and disconnected geodesic. The latter
takes negative values near the origin. This is because due to the projection measurement
removes large part of vacuum entanglement in this region. Since we always need to pick up
the smaller contribution among the disconnected and connected geodesic length, near the
origin the disconnected one is favored. However, if we instead consider the previous setup
of doubled CFTs, only connected one is allowed. In this case, the peak near the origin is
clearly understood because the entangled pairs are expected to be localized around |z| <.
The second plot shows the time evolution for the interval [—1,1]. Initially, the growth
of entropy is negative and increases to be slightly positive. After that, it switches to the
connected geodesic solution and gets vanishing at late time as the system approaches to

the vacuum state.

C HEE for two symmetric intervals under local projection measurements

Here we give a holographic calculation of S4 when A is a union of two (symmetric) intervals
defined by ¢+1; <ax < g+l and —g—1Ilo <z < —g—1[;. In this case, we find there are six
different phases, four out of them can be dominant depending on the values of parameters

(see figure 24).
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First, we consider phases which are symmetrical extensions of the phases in the one
interval case (Phase-1 and -2). Their contributions to HEE S4 are

c 2(2(] + ll)ll 2(2q + l2)l2 <\/2q:l1 B \/2qlil2>2

Sa(1) = =1lo 2 , C.1
for Phase-1 (connected) and
2(2q + 1)l 2(2q + 12)1
SA(Q)—clog[ (2¢+h)h (qu?)Q}, (C.2)
3 aq aq

for Phase-2 (disconnected).
Next, we consider phases where one interval is connected to the slit and another interval
is disconnected (Phase-3 and -4). Their contributions are the same:

2

2q+1 2q+1

¢ 12020+ 1)l 2(2q + )] e (\/7‘31 t - \/7‘32 2)
SA(3) = —log + —log
3 aq aq 6 4,20+l /2q+l2
I lo
1
= Sa(1) = 5 (S4(1) + Sa(2). (©3)

This means that S4(3) = S4(4) cannot contribute to the HEE.

The remaining phases are 2 phases: a phase where two intervals are connected each
other (Phase-5) and a phase where one of the edges of each interval is connected to the slit
(Phase-6). Their contributions to HEE S4 are

2(2q +11)l1 2(2q + l2)l2 <QQ>2] , (C.4)

Sa(5) = ~log

6 a

aq aq a

for Phase-5 and

¢ [2(2q+z1>zl} c [2@%%%] (C.5)

Sa(6) = -1 -1
A(6) 3og aq +6Og aq a

for Phase-6.
In this way, S4 has 4 phases: Phase-1,2,5,6. S4(1) becomes the leading contribution for

lo—1 { { —745V2
<0<2 1<F12<1) 0<1<w>,

2q 2q )’ 2q 14
lo —1 l —74+5vV2 1 -1 2
0 < 2 L < F16 71 ’+7\/; < 71 < i ,
2q 2q 14 2q 2
lo—1 L\ —-14+vV2 |
0 sl —]|,——<—|. C.6
( < 2% < I'1s <2q) ) 5 < 2q> (C.6)
S4(2) becomes the leading contribution for
I lo—1i  —1+vV2 1 L —7T+5/2
Fio [ ~ o<t TETOVEY .
< 12(2q>< 5 < 5 2q,0<2q< 11 (C.7)
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Figure 24. The left pictures show the six difference phases of geodesics. The right picture describes
the phase diagram of the HEE S4 in the %1 - % plane. We assigned colors to the phases: blue
to Sa(1), orange to S4(2) (tiny region), green to S4(5), and red to S4(6).

S4(5) becomes the leading contribution for

l1 lo — 11 —1—!-\/5 l1
F — — |. .
( 6 (5 ) < 25t T <2q> (©38)

S4(6) becomes the leading contribution for

-1 2 — — 2
iflil<l2 l1’0<l71<7—|_75\f ,
2 2q 2q 2q 14
Iy lo—11 —7T+5/2 &1  —1++2
F — — < — . .
( 16 <2q> ST 0T 11 S~ 2 (C.9)
where
z(l+ )
F; = — C.10
12(2) = ———, (C.10)
Fis(z) =14 2x 4 2+/22(1 + z), (C.11)

Fio(z) = 2¢/2(1 + 2) |1+ 2z + \/2 <2x(1 +a)+ o+ w)) (C.12)

The phase diagram is plotted in figure 24.
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